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In this paper, we study shape functions depending on closed submanifolds. We prove a new structure
theorem that establishes the general structure of the shape derivative for this type of shape function.
As a special case we obtain the classical Hadamard—Zolésio structure theorem, but also the structure
theorem for cracked sets can be recast into our framework. As an application we investigate several
unconstrained shape functions arising from differential geometry and fracture mechanics.
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1. Introduction

The classical structure theorem [4, 5, 29] for real valued shape functions plays a crucial role in shape
optimisation both from the numerical and the theoretical point of view. Given a shape function J,
the structure theorem states that the shape derivative X +— dJ(§2)(X) at an open or closed set
£2 has support in the boundary 9£2. This is a consequence of Nagumo’s invariance theorem for
ordinary differential equation. If the boundary of £ is additionally of class C¥*1, k > 0, and
X — dJ(£2)(X) is linear and continuous, then it can be shown that there is a linear and continuous
function g : C*¥(3£2) — R such that

dJ(2)(X) = g(X|ag - V), (1.1

where v a normal vector field along 952.

In [10] the structure theorem was extended to subsets §2 of the plane that have a (smooth)
fissure/crack of codimension one. A smoothly cracked set §2 in the plane is a smooth set £2 from
which we remove the image ¥ := y([0, 1]) of an embedded C**! curve y : [0, 1] — R? entirely
contained in £2. In other words 2 := £ \ Y. The set 2 isno longer of class C k+1 and hence the
classical structure theorem does not apply. However, it can be shown that in this case the structure
of the shape derivative is

dJ(2)(X) = h(X|z -n) +ay'(0) - Xy + by'(1) - Xyq). (1.2)

where & : C¥(X) — R? is linear and continuous and @, b are two real numbers and n denotes the
normal vector field along X'; cf. Figure 2. In [19] this theorem was extended to sets £2 C R4 , but
still with a crack of codimension one.

Recently, in [17, p. 3 Theorem 1.3] it was shown that if 2 has merely finite perimeter, then it
is still possible to obtain a formula like (1.1). But it is clear that in this case a normal vector field is
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not readily available anymore. However, one can use one of the generalisations of the normal vector
field from geometric measure theory. Then the structure theorem reads

dJ(£2)(X) = g(X|r= - vs) (1.3)

where v, is the generalized normal and I'* := 0*2 denotes the reduced boundary of 9£2. The
cracks and corners are hidden in the notion of generalised normal and the function g is defined on a
bigger space than C¥ (I"). Let us finally mention [24] where displacement perturbations are used to
study the sensitivy of thin shells in R3.

In this paper, we prove a structure theorem for shape functions defined on closed submanifolds
of R? with or without boundary. As a first side product we are now able to extend the structure
theorem of [19] to arbitrary codimensions of cracks. A second striking consequence is that our new
structure theorem gives the structure of many other functionals occurring in differential geometry.
The proof is very different from the one given in [19] and thus also contributes in giving a new
perspective on the subject.

In Section 2, we briefly recall some facts about submanifolds with boundary and introduce
shape functions and the Eulerian semi-derivative. In Section 3, we give a detailed reinterpretation
of Nagumo’s invariance condition for the case of submanifolds. This version requires some notions
from differential geometry. In Section 4, we are going to revisit the structure theorem for smooth
domains and give a slightly different proof, than what is known in the literature as this will be useful
for our further study. In Section 5, the main result is proved by first studying a general splitting of
vector fields on submanifolds. In Section 6, we are presenting several examples.

2. Preliminaries
2.1  Submanifolds of R? with boundary

We begin with the definition of a submanifold M of R?, d > 1. The following definitions may be
found in [1]. Let us denote the open half space in R¢ by

H? := {x € RY|x = (x1....,xg), xg > O}.

The boundary of the half space dH? = R?~! x {0} is identified with R?~'. When U is an open
subset of H? := H4 = R4~1x[0, c0), then we define its interior and boundary as int(U) := U NH4
and dU := UNJH?, respectively. Note that the boundary dU does not coincide with the topological
boundary of U.

DEFINITION 2.1 Let 1 < m < d. A subset N of R? is called n-dimensional C*- submanifold of
R<, k > 1, if for each point p in N there is an open set U of R? containing p, an open set V of
R anda C k-diffeomorphism ¢ : U — V, such that

o(UNN)=VnN(R"x{0}).
Here, 0 = (0,...,0)7 e R The tuple (U N N,¢) is called chart and ¢~ is called

parametrisation.

DEFINITION 2.2 (Submanifolds with boundary) A subset M of a n-dimensional C k _submanifold
N is called m-dimensional C*-submanifold of N with boundary if for every p in M there is a chart
(U, p) of N around p , such that

(U NM)=eU)NHx{0}) C R".
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Here, p is called boundary point if ¢(p) lies in JH™ := dH™ x {0}. The set of boundary points
is denoted by dM and we define the interior of M by int(M) := M \ dM. In order to avoid
any confusion we are going to denote by dM the boundary in the above sense and by fr(M) (fr =
frontier) the topological boundary of the set M.

REMARKS 2.3 (a) The boundary dM is a m — 1-dimensional submanifold without boundary, that
is, d(d(M)) = @. The interior int(M ) is a m-dimensional submanifold without boundary.

(b) Note that the image ¢(U N M) is not open in R?, but relatively open.

(c) Open subsets U of RY are C*-submanifolds without boundary. (Note that they do have a
topological boundary.)

(d) One and two dimensional submanifolds of R¥ are called embedded curve and embedded
surface, respectively. Analogously d — 1 dimensional submanifolds of R? are embedded
hypersurfaces.

(e) Itis always possible to replace the open set U by another open set U in such a way that (p(U )
is the unit ball B¢ in R¥ centered at the origin.

We introduce the tangent space at a point p of M by T, M := dy(,) (¢~ H(R™) and similarly
the tangent space of dM at a point p is given by T, (M) := dy(p) (¢~ 1)(R™1). This can also be
expressed in a different way by (¢ = ¢(p))

TyM = span{dx, ¢ ' (q), ..., 0x,, ¢ " (q)}
Tp(OM) = span{dx, ¢~ ' (q). ... 0x,_ ¢ " (@)}.

Here, R” C R has to be understand as the image of the natural injection x — (x,0) € R%.
Setting TEM := dy(p)(¢p~")(£H™), we have for p € M that T,M = T,"M U T, M and
T,(0M) = Tp"’M N T, M. We call the disjoint collection TM := Upem Tp M of tangent spaces
also tangent bundle of M . The tangent bundle is a smooth 2m-dimensional manifold if M is smooth.
Similarly, T'(dM ) denotes the 2(m — 1)-dimensional tangent bundle at dM . Note that for p € M
the tangent space 7,,(dM ) is a m—1-dimensional subspace of the m-dimensional vector space T, M .
As such T,(dM) is also an inner product space with Euclidean scalar product of R¢. Consequently
there are exactly two unit vectors £v(p) in T, M that are normal to 7,(dM ). We call v outward-
pointing unit vector field if for all p € IM, v(p) € TP+M; cf. [1]. In the sequel, we always denote
the outward-pointing unit normal field by v. Its uniqueness and existence along dM is guaranteed
by [18, p. 346 Prop. 13.26].

2.2 Eulerian semi-derivative

Let X : R? — R be a vector field satisfying a global Lipschitz condition: there is a constant L > 0
such that
|X(x)— X(y)| < L|x—y| forallx,y eR?,

Then we associate with X the flow ®; by solving for all x € R¢

L 0,(0) = X@,(1) on 7], Do(x) = x.

The global existence of the flow is ensured by the theorem of Picard-Lindel6f and hence @ :
[—7,7] x R? — R4,
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Subsequently, we restrict ourselves to a special class of vector fields, namely C*-vector fields
that vanish on the boundary of some fixed set. To be more precise, for a fixed open set D C R? and
k = 0, we consider vector fields belonging to

C¥(D,RY) := {X e C*(D,RY): X =0o0ndD}.

In case k < oo the space ¢ k(D,R%) becomes a Banach space when equipped with the norm of
Ck(D,R?). When k = oo the space C®(D,R?) := NgzoC*(D,R?) is only a metric space and a
sequence ( f,,) C C*®(D,R?) converges to some function f € C*®°(D,R?) if and only if f,, — f
in C* forall k = 0.

Next, we recall the definition of the Eulerian semi-derivative.

DEFINITION 2.4 Let D C R? be an open set. Let J : & — R be a shape function defined on a set

Z of subsets of D and fixk = 1.Let 2 € Z and X € Ck(D R%) be such that ®,(2) € & for all
t > 0 sufficiently small. Then the Eulerian semi-derivative of J at £2 in direction X is defined by
J(:(82)) — J(£2)

dJ(Q)(X) := th\rj}) ; . @2.1)

(i) The function J is said to be shape differentiable at 2 if dJ(§2)(X) exists for all X €
CO‘OO(B, R?) and X — dJ(2)(X) is linear and continuous on (%00(5, RY).

(ii) The smallest integer k = 0 for which X — dJ(£2)(X) is continuous with respect to the
ék(ﬁ, R%)-topology is called the order of d.J(£2).

The set D in the previous definition is usually called hold-all domain or hold-all set.

2.3 Quotient space

Henceforth, for all structure theorems to be considered, we define for an arbitrary set A C D and
integer k = 0 the linear space

T(4) == {X € C¥(D,R?)| X = 0on A}. (2.2)

Notice that T¥(4) C ék(ﬁ, R?) is closed. We introduce an equivalence relation on ék(ﬁ, RY)
by
X~Y, X,YeC*DRY) & X=Y ond. (2.3)

We denote the set of equivalence classes and its elements by Q¥ (A) and [X], respectively. Notice
that Q% (4) = CK(D,R?)/ Tk (4).

We denote by J4 the restriction mapping of vector field belonging to C*(D, R¢) to mappings
A— Rd, that is,

Ja:CHD.RY) > A% X X4,

where AR? denotes the space of all mappings from A into R?. The mapping J4 induces the mapping
JA Q (A) > Ras deplcted in Figure 2.3. Hence by definition J4 = J4 o 7.

The semi-norms on C* (D, R%) induce semi-norms on the quotient space

I[XTllck == _inf X =X|lcx = _inf  {|&]lck : § = X on A}
XeTk(A) £eCk(D,RY)
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FIG. 1. Restriction mapping J4 and induced mapping 3a4.

Let f : é k(D,R%) — R be a linear function respecting the equivalence relation (2.3), that is, if

X ~ Y then it follows f(X) = f(Y). Then f : Ck(D R?) — R is continuous if and only if its
induced function f 0Q%(4) — R is continuous. So if f is continuous, then there is a constant
C > 0 such that for all € T*(A) we have | f([X])| = |f(X)]| = | f(X —¢)| < C|IX — V|| cx
and hence |f([X])| < C||[X]llck - Later we will see that the shape derivative dJ(§2) in an open
or closed set 2 C R? respects the above equivalence relation. This will follow from Nagumo’s
theorem considered in the next section.

3. Nagumo’s theorem
3.1 Nagumo’s invariance condition

Nagumo’s theorem states roughly the following: if a given vector field defined on some closed subset
of R? is tangent to that set at each point, then the solutions of the associated ordinary differential
equation cannot leave this closed set.

In order to make this tangency requirement precise, we define for a given closed subset K C R?
the Bouligand contingent cone to K at x € K:

Tk (x) :={v e Rd| v = lim (x, — x)/t, for some x,, —g x, t, \, 0}.
n—>o0

Here x, — g x indicates that x, € K and x,, — x as n — 00. The following result is Nagumo’s
classical theorem [2, Theorem 2, p. 180]; cf. also [5, 21].

THEOREM 3.1 Let K be a closed subset of a Hilbert space H and f a continuous function from K
into H satisfying the tangential condition Vx € K, f(x) € Tk(x). Then for each xo € K, there
exists T > 0 such that the ODE x’(¢) = f(x(¢)), x(0) = xo has a viable trajectory on [0, T].

By “viable solution” we understand that x(¢) € K forall ¢t € [0, T].

COROLLARY 3.2 Let K C R? be a closed set and X : K — R? a vector field satisfying a global
Lipschitz condition. Assume that for all x € K we have £X(x) € Tk (x). Then the flow &, of X is
for each ¢ in [—7, 7] a bijection from K onto K. In particular, &;(K) = K forall t € R.

Proof. By Kirszbraun’s theorem (cf. [15, 27, 28]) we may extend the vector field X : K — R to
a globally Lipschitz continuous vector field X :R?Y > R4 having the same Lipschitz constant and
satisfying X = X on K. The Picard-Lindeldf theorem ensures that the flow &, is globally defined,
thatis, @ : Rx R — R?. Applying Theorem 3.1 to K yields @;(K) C K for all ¢ in [0, 0c0). On
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the other hand we also have @_;(K) C K for all ¢ in [0,00) as —X(x) € Tk(x) for all x in K.
Together we obtain K = &;(P_;(K)) C &;(K) forall t € R and thus &,(K) = K. O

COROLLARY 3.3 Let D C R? be an open set with C*-boundary, k > 1. Suppose that X : R —
R is a vector field satisfying a global Lipschitz condition and X -v = 0 on fr(D). Then &; (D) = D
and &, (fr(D)) = fr(D) forall ¢ in [—7, 7].

Proof. We have for all x € fr(D) the inclusion 7x D C Tp(x). For all interior points x € D it is
easily checked that Tp (x) = R?. So the assumptions of Corollary 3.2 are satisfied. Since D is open
we have D = 9D U D. Moreover, since dD is closed and X (x) € Typ(x) forall x € dD, we also
have @,(dD) = dD and it follows that @;(D) = D. O

3.2 Nagumo’s theorem for submanifolds

In this section we give a proof of the following version of Nagumo’s theorem needed for the further
analysis.

PROPOSITION 3.4 Let M be a closed m-dimensional C¥-submanifold of R?, k = 1. Suppose we
are given a vector field X : R? — R? of class C! with compact support satisfying

X, € Ty(int(M)) forall p € Ty (int(M)), 3.
Xp, e T,(AM) forall p € M. (3.2)

Then the flow @; = dﬁtX of X is a C*-diffeomorphism ®; : M — M and thus in particular

@, (int(M)) = int(M) forall ¢ 3.3)
@ (M) = oM forall ¢. 3.4

Proof. We first show that for each p in M and each curve « solving
o (1) = X(a(t)) in[-1.7], ®(0) = p = () € M foralltin[-7,1].

For each p in dM, there exist an open neighborhood U of p in R¥, an open set V in R¢ and
Ck-diffeomorphism ¢ : U — V, such that (U N dM) = V N (R™! x {0}). Let « solve
a'(t) = X(a(2)), «(0) = p, and define @(t) := ¢(a(z)) and

a(r) = (). X() =0 *09X)(y).

Then we compute
& (1) = dg(a(t))e (1) = dp(a(t)) X (a(t)) = X (a()) 3.5)

for all . We have that {v; , := dqo(;(;)(e,-)}, i =1,...,m—11is abasis of T,(0M) and thus we
may write

m—1 m—1
Xp= Sy = Tow—dptt) = Lasen
i=1 i=1

where {er,...,em—1} denotes the canonical basis of R™ 1. Set X(x) =
(X1(x,0),..., Xu—1(x,0)), where x = (x1,...,x,m—1) and denote by & = (&1,...,0m—1)
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the solution of &' = )?(o?) with initial value &(0) = (¢1(p),....¢m-1(p)). Set & := (&,0)
and notice ¢~ '(&(r)) € dM for all ¢ in the domain of definition of @. It follows that & also
solves (3.5) with the same initial condition which by uniqueness means @ = @ and hence
Gm,p = -+ = 8q,p = 0. Define the subinterval T := {r : a(t) € U N M} of [—7, t]. This shows

a(t) e pU)N (R" 1 x{0}) forallr €T,

which is equivalent to «(¢) € dM for all ¢ € T . This shows that the curve stays on the boundary of
M aslong as we are in the chart U and by continuity of « in particular for all 7 close to zero. Next we
show that this statement is true for all 7 € [—t, T]. We define 1,45 := sup{7 : y(t) € M for all 0 <
t < t}. Suppose that t,,4x < . By definition of the supremum we find a sequence 0 < ¢, < fyax
so that t, — tyax. By construction y(¢,) € OM for all n = 1 and since dM is closed we get
Y(tmax) = im0 y(t,) € OM . But then we can use the above argumentation to show that there
ise > 0sothat y(t) € dM forall ¢ € [tyax, Imax + €) and this is a contradiction to the definition of
tmax and we must have t,,4x = 7. In the same way we can show that a(t) € dM forall t € [—t,0].
It follows @;(dM) C dM and ®_;(0M) C OM, which implies 0OM = &,(P_;(0M)) C &,(IM)
and thus @, (dM) = dM for all ¢. In a similar manner we can show @; (int(M)) = int(M) for all
t. Thus since @; is a homeomorphism @, (M) = &;(int(M) U IM) = @;(int(M)) U @;(0IM) =
int(M)U OM = M forall t. O

REMARK 3.5 The invariance @;(M) = M can also be proved by directly using Theorem 3.1. It
can be shown that for all p € int(M)

+Xp, € Ty (x) & X, € Tp(int(M))
and for all p € oM
X, eTy(x) & EX, €T M & X,eT MNT, M=T,M).

So in fact the conditions (3.1)-(3.2) are reformulations of: for all p € M, +X, € Ty (x). However,
in order to give a self contained presentation we gave a direct proof.

REMARKS 3.6 1. The hypothesis that M be (relatively) closed can not be dropped as can be seen
by considering open subsets 2 C R? as submanifolds equipped with the identity chart. In this
case the conclusion of the previous proposition does not hold.

2. Note that the conditions (3.1)-(3.2) state that the map p — X, defines a vector field (smooth
section of the tangent bundle) X : M — TM such that its restriction to dM is also a vector field
on OM , thatis, X : 9M — T (dM). Note that this is not the case in general.

3. The case m = d corresponds to the case of the closure of an open set M in R? with C*-boundary
OM = fr(M). The conditions (3.1)-(3.2) reduce to X, - v, = 0 for all p € dM, where v is the
inward pointing normal vector along dM . Indeed, for all p € int(M ), we have X, € T,M = R?
which is always true and for all p € dM, we have X, € T,(0M) if and only if X, - v, = 0.

4. Let M be simply connected. In the case m = 1 the manifold M can be described by the image
of an embedded curve in R?. Let y : [a, b] — R¥ be such a curve and put M := y([a, b]). Then
oM = {y(a),y(b)} and the tangent space at y(a) and y(b) is simply the zero space, that is,
Ty@)(OM) = T, 5)(IM) = {0}. Since Ty (q) (IM ) = T,y (0) (IM ) & Ty 0y OM) L = Ty()(0M)
we obtain v(a) = y’(a)/|y’(a)| and similarly v(b) = —y’(b)/|y’(b)|. Compare also Section 6
and [9, 10] for the special case m = 1 and d = 2.
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4. The classical structure theorem revisited

The following theorem is commonly known as structure theorem; cf. [5, Thm. 3.6, Cor. 1, pp. 479—
481]. It gives the general structure of first order shape derivatives of shape functions defined on open
or closed subsets £2 of R?. We make use of the notation and material introduced in Subsection 2.3.

THEOREM 4.1 Let the hold-all D C R? be open and bounded. Let £2 be an open or closed set
£2 C D with boundary I := fr(£2). Fix 1 < k < oo. Suppose that the Eulerian semi-derivative

dJ(£2)(X) exists for all X € C*¥(D,RY).

@
(i1)

(iii)

We have dJ(2)(X) = 0 forall X € C*(D,RY) with X = 0 on I.
If X — dJ(£2)(X) is linear, then there is a linear mapping g : im(Jr) — R such that

dJ(£2)(X) = g(X|r) 4.1

forall X € Co‘k(ﬁ, R%), where im(Jr) := {Jr(X)| X € Q¥(I")} denotes the image of J .
If 2 is of class C¥ and dJ(£2) is of order k > 1, then im(Jr) = C*(I"R?) and § :
Ck(I',R%) — R is a continuous functional.

Proof (i) Let X € C¥(D,R?) be such that X = 0 on fr(£2). If £2 is closed, then £X(x) €

(ii)

(iii)

T (x) forall x € I' by definition and obviously + X (x) € T (x) = R? forall x € int(£2). So
it follows from Corollary 3.2 that @, (£2) = £2 for all z. On the other hand if £2 is open, then it
follows from Corollary 3.3 that @, (§2) = §2 for all times ¢. So in either cases dJ(£2)(X) =0

forall X € C*(D,R%) with X = Oon I
Let £2 be an open or closed subset of R? and fix an integer k = 1. The set Tk is

a closed subspace of the vector space ¢ k(D,R?). Accordingly, the quotient Q*(I") :=
C*(D,RY)/T*(I') is well-defined. By item (i) and the linearity of X > dJ(£2)(X)
the induced mapping dJ(£2) : OX(I') — R is well-defined. We define the function
g :im(Jr) — R by the following commuting diagram.

Ck(D,RY) Jr im(3r)
nl 3r
0k (I") %
dJ(Q)l
R

By definition go‘:j r = dJ(£2). Now 3ris injective and hence invertible on im(‘;j r). Therefore
we obtain g = dJ(£2) o 37 and by definition dJ(22)(X) = §(X|r).

Now suppose that I" = fr(£2) is of class C¥, k = 1. It is clear that J(Q*(I")) = im(Jr) C
Ck(I,R%). Denote by E : CK(I''R%) — ék(ﬁ, R?) the extension operator. Then it is
readily seen that 5}}1 = 7o E, so that J : Qk(Iry — C*(I',R9) is surjective. Hence we
get CK(I''R?) = im(J) = J(Q¥(I")). From this it follows that g is a linear and continuous

functional on C*(I', R?).
O
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Nagumo’s theorem allows us to show that the distribution given by (4.1) depends explicitly on
normal perturbations X - v if we require the boundary to be smoother.

COROLLARY 4.2 (Smooth case) Let £2 be open in R? with a compact C k +1 boundary I' := fr(£2),
1 < k < oo. Suppose that J is shape differentiable at £2 and that dJ(£2) is of order k. Then there
exists a linear and continuous function g : C¥(I") — R, such that

dJ(2)(X) = g(Xjr-v) forall X € C*(D.RY). 4.2)

Proof. As I' := fr(£2) is of class C¥, k > 1, we know by Theorem 4.1 that there is a linear and
continuous functional g : C¥(I',R¢) — R, such that

dJ(2)(X) = §(X|r) forall X e C¥(D,R?). 4.3)

We split X into normal and tangential part along I, that is, X|r = X¢ + (X|r - v)v, where v is
the normal vector along I" and X¢ := X|r — (X|r - v)v. As the boundary I" is of class Ck+1 the
normal v is of class C*(I", R?). Then it follows from Corollary 3.3 that d.J(£2)(X) = 0 forall X in
C*(D,R?) with X -v = 0 on I'. Therefore extending v to a function § € C*(D, R?) and defining
Xi:= X + (0 - X)D shows that 0 = dJ(2)(X,) = g(Xy). So inserting X into (4.1), we find

dJ(2)(X) = §(X0 + &((Xir -v)v) = &g((Xr - v)v). (4.4)

The mapping g(v) := g(vv) is continuous on C*(I"). O

REMARKS 4.3 (a) Corollary 4.2 is usually referred to as structure theorem.
(b) If g in Theorem 4.2 belongs to L; (I"), then we have the typical boundary expression

dJ(2)(X) = /F ¢ X -vds. 4.5)

This expression of the derivative is usually referred to as Hadamard or Hadamard-Zolésio
formula.

(c) It is important to note that if one wants a formula like (4.2) for the shape derivative, then the
smoothness of the boundary fr(§2) has to be one order higher than the order k of dJ(§2). The
reason is that in order to have the unit normal vector field in C¥, we need the boundary fr(£2)
to be of class C*¥*1. However, to obtain that the derivative actually “lives” on the boundary it
is no regularity on the boundary necessary. In less regular situations, that is, when §2 has less
regularity, it is still possible to obtain a formula in the spirit of (4.2). However, this requires
notions from geometric measure theory; cf. [17].

5. Structure theorem for C*-submanifold

In this section, we study the structure of the shape derivative of real-valued shape functions
J:E — R, M- J(M),
where & C @f‘n, 1 <k, m < o0, is some admissible set and

@k = {M c R4 | M is closed and bounded m-dimensional C*_submanifold of Rd}.

m
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5.1 Splitting of vector fields

Let M be a m-dimensional closed and bounded C*-submanifold of R?. We use the notation
xXk(M) = {X : M — TM|Xisofclass C¥} for the space of CK-vector fields on M.
Similarly, %]j_(M ) denotes the normal fields along M. We introduce the orthogonal projection
pr,um : T,R? — T,M by

(p1,m(Xp) — Xp, V) =0 forall V e T,M.

Then deﬁnipg p%pM(Xp) = Xp — pr,m(Xp) we have kerprM = im p%pM = (T,M)*. Note
that the projection depends on p € M as the tangent space varies when p changes.

Now given a function X € C¥(M,R?), we define its orthogonal projection onto the vector
bundle TM+ := Upepn (T, M)+ pointwise by

X = pr, 0 (Xp) = X,
This defines a mapping
Py s CH (MR — xk (M)
and we have by definition p,, (X)|, = p%p w(Xp) . AsRY = T,R? = T,M & (T,M)* forall p
in M, we may write X = X + X, where X € ¥¥(M) and X+ ¢ %]j_ (M) and then by definition
Py (X) = X4
DEFINITION 5.1 A subset S C M of a m-dimensional submanifold is called embedded

submanifold if the inclusion map i : S — M, x + X is an embedding. We call S closed, embedded
submanifold if i : S — M is proper, that is, i 1 (A4) is compact for all A C M compact.

The following two lemmas will be crucial for our investigation. The first one can be established
using local charts; cf. [18].

LEMMA 5.2 Let M be a m-dimensional C*-submanifold M and let S C M be a s-dimensional
closed, embedded submanifold of M. Then every vector field X € X¥(S) can be extended to M,
that is, there is a vector field X € X*(M) satisfying X |s = X.

REMARK 5.3 If M is a m-dimensional submanifold with boundary dM, then dM is a closed,
embedded submanifold of M. Hence every vector field defined on the boundary can be extended to
all of M.

LEMMA 5.4 Let M be a closed and bounded m-dimensional C**!-submanifold of R? contained
in an open set D C R?. Let us denote by v the unique outward-pointing unit vector field on M.

Then to each vector field X € Co’k(ﬁ, R?), we find functions X+, X, X¥ € CK(M,R?) satisfying

X=Xt+X'+X" inM,

and
X, eT,M forallpe M, (5.1
X; € Tp(0M) forall p € OM, 5.2)
X, =X -v)v forall p €M, (5.3)

X, € (T,M)* forall p e M. (5.4)
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Proof. At first, we define . .
Xy =X, =Xy (=pr,m(Xp)) (5.5)

for all p € M, where Xt = ﬁ%M(X|M). By definition )?Iﬁ € TpM for all p in M and also

~

(X; —Xp,vp) =0 forallv, e T,M, peM,

and this shows that X¢ € C*(M,R?) by using local charts. It follows that Xte Ck(M,R?). On
the other hand we have for all boundary points p € M

RY = (T,M)" & T,M = (T,M)* & T,(0M) &M (T,(0M))™. (5.6)

Denote by v € X¥(dM) the outward-pointing unit normal field along dM. As the injection i :
dM — M is proper we may apply Lemma 5.2 and extend the vector field X* := (X - v)v on M,
to a vector field X¥ € X*(M). Finally, we put

(5.5

Xt:=Xxc— XV X - Xt —xv.

In view of the fact that 7, M is a linear space, we obtain X;, = )2; - )2; € TyM forall p €
M and because of (5.6) it follows X;, € T,(0M) for all p € M. Hence we obtain the required
decomposition X = X* 4+ X+ + X” on M. O

5.2 The structure theorem for submanifolds
With the preparations of the previous section we are now able to state our main result.

THEOREM 5.5 (Structure theorem for submanifolds) Let M be a bounded and closed m-
dimensional C**1-submanifold of R¢ contained in a bounded and open set D C R?. Suppose that
J is shape differentiable at M and assume that dJ(M) is of order k. Then there exist continuous
functionals / : C*(M,R?) — Rand g : C¥(0M) — R such that

dJ(M)(X) = h(X*) + g(Xjapr -v)  forall X € C¥(D,RY), (5.7)
where X+ := ﬁ%M (X) and v is the unique outward-pointing unit vector field along IM .

Proof. Recall definition (2.2) namely T¥(M) = {X € CX(D,R%)| X|p = O}. The set TK(M)
is a closed linear subspace of C*(D,R?). Recall the definition of the quotient Q¥(M) =
Ck(D,R%)/T¥(M) and similarly to Theorem 4.1 we have a commuting diagram:

Ck(D.RY) W ck(M,RY)
.| Y
0 (M) “
a’J(M)l

R
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By definition we have dJ(M) = h o Jar. We see that ﬁ;,,l = 7 o E, where E : C¥(M,R?) —
Ck (D,R%) denotes the continuous extension operator. It follows that h = dJ (M) o ﬁ;,,l
Ck(M,R%) — R is continuous. By construction h~(X|M) = h~(‘:jM (X)) =dI(M)on(X) =
dJ(M)(X). Now we apply Lemma 5.4 to X and find X+, X", X' € C*¥(M,R?) satisfying (5.1)-
(54)and X = X+ 4+ X" 4+ Xton M. As X} € TyM forall p € M and X} € T,(3M) for all
p € M, we get from Proposition 3.4 that 0 = 2(X*) = dJ(M)(X "), which implies

dJ(M)(X) = h(X"|y) + h(XL) forall X e C*¥(D,RY). (5.8)

Consequently dJ(M)(X) = h(X"|y) for all X € C¥(D,R?) with X |y € X*(M). To further
process the right hand side of (5.8) we introduce the linear and continuous mapping

& XM > ckOM), (X1 Xl v

and the linear space T¥(M) = {X € X¥(M) : X|sps - v = 0on dM}. This space is a linear
subspace of XX (M). We define g : X*(M) — R by letting the following diagram commute.

xk (M)
”l Ly
xk /T (M) &
d

R

ckom)

By definition 7 = g o &, on X*¥(M)/T*(M). As before we extend v : M — TM to a vector field
vV : M — TM.Moreover denote by E : C*¥(dM) — CK(M) the usual extension operator. Then
we see that 8,1 (f) = wo (- E(f)) . Therefore g : C*¥(dM) — R is continuous and for every
X e xk(M), we obtain

g(Xlan -v) = g(L(x(X |a1))

= h(m(X|n))

= h(X|m)
and thus g(X|aar - v) = h(XV|m) = dJ(M)(X"). Plugging this into (5.8) we recover (5.7). The
continuity of g follows from the continuity of the extension operator. O

We conclude this section with the following two special cases of our main result.

COROLLARY 5.6 Let M be a closed and bounded m-dimensional C¥+!-submanifold of R without
boundary, that is, IM = @. Suppose that J is shape differentiable at M and assume that dJ(M) is
of order k. Then there exists a continuous functional 4 : C¥ (M, R?) — R, such that

dJ(M)(X) = h(X1) forall X e C¥(D,RY).
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COROLLARY 5.7 Let M be a closed and bounded d-dimensional C*¥*!-submanifold of R?.
Suppose that J is shape differentiable at M and assume that dJ(M) is of order k. Then there
exists a continuous functional g : C¥(dM) — R, such that

dJ(M)(X) = g(Xjopr -v) forall X € C¥(D,RY).

The previous two corollaries have an interesting application to shape functions defined on
bounded C* domains £2 € R¥. Let a bounded domain 2 ¢ D C R? with C* boundary fr(£2) and
a shape function £2 + J(£2) be given (it is defined on closed subsets). Notice that £2 is a closed
submanifold with boundary 92 = fr(£2). As noted before the boundary 92 is itself a submanifold,
but without boundary.

We define in(3£2) := £2. Notice now that 2 = 2 U 922 = in(92) U 9£2. Consequently we
may identify £2 — J(£2) with 32 — §(082) := J(in(32) U 3R2).

Now we may apply Corollary 5.7 and obtain

dJ(2)(X) = g(Xyg-v) forall X € C¥(D.R?), (5.9)

where v is the outward point unit normal vector field along 9£2. In the same way applying

Corollary 5.6 to 32 > $(32) yields d$(32)(X) = h(XL) for all X € C*¥(D,R?). Noting
that X+ = (X - v)v, we obtain

d332)(X) = h((X;pg -v)v) forall X € C¥(D.R?). (5.10)

Now using that J(® (2)) = §(®;X (082)) for X € C*(D,R?) and all 7, we see that (5.10) and
(5.9) are equal and hence

Xz V) = dJ(2)(X) = dJ02)(X) = h((X ;35 - v)v) (5.11)

forall X € C¥(D,RY).

From an analytical point of view this observation means that we can always identify sets £2 with
their boundary 9£2. Another consequence is that the minimisation of shape functions J(£2) over C k
domains £2 C R? is indeed a special case of the minimisation of shape functions J(M ) depending
on submanifolds M C R? with boundary.

6. Application to shape functions
6.1  Shape functions defined on smoothly cracked sets

Cracked sets naturally arise in fracture mechanics, where they model damage of solids; cf. [11].
Cracked sets are highly irregular and do not even satisfy the cone property, but the crack itself is
often assumed to be Lipschitz continuous or smoother. In order to predict the propagation of a crack
it is essential to compute shape derivative in cracked sets. For PDE constrained shape functions, the
derivation of the shape differentiability at a cracked set [12—14] or smooth sets [6-8, 23, 25, 26] is a
challenge itself. Here we are interested in the exact structure of the shape derivative in cracked sets
and will assume that the shape function is shape differentiable.

DEFINITION 6.1 Let £2 C R? be an open and bounded set.
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FIG. 2. Domain £2 with a crack described by y

(i) The set £2 is called crack free if int(2) = £2, otherwise we call £2 cracked.

(ii) The set 2 C R¢ is said to be smoothly l-cracked, | = 1, if there is an open subset Q2 cRY
with C¥-boundary fr(§2), k = 1, and a closed, bounded and simply connected /-dimensional
C*-submanifold ¥ C £2 of R%, such that 2 = £\ X.

REMARK 6.2 Note that every open subset £2 C R? with C¥-boundary fr(£2) is crack-free, so that
part (ii) of Definition 6.1 makes sense. In particular, a smoothly cracked set can not have any further
cracks except X

Now we want to verify that the shape derivative in a smoothly cracked set can be obtained as
the shape derivative of a shape function depending on the only depending the on the crack itself.

LEMMA 6.3 Suppose that 2 C R? is smoothly /-cracked of class C* ‘with Ck-set 2 c R? and
a [-dimensional C¥-submanifold ¥ C Rd,fc > I,such that 2 = 2\ Y. Set M := X. Let
£2 + J(£2) be a shape functions and define J(M) := J(§£2 \ M). Then

dJ(M)(X) = dJ(2)(X),

where X € CK(£2,R?), if either of the two expressions exists.

Proof. As X e C*(£2,R?) it evident that for all ¢
D(2) = DR\ Z) = D(2)\ D1(D) = 2\ D(2).
From this the conclusion of the lemma follows. O

This lemma shows that shape functions depending on smoothly cracked sets can be seen as
shape functions only depending on the crack itself. Next, we consider the special situation of a
shape function defined on smoothly 1-cracked sets in R?; cf. [10].

LEMMA 6.4 Let §2 be a smoothly /-cracked subset of R? of class C2. By definition there are an
open and bounded set C 2set 2 C R? and a closed, bounded, and simply connected /-dimensional
submanifold ¥ C £2 of class C2, such that 2 = 2\ X.Set M := X, M = {A, B}, and suppose
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that dJ(£2) : 51(5, R?) - R is linear and continuous. Then there are real numbers o, a2 and a
linear and continuous functional 4 : C'! (M) — R, such that

dJ(2)(X) = a1(X -v)(A) + aa(X - v)(B) + h(X|pr - 1) (6.1)

forall X € C, Ck (.Q, R?), where n is a unit normal field along M and v the unit normal vector field
on oM .

Proof. Taking into account Lemma 6.3 we see that we can apply Theorem 5.5 to M J(M) =
J(£2 \ M) and obtain linear functionals g : C'(dM) — Rand i : C'(M,R?) — R, such that

dJ(M)(X) = g(Xjap - v) + h(X ™). (6.2)

We have OM = {A, B} and thus C*¥(0M) = {f : {A, B} — R}. We may define a basis fi, f> :
M — R of C¥(OM) by fi(A) = 1, fi(B) := 0 and f2(A) := 0, fo(B) := 1. Then every
f € CK(OM) can be written as f = &y fi + a2 f». In particular, we have Xom v = (X -
V)(A) f1 + (X - v)(B) f> so that

g(Xjopm - v) = a1(X - v)(A) + a2(X - v)(B), (6.3)

where a1 := g(f1) and a := g( f2). Denote by n the unit normal field along M. Then X|J1I/1 =
(X[ - n)n and thus

h(Xigy) = h((Xjp1 - m)m) (6.4)
forall X € c°k(5, R2). Setting h(v) := h(vn), we recover (6.1). O

REMARK 6.5 We may describe the crack X' by an embedded curve y : [a, b] — R? of class C2,
that is, y([a,b]) =: ¥ C 2 and y(a) = A and y(b) = B. Then v o y(a) = y'(a)/|y’(a)| and
voy(b)=—y'®)/ly'®)

COROLLARY 6.6 Let 2 C D C R? be a smoothly 1-cracked set such that 2 = 2 \ ¥, where £2

is an open and bounded set of class C* and M := X is a closed, bounded and simply connected
[-dimensional submanifold of R of class C*. Let J be a shape function and suppose that d.J(£2) :

é 1(.(_}, R?) — R is continuous and linear. Let X € é (D, R?). Then there are continuous and

linear functionals A1, ... ,h_d,1 - C! (M) — R and real numbers o1, a2 such that
d—1 _
dJ(2)(X) = e (X - v)(A) + o2(X -v)(B) + Y hi(Xjpg - i) (6.5)
i=1
for all X e CkK (2.R%), where (ng,...,n4_1) is an orthonormal frame along M satisfying

span{ni(p),...,ng_1(p)} = (T,M)* forall p € M.

Proof. From the previous lemma, we obtain dJ(2)(X) = a1 (X - v)(A) 4+ a2 (X - v)(B) + h(X1),
and hence taking into account X+ = (X -ny)n; +--- 4 (X -ng_1)ng_; we arrive at dJ(2)(X) =
a1 (X - v)(A) + aa(X - v)(B) + Z;tll A((X - nj)ng). So setting h;(v) := h(vn;), we recover
(6.5). O
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6.2 Shape functions defined on submanifolds of dimension one and two

6.2.1 Length variation of a curve in R®. Let y : [a,h] — R3 be an embedded curve of class
C? so that M := y([a,b]) becomes a one dimensional C2-submanifold of R® with boundary
oM = {y(a), y(b)}. We consider the shape function

b
J(M) = / (0 di

and denote by T'(¢) = y'(t)/|y' )|, N¢t) := T'(t)/|T'(¢)|, and B(t) := T(t) x N(¢) the
tangential, normal and binormal vector field along y, respectively. If y is arc-length parametrised,
then we define the curvature ¥ of y by T’ = kN If y is not arc-length parametrised, then we have
T’ = vkN on [a,b], where v(t) := |y/(¢)|. Letn,t,b : M — R3 be unit vector fields, such that
T =toy,N=moy,and B=boy.

LEMMA 6.7 Let D be an open and bounded set of R? containing M and let X € 60’2(5, R3). Then

b .,/ . o /
dJ(M)(X):/ Y () - (9X o y(1))y'(1)

dt
a [y ()]

or equivalently

b
dJ(M)(X) :/ KX)oy @) [y ()] di + (X -9 (y () — (X - H)(y(a)), (6.6)

where X+ = (X -n)n + (X - b)b.

Proof. We compute

a / [P Y0 (@K 0y 0)y'0)
dJ(M)(X) =72 (/a (o oy @)y (Z)W) 520 _/a | ly' (@) a
b r Y(1)
_ J 6.7)
/a X O) 77074

b
=/ [y Ol @)(X oy(®) - N@)dt + X (y()) - T(b) = X (y(a)) - T(a).

From this the result follows. O

COROLLARY 6.8 Let D be an open and bounded set in R containing M and let X € 62(5, R3).
Suppose that y : [a, b] — R3 is a simply closed C2-curve so that y([a, b]) = M. Then

b
a’J(M)(X)Z/ k(X -m)oy() [y ()] dr.

6.2.2 Variation of the surface integral in R®. As a two dimensional example, we consider the
variation of the surface integral of a cylinder-like surface in R3. We define Q := [a, b] x [c. d] and
let 9 : O — R3 be a C?-embedding and put M := ¢(Q). We assume that ¢(u,c) = ¢(u,d),
dpo(u,c) = dyp(u,d) and 32¢(u,c) = 32¢(u,d) for all u € [a,b]. Since ¢ is an embedding
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¢y = 0y@ and ¢, := 0dy@ are linearly independent at each point (u,v) of Q. Hence the unit
normal vector to the surface M is given by

Pu X Py
lpu X vl
Recall that the classical surface integral of ¢(Q) is defined by

N(u,v) =

b pd
J(M) := / / |ou X @y| dudv.
a c
LEMMA 6.9 Let D be an open and bounded set containing M . Suppose that X € 52(5, R3). Then

b rd b pd
dJ(M)(X):/ / 8u(X0<p)X(pv-Ndudv+/ / @y X 0y(X 0o @)- N dudv

which is equivalent to

b pd
dJ(M)(X) =/ / H(u, v)X((p(u, v)) - N(u, v)|py X @y| dudv

d a
n [/ (X-V)Ofﬂlfpvlde,

where H(u, v) is the mean curvature at the surface point ¢(u, v) and v the outward-pointing unit
normal along OM .

(6.8)

Proof. We compute
d b pd
dJ(M)(X) = @ (/ / |(09; 0 9)pu X (3D; 0 @)y | dudv) lr=0
a c

b d
8X u v " Wu v
:// (0X 0 @)ou X @y - oy X @ dudv

|ou X @]
+/b/d ou X DX 0 Q)py - Qux pu
a Je lpu X @] (6.9)

b rd b pd
=//BM(XOgo)Xgov-Ndudv+//(puxav(XOgo)-Ndudv

b pd b rd
=—//(X0<p)X(pv-Nududv—//(pux(XO(p)-Nvdudv

d a
+[/ (Xow)xqov-fvdv},

b

where we used N(u,c) = N(u,d) for all a < u < b which follows from d,¢(u,c) = dyeo(u,d)
foralla < u < b .Now since N2 = 1 wehave N, - N = 0 and N, - N = 0, which means that
Ny, Ny € dpo(T, Q). Thus we can write (Weingarten equations)

Ny = a19y + a20y
Ny = a3y + a4y
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for smooth functions ;. Note that H (1, v) = a1 + a4 (thatis the trace of the Weingarten mapping).
Therefore using (a X b) ¢ = (¢ xa)-b = (b xc¢)-a, we get

(X o09) X @y Ny =—a10y Xy - X 0o =—a1N - (X 09)|py X ¢yl

. 6.10
Pux (X o) Ny = —aapy X @y - X 09 = —agN - (X 0 ¢)|py X @] )

Note also that the outward-pointing unit normal field v satisfies v o ¢ = ¢, X N/|py, X N| =
@v X N/|py| as |gy X N| = |@y|. Then

(X o9) X @y N=(X-v)ogp|pyl. (6.11)

So inserting (6.11) and (6.10) into (6.9) we obtain (6.8). O

REMARK 6.10 Formula (6.8) may be rewritten as
a’J(M)(X):/ (X -n) a’s—i—/ X -vds, (6.12)
M am

where n and ¥ are the unit normal field and mean curvature on M, respectively. So by definition
nogp = N and ¥ o ¢ = H. Also in this case our main theorem is satisfied and we recover (5.7)
with

h(Xl)zf ®(XL-n)ds, g(X‘aM-v)zf Xjapr v ds.
M oM

6.3 A shape gradient of order one

Provided that the manifold M is smooth enough we have seen in the examples from the previous
sections that the shape derivative was always a distribution of order zero in the sense that g and &
were linear functionals on C°(dM ) respectively C°(M).

Let y : [0, L] — R? an arc-length parametrised regular curve. Then M := y([0, L]) is a closed
submanifold of R?. We define the elastic energy associated with y as

L
EM) = /0 k2 ds,

where k denotes the curvature of y. Here we are interested in the unconstrained case, where we do
not impose any further conditions at the end points of the curve.

Let us introduce some notation. We define the tangent vector field along y by T := y’ and
N := RT where R denotes the 90 degrees counter-clockwise rotation matrix in R2. Further we
denote by n : M — R? the unit normal field and by t : M — R? the tangent field ’living’ on M so
that by definition N = no y and T = t o y. Note that by definition 7’ = kN and N’ = —«T.

For the derivation of the first variation of the anisotropic elastic energy with fixed end points,
we refer the reader to [3, Lem. 2.2, p. 502].

LEMMA 6.11 Let y : [0, L] — R? be a C2-regular arc-length parametrised embedded curve such
that M := ([0, L]) C D.Forevery X € C%(D,R?), we have

L

L
dE(M;X):/ Q" + k) (X -n)oyds+ [ZKVF(X-n)oy-y’—ZK’(X-n)oy]O.
0
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Proof. Denote by &; the flow generated by X € C2(D,R?). Set y;(s) := &, (y(s)). We compute

d(rt,
dE(M;X)z& /0 K7yl ds
[t=0 (6.13)

L
= / 2kk + 7' - Tk ds.
0

Let us determine a formula for the variation of the curvature, that is, £. Differentiating 7, = «;v; N;
we obtain 7" = kN + «N + vk N and thus

T"-N =k + ik (6.14)

and differentiating y;, = v, Ty yields v, = v + v;T; from whence we get by another
differentiation y” = v'T + vk N + T, where we used wt)?z:o =0.So

T"-N =9y"-N —i«. (6.15)
Putting (6.14) and (6.15) together, we obtain
k=9p" N —20k. (6.16)

So plugging (6.16) into (6.13) and integrating by parts, we obtain
L
dE(M:X) :/ 2 (p" - N —20k) +y' - Tk?ds
0

L
:/ 2y” - N =32y - T ds
0

L T

L
=/ —2«'y" - N =2y’ - N' = 3«%y" - T ds + [
0

*KZJ'//-T

L L
=[2Ky"-zv] —/ 2’y N + 2y - Tds
0 0

26y’ - N:|

0 0

L T
=/ Q" + k(X oy)-Nds + |:2K)'//-N—2K/)'/-N—K2)}-T:| .
0 0
On account of the identities 2k (y - N) = 2«y’- N — 2«2y -T and y(s) = X oy(s) and (y - N)' =
Vr(X -n) oy -y, werecover the desired formula. O

REMARK 6.12 We see that also in this case (5.7) is satisfied. We have

L L

L
h(X+) = /0 k" + k) (X+-n)oyds— [m«(xl -m) o y:| + [mcvp(xi ‘n)oy- y’j|

0 0

and g = 0. Note that & : C'(M) — R is a distribution of order k = 1. This well-known result
is interesting as it gives an example for which g = 0 although the manifold M has non-empty
boundary 0M # @; compare Corollary 5.6. Note that if we fixed the end points of y, then the term

[2¢/(X -m) 0 y]5 = 0 because X(y(0)) = X(y(L)) = 0.
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Conclusion

We presented a new structure theorem for this class of shape functions and connected the well-
known structure theorem for open or closed sets and domains with cracks by employing notions of
differential geometry. An interesting task open for future research is to find a structure theorem for
immersed submanifolds rather than embedded submanifolds.
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