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The limit as p ! 1 in a two-phase free boundary problem
for the p-Laplacian
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In this paper, we study the limit as p goes to infinity of a minimizer of a variational problem that
is a two-phase free boundary problem of phase transition for the p-Laplacian. Under a geometric
compatibility condition, we prove that this limit is a solution of a free boundary problem for the 1-
Laplacian. When the compatibility condition does not hold, we prove that there still exists a uniform
limit that is a solution of a minimization problem for the Lipschitz constant. Moreover, we provide,
in the latter case, an example that shows that the free boundary condition can be lost in the limit.
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1. Introduction

In this paper, we study a two-phase free boundary problem of phase transition for the p-Laplacian.
More precisely, given a bounded Lipschitz domain ˝ in R

n, we minimize the functional

Jp.u/ D
Z

˝

1

p
jru.x/jp C Qp.x/�

�
u.x/

�
dx; (1)

subject to the boundary condition u � � 2 W
1;p

0 .˝/, where an indicator function

�.s/ D
(

�
p
1 if s > 0;

�
p
2 if s 6 0;

with �1 > �2 > 0, a continuous weight function Q.x/ > 0, and boundary data � 2 Lip.@˝/ are
given. Here u is allowed to take both positive and negative values. Note that taking the McShane
or Whitney extension of � , we can consider that � is in fact the restriction to @˝ of a function in
W 1;1.˝/, that we will call again � with the abuse of notation. We denote by Lip.�/ the Lipschitz
constant of � and we assume without the loss of generality that Lip.�/ D Lip.� j@˝/, as we
can just take � as the absolute minimizing Lipschitz extension of its boundary data (see [2] for
the existence of such an absolute minimizing Lipchitz extension). Alt, Caffarelli and Friedman
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studied this two-phase free boundary problem for p D 2 in [3]. They proved the existence of a
minimizer, the free boundary condition, non-degeneracy and Lipschitz continuity of a minimizer,
and the measure theoretic regularity and differentiability of the free boundary there. In an earlier
manuscript [1], Alt and Caffarelli solved a similar problem for the variational one phase problem
when p D 2. In fact, their work is the inspiration of the authors’ current and related research
projects. The corresponding one-phase problem, i.e. when u > 0, has been studied in [6] where
most properties for p D 2 are proved to hold. In [14], these properties have been recovered in
Orlicz spaces for an one-phase problem. However, it is still open whether a minimizer of a two-
phase problem for a general p is Lipschitz continuous.

In the general case, there is a minimizer of (1), which is proved in Lemma 2.1 in the next section.
A minimizer is a weak solution to the p-Laplace equation in the positive and negative domains,
namely

��pup D �div.jrupjp�2rup/ D 0; in fup > 0g [ fup < 0g;
satisfying the Dirichlet boundary condition u j@˝D � , and, under the assumption that the “flat
region” where up D 0 is of measure zero, the minimizer satisfies the free boundary condition

.uC
p;�/p � .u�

p;�/p D p

p � 1
.�

p
1 � �

p
2 /

at every regular point in a weak sense, as stated in Lemma 2.4. For study on free boundary problems
involving quasilinear equations like the one considered here, either two-phase or one-phase, there is
a long list of references, among which we would like to refer the reader to [4, 6–9, 12–15] and [16].

Our main concern in this paper is to study the limit as p ! 1 of the minimizers.
First, to clarify the statements and the discussion, we assume that Q.x/ D 1. Let us consider

the three terms that appear in (1),

1

p

Z
˝

jrujp; �
p
1 jfu > 0gj and �

p
2 jfu < 0gj: (2)

As �1 > �2, the third term is not the leading one as p ! 1. Between the first two, the one that
dominates as p ! 1 depends on the relation between Lip.�/ and �1. When �1 > Lip.�/, it is
the second term that dominates, and this implies that when we take p ! 1 we get a limit function
whose gradient, or equivalently its Lipschitz constant, is not greater than �1, and that minimizes the
measure of its positive set. Therefore, we are led to consider the following two-phase minimization
problem: 8̂̂<

ˆ̂:
Minimize jfu.x/ > 0gj subject to Lip.u/ 6 �1; u D � on @˝; with

41u D 0 in fu > 0g [ fu < 0g;
u D 0; uC

� D �1 on @fu > 0g \ ˝;

(3)

where � is the normal to the free boundary @fu > 0g\˝ pointing inward of the positive set fu > 0g.
That the ruling equation for the limit configuration is the infinity Laplace equation ��1u D

�hD2uDu; Dui D 0 is due to the fact that infinity harmonic functions, the viscosity solutions to the
equation ��1u D 0, appear naturally as the limit of p-harmonic functions, the viscosity solutions
to the p-Laplace equation �pu D div.jrujp�2ru/ D 0 (see [5] and the survey [2]).

This discussion leads us to believe that when Lip.�/ 6 �1 the limit as p ! 1 of the
minimizers of (1) is a solution to (3), which constitutes the first part of the next theorem.
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The case Lip.�/ > �1 is different, since in this case the leading term of the three in (2) is the
first one. Here we can also prove that there is a uniform limit, but it could happen that this limit is
just the absolute minimizing Lipschitz extension of � to the inside of ˝ and hence there is no free
boundary that survives in the limit. This is exactly what happens in a one-dimensional example,
Example 2.16.

We summarize the results mentioned above in the following theorem.

Theorem 1.1 Assume that Q D 1. Let up be a minimizer of (1), then there exists a continuous
function u1 such that, for a subsequence denoted still by fupg,

lim
p!1 up D u1;

uniformly in ˝ . In addition:
(i) If Lip.�/ 6 �1, let

P D
[

z2@˝;�.z/>0

B�.z/=�1
.z/\˝

be a reference set, then the limit u1 is a solution to (3) and its positivity set fu1 > 0g verifies

jfu1 > 0gj D jP j; fu1 > 0g � P; and @fu1 > 0g \ ˝ � @P \ ˝: (4)

Moreover, in this case, the limit u1 satisfies the free boundary condition uC
� D �1 along the

free boundary @fu1 > 0g \ ˝ in the sense that, if x0 2 @fu1 > 0g \ ˝ is a regular free
boundary point, then

uC
� .x0/ D lim

�#0

u1.x0 � ��/ � u1.x0/

�
D �1:

where � is a external normal vector to the set fu1 > 0g at x0.
(ii) If Lip.�/ > �1, then u1 is a minimal Lipschitz extension of � . That is, it minimizes the

Lipschitz constant in ˝ subject to the boundary data � , or equivalently,

Lip.u1/ D min
vD� on @˝

Lip.v/:

Moreover, in this case, it can happen that the free boundary condition is lost in the limit. That
is, the limit u1 may be independent of �1 and �2 as shown by the one-dimensional example
(2.16).

In both cases, the limit u1 is also a viscosity solution to the infinity Laplace equation 41u D 0 in
fu > 0g [ fu < 0g.

The case Q ¤ 1 is different since we have again three terms that in this case are the following

1

p

Z
˝

jrujp ; �
p
1

Z
fu>0g

Qp.x/ dx and �
p
2

Z
fu60g

Qp.x/ dx:

Note that now the third term can be dominant depending on the size of Q even if �1 > �2.
In this case we can also show uniform convergence and that the limit is a solution to a

minimization problem as stated below.
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Theorem 1.2 Let up be a minimizer of (1) for each p, then, for a subsequence fupk
g of fupg, it

holds that
lim

k!1
upk

D u1

uniformly in ˝ . In addition, the limit u1 is a solution to the minimization problem of minimizing

max
n
Lip.u/; �1kQkL1.u>0/; �2kQkL1.u60/

o
;

subject to u 2 A and uj@˝ D � , where the admissible set

A D
n
u W Lip.u/ 6 max

˚
Lip.�/; �1kQkL1.�>0/; �2kQkL1.�60/

�o
:

As in Theorem 1.1, the free boundary may be lost in the limit.

2. Proof of the main theorems

2.1 The two-phase problem for the p-Laplacian for finite p

First we prove the existence of a minimizer of (1) for a fixed p in Œ1; 1/.

Lemma 2.1 There exists a minimizer up of the variational problem (1). The minimizer verifies that

kupkL1.˝/ 6 k�kL1.˝/:

Proof. Without the loss of generality, one may assume the domain ˝ is bounded. Take a minimizing
sequence fukg of Jp. Then

lim
k!1

Jp.uk/ 6 Jp.�/:

So fukg is a bounded sequence in W 1;p.˝/, since
R

˝
jrukjp 6 pJp.uk/. As a result, one may

conclude that, for a subsequence denoted still by fukg,

uk ! v weakly in W 1;p.˝/;

uk ! v a. e. in ˝

and

Qp.x/�p.uk/ ! q.x/ weakly star in L1
loc.˝/;

where

q.x/

� D Qp.x/�p.v/ if v ¤ 0;

> Qp.x/�p.v/ if v D 0:

Then Fatou’s Lemma implies that

Jp.v/ D 1

p

Z
˝

jrvjp C Qp.x/�p.v/

6 lim inf
k!1

1

p

Z
˝

jruk jp C Qp.x/�p.uk/

D lim inf
k!1

Jp.uk/:

So v is a minimizer of Jp, since clearly v � � 2 W
1;p

0 .˝/.
For the bound for kupkL1.˝/ we refer to [10], Proposition 1.
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REMARK 2.2 The previous proof also works if ˝ is unbounded, one may simply replace ˝ by
˝ \ BR for all large balls BR in the above argument and send R to 1.

REMARK 2.3 The uniqueness of a minimizer of the variational problem does not hold. In fact, one
may take ˝ D B , the unit ball of Rn, and take the simplest boundary data � D 1 on @˝ .

Next, we take u0 � 1 on ˝ . Then Jp.u0/ D 1
p

�
p
2 !n, where !n is the volume of the unit ball.

Suppose there is a unique minimizer u1 of the functional Jp. Then, since the problem is invariant
under rotations, u1 is radially symmetric.

Now assume that there is an s 2 .0; 1/ such that u1 � 0 on Bs , and 4pu1 � 0 in BnBs . A
simple computation gives that

u1.x/ D
�

ajxj p�n
p�1 C b; if s 6 jxj 6 1;

0; if jxj < s;

where a and b satisfy a C b D 1 and as
p�n
p�1 C b D 0. Then

Jp.u0/ � Jp.u1/ D 1

p
.�

p
2 � �

p
1 /!nsn � 1

p
jajp

ˇ̌̌
ˇp � n

p � 1

ˇ̌̌
ˇ
p

p � 1

p � n
.1 � s

p�n
p�1 /n!n:

If one carefully chooses the values of �1 and �2, one can make this difference equal to 0. The details
are very similar to those in the computation contained in [11] and hence we omit the details. So one
ends up with two distinct minimizers u0 and u1.

Lemma 2.4 Let Q D 1. Suppose that up is a minimizer of Jp, and thatˇ̌fx W up.x/ D 0gˇ̌ D 0:

Then up satisfies the free boundary condition

.uC
p;�/p � .u�

p;�/p D p

p � 1
.�

p
1 � �

p
2 /

in the weak sense, that is,

lim
�#0

Z
@fup>�g

�
p � 1

p
jrupjp � �

p
1

�
� � � C lim

ı#0

Z
@fup<�ıg

�
p � 1

p
jrupjp � �

p
2

�
� � � D 0

for any smooth function � 2 C 2
0 .˝IRn/. Here � denotes the normal to a surface pointing to the

positive domain fup > 0g.

Proof. There is some subtle issue in this seemly parallel computation to the special case when
p D 2, mainly due to the absence of regular second derivatives of a minimizer, as in general a
p-harmonic function possesses only Hölder continuous first derivatives. For this reason the details
are given below.

Take x� D ��.x/ D x C �� for x 2 ˝ , and define u�.x�/ D up.x/. So

u�.x/ D up.��1
� x/;

ru�.x/ D �
D��1

� .x/
�rup.��1

� x/;
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and

.D��1
� /.x/ D .D��/�1.��1

� x/ D .I C �r�/�1.��1
� x/ D I � �D�.��1

� x/ C O.�2/:

We will also use the following identities

j.I � �D� C O.�2//rupjp D jrupjp � �pjrupjp�2 < D�rup ; rup > CO.�2/

and
det.I C �D�/ D 1 C � t r.D�/ C O.�2/;

where t r.D�/ D r � �.
The minimality of Jp.up/ then implies

0 6 Jp.u�/ � Jp.up/

D
Z

˝

1

p

ˇ̌̌
D��1

� .x/rup

�
��1

� .x/
�ˇ̌̌p C �

�
up

�
��1

� .x/
�	

dx �
Z

˝

1

p
jru.x/jp C �

�
u.x/

�
D
Z

˝

1

p

ˇ̌̌
.D��/�1.��1

� x/rup.��1
� x/

ˇ̌̌p C �
�
up.��1

� x/
�
dx �

Z
˝

1

p
jrujp C �.u/

D
Z

˝

n 1

p

ˇ̌̌
.D��/�1.x/rup.x/

ˇ̌̌p C �
�
up.x/

�o
det.D��/dx �

Z
˝

1

p
jrujp C �.u/

D
Z

˝

1

p

ˇ̌̌�
I � �D� C O.�2/

�rup

ˇ̌̌p
det.I C �r�/ C �

�
up.x/

�
det.I C �D�/dx

�
Z

˝

1

p
jrujp C �.u/

D
Z

˝

1

p

n
jrupjp � �pjrupjp�2 < D�rup ; rup > CO.�2/

o
n
1 C � t r.D�/ C O.�2/

o
dx C

Z
˝

�.up/
�
1 C � t r.D�/ C O.�2/

�
dx

�
Z

˝

1

p
jrupjp C �.up/dx:

Hence, we get

0 6 Jp.u�/ � Jp.up/

D �

Z
˝

1

p
jrupjp t r.D�/ � jrupjp�2hD�rup; rupi

C �.up/ t r.D�/dx C O.�2/

D �

Z
˝

n 1

p
jrupjp C �.up/

o
t r.D�/ � jrupjp�2hD�rup; rupidx C O.�2/:

As � could be any small number, positive as well as negative, the linear term in � must be zero in
the preceding inequality. HenceZ

˝

n 1

p
jrupjp C �.up/

o
r � � � jrupjp�2hD�rup; rupi D 0:
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The left-hand-side of the preceding equation is given by, on account of the assumption that jfup D
0gj D 0,

lim
�#0;ı#0

Z
˝nf�ı<up<�g

n 1

p
jrupjp C �.up/

o
r � � � jrupjp�2hD�rup ; rupi:

If up is of class C 2, then the preceding left-hand-side is equal to

lim
�#0;ı#0

Z
˝nf�ı<up<�g

r �
�� 1

p
jrupjp C �.up/

	
� � � � rupjrupjp�2rup




C � � rupr � .jrupjp�2rup/

D lim
�#0;ı#0

Z
˝nf�ı<up<�g

r �
�� 1

p
jrupjp C �.up/

	
� � � � rupjrupjp�2rup




D lim
�#0

Z
@fup>�g

� 1

p
jrupjp C �

p
1

	
� � � � � � rupjrupjp�2rup � �dH n�1

C lim
ı#0

Z
@fup<�ıg

� 1

p
jrupjp C �

p
2

	
� � � � � � rupjrupjp�2rup � �dH n�1

D � lim
�#0

Z
@fup>�g

�p � 1

p
jrupjp � �

p
1

	
� � �dH n�1

� lim
ı#0

Z
@fup<�ıg

�p � 1

p
jrupjp � �

p
2

	
� � �dH n�1;

the second equation being the application of the divergence theorem, and � denotes the outer normal
to a domain.

In general, up is not of class C 2. However, it is of class C 1;˛ in both fup > "g and fup < �ıg
locally in ˝ . Let D be either fup > "g or fup < �ıg in the following. Set

D0 D ˚
x 2 DW jrup.x/j ¤ 0

�
and

Dı D ˚
x 2 DW jrup.x/j > ı

�
for ı > 0. Then D0 and Dı are both open, and D0 D [ı>0Dı . The classical theory of uniformly
elliptic equations implies up is smooth in Dı and hence in D0. As a consequence, up is a strong
solution of 4pu D 0 in D0 and even on the part of fup D "g and fup D �ıg where ru ¤ 0. On
the other hand, jrupj D 0 on DnD0 and hence in the classical sense the following identities hold

1

p
jrupjpr � � � jrupjp�2 < D�rup; rup >D 0;

1

p
jrupjp� � � � rupjrupjp�2rup D 0;

and

r �
� 1

p
jrupjp� � � � rupjrupjp�2rup

	
D 0
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on DnD0.
Now, our goal is to proveZ
D

�
1

p
jrupjp C �.up/



r � � � jrupjp�2 < D�rup ; rup >

D
Z

@D

� 1

p
jrupjp C �.up/

	
� � � � � � rupjrupjp�2rup � � dH n�1

so that the preceding computation for a C 2 function passes successfully in the general case. In fact,
one needs only to proveZ

D

1

p
jrupjpr � � � jrupjp�2 < D�rup ; rup >

D
Z

@D

1

p
jrupjp� � � � � � rupjrupjp�2rup � � dH n�1:

For this purpose, one does the following computation, writing u for up.Z
D

1

p
jrujpr � ��jrujp�2 < D�ru; ru >

D
Z

D0

1

p
jrujpr � � � jrujp�2 < D�ru; ru >

D
Z

D0

r �
�

1

p
jrujp� � � � rujrujp�2ru



C � � rur � �rujp�2ru

�
D
Z

D0

r �
�

1

p
jrujp� � � � rujrujp�2ru




D
Z

@D0

�
1

p
jrujp� � � � rujrujp�2ru



� � dH n�1

D
Z

@D0

�
1

p
jrujp� � � � rujrujp�2ru



� � dH n�1

C
Z

@.DnD0/

�
1

p
jrujp� � � � rujrujp�2ru



� � dH n�1

D
Z

@D

�
1

p
jrujp� � � � rujrujp�2ru



� � dH n�1:

The fifth equality holds as the latter integral is equal to zero.
Therefore, one obtainsZ
˝

n 1

p
jrupjp C �.up/

o
r � � � jrupjp�2 < D�rup ; rup >

D � lim
�#0

Z
@fup>�g

�p � 1

p
jrupjp � �

p
1

	
� � �dH n�1

� lim
ı#0

Z
@fup<�ıg

�p � 1

p
jrupjp � �

p
2

	
� � �dH n�1:
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The proof is finished.

REMARK 2.5 The above lemma does not imply that the conditions

uC
p;� D

� p

p � 1

	 1
p

�1 and u�
p;� D

�
p

p � 1

� 1
p

�2

hold along the free boundary @fup > 0g in any sense. In fact, if one defines a new functional

QJp.u/ D
Z

˝

1

p
jrujp C Q�.u/dx;

where

Q�.s/ D
(

	
p
1 if s > 0I

	
p
2 if s 6 0;

and 	
p
1 � 	

p
2 D �

p
1 � �

p
2 . Then QJp.u/ D Jp.u/ C .	

p
1 � �

p
1 /j˝j, and hence a minimizer of Jp is

also a minimizer of QJp . Clearly, uC
p;� D . p

p�1
/

1
p �1 and uC

p;� D . p
p�1

/
1
p 	1 cannot both hold at the

same time unless �1 D 	1.

REMARK 2.6 Note that the assumption ˇ̌fup.x/ D 0gˇ̌ D 0

is needed here. As the one-dimensional example, namely Example 2.16, shows, there are
configurations of data, ˝ , � , �1 and �2, such that a zero flat region occurs.

REMARK 2.7 In principle, one expects the p-problem to converge to a limiting problem as p ! 1
and the limiting problem still to bear the characteristic of a phase transition problem, namely there
is a jump in the normal derivative across the free boundary. Under such assumptions, in symbol,
if one takes limit of the the free boundary condition .uC

p;�/p � .u�
p;�/p D p

p�1
.�

p
1 � �

p
2 / as p

tends to infinity, one gets the free boundary condition uC
� D �1 for a possible limit function u1.

It is surprising that the limiting free boundary condition is essentially a one-phase condition, and
whether this free boundary condition holds depends on the Lipschitz constant of the boundary data.
On the other hand, the limit function u1 verifies more than just the infinity Laplace equation and the
free boundary condition. It is a solution of a minimization problem on the measure of the positive
set, which will be stated in the proof of Theorem 1.1.

REMARK 2.8 This problem can be scaled as follows: if u is a minimizer of Jp with constants �1, �2

and boundary data � , then uk.x/ D u.x/=k, for k > 0, is a minimizer for Jp with constants �1=k,
�2=k and boundary data �k.x/ D �.x/=k. Moreover if 0 2 ˝ and if we let uk.x/ D u.x=k/ then
we obtain a minimizer for Jp in the domain ˝k D k˝ with constants �1=k, �2=k and boundary
data �k.x/ D �.x=k/. Note that in the latter case, the Lipschitz constant of �k is equal to the
Lipschitz constant of � over k.

2.2 The limit as p ! 1 for Q D 1

Here we remark that we are considering the Lipschitz constant of a function u to be Lip.u/ D
supx;y2˝ ju.x/ � u.y/j=d.x; y/ where d.x; y/ is the distance from x to y in ˝ . Note that when ˝

is convex we have d.x; y/ D jx � yj.
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Our next result shows that there is a precise bound for the Lp-norm of the gradient of a
minimizer.

Lemma 2.9 Assume that Q D 1. Let up be a minimizer of Jp. Then

�Z
˝

jrupjp
� 1

p

6 C.p; �; ˝; �1/;

where C.p; �; ˝; �1/ is a constant depending on p, � , ˝ , and �1, and such that

lim
p!1 C.p; �; ˝; �1/ D

�
�1 if Lip.�/ 6 �1I
Lip.�/ if Lip.�/ > �1:

Proof. One easily gets from Jp.up/ 6 Jp.�/ thatZ
˝

jrupjp 6
Z

˝

jr� jp C p

Z
˝

�.�/ 6 .Lip.�//pj˝j C p�
p
1 j˝j:

The result follows from this inequality by taking the constant to be

C.p; �; ˝; �1/ D ��
Lip.�/

�pj˝j C p�
p
1 j˝j� 1

p :

Lemma 2.10 Assume that Q D 1. There is a uniform limit u1 of a subsequence of fupgp, as
p ! 1. Moreover, the limit u1 satisfies

u1 D � on @˝;

and u1 2 W 1;1.˝/ with
kru1kL1.˝/ 6 max f�1; Lip.�/g

Proof. Fix q and let p > q. Using Hölder’s inequality and Lemma 2.9, one gets

�Z
˝

jrupjq
� 1

q

6 j˝j p�q
qp

�Z
˝

jrupjp
� 1

p

6 j˝j p�q
qp C.p; �; ˝; �1/: (5)

Hence fupgp>q is bounded in W 1;q.˝/ and hence there is a weakly convergent subsequence, still
denoted by fupg, such that

up ! u1 weakly in W 1;q.˝/ and uniformly on ˝:

Using a diagonal procedure one can assume that this convergence is verified for all integer q.
Clearly, u1 D � on @˝ . In addition, if one sends p to 1 in the estimate (5), one gets

�Z
˝

jrupjq
� 1

q

6 j˝j 1
q lim

p!1 C.p; �; ˝; �1/:

The result follows from here by sending q to 1.
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Lemma 2.11 The limit u1 is a viscosity solution to �41u1 D 0 in the set fu1 > 0g[fu1 < 0g.

Proof. In a ball B � fu1 > 0g, up > 0 for all sufficiently large p thanks to the uniform
convergence of the subsequence. So �4pup D 0 in B , which implies, by passing to limit uniformly,
� 41 u1 D 0 in the viscosity sense in B . The case in fu1 < 0g follows similarly.

Now we are ready to prove our result concerning the limit as p ! 1 when Q � 1.

Proof of Theorem 1.1. First, we assume that Lip.�/ 6 �1. Our goal is to show that u1 is a
solution to (3) and that its positivity set is given by

fu1 > 0g D
[

z2@˝;�.z/>0

B�.z/=�1
.z/ [ Z;

for a set Z of measure zero.
Let us consider

v1.x/ D max
z2@˝;�.z/>0

�
�.z/ � �1jx � zj�C:

Note that we have that
krv1kL1.˝\fv1>0g/ D �1:

In fact, let
az.x/ D �

�.z/ � �1jx � zj�C;

and remark that, for each x 2 ˝ , the maximum defining v1.x/ is attained at some zx 2 @˝; �.z/ >

0 (in case v1.x/ D 0 just take any point zx 2 @˝ with �.zx/ > 0). Then we have, for any x; y 2 ˝

(we can assume here that v1.x/ > v1.y/, since the argument is symmetric),ˇ̌
v1.x/ � v1.y/

ˇ̌ D v1.x/ � v1.y/ 6 azx
.x/ � azx

.y/ 6 �1jx � yj:
Hence,

krv1kL1.˝\fv1>0g/ 6 �1:

Now, let x 2 ˝ be any point such that v1.x/ > 0 and take y in the segment that joins x with zx .
We claim that zy D zx for that y. In fact, suppose there is a point z� 2 @˝ such that

�.z�/ � �1jy � z�j > �.zx/ � �1jy � zxj (6)

or equivalently

�.z�/ � �.zx/ > ��1.jy � zx j � jy � z�j/ > ��1jzx � z�j (7)

a contradiction with the fact that Lip.�/ 6 �1. Therefore, we get that on the segment joining x

with zx we have
v1.y/ D azx

.y/ D .�.zx/ � �1jy � zxj/C
and we conclude that the derivative of v1 in the direction of the vector .x � zx/=jx � zx j at the
point x is exactly �1. Therefore we conclude that

krv1kL1.˝\fv1>0g/ D �1:
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It follows that u1 > v1 in the set fv1 > 0g, since kru1kL1.˝/ 6 �1 and u1 D v1 on @˝ .
Indeed, if this is not the case, there is a point x0 2 fv1 > 0g such that u1.x0/ < v1.x0/. Then,
as we stated before, from the definition of v1, we conclude the existence of a point zx0

2 @˝ (that
we will call z0 in the sequel) with �.z0/ > 0 such that

v1.x0/ D max
z2@˝;�.z/>0

�
�.z/ � �1jx0 � zj�C D �

�.z0/ � �1jx0 � z0j�C:

Now, note that, as u1 D v1 D � on @˝ we get

u1.z0/ � u1.x0/ > v1.z0/ � v1.x0/D az0
.z0/ � az0

.x0/ D �1jx0 � z0j;
a contradiction to the fact kru1kL1.˝/ 6 �1. Therefore we conclude that u1 > v1 in the set
fv1 > 0g and hence [

z2@˝;�.z/>0

B�.z/=�1
.z/\˝ D fv1 > 0g � fu1 > 0g:

In the following, we characterize the limit function u1 through a variational problem.
As before, up is a minimizer of the functional Jp. Take any Lipschitz continuous function 
1

with Lipschitz constant less than or equal to �1, which verifies 
1 D � on @˝ . Note that � is such
a function. The function 
1 can be taken as a competitor for up for the functional Jp, and hence we
obtain

1

p

Z
˝

jrupjp C
Z

˝

�.up/ 6 1

p

Z
˝

jr
1jp C
Z

˝

�.
1/:

Hence
�

p
1

ˇ̌fup > 0gˇ̌ 6 1

p
�

p
1 j˝j C �

p
1

ˇ̌f
1 > 0gˇ̌C �
p
2

ˇ̌f
1 < 0gˇ̌:
Therefore ˇ̌fup > 0gˇ̌ 6 1

p
j˝j C ˇ̌f
1 > 0gˇ̌C j˝j�

p
2

�
p
1

: (8)

Now we observe that
fu1 > 0g D

[
�>0

fu1 > �g:

Hence, ˇ̌fu1 > 0gˇ̌ D lim
�!0

ˇ̌fu1 > �gˇ̌;
and then, given any � > 0, one can find an � > 0 such thatˇ̌fu1 > 0gˇ̌� ˇ̌fu1 > �gˇ̌ 6 �:

Now we observe that, from the uniform convergence of up to u1, one gets

fu1 > �g � fup > 0g
for every p > p0, and henceˇ̌fu1 > 0gˇ̌ 6

ˇ̌fu1 > �gˇ̌C � 6 jfup > 0gj C �:
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We conclude that, since � is arbitrary,ˇ̌fu1 > 0gˇ̌ 6 lim inf
p!1 jfup > 0gj:

With this in mind we can take limit in (8) as p ! 1 and we getˇ̌fu1 > 0gˇ̌ 6
ˇ̌f
1 > 0gˇ̌;

for any Lipschitz continuous function 
1 with Lipschitz constant less than or equal to �1 that
verifies 
1 D � on @˝ .

Therefore we have that any uniform limit of up is a solution of the minimization problem of

minimizing jfu > 0gj; subject to Lip.u/ 6 �1; uj@˝ D � (9)

We observe that v1 satisfies the hypothesis imposed on 
1. Therefore, we conclude thatˇ̌fv1 > 0gˇ̌ >
ˇ̌fu1 > 0gˇ̌:

As a result, both v1 and u1 are solutions to the minimization problem (9), and

fu1 > 0g D fv1 > 0g [ Z

for a set Z of measure zero, due to the fact that fv1 > 0g � fu1 > 0g.
Now, let us show that @fu1 > 0g\˝ � P \˝ . In fact, take a point x0 2 @fu1 > 0g\˝ , then

we have that u1.x0/ D 0. Hence, using again that fv1 > 0g � fu1 > 0g, we get v1.x0/ D 0.
If x0 62 P \ ˝ then, there is a small ball Bı.x0/ � fv1 D 0g (note that P D fv1 > 0g). As
x0 2 @fu1 > 0g we have jfu1 > 0g \ Bı.x0/j > 0, but this leads to a contradiction with the fact
that jfu1 > 0gj D jfv1 > 0gj.

Next, we assume that �1 < Lip.�/. Take any Lipschitz continuous function 
1 such that

1 D � on @˝ . Note that � is such a function, and that Lip.
1/ > Lip.�/ for any such 
1. This
function 
1 can be viewed as a competitor for up in the minimization problem for the functional
Jp and hence

�
1

p

Z
˝

jrupjp C �
p
1 jfup > 0gj C �

p
2

ˇ̌fup 6 0gˇ̌� 1
p

6
�

1

p

Z
˝

jr
1jp C �
p
1

ˇ̌f
1 > 0gˇ̌C �
p
2

ˇ̌f
1 6 0gˇ̌� 1
p

:

Therefore,

�
1

p

Z
˝

jrupjp
� 1

p

6
�

1

p

Z
˝

jr
1jp C �
p
1

ˇ̌f
1 > 0gˇ̌C �
p
2

ˇ̌f
1 6 0gˇ̌� 1
p

:

Hence,

�
1

p

Z
˝

jrupjp
� 1

p

6 3
1
p max

(�
1

p

Z
˝

jr
1jp
� 1

p

I �1

ˇ̌f
1 > 0gˇ̌ 1
p I �2

ˇ̌f
1 6 0gˇ̌ 1
p

)
:
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On account of the reason stated in the proof of Lemma 2.10, one may conclude that

Lip.u1/ 6 lim inf
p!1

�
1

p

Z
˝

jrupjp
� 1

p

;

In addition, since 
1 is Lipschitz, one gets

lim
p!1

�
1

p

Z
˝

jr
1jp
� 1

p

D Lip.
1/:

Using the above two inequalities and one equation and the fact that

Lip.
1/ > Lip.�/ > �1 > �2;

one gets
Lip.u1/ 6 Lip.
1/:

Therefore we conclude that u1 is a minimizer of the Lipschitz norm Lip.u/ over the region ˝ in
the set of Lipschitz functions that take on the boundary value � on @˝ .

To finish the proof, we show that, when Lip.�/ 6 �1, there is a boundary condition on the
boundary of the set fu1 > 0g \ ˝ . In fact, we show that the limit u1 satisfies uC

� D �1 on
@fu1 > 0g \ ˝ in the sense that, if x0 2 @fu1 > 0g \ ˝ then

uC
� .x0/ D lim

�#0

u1.x0 � ��/ � u1.x0/

�
D �1;

where � is an external normal vector to the set fu1 > 0g at x0.
We have the explicit form for the positive set of the limit

fu1 > 0g � P D
[

z2@˝;�.z/>0

B�.z/=�1
.z/\˝ D fv1 > 0g:

Hence, given x0 2 @fu1 > 0g \ ˝ � P \ ˝ , there exists a z0 2 @˝ \ fz W �.z/ > 0g such that

0 D u1.x0/ D max
z2@˝;�.z/>0

�
�.z/ � �1jx � zj�C D �.z0/ � �1jx0 � z0j:

Take
� D x0 � z0

jx0 � z0j :

We have that � is a normal exterior vector to the set fu1 > 0g (in fact we have that fx 2 ˝ W
�.z0/ � �1jx � z0j > 0g � fu1 > 0g).

By the same arguments used before we have that for any � > 0 small enough,

v1.x0 � ��/ D �.z0/ � �1jx0 � z0 � ��j;
then

u1.x0 � ��/ > v1.x0 � ��/ D �.z0/ � �1jx0 � z0 � ��j D �.z0/ � �1.jx0 � z0j � �/
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and, from the fact that Lip.u1/ 6 �1 and the explicit formulas we obtain

�1 > uC
� .x0/ D lim

�#0

u1.x0 � ��/ � u1.x0/

�
> lim

�#0

�1�

�
D �1;

as we wanted to show.

REMARK 2.12 The properties of the positive set for the limit given in (4) are given in terms of the
set P that is exactly the positive set of the function

v1.x/ D max
z2@˝;�.z/>0

�
�.z/ � �1jx � zj�C: (10)

Also note that we have that fu1 > 0g D fv1 > 0g [ Z for a set Z of measure zero, and the
free boundary of u1 is included in the boundary of the positive set of v1.

REMARK 2.13 If we consider the same problem with �1, �2 instead of �
p
1 , �

p
2 in the definition of

�.u/, our arguments show that up converges uniformly to a limit, u1, that is a solution of

min
Lip.u/61;uD� on @˝

�1

ˇ̌fu > 0gˇ̌C �2

ˇ̌fu < 0gˇ̌; if Lip.�/ 6 1;

min
uD� on @˝

Lip.u/; if Lip.�/ > 1:

REMARK 2.14 Note that if we have that u1 is 1-harmonic in ˝nfu1 > 0g since it has boundary
data � on @˝ \ @.˝nfu1 > 0g/ and 0 on ˝ \ @fu1 > 0g, we get that the limit is unique.

Also note that up to this point we only had uniform convergence of a subsequence of up but
if we have uniqueness of the limit (and it holds u1 is 1-harmonic in ˝nfu1 > 0g), we have
convergence of the whole family up as p ! 1.

REMARK 2.15 An argument as in [3] shows that up is p-subharmonic in ˝ . If we call zp the
p-harmonic function, ��pzp D 0, with boundary conditions zp D � then we have that

up 6 zp

and passing to the limit we conclude that

u1 6 z1

where z1 is the AMLE of � j@˝ . This implies that

fu1 > 0g � fz1 > 0g:
And in fact, when �1 > Lip.�/ we have obtained this property in the previous proof, but this
inclusion holds also for the case �1 < Lip.�/.

The explicit formula that we have for the limit in the positive set in the case Lip.�/ 6 �1 is
monotone decreasing with �1. Therefore the positive set of the limit decreases as �1 increases in
this case.

In general we do not have a two-sided free boundary condition as the following example shows
(in fact in this simple 1 � d example one can see all the features described in the general case in
Theorem 1.1).
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EXAMPLE 2.16 The 1 � d example. Let us solve the problem in ˝ D .0; 1/ with boundary
conditions up.0/ D �0 > 0 and up.1/ D �1 < 0.

Recall that the functional that we want to minimize is given by

Jp.u/ D 1

p

Z 1

0

ju0jp C �
p
1

ˇ̌fu > 0gˇ̌C �
p
2

ˇ̌fu < 0gˇ̌:
First, let us tackle the case in which we have a flat zero region. That is, there are two points

0 < xC
p < x�

p < 1

such that
up � 0; in .xC

p ; x�
p /:

In this case the energy is minimized by a function of the form

up.x/ D

8̂̂
ˆ̂<
ˆ̂̂̂:

� �0

xC
p

.x � xC
p /; x 2 .0; xC

p /;

0; x 2 ŒxC
p ; x�

p �;

�1

1 � x�
p

.x � x�
p /; x 2 .x�

p ; 1/;

and is given by

Jp.up/ D 1

p
�

p
0 .xC

p /1�p C 1

p
j�1jp.1 � x�

p /1�p C �
p
1 xC

p C �
p
2 .1 � x�

p /:

Since Jp attains its minimum at up just minimizing the previous expression with respect to xC
p and

x�
p we get that

xC
p D

�
p � 1

p

� 1
p �0

�1

and 1 � x�
p D

�
p � 1

p

� 1
p j�1j

�2

:

As we have assumed that 0 < xC
p < x�

p < 1 we conclude that a solution with a zero region exists
if and only if

�0

�1

� �1

�2

< 1:

In this case the limit as p ! 1 of xC
p and x�

p are given by

xC1 D �0

�1

and x�1 D j�1j
�2

and hence the limit of up is

u1.x/ D

8̂̂̂
<
ˆ̂̂:

��1.x � xC1/; x 2 .0; xC1/;

0; x 2 ŒxC1; x�1�;

��2.x � x�1/; x 2 .x�1; 1/;
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Now, assume that there is no flat zero region, that is, xC
p D x�

p . We have that up vanishes at only
one point, that we call xp 2 .0; 1/, and that must verifyˇ̌̌

ˇ�0

xp

ˇ̌̌
ˇ
p

�
ˇ̌̌
ˇ �1

1 � xp

ˇ̌̌
ˇ
p

D p

p � 1

�
�

p
1 � �

p
2

�
: (11)

Once this point is fixed then up is given by

up.x/ D

8̂̂<
ˆ̂:

�0 � �0

xp

x; x 2 .0; xp/;

�1 � �1

1 � xp

.1 � x/; x 2 .xp; 1/:

Since xp is bounded we can extract a converging subsequence xp ! x1. Now, we just take the
limit in (11), ˇ̌̌

ˇ�0

xp

ˇ̌̌
ˇ
p �

1 �
ˇ̌̌
ˇ �1xp

�0.1 � xp/

ˇ̌̌
ˇ
p�

D p

p � 1

�
�

p
1 � �

p
2

� � �
p
1

to obtain
�0

x1
D �1;

this can be done provided that ��1x1
�0.1 � x1/

< 1;

that is, ��1

�1.1 � �0

�1
/

< 1:

It holds if and only if ��1

�1 � �0

< 1;

that is,
�0 � �1 < �1;

and hence u1 (the uniform limit of the up) is uniquely determined and is given by

u1.x/ D

8̂<
:̂

�0 � �0

x1
x; x 2 .0; x1/;

�1 � �1

1 � x1
.1 � x/; x 2 .x1; 1/:

In the case �0 � �1 > �1 we get from our previous results that u1 is a Lipschitz function with
boundary values �0 and �1 and Lipschitz constants less or equal to �0 � �1 so the only possibility
is the strait line,

u1.x/ D �0 C .�1 � �0/x:

Note that in this case we lost the free boundary condition since the limit does not depends on �1

and �2.
Summarizing, we have:
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ı If
�0

�1

� �1

�2

< 1

then there is a zero flat region for large p (and also for p D 1).
ı If

�0

�1

� �1

�2

> 1 and �0 � �1 < �1

there is no flat region for p large and the limit problem shows a free boundary condition governed
by �1.

ı If
�0 � �1 > �1

there is no flat region for large p and in the limit the free boundary condition is lost (the limit is
just the AMLE (in this simple 1�d case the strait line)).

2.3 The limit as p ! 1 for Q ¤ 1

Proof of Theorem 1.2. First, we obtain the analogous to Lemma 2.9. We observe that using � as a
competitor for up we get Jp.up/ 6 Jp.�/ and henceZ

˝

jrupjp 6
Z

˝

jr� jp C p

Z
˝

Qp�.�/

6
�
Lip.�/

�pj˝j C p�
p
1 kQkp

L1.f�>0g/

ˇ̌f� > 0gˇ̌C p�
p
2 kQkp

L1.f�60g/

ˇ̌f� 6 0gˇ̌:
Then �Z

˝

jrupjp
� 1

p

6 C.p; �/;

where
lim

p!1 C.p; �/ D max
˚
Lip.�/I �1kQkL1.f�>0g/I �2kQkL1.f�60g/

�
:

From this fact we can (arguing as in Lemma 2.10) obtain that there is a uniform limit, u1, of a
subsequence of fupgp, as p ! 1. Moreover, the limit u1 satisfies

u1 D � on @˝;

and u1 2 W 1;1.˝/ with

kru1kL1.˝/ 6 max
˚
Lip.�/I �1kQkL1.f�>0g/I �2kQkL1.f�60g/

�
:

Now let us look for a variational problem verified by u1. To this end, let us consider

A D ˚
u W Lip.u/ 6 maxfLip.�/I �1kQkL1.�>0/I �2kQkL1.�60/g

�
We have that up is a minimizer of the functional Jp. Take any 
1 2 A such that 
1 D � on @˝

(note that � verifies this, so the set of such functions is not empty). This function 
1 can be viewed
as a competitor for up and we obtain

1

p

Z
˝

jrupjp C
Z

˝

Qp�.up/ 6 1

p

Z
˝

jr
1jp C
Z

˝

Qp�.
1/:
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Hence

 
1

p

Z
˝

jrupjp C �
p
1

Z
fup>0g

Qp C �
p
2

Z
fup60g

Qp

! 1
p

6
�

1

p

Z
˝

jr
1jp C �
p
1

Z
f�1>0g

Qp C �
p
2

Z
f�160g

Qp

� 1
p

(12)

Since

lim sup
p!1

.ap C bp C cp/
1
p 6 max

n
lim sup
p!1

.ap/
1
p I lim sup

p!1
.bp/

1
p I lim sup

p!1
.cp/

1
p

o

we have that the limsup of the right hand side in (12) is bounded by

max
˚
Lip.
1/I �1kQkL1.�1>0/I �2kQkL1.�160/

�
:

Therefore, from (12), we obtain

max

(
lim inf
p!1

� 1

p

Z
˝

jrupjp
	 1

p I lim inf
p!1

�
�

p
1

Z
fup>0g

Qp
	 1

p

)

6 max
˚
Lip.
1/I �1kQkL1.�1>0/I �2kQkL1.�160/

�
: (13)

From our previous discussion we have that

Lip.u1/ 6 lim inf
p!1

� 1

p

Z
˝

jrupjp
	 1

p

and hence we get

Lip.u1/ 6 max
n
Lip.
1/I �1kQkL1.�1>0/I �2kQkL1.�160/

o
:

Now, using that Q is continuous, given � > 0, one fixes � > 0 such thatˇ̌kQkL1.fu1>0g/ � kQkL1.fu1>�g/

ˇ̌
6 �:

We observe that, from the uniform convergence of up to u1, one gets

fu1 > �g � fup > 0g
for every p > p0, and hence

kQkL1.fu1>0g/ 6 kQkL1.fu1>�g/ C �

6 lim
p!1

�Z
fu1>�g

Qp

� 1
p

C �

6 lim inf
p!1

 Z
fup>0g

Qp

! 1
p

C �:
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We conclude that, since � is arbitrary,

�1kQkL1.fu1>0g/ 6 lim inf
p!1

�
�

p
1

Z
fup>0g

Qp
	 1

p

;

and hence from (13) we get

�1kQkL1.fu1>0g/ 6 max
˚
Lip.
1/I �1kQkL1.�1>0/I �2kQkL1.�160/

�
:

To finish the proof we need a bound for

�2kQkL1.fu160g/:

This task is different from the previous one since we can not assert that the sets fu1 6 0g and
fup 6 0g are similar from the uniform convergence.

From (12) we get

�
�

p
1

Z
fup>0g

Qp C �
p
2

Z
fup60g

Qp
	 1

p

6
� 1

p

Z
˝

jr
1jp C �
p
1

Z
f�1>0g

Qp C �
p
2

Z
f�160g

Qp
	 1

p

: (14)

Using that �1 < �2 and that ˝ D fup > 0g \ fup 6 0g we get�
�

p
2

Z
fu160g

Qp
	 1

p 6
�
�

p
1

Z
fup>0g

Qp C �
p
2

Z
fup60g

Qp
	 1

p

:

Taking p ! 1, using (14) and our previous argument, we obtain

�2kQkL1.fu160g/ 6 lim
p!1

�
�

p
2

Z
fu160g

Qp
	 1

p

6 lim sup
p!1

� 1

p

Z
˝

jr
1jp C �
p
1

Z
f�1>0g

Qp C �
p
2

Z
f�160g

Qp
	 1

p

6 max
˚
Lip.
1/I �1kQkL1.�1>0/I �2kQkL1.�160/

�
:

Therefore, collecting all these bounds, we have obtained that any uniform limit of up is a solution
of the minimization problem

min
u2A; uj@˝ D�

max
n
Lip.u/I �1kQkL1.u>0/I �2kQkL1.u60/

o
: (15)

REMARK 2.17 Remark that the limit problem be scaled as follows: if u is a solution to the limit
problem with constants �1, �2 and boundary datum � , then uk.x/ D ku.x/, for k > 0, is a also
a solution with constants �1=k, �2=k and boundary datum �k.x/ D �.x/=k. Moreover if we let
uk.x/ D u.x=k/ then we obtain a solution in the domain ˝k D k˝ with constants �1=k, �2=k and
boundary datum �k.x/ D �.x=k/. Note that the Lipschitz constant of �k is the Lipschitz constant
of � over k. These facts are easy consequences of Remark 2.8 or can be obtained directly by scaling
the limit minimization problem (15) as described above.
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