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In this paper, we study the limit as p goes to infinity of a minimizer of a variational problem that
is a two-phase free boundary problem of phase transition for the p-Laplacian. Under a geometric
compatibility condition, we prove that this limit is a solution of a free boundary problem for the oco-
Laplacian. When the compatibility condition does not hold, we prove that there still exists a uniform
limit that is a solution of a minimization problem for the Lipschitz constant. Moreover, we provide,
in the latter case, an example that shows that the free boundary condition can be lost in the limit.
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1. Introduction

In this paper, we study a two-phase free boundary problem of phase transition for the p-Laplacian.
More precisely, given a bounded Lipschitz domain £2 in R”, we minimize the functional

Jp(0) =/ﬂ%|w(x>|f’ + 0P (A (u()) do. M)

subject to the boundary conditionu — o € Wol’p (£2), where an indicator function

AP ifs >0,

. § AYifs <0,

with A1 > A, > 0, a continuous weight function Q(x) > 0, and boundary data 0 € Lip(052) are
given. Here u is allowed to take both positive and negative values. Note that taking the McShane
or Whitney extension of o, we can consider that o is in fact the restriction to 052 of a function in
W 1:20(£2), that we will call again o with the abuse of notation. We denote by Lip(c) the Lipschitz
constant of o and we assume without the loss of generality that Lip(c) = Lip(c |ye), as we
can just take o as the absolute minimizing Lipschitz extension of its boundary data (see [2] for
the existence of such an absolute minimizing Lipchitz extension). Alt, Caffarelli and Friedman
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studied this two-phase free boundary problem for p = 2 in [3]. They proved the existence of a
minimizer, the free boundary condition, non-degeneracy and Lipschitz continuity of a minimizer,
and the measure theoretic regularity and differentiability of the free boundary there. In an earlier
manuscript [1], Alt and Caffarelli solved a similar problem for the variational one phase problem
when p = 2. In fact, their work is the inspiration of the authors’ current and related research
projects. The corresponding one-phase problem, i.e. when ¥ = 0, has been studied in [6] where
most properties for p = 2 are proved to hold. In [14], these properties have been recovered in
Orlicz spaces for an one-phase problem. However, it is still open whether a minimizer of a two-
phase problem for a general p is Lipschitz continuous.

In the general case, there is a minimizer of (1), which is proved in Lemma 2.1 in the next section.
A minimizer is a weak solution to the p-Laplace equation in the positive and negative domains,
namely

—Apuy = —div(|Vu,|?2Vu,) =0, in{u, > 0} U {u, < 0},

satisfying the Dirichlet boundary condition u |j;= 0, and, under the assumption that the “flat
region” where u, = 0 is of measure zero, the minimizer satisfies the free boundary condition

_ p
(u;_,v)p - (up,v P = ﬁ(kf - )‘5)

at every regular point in a weak sense, as stated in Lemma 2.4. For study on free boundary problems
involving quasilinear equations like the one considered here, either two-phase or one-phase, there is
a long list of references, among which we would like to refer the reader to [4, 6-9, 12—15] and [16].
Our main concern in this paper is to study the limit as p — oo of the minimizers.
First, to clarify the statements and the discussion, we assume that Q(x) = 1. Let us consider
the three terms that appear in (1),

1
;/;2|Vu|p, AV {u > 0} and AJ[{u < 0}|. )

As A1 > A,, the third term is not the leading one as p — oo. Between the first two, the one that
dominates as p — oo depends on the relation between Lip(o) and A;. When A1 = Lip(0), it is
the second term that dominates, and this implies that when we take p — oo we get a limit function
whose gradient, or equivalently its Lipschitz constant, is not greater than A1, and that minimizes the
measure of its positive set. Therefore, we are led to consider the following two-phase minimization
problem:

Minimize [{u(x) > 0}| subjectto Lip(u) < A1, u = o on 92, with
Aot =0 in{u > 0} U {u <0}, 3)
u=0, uf =x; on d{u >0} N 2,

v

where v is the normal to the free boundary d{u > 0} N2 pointing inward of the positive set {u > 0}.
That the ruling equation for the limit configuration is the infinity Laplace equation —Asou =
—(DZuDu, Du) = 0is due to the fact that infinity harmonic functions, the viscosity solutions to the
equation —As,u = 0, appear naturally as the limit of p-harmonic functions, the viscosity solutions
to the p-Laplace equation A,u = div(|Vu|?~2Vu) = 0 (see [5] and the survey [2]).
This discussion leads us to believe that when Lip(c) < A; the limit as p — oo of the
minimizers of (1) is a solution to (3), which constitutes the first part of the next theorem.
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The case Lip(o) > Aq is different, since in this case the leading term of the three in (2) is the
first one. Here we can also prove that there is a uniform limit, but it could happen that this limit is
just the absolute minimizing Lipschitz extension of o to the inside of £2 and hence there is no free
boundary that survives in the limit. This is exactly what happens in a one-dimensional example,
Example 2.16.

We summarize the results mentioned above in the following theorem.

Theorem 1.1 Assume that Q = 1. Let u, be a minimizer of (1), then there exists a continuous
function us such that, for a subsequence denoted still by {u,},

lim up = ueo,
p—>00

uniformly in 2. In addition:
(1) IfLip(o) < Ay, let

P = U BO(Z)/M(Z)FI.Q
z€082,0(z)>0

be a reference set, then the limit U is a solution to (3) and its positivity set {uso > 0} verifies
Huoo > 0} = |P|, {Uoo >0} 2 P, and 0d{uc >0} N2 CIPNL. “)

Moreover; in this case, the limit ux satisfies the free boundary condition u}™ = A1 along the
free boundary 0{uce > 0} N §2 in the sense that, if xo € MU > 0} N 2 is a regular free
boundary point, then

Uoo(Xo — €V) — Uoo(Xp)
- =

+ .
ul (xg) = lim A1.
! (ro) = lim
where v is a external normal vector to the set {us > 0} at xo.
(i) If Lip(o) > Ay, then uoo is a minimal Lipschitz extension of o. That is, it minimizes the
Lipschitz constant in §2 subject to the boundary data o, or equivalently,

Lip(ueo) = min Lip(v).
v=0 ON 382
Moreover; in this case, it can happen that the free boundary condition is lost in the limit. That
is, the limit Uoo may be independent of A1 and A, as shown by the one-dimensional example
(2.16).
In both cases, the limit U is also a viscosity solution to the infinity Laplace equation Asou = 0 in
{u>0}U{u <0}

The case Q # 1 is different since we have again three terms that in this case are the following

1
—/ [Vu|?, Af/ 0P(x)dx and Ag/ 0P(x)dx.
P Je {u>0} {u<o0}

Note that now the third term can be dominant depending on the size of Q evenif 11 > A;.
In this case we can also show uniform convergence and that the limit is a solution to a
minimization problem as stated below.
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Theorem 1.2 Let u, be a minimizer of (1) for each p, then, for a subsequence {up, } of {up}, it
holds that

lim up, = U
k—o0

uniformly in 2. In addition, the limit uso is a solution to the minimization problem of minimizing

max { Lip(), 21 10 L0y, 221 Q oo o) |-

subjecttou € A and u|y = o, where the admissible set

A=lu: Lip) < max {Lip(©), 110l 22 Qoo }-

As in Theorem 1.1, the free boundary may be lost in the limit.

2. Proof of the main theorems

2.1 The two-phase problem for the p-Laplacian for finite p

First we prove the existence of a minimizer of (1) for a fixed p in [1, 0c0).

Lemma 2.1 There exists a minimizer u, of the variational problem (1). The minimizer verifies that
lupllzee (@) < llollzee(e)-

Proof. Without the loss of generality, one may assume the domain §2 is bounded. Take a minimizing
sequence {u¥} of J,. Then

lim J,w*) < J,(0).

k—o00
So {u¥} is a bounded sequence in W 1-7(£2), since fg [Vuk|? < pJp(uk). As a result, one may
conclude that, for a subsequence denoted still by {uk },

u* — v weakly in WP (£2),

u¥ > vaeinf
and

0P (x)AP (u*) — g(x) weakly star in Ly .(£2),

where

= QP(x)AP(v) ifv#0,
q(x){ > QP(X)AP(v) ifv =0.

Then Fatou’s Lemma implies that
1
Ip(w) = - [ 19017 + 07 A7w)
PJe
1

< liminf—/ [Vuk|? + QP (x)AP (uF)
k—oco D Jo

= lim inf J, (u%).
k—o0

So v is a minimizer of Jj, since clearly v — o € Wol’p(.Q).
For the bound for ||up || o0 () we refer to [10], Proposition 1. O
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REMARK 2.2 The previous proof also works if §2 is unbounded, one may simply replace §2 by
£2 N Bpg for all large balls Bg in the above argument and send R to co.

REMARK 2.3 The uniqueness of a minimizer of the variational problem does not hold. In fact, one
may take £2 = B, the unit ball of R”, and take the simplest boundary data c = 1 on 952.

Next, we take ug = 1 on £2. Then J,(ug) = %/\gwn, where w;, is the volume of the unit ball.

Suppose there is a unique minimizer 1 of the functional J,. Then, since the problem is invariant
under rotations, u is radially symmetric.

Now assume that there is an s € (0, 1) such that u; = 0 on By, and Apu; = 0in B\B;s. A
simple computation gives that

p=n .
i (x) = alx|?=t +b, ifs <|x| <1,
0, if |x| < s,

where a and b satisfy a + b = 1 and as?=1 +b = 0. Then

p—n

D -1 _n
I P (1—s%)nwn.
p_

p—n

1 1
Jp(uo) — Jp(uy) = ;(Aé’ — M) wns" — ;|a|1J

If one carefully chooses the values of 1; and A5, one can make this difference equal to 0. The details
are very similar to those in the computation contained in [11] and hence we omit the details. So one
ends up with two distinct minimizers u¢ and u;.

Lemma 2.4 Let Q = 1. Suppose that up is a minimizer of Jp, and that
\{x Dup(x) = O}| =0.
Then uy, satisfies the free boundary condition

- p
(u;:v)p - (up,v)p = ﬁ(kf - )‘5)

in the weak sense, that is,

—1 —1
lim (p—|Vup|p—Af)n~v+lim (p—|Vu,,|P—A§)n.v=o
€10 Ja{u,>e} p 830 J3{u,<—5} p

for any smooth function n € C¢(§2;R"). Here v denotes the normal to a surface pointing to the
positive domain {u, > 0}.

Proof. There is some subtle issue in this seemly parallel computation to the special case when
p = 2, mainly due to the absence of regular second derivatives of a minimizer, as in general a
p-harmonic function possesses only Holder continuous first derivatives. For this reason the details
are given below.

Take xe = te(x) = x + en for x € £2, and define u¢ (xe) = up(x). So

ue(x) = up(t7 ' x),
Vue(x) = (D71 (x)) Vup (r7 ' x),
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and

(Dre_l)(x) = (Dre)_l(re_lx) =+ GVn)_l(re_lx) =1- eDn(re_lx) + 0(é2).
We will also use the following identities

|(I —eDn+ 0(e2))Vup|? = |Vup|? — ep|Vu,|P~? < DnVu,, Vu, > +0(e?)

and
det(I + €Dn) = 1+ e tr(Dn) + O(e?),

where tr(Dn) =V - n.
The minimality of J,(u,) then implies

0< Jp(ue) — Jp(up)
1 1
= /9 ;‘Dre_l(x)Vup(re_l(x))‘p + )L(up(re_l(x)))dx _/g ;|Vu(x)|p + )L(u(x))
1 1
= /9 ;‘(Dte)_l(re_lx)Vup(re_lx))p + )L(up(re_lx))dx —/g ;|Vu|’J + A(u)
1 _ p 1
=/9{;‘(Dt€) 1()C)Vu,,(x)‘ +)L(up(x))}det(Dre)dx—/9;|Vu|p+)t(u)
= / %‘(1 —eDn+ O(ez))Vup‘pdet(I + €Vn) 4+ A(up(x)) det( + eDn)dx
2
—/ l|Vu|p+)L(u)
QP
= / l{|Vup|’J —€ep|Vu,|?~? < DnVuy,, Vu, > +0(€2)}
QPD
{1 +etr(Dn) + 0(62)}dx + / )L(up)(l +etr(Dn) + 0(62))dx
2
—/ 1|Vup|p + A(up)dx.
QP

Hence, we get
0 < Jp(ue) — Jp(up)
N 6/9 élwpv tr(Dn) = [Vup|P2(DyVup, Vup)
+ A(up) tr(Dn)dx + O(€?)

1
= e/ {;|Vup|p + )L(up)} tr(Dn) — |Vu,|P"2(DnVu,, Vu,)dx + O(e?).
2

As € could be any small number, positive as well as negative, the linear term in € must be zero in
the preceding inequality. Hence

1 _
/:2 {;|V”p|p + A(“p)}v N —[Vup|? 2<D’7V”p’ Vu,) = 0.
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The left-hand-side of the preceding equation is given by, on account of the assumption that |{u, =
0} =0,

1
lim {—|Vu |2 + Au )}V-n—qu |P=2(DnVu,, Vu,).
€10,810 Jo\(—§<u,<e} ' P ? ? ? ! !

If u, is of class C2, then the preceding left-hand-side is equal to

1
lim V. (—|Vu 17+ A(u ))n—n-w [Vuup| P72V }
€10,810 Jo\{—5<u,, <€} { p i ’ ? ? ?

+1-Vup, V- (|V”p|p_zvup)

1
= lim V(1Y |? + Mg ) = - Vit |V P—ZW}
B I R ) R TR) LT R e
1
= lim (—|Vup|p +kf)n-v — 1+ Vuy|Vu, |P2Vu, - vdH" ™!
€lo Hup>e} p
1
+ lim (—qupV’ +A§)n-v — 1 - Vup|Vu,|P2Vu, - vdH" ™!
830 Jo{u,<—53 \P
. p_l V4 n—1
= —lim (—|Vup|P—)Ll)n-vdH
€40 J3fu,>e} p

p—1

— 1 L P _\P\,. n—1
lim » [Vup| Az)n vdH" ™,

830 Jo{u,<—5} (

the second equation being the application of the divergence theorem, and v denotes the outer normal
to a domain.

In general, u,, is not of class C2. However, it is of class C1** in both {u, > &} and {u, < —§}
locally in £2. Let D be either {u, > ¢} or {u, < —§} in the following. Set

Do = {x € D:|Vu,(x)| # 0}

and
Ds = {x € D:|Vu,(x)| > 8}

for § > 0. Then Dy and Dg are both open, and Dy = U~ ¢Ds. The classical theory of uniformly
elliptic equations implies u,, is smooth in Ds and hence in Dg. As a consequence, u, is a strong
solution of A,u = 0in Dy and even on the part of {4, = ¢} and {u, = —6} where Vu # 0. On
the other hand, |Vu,| = 0 on D\ D and hence in the classical sense the following identities hold

1
—|Vup|?V - — |Vu,|P~2 < DnVuy,, Vu, >= 0,
p

1

—|Vup|Pn—n- Vup|Vup|1’_2Vup =0,

p

and
\V4 1 Yu,|P \vj Vu,|?P2v —
(pl up|Pn —n-Vup|Vu,| ”p)—o
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on D\ Dy.
Now, our goal is to prove

1
/ §_|V”p|p + /\(up)} V- |V”p|p_2 < DnVup, Vup >
D P
1
= / (—qu,,Ip + A(up))n v —7- Vup|Vup|1’_2Vup -vdH" !
oD \P

so that the preceding computation for a C? function passes successfully in the general case. In fact,
one needs only to prove

1
/D ;|Vup|pV -0 —|Vup|P7? < DnVup, Vu, >
1
= /BD ;|VM,,|P;7 v =1V, |Vuy|P"2Vu, -vdH" .
For this purpose, one does the following computation, writing u for u,.
1
/ —|Vu|PV - n—|Vu|?~2 < DnVu,Vu >

DD

1

= / —|VulPV -y —|Vul?~2 < DnVu,Vu >
Dy P

1
=/ %—|Vu|pn—n-Vu|Vu|p_2Vu}+77-VuV-(Vu|”_2Vu)
4

V. %—|Vu|”n n-Vu|Vu|P~ 2Vu}

b,
/

1
[VulPn—n-Vu|Vu|P~ 2Vu} vdH"!

ol
Jon!

1
—|Vul?n—n-Vul|Vu|P~ 2Vu} vdH"!
4

1
/ %—|Vu|p77—77-Vu|Vu|1’_2Vu}-va’H"_1
d(D\Dy) \ P

1
=/ {—|Vu|p77—77-Vu|Vu|”_2Vu}-vdH"‘l.
ap | P

The fifth equality holds as the latter integral is equal to zero.
Therefore, one obtains

1
/ {_|V”p|1J + A(”p)}v -0 = |Vup|?~? < DnVu,, Vu, >
QP

—1
= —lim (p—|Vup|P—)Lf)n-vdH"_l
€0 Jyfu,>ey ¥ P
—1
— lim (p—|Vup|p —)Lg)n-vdH"_l.
830 Jd{u,<—5} p
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The proof is finished. O

REMARK 2.5 The above lemma does not imply that the conditions

1 1
+ V4 2 - P »
up’v = (ﬁ) Al and up’v = (ﬁ) )Lz

hold along the free boundary d{u, > 0} in any sense. In fact, if one defines a new functional

~ 1 -
Jp(u) = / —|Vul|? + A(u)dx,
2P

where
wtifs > 0;

A(s) =
{ py o ifs <0,

and u? — uf = AP — AZ. Then J,(u) = J,(u) + (u? — A?)|£2], and hence a minimizer of J, is
also a minimizer of J,. Clearly, uy, = (ﬁ)%ll and uf, = (ﬁ)% i1 cannot both hold at the
same time unless A1 = uj.

REMARK 2.6 Note that the assumption

}{up(x) = 0}| =0

is needed here. As the one-dimensional example, namely Example 2.16, shows, there are
configurations of data, £2, o, A1 and A,, such that a zero flat region occurs.

REMARK 2.7 In principle, one expects the p-problem to converge to a limiting problem as p — oo
and the limiting problem still to bear the characteristic of a phase transition problem, namely there
is a jump in the normal derivative across the free boundary. Under such assumptions, in symbol,
if one takes limit of the the free boundary condition (u;} )7 — (u, ,)? = ﬁ(/\f — M) asp
tends to infinity, one gets the free boundary condition u]" = A; for a possible limit function ueo.
It is surprising that the limiting free boundary condition is essentially a one-phase condition, and
whether this free boundary condition holds depends on the Lipschitz constant of the boundary data.
On the other hand, the limit function u, verifies more than just the infinity Laplace equation and the
free boundary condition. It is a solution of a minimization problem on the measure of the positive
set, which will be stated in the proof of Theorem 1.1.

REMARK 2.8 This problem can be scaled as follows: if u is a minimizer of J, with constants A1, A,
and boundary data o, then ug (x) = u(x)/k, for k > 0, is a minimizer for J, with constants A;/k,
A2/ k and boundary data oy (x) = a(x)/k. Moreover if 0 € £2 and if we let ug (x) = u(x/k) then
we obtain a minimizer for J, in the domain £2; = k$2 with constants A;/k, A,/ k and boundary
data o (x) = o(x/k). Note that in the latter case, the Lipschitz constant of oy is equal to the
Lipschitz constant of o over k.

2.2 Thelimitas p — oo for Q =1

Here we remark that we are considering the Lipschitz constant of a function u to be Lip(u) =
SUpy yeq U (x) —u(y)|/d(x, y) where d(x, y) is the distance from x to y in £2. Note that when §2
is convex we have d(x, y) = |x — y|.
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Our next result shows that there is a precise bound for the L”-norm of the gradient of a
minimizer.

Lemma 2.9 Assume that Q = 1. Let u, be a minimizer of J,. Then

(/ |vup|1’)p < C(p,0,2,11),
2

where C(p, 0, §2, A1) is a constant depending on p, o, §2, and A1, and such that

A1 if Lip(0) < Ar:

plgloloC(p,O,Q,M) = { Lip(c) ifLip(c) > A.

Proof. One easily gets from J,(up) < J,(0) that

/|wp|”s/ |ch|f’+p/ A(0) < (Lip(0)?|2] + pAT| 2],
2 2 2

The result follows from this inequality by taking the constant to be

N

C(p,0,2, M) = [(Lip(0))” 12| + pAT|2]]7.

O

Lemma 2.10 Assume that Q = 1. There is a uniform limit us of a subsequence of {up}p, as
p — oo. Moreover; the limit u, satisfies

Uso = O 0n 052,

and us, € WH®(82) with
[VioollLoo(@) < max{A1, Lip(o)}

Proof. Fix g and let p > ¢. Using Holder’s inequality and Lemma 2.9, one gets

q é r—q P % rP—q
Vup|) < |2] [Vup| s |2 C(p, 0,82, A1) o)
2 2

Hence {up}p>4 is bounded in W19 (£2) and hence there is a weakly convergent subsequence, still
denoted by {u}, such that

Up — U Weakly in W14 (£2) and uniformly on £2.

Using a diagonal procedure one can assume that this convergence is verified for all integer g.
Clearly, o, = o on d£2. In addition, if one sends p to oo in the estimate (5), one gets

1
q
(/ |vu,,|‘1) <207 lim C(p,o,2,1).
o p—00

The result follows from here by sending g to co. O
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Lemma 2.11 The limit u is a viscosity solution to — A sl = 0 inthe set {uoo > 0}U{Us < 0}.

Proof. In a ball B € {us > 0}, up, > 0 for all sufficiently large p thanks to the uniform
convergence of the subsequence. So —A,u, = 0in B, which implies, by passing to limit uniformly,
— A Uso = 0 in the viscosity sense in B. The case in {us < 0} follows similarly. O

Now we are ready to prove our result concerning the limit as p — oo when Q = 1.

Proof of Theorem 1.1. First, we assume that Lip(c) < A;. Our goal is to show that u is a
solution to (3) and that its positivity set is given by

uw>0= | J Boym@UZ
z€082,0(z)>0

for a set Z of measure zero.
Let us consider
Voo (X) = .. (0(2) = Ailx —z])..
Note that we have that
[VVoo | Lo (@n{vae>0}) = A1-
In fact, let
a:(x) = (0(2) = Ml —zl) .

and remark that, for each x € £2, the maximum defining v, (x) is attained at some z,, € §2,0(z) >
0 (in case Voo (x) = 0 just take any point z, € 052 with a(zx) > 0). Then we have, forany x, y € £2
(we can assume here that veo(X) = Voo () ), since the argument is symmetric),

Vo0 (X) = Voo ()] = Voo (¥) = Voo (¥) < az, (x) = az, (¥) < Alx — .

Hence,
[VVoo |l Lo (@n{voe>0p < A1

Now, let x € £2 be any point such that vo,(x) > 0 and take y in the segment that joins x with zy.
We claim that z, = z for that y. In fact, suppose there is a point z* € 9£2 such that

o(z*) = Ay —z¥| > o(zx) — A1|y — zx| 6)
or equivalently
0(z*) —o(zx) > —Ai(ly —zx| = |y = 2%]) = —A1|zx — 27 (7

a contradiction with the fact that Lip(o) < A1. Therefore, we get that on the segment joining x
with z, we have

Voo (¥) = az, (y) = (0(zx) — A1ly — zx )+
and we conclude that the derivative of v, in the direction of the vector (x — zy)/|x — zx| at the

point x is exactly A;. Therefore we conclude that

[VVoo | Loo(2n{vee>0}) = Al



126 J.D. ROSSI AND P. WANG

It follows that s = Voo in the set {veo > 0}, since ||[Vueol|Loo() < A1 and teo = Voo On 052.
Indeed, if this is not the case, there is a point xg € {v > 0} such that use(Xp) < Veo(xg). Then,
as we stated before, from the definition of v, we conclude the existence of a point zy, € 952 (that
we will call zg in the sequel) with o(z¢) > 0 such that

Voo (X0) = Zeag’lgé)w (0(z) = Atlxo — Z|)+ = (0(z0) — A1lxo — zo|)+.

Now, note that, as U, = Voo = 0 On 052 we get
Uoo(20) — Uoo(X0) > Voo(20) — Voo (X0)= az,(20) — az,(x0) = A1]|x0 — zol.

a contradiction to the fact | Voo ||Loo(@) < A1. Therefore we conclude that o, = Voo in the set
{voo > 0} and hence

U BU(Z)/)LI(Z)Q.Q = {voo > 0} - {uoo > 0}.
z€082,0(z)>0

In the following, we characterize the limit function u, through a variational problem.

As before, u,, is a minimizer of the functional J,. Take any Lipschitz continuous function 0o,
with Lipschitz constant less than or equal to A, which verifies 65, = ¢ on 052. Note that ¢ is such
a function. The function 04, can be taken as a competitor for u, for the functional J,, and hence we

obtain . .
S gl [ dw < [ 198t + [ Ao,
pJe 2 P Je Q
Hence 1
Af|{up > 0}| < ;Af|.{2| + Af}{@oo > 0}} + A§|{900 < O}|.
Therefore
1 Py
}{up>0}|$;|.Q|+|{900>O}|+|.Q|A—p. (8)
1

Now we observe that

{ttoo > 0} = | J{ttoo > n}.

n>0

Hence,

[{uco > 0} = lim |{uco > n}|,
n—0
and then, given any € > 0, one can find an n > 0 such that
\{uoo > O}| - \{uoo > n}| <e.
Now we observe that, from the uniform convergence of u, to o, one gets
{Uoo > 1} C{up >0}

for every p = po, and hence

[{too > 0}] < [{uoo > n}| + € < [{up > 0} +e.
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We conclude that, since € is arbitrary,

[{uco > 0} < liminf [{u, > 0}|.
p—>00

With this in mind we can take limit in (8) as p — oo and we get
[{uoo > 0} < [{6o0 > 0},

for any Lipschitz continuous function 8., with Lipschitz constant less than or equal to A; that
verifies 6o, = 0 on 052.
Therefore we have that any uniform limit of u,, is a solution of the minimization problem of

minimizing |[{u > 0}|, subjectto Lip(u) < A1, ulpg =0 C)
We observe that v, satisfies the hypothesis imposed on 6. Therefore, we conclude that
[{voo > 0}] = [{uco > 0}].
As a result, both v, and U are solutions to the minimization problem (9), and
{uso > 0} = {vo >0} U Z

for a set Z of measure zero, due to the fact that {v, > 0} C {us > 0}.

Now, let us show that d{us, > 0} N2 C P N 2. In fact, take a point xg € I{uco > 0} N 2, then
we have that u(xp) = 0. Hence, using again that {vee > 0} € {ue > 0}, We get voo(x9) = O.
If xo & P N £2 then, there is a small ball Bs(x9) C {veo = 0} (note that P = {voc > 0}). As
X0 € d{uoo > 0} we have |[{uoo > 0} N Bs(xp)| > 0, but this leads to a contradiction with the fact
that [{ueo > 0}| = |{veo > 0}|.

Next, we assume that A; < Lip(o). Take any Lipschitz continuous function 6 such that
0so = o on 052. Note that o is such a function, and that Li p(fx) = Lip(c) for any such 8. This
function 0, can be viewed as a competitor for 1, in the minimization problem for the functional
Jp and hence

N =

1
(;/ﬂ [Vup|? + MY [{up > 03| + A3 [{u, < O}|)

|-

1
< (;/Qweoov’ + A {600 > 03] + A5 [{000 < 0}|) :

Therefore,

N =
N =

l p < l )4 p )4 < )
(3 [ 19up17)" < (5 [ 190l + 28116 > 03] + 2210 < 1)

Hence,

(o)

N =
N =

J/\1|{900 > O}|%§/\2|{900 < 0}}%} .

1
<37 max{(—/ |v900|1’)
pJe
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On account of the reason stated in the proof of Lemma 2.10, one may conclude that

=

1
Lip(ueo) < liminf(—/ |Vup|1’) ,

In addition, since 6 is Lipschitz, one gets

1
lim (—/ |V900|”) = Lip(f).
pP—>00 p k7]

Using the above two inequalities and one equation and the fact that

ST

Lip(0) = Lip(o) > A1 > A2,

one gets
Lip(uso) < Lip(0s0).

Therefore we conclude that 1 is a minimizer of the Lipschitz norm Lip(u) over the region £2 in
the set of Lipschitz functions that take on the boundary value o on 052.

To finish the proof, we show that, when Lip(c) < Aj, there is a boundary condition on the
boundary of the set {uso > 0} N £2. In fact, we show that the limit uo satisfies u;” = A; on
d{Uco > 0} N £2 in the sense that, if xg € {uce > 0} N £2 then

Uoo(Xo — €V) —Uoo(Xp)

+ .
ul(x9) = lim A,
v (Xo0) lim p 1
where v is an external normal vector to the set {1, > 0} at x¢.
We have the explicit form for the positive set of the limit
oo >0} 2 P = | Boya, (0)N2 = {veo > 0}.

z€082,0(z)>0

Hence, given xo € 0{uso > 0} N 2 C P N £2, there exists a zgp € 982 N {z : a(z) > 0} such that

0 =1ug(xg) = max o(z) —A|x—z = 0(z0) — A1]x0 — zo|.
0o (X0) ze89,0(2)>0( (2) — A4 ), (z0) — A1lxo — 2ol
Take
_ X0 — 29
X0 — zo|’

We have that v is a normal exterior vector to the set {#o, > 0} (in fact we have that {x € 2 :
0(z9) — A|x — zo| > 0} C {ueo > 0}).
By the same arguments used before we have that for any € > 0 small enough,
Voo (X0 — €V) = 0 (z9) — A1]x0 — 2o — €V,

then

Uoo (X0 — €V) = Voo(Xg — €V) = 0(20) — A1]X0 — 2o — €v| = 0(20) — A1(|x0 — Zo| — €)
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and, from the fact that Lip(us) < A1 and the explicit formulas we obtain

Uoo(Xg — €V) — Ugo (X A€
A1 = uf (xo) = lim o0 ) ~ oo (X0) > lim 215 = 24,
€0 € el0 €

as we wanted to show. O

REMARK 2.12 The properties of the positive set for the limit given in (4) are given in terms of the
set P that is exactly the positive set of the function
Uoo(X¥) =  max o(z) —Ai|x—z]),. 10
o) = max  (0(2) ~dalx —z]), (10)

Also note that we have that {#o, > 0} = {voe > 0} U Z for a set Z of measure zero, and the
free boundary of u is included in the boundary of the positive set of v.

REMARK 2.13 If we consider the same problem with A;, A, instead of A7, )Lg in the definition of
A(u), our arguments show that 1, converges uniformly to a limit, #,, that is a solution of

' Af{u> 0} +Azl{u <0}, if Lip(o) <1,
Lip(u)slr,r:lgaonag 1|{u }| 2|{” }i if Lip(o)

min  Lip(u), if Lip(o) > 1.
u=0 ON 352
REMARK 2.14 Note that if we have that u, is co-harmonic in §£2\{u, > 0} since it has boundary
data o on 082 N 3(£2\{uoo > 0}) and 0 on £2 N H{us > 0}, we get that the limit is unique.
Also note that up to this point we only had uniform convergence of a subsequence of u, but
if we have uniqueness of the limit (and it holds #, is co-harmonic in 2\{us > 0}), we have
convergence of the whole family u, as p — oo.

REMARK 2.15 An argument as in [3] shows that u, is p-subharmonic in £2. If we call z, the
p-harmonic function, —A,z, = 0, with boundary conditions z, = o then we have that

Up < zp
and passing to the limit we conclude that

Uso < Zoo

where Zo is the AMLE of ¢ |5 . This implies that
{Uoo > 0} C {zoo > O}.

And in fact, when A7 = Lip(c) we have obtained this property in the previous proof, but this
inclusion holds also for the case A1 < Lip(o).

The explicit formula that we have for the limit in the positive set in the case Lip(o) < Aq is
monotone decreasing with A;. Therefore the positive set of the limit decreases as A; increases in
this case.

In general we do not have a two-sided free boundary condition as the following example shows
(in fact in this simple 1 — d example one can see all the features described in the general case in
Theorem 1.1).
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EXAMPLE 2.16 The 1 — d example. Let us solve the problem in 2 = (0,1) with boundary
conditions u,(0) = o9 > 0 and u,(1) = 07 < 0.
Recall that the functional that we want to minimize is given by

1 1
Jp(u) = ;/0 [u'|? + A7 |[{u > O}] + A5 |{u < 0}].

First, let us tackle the case in which we have a flat zero region. That is, there are two points

+ -
0<xp <X, <1

such that
up, =0, in (x;,x_).

In this case the energy is minimized by a function of the form

(o)) +
——(x—x,), x € (0,x}),
Xp
up(x) =4 0 x € [xfx],
o
(x—x;).  xe(x;.1),
1 —x,

and is given by
1 _ 1 - _
Jp(up) = ;a(f(x;)l Py ;Iallp(l —x ) TP+ A + A0 (1 - x;).

Since J), attains its minimum at ¥, just minimizing the previous expression with respect to x; and

x we get that
1
-1 —1\7
x; = (_p ) % and l—x, = (_p ) —|01|.
p 1 p Az

p

N

As we have assumed that 0 < x; < x, < 1 we conclude that a solution with a zero region exists
if and only if

oo 01 1

—— — <1

A A2

In this case the limit as p — oo of xp+ and x, are given by

xt = :—(1) and Xoo = %
and hence the limit of u, is
—A(x —x2). x € (0,x}).
Uso(x) =4 0 x € [xh,x3),

—A2(x — Xo0), X € (X0, 1),
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Now, assume that there is no flat zero region, that is, xt =

» = X, . We have that u;, vanishes at only
one point, that we call x,, € (0, 1), and that must verify

p p

0o 01 p )4 P
— - = Al —A3). 11
Xp ‘l_xp P—l(l 2) (v
Once this point is fixed then u,, is given by
gy — @x, X € (Ov xp)v
Xp
Uup(x) =
o1 — 1_xp(l—x), x € (xp,1).

Since x, is bounded we can extract a converging subsequence x, — Xoo. Now, we just take the
limit in (11),

oo |? o1x »
) (1— 7 ): 11 (AP —A2) ~ AP
Xp oo(l —xp) p—1
to obtain o
_0 = A’la
Xoo
this can be done provided that
—01X00 1
_— < 1,
oo (1 — Xo0)
that is,
_70—1 <1
I I
It holds if and only if
— <1,
)Ll — 09
that is,

0o — 01 </\1,

and hence U, (the uniform limit of the u,) is uniquely determined and is given by

oo — 2)C, x € (0, xoo)v
(x) e
Uso =
o
o1 — ———(1 —x), X € (Xoos 1).
1—xs0

In the case 0p — 07 = A we get from our previous results that u, is a Lipschitz function with
boundary values o¢ and o; and Lipschitz constants less or equal to o9 — 07 so the only possibility
is the strait line,

Uso(X) = 00 + (01 — 0p)x.

Note that in this case we lost the free boundary condition since the limit does not depends on A
and A,.
Summarizing, we have:
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o If oo o1
hom !

then there is a zero flat region for large p (and also for p = 00).

o If
;—?—:—;Zl and 0o — 01 < A1

there is no flat region for p large and the limit problem shows a free boundary condition governed

by A 1-
o If

00— 01 = A1

there is no flat region for large p and in the limit the free boundary condition is lost (the limit is
just the AMLE (in this simple 1—d case the strait line)).

2.3 Thelimitas p — oo for Q # 1

Proof of Theorem 1.2. First, we obtain the analogous to Lemma 2.9. We observe that using o as a
competitor for u, we get J,(u,) < J,(0) and hence

/Q|Vup|f’s/g|w|f’+p/ggm<o)

< (Lip(©)” 121+ pAL 1 W woomop [0 > 03] + PAZIC | focgzop o < 0}

(/ |w,,|p)5 < C(p.o).
2

pliygo C(p.o) =max {Lip(0): M| QLo to>0p: A2[ O llLoo(to<op }-

Then

where

From this fact we can (arguing as in Lemma 2.10) obtain that there is a uniform limit, u,, of a
subsequence of {u,},, as p — co. Moreover, the limit u, satisfies

Uso = O ON 052,
and use € WH(2) with

Voo llLoo(2) < max {Lip(0); A1[|Q llLeo o0y A2/ O llLooto<op }-

Now let us look for a variational problem verified by u«. To this end, let us consider

A={u: Lip(u) <max{Lip(0); 11]|QllL=(0>0): 22/ QllL=0<0)}}

We have that u,, is a minimizer of the functional J,. Take any 6o, € A such that 6, = o on 952
(note that ¢ verifies this, so the set of such functions is not empty). This function 6, can be viewed
as a competitor for u, and we obtain

vt [ ora < [ 19enr + [ 07an)



A TWO-PHASE FREE BOUNDARY PROBLEM FOR THE p-LAPLACIAN

Hence

1
1 p
(—/ Vil + a8 [ great | Q”)
pPJe {up>0} {up<0}
1
< (—/ |v9w|”+x{’/ Q”+A§/ QP)
PJe {000>0} {000<0}

limsup(a, + b, + cp)% < max { lim sup(ap)% ; lim sup(bp)%;lim sup(cp)%}

p—>00 p—>00 p—>00 p—>00

N =

Since

we have that the limsup of the right hand side in (12) is bounded by

max {Lip(o0): A1[| Q|20 (oo >0): 2211 Q| L0 (oo <0) } -

Therefore, from (12), we obtain

1
max liminf / |Vup| hmlnf( 1/ Qp)p
p—>00 {up>0}

< max {Lip(bo0); A1 1| QLo (00 >0): A2l QllLo0 (600 <0) } -

From our previous discussion we have that

ST

1
Lip(us) < liminf(—/ |Vup|1’)
and hence we get
Lip(tos) < max {Lip(Boo): 2111 Q loe(as=0y: A2 Ol (9n0<0) -
Now, using that Q is continuous, given € > 0, one fixes 1 > 0 such that

1Ol (uee =03 — 1 Q1200 (uaesnp | < €.

We observe that, from the uniform convergence of u,, to o, one gets
{uo > 0} C{up >0}

for every p = po, and hence

19120 ((uoo>0p < QL0 (uoo>n}) + €

< lim (/ Q”) +e€
P20 \ Huco>n}
%
< liminf / 071 +e.
p—>00 {up>0}

N =

133

(12)

(13)
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We conclude that, since € is arbitrary,
MIQ o o < limint (3] [
P00 {up>0}
and hence from (13) we get
QN2 (fuoo>0y) < Max {Lip(Boo): A1l Q llLo0 (600 >0): A21| QL0 (600 <0) }-

To finish the proof we need a bound for

A2 || QLo (fuoo<0}) -

This task is different from the previous one since we can not assert that the sets {u < 0} and
{up < 0} are similar from the uniform convergence.
From (12) we get

1
(Af /{u >0} Qp + Ag /{u <0} Qp) ’
P P

1 1
< (—/ |V oo |? +A{’/ Q7 +A§/ QP)”. (14)
pPJe {6o0>0} {0o0<0}
Using that A; < A, and that £2 = {u, > 0} N {u, < 0} we get

(4] @) <000

up>0} {up<0}

1
0”)".
Taking p — o0, using (14) and our previous argument, we obtain
1
A oo < lim (2 / 7))’
2@l ucosop < lim (A, <o) 0

1 1
Slimsup(—/ |V900|p+kf/ QP+A§/ Qp)p
p—oo P J@2 {0oc>0} {00 <0}

< max {Lip(0o0); A1[1Q | Lo0 (000 >0): A2/ Q| o0 (600 <0) } -

Therefore, collecting all these bounds, we have obtained that any uniform limit of ¥, is a solution
of the minimization problem

min _ max {Lip(u): A1)l QllLoqu-0y; A2 @ L tuco | 1)

ued,ulyo=0

O

REMARK 2.17 Remark that the limit problem be scaled as follows: if u is a solution to the limit
problem with constants A1, A, and boundary datum o, then ug(x) = ku(x), for k > 0, is a also
a solution with constants A1 /k, A»/k and boundary datum oy (x) = o(x)/k. Moreover if we let
ur (x) = u(x/k) then we obtain a solution in the domain £2; = k£2 with constants A1/k, A,/ k and
boundary datum oy (x) = o(x/k). Note that the Lipschitz constant of oy is the Lipschitz constant
of o over k. These facts are easy consequences of Remark 2.8 or can be obtained directly by scaling
the limit minimization problem (15) as described above.
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