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We study PDE of the form max{F(D?u, x) — f(x), H(Du)} = 0 where F is uniformly elliptic
and convex in its first argument, H is convex, f is a given function and u is the unknown. These
equations are derived from dynamic programming in a wide class of stochastic singular control
problems. In particular, examples of these equations arise in mathematical finance models involving
transaction costs, in queuing theory, and spacecraft control problems. The main aspects of this work
are to identify conditions under which solutions are uniquely defined and have Lipschitz continuous
gradients.
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1. Introduction

In 1979, L.C. Evans inaugurated a new study of elliptic equations with gradient constraints when he
considered the following Dirichlet problem: find a function u : £2 — R satisfying the PDE

max {—a(x) - D*u — f(x),|Du| —g(x)} =0, x€ (1.1)

subject to the boundary condition
u(x) =0, xe€df2

[11]. Here £2 C R” is a bounded domain with smooth boundary and f and g are smooth positive
functions on £2; the symmetric n X n matrix valued function a = (4"') is smooth and satisfies

MEP <a(nE-E<Al]*, xefR, EeR” (1.2)
for some A, A > 0. In equation 1.1, we have used the notation Du = (uy; ), D*u = (ux;x;) and
a(x) - D?u := tr(a(x)D?u) = a” (X)ux;x; .

The PDE (1.1) is considered an elliptic equation with gradient constraint as solutions necessarily
satisfy
|Du| < g(x), x e 2.
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Moreover, on the subset of £2 where the above inequality is strict, solutions satisfy the elliptic PDE
—a(x)- D*u = f(x).

As we will see below, equations such as (1.1) are naturally interpreted as dynamic programming
equations in the theory of stochastic singular control.

Employing Bernstein’s method, L.C. Evans showed that equation (1.1) has a unique solution
that satisfies the PDE (1.1) almost everywhere and belongs to the space ngc’p (£2) N W, () for
each p € [1,00). Furthermore, if the coefficient matrix a = (a'/) is constant, then additionally
u € ngc"’o(.Q). Shortly thereafter, M. Wiegner removed the requirement that the coefficient matrix
a = (a") is constant and derived an a priori ngc"’o(.Q) estimate on solutions [28]. Finally, H. Ishii
and S. Koike considered a version of the above Dirichlet problem involving more general gradient
constraints and verified solutions belong to the space W?2:*°(£2); these authors also showed with
simple examples that if f and g are allowed to vanish simultaneously, uniqueness of solutions
may fail. We also remark that HM. Soner and S. Shreve studied closely related equations in two
variables [24] and equations that involved special structure [25, 26]; and in both cases they verified
the existence of classical solutions. Readers may also consult the sources [5, 9, 15, 23] for more
background material on gradient constraint problems.

M. Wiegner’s regularity result [28] was further extended by N. Yamada [29] who considered the
Dirichlet problem associated with the Bellman equation

max {—ar(x)- D*u — f(x),|Du| — g(x)} =0, x €2, (1.3)
1<k<N
where each ay satisfies (1.2). N. Yamada used a clever argument (inspired by previous work of L.C.
Evans and A. Friedman [12]) to verify the existence of a solution u € ngc"’o (£2)N W01’°°(.Q) [29].
To date, this is the best regularity result for nonlinear elliptic equations with gradient constraints.

In this paper, we develop the theory further by considering viscosity solutions of a fully
nonlinear analog of (1.1)

max {F(D?u,x) — f(x), H(Du)} =0, x€ . (1.4)
Observe the particular nonlinearity

F(M,x) = 1£rllca<XN {—ar(x)-M} (1.5)

and gradient constraint H(p) = |p| — 1 correspond to (1.3) provided g = 1 (and likewise to (1.1)
when N = 1). Postponing the definition of viscosity solutions until the next section (see Definition
2.1), let us first discuss the relevant structural conditions needed on F' to guarantee a reasonable
theory associated to the PDE (1.4).

Denoting S, (R) as the collection of real, symmetric n x n matrices, we assume that F €
C(Sy(R) x £2) and is uniformly elliptic in its first argument. That is, there are positive numbers
A, A such that

—AttN < F(M + N,x) — F(M,x) < —AtuN (1.6)

foreach M, N € S,(R) with N > 0 and x € £2. We also suppose throughout that F is convex in
its first argument

FGSM + (1= $)N,x) <sF(M,x) + (1 —s)F(N,x), M,N € Sy(R), se[0,1]  (1.7)
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and that there is 7 > 0 for which

|[F(M,x) — F(M,y)| <T(M|+ D|x—y|. x,ye€2, MeS,(R). (1.8)

In(1.8), |M|= /Y7 M7

i,j=1
The main theorem of this work is as follows.

Theorem 1.1 Let 2 C R” be a bounded domain with smooth boundary, ¢ € C(0§2) and [ €
C(R2).
(i) Assume that H is convex and that there is u € C?($2) N C(R2) satisfying

. 1.9
u=g, X € 082 (1.9)

{max {F(ng, x) — f(x), H(Dg)} < —k, X €
Jor some k > 0. Moreover, suppose F satisfies (2.4) below. Then there is a unique viscosity
solution u € C(82) of the PDE (1.4) subject to the boundary condition

u(x) = p(x), xe0d82. (1.10)
(ii) Assume further that there are positive numbers 6, ® such that H satisfies
015> < D*H(p)§ -£ < OI¢]>, §eR” (L.11)
for Lebesgue almost every p € R" and f € W1®(82). Then

u e W2hP(2)Nnwhe()
foreach p € [1,00).
(iii) Additionally, if f € W?°°(2) and F is independent of x, then
u e Wie().

Theorem 1.1 is the first to address the regularity of solutions of general fully nonlinear elliptic
equations with convex gradient constraints. However, we acknowledge that it does not improve N.
Yamada’s result [29] for the particular nonlinearity (1.5). While we do not have a counterexample,
we have identified a clear technical obstruction to removing the assumption that F is independent
of x in order to obtain an a priori ngc"’o (£2) estimate. See Remark 3.6 below.

This work also generalizes the first author’s previous work [17], in which he considered
equation (1.4) with F(M,x) = —a(x) - M. In [17], an a priori ngc’oo (£2) estimate was derived
on solutions under the assumption (1.11). However, an a priori ngc’p (£2) estimate was claimed
to be obtained for arbitrary convex gradient constraint functions H. Upon further review, we now
believe that the claimed ngc’p (£2) estimate requires the same uniform convexity hypothesis (1.11).

It should also be noted that for a given convex gradient constraint function H, if {H < 0} =
{G < 0} then the PDE (1.4) holds with G replacing H. For instance if H(p) = |p| — 1, we may
use G(p) = |p|*> — 1 which additionally satisfies (1.11). In view of the statement of Theorem 1.1,
it is advantageous to work with uniformly convex gradient constraints when they are available. We
also acknowledge that we only consider gradient constraints that do not depend on the x variable.
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However, readers may verify without much difficulty that Theorem 1.1 holds for convex gradient
constraints H = H(p, x) that satisfy 0|£|? < D;H(p,x)g (£ < O

In the work that follows, we will establish Theorem 1.1 in a series of steps. In section 2, we
verify a comparison result which proves part (i). In sections, 3 and 4 we introduce a penalized
equation and derive some uniform estimates that will imply parts (ii) and (i7i). Before proceeding
to the proof of Theorem 1.1, let us first give a brief motivation of how equation (1.4) is derived in
stochastic control theory. We refer readers to standard references such as Chapter VIII of [14] or
Chapter 5 of [22] for the necessary background material. And for applications of stochastic singular
control theory, we recommend [1, 2] (spacecraft control) [7, 8] (mathematical finance) and [20]
(queueing theory).

Probabilistic interpretation of solutions.

Let (§2, F, P) be a probability space with a standard n-dimensional Brownian motion (W(¢),t = 0).
For a fixed set U C R™ (m € N), we define a control process to be a triple (o, p, §) such that

(@(0), p(1). £(1)) € U x R" x R,

(a, p, §) is adapted to the filtration generated by W,

lp(t)] =1, t = 0 P almost surely,

£(0) =0 P almost surely,

t + &(t), is non-decreasing, and is left continuous and has right limits P almost surely.

Associated to any control is an R”-valued diffusion process (X*?§) that satisfies the stochastic
differential equation

dX(t) = o(X(t),a(t)dW(t) — p(t)dE(E) t =0,

X(0) = x e R™. (1.12)

Here o : R" x U — M, (R) is assumed to be continuous, where M, (R) is the collection of all real
n X n matrices. We also suppose there is L > 0 such that

lo(x.2) —o(y.2)| SLlx—y|. x.yef (1.13)

for each z € U. We note that under assumption (1.13), (1.12) has a solution for each control
(a. p. §).
Recall that for a nonempty, closed, convex set K C R”, the corresponding support function is
given by
L(v) =supv-p, veR"
PEK

The optimization problem we are most interested in involves the following value function

u(x) ;= inf ]E/t [f(X""p’f(t))dt + e(p(t))dg(t)], xe®. (1.14)
0

a,p,€

Here 7 := inf{t = 0 : X%P4(t) ¢ 2}. The problem of finding an optimal control process for 1 (x)
is one of stochastic singular control. This terminology is used as a typical control process («, p, £)
involves ¢ which may have samples paths that are not everywhere continuous.
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We will argue that the value function (1.14) satisfies a PDE of the form (1.4). To see this, we
first consider the related value function

T

u¥ (x) = inf E /0 [ £(XP (1)) dt + z(p(z))y(r)dr], xe®.

Here (X%#7) satisfies (1.12) with £(z) = f(; y(s)ds, for a process y adapted to the filtration
generated by W with sample paths [0,00) 3 ¢ — y(t) € [0, N]. Note the value function u®
corresponds to a standard stochastic optimal control problem as the controlled diffusions (X**7)
are pathwise continuous almost surely.

In particular, % is known to formally satisfy the Hamilton-Jacobi-Bellman equation

1
0= sup { — —o(x,2)0(x,2)" - D*ulN — f(x) +r (DuN v —L(v)) }
ZGU,lUl;l 2
osr<

= F(D*u™ %) — f(x) + N [H(Du")]"

where
F(M,x) := sup {— %a(x,z)a(x,z)’ ~M} (1.15)
zeU
and
H(p) := |slup1 {p-v—1L(v)} (1.16)
(see VIIL2 of [14]).

Observe that F(D?u®,x) — f(x) < 0, and for large N, we also expect H(Du") < 0. Of
course, this is a heuristic argument and only applies to the value function u”. Nevertheless, it is
possible to show rigorously that the value function u satisfies (1.4) with F given by (1.15) and H
given by (1.16) in the sense of viscosity solutions provided u itself satisfies a dynamic programming
principle. The following theorem details this connection; its proof, however, will be omitted as the
assertion follows from a straightforward generalization of Theorem 5.1 in section VIII of [14]. We
also remind the reader that we will postpone a discussion of viscosity solutions until the next section.

Proposition 1.2 Assume that for each x € §2 and each stopping time T (with respect to the filtration
generated by W), the value function u satisfies the dynamic programming principle

AT
u(x) = ai’rll)’fEE{ /0 [ FXEPE(r))dt + e(p(r))dg(r)] Fu(XePE (T A T))}.

Then u is a viscosity solution of the Hamilton-Jacobi-Bellman equation (1.4) with F given by (1.15)
and H given by (1.16).

Combining this proposition with Theorem 1.1 gives the following.
Corollary 1.3 Assume f > 0on Q,

1
50(-, 2)o (-, z)" satisfies (1.2) for each z € U

and

K:={peR":G(p) <0}
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where G satisfies (1.11) and G(0) < 0. Then the value function u is the unique solution of (1.4)
that satisfies u|y = 0, with F given by (1.15) and H given by (1.16). Moreover, u € lec’,p £2)n
Wol’oo (£2) for each p € [1, 00). Finally, if o is independent of x, u € W2’°°(.Q).

loc

Proof. By assumption, H(0) < 0 and infg; f > 0. Therefore, u = 0 is a subsolution of (1.4) with
k = max{—info f, H(0)}. Part (i) of Theorem 1.1 implies u is the unique solution of (1.4) with
ulpe = 0. Since G < 0if and only if H < 0, u satisfies (1.4) with G replacing H. By part (ii) of
Theorem 1.1, u € Wlfc’p (£2)N W01’°°(.Q) for each p € [1, 00). Likewise, if o is independent of x,

then F doesn’t depend on x and we conclude by part (iii) of Theorem 1.1. O

2. Comparison

In this section, we will verify part (i) of Theorem 1.1. In particular, we assume throughout this
section that H is convex and u satisfies (1.9). Our main assertion is that a comparison principle
holds among viscosity sub- and supersolutions of PDE (1.4). This fact is not obvious given that
the equation is neither uniformly elliptic nor proper. What is interesting in this fully nonlinear
framework is that the convexity assumptions on F' and H play a central role in this comparison
principle. In particular, these are not merely assumptions to guarantee more regularity of solutions;
these assumptions are also needed to verify the existence of a solution. Below, we will make use of
the results and notation of the “user guide” [6]. First, let us recall the definition of viscosity sub- and
supersolutions.

DEFINITION 2.1 A function u € USC(£2) is a viscosity subsolution of (1.4) if, whenever ¢ €
C2(£2) and u — ¢ has a local maximum at xy € £2,

max {F(szp(xo), xo) — f(xo0), H(D‘P(XO))} <0.

A function v € LSC(82) is a viscosity supersolution of (1.4) if, whenever ¢ € C2(£2) and u —
has a local minimum at x¢ € 2,

max {F(D2W(x0),x0) — f(xo0), H(DI//(X()))} = 0.
A function w € C(£2) is a viscosity solution of (1.4) provided w is a viscosity sub- and
supersolution.

Proposition 2.2 Suppose u € USC(R) is a viscosity subsolution of (1.4), v € LSC(2) is a
viscosity supersolution (1.4), and u < v on 052. Then u < v.

Before proving Proposition 2.2, we give a heuristic argument as to why we would expect this
result to be true. We suppose u, v € C2(£2) N C(2), T € (0, 1) and set

w'i=tu+ (1 —1)u—v.
Now assume w®(xo) = maxg w®. If xg € £,

Dw®(xg) = tDu(xo) + (1 — t)Du(xo) — Dv(xg) = 0,

D2wT(xg) = tD%u(xo) + (1 — ) D%u(x) — D?v(xo) < 0. @1



ON HAMILTON—JACOBI-BELLMAN EQUATIONS 297

By the convexity of H,

H(Dv(xo)) = H(rDu(xo) +(1- I)Dg(xo))
< rH(Du(xo)) + (1 - r)H(Dg(xo))
< (1—0)H (Du(x)))
< 0.
And since v is a supersolution,
f(x0) < F(D?v(xo), Xo). (2.2)
While we always have by the convexity of F

F(D*(ru + (1 — 1)u)(x0), X0) < TF(D?u(xo), x0) + (1 — 7) F(D*u(xo). xo)

< tf(x0) + (1 — 1) f(x0)
= f(xo).

Now by (2.1) and the hypothesis that F is elliptic

F(D?v(x0).x0) < F(rD*u(xo) + (1 — 1)Du(x0)) < f(x0). (2.3)
As inequalities (2.2) and (2.3) are incompatible, it must be that xo € d52. In this case,
tu+(l—7tu—v=uw’

< w"(xo)
= tu(xo) + (1 — 1)u(xo) — v(xo)
< tv(xo) + (1 — Dulxo) — v(xo)

= (1 — 7)(u(x0) — v(x0))

< (1 —7) max(u — v).
2

Sending T — 17 gives, u < v.
Now we proceed to the general situation. When studying the comparison of viscosity sub- and
supersolutions of the elliptic PDE
F(D*u,x) = f(x)

the following technical assumption is typically made: There is a function w : [0, 00) — [0, co) that
satisfies w(0+) = 0 such that
Y
F(Y,9) = F(X,x) < 0 (u) 2.4)
n

X 0 3 I, —I,
(5 4) (5 )

forn > 0, x,y € 2 and X,Y € S,(R). See section 3 of [6]. For instance, when F(M,x) =
—a(x) - M with a satisfying (1.2), one may choose

whenever

o(r) = 3(Lipa'/?))’r.
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See example 3.6 in [6]. Moreover, when F is given by (1.15), we can take
3
=L

w(r) 5 r

Proof of Proposition 2.2. Fix T € (0, 1), define
7,1 1 2
wo(x, ) = tu(x) + (1 — Dulx) —v(y) — Elx —

forx,y € 2 andn > 0. By assumption, w™" € USC (2 x £2) so this function has a joint maximum
at some (xp, yp) € £2 x §2. By Lemma 3.1 in [6],

2
lim |y — ynl _
n—>0~+ n

0.

The same lemma also asserts the existence of a sequence of 1 tending to zero such that (x5, y,) —
(xz, x7) and x; is maximizer of Tu + (1 — t)u — v. If x; € 0§2, we obtain the estimate

u+(1—7tu—v < (1—1)max(u —v)
2

as above and send T — 17 to conclude u < v. Let us now assume x; € §2 and without loss of
generality x;, y, € §2 forall n > 0.

By the Crandall-Ishii Lemma (Theorem 6.1, Chapter V [14]) there are X, Y € S, (R) such that
(2.5) holds and

(F221, x) € T (vu + (1 - 1)) (x),
(20 ) € T u(yy).

Note that as u € C2(£2),

(xn O _ (- Du(xy), lX — @ng(xn)) € 72’+u(x,7).
™ T T T
And by the convexity of H
H(ﬁuzﬁ):H(d”_””—“_”wan+(uqﬂmuﬂ)
n m T

<tH (x”r_ny” _da ; 2 Dz(xn)) + (1 - 7)H (Du(xy))
< (I =1)H(Du(xy))
< 0.

Since v is a supersolution of (1.4), we have

0< F(Y,yy) — f(yn).
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Also notice that as F is convex

F (X, xn) =F (r(%X — a ;T) ng(xn),x,,) + (- r)ng(x,,),xn)
1 1—
< ‘L’F(;X — (_L_—T)Dzﬂ(xn)sxn) +(1— f)F(Dzﬂ(xn)7x7i)

<tf(xy) + (1 - T)F(ng(xn),x,,)
= flxy) + (1= T)[F (Dzl(xn)vxn) - f(xn)]
< f(xg) — (1 —1)k.
Therefore,
(1 =1k < f(xn) — F (X, xy)
< flxy) = fyn) + F(X.yp) — F (X,x,,)

|xy — yul?
< flxyg) = fm) + w(”inn)
However, sending n — 0 along an appropriate sequence gives a contradiction. Thus, x; € 952 and
the assertion follows. o
Under the assumptions (1.6), (1.7), and (1.8), the boundary value problem

F(D%u,x) = f(x), x € £2,
u=g, x € 082

has a unique classical solution 7 € C2(£2) N C(£2); see Theorem 17.17 and exercise 17.4 of [16].
This follows from the “continuity method” and the celebrated Evans—Krylov a priori estimates for
convex, fully nonlinear elliptic equations [13, 21]. And applying Perron’s method, as detailed in
[6, 18], it is easily verified that

u(x) := sup {w(x) :w is a viscosity subsolution of (1.4) with u < w < ﬁ}

is the unique viscosity solution of (1.4) satisfying the boundary condition (1.10). This concludes the
proof of part (i) of Theorem 1.1.

3. Penalty method

When studying the regularity of solutions (1.4), it will be useful for us to differentiate the
nonlinearity F which is defined on S, (R) x £2. In order to conveniently do calculus on F and to
approximate F' with smooth nonlinearities, we will extend F to a function defined on M, (R) x £2.
The particular extension of F' we will employ is

F(M,x):=F (%(M + M’),x), (M, x) € M,,(R) x 2.

The following lemma, stated without proof, asserts F extends F in a way that preserves the essential
properties of F.
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Lemma 3.1 Assume (1.6), (1.7) and (1.8). Then F satisfies

—AtrN < F(M + N,x)— F(M,x) < —ArN (N = 0),
F(sM + (1 =s)N,x) <sF(M,x) + (1 —s)F(N, x), (3.1
|F(M,x)—F(M.y)| < T(IM| + D)|x —y|

for M,N € M,(R), x,y € 2,5 €[0,1].

Therefore, we will identify the nonlinearity F with its extension F and assume without any
loss of generality that F is a function on M, (R) x £2. This is an assumption we will make for the
remainder of this work. We also record that if F' is smooth, (3.1) implies

—AuN < Fuy;; (M, x)Njj < —AuN (N = 0),
Fu,; M, (M, X)Nij Nig =0, (32)
|Fo, (M.x)| <T(M|+1), i=1,....n
for M,N € M,,(R), x € £2.
We now consider the regularity of solutions (1.4). Following the work of L. C. Evans, we will

employ the penalty method. That is we trade in the highly degenerate PDE with constraint (1.4), for
the family of approximating uniformly elliptic PDEs

F(D?u¢, x) + ,BG(H(Due)) = f(x), x € £2,

(3.3)
u¢ =g, x € 992.
Here the family {Be}ce(0,1) is assumed to satisfy
Be € C*(R),
ﬂe(z) = 05 z § O,
0, 0,
Be(z) > z> a4
B. =0,
¢ =0,
Be(z) =(z—¢)/e, z=2e.

We think of B¢ as a smooth approximation of z + (z/€)*. Our goal is to obtain estimates of
solutions u€ that are independent of € in order to control the term B¢ (H(Du€)). Our intuition is that
if this term is bounded independently of ¢, (3.4) would force H(Du€) to become nonpositive as €
tends to 0.

We will also initially assume

F € C®(M,(R) x 2),
H e C®(RM), 3.5)
S eC™(2)
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and later remove this assumption with an approximation argument. Observe that the nonlinearity in
(3.3)is
F(M, p.x) := F(M,x) + Be(H(p)).

As H satisfies (1.11), for each fixed € > 0
|FE(M, p,x)| < Ce(1+ M|+ |p]?)

for some C, > 0. Also observe that for each p € R”, (M, x) — F¢(M, p, x) satisfies (3.1). By
the work of N. Trudinger on classical solutions to fully nonlinear equations with “natural structure
conditions”, the boundary value problem (3.3) has a unique classical solution u¢ € C*®(£2)NC(R2);
see Theorem 8.2 of [27].

Let us now proceed to derive some a priori bounds on solutions of (3.3). First, we note that the
comparison principle associated with (3.3) implies

u(x) <uf(x) <u(x) xe. (3.6)

Moreover, according to the Alexandroff-Bakelman-Pucci maximum principle (Theorem 3.6 in [4]),
there is a constant C = C(diam($2),n, A, A) such that

u(x) < C(lolreo@n) + 1 flLeo@) + |F(On,)|Leo(@)). X € 2.
Here O, € S,(R) is the zero matrix. As u|se = ¢, we may combine the upper bound for u€ with
(3.6) to get
[u€|roo(@) < C(lulLoo) + | flLoo(2) + | F(On. ) Lo (@)
Using this L*° estimate, we will bound | Du€(x)| independently of € € (0, 1) for x belonging to

compact subsets of §2. To this end, we shall make use of the uniform convexity assumption on H
(1.11), which in turn implies

H(p)= H(©0)+ DH(©0)-p+ &|p|?
DH(p)-p—H(p) = —H() + £|p> (p eR"). 3.7)
|DH(p)| < |DH(0)| + n®|p|

In our computations below there will be several constants that will depend on the various “data”
associated with the boundary value problem (3.3) but they will all be independent of all € sufficiently
small. It will be important for us to keep track of the dependence of constants on the data in order
to later remove the smoothness assumption (3.5). For convenience, we make the following list of
parameters

T := (A, A.0,0,7,n diam(2), H(0),|[DH(0)],|F(On.")|Loo(@2). | f lw1.oo(2): Ul w100 (2))
(3.8)

that we shall quote several times below.

Lemma 3.2 Let X' CC §2 be open. There is a constant C such that
|[Du¢(x)| <C, xeX

fore € (0,1). Here C depends on IT and 1/dist(X, 052).
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Proof. 1. Letn € C°(£2) satisfy 0 < 1 < 1 and set

M, := sup |n(x) Duc(x)|.
xe

In order to prove the lemma, we will first bound M, uniformly in € € (0, 1). To this end, we
study the maximum values of the function

V() = 2P @IDUE P — a1 () — u(x)

for a nonnegative constant ¢ to be selected below. We emphasize that in the computations that
follow, all constants will depend only on |7]p2.00 (s and the list IT.
2. Differentiating the PDE (3.3) with respect to x; gives

Fug;, (D?u€, x)us + Fx, (D*u€.x) + B(H(Du®))DH(Du®) - Du§, = fr,. (3.9)

XjXjXk

Direct computation combined with (3.9) also yields

Fu;; Vxyx; + B Hpg Vg = (Fay nxinx; + 0Fu; Nxix; ) | Dul?
+ 4Fpm;,;nnx; Du - Duy; + nzFMl._/. Duy; - Duy;
— B/ Hp (it — 1wy, ) — 01 | Dul®) — s, Fry
+ Uy S = OFby (i — Uy, ). (3.10)
Moreover, the convexity of M + F(M, x), the various properties of § = B, and (1.9) leads to
—Fp;; (Uxyx; — Uy ) o= —Fugy; (D?u, x)(D*u — D?u);
< F(D*u,x) — F(D?u,x)
= F(D%u,x) — f(x) + B(H(Du))
< B(H(Du))
< B(H(Dw) + B'(H(Dw)(H(Du) — H(Dw))
= B'(H(Du))(H(Du) — H(Du)).

And substituting this inequality into (3.10) gives
Fatyvxix; + B Hp vy < (Fayy 0 s, + 0Fay; ;) | Dul?
+ 4Fpm;;nnx; Du - Duy; + nzFMl._/. Duy; - Duy;
— B’ (@(Hpy (i —uy, ) — H + H(Dw)) — nHp 0| Dul?)
+ Uy S = WUy Fr . (311
3. Now let xo € £2 be a point maximizing v. For a given & > 0, if xo € 92
v<C(a+1). (3.12)

Otherwise xo € £2. In this case, if 8/ <1 < é then H = H(Du(xg)) < 2¢ <2by (3.4). In
view of (3.7), | Du(xg)|? is then bounded above uniformly in € € (0, 1) which gives again (3.12).
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Let us now study the case 8’ = 1. We will use that (Fyy,;) satisfies (3.2). In particular,
nzFM,.j Duy; - Duy; < —n?A|D%ul?

which controls the term 4 Faz,; n0x; Du - Duy; up to an expression of the form C(|Dul?® + 1).
This observation combined with the necessary conditions Dv(x¢) = 0 and D?v(xg) < 0 allow
us to evaluate (3.11) at the point x¢ and arrive at

0< C(IDul® + 1) — B'(a(Hp; (uxy — 1y, ) — H + H(Dw)) — nHp, 1x, | Dul?)
1
< C(Dul” +1) = B' (581 Du — Dul* = nHp, x| Dul?)
1
< C(|Dul> + DB — ﬂ’(za9(|Du|2 — C) —nCo(1 + | Dul)| Dul?)

< ,3/[C(|Du|2 +1)— (%a9(|Du|2 —C)—1Co(l + |Du|)|Du|2)].

Multiplying through by 41(x¢)? gives
0 < B[C(?|Dul?* + 1) —ab (*|Dul* — C) + 4Co(n’| Dul® + n*| Du|?)]. (3.13)

. Now select sC
o= TOME

and note @ = (5Cy/60)|n(x0) Du(xp)|. In particular, (3.13) becomes
0 < B'[C(n*| Dul* + 1) — 5Con| Du| (n*| Du|* — C) + 4Co(n*| Dul® + n*| Dul?)].

As B’ = 1, the expression in the brackets must be nonnegative. It follows that 1(x¢)3| Du(xo)|?
is bounded above by a quadratic function of n(x¢)|Du(xo)|. Hence, n(x¢)| Du(xo)| is bounded
uniformly in € € (0, 1). Again we are able to conclude (3.12). Therefore, with our choice of
o = o, in all cases we have

M2 = sup (|nDuf|?) = 2sup (v¢ + ate(u€ —w)) < Clate + 1) = C(S—COMG + 1).
fod 2 o

As aresult, M, is bounded uniformly in € € (0, 1).
. Now assume ¥ CC §2 is open and r < %dist(Z‘, 082). Also let y € X and note by our choice
inr, By, (y) C £2. Next, choosean n € C°(By,(y)) with0 < n < 1,n= 1in B,(y), and

C C
[Dp(x)| < — and [D?*n(x)] < —
r r
for x € By, (y). From the argument above

|[Du¢(x)| < C, x € Br(y)

for a constant C depending on 1/r and the list I7. As y € X is arbitrary, the assertion follows.
(]
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We now pursue Wlfc’p (£2) estimates on solutions. Our main assertion is that the function
x = Be(H(Du¢(x))) is locally bounded, independently of all sufficiently small €.

Lemma 3.3 Let X CC 2. There is a constant C such that
0 < B (H(Due(x))) <C, xex
forall e € (0,1). Here C depends on the list IT and 1/dist(X, 052).

From equation (3.3),
F(D?u¢,x) = —Pe (H(Due(x))) + f(x).

And in view of Lemma 3.3, the right hand side above is bounded in L{° (£2) independently of ¢ €

loc
(0, 1). Therefore, we can apply the interior W 2:? estimate for fully nonlinear elliptic equations due

to L. Caffarelli (Theorem 1 of [3]) to obtain a ngc’p (£2) estimate estimate on u€ that is independent
of e € (0,1).

Corollary 3.4 Let p = 1. For a given ¥ CC §2, there is a constant C for which
|D2ue|Lp(z) <C
foralle € (0,1). Here C depends p, X, and the list I1.

Proof. 1t suffices to verify the assertion for each p > n. By Theorem 7.1 of [4], there is a constant
Bo such that for each for By, (x¢) C §2

(][ |D2ue(x)|pdx)1/p
By (x0)
< {0 oo sy o + | = Be(HDU)) + f = F(On ) yow sy gy} B19)

as long as
|F(M, x) — F(M, y)|

< Bo, X,y € Bar(xo0).
M#£0 |M | ’

Here Bo and ¢y only depend on A, A, p and n. A careful inspection of the proof of Theorem 7.1
(and Lemma 7.9) in [4] shows an estimate of the form (3.14) holds provided
|F(M. x) — F(M, y)|

sup < B1, x,y € Byr(xo) (3.15)
M#0 M|+ 1 "

for a constant B; depending only on A, A, p, and n. See also the beginning of the proof of
Theorem 8.1 in [4] for a related condition.
In view of the assumption (1.8), it follows that (3.15) holds for each B;,(x¢) C §2 withr < %
Now fix
P

1
0 in{ —dist(X, 082), —
<r<m1n41s( )ZT

With this choice of r, the estimate (3.14) combined with the proofs of Lemma 3.2 and Lemma 3.3

imply
|D?u¢|Lr (B, (xo) < Ci (3.16)
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for some constant C; depending on p, r, and the list /1. By the compactness of Y, there are finitely
many balls B, (x1), ..., By (x;;) that cover X' with {x;}i—1,...m» C X. Thus,

/ |D2u€(x)|pdx§/ | D?uc (x)|Pdx
P Ulmler(xi)

m
<> |D2uc (x)|Pdx
i=1 r(x)

<mC?.
O

In the proof of Lemma 3.3 below, we will make use of the following elementary inequality.
If S, T € S,(R) and the eigenvalues of S and T are greater than or equal to s = 0 and ¢ = 0,
respectively, then

S (XTX) = st|X]?, X € Su(R). (3.17)

To verify inequality (3.17), we first write S = Odiag(sy,...s,)O" for some s1,...,5, = s and
orthogonal n x n matrix O. Then we calculate

S (XTX) = e(SXTX)
= tr(Odiag(sy, ...s,)O' XTX)
= tr(diag(sy,...5,) 0" XTXO)
n
=Y si(0'XTXO0);;
i=1
n
= Zsi(OtXTXO)ei ]
i=1
n
=Y 5 (TXOe; - XOe;)
i=1
n
>5) TXOe - XOe

i=1
n
=5ty XOe; - XOe
i=1
= st|X|2.
Proof of Lemma 3.3. 1. Letn € C°(£2) satisty 0 < n < 1 and set

vé(x) = n(x)?Be (H(Due(x))), x € £2.

We first attempt to bound v€¢ from above by a universal constant. Again, we suppress €



306 R. HYND AND H. MAWI

dependence and function arguments to compute

Fupyjvxix; + ﬂ/Hpk Uxy
= 2(Fm;; x; Mx; + NFM; Mxx,)B + 4Fum;, nnx; B'DH - Duy;
+ n*B” Fp,; (DH - Duy,)(DH - Duy,) + n*B' Fy,; D* HDuy, Dusy;
+ B Hp [ (i — Fre) + 205, Bl (3.18)

Let us now estimate each term in the identity (3.18). Below, each constant C will depend only
on the list IT and |n|p2.c0()-

2. By the convexity of B = f(z) and the previous lemma,
nB(H(Du)) < nH(Du)p'(H(Du)) < CB'(H(Du))
for some constant C. Thus
(Fui;Nx; Mx; + NFM;Nxix;)B < CB (3.19)

Likewise
4Fp,; nx; B'DH - Duy; < CB'n|D?ul; (3.20)

and by the convexity of 8 and the ellipticity of F
n°B” Fy,; (DH - Duy,)(DH - Duy;) < 0. (3.21)
Moreover, appealing to (3.17)

n°B' Fy,; D> HDuy, Duy, < —f'6An*|D?ul?. (3.22)

3. By assumptions (1.6) and (1.8), |F(M, x)| < C(|M| + 1). Thus,
0<B=f—F<C(+|D%).
It now follows from (3.2) that

B Hp, [0* (fer — Fxi) + 2nmx, B] < CBIDH| {n*(1 + |D?ul) 4+ n|Dy|(1 + | Dul)}

<
< CA'n(1 + |D*ul)(n + | Dnl)
< CB'(1 + n|D?ul). (3.23)

Combining (3.19), (3.20) (3.21), (3.22), and (3.23), (3.18) becomes

Fu;,; vx;x; + B Hp vy, < B/ (C + Cn|D%u| — 0An*|D%ul?). (3.24)
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4. Now suppose that v(xg) = maxg v for some xo € £2. Then by calculus
Du(xo) =0 and D?v(xp) <0.
Appealing to (3.24), we have at xg
0 < B’ (C + Cn|D?u| — OAn*| D>ul?).
If 8/ = 0, then 8 = 0; so we may as well assume 8’ > 0. In this case, at the point xg
OAn?|D*u|* < C + Cn|D?ul,

which in turn implies 7(xo)|D?u(xo)| < C. As a result,
v < v(xo) < n(x)B(H (Du(x0))) < C(1 + n(xo)| D2u(xo))) < C.

As in the proof of Lemma 3.2, we conclude by choosing appropriate test functions 7 to localize

our uniform supremum bound on v€.
O

Now we turn to establishing a priori ngc’oo(.Q) estimates for solutions of (3.3) that are
independent of € € (0, 1). We now make the specific assumption that F is independent of x. That
is, we assume F(M, x) = F(M). The function u€ now satisfies the simpler penalized equation

F(D*uf) + Be(H(Duf)) = f(x), x €. (3.25)
Differentiating (3.25) twice with respect any direction § € R” (|&| = 1) gives

Fagy a0 (DPuus, S e + Fatyy (D2, e + BY (H(Du®))(DH (Du) - Dug)®

+ BL(H(Du®)) (D> H(Du) Dug - Dug + DH(Du¢) - Dugg) = fee. (3.26)
We also remark that in obtaining a ngc"’o(.Q) estimate it is sufficient to obtain a one sided bound
D*uf(x)<CIl, xeX% (3.27)
for each open X' CC £2. Indeed, the uniform ellipticity of F' would then imply
Ae(Cl, — D?uf) < F(D*uf) — F(D?u + (CI, — D*uf)) < Au(Cl, — D*u).
Moreover, since F(D?u€) = f — B(DH(Du€)) and F(D?u¢ + (CI, — D?u¢)) = F(CI,) are
locally bounded, independently of € € (0, 1), we would have a uniform bound on tr(C1, — D?u¢).

This would in turn imply —Au€ is bounded on X' independently of € € (0, 1). In this case, let us
write |Au€|poo(x) < Ci.
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Now suppose |§] = 1 and &,£1,&,,...,&,—1 is an orthonormal basis for R”. From the upper
bound (3.27) and the bound on Au€, we would have for x € ¥

n—1
Uge(x) = Auc(x) = D ug . (x) = —C1 — (n — 1)C.

i=1
It would then follow that
D%uf(x) = —(C1+ (n—1)C)I,, xe€X.

Therefore, in proving the assertion below, we just need to bound D?u€ from above.

Lemma 3.5 Foreach ¥ CC $2, there is a constant C for which
|D?uf|poo(sy < C

forall € € (0,1). Here C depends on the list I1, | f |y2.00(gy and 1/dist(X, 02).

Proof. We first bound the function
v () = PO [(g(0) T + 0B (H (DU (0)) + plDuf 0P}, x € @

from above, independently of € € (0, 1). Here £ € R” with |§] = 1,7 € C°(£2) satisfies0 < n < 1
and o and p are positive numbers that we will choose below.

At any point x for which ugg > 0 we suppress function arguments, € dependence, and use (3.9)
and (3.26) to compute

Fu;; vxix; + B Hp e = 2(Fa;; 0 Nx; + NFuM;; xix; ) ((uge)> + B + | Dul?)
+ 4Fp;; x; Qugguges, +af' DH - Duy; + 2puDu - Duy;)
+ 72 [ZFMU Uggx, Ugex; + 2Ugg (—FM,-,-M,»/j/ux,-xjgux;x}g
— B"(DH - Dug)® — B'D* HDug - Dug + fss)
+ oc,B”FMl._/. (DH - Duy;)(DH - Duy;)
+ af'(Fm;; D*HDuy,; - Duy, + Hp, fx)
+ 204(Faty Ditz; - Dty + h fr) |
+ 280z, Hp, (uge)* + af + | Dul?). (3.28)
Let us now estimate each term on the right hand side of (3.28) individually; we will use the

conclusions of the previous lemmas, assumed positivity of ugg > 0, the convexity of F and H, and
the properties of B (3.4). Each constant below may depend on I1, | f | y2.00() and [7|p2.00 () but
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will be independent of @ and L.
2(FM,‘j Nx; ﬂxj + nFM,'j nx,‘xj')((ué'é')z + 05,3 + //L|DM|2) < C(|D2M|2 +oa+ /’L)
8 Fu;; i ugetteer; < An?|Duge]? + C[D?uf?
4Fpg;;nix; (@B’ DH - Duy; + 2D - Duy,) < C(ap’|D?u| + pn|D>ul)
20” Fagyy uggx Ugex, < —2A1°| Dugel?
2”55( — FMijMi/j/uxinSux,'-x}S — B"(DH - Dug)2 — ﬂ/DZHDug . Dug) <0
(3.29)
20?ugg fee < C|D?ul
B Fag,; (DH - Dux;)(DH - Duy;) <0

aﬂ’nz(FM,j D2HDuxl. “Duy, + Hp, fr) < af’(=A0|D%u|? + C)

2un*(Fp,; Duy; - Duy; + tx, frx,) < 2u(=A|D?ul® + C)

2B nxi Hpy (ugg)® + af + | Dul?) < 2B'C(ID%ul® + o + )

Combining (3.28) with (3.29) gives

Fat;; Vxix; + B Hp v < B/ {Co [@(ID?ul + 1) + pu + |D?u|?] — afA| D*ul?}
+{Co [(ID*u| + 1) + a + 1 + |D?ul?] — 2uX|D?ul?}  (3.30)

for some universal constant Cy > 0. Recall this inequality holds on £2 N {ugg > 0}.
Select xo € £2 that maximizes v. If xo € 352 or ugg(xo) < 0, then the desired upper bounds on
v are immediate. Alternatively, if xo € £2 N {uge > 0}, we have from (3.30) that at xo

0 < B {Co [a(|D?u| + 1) + p + | D?u|?*] — «bA| D?u|?}
+{Co [n(ID?ul + 1) + a + 1 + |D*ul?] = 2uA|D?ul?} . (3.31)

One of the two parenthesized expressions in (3.31) must be nonnegative, or the inequality in (3.31)

cannot hold. We now choose
_2C d _ G
o= o and p:= i
In view of the expressions in the parentheses in inequality (3.31), it now follows that | D2u(xp)| and
in turn v(xp) is bounded above independently of € € (0, 1). As explained in the proof of Lemma
3.2, we conclude after choosing appropriate test functions 7 to localize our uniform L* bound

on v€. O
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REMARK 3.6 If F depends explicitly on x, (3.28) becomes

F;;vx;ix; + B’ Hp, vxy
= 2(Fu;; x; Nx; + 0y xix;) (uge)® + B + 11| Dul?)
+ 4Fp;,; x; Queguges, + af’' DH - Duy; + 2uDu - Duy,)

+ 17 [ZFM,», Uggx,Ugex; + 2uge(— FMy My 0t 62 x)

—2Fu,; glx;x;6 — Fee — B"(DH - Dug)> — p'D* HDug - Dug + fgg)
+aB" Fy,, (DH - Du,)(DH - Duy;)

+ aB’(Fu,; D* HDuy, - Dux; + Hp, (fx, — Fx;))

+ 20(Fagyy Dty - Dt + 10y (fro — ka))]

+ 28" 01y Hpy (uge)® + af + | Dul?).

Unfortunately, the third derivative term 2Fy,; Uy, x;¢ doesn’t have a sign nor is it obviously
controlled by 2Fuy;; Uggx; Ustx; - This is the same issue L. C. Evans discovered in the case
F(M,x) = —a(x) - M. M. Wiegner circumvented this issue by using the more general Bernstein
function

v (x) = n2(x) {|D2ue(x)|2 + afe (H(Due(x))) + ,ulDue(x)lz}, xeQ.

However, when one carries out the computation of F, M;; Vx;x; + f'H v Vx, One encounters the term

€ € €
_uxkxl FMij M,'/j/uxkx,-xj- uxlxl-/x_

p (3.32)
and it is unclear how to exploit the convexity of F. Of course when F(M, x) = —a(x)- M, (3.32)
vanishes and this is a nonissue.

4. Convergence

In this section, we prove parts (ii) and (iii) of Theorem 1.1. We first prove these assertions under
the smoothness assumption (3.5), then remove these assumptions by an approximation argument.
Moreover, we provide all the details for part (ii) and omit the proof of part (iii) as it follows similarly
to part (ii). The main insight for part (iii) was accomplished in our a priori ngc’oo (£2) estimate of u¢
in Lemma 3.5.

Proof (Part (ii) of Theorem 1.1). 1. In Lemma 3.2 and Corollary 3.4, we established the existence
of a unique classical solution u¢ € C*°(§2) N C(£2) of (3.3) that satisfies

[u€|Loo(2y) < C1(IT)
| Du€|poo(zy < C2(11, %)
|D?u¢|pr(xy < C3(11, X, p)

for each open ¥ CC £2, p € (n,00) and € € (0, 1). In particular, we note {u®}cc,1) C
Cl,l—n/p

low (£2) is bounded by Morrey’s inequality. Consequently, there is a function w €
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Wlfc’p(.Q) N W1’°°(.Q) and a sequence {ex }xeny C (0, 1) decreasing to 0 as k — oo such that

loc

u¢k converges to w in C "1="/7( %) and weakly in W22 () for each ¥ cC £2.
Now define
w(x), x €8,

v = §<p(x), x € 052.

By (3.6),u <v<uonf. Asu,u € C(£2) and u = u on 982, it follows that v € C(£2). We
now claim that v is a viscosity solution of the PDE (1.4). By part (i) of Theorem 1.1, we would
then have u = v € W2P(2) N W,2(82) for each p > 1. Moreover, as H is assumed to be

loc loc
uniformly convex and H(Du) < 0, we would additionally have u € W1-%°(2).

. Let xo € £2 and suppose v — ¥ has a local maximum at xo where ¥ € C*°(£2). We will show
max { (D2 (xo), x0) — f (x0), H (DY (x0))} < 0. @.1)
By adding §|x — Xo|? to ¥ and later sending p — 0T, we may assume that v — v has a strict

local maximum. As u€k converges locally uniformly to v, there is a sequence £2 > xp — Xo
such that u* — i has a local maximum at xz. As uk is a classical solution of (3.3),

F(D (), xk) + B (H (DY (x0))) < f0).
Given that B¢, = 0, it follows F(D?y (xx), xx) < f(xx). And after sending k — oo,
F(D?¥(x0), x0) < f(xo).
Recall that Lemma 3.3 implies
0< o (H(DY(x0))) = Bey (H (Du* (x0))) < €
for all sufficiently large k € N. By (3.4), it must also be that

H(DV(x0)) <0.

Thus, inequality (4.1) holds.
. Conversely, assume that v — ¥ has a local minimum at xo where again ¥ € C°°(£2). We claim

max{F(Dzw(xo),xo) _ f(xo),H(Dl//(xo))} > 0. (4.2)

Since we can subtract §|x — Xo|? from v and later send p — 0%, we may assume v — ¥ has a
strict local minimum. In this case, there is a sequence §2 > x; — xo such that ¥ — ¢ has a
local minimum at x;. As u% is a classical solution of (3.3),

F(D2Y (xk). xi) + e (H (DY (1)) = (xe). (43)
If H(Dv(xg)) = 0, then (4.2) clearly holds. Let us assume on the contrary that

H(DV(x0)) <O.
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Since Dug (xx) — Dv(xo) = DV (xo),

H(Dy(xx)) <0

for all sufficiently large k. Hence, B¢, (H(Dv(xx))) = O for all large k and passing to the limit
in (4.3) gives

F(D?¥(x0), x0) = f(xo).

This proves (4.2).

4. So far, we have proved part (ii) of Theorem 1.1 under the additional smoothness assumption (3.5).
Now let F', H and f be as described in part (ii) of statement of Theorem 1.1. We say a
function 4 : M,(R) — R is integrable if when considered as a function of the n? variables
My, ..., M;j,..., My, itis integrable on an with respect to Lebesgue measure. In this case,
we define the integral of /1 to be

/Mn(R)h(M)dM a ]RnZh(M“""’Mij,...,Mnn) 1_[ dM;;.

i,j=1

This allows us a convenient smoothing of F = F(M, x) in the M variable by a standard mollifier
on M, (R).
To this end, we select p = p(M) that only depends on | M | and satisfies

p € C=(My(R))
p=0

St @ P(M)AM = 1
p(M)=0, |[M|>1

and define p® (M) := §—n’ p(M/§) for § > 0. Likewise, we let ¢ denote a standard mollifier on
R™ and set

Fony = [ /M L PIS OVF( — Nox = y)aNdy. (.)€ My() x 25
I n

Here
25 = {x € £ : dist(x, 382) > §}

and ¢ (y) := §7"¢(y/8). It is readily verified that F® € C*°(M,,(R) x £25) and satisfies (1.6),
(1.7), and (1.8) with constant (1 + §)7 replacing 7.

We may of course argue similarly to obtain smooth approximations of H and f. Mollifying H,
we obtain H% = ¢4 x H € C°(R") which converges to H in C! (R") as § — 07 and also

loc
satisfies (1.11) atevery p € R". We also have that f% = ¢%x f provides a smooth approximation

of f that converges locally uniformly to f as § — 01 on £2. Moreover, it routinely follows that
|Df®|Loo(ay) < |IDf L)

5. As 042 is smooth, there is §; > 0 and sufficiently small such that 25 is smooth for § € (0, 61);
see Lemma 14.16 of [16]. Employing the penalty method as outlined in the previous section and
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passmg to the limit as in parts 1-3 of this proof, we obtain a viscosity solution v® € W1 (£25)N
?(£2) of the following boundary value problem

loc

max{F®(D?v,x) — f(x), H*(Dv)} =0, X € 25

4.4
vV =u, X € 0825 4.4)

for § € (0,8;). We define
5. v‘s, X € 25
| x €2\ 2

and claim u® converges uniformly to u, the unique viscosity solution of (1.4) subject to the

boundary condition (1.10).

Observe that u® € W1°°(£2) and H®(Du®(x)) < 0 for almost every x € £2. It follows from the
uniform convexity assumptions on H (1.11) that the family of functions {u% }o<s<s, is uniformly
bounded and equicontinuous. Let {8 }ren be a sequence of positive numbers tending to 0 as
k — oo. By the Arzela-Ascoli theorem, the sequence of functions {u® }; ey has a subsequence
{uskf }jen converging uniformly to some w € C(£2) as j — oo. Letting § = 8k; in (4.4) and
passing to the limit as j — oo, we appeal to the stability of viscosity solutions under uniform
convergence to conclude that w solves (1.4) and satlsﬁes the boundary condition (1.10). Hence
w = u, and since the sequence {8 }xen was arbitrary, u® — u uniformly on £2.

Now let ¥' CC $2 be open and choose 8, € (0,8;) to ensure ¥ CC £25,. From the estimate in
Corollary 3.4 and part 1 of this proof,

‘Dzus

<
Lo = C 4.5)

for p = 1and § € (0, 8,). Here C depends n, p,A, A, 6,0, X and

(1487

diam(£25)

H?(0)

|DH?(0)| . (4.6)
|F8(On.)|Loo(a25)

|8 lw.co ()

[l 1.00(25)

As each quantity in (4.6) is bounded unlformly in§ € (0,8,), (4.5) implies {u’ Yo<s<s, 18
bounded in W22 (X). It follows that u® — w in W22 (X)) and in particular that u € W22 ().
As X was arbitrary, u € W27 ().

loc

O
Acknowledgement. The first author is partially supported by NSF grant DMS-1301628.

References

1. Bather, J. & Chernoff, H., Sequential decisions in the control of a space-ship (finite fuel). J. Appl.
Probability 4 (1967), 584—-604. Zb10204 . 18004 MR0226790


Zbl 0204.18004
http://www.emis.de/MATH-item?0204.18004
MR 0226790
http://www.ams.org/mathscinet-getitem?mr=0226790

314

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

R. HYND AND H. MAWI

. Benes, V.E., Shepp, L. A. & Witsenhausen, H. S., Some solvable stochastic control problems. Stochastics

4 (1980), 39-83. Zb10451.93068 MR0587428

. Caftfarelli, L. A., Interior a priori estimates for solutions of fully nonlinear equations. Ann. of Math. (2) 130

(1989), 189-213. Zb10692.35017 MR1005611

. Caffarelli, L.A. & Cabre, X., Fully nonlinear elliptic equations. American Mathematical Society

Colloquium Publications, 43. American Mathematical Society, Providence, RI, 1995. Zb10834.35002
MR1351007

. Chipot, M. Variational inequalities and flow in porous media. Applied Mathematical Sciences, 52.

Springer Verlag, New York, 1984. Zb10544.76095 MRO747637

. Crandall, M. G., Ishii, H. & Lions, P.-L., User’s guide to viscosity solutions of second order partial

differential equations. Bull. Amer. Math. Soc. (N.S.) 27 (1992), 1-67. Zb10755.35015 MR1118699

. Davis, M. H. A. & Norman, A.R., Portfolio selection with transaction costs. Math. Oper. Res. 15 (1990),

676-713. Zb10717.90007 MR1080472

. Davis, M. H. A.; Panas, V. G.; Zariphopoulou, T. European option pricing with transaction costs. SIAM

J. Control Optim. 31 (1993), no. 2, 470-493. Zb10779.90011 MR1205985

. Duvaut, G. & Lions, J.-L., Les inéquations en mécanique et en physique. Travaux et Recherches

Mathématiques, No. 21. Dunod, Paris, 1972. Zb10298.73001 MR0464857

Evans, L. C., Partial differential equations. Graduate Studies in Mathematics, 19. American Mathematical
Society, Providence, RI, 1998. Zb10902.35002 MR1625845

Evans, L.C., A second-order elliptic equation with gradient constraint. Comm. Partial Differential
Equations 4 (1979), 555-572. Zb10448.35036 MR0529814

Evans, L.C. & Friedman, A., Optimal stochastic switching and the Dirichlet problem for the Bellman
equation. Trans. Amer. Math. Soc. 253 (1979), 365-389. Zb10425.35046 MR0536953

Evans, L. C., Classical solutions of fully nonlinear, convex, second-order elliptic equations. Comm. Pure
Appl. Math. 35 (1982), 333-363. Zb10469.35022 MR0649348

Fleming, W. & Soner, H., Controlled Markov processes and viscosity solutions. Second edition. Stochastic
Modeling and Applied Probability, 25. Springer, New York, 2006. Zb11105.60005 MR2179357
Friedman, A., Variational principles and free-boundary problems. A Wiley-Interscience Publication. Pure
and Applied Mathematics. John Wiley & Sons, Inc., New York, 1982. Zb10564.49002 MRO679313
Gilbarg, D. & Trudinger, N., Elliptic Partial Differential Equations of Second Order. Springer (1998).
Zb11042.35002 MR1814364

Hynd, R., Analysis of Hamilton—Jacobi—Bellman equations arising in stochastic singular control. ESAIM
Control Optim. Calc. Var. 19 (2013), 112-128. Zb11259.49043 MR3023063

Ishii, H., Perron’s method for Hamilton-Jacobi equations. Duke Math. J. 55 (1987), 369-384. Zb10697 .
35030 MR0894587

Ishii, H. & Koike, S., Boundary regularity and uniqueness for an elliptic equation with gradient constraint.
Comm. Partial Differential Equations 8 (1983), 317-346. Zb10538.35012 MR0693645

Kushner, H.J., Heavy traffic analysis of controlled queueing and communication networks. Applications
of Mathematics, 47. Stochastic Modelling and Applied Probability. Springer-Verlag, New York, 2001.
Zb10988.90004 MR1834938

Krylov, N. V., Boundedly inhomogeneous elliptic and parabolic equations in a domain. (Russian) Izv. Akad.
Nauk SSSR Ser. Mat. 47 (1983), 75-108. Zb10578.35024 MR0688919

@ksendal, B. & Sulem, A., Applied stochastic control of jump diffusions. Second edition. Universitext.
Springer, Berlin, 2007 Zb11116.93004 MR2322248

Rodrigues, J.-F., Obstacle problems in mathematical physics. North-Holland Mathematics Studies,
134. Notas de Matematica, 114. North-Holland Publishing Co., Amsterdam, 1987. Zb10606.73017
MR0880369


Zbl 0451.93068
http://www.emis.de/MATH-item?0451.93068
MR 0587428
http://www.ams.org/mathscinet-getitem?mr=0587428
Zbl 0692.35017
http://www.emis.de/MATH-item?0692.35017
MR 1005611
http://www.ams.org/mathscinet-getitem?mr=1005611
Zbl 0834.35002
http://www.emis.de/MATH-item?0834.35002
MR 1351007
http://www.ams.org/mathscinet-getitem?mr=1351007
Zbl 0544.76095
http://www.emis.de/MATH-item?0544.76095
MR 0747637
http://www.ams.org/mathscinet-getitem?mr=0747637
Zbl 0755.35015
http://www.emis.de/MATH-item?0755.35015
MR 1118699
http://www.ams.org/mathscinet-getitem?mr=1118699
Zbl 0717.90007
http://www.emis.de/MATH-item?0717.90007
MR 1080472
http://www.ams.org/mathscinet-getitem?mr=1080472
Zbl 0779.90011
http://www.emis.de/MATH-item?0779.90011
MR 1205985
http://www.ams.org/mathscinet-getitem?mr=1205985
Zbl 0298.73001
http://www.emis.de/MATH-item?0298.73001
MR 0464857
http://www.ams.org/mathscinet-getitem?mr=0464857
Zbl 0902.35002
http://www.emis.de/MATH-item?0902.35002
MR 1625845
http://www.ams.org/mathscinet-getitem?mr=1625845
Zbl 0448.35036
http://www.emis.de/MATH-item?0448.35036
MR 0529814
http://www.ams.org/mathscinet-getitem?mr=0529814
Zbl 0425.35046
http://www.emis.de/MATH-item?0425.35046
MR 0536953
http://www.ams.org/mathscinet-getitem?mr=0536953
Zbl 0469.35022
http://www.emis.de/MATH-item?0469.35022
MR 0649348
http://www.ams.org/mathscinet-getitem?mr=0649348
Zbl 1105.60005
http://www.emis.de/MATH-item?1105.60005
MR 2179357
http://www.ams.org/mathscinet-getitem?mr=2179357
Zbl 0564.49002
http://www.emis.de/MATH-item?0564.49002
MR 0679313
http://www.ams.org/mathscinet-getitem?mr=0679313
Zbl 1042.35002
http://www.emis.de/MATH-item?1042.35002
MR 1814364
http://www.ams.org/mathscinet-getitem?mr=1814364
Zbl 1259.49043
http://www.emis.de/MATH-item?1259.49043
MR 3023063
http://www.ams.org/mathscinet-getitem?mr=3023063
Zbl 0697.35030
Zbl 0697.35030
http://www.emis.de/MATH-item?0697.35030
MR 0894587
http://www.ams.org/mathscinet-getitem?mr=0894587
Zbl 0538.35012
http://www.emis.de/MATH-item?0538.35012
MR 0693645
http://www.ams.org/mathscinet-getitem?mr=0693645
Zbl 0988.90004
http://www.emis.de/MATH-item?0988.90004
MR 1834938
http://www.ams.org/mathscinet-getitem?mr=1834938
Zbl 0578.35024
http://www.emis.de/MATH-item?0578.35024
MR 0688919
http://www.ams.org/mathscinet-getitem?mr=0688919
Zbl 1116.93004
http://www.emis.de/MATH-item?1116.93004
MR 2322248
http://www.ams.org/mathscinet-getitem?mr=2322248
Zbl 0606.73017
http://www.emis.de/MATH-item?0606.73017
MR 0880369
http://www.ams.org/mathscinet-getitem?mr=0880369

24.

25.

26.

27.

28.

29.

ON HAMILTON—JACOBI-BELLMAN EQUATIONS 315

Soner, H.M. & Shreve, S., Regularity of the value function for a two-dimensional singular stochastic
control problem. SIAM J. Control Optim. 27 (1989), 876-907.

Shreve, S.E. & Soner, H.M., A free boundary problem related to singular stochastic control. Applied
stochastic analysis (London, 1989), 265-301, Stochastics Monogr., 5, Gordon and Breach, New York,
1991. Zb10733.93083 MR1108426

Soner, H. M. & Shreve, S.E., A free boundary problem related to singular stochastic control: the parabolic
case. Comm. Partial Differential Equations 16 (1991), 373-424. Zb10746.35058 MR1104105

Trudinger, N. Fully nonlinear, uniformly elliptic equations under natural structure conditions. Trans.
Amer. Math. Soc. 278 (1983), no. 2, 751-769. Zb10518.35036 MR0701522

Wiegner, M., The C 1>!-character of solutions of second order elliptic equations with gradient constraint.
Comm. Partial Differential Equations 6 (1981), 361-371. Zb10458.35035 MR0607553

Yamada, N., The Hamilton—Jacobi—Bellman equation with a gradient constraint. J. Differential Equations
71 (1988), 185-199. Zb10664 .35026 MR0922203


Zbl 0733.93083
http://www.emis.de/MATH-item?0733.93083
MR 1108426
http://www.ams.org/mathscinet-getitem?mr=1108426
Zbl 0746.35058
http://www.emis.de/MATH-item?0746.35058
MR 1104105
http://www.ams.org/mathscinet-getitem?mr=1104105
Zbl 0518.35036
http://www.emis.de/MATH-item?0518.35036
MR 0701522
http://www.ams.org/mathscinet-getitem?mr=0701522
Zbl 0458.35035
http://www.emis.de/MATH-item?0458.35035
MR 0607553
http://www.ams.org/mathscinet-getitem?mr=0607553
Zbl 0664.35026
http://www.emis.de/MATH-item?0664.35026
MR 0922203
http://www.ams.org/mathscinet-getitem?mr=0922203

	Introduction
	Comparison
	Penalty method
	Convergence


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


