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In this work, we study the emergence of different crack modes in linearly elastic thin films by means
of a I'-convergence analysis as the thickness tends to zero. We first consider a purely elastic body
made of a film deposited on an infinitely stiff substrate through a bonding layer. The displacement
mismatch between the film and the substrate generates a cohesive type energy depending on the
displacement jump. Then, we consider a single linearly elastic brittle thin film. We show that the
limit admissible displacements are of Kirchhoff-Love type outside the cracks, which are themselves
transverse. Finally, we study the interplay between transverse cracks and debonding. We come back
to the first system made of a film, a bonding layer and a substrate, but now allow it to crack. In
the simplified anti-plane setting, in addition to transverse cracks, a threshold criterion acting on the
displacement activates either a cohesive or a delamination energy. Some partial results in the general
vectorial case are discussed.
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1. Introduction

It is experimentally observed that thin films can essentially develop two different crack patterns:
either transverse cracks channeling through the thickness of the film, or planar debonding at the
interface of two layers. In classical fracture mechanics [28], a threshold criterion on the energy
release rate drives the propagation of a crack along a prescribed path. As proved in [13], this so-
called Griffith’s law turns out to be equivalent to some notion of stationarity of the total energy (the
sum of the potential energy and the surface energy) coupled with the irreversibility of the process
and an energy balance. Within this framework, [31] described different possibilities of failure
modes. In [43], a reduced two-dimensional model of a thin film system on an elastic foundation
is proposed, and the propagation of different crack modes is discussed.

On the basis of this work, a phenomenological one-dimensional model accounting for transverse
cracks and debonding is adopted in [32] (see also [33] in the two-dimensional case). This problem is
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set in the framework of the variational approach to fracture [13]: the evolution is governed by a least
energy principle coupled with an irreversibility condition and an energy balance, which, as shown
in [13], select particular stationary points of the total energy. At the discrete time level, one considers
successive minimization problems. At time #;, one minimizes an energy functional, say E(u, I, A),
among all kinematically admissible displacements u at time #;, and among all transverse cracks I
and all delamination sets A satisfying the irreversibility constraints I" D Iy, _, and A D A, _,.

In [33], the energy considered takes the form

Ari
E,T,A) =/ [#ew(u)eﬂﬁ(u) + Kreap (u)eozﬂ(u)j| dx
o\ LAf T 21f
+ #b || dx + Ky length(I") + kp area(A).
2 w\A

The region @ C R? denotes the basis of a thin film .Q; = w X (0, &) bonded on a infinitely stiff
substrate 27 := @ X (—00, —¢) through a bonding layer §2; = @ X [—¢, 0]. The transverse cracks
are of the form I x (0, &) where I' C w is a one-dimensional object, while the delamination zone
A C w is two-dimensional.

The in-plane displacement of the film at the interface with the substrate is denoted by u : @ \
I’ — R2. The fracture toughness ks is a material property of the film, while x; measures the
strength of the bonding between the film and the substrate. The reduced linearly elastic energy is
well-known and rigorously derived in the Kirchhoff-Love theory of elastic plates [17].

The substrate is supposed to be infinitely stiff so that the displacement inside that region is
given by a prescribed (planar) function which, for simplicity, we assume to be zero. The term
“T” o\A |u|? dx represents the cost for the film to deform differently from the substrate. It only
has to be paid in the bonded region @ \ A because in A the film is no longer attached to the
substrate.

The goal of the present work is to isolate a particular meaningful scaling law of the elasticity
and fracture parameters (with respect to the thickness of the film) which enables one to rigorously
justify the emergence of these different crack modes in linearly elastic thin plates. A I'-
convergence analysis is carried out, as the thickness of the plate tends to zero, starting from three-
dimensional linearized elasticity and the variational approach to fracture. The three-dimensional
energy functional is given by

1
w, )~ E/ [Aeeii(v)ejj (v) + 2ufeij(v)eij (v)] dx + / k& dK2,
_Q;.U.QE Fn(g;.uﬂg)

where any kinematically admissible displacement v : 27 U £2; U 27 — R3 is required to satisfy
the condition v = 0 in the substrate §2¢. As is to be expected, the results strongly depend on the
scaling of the elasticity and fracture parameter with respect to ¢. In this paper, the Lamé coefficients
and the toughness are supposed to be piecewise constant functions scaling like

K =
e*(Ap, pp) in £2¢,

Ar, in £2¢, in £2¢,
(ﬁ,;ﬁ)zg(f“f) MRS {Kf i (.0
ekp in §2;.

This choice is a posteriori justified by the fact that the models derived below correspond to our
initial goal.
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First, we examine the case in which cracks are absent. We prove in Theorem 4.1 that the limit
energy for the bilayer system is given by

/ I:Akfiweaa(ﬁ)eﬂﬂ(ﬁ) + Mfeaﬁ(i‘)eaﬂ(i‘)} dx + 22 / ja*dx, @€ H'(0:R?)

o LA +2ur 2 Jo

(a result obtained also in [34, Thm. 2.1]; here we present an alternative and simpler proof). The
analysis rests on the standard dimension reduction for thin elastic plates in linear elasticity [17],
the main new difficulty being the lack of coerciveness in the compliant bonding layer. The limiting
displacements are planar (not just of Kirchhoff-Love type), due to the presence of the bonding
layer and the homogeneous condition in the substrate. On the other hand, a bonding type energy
“T” f © |e|? dx appears in the limit, due to the displacement mismatch between the film and the
substrate (which is accommodated by an affine transition in the vertical variable).

Integrals of the form ”“—zb / » | |2 dx have appeared in the literature either as the effective energy
of a Winkler [42] elastic foundation (whose reaction force up# is assumed to be linear with respect
to the relative displacement of the film; see [34] and the references therein), or in the form of
a Barenblatt [9] cohesive-zone surface energy (where the film and the substrate are regarded as
a single elastic body). They have been used, in particular, in the existing analytical studies of
delamination problems, e.g. [11, 26, 27, 37].

The problem of rigorously deriving cohesive energies such as ’%’ / © |u|?> dx (and of more
general forms), for domains with a fixed positive thickness (as opposed to in the vanishing thickness
limit ¢ — 0 considered in our work), has been considered by other authors. In [18, 20, 23, 29] they
are obtained in the I"-limit of a particular type of Ambrosio-Tortorelli functionals. In [3, 4] they
are derived by homogenization as the limit of a Neumann sieve, debonding being regarded as the
effect of the interaction of two films through a suitably periodically distributed contact zone. Finally,
in [15], they appear in the homogenization of brittle composites with soft inclusions.

Next, we consider only a single linearly elastic brittle thin film (not the full bilayer system),
and we show the emergence of a limit energy which is finite on Kirchhoff-Love type displacements
outside the cracks which are transverse. More precisely, the limit energy in that case is given by

A
/ [ L2 o (0)epp () + fipea (”)eaﬁ(”):| dx + Kk R2(Ju),  u € SBD(Sy).
2/ /\f + 2/Lf

The mathematical analysis falls in the framework of free discontinuity problems. A satisfactory
mathematical treatment can be done in the space SBD of special functions of bounded deformation
where the cracks are assimilated to the jump set J, of the displacement u.

In this limit model, the admissible limit displacements are not planar anymore but present a
Kirchhoff—Love type structure outside the jump set. It turns out that the function u3 is independent
of x3 and it belongs to SBV(w). In addition, its approximate gradient Vuz = (dius, dau3) €
SBD(w) and, for @ = 1, 2, we have uy(x1, x2,X3) = Ug(X1,X2) + (% - X3) dqu3s(x1, x2) where
u = (uU1,uz) € SBD(w). For what concerns the jump set itself, one shows that it is transverse
and that it essentially coincides with (Jz U Jy; U Jvy;) x (0, 1). The proof of this structure result
relies on tools of geometric measure theory and fine properties of bounded deformation functions.
Inserting this special structure of admissible displacements inside the elastic energy gives rise to the
usual membrane and flexural energies of plate theory.

Previous studies of this type of problems include [6, 7, 12, 14] in the case of nonlinear elasticity,
where the elastic energy is a function of the deformation gradient. In [25] the dimension reduction
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of linearly elastic brittle thin films is carried out under the additional assumptions that the cracks
are closed and vertical. In Theorem 5.3 below, we present the first complete result without prior
assumptions on the geometry or the topology of the cracks.

Finally, we study the interplay between transverse cracks and debonding. We come back to our
original thin film system made of a film, a bonding layer and a substrate, but now allow it to crack.
In a simplified anti-plane like setting, we show the appearance of transverse cracks. In addition,
if the displacement is below a critical threshold, debonding is energetically favorable, while if the
threshold is overpassed, the body prefers to delaminate, i.e., to create a brittle planar crack. We
recover in that case the simplified one-dimensional model introduced in [32] (see Theorem 6.1)
where the limit energy is given by

L
B de + 22 ul? dxy + kp#(J) + ks £1(A),  u € SBV(O, L),

2 Jo 2 Jo,Lna

A = {|u| > /2kp/11p} being the delamination set.
The proof follows the lines of [33] where we take advantage of the scalar nature of

the displacement. The limit model then couples transverse cracks, cohesive transitions and
delamination. In the full vectorial linearly elastic case, we have been unable to prove the
convergence to E(u, I, A). We limit ourselves to present some partial results which, in our opinion,
ought to be considered in any attempt to establish the desired I"-convergence. We prove an energy
upper bound by constructing, for every admissible limit displacement, an optimal recovery sequence
(Proposition 6.3). What remains open is to establish the optimality of the affine transitions in the
vertical variable in order to accommodate the mismatch between the film and the substrate. Indeed,
the ability to break gives the bonding layer the opportunity to reduce its elastic energy by performing
a periodic sequence of small rotations (Example 6.5). This implies that the delamination zone cannot
be identified just by taking the orthogonal projections of the jump set of the displacement, as is
done in the Sobolev and scalar cases. As a possible remedy, we consider instead, “almost vertical”
projections. We are able to prove a surface energy lower bound (although with a bad multiplicative
constant) and to show the validity of the desired bulk energy lower bound under the assumption that
the minimizing sequence satisfies better a priori estimates than just the energy bound (Lemma 6.9).

In this spirit, let us mention [36] where a Griffith energy for the debonding at the interface is
obtained as the limit elastic energy of a thin bonding layer in a problem involving a damage internal
variable.

To close this introduction, let us briefly comment our assumptions on the scaling laws (1.1). In
the purely elastic case, an exhaustive study of the different scalings has been performed in [34].
Our choice of Lamé coefficients is a particular situation considered in that paper. The choice of the
toughness might seem arbitrary. It is actually justified by the nature of the models we derive. We
claim neither that these are the only interesting scalings nor that they are the only ones leading to
such multifissuration models.

The paper is organized as follows: Section 2 is devoted to introduce various notations used
throughout this work. In Section 3, we precisely describe the model and perform a scaling to make
the problem more tractable from a mathematical point of view. Section 4 investigates the asymptotic
analysis in the absence of cracks, and evidences the appearance of a debonding type limiting energy
(Theorem 4.1). In Section 5, we carry out the analysis of a linearly elastic thin film, and show the
emergence of transverse cracks (Theorem 5.3). Finally, Section 6 discusses the interplay between
transverse cracks, debonding, and delamination.
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2. Notation and preliminaries

Ifa and b € R"*, we writea - b = Z?:l a;b; for the Euclidean scalar product, and we denote the
norm by |a| = /a - a. The open ball of center x and radius o is denoted by B,(x). If x = 0, we
simply write B, instead of B,(0).

We denote by M™>*" the set of real m x n matrices, and by MZ’;;{’ the set of all real symmetric
n x n matrices. Given two matrices A and B € M"™ ", we let A : B := tr(A” B) for the Frobenius
scalar product, and |A| := /tr(AT A) for the associated norm (A7 is the transpose of A, and tr(A)
is its trace). We recall that for any two vectorsa € R™ and b € R?, a ® b € M™*" stands for
the tensor product, i.e., (a ® b);; = a;bj foralll < i < mand1 < j < n.If m = n, then
a®b:= %(a ®b+b®a)e M;’yfn” denotes the symmetric tensor product.

Given an open subset U of R” and a finite dimensional Euclidean space X, we use standard
notations for Lebesgue spaces L?(U; X) and Sobolev spaces H'(U; X) or WP (U; X). We
denote by W(U; X) the space of all X-valued Radon measures with finite total variation. If the
target space X = R, we omit to write it for simplicity. According to the Riesz representation
Theorem, it is identified with the topological dual of Co (U ; X) (the space of all continuous functions
¢ : U — X such that {¢ > e} is compact for every ¢ > 0), and a weak* topology is defined
according to this duality. The Lebesgue measure in R” is denoted by £”, and the k-dimensional
Hausdorff measure by ®¥. Sometimes, the notation # will be used instead of ¥° for the counting
measure, and | - | instead of the Lebesgue measure £”. In dimension 7, equality or inclusion of sets
up to a " !-negligible set will be respectively denoted by = and .

Given a function u € L' (U;R™) with m > 1, we say that u has an approximate limit at x € U
if there exists #(x) € R™ such that

1
lim —/ lu(y) —a(x)|dy = 0.
000" JB,(x)

The set S, where this property fails is called the approximate discontinuity set.
We say that u has one-sided Lebesgue limits u® (x) € R™ at x € U with respect to a direction
vu(x) € "= {C e R : || = 1}if

1
tim . [ lu(y) — u ()] dy = 0,
B (x,vu ()

where Bgc(x,vu(x)) = {y € By(x) : vu(x) - (y —x) = 0}. We will denote by [u](x) :=
ut(x) — u=(x) the jump of u at x. The jump set J, of u is defined as the set of points x € U

such that the one-sided Lebesgue limits with respect to a direction v,(x) exist, and in addition
ut(x) # u=(x). Clearly we have J, C S,.

2.1 Functions of bounded variation

The space BV (U;R™) of functions of bounded variation in U with values in R is made of all
functions # € L'(U;R™) such that the distributional derivative satisfies Du € M. (U; M"™*"). The
measure Du can be decomposed as

Du=Vul" + @t —u) @ v, " 'L J, + Du,



550 J.-F. BABADJIAN AND D. HENAO

where Vu is the Radon—Nikodym derivative of Du with respect to the Lebesgue measure £”, which
coincides with the approximate gradient of u. Forany 1 <i < mand 1 < j < n, we denote by
dju; := (Vu);; the entries of Vu. The measure Du is the Cantor part of Du which has the property
of vanishing on any o-finite set with respect to the (n — 1)-dimensional Hausdorff measure %" 1.
The jump set J,, is a countably ¥”~!-rectifiable Borel set, v, is an approximate unit normal to J,,
and u™ (x) are the one-sided Lebesgue limits of # at x € U in the direction v, (x). In addition, we
have "~ 1(S, \ Ju) = 0.

We say that u is a special function of bounded variation, and we write # € SBV(U;R™),
if D°u = 0. If further Vu € LP(U;R™ ") for some p > 1, and R"1(J,) < oo, we write
u € SBVP?(U;R™). We refer to [2] for general properties of BV -functions.

2.2 Functions of bounded deformation

The space BD(U) of functions of bounded deformation is made of all vector fields u € L (U;R")
whose distributional symmetric gradient satisfies

Du + Du”
Eu=22F2" v,
2 ym
This measure can be decomposed as
Eu=e)&" + @ —u") 0 v, "' J, + Eu. (2.1

In the previous expression, e(#) denotes the absolutely continuous part of Eu with respect to £”.
Forany 1 < i, j < n, we denote by e;; (1) = (e(u));; the entries of e(u). The measure E€u is the
Cantor part of Eu which has the property to vanish on any o-finite set with respect to ¥"~!. The
jump set J, of u is a countably ¥"~!-rectifiable Borel set, vy is an approximate unit normal to Jy,
and u*(x) are the one-sided Lebesgue limits of u at x € U in the direction v, (x). If Eu = 0,
we say that u is a special function of bounded deformation and we write u € SBD(U). We refer
to[1,5,8, 10, 16, 19, 35, 38, 40, 41] for general properties of BD-functions.

2.3 General conventions

In the sequel we will always work in dimensions 1, 2 or 3. Latin indices i, j, k, [, ... (except f and
b) take their values in the set {1, 2, 3} unless otherwise indicated. Greek indices «, 8, y, ... (except
¢) take their values in the set {1,2}. The repeated index summation convention is systematically
used.

3. Description of the problem
3.1 In the original configuration

Let w be a bounded and connected open subset of R? with Lipschitz boundary which denotes the
basis of a thin domain occupying the open set £2° := w x (—2¢, ¢) in its reference configuration.
We assume that this domain is made of the union of a film .Q; = o x (0,¢), a bonding layer
R} := o x [—¢,0], and a substrate 2] := w X (—2¢, —¢). Let us underline that the set £2; is not
open. Any kinematically admissible displacement v : £2¢ — R3 is required to satisfy the condition
v = 0in £2¢. In the sequel we shall denote by x" := (x1, x2) the in-plane variable.
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The background behavior of this medium in that of an isotropic linearly elastic material whose
Lamé coefficients are given by

(Ar.pp)  in 827,

(A% pf) = .
e2(Ap, p) in Q2F.

The elastic energy associated to a displacement v € H!(£2¢;R?) satisfying v = 0 £3-a.e. in £2° is
given by
1
3 / [Aaeii(v)e,-j (v) + 2uleij(v)eij (v)] dx. (3.1)
¢
If the body undergoes cracks, according to the variational approach to fracture (see [13, 24]), the
presence of cracks is penalized by means of a surface energy of Griffith type where the toughness
is given by

o5 Kf in.Q;,
ekp in §2;.

In this case, Sobolev spaces cannot describe admissible displacements since they may jump across
the cracks. The natural framework is to consider displacements which are special functions of
bounded deformation. Identifying the cracks with the jump set of the displacement, denoted by

Ju, the surface energy is given by
/ K dR2. (3.2)
JyN§2¢

The total energy is then given by the sum of the bulk energy, given by (3.1), where e(v) is intended
as the absolutely continuous part of the strain with respect to the Lebesgue measure, and the surface
energy, given by (3.2). It is well defined for any displacement v € SBD(£2?) satisfying v = 0
£3-a.e. in the substrate £2¢.

3.2 In the rescaled configuration

As usual in dimension reduction, we rescale the problem on a fixed domain of unit thickness (see
[17]). We denote by £2 := (228 Qr = .Q}, 2p = .le, and £2; = .Qxl. For every original
displacement v € H!(£2¢;R?) (resp. v € SBD(£2¢)) such that v = 0 £3-a.e. in 2¢, we define the
rescaled displacement u in the rescaled configuration by

Ug (X', x3) = ve(x', ex3),

forall x = (¥, x3) € £2.
uz(x’, x3) = evz(x’, ex3), ( 3)

Replacing v by this expression in the energy (3.1), and dividing the resulting expression by ¢ yields
the following rescaled elastic energy (see [17])

Je(u) = Jo(u, 27) + Jo(u, $2p),
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where
1
w20 i= 5 [ [Areuatuwren )+ 211 eapueas @] ax
f

1
+ — 2Areqa(u)ess(u) + dpreqs(u)eqs(u) | dx
252 .Qf[ fotot()33() %53 a3(@)eqs( )]

1
+ F/ (Ar 4 2ur)ess(u)ess(u) dx, (3.3)
& Q_/'

and

2
et 22) = 5 [ [Rneaawrens @) + 2peap eus ()] ax

+ % /9,, [Zkbeaa (w)ess(u) + 4“b€“3(")e°‘3(u)] dx

1
+ —2/ (Ap + 2pp)ess(w)ess(u)dx.  (3.4)
2¢e 2
In the case of cracks, the total energy is obtained by adding the surface energy. In the rescaled
configuration, it is given by (see [6, 7, 12, 14])
E;(u) = Ec(u,2r) + Eg(u, $2p),

where

Eg(u,.Qf) = Jg(u,Qf) —i—Kf/
Juns2y

((vu)c 1(%)‘ ax?,
£
and
Belw @) = Je@. @)+ 65 [ (e (u)z)| a2

JuN$2p

4. Debonding of thin films

In this section, we assume that the body is purely elastic, i.e., no cracks are allowed. Through
an asymptotic analysis as the thickness ¢ tends to zero, we rigorously recover a reduced two-
dimensional model of a thin film system as an elastic membrane on an in-plane elastic foundation.
A similar model has been derived in [34, Theorem 2.1] by means of a different method. The original
three-dimensional energy J, : L2(§2;R3) — [0, +00] is defined by

Je(u,25) + Je(u,2p) ifue H'(2;R*) andu = 0 £3-a.e. in £2,
+o00o otherwise,

sew = |

while the reduced two dimensional energy Jo : L2(£2;R3) — [0, +-00] is given by

J, . Af + 2Mf - Hl . R2
o(ll) T +&/ |l_l|2 dx’ uc (wv )v
2 Jo
400 otherwise.

A
/ [ _AMRS eaa(ﬁ)eﬁﬁ(fl)+Mfeaﬁ(ﬁ)eaﬁ(ﬁ)] dx’ " % u=(u0),
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Our first main result in the following I"-convergence.

Theorem 4.1 Letu € L?(2;R3), then
e for any sequence (ug)e>o C L?(£2;R3) with ug — u strongly in L?(2y;R3), then

Jo(u) < liminf Jg(u,);
e—0

e there is a recovery sequence (u})e~o C L?(2;R>) such that u} — u strongly in L*>(27;R?),
and
Jo(u) = limsup J (u}).
e—>0
Proof. Although some parts of the proof are already well known (see [17, Theorem 1.11.2]), it will
be convenient for us to reproduce the entire argument.

Step 1. Compactness. Let (ug) C L*(£2;R3) be such that u, — u strongly in L2(£27;R?). If
liminf, Je(u;) = +o0, there is nothing to prove. We therefore assume that lim inf, Je (1) < oo.
Up to a subsequence, there is no loss of generality to suppose that

Je(ue) = Jo(ue, 27) + Jo(ue, $2p) < C,

for some constant C > 0 independent of . The expression (3.3) of the energy in the film £2f
combined with Korn’s inequality implies that (u) is actually bounded in H'(£2y;R?), and that
u; — u weakly in H'(2;R?) with u € H'(27;R?). Contrary to the case of a standard linearly
elastic plate model (see [17]), we will show that, thanks to the Dirichlet condition in the substrate,
the limit displacement u is planar instead of just Kirchhoff-Love type. Indeed, using also the
expression of the energy (3.3)—(3.4), the fact that u, = 0 £3-a.e. in §2;, and Poincaré’s inequality,
we get that

/ [(u)3|? dx < / less(ue)|? dx < Ce? — 0,
.Qf .QfU.Qb

so that u3 = 0. Thanks again to the bound of the energy in the film (3.3), we have
”6413("8)“[,2(9/.) <Ce—0,

which shows that ey3(u) = 0. It thus follows that d3uy, = —dqu3 = 0 which implies that
ug(x',x3) = ug(x’) for £3-ae. x € 2, for some # € H'(w;R*). We have thus identified
the right limit space.

Step 2. Lower bound. We next derive the lower bound. Up to a further subsequence, we may assume
that

_ weakly in L2(£2/),
& 18&3(”6‘) — Lo 4

§ e 2es3(ue) — {3

for some functions ¢1, ¢ and {3 € L?(£27). Then, by lower semicontinuity of the norm with respect
to weak convergence, we get that

.. 1 _ _ _
llgngg(ug, 2r) = > /_q [/\f(eaa(u) + §’3)2 + 2ureqp()eqs(it) + 4prale + 2,uf§3§3] dx.
'
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Minimizing with respect to ({1, {2, 3), we find that the minimal value is attained when {, = 0 and
{3 = —Weaa(ﬁ), and thus
Aris

/\f I 2ﬂf Cou (ﬁ)eﬁﬁ () + Hféap (ﬁ)eaﬁ (ﬁ):| dx.

limians(ug,.Qf)Z/[
e—0 P

We now examine the contribution of the bonding layer. To this aim, according to (3.4), isolating the
only term of order 1 leads to

Je(ug, §2p) = Zlib/ eq3(ug)eqs(ug) dx

2p
2 j2%
b
dx’ + =
x+2/w

thanks to the Cauchy-Schwarz inequality with respect to the x3 variable. Since u;, = 0 £3-a.e. in
£2;, then

2

0
> / [03(ue)2 + 02(ue)3]dxs| dx',
—1

/2 ®

0
/ [95Gue)1 + 1 1e)s] da

-1

0
/ O3us(x', x3)dxs = ug(x’,0) for £2-ae. x' € w,
~1

where u, (-, 0) denotes the trace of u, on {x3 = 0}. On the other hand, setting

0
7= [ st dn € ')

we have

0
/ 0o (Ue)3(x', x3) dxs = dgut§(x’) for £2-ae. X' € w.
-1
Gathering everything, we infer that
Te(ts, 2) = %/ \(us)l(x’,0)+81ﬁ3(x’)\2dx’+%/ | ()2 (', 0) + 02115 (x')[” dx’. (4.1)
w w

According to the trace theorem, and since u, is independent of x3, we have (ug)q(-,0) — Uy
strongly in L?(w). On the other hand, the energy in the bonding layer (3.4) together with the
Cauchy-Schwarz and Poincaré inequalities yield

7|% dx’ < ess(ues)| dx < Ce? — 0,
5]
[0} Qb

while (4.1) shows that the sequence (V#$) is bounded in L?(w;RR?). Consequently, Vii§ — 0
weakly in L?(w;R?), and combining all the convergences established so far, we deduce that

liminf J, (e, 25) = @/ a2 dx’,
£—0 2 Jo

which completes the proof of the lower bound.
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Step 3. Upper bound. We assume without loss of generality that # = (u,0) for some u €
H'(w;R?), otherwise the limit energy is infinite. We now define a recovery sequence (#})e>o.
For all ¢ > 0, let
(u(x'), e2x3he(x))  ifx € 82,
u(x',x3) =9 (x3+ D@x),0) ifxe 2,
0 if x € £2;,

where (h¢)¢>0 is a sequence in C2°(w) such that

A L .
he — _meaa(l{) n Lz(a)), gl_%g”VhSHLz(w;Rz) =0. 4.2)

Clearly, u¥ € H'(£22;R?) and u} = 0 £3-a.e. in £2;. Using (3.3) we have that

1 _ _ _ _
Tt 20) = 5 /ﬂ [ €aa(@eps () + 2417 eap (@)ens (@)] dx
7
1
+ —/ [Zkfeaa(ﬁ)szhg + /Lf84x§|th|2] dx
282 Qr
1 4 2
+ 2—84/52‘/_(%" + 2ur)e" | he|” dx,

and according to the convergence properties (4.2), we get that

. " 1 _ _ _ _
lim S 20) = 5 [ [y caa @rens @) + 20 cap @)eap )] &5
w

2
| 213 1 A%
2 T - i) d ’ -z T - i) d /
2/w)v_'_z,ufeom[(u)e,gﬁ(u) x + 2/w/\f_’_Zufe‘m(u)eﬁ,g(u) by
1 2Arpy o _ -} /
== —————eqaq(U)epg(u) + 2ureqp()eqp(u) | dx'.
2/a)[kf+2uf (w)epp () + 21y eqp(U)eqp (1)

On the other hand, (3.4) yields

g2 _ _ _ _ N
Jg(u:, .Qb) = ? /Q (X3 + 1)2[/\1760“1(”)6/35 (u) =+ Zubeaﬁ (u)eaﬁ (u)] dx + % / UgUgy dx/’
b w

and thus
: * _ & -12 /
sh_r)r(l) Je(uy, 25) = > /w ||~ dx’,
which completes the proof of the upper bound. O

5. Transverse cracks in thin films

In this section, we assume that the body can fracture. We first only address the analysis of the film
£2r in order to highlight the appearance of transverse cracks in the reduced model. This property is
already known in the framework of nonlinear elasticity where energies depend on the deformation
gradient [6, 7, 12, 14]. The difficulty here is to consider a linearly elastic material outside the crack
so that the energy depends on the elastic strain.
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5.1 Compactness

From a mathematical point of view, the natural functional setting is to consider displacement fields
u € SBD(82r). For technical reasons, we also assume that all the deformations take place in a
fixed container K which is a compact subset of R3. Therefore, we assume that any displacement is
uniformly bounded by some fixed positive constant M > 0.
Throughout this section, we assume that (#;)s>0 C SBD(£2r) is a sequence of displacements

in the film such that ||u8||LOO(Q/.;R3) < M,and

sup Eg¢(ug, 2f) < o0.

>0
We establish that any admissible sequence of displacements with uniformly bounded energy
converges to some limit displacement having a Kirchhoff-Love type structure.

Proposition 5.1 Up to a subsequence, there exists u € SBD(827) N L™ (827; R3) such that

() ue — u strongly in L*(25;R®) and u, Su weakly* in L (27, R?);
(i) e(us) — e(u) weakly in L?(27; M2X3);

sym /?

(iii) eq3(u) = es3(u) = 0 L£3-a.e. in 2 and (vy)3 =0 K2-a.e. on J, N 7.
Proof. From the hypotheses and the definition of E,(-, £2r), we have that
||u8||L°°(.Qf;]R3) + ||e(u8)||L2(.Qf;ng>;3) + R2(Jllg n Qf) $ C? (51)

for some constant C > 0 independent of &. According to the compactness theorem in SBD
[10, Theorem 1.1], we deduce the existence of a subsequence (not relabeled) and a function
u € SBD(82f) such that u, — u strongly in L?(2f;R?), u, S weakly* in L®(2y;R?),
e(ug) — e(u) weakly in L?(£2y; M3%3), and

sym

1
R2(Ju N 27) < liminf R (Jy, N 27) < liminf a,)s =(va,)3 )| A2 (5.2)
e—0 ¢ e—0 2rNJug € & €
Using the expression of the energy in the film, we deduce that
leas(@e)ll2(,) +/ |(vu,)3] d¥? < Ce, less(ue)llr2(2,) < Ce? (5.3)
fmjus

for some C independent of ¢.

According to the lower semicontinuity of the L2-norm with respect to weak convergence, (5.3)
implies that eq3(u) = e33(u) = 0 £3-a.e. in 2.

Let us now study the surface integral in (5.3). For fixed k € N and £3-a.e. x = (x/,x3) €
wx(0,1/k) = .Q}/k, we define

W) (x', x3) = (Ug)alx. kx3), UF)o (X', x3) = ug (X' kx3),
k)3 (x", x3) = k(us)3(x kx3), WF)3(x', x3) = kus(x’, kx3),

Clearly, u* and ulg € SBD(.Qfl/k), uif — u¥ strongly in LZ(.Q}/k;]R3), ulg Xk weakly* in
L°°(.Q}/k; R3), e(ulg‘) — e(uF) weakly in Lz(.Q}/k; M3%3) and

sym

k S k
W2 (T 0 27F) < liminf 2 (7,4 0 2;7").
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Changing variable in the previous inequality yields

1
/ (E(Vu)/, (Uu)3) d®? < liminf/
Q/-n-]u e—0 Q/'n-]llg
V2

/ [(va)3] dK? < liminf/ |(Vup )3 dR? + ——H2(27 N Ju,).
2rNJu 20 J@,ndy, k

dx?

(%(Vug)/7 (Vug)3)

or still

Thanks to the last bound in (5.1), and letting k — +o00, we get

/ [(va)3] d¥? < lim inf/ |(Va, )3| A2,
2r0Ju =0 Jarnu,

and (5.3) yields (vy)3 = 0 ®?-a.e.on J, N 7. O

In the sequel, u denotes a displacement as in the conclusion of Proposition 5.1. Our next goal
is to get a more precise structure of such displacements. Contrary to the case of linear elasticity
(see [17]) or linearly elastic-perfectly plastic plates (see [21]), they in general are not of Kirchhoff-
Love type (i.e. such that E;3u = 0) since we do not control the full distributional strain Eu. In
particular, the singular part of the shearing strain Ey3u is given by M%”‘”fﬂz L Ju which might
not vanish. However, we shall prove below that they have the same structure in the sense that the
transverse displacement ©3 only depends on the planar variable x’, while the in-plane displacement
(u1,u») is affine with respect to the transverse variable x3.

Proposition 5.2 Let u € SBD(£27) N L™®(227;R3) be such that ej3(u) = 0 £3-a.e. in ¢, and

(vu)3 = 0 ®2-a.e. on Jy N 2. Then the following properties hold:

e the function us is independent of x3 and it (is identified with a function which) belongs to
SBV(w) N L*®(w). In addition, its approximate gradient Vus = (d1u3,02u3z) € SBD(w) N
Loo(w; Rz);

o for £3-a.e. (x',x3) € 2y,

ua(x’,x3) = ﬁa(x/) + (% - X3) 8,1143()(/), (5.4)

where iy 1= fol Ug (-, x3)dxs, and it := (i1, 12) € SBD(w) N L®(w;R?);
o Ju=(JiUJu, Uldvay) x (0.1);

Proof. Step 1. First of all, by virtue of (2.1), the distributional derivative of u3 with respect to x3
satisfies
D3uz = E3zzu = e33(u)£3 + [u]3(v,,)3%2|_ Ju=0.

This implies that u3 is independent of x3, and that it can be identified with a function defined on w.

Step 2. We next show that u3 € SBV(w) and that formula (5.4) holds. This will be obtained thanks
to a suitable mollification of u. We first extend u to the whole space in the following way: since
the trace of an SBD(827) function belongs to L1(3827;R3) (see [8, Theorem 3.2]), according to
Gagliardo’s Theorem, u may be extended to R? by a function, still denoted by u, that is compactly
supported in R? and such that u € WH1(R3 \ £27;R3) with |Eu|(0827) = 0.
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Let y € CX(R) be an even and non negative function such that [, x(r)dr = 1 and
Suppy C (—=1,1). For all x = (x1,x2,x3) = (x',x3) € R3, we define p(x') := y(x1)y(x2)
and p(x) := x(x1)y(x2)x(x3). We then denote by ps(x’) = §2p(x’/8) a sequence of two-
dimensional mollifiers, and by ps(x) = 8§73p(x/8) a sequence of three-dimensional mollifiers.
Since ug 1= u * ps € C1(R3;R3) and

03(us)a = 2eq3(us) — 0o (us)3,

it follows from the fundamental theorem of calculus that for each (x, x3) € §2f,

X3 X3
(us)a(x', x3) = (usg)e(x',0) + 2/ eq3(ug)(x',s)ds —/ 0q (ug)3(x’,s)ds. (5.5)
0 0
Let us study each of the above terms separately. The term in the left hand side of (5.5) clearly
satisfies (ug)q — uq strongly in L2(£25), and thus (for a suitable subsequence)
(Ug)g — uq L£-ae.in 2. (5.6)

Concerning the first term on the right-hand side of (5.5), standard properties of convolution
of measures ensure that Eus — Eu weakly* in TL(R3;M3*3) and |Eus|(R3) — |Eu|(R?).

sym
Therefore, since |Eu|(0§2y) = 0, we deduce that |Eus|(£2r) — |Eu|(§2y) which implies, by
the continuity property of the trace (see [8, Proposition 3.4]) that (ug)q — g strongly in L' (982 7).
Thus, denoting by u (-, 0) the upper trace of u, on w x {0}, there is a subsequence such that

(u5)a(-,0) = uf (-,0)  £2-ae.inw. (5.7)

Regarding the second term on the right-hand side of (5.5), we have ey3(us) = (Eq3u) * ps with
Egqzu = %RZL Ju, and thus

E(x', x3) = /0 " caa(s) (. 5) ds

= % /0 3 /J ps(xX =y 5 — y3)[ul3(y) (Vu)a(y) dR(y) ds.

Since u € L>®(2y;R?) with ||u||Loo(9f;R3) < M, then |[u]| < 2M which leads to
1
el <M [ [ gy = ys = a0 as
0 u

1
B M/ / ps(x' = y',s — y3) ds dR>(p),
uJ0

where we used Fubini’s Theorem in the last equality. We next denote by Q’(x’, 8) := x’ + (=8, §)?
the open square of R? (parallel to the coordinate axis) centered at x’ and of edge length 2§.
Observing that ps(x’ — y',s — y3) = 0if y/ & Q'(x',§) and that ps(x’ — y',s — y3) =
ps(x" — y)8 x((s — y3)/8) with [, x(r)dt = 1, we get that

B xa)| < M P =) ( 57 =y ds) a2 (y)

JuN[Q'(x",8)x(0,1)]

=M ps(x" = y") AR ().
Ju0[Q' (¥, $)x(0,1)]
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For any Borel set B C w, let us define the measure p(B) := ®2(J, N (B x (0, 1))) which is nothing
but the push-forward of ®¥2L_ J, by the orthogonal projection 7 : R®> — R? x {0}. Note that y is
concentrated on 7 (Jy) since u(w \ 7(Jy)) = ®2(Jy N [(@ \ 7(J4)) x (0,1)]) = 0. On the other
hand, the generalized coarea formula (see [2, Theorem 293]) yields

L2((Jy)) < / RO, Nl (x))dx' = / |(va)3| d¥2 = 0.
w(Ju) Ju

Therefore, 1 and £2 are mutually singular which ensures that the Radon-Nikodym derivative
satisfies 224 (x') = 0 at £2-a.e. x' € w. It follows that for £2-a.e. x' € w,

ag?
pO'.8)

sup [8(x", x3)| < M| )| Z oo r) 52 0,
x3€(0,1)
and thus, in particular,
x3
/ ea3(us)(x',s)ds — 0 for £3-ae. (x', x3) € Q. (5.8)
0

For what concerns the last term on the right-hand side of (5.5), since u3 is independent of x3, we
infer that (u3)3 is independent of x3 as well since (u5)3(x) = uz * ps(x’) forall x € R3. Therefore,

/0 D53 (. 5) ds = x39a (3 % ) (),

and (5.5)—(5.8) thus imply that

—+ / 0 _ /
8a(u3 * ﬁS)(-x/) N Uy (-x ’ ) ua(x ,x3) = _(//a(x/) for £3_a.e. (x/’x3) c AQf
X3

That v, only depends on x’ is due to the fact that the left-hand side only depends on x’. Moreover,
since u (-,0) € L' (») and uq(-, x3) € L*(w) for a.e. x3 € (0, 1), we deduce that ¥4 € L!(w).
From the last formula we get that

e (¥, x3) = ug (x',0) — X3¢ (x'), (5.9)
which in particular implies that D3uy = —£3, and
Dousz = —D3ug + 2Eq3u = 1%1523 + [”]S(Vu)a}czl— Ju.

As a consequence, the distributional derivative in £2¢ of u3 is a bounded Radon measure in §27, and
therefore uz € BV(§2y). Since the singular part of the above measure is concentrated on J,, which is
o-finite with respect to ¥2, we deduce thanks to [2, Proposition 3.92] that uz € SBV(£2y). Finally,
since u3 is independent of x3, we actually infer that u3 € SBV(w). In addition, by uniqueness of
the Lebesgue decomposition, it follows that

Yo = 0gUs, [”]S(Vu)a%zL Ju = [US](Vug,)a%zl—[Jm x (0, 1)]

so that
Jus x(0,1) T Ju. (5.10)
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Integrating relation (5.9) with respect to x3 yields
1
1
g (x) = / Ug(x', x3) dxs = uf (x',0) — Eaau3(x’) for £2-ae. x' € w,
0

from where (5.4) follows.

Step 3. Let us prove that the approximate gradient of u3, denoted by Vus := (djus, d,u3), and
the averaged planar displacement # := (i, u,) belong to BD(w). For any ¢ € Gg’o(w;Mfyff ,
according to the integration by parts formula in BD (see [8, Theorem 3.2]), we infer that

—/ aﬂqoaﬂﬁa dx’ = —/ aﬂqoaﬂua dx = / Pap dEaﬂu —/ PapUaVB dx2.
o Qr 2 082y

Since ¢ = 0 in a neighborhood of dw X% (0, 1) and v = +e3 on w x {0, 1}, we get that the boundary
term in the previous expression is zero. Therefore

—/ 08 Papile dx’ =/ Papap (1) dx+/ @ap (U] © Vu)agp dx? (5.11)
o Q2

u

which shows that # € BD(w). According to slicing properties of BD functions (see [1, Proposition
3.4]), for £1-ae. x3 € (0,1), the function (u;(-, x3),u2(-,x3)) € BD(w) so that relation (5.4)
yields in turn that Vuz € BD(w).

Step 4. We next establish that J, = (J3 U Jy; U Jvy;) x (0, 1). To this aim, let us define the functions
v := (Uq,uUz,u3) and g := (dyus3, d2u3,0). Since uz € SBV(w), u € BD(w) and Vusz € BD(w),
then clearly both v, g € BD(£2f), and

Jg = Jvuy x (0, 1). (5.12)
Moreover [2, Proposition 3.92 (b)] and [1, Proposition 3.5] imply that

Eu|(B/ (x'
Ja = x’ew:limsupM>O
0—0 Q

Dus|(B/ (x’
x’ew:limsuplmig()) >0},

, Sy, =
} "3 0—0 Q

and

Jy = O, = {x € £2r : limsup

0—0

|Ev|(Bo(x)
(7 )>0},

where B 1; (x") stands for the two-dimensional open ball of center x” and radius o, while B, (x) stands
for the three-dimensional open ball of center x and radius . Since v is independent of x3, then

Ty = (J5 U Juy) X (0.1). (5.13)

According to (5.12) and (5.13), it is thus enough to show that J, = J, U J,.
Let us also define the sets
|Eu|(B,(x))

O, = xe.(‘?leimsupi2 >0y,
0—0 o

Eg|(Bo(x
Of = {x € Q2r :limsupM >O§,
o—0 Q
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and recall that, according again to [1, Proposition 3.5], &, = J, and ®, = J,. Using the
expression of the displacement (5.4), we have u = v + (% — x3)g. Since u € L*®(£2;R?), then
v € L®(w;R3) as well, and the previous relation yields g € L™ (w;R?) with

1
lim —2/ |g|dy =0 forallx € £2f.
=00 Bo(x)

Consequently since Eu = Ev + (% —x3)Eg—e3 O g, wededucethat 27\ (O, UB,g) C 27\ Oy
i.e. Oy C Oy UBg and
Ju © Jy U Jg. (5.14)

We now prove the converse inclusion. From the relations v = u + (x3 — %)g and (% —X3)g =u—v,
and the fact that g is independent of x3, we similarly obtain that ®, C @, UBg and @, C @, UG,
which imply that

Jo\Jg C Ju, Jg\Jp C Ju. (5.15)

It thus remains to prove that
JoNJg T Ju. (5.16)

According to (5.10), (5.12) and (5.13), we get
(Jo N T\ Ju = ([(Ja N Ivuz) x (0. DI\ Ju € [(Ja N Ivuz) \ Sus] x (0. 1),
where we used that, since u3 € SBV(w), then Jy,; = Sy;. Assume by contradiction that
R2((Jy N Jg)\ Ju) > 0, (5.17)

then there is some x = (x’, x3) € (Jy N Jg) \ Ju with X’ € (Jz N Jvus) \ Su; such that vz (x') =
+vvy, (x7). Let us assume without loss of generality that vz (x") = vy, (x") =: v(x’), the other
case can be dealt with similarly. Since x” is a Lebesgue point of u3, then the one-sided Lebesgue
limits of u3 at x’ in the direction v(x’) are equal and coincide with its approximate limit. On the
other hand, since x’ € Jz N Jvu;, then the functions # and Vus admit one-sided Lebesgue limits
at x" in the direction v(x’). Next, from the expression (5.4) of the displacement, we deduce that
for all @ € {1,2}, the functions u, admit as well one-sided Lebesgue limits at x in the direction
(v(x"), 0). Gathering all previous informations, we get that the full displacement # admits one-sided
Lebesgue limits at x in the direction (v(x’), 0). Using the fact that x ¢ J,,, we infer that necessarily
[u](x) = 0, and thus, using again (5.4) yields

1
[ia] (X)) + (5 —X3)[8au3](x/) =0 foralla e {l,2}. (5.18)
We observe that, by (5.12) and (5.13), the sets J, and J, are invariant in the transverse direction,

and consequently (x’, y3) € Jy, N Jg for any y3 € (0, 1). Therefore if (x’, y3) & J, for some
y3 # X3, then reproducing the same argument as above implies that

[ie](x)) + (% — y3)[8au3](x’) =0 foralla € {1,2}.

Subtracting the previous relation to (5.18) yields [iy](x") = [dqu3](x’) = 0 for all @ € {1,2},
which is against the fact that x’ € Jz N Jvy,. As a consequence, (x, y3) € Jy for all y3 € (0,1)
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with y3 # x3. In addition, since x” € Jvy,, there is some « € {1,2} such that [0qu3](x") # 0, and
x3 is therefore given by

oo Lyl
2 Baral @)

Consequently, we have proved that

2 _

1 [ua](x)
JyNJ, Ju C " :x" € Ji N Jvu,, [0 ! 0, =4+ ——- =4
(JoN T\ Ju T szl {(x x3) 1 € Ja 0 9wy, [aua](x) 7033 = 5 + 5=
The set A is Borel measurable, and, for each x’ € Jz N JVus, its transverse section passing through
x’, denoted by A*" := {x3 € (0,1) : (x’,x3) € A} is reduced to at most two points. Since the
set Jz N Jyu, is countably ¥ L-rectifiable, [22, Theorem 3.2.23] ensures that ¥2 ((Ja N Jvuy) X
0,1)) = (R (Jz N Jvuz)) ® (L1L(0, 1)), and Fubini’s Theorem yields

%2(A4) :/ L1 Ay d®r' () = 0,
Ja ﬂ]vu3
which is against (5.17), and therefore completes the proof of (5.16). Gathering (5.14) — (5.16) leads

to Ju, = Jy U Jg, and thus J, = (Jz U Jy; U Jvu;) x (0, 1).

Step 5. We complete the proof of the proposition by establishing that # and Vus are actually
SBD(w) functions. Indeed, since we know that J, = I' x (0, 1) for some countably ¥ !-rectifiable
set I' C w, equation (5.11) reads

1 1
—/ 080apila dx’ = / Pap (/ eqp (1) dX3) dx’ +/ Vap (/ ([#] © vr)ap dX3) dx!,
[} %) 0 r 0

which implies that eqg () = fol eqp (1) (-, x3) dx3 by uniqueness of the Lebesgue decomposition,
and that the singular part of E# is concentrated on a countably ¥ !-rectifiable set. It follows from [1,
Proposition 4.7] that # € SBD(w) and the same can be said, therefore, first for Vu3z and then for
@ (. 0).u3 (. 0)). 0

Propositions 5.1 and 5.2 suggest one to define the limiting space of all kinematically admissible
displacements by

QRir := Ju € SBD(£2r) : ||u||Loo(_q_/.;]R3) <M, uz € SBV(w) N L™ (w)
with Vuz € SBD(w) N L°(w:;R?),

1
U (X', x3) = g (x') + (5 - X3)8au3(x/) for £3-ae.x = (x',x3) € 27, (5.19)

where & := (i1, 2) € SBD(w) N L*°(w;R?),

and J,, = (J3 U Jy; U Jyys) x (0, 1)}. (5.20)
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5.2 I'-limit in the film
For each ¢ > 0, let us define the functionals 88f and 8{; : L2(25;R?) — [0, +00] by

8f(u) | Ec(u,2r) ifue SBD(L2y) and ||u||Loo(9f;R3) <M,
¢ T 4o otherwise,
and
Arp ~ B ) .
/ [#eaa(u)eﬂﬂ(u) =+ Mfedﬁ(u)eaﬂ(u)} dx/
f +2
A
&l () := v i"zf eaa(Vuz)egs (Viis) +Mfeaﬂ(vu3)€aﬁ(Vu3):| &
+Kf}€ (J U Ju3 U JVu3) ifue @KL,
o0 otherwise.

Theorem 5.3 The sequence of functionals (Sg )e=o I -converges to 8({ with respect to the strong
L?(2y;R3)-topology.

Proof. Step 1. We start by deriving a lower bound inequality, i.e., for any u € L?(£2y;R?) and any
sequence (#;)s>0 C L?(27;R?) such that u, — u strongly in L?(£2y; R?), then

. f
]lél:Il)l(l)’lng(llg) = &) (u).
If lim inf, 8{ (us) = 400, the result is obvious. Otherwise, up to a subsequence, we can assume

that
lim &/ (ue) = liminf &/ (u,) < oco.
e—>0 e—>0

By virtue of the above energy bound, we can assume without loss of generality that the conclusions
of Propositions 5.1 and 5.2 hold so that u € Q.. Using a very similar argument as that used in the
proof of the lower bound in Theorem 4.1, combined with the lower semicontinuity of the surface
energy established in (5.2), we obtain that

. Arig 2
]161:Il>1(l)’leg(llg, 2r) = /Qf [meaa(u)eﬁﬂ(u) + preqg(u)eqg () | dx + kpH=(Jy N 2f).

According to (5.19), we get that

1
/ €ap (”)eaﬁ (u)dx = / [eaﬁ (ﬁ)eaﬁ (@) +2 (5 - X3) €ap (ﬁ)eaﬁ (Vus)
2 2

2
+(57m) eon(Vunens(Vum ] ax

/ up (@)eqp (i) A’ + =

D €aﬁ (Vus)eqs(Vusz) dx',

and similarly for the other term

1 /
/.Q_,- eqa(u)epg(u)dx = / eaq()egp () dx" + lz/eaa(Vu3)e,gﬁ(Vu3)dx.
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Therefore (5.20) yields the announced energy lower bound.

Step 2. We next derive an upper bound through the construction of a recovery sequence, i.e., for
every u € L?(£27;R3), there exists a recovery sequence ().~ C L*(£2;R?) such that u* — u
strongly in L?(£27;R?), and
lim sup &/ (1) < &/ (u).
e—0
If u ¢ Qgr, then 8({ (u) = 400 and the result is obvious. It therefore suffices to assume that
u € Qgr. We now define a recovery sequence () )s>o. For £3-ae. x = (x',x3) € 2 and all
e >0, let
ul(x',x3) = ce(u(x) + (0,0, 82X3h8(x/))),

where (h¢)¢>0 is a sequence in C2°(w) such that
Ar ) . .
he — —mew(u) in L*(w), gl_r:})$||th||L2(w;Rz) = gLr)I})s||hg||Lm(w) =0, (5.21)

and
M

M+ ||| oo ()

Ce -

Clearly, uy € SBD(§2y) and ||u; || o (2, r3) < M. Using (3.3) we get that

2
et 20 =% [ [Areaa(ens @)+ 2reup (e @] dx
f

2
¢
+ 2—;2 [Zkfeaa(u)szhg + /Lf84x§|Vh8|2] dx
2r

e
Ce 417 12
+ 55 /Q/_(Af + 2up)e* |he | dx.
Thus, since ¢, — 1 and according to the convergence properties (5.21), we get that

: . 1 2Ar iy
sll_f)% Je(ug, 27) = 5 /.Qf [meaa(u)eﬁﬂ(u) +2ureap(u)eqp(u) | dx.

Concerning the surface energy, since Jy,x = Jy = (Jz U Jy3 U Jyyuz) X (0, 1) it follows that

/Q/'m"u;‘

which completes the proof of the upper bound. o

1
((%;)C E(Vug)?:)‘ d®? = ’H’,l(.],; UJdyy U Jvu3),

6. Multifissuration: debonding and delamination vs. transverse cracks

In this section, we consider the full model of a film §2y deposited on a substrate §2; through a
bonding layer §2;, and we assume that both §2 and £2 can crack.
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6.1  The anti-plane case

Following [32], it is assumed that the geometry is invariant in the direction e, i.e., ® = I x R,
where I is a bounded open interval, and that the admissible displacements take the form

u(x) = u(xy,x3)es.

In this case the elastic energy reduces to

o = [

(91ul® + 72(35ul?) dxy dxs + 22 (e2[01ul* + [83u?) dx; duxs,
1x(0,1) 2

Ix(—1,0)
and the total energy is given by

Ee(u) = Je(u) + Kf/ (V). 67 (v)3)| AR

JuN[Ix(0,1)]

+ / (e()1, (v)3)] dK
JuN[I x[—1,0]]

The natural functional setting is to consider (scalar) displacements in the class
@ :={ueSBV{ x(=2,1)) :u =0 &2-ae.in I x (=2, —1) and [|u]Loorx0.1)) < M},

where M > 0 is an arbitrary fixed constant.
In [32], the following one-dimensional energy, defined for all u € SBV([), was proposed as an
approximation of the previous two-dimensional energy

Eo(u) := 'u?f /1 |u'|? dx; + % " [ul? dx1 + kp#(Jy) + kp L' (Aw),

where A, := {Ju| > +/2kp/up} is the delamination set. An easy adaptation of the proof of [33,
Theorem A.1] justifies rigorously this conjecture through the following I"-convergence type result.

Theorem 6.1 Letu € SBV(I), then
o for any sequence (ug)g>o C Q satisfying us — u strongly in L>(I x (0, 1)), then

Eo(u) < liminf Eg(u,);
e—>0

o there exists a recovery sequence (Uy)g>0 C @ such that u* — u strongly in L*>(I x (0, 1)), and
Eo(u) = liminf E¢ (u¥).
e—0

Let us observe that if u, is a sequence of minimizers of ES (under suitable loadings), the
(characteristic function of the) delamination set A,, is constructed as the L!-limit of the orthogonal
projection of the jump sets J,,, onto the mid-surface {x3 = 0}. In particular, the vertical cracks in
the bonding layer do not contribute to delamination.
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6.2 The general case

We conjecture that Theorem 6.1 can be extended to the general three-dimensional vectorial case. In
this situation, the space of kinematically admissible displacements is given by

R := {u € SBD(2) :u =0 £3-a.e. on 2, and el Lo (2, m3) < M}
Let us define the energy functionals 8, and 8¢ : L2(£2;R3) — [0, +o0] by

E.(u) ifueg@,

Ee(u) 1= +00 otherwise, o
and
/ [Mew(ﬁ)eﬁﬁ (@) + Mfeaﬁ(ﬁ)eaﬁ(’_’)} dx’
o LAs +2ur
8o(u) = +5 /w [%emwﬁew (Vuz) + ps eap (V””e""’(w”} o
+% /w\A | dx" + kR (Ja U Juy U Jvus) +ip£7(4) if u € Qg
oo otherwise,

where the delamination set is defined by

X' ew:lux")| > iﬂ}u{x’ew:m#o}. (6.2)
V' 16

We expect & to be the I"-limit of &, as ¢ — 0, but have been unable to prove the corresponding
lower bound inequality:

A=

Conjecture 6.2 [fu € L?(2;R3) and (uc)e=0 C L*($2;R3) is any sequence converging strongly
touin Lz(.Qf; R3), then
8o(u) < liminf &, (u,).
&—>0

Our aim here is only to prove the I"-lim sup inequality and to present some partial results and
techniques which could be relevant in future investigations of this problem.

Proposition 6.3 For every u € L*(2;R3), there exists a sequence (u*¥)e=o C L?(£2;R3) such
that u¥ — u strongly in L*(27;R3), and

8o(u) = limsup 8, (u}).

e—>0

Proof. If u & Qgr, then Ep(u) = +o00 and there is nothing to prove. Therefore, we assume from
now on thatu € Qgp.

Step 1. In order to define the recovery sequence, we start by approximating the delamination set
defined in (6.2) by a sequence of sets of finite perimeter. Let (0,;)men be a standard sequence of
mollifiers in R?, and set y,,; := pm * xa. We know that y,, — ya strongly in L!(w). Set

$m = V lxm — xalpt@ — 0.
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By the coarea formula [2, Theorem 3.40], for every m € N large enough, there exists % <ty <
1 — 6, such that
Am =X €w: ym(x) > tn)}

has finite perimeter. We claim that

XA — X4 in L' (). (6.3)
Indeed,
2 1 / 1 /
LA\ A) £ — Xmdx' < — |xm — xaldx" — 0,
tm J Am\& Im Jam\A
and

L2(A\Ap) S L2(X € At ya(x) =Tand ym(x') < 1—=35p))

1
$—/ |XA_Xm|dx/$8m_>Ov
Sm A

hence [l xa — xam L1 @) = £2(Am \ A) + £2(A\ Ay) — 0. In addition, it is possible to find a

sequence &y, "% 0 such that emRL(0* Ap) "7 0. With a slight abuse of notation, we refer to
the sequences (&,,) and (A,,) simply as (¢) and (A,) and henceforth assume that

lim eR1(0*A,) = 0. (6.4)
&e—

As in the proof of Theorem 5.3, we consider a sequence (/;)s>0 C C2°(w) satisfying (5.21).
We now define the recovery sequence by setting, for all ¢ > 0 and for £3-a.e. x = (x/, x3) € £,

ce(u(x) + (0,0, e%x3he(x")) if (x', x3) € 27,
uy(x',x3) = | ce(xs + 1)(a(x’),0) if (x',x3) € (w\ Ag) x [-1,0],
0 if (', x3) € (Ae x [=1,0]) U 25,
where
M
= > -1
M + &2 he|| Lo (@)

Ce

Since the set A, has finite perimeter in w and u3 € SBV(w;R?) N L% (w;R?), then according
to [1, Theorem 3.84], we have u3 y,\ 4, € SBV(w;R?). Similarly, since & € SBD(w)NL>®(w; R?)
then #xy\a, € SBD(w). Indeed, according to [16, Theorem 3] (see also [30, Theorem 3]), there
exists a sequence (itx ) ke in SBV(w;R?) such that ity — i strongly in L?(w;R?), e(ity) — e(it)
strongly in L2(w; M22), ®! (Ja, \ Ja) + ®1(Ja \ Jay) = 0, and Jlig || oo uiz2y < il oo qoim2).
Using again [1, Theorem 3.84], we get that itx y,\a, € SBV(w; IR?). Since this sequence satisfies
the assumptions of the compactness theorem of [10] in SBD and utg y,\ A, — U)p\A, Strongly in
L?(w;R?), we deduce that 1 y,\ o, € SBD(w) as required.

As a consequence of the previous discussion, u* € SBD(2), u} = 0 £3-ae. in §25 and
ek ||Loo(_Qf;]R3) < M which ensures that #} € Q. The sequence (u} )¢~ is thus admissible, and

clearly u* — u strongly in L?(227; R?).
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Step 2. Arguing as in the proof of Theorem 5.3, we get that

limsup Eg(u;, 2f) < 8({(14).
e—0
It thus remains to compute the energy associated to this sequence in the bonding layer. First, the
bulk energy in the bonding layer gives

2.2
cie

Ja(u:wa) = 2

/ (65 + 12 Apeaa(@eps @) + 2upeas @eas @) | dx
(@\Ag)x(—1,0)

C2
+ Slub/ |l_l|2dxl,
2 w\Ag

and thus
lim sup Js (u?, 2,) < @/ || dx’.
2 w\A

e—>0

Concerning the surface energy in the bonding layer, we first observe that for each ¢ > 0,
Jur 02 C [J,; x [-1,0]] u [As x {0}] u [({(u3, Vuz) # 0} \ Ag) x {0}] U [a*Ag x [-1,0]],

where 0* A, stands for the reduced boundary of A, [2, Definition 3.54]. Let us observe that w \ A C
{uz = 0} T {(u3, Vuz) = 0} since, by locality of the approximate gradient, Vuz = 0 £2-a.e. in
{us = 0} (see [2, Proposition 3.73 (c)]). Then

lim sup/ [(euz)'. (vy)3)| d®?
Ju? N2y

e—>0

< lim sup [e%l(J,;) + £2(A) + £2({(us. Vuz) # 0} \ A,) + 8%1(8*A8)] — £2(A),

e—>0

thanks to (6.2), (6.3) and (6.4). O

6.2.1  Partial results for the lower bound. Letu € L?(£2;R?), and (u;)e~0 C L?(2;:R3) be
a sequence such that u, — u strongly in L?(£2y;R?). If liminf, 8(u;) = +oo there is nothing
to prove. Otherwise by (6.1), up to a subsequence, we can assume without loss of generality that
(ug)e>0 C @, and that

sup Eg(u;) < 4o0. (6.5)

>0
As a consequence, all the compactness results in the film £2; established in Section 5.1 hold. In
particular, Propositions 5.1 and 5.2 show that # € Rk, and the lower bound established in Theorem
5.3 yields the terms in 8¢ () corresponding to the energy in £2¢. The main problem is to deal with
the bonding layer. Following the scalar case treated in [33], it is enough to show that the energy in
£2j is bounded from below by some functional where the delamination set is replaced by a function
0 € L*°(w; [0, 1]), which can be interpreted as a delamination volume fraction density. On {6 = 1},
the film is entirely debonded from the substrate, while on {# = 0} it continuously accommodates
the prescribed zero displacement on the substrate exactly as in the Sobolev case (Theorem 4.1). All
intermediate states are contained in the set {0 < 6 < 1}.
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Proposition 6.4 Assume there exists 6 € L™ (w; [0, 1]) such that (1 — 0)uz = 0 £2-a.e. in w, and
Ky / (1 — 6)a|? dx’ + «p / 0 dx’ < liminf Ex(uz, 2p). (6.6)
2 Jo o £—>0
Then

(ol
2

where A is the delamination set defined in (6.2).

/ | dx’ + k5 £%(A) < liminf Eg(ue, 23),
o\A e—>0

Proof. By assumption, we have that
. M“b — N2 ) ’ s
min —(1 - X K dx’ < liminf E , $2p).
/a>{77€[0,1]:(17:7)u3(x/)=0}( B ( r))|u( )| + kpn 18_)10 e(ua b)
The result follows by solving the pointwise minimization problem explicitly. O

The main point is to construct such a function 6. As in the scalar case [33], 6 is supposed to be
obtained as the L*°(w)-weak* limit of a sequence (4, )s>0 of suitable measurable sets A, C w.
However, it is unclear what is the right notion of an e-delamination set A, in the vectorial case.
In particular, the following example shows that vertical cracks in the bonding layer cannot be
neglected, so it is not enough to define A, as the orthogonal projection of J,, onto the mid-plane
w x {0}, as in the anti-plane and in the Sobolev case (Thm. 6.1, [33, Prop. B.2], and Thm. 4.1).

EXAMPLE 6.5 (Microstructure example) Suppose that w = (0,1)? and ¢ = ﬁ for some N € N.
In the film, set
ugs(x) =u(x) =1(0,£,0) forall x € 2.

In 25 set, foreachi =0,...,N —landall 2ie < x, < (2i +2)g, -1 <x3 <0< x; <1,
—2i
ug(x1, X2, Xx3) = (0,6(1 + x3),Lev (u 1+ xs)) ,
£

where v € H'! ((O, 2) x (0, 1)) is any function such that v(s,0) = v(s,1) = 0 Vs € [0, 1] and

2 1
g ;:7[ / (1 + 35v) + 20,v%) dsdr < 1.
§s=0 Jt=0

If A, is defined as 7w (Jy, N §2), then

qupt?

> 6.7)

/Q (zﬂbea3(us)ea3(”8) + 872:“’1)633(”8)633(”8)) dx + Kb£2(As) =
b

On the other hand, if A = {|u| > /2kp/up} is the expected limit delamination set, then

wpt* it 1< . /2
/ \a Bruata d¥' +kp£2(8) = ! 6.8)
w

Kp it 0> /3%,
Mp

2 [2
Choosing £ € ( ﬂ, ﬁ) shows that (6.8) is not always a lower bound for (6.7). O
Kb qip
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Regardless of the notion of an e-delamination set A, one tries to define, it is convenient to
impose that it should contain the set

Py = n(Ju, N 82r),

where 7 : R? — R?, 7(x) := x/, is the orthogonal projection onto R? x {0}. On the one hand,
there is no loss of generality in doing this, since it converges to a Lebesgue negligible set. Indeed,
according to the coarea formula (see [2, Theorem 2.93]) and the surface energy bound (6.5) in the
film, we have

2P < [ W02 nx e = [ jealan < ce o
R2

Jug N2y

On the other hand, excluding P, enables one to slightly improve the convergences in the film,
as in the following lemma which proves the convergence of the planar gradient of the anti-plane
displacement.

It will be assumed henceforth that u, € SBV?(£2;R?) and that J,,, is closed in £2 and contained
in a finite union of closed connected pieces of @! hypersurfaces. In doing this no generality is lost,
thanks to the density result in SBD of [16, Thm. 1]. In particular, we have that u, € H'((w \ P;) x
(0, 1); R3).

Lemma 6.6 Let (Ag)c~0 be a sequence of closed sets be such that P, C Ag for each ¢ > 0.

Assume that there exists a function 0 € L*(w; [0, 1]) such that y a, gy weakly* in L*°(w), and
(1 —0)us =0 L2-a.e. in w. Then

Yora, 0 ()3 — 0 weakly* in L?(w; H™'(0, 1)).

Proof. First note that for £2-a.e. x’ & P, and £'-a.e. x3 € (0,1)

£ (x) = /0 B (ue)3 () ds + (e)a () — ()} (x'.0)

x3
= / [00 (ue)3(x".5) + 03 (ue)a (X', 5)]ds = 2/ eq3(ue)(x’, s) ds.
0 0
Thanks to the bulk energy bound (6.5) in the film (see also (5.3)), we have that
I€a L2 (@\ae)x(0.1)) < 2lleas(@s)llL2(2,) < Ce — 0. (6.9)
Integrating (6.9) we obtain that also ||E§ l22(w\a,) = 0, where
_ 1 1 rx3
LE(x) = / CE(x', x3)dxs = / / 00 (Ue)3 (X', 5) ds dxs + (lhe)g (x) — (ue) T (x', 0)
0 o Jo
and (7)) (x') := fol (ue)e (X', x3) dx3. As a consequence,

(U)o (x) = (ue)? (6, 0) — /O 8 ()3 (', ) ds + 5(x)

1 X3 X3
— (@)alx) + /0 /0 B ()3 (', 5) ds doxs — /0 B (4e)s (' 5) ds + 7E. ().
(6.10)
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where |05, |22 @\ 4¢)x(0,1)) = O-
On the other hand, for £3-a.e. x € $2r, let us define the sequences

x3
go(x', x3) = Xw\Ag(x/)/ 00 (ug)3(x’, s)ds,
0

1 X3
2 (0) = Fora, () / / B ()3 (', ) ds s,
0 0

From (6.9) and the a priori bound ||u5||Loo(Qf;R3) < M, we get ||g§||L2(9f) < C for some constant

C > 0 independent of &. Therefore, up to a subsequence, g5 — go weakly in L?(£2y) for some

8o € L%(2f). In addition, g& — g, weakly in L?(w), where g4 (x') := fol o (X', x3) dxs.
Multiplying (6.10) by e\ 4, leads to

(Ue)a (%) Yo\, () = (fe)a (X)) Y4, (X)) + &6 (x') — ga (x) + 75 (x),
where |77 |12 (2,) — 0. Passing to the limit as ¢ — 0 finally yields
(1 - 9()6/)) (ua(x) - ﬁa(x/)) = ga(x/) — ga(x),

and according to the structure (5.19) of planar displacements, we deduce that
1 _
(5-5) 1= 6D Rs ) = 20a') (o),

Since by assumption u3 = 0 £2-a.e. in {# < 1}, we get by locality of approximate gradients of
SBYV functions (see [2, Proposition 3.73 (c)]), that Vus = 0 £2-a.e. in {# < 1}, hence g4 (x) =

Za(X'). As a consequence, yp\a, 0o (Us)3 = D3gE A D3gy = 0 weakly* in L?(w; H71(0,1)).
O

An alternative to the definition of A, as the orthogonal projection of J,, onto @ x {0} is to
consider its projection along certain almost-vertical oblique directions. Define the unit vectors

1 1
gt = —(£1,0,1), = —(0,%1,1),

V2 V2
and their rescaled versions
1 1
+ -1 + -1
= —(£1,0,¢ , = —(0,%1,¢ .
Sa \/i ( ) e «/E ( )

Denote by T+ (resp. n”i) : R3 — R? the projection onto {x3 = 0} parallel to the vector “g';t
(resp. nF), i.e., for x := (x',0) + t£E (resp. x := (x',0) + tnF), then nsi(x) = x’ (resp.
L (x) := x'). Finally, consider the set

A = g (Jue 0 (00 X (=2,1) ) Ute (Ju, 0 (@0 % (=2, 1))

U n;g—(J,,g N (we x (=2, 1))) Uy (J,,S N (e x (=2, 1))) U Ps.
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where w, 1= {x’ € w : dist(x’, dw) > 2¢}. Up to a subsequence, it can be assumed that
XA, N weakly* in L (w) for some 6 € L (w; [0, 1]).

Using the decomposition

(e0u)s u)3) = Sleut + (a3 + ~leu)s — Gu)al + 62l(vu)al?

2 2
1 1
= §|8(Vu£)2 + (Vup)s)* + §|8(Vug)2 — (vu)3)* + &2 (Va1 1%,

it is possible to prove that

liminf/ |(e(vu,)s (Vup)3)| dR? = l/ 6 dx’,
Juo N2 8 Jw

e—>0

which shows that ||6]|11 ) is controlled (up to a multiplicative constant) by the fracture energy
in the bonding layer. The constant 1/8, however, is not optimal, since in order to obtain (6.6)
that prefactor should not be present. In most situations (e.g., if the sets w(J,, N £2p) have
uniformly bounded perimeters) it should be possible to obtain the optimal lower bound, but there
are pathological cases (such as the microstructure Example 6.5) where f » 0 dx’ is larger than the
fracture energy on the left-hand side (because each vertical crack is counted twice in A, which is
defined as the union of all the oblique projections).

Be it as it may, by including in A, the oblique projections of the cracks inside the bonding layer,
one is able to obtain an optimal estimate for the elastic energy required by the body to accommodate
the strain mismatch between the deformations in the film and in the rigid substrate. Before proving
this final estimate, we need two preliminary technical results concerning sections of BD-functions
along the oblique directions defined above. For £2.ae. x' € w, and Ll-ae. t € (—2«/58, «/Es),
define the functions

)} () = we((L0) + 185 ) - 65 @) o) = ma((.0) + 1) - n
Lemma 6.7 For £%-a.e. X' € w, \ Ag, we have

(ug);‘/i € H'(—v/2¢,V2¢) and (us);; € H'(—2¢,V2e),
with (ua);‘/i (—+/2¢) = (us);; (=~/2¢) = 0, and

x3 > (ug)3(x', x3) € H'(0,1).
Proof. Let us denote by

Myp={{cR’: (£ =0}

the plane orthogonal to ’§;t passing through the origin, and, for y € I1, +, we define

.ngét ={teR:y+1f e
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According to slicing properties of functions of bounded deformations (see [1, Theorem 4.5]), we
know that for ¥2-a.e. y € I1, +, the function

t > up(y +1£F) - &F belongs to SBVz(QEyi),

and its jump set is contained in

{te.QEyi:y+t‘§;teJ,,g}.

Let us denote by N + c II + the exceptional set of zero ®? measure on which the previous
properties fail. Since n + are LlpSChltZ functions, it follows that the sets Z =T i(N i) Cw

are £2-negligible as well Consequently, for all X’ € w, \ Z + (and thus for £2ae x' € wg) we
have that

(ua);; € SBV?(—22¢, V2¢),
and its jump set is contained in
{t € (—2v2e,v2¢) : (x',0) + 1EF € Ju, ).
By definition of the set Ag, if X’ € w, \ Ag then (x/,0) + t&e & Ju. N [we x (=2, 1)] for all
t e (—2\/_8 V/2¢), and therefore (u@)"jE € H'(—2+/2¢, V/2¢) for £2-a.e. x' € w, \ A,. In addition

since (us) = =04&Mae. in (— 2«/—8 —«/—8) it follows that (us)xi( V/2¢) = 0. The statement

concerning the vectors 5 = can be proved in an analogous way.

According again to slicing properties of functions of bounded deformations, we have that for £2-
a.e. x’ € w, the function x3 > (u)3(x’, x3) belongs to SBV?2(0, 1), and its jump set is contained
in {x3 € (0,1) : (x’,x3) € Jyu,}. As a consequence, for £?-a.e. x € w \ A, the function x3 >
(ug)3(x’, x3) belongs to H1(0, 1). O

The following technical result will be useful in the argument leading to a partial bulk energy
lower bound.

Lemma 6.8 Let 9 € [0,27), p := cos ¥, q := sin ¥}, and define the unit vectors

1 1
Ei = E(ipa :|:q, 1)a ﬂi = E(:qu :l:p’ 1)

For any matrix A = (a;j)1<i,j<3 € Mg’;,ft, we have the decomposition

1
A? = |AET-ETP +|AE™ - P+ AnT - n P +An” - p7]? - E(UA)2
1 1
+ §|C]26211 + p*az — 2P6]alz’2 + —|P2011 +q%axn + 2pqalz|2

+2|(p*>—¢ )a12+pq(a22—a11)| 1(a33+(a11+a22) )-
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Proof. Letus define £ := &7 A&~ = (¢.—p.0) so that {£T, &, &,} is an orthonormal basis of
R3. Then the family

(6T QT 6 ®E .60 & V2ET 0. V2(6” 0 ). V26T 0 &)}

defines an orthonormal basis of the set M?;‘;:’,, and Pythagoras Theorem ensures that

AP =4 ETQEDNP+HA:E QEDP+14: (5@ &)
+2(4: (ET0E)P +204: (T 08P +2l4: ET o0&
= [AET - ETP 4+ |AET &P+ |AEo - £l
+2/AET - EoP + 21487 £o)? + 21457 £

The conclusion follows from a straightforward computation of each term. O

We now prove a partial bulk energy lower bound.
Lemma 6.9 Assume that Ay, = up. Then (1 — Q)uz = 0 £2-a.e. in w, and

2

X3
1imiane(u8,9b)>ﬂummf/ ua(x)—i-/ e (e)s(x',s)ds| dx.  (6.11)
e—>0 2 (@\4)x(0,1) 0

e—>0

If in addition the sequences (dq (1g)3)e>0 are bounded in L?($2y), then
. Hb ~12 1/
liminf Jg(ue, $2p) = — [ (1 —0)|u|”dx’.

e—>0 2 Jo

Proof. Let us denote by

ser1(ug) sera(ue)  era(ug)
Ay = | eea(uy) eexn(us)  exz(ug)
e13(ug)  exs(ue) e 'ess(ue)

the scaled strain so that

A
Jo(itg, 2) = 71’/

2p

tr(A,)% dx + ub/ |Ag|? dx.
2p

According to Lemma 6.8 with the angle % = 0, we get that
Ay —
Je(ue, 2p) = M/ tr(Ag)? dx
2 2
+ Ko /Q [|AET 717 + A 6717 + |Aen™ -0 P + [Aen™ -7 ?] dx
b

> ub/g [AE™ 672 + |4k £ + |Aert -7t + | Aer™ - P] dx,
b
(6.12)
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since A = wp. It remains to compute each of the four terms in the right hand side of the previous
expression. Let us start with the first term. Changing variable x = (y’,0) + s& ;r (with dx =
(v/2¢)~1 dy’ ds), and using Fubini’s Theorem, we get that

/ |Aas+«s+|2dx>eZ/ VuokF £ d
2p (we\Ag)x(—1,0)

0
> 2 / f Ve (0, 0) + s&F)8 &5 sy,
we\Ag _ﬁe

According to Lemma 6.7, since (ua)z/j € H'(—+/2e,/2¢) and (u@);;E (—+/2¢) = 0 for £2-a.e.
Y €w)\ Ag, we get that

/Q” AT gz /we\Ag][
/ws\Ag ffg (', 0) + s&) - £ 1ds

1 2
— d /’
! /w Y
where u_ (-, 0) denotes the lower trace of u, on w x {0}. Using again Lemma 6.7, the function

(ug)z:rs € H'(—+/2¢, v/2¢) does not jump at ¢ = 0. Thus according to [1, Theorem 4.5 (iv)], it
follows that

2

[us((y 0) +s£)- £ dsdy’

2
/

(ue)7 (y 0) + - (us);(y/70)

(ug)] + 8_1(u5)§ = (u,;)iIr + e_l(ua);|r K2-a.e. on w x {0},

and therefore,

1 1 2
[oagtepaz g [ af0l0 - teafeho] ot 6
2 we\Ae €
Analogously, we can show that
1 1 2
[ g Pz [ a0l - Swioto) o 6
2 we\Ae €
1 1 2
[t tacz g [ Jaien0 s aotolo) ot 619
2p 4 we\Ae €
1 1 2
/ |[Aen™ -7 |?dx = Z/ (ue) (v',0) — —(ue)T (v, 0)| dy'. (6.16)
2p we\Ag €

Summing up (6.13), (6.14), (6.15), (6.16) and using (6.12) leads to
b Hb
Jue 2= 2 [ o owoioh 0w + 52 [ jeienoray 6
2 we\Ag 8 we\Ae
Since P, C A, Lemma 6.7 together with the fundamental Theorem of calculus yields,

/ |ue)3 (¥, x3) — (o) (¥, 0)|* dx < 4 / leas(ue)|* dx < Ce*. (6.18)
(@\Ag)x(0,1) 2
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In particular, (6.17), (6.18) and the energy bound (6.5) ensure that

/ |(u8)3|2dx < Cé?,
(we\Ag)x(0,1)

which implies, letting & — 0, that (1 — #)u3 = 0 £2-a.e. in w. Therefore Lemma 6.6 shows that

Xo\A, 0o (Ug)3 20 weakly* in L2(w; H~1(0, 1)). In addition, since P, C A, we can use (6.9)
and the fact that (uz)q —> ug strongly in L2(£2f), to obtain (6.11).

Assume now that the sequences (dy (1¢)3)e>0 are bounded in L2(2 '#). Then the convergence of
the planar gradient improves to x,\ 4, 0 (4s)3 — 0 weakly in L?(£2y), and thus (6.11) gives

liminf J, (e, 25) = @/ (1= 6)ul? dx = ﬁ/(l — )l dy,
e—0 2 2 2 @

since 6 is independent of x3. O
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