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For a bounded smooth domain in the plane and smooth boundary data we consider the minimisation
of the Willmore functional for graphs subject to Dirichlet or Navier boundary conditions. For H2-
regular graphs we show that bounds for the Willmore energy imply bounds on the surface area and on
the height of the graph. We then consider the L!-lower semicontinuous relaxation of the Willmore
functional, which is shown to be indeed its largest possible extension, and characterise properties
of functions with finite relaxed energy. In particular, we deduce compactness and lower-bound
estimates for energy-bounded sequences. The lower bound is given by a functional that describes
the contribution by the regular part of the graph and is defined for a suitable subset of BV (§2). We
further show that finite relaxed Willmore energy implies the attainment of the Dirichlet boundary
data in an appropriate sense, and obtain the existence of a minimiser in L°° N BV for the relaxed
energy. Finally, we extend our results to Navier boundary conditions and more general curvature
energies of Canham—Helfrich type.
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1. Introduction and main results

The present paper is intended as an analogue for the Willmore functional of the BV -approach
of minimising the non-parametric area functional under Dirichlet boundary conditions (see [20,
Theorem 14.5]). We therefore consider for two-dimensional graphs I” C R? the following

(© European Mathematical Society 2017
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combination of Willmore functional (cf. [33, 34])" and total Gauss curvature

|
W, (I = Z/FHZdS—y/FKdS,

where y € R is a constant, H and K denote the mean and Gauss curvature and are defined as
the sum respectively the product of the principal curvatures. Morover, dS means integration with
respect to the surface area measure (i.e. with respect to the two-dimensional Hausdorff measure).
For simplicity we call W, Willmore functional also for y # 0.

We investigate how and to what extent a direct method of the calculus of variations can be
applied to the respective minimisation problem, subject to boundary conditions. We therefore need
to identify a suitable class of functions and a suitable generalisation of the Willmore functional that
allow for compactness and lower semicontinuity properties.

1.1 The Willmore functional and boundary value problems for the Willmore equation

Let 2 C R? be a bounded domain with a C 2—b(EndaIy and exterior unit normal field v, let ¢ :
2 — R be a sufficiently smooth (at least ¢ € C?(£2)) boundary datum, and fix a parameter y € R.
Our aim is to minimise the Willmore functional ‘W, in the class of graphs

I'(u) = {(x,u(x)) | x € 2}

of suitable functions u : £2 — R, and subject to a boundary condition. Letting H (x) := H (x, u(x))
and K(x) := K(x,u(x)) denote the mean and Gauss curvature of I"(#) in (x,u(x)) and noting
that the surface area element for integration over the graph is given by /1 + |Vu|?dx we therefore
consider

Wy (u) == W, (I'(u)) = %/ﬂ H? \/1+|Vu|?2dx — y/ﬂ K 1+ |Vu|?2dx (1)

either in the classes

_ ad 0
{u:.Q—)R:uz(p, —uz—(ponB.Q} 2)
v av
of clamped graphs or o
{u: 2 —>R:u=¢ond2} 3)

of hinged graphs, respectively (see also Section 2 below for an introduction to the differential
geometry of graphs). According to [27], y € [0, 1] is a physically relevant condition, which implies
that %H 2 — yK = 0. We expect that this condition — among others — will be needed to ensure
regularity of a minimiser of W,. For the compactness and lower semicontinuity properties stated in
the present paper, however, we allow for arbitrary y € R.

In order to explain the notion of Dirichlet and Navier boundary value problems for Willmore
surfaces let us assume that we have a smooth minimiser of W), in the class (2) or (3), respectively. In
the first case, i.e. considering a minimiser in the class of clamped graphs, one would have a solution
for the Willmore equation

1
Ap(u)H+2H<ZH2—K):0 in Q (4)

! This functional had indeed shown up already at the beginning of the 19th century. For historical and mathematical
background information on the Willmore functional one may see [26, 27].
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under Dirichlet boundary conditions

u  do
u=g, 5 3y on 052, 5)
see [27, (25)]. Here A ) denotes the Laplace-Beltrami operator on I”(u) with respect to the first
fundamental form. According to Remarks | and 2 below the shape of §2 and the Dirichlet data
(5) completely determine [, K /1 + |Vu|? dx. So, in order to solve the Dirichlet problem, the
parameter y does not play any role and without loss of generality we may restrict ourselves to
minimising Wp.
Let us assume now that u is a smooth minimiser for W), in the class (3) of hinged graphs. Such
a minimiser then solves the Willmore equation

1
Ap(u)H+2H<ZH2—K):0 in Q (4)
under Navier boundary conditions

u=¢, H=2«y on d52. (6)

Here, x denotes the normal curvature of the boundary curve a1 (1) with respect to the upward
pointing unit normal vector field N := ﬁ (=Vu, 1) of I'(u). The second boundary condition
u

H = 2ykpy arises as a natural one due to the larger class of admissible comparison functions,
see [27, (32)]. The case y = 0, i.e. prescribing H |3 = 0, is special since here one may just seek
solutions of the minimal surface equation subject to the boundary condition u|ye = ¢|je, see,
e.g., [19, Sect. 14] or [20]. A recent paper by Bergner and Jakob [7] ensures that one even does not
miss solutions when using this approach.

These observations motivate speaking of Dirichlet and Navier boundary conditions in
Sections 5.1 and 5.2 respectively, although we do in general not expect sufficient regularity of the
solutions constructed in Theorem 5 and Remark 6 to solve the above mentioned boundary value
problems in a classical sense.

Schitzle [29] solved the Dirichlet problem for Willmore surfaces in the very general context of
immersions in S3. This approach, however, does not give easy access to more detailed geometric
information on the solution. In particular, even in the case of rather simple and regular boundary
data it is not obvious how to single out graph solutions under suitable assumptions on the data.
Concerning classical solvability of boundary value problems for the Willmore equation under
symmetry assumptions one may see [6, 10-12] and references therein. According to [9], for strictly
star—shaped §2 and ¢ = 0, the constant function ¥ = 0 is the unique solution to the Dirichlet
problem. Due to the strongly nonlinear character and the lack of convexity of this problem we do in
general not expect uniqueness; numerical evidence is given in [13].

We remark that many papers have dealt with closed Willmore surfaces (compact without
boundary); we mention only [3, 30] for existence of (minimising) Willmore surfaces of any
prescribed genus. Further information can also be found in the lecture notes [24] and the survey
article [26] on the recent proof of the Willmore conjecture.
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1.2 Main results

In our work the major benefit of working with graphs, i.e. using a non-parametric approach, is the
validity of a-priori diameter’ and area bounds which are not available in the general parametric
setting. More precisely, the corresponding result (see Section 3 below) reads as follows:

Theorem 2 Suppose that u € H?*(82) satisfies u — ¢ € HJ (82). Then there exists a constant C
that only depends on §2 and ||¢ |\ w2.1(50) such that

sup |u(x)| + /ﬂ V1+ | Vux)2dx < C(Wo(u)? +1).

xe

We will also present several examples that in particular demonstrate that no a-priori bounds in
WP (£2) in terms of the Willmore energy are available for any 1 < p < oo. Unlike the axially
symmetric setting (see e.g. [11]) we have further not yet succeeded to modify minimising sequences
such that they obey stronger bounds than in Theorem 2.

Further of our main results are stated in Theorem 3. We show that sequences (1 )xey C H 2(.Q)
with uniformly bounded Willmore energy and obeying the boundary condition (u; — ¢) € H(} (£2)
have L'(£2)-convergent subsequences. Limit points belong to BV(£2) N L>®(£2) and enjoy
additional (weak) regularity properties that allow for the definition of an absolutely continuous
contribution to the Willmore functional (see Section 4 for details). This contribution then gives a
lower bound for the energies of the approximating sequence. For simplicity we state here only a
corollary of Theorem 3 and assume that the limit point u belongs to W11(£2), which allows to
control the full Willmore functional.

Theorem 3’ Let (uy)xen be a given sequence in H?(82) that satisfies
up — ¢ € H () forallk e N and I}Cmiano(uk) < 00.
—00
Then there exists a subsequence k — oo andu € BV (§2) N L (82) with
ug - uin LY(2) (k — o0).

If in addition u € WY1 (2) then the mean curvature H = V - ——%— ¢ L%(82) exists in the

14[Vu2
1
—/ H?\/1+ |Vu|2dx < liminf Wy (ug).
4 Jo k—o00

weak sense and

holds.

A related lower semicontinuity result in the context of integral currents was proved by Schitzle
[28], see the discussion in Remark 3. Here we prefer to give a self-consistent proof within the
context of graphs, with the advantage that more elementary arguments apply, compared to Schétzle’s
approach.

In order to simplify the presentation, in the remainder of this introduction we restrict ourselves
to Dirichlet boundary conditions (5) and to the case y = 0. As explained before, for minimising

2 Note that in our case of a bounded set §2 the control of the diameter of the graph is equivalent to a control of the height
supxeg [u(x)| of the graph.
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sequences, or more generally for sequences with uniformly bounded Willmore energy, we do not
have stronger uniform bounds than those in Theorem 2. So, the regularity of limit points can at
a first instance not be proved to be better than L°°(£2) N BV (§2). On this space, however, the
Willmore functional is not defined in the classical sense and we therefore introduce the L!-lower
semicontinuous relaxation of the Willmore functional:

W:LY(R2) —[0,00], W(u):= inf{l}cmiano(uk) DM > ux > uin L'(2)},
—>00

where
M := {ve H(2):v—¢p € HF(2)}. (7)

For geometric curvature functionals such relaxations are well established, see, e.g., [2, 4, 5] and the
references therein. One advantage is that lower-semicontinuity properties are immediately obtained;
on the other hand, a more explicit characterisation of the relaxation is often difficult. However, we
prove in Theorem 4 that Wy and W coincide in T, so that W is actually an extension of Wj.

As a corollary of Theorem 3 we are able to prove existence of a minimiser for the extended
functional W:

Theorem 5 There exists a functionu € BV(§2) N L°°(82) such that
Yve LY(2): Wwu) <W(®).

The regularity properties stated in Theorem 3 are in particular satisfied for any function u €
L' (£2) with W (1) < oo and so, for the minimiser constructed above. Furthermore, in Proposition 2
we prove that W (1) < oo not only allows for defining a generalised Willmore energy (or rather the
absolutely continuous part), but also encodes attainment of the boundary conditions (5).

The proofs of these results all heavily rely on the area and diameter bounds provided by
Theorem 2. Together with the boundedness of the Willmore energies this yields sufficiently strong
compactness properties for several H !-bounded auxiliary sequences such as g = (1+|Vuy |2)_5/ 4
and vy = qrVuyg. In particular we are able to deduce that for limits u € BV(§£2) N L°°(£2) as
in Theorem 3 there exist v,q € H'(§2) satisfying v = gVu as vector-valued Radon measures.
Moreover, the set {g = 0} describes the set where the graph of ¥ may become vertical. Our results
then are deduced by exploiting several fine properties of Sobolev and BV functions.

Restricting ourselves to the graph case —i.e. working in the non-parametric framework — allows
to apply relatively elementary tools (compared to the use of geometric measure theory methods in
the parametric case), but on the other hand introduces additional difficulties, since the condition of
being a graph imposes an obstruction to the class of admissible “surfaces”. A minimisation in this
class means solving a kind of obstacle problem, in which vertical parts may occur when passing to
a limit unless uniform C %!-estimates are available. Functions having vertical parts in some sense
belong to the “boundary” of the admissible set and there may be variations resulting in parametric
surfaces with smaller energy which are no longer graphs. It is well-known ( [20, § 14]) that for
the minimisation of the area functional in the class of graphs vertical parts can only occur on the
boundary, while the mimimiser is smooth in the interior and satisfies the minimal surface equation.
We conjecture that a corresponding result in general no longer holds in the case of the Willmore
functional and that vertical parts may well occur in the interior. On the other hand, Proposition 2
shows that in the case of Dirichlet boundary conditions, our minimiser will have - in contrast to



114 K. DECKELNICK, H.-CH. GRUNAU AND M. ROGER

area minimisation - no vertical parts on the boundary 02. We believe that additional conditions
on the data £2, ¢, and y will be needed in order to prove that our minimiser of the Willmore
functional is smooth. The nature of such conditions, the regularity of a minimiser and its relation
to the minimisation in the parametric setting are difficult open problems, the solution of which will
in our opinion require a lot of time and effort. For related investigations in the simpler setting of
surfaces of revolution see [15] and the references therein.

The paper is organised as follows. In the next section we first state some definitions from
differential geometry and properties of Sobolev and BV functions, and then prove some basic
estimates. Section 3 presents the main a-priori bounds and examples that show that these bounds are
in some sense optimal. The main compactness and lower-semicontinuity properties are formulated
and proved in Section 4. The last section derives the implications for the minimisation of the
(relaxed) Willmore functional and in particular discusses in which sense the boundary conditions
are attained for functions with finite relaxed energy. Finally, extensions to more general functionals
of Canham—Helfrich type are indicated.

2. Preliminaries and basic estimates
2.1  Differential geometry of graphs

For a smooth function u : £2 — R we let
I'(u) = {(x,u(x)) |x € .Q}

be its graph with unit normal field N := (—Vu, 1). The first and second fundamental

1
A/ 14|Vu|?

forms of I"(u) are given by

1+u?, uaue 1
(gl]) = (Mxlu;cz 1+ uiz s A= (hl]) = E(szxf),

where Q@ = /1 + |Vu|? denotes the density of the surface area element. The mean curvature and
the Gauss curvature of I"(u) are then given by

Vu 1 o
H_V-E_E(Id—w@)w).D ", 8)
det D?%u
= 7 = detDw, (9)

where we have set w := Vu/Q. In particular, the Willmore energy for the graph of u reads

1
Wy(u)zzng2 \/1+|Vu|2dx—y/9K v1+|Vu|?2dx

_ 1 Vuy , det D%u
AL Cres [

Mean curvature, Gauss curvature and the length of the second fundamental form

2
AR = Y gUgMhihie = u(gT AgT' ). (87) = (gip)
i,j,k =1
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are related by the formula
|Al2 = H*> —2K. (11)

2.2 Functions of bounded variation and fine properties of Sobolev functions

We denote by B,(x) for x € R", r > 0 the corresponding open ball, by £” the n-dimensional
Lebesgue measure and by ¥¥ the k-dimensional Hausdorff measure. We set |A| = £"(A) for
A C R". The precise representative of a functionu € L! (R"),

loc

u*(x) = lim][ u(y)dy,
ri0 B (x)

is well-defined almost everywhere, where we have used the notation fBr U= m f B, (x) Y-
The Lebesgue points of u are given by all x € R” such that

lim ‘u(x)—u(y)|dy = 0.
ri0 B (x)

The usual Sobolev spaces are denoted by H(2), £ € Ny, H(div, £2) denotes the space of
L?(£2,R™)-vector fields which have a weak divergence in L2(£2). For the definition and properties
of the space H(div, £2) see, e.g., [31, Chapter 1, Section 1.2].

We next recall some basic definitions and properties of functions of bounded variation. For a
detailed exposition we refer to the book of Ambrosio, Fusco and Pallara [1].

A function u € L'(£2) belongs to the space of functions of bounded variation if the
distributional derivatives D;u are given by finite Radon measures on £2. We then write u € BV (£2)
and denote by Vu the vector-valued Radon measure with components D;u. For u € BV(§2) the
total variation of Vu is given by

/ |Vu| = sup{/ uV-gpdx : ¢ € Cg(2,R"),||¢lloc < 1}.
2 2
The measure Vu can be decomposed as

Vu = VuL" + V¥u = VulL" + V/u + Veu,

where V4u£" denotes the absolutely continuous part of Vu with respect to £”, and VSu, V/u,
V€u are the singular part, the jump part and the Cantor part of Vu, respectively. Letting

S = {r € @ limo " |Vul(Bo(v) = oo}.
e

12
Ou = fx e : 1ir%nfgl‘”|Vul(Bg(x)) > 0} "
e

we have Voul" = Vu L (2 \ %), Viu = Vu L 0,, Vu = Vu L (Z, \ 0y), see [,
Proposition 3.92]. The set X, has Lebesgue measure zero, see [17, Theorem 1.6.1]. Moreover,
by [1, Theorem 3.78] V/u = (ut —u~) @ v, "' L J,,, where the approximate jump set J, C @,
(see [1, Definition 3.67]) is (n — 1)-rectifiable, X"~ (O, \ Ju) = 0 (see [1, Proposition 3.92]), v, is
a Borel unit normal vector field to J,, and u™, u™ are the traces of u on J,,. The complement S,, of
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the set of Lebesgue points of u is a Borel set with £”-measure zero and satisfies "1 (S, \ J,,) = 0,
see [1, Definition 3.63 and Theorem 3.78].
For a function u € BV(£2) we call x € 92 a Lebesgue boundary point if

lim |u(x)—u(y)|dy =0,
r10JB, (x)ng2

where fBr one ¥ = m fB,- ne 4 and u(x) is defined in the sense of boundary traces.

We next recall the notion of capacity and some fine properties of Sobolev functions. We follow
[17]. For A C R" and 1 < p < n the p-capacity is defined as

Cap,(A4) = inf{/ [Vf|Pdx : f = 1in aneighbourhood of 4, f ZO},
Rn

where the infimum is taken over all f € L?" (R") with V f € L?(R",R"), p* = n"_pp.
If Cap, (A) = 0 then ®°(4) = 0 forall s > n — p [17, Theorem 4.7.4].

For a functionu € W1?(R"), 1 < p < n, there exists a Borel set E of p-capacity zero such that
the precise representative u* of u is well defined on R” \ E and each x € R”\ F is a Lebesgue point
of u™ [17, Theorem 4.8.1]. Moreover, for every & > 0 there exists an open set V' with Cap, (V) < ¢
such that u™ is continuous on R” \ V.

We say that f : R" — R™ has an approximate limit at x € R” if there exists ¢ € R™ such that
for every ¢ > 0

. |Br)n{|f—alze}|
mm =
r{0 | B (x)]

0.

see [17, Section 1.7.2]. In this case the approximate limit aplim,_,, f(y) := a is uniquely
determined. We call f approximately continuous at x € R" if aplim,_,, f(y) = f(x). By [35,
Remark 5.9.2] f : R® — R™ is approximately continuous at x € R” if and only if there exists a
measurable set £ C R” with x € E such that f|g is continuous at x and the set £ has full density
in X, that is

. |Br(x) N E|
m-———m =
rl0 \Br(x)i

Therefore the products (quotients) of approximately continuous real functions are approximately
continuous (in all points where the denominator does not vanish).

We say that f : £ — R™ has an approximate limit at x € 02 if there exists a € R such that
for every ¢ > 0

_[Brx) N2 {lf —al = ¢}
lim = 0.
rlo |B,(x) N 2|

2.3 Basic estimates

The following result shows how the second derivatives of u are controlled in terms of | A |§,.
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Lemma 1 Let |D?u|? = u)zclx, + 2u)261x2 + u)chxZ denote the euclidean norm of the Hessian of u.
Then

|D2u()|* = [A)|} = |D2u(x)|?. (13)

Q( )? Q( )
This possibly very strong deviation of | A(x) |§, from | D2u(x)|? is one of the main difficulties in

deducing a-priori estimates for minimising sequences of the Willmore functional.

Proof. We have that

1 (1+u%: —u,u.
(glj(x)) ( 2 x1Ux

QZ _ux]uxxz 1+ui1) Q2(1d+vu ® Vu )

is a symmetric positive definite matrix with smallest eigenvalue equal to 53 . One the one hand this
yields the estimate:

e P Y gd omny = gl

02
i,j Q
On the other hand we find a uniquely determined symmetric positive definite square root (bij (x))
of (g7 (x)), i.e

g7 (x) =Y b (x)8keb" (x).

kL

Denoting vﬁ. =Y, b**hy; we see that

Az = D g7 hhje= Y D Smnb™ hirchje

i,j,k.t i,j,k,L,m,n
Z gkﬁvlrcngmnvz — Z ng m m
k,t,m,n kt,m
1 1 . .
=3 =5 Y sl = — > 858D kb b
k,m Q l]kE Q i,j,k,4,m,n
1 1
Q2 > & hmihak = Q4 Z(hmk) o¢ D () = 5|Dzu|z_ (14)
k.m,n m,k

As for the bound from above we find by using similar calculations as before that

142 < Z(hmk) QzZ(uxmxk) Q2|02 ul?. _

In what follows the geodesic curvature of the boundary curve 01" () with respect to the surface
I' (1) will be of some importance. We derive here an explicit estimate and representation that are
used below.

REMARK 1 We consider u € H?(£2) satisfying (v — ¢) € HJ (£2). Lets — Y(s) € dI" (u) denote
a positively oriented parametrisation of (a connected component of) the boundary oI (u). Positive
orientation means that at any point p € a1 (u), the determinant of the unit tangent vector, the unit
co-normal pointing inward to I"(u) and N(p) is positive.
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Then its (signed) geodesic curvature is given by
o (5) = —— det (Y/(s), Y (s), N(Y(s)))
1Y’ (s)[?

and its (signed) normal curvature by

KN (s) Y"(s)- N(Y(s)).

Y
We take now a positively oriented parametrisation s +— c(s) € 952 of (a connected component
of) 052 with respect to its arclength so that with the natural unit tangent vector t(s) = c’(s), we
have that (v(c(s)), 7(s)) form a positively oriented orthonormal basis of R2. In particular we have
that v! = 72, v2 = —t! and 7/(s) = —«(s)v(c(s)) with « the (signed) curvature of 352 (being
nonnegative on the “convex” parts of 052). With a slight abuse of notation we write

0
06) = ¢(c). w9 = 3-(c@).  YE) = (c(5). o))"
and find by using ¥ = ¢ on 052 that
—(‘L’l(p/ + ‘L’Zu,,)

1
N(Y(s)) = —(t%¢' —t'uy
e VI+¢'(5)2 +uy(s)? e 1 o)

For the geodesic curvature of 91" (u) we obtain, using t! (¢1) + 72 (z?)’ = 0,
—uy ()9 (s) + k() (1 + ¢'(5)?)
(1462 +un(s12) (1 +¢/(?)

This formula shows in particular that the geodesic curvature of 01" (1) as a curve in the unknown
surface I"(u) can be computed just from its Dirichlet data (5). We observe that the assumption
u = ¢ on 052 already allows for estimating

Kg(S) = 3/2°

l¢" ()] + [k (5)]

kg (s)] < W,

hence

/ |Kg(s)\dss/ (J" ()| + |x(s)]) ds. (15)
oI (u) 02

Here, ds means integration with respect to the arclength, i.e. the one-dimensional Hausdorff
measure.

REMARK 2 By virtue of the Gauss—Bonnet formula
/ KQ dx +/ kgds = 2myx(I(u)) =27 x(£2), (16)
2 oI (u)

the integral over the Gauss curvature is given by the boundary integral of the geodesic curvature and
the Euler characteristic y($2) of the smoothly bounded domain 2 C R2. The Euler characteristic
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is defined as usual by means of triangulations. If £2 is m-fold connected, i.e. d§2 consists of m
connected components (§2 contains (m — 1) holes), then y(£2) = 2 — m. See formula (13) on p. 38
in [14].

In particular, the total Gauss curvature [, KQ dx of a function u € C 2(R2) is already
determined by the Dirichlet boundary condition (5).

In Theorem 2 below we shall deduce maximum modulus and area estimates in terms of integral
norms of the second fundamental form. In the following lemma we show first how to bound these
by the Willmore functional, the data and the Euler characteristic y(£2) of the smoothly bounded
domain £2 C R2,

Lemma 2 Suppose that u € H?(82) satisfiesu — ¢ € HO1 (82). Then

| [ k0 dx| < lolwasaa + Il gy + 27120521 (7

[ 1410 dx < 4Wot) + 2(lpllwzscaay + el o) = 4722, (18
where ||¢llw2100) = @ o clw2ay and ¢ : I — R? is an arclength—-parametrisation of 952.
Moreover, the functionals Wy and W), are closely related:

[Wo(u) — Wy )| < |- (lellw21 2y + IkliLtog) + 27 [X(2)]). 19)

Proof. Let us first assume that u € C2(£2) and u = ¢ on 352. We use the notation and same
orientation as in Remark 1. According to (15)

/ g (5)]ds < / (10" ()] + ()] ds.
oI (u) 12

and by the Gauss—Bonnet Theorem (see Remark 2) we obtain (17) and (19). We further deduce from
(11) that

/ |A20 dx = / H?Qdx — z/ KQdx = 4Wp(u) + 2/ kgds — 4y (I (u)), (20)
2 2 2 oI (u)

and as above we deduce (18) in the case that u € C?(£2). Finally suppose that u € H?(£2) such
thatu — ¢ € HO1 (£2). Then there exists a sequence (uy )xen such that ux € C2(2),ux = ¢ on 982
and uy — u in H%(2),k — oo. We deduce from the generalised Lebesgue convergence theorem

that
det D?%u det D?u
/Kkadx :/ — | == :/Kde,
2 2 0O 2 @ 2
2
since 92 M converges pointwise almost everywhere and since by Q; > 1 we obtain that | D?uy |?

of
is a L!-convergent sequence of dominating functions. This yields (17) in the general case.
Since (18) holds for C2-functions we infer that

/Q |Aklz, Ok dx < 4Wo(ui) + 2(l@llw2100) + Ikl o2) — 472(£2)

and, with similar arguments as above, passing to the limit yields the result. O
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3. Sequences of graphs with bounded Willmore energy
3.1 Area and diameter bounds

The following celebrated diameter estimate of Leon Simon [30] is the starting point of our
reasoning. We emphasise that the validity of this estimate is restricted to two-dimensional (!)
surfaces.

Theorem 1 (Lemma 1.2 in [30]) Let I" C R” be a smooth connected and compact surface (i.e.,
two-dimensional manifold) with boundary. Then there exists a constant C which only depends on n
such that

diam(I") < C(/F |Alg dS + Y diam(I7) ),
J

where I'j are the connected components of 9I".

From now on we always work with graphs in R® over base domains £2 C R?. The following
result follows from the preceding estimate and is the key for establishing a-priori bounds on
sequences which are bounded with respect to the Wy- or W,,-functional.

Theorem 2 Suppose that u € H?(S2) satisfies u —¢ € H] (§2) Then there exists a constant C that
only depends on §2 and ||¢ ||\ y2.1 (50 such that

sup |u(x)] +/ Qdx < C(Wo(u)2 + 1). 21
x€R 2

Examples |1 and 2 below show that it is not possible to obtain uniform bounds in W -7 (£2) for any
1<p<oo.

Proof. Let us first assume that u € C2(£2) and u = ¢ on 352. A careful inspection of the proof
of [30, Lemma 1.2] shows that the bound in Theorem 1 holds for I" (1) (see [21]) so that

diam(I"(u)) < C ( /F " |Alg dS + diam (ar(u))). (22)

We note that

diam(I"(w)) = sup  |u(x) —u(y)| = sup [u(x) —u(y)| = sup [u(x)| — sup [p(x)]
X,yeR,x#y X€NR,yedN xe x€082

while diam(dI"(v)) < C (1+ ||¢||CO(39)) with a constant that depends on diam(2). Hence we
deduce from (18) and (22) that

sup |u(x)| < C(/ |Alg Q dx + ll¢llcopa) + 1) + llellcoas)
x€eN 2

<c(([ 1420 ([ 00" + lelcoas + 1) 3)
sc(Wo(u)+1))”2(/ 0dx)"? +c.
2

where C depends on the diameter and the topology of §2, [[@[ly2.1(50) and [|€ |11 56
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Our next aim is to bound fg QO dx. We have

2 Ju
/qux:/uV-(E)dxz_/ de+/ Yoy 4
I?) I?) 0 e 0 e 0

/Qd+/1d+/ Gy
= — X —ax —dads.
I?) 20 e 9

This integration by parts is the place where we essentially exploit that the surface I"(u) is a graph.
Combining this relation with (23) we deduce

1/2 2 1/2
0 dx < |21+ ¢l + 1212 sup ueol( | H2Q dx)
2 xeR 2
1/2
<C+ C((Wo(u) + 1)”2(/ de) + 1)W0(u)1/2
2

1 2
sE/QQdHC(WO(u) + 1).

Inserting this estimate into (23) yields (21) for u € C?(2),u = ¢ on 052. The general case is
obtained with the help of an approximation argument as in Lemma 2. O

3.2 Examples: No higher integrability of gradients and singular graphs with finite Willmore
energy

In this section we present some illustrative examples. We demonstrate that the Willmore energy
of a function u does not control any L?-norm, p > 1, of Vu. Furthermore, we give examples of
functions u that are only in BV(£2) \ W11(£2) but for which I' (1) describes a smooth surface.
These functions can be approximated in L!(£2) by smooth functions with uniformly bounded
Willmore energy. In particular, the estimates on diameter and area obtained in Theorem 2 are in
this sense optimal, and sequences with uniformly bounded Willmore energy may L'-converge to
limit functions that are not even in W1-1(£2).

In order to construct appropriate examples it is well known that log o log is a good ingredient, see
for example [18, 23, 32], and that in particular H2(£2) &> W1*°(£2). But we even can show a bit
more: In spite of the non-homogeneous form of the Willmore functional, we may have unbounded
gradients and arbitrarily small Willmore energy at the same time.

EXAMPLE_l ([32]) Let 2 = B := B;1(0) be the unit disk. We consider u : ‘B — R, which is
smooth in B \ {0}, satisfies homogeneous Dirichlet boundary conditions ¥ = d,,u = 0 on dB, and
u(x) = x'log(|log(r)|) for r = |x| close to 0. Then, close to 0 we have

1
|Vu|(x) = [log ([log(r)[)| + O(1),  |D?ul(x) = 0<r|logr|)

and therefore u € HZ(B) \ W1(B).
For ¢ | 0 we consider gu:
Au s Vu- D2y - (Vu)T
& —¢ .
(1 + &2|Vul?)1/2 (1 + £2|Vul?)3/2

Hleu] =
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Up to a factor 2, a majorising function for H[eu]?+/1 4 £2|Vu/|? is given by

. (Mup 6 |Vul*-|D?up?
& &
T+ 2VuP)2 " " (1 + 2 [Vu)s?

|D2u|2
(1 + &2|Vul2)l/2

<X (Au)? 4 &2 < Ce?|D%ul?.

Hence
lim Wy (su) = 0,
el 0

while at the same time
Ve > 0: sup ¢|Vu(x)| = +oo.
xX€B

This means also that even for the trivial Willmore surface (x, y) > 0 we find a minimising sequence
with unbounded gradients.

Next we give an example of a function u € W1(2)\ H?(£2) such that I"(u) is smooth as
a surface. In this example the singularity is purely analytical, introduced by the specific choice
of parametrisation as graph. This example shows further that for p > 1, no W”-norm may be
estimated in terms of the Willmore energy.

EXAMPLE 2 We choose an odd integer k € 2N + 1 larger than or equal to 3. We consider a
nonincreasing function 2 € C°([0,2]) N C*°([0, 1) U (1,2],[~1, 1]) with

1 forr €[0,1/2],
h(r) =4 sgn(l—r)|1 — r|M* forr e [3/4,5/4],
-1 forr €3/2,2],

Asacurve r > (r, h(r)) in R?, it is C *®°—smooth, because close to 1, / is the inverse of the analytic
function & > 1 — 1*. On the other hand, as a graph, close to 1 the singularity of 4’ is of order
[1 — r|~'*1/k and the singularity of 4 of order |1 — r|~2t1/k_This means that / has a weak first
derivative but not a weak second derivative.

The same applies to the graph of the radially symmetric function u : B,(0) — [—1,1],
u(x', x2) = h(|](x',x?)|) and yields that u € W1L1(B,(0)) \ H?(B2(0)). We even have that
u ¢ WHk/k=D (B, (0)). Observe that kle may become arbitrarily close to 1. However, since " (u)
is compact and smooth as a surface, its Willmore energy is well defined and finite.

EXAMPLE 3 1t is also possible to introduce in the previous example a vertical piece and to obtain a
surface that is not a graph, but that can be approximated by smooth graphs with uniformly bounded
Willmore energy: Cut the surface in Example 2 along the circle where u has infinite slope and insert
there a cylindrical part. This can certainly be L!-approximated by a sequence (uy)ieny C T with
uniformly bounded Willmore energy, but u € BV(£2) \ W11(£2). Note that the limit of the graph
functions is a BV -function with a non-vanishing jump part and that at its jump points also the
absolutely continuous part V#u of the gradient blows up.

In the next example a function u € W21(£2) \ H?(£2) is constructed such that its graph has
bounded Willmore energy. Here the singularity is independent of the parametrisation of I"(u) and
therefore a “real” geometric singularity.
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EXAMPLE 4 We consider 2 = B := B;(0) and a function u € CJ(£2) N C°°(£2 \ {0}) such that
for r = |x| close to O:
u(x) = x' (—logr)"/?,

i (1) = (logn/2 — & )

1x2
—(=logr)™/* = 0(1),

——(=logr)~"% = (=logr)'/? + 0(1),

U2(x) =—

3
uxm(x)=—Z%(—logr)*“%ﬂ(—logrr”z C ) Ctogn 2,

)71/2 (x )2 2 )71/2 ( )2 2

———(—logr )32,

X
Upl2(X) = —ﬁ(—logr (—logr

(x2)2 )" 1/2 _ (x %)?

1
X _
uxzxz(x)z—ﬁ(—logr) /2 4 7( logr )~ 3/2,

———(—logr

Concerning the asymptotic behaviour for r | 0 we have in view of H[u] = M\VAW —
Vu-D%u-(Vu)” D2
Gy and [H| < CLogt:

IVu| = (=logr)'/? + 0(1), Q= (=logr)/? + 0O(1),

1 1
|D?u| = 0| —|. |Dzu|2=0(2—), (24)
r+/(—logr) r?|logr|

| D?u|? 1

= 0 _—_—
0 r2|logr|3/2
The second derivatives of u are locally integrable around O and so, exist as weak derivatives in the

whole domain B, such that we even have u € W21(B) ¢ W11(B). Thanks to (25) we see further
that Wy (u) < oo. However, u ¢ H?(B). To this end we show that u,1,1 & L?(B). We observe that

1)3

H?Q <C

) € L' (B1/2(0)). (25)

(—logr)™? € L*(B1,»(0)),

_ (X1)2 3 (X1)2 2
~ r4(—logr) (5_ r2 )

12
= 7()( ) .
4r4(—logr)

while
2

3):1 4 ()71)3
X /2 —1/2

The latter function is not in L' (B1/2(0)). Otherwise, one would have also that x %
142 2y2 . . .
L'(By/2(0)) and so that x > &) : jlfj; r)) = 57y € L'(B1/2(0)), a contradiction. This

shows that (24) displays the precise asymptotic behaviour of D?u close to 0.
Finally, I' (1) is not a C >—smooth surface because the curvature of the curve ¢ — (¢, 0, u(z, 0))
is given by
1 1
U1 ,1(2,0) 2= 1 2~

(L4 un (0232 _4¢ /~log|t|(—log |t| — o) o —4e(logt)? (1 + W)3 /2

and becomes unbounded and so undefined for ¢ | 0.
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4. Compactness and lower bounds for energy-bounded sequences

When we consider minimising sequences for the Willmore functional of graphs (subject to
appropriate boundary conditions), or more generally sequences with uniformly bounded Willmore
energy Theorem 2 shows that BV M L*° is a natural space, where uniform bounds hold. In particular,
such sequences are precompact in L. For this reason it is useful to study the behaviour of the
Willmore functional with respect to L!-convergence. However, as the examples of the previous
section indicate, limit points need not remain in H?(£2) and even can have an L!-limit with jump
discontinuities, which results in vertical parts in the boundary of the corresponding sublevel-sets.
This leads to substantial difficulties in the analysis. Nevertheless, we derive below some additional
(mild) regularity properties and control the Willmore energy of the absolutely continuous part of
limit configurations.

To introduce an appropriate generalised formulation consider for u € BV/(£2) the absolutely
continuous part Véu € L!(£2) of the R2-valued measure Vu, set 0% := /1 + |V4u|2 and define
the absolutely continuous contribution to the Willmore energy as

Qll

Wt (u) ==
else,

1o (V- %)2Q“ dx if ¥4 ¢ H(div, £2) and the integral is finite, 26)
00

where the space H(div, £2) of L?(£2,R?)-vector fields with weak divergence in L2(£2) was
introduced in Section 2.2.

In the next theorem we prove our main lower bound and compactness results. For energy-
bounded sequences in H2(£2) that satisfy a suitable boundary condition we show that there exists
a L'-convergent subsequence. The limit belongs to BV(§2) N L*(£2), the absolutely continuous
contribution to the Willmore energy W is finite and obeys an estimate from above. In particular, if
the limit is already a W11 (£2)-function the full Willmore energy is controlled. This also shows the
L'-lower semicontinuity of Wy in H?(£2) (subject to prescribed boundary conditions).

Theorem 3 Let (uy)ken be a given sequence in H?(S2) that satisfies ux — ¢ € Hg (82) for all
k € Nand

liminf Wy(ug) < oo. 27
k—o00

Then there exists a functionu € BV (§2) N L°°(£2) with % € H(div, §2) such that after passing
to a subsequence

ur = uin LY(2) (k — o0) (28)
and
Wgt (1) < liminf Wy (ug). (29)
k—o00
In particular, if u € H?(82) then
Wo(u) < liminf Wy (uy). (30)
k—o00

Moreover, in a sense made precise in Proposition 3, it is proved there that the trace of u on 952
satisfies ¥ !-almost everywhere on {(Q¢)~! > 0} N 352 the boundary condition u = ¢.
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Proof. There exists a subsequence, again denoted by (1 )ren, and a constant M = 0 such that

Wo(uy) — l}cmiano(uk) and Wy(up) < M forall k € N, 31)
—>00
Theorem 2 implies that
lukllcomy < C. / Ordx <C uniformly in k € N. (32)
Q

By the compactness theorem in BV [, Theorem 3.23] we deduce that there exists a function u €
BV($2) and a subsequence k — oo such that (28) holds. By (32) we also have u € L°°(§2) and,
possibly after passing to another subsequence, we obtain

ug — u strongly in L?(£2) forany 1 < p < oo, anda.e.in £2. (33)
Furthermore, we deduce from (13), (18), and (31) that
|D?uy|?

e 0f

Here we made use of the boundary condition uy —¢ € HO1 (£2). We consider the bounded mappings

dx < / |Akl; Or dx < C. (34)
2

1 1 1 1

Gk = = ; Vk = qkVug = —5 Vg = ———=——5 =77 YUk
Q,f/z (1 4 [Vug|?2)3/4 Qi/z (1 4 [Vug|?2)3/4

We have

2
5 g 3 D01y | D2ug| | D?ug|
a_ — = = 0 P ———— = 0 ’
iqdk ) ; 1+ [Vug[2)%/4 (1 4 |Vug|2)7/4 Q7/2

D2
divk = (0iqk)Vug + qx 0; Vug = O (l ;g') :
Or

By (34) one has uniform boundedness of (g )xer and (vi)xen in H'(£2). Hence one finds ¢, v €
H'(£2) such that, after passing to a subsequence,

Gk —q, ve—v inH(Q), (35)
gk —~ ¢, v —v inany L?(£2),1 < p < oo, and almost everywhere in £2. (36)

From now on we fix precise representatives for gx,vg, k € N and ¢,v. By [16, Theorem 7,
Section 1.C] there exists a subsequence k — oo and for every m € N an open set E,, C 2
with Cap /5 (Em) < % (the choice of % here and in the following is for convenience, any exponent

in (1, 2) instead of % works as well) such that
qk — ¢, Vg — v uniformlyin £ \ E,,. 37
This yields for £ = N;,>1 £, that

qr —> ¢, Vv — v pointwisein 2 \ E. (38)
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Since Cap;/,(E) < Caps/(Em) forall m € N by [17, Remark in Section 4.7.1] we conclude that

E has %-capacity zero and thus satisfies ®!(E) = 0, see [17, Theorem 4.7.4].
Due to the uniform area bound (32), (38) and Fatou’s Lemma we deduce that

llmmf/ Ordx = / liminf(qk)_z/de = / q_2/5 dx. 39)
Q k—oo Q

This shows that g~2/> € L'(£2), in particular
q > 0 almost everywhere in 2. (40)

We next claim that
v&? = ¢gVu  as Radon measures on £2. 41)

To prove this, consider any 1 € C{°(£2,R?). Making use of (33) and so in particular of the C°-
bounds for u; we obtain:

/n-vdx:/ n-vkdx+0(1)=/qkn-Vukdx+0(1)
2 2 2
—— [@ivn g w dx- [ @Yoo - dx
2 —— Q —— ——

—qin L2 >uin L2 O(1)inL2 —0inL2
—/ (qu)- Vgr dx+o(1)
2 N——
—Vgqin L2

—/ (divn)qu dx — / n-Vg@)udx +o0(1)

fos Q

= —/ uV-(gn)dx + o(1). (42)
2

For the right-hand side we claim that
—/ uV-(nq) dx = / nq - d(Vu). (43)
2 2

In fact we can approximate 7¢ strongly in H (£2) by a smooth sequence (wg)¢en that is uniformly
bounded in C°(£2). As above we deduce that there exists a set £ C £2 with é—capacny zero and

thus (see above) with ®¥!(E) = 0, such that wy — 7¢ everywhere in £2 \ E. Since |Vu|(E) = 0
by [1, Lemma 3.76] we have wy; — nq in |Vu|-almost every point and deduce from Lebesgue’s
dominated convergence theorem that

—/ uV-(ng)dx = — lim / uV-wedx = lim / we -d(Vu) = / ng -d(Vu),
Q =00 J {—o0 J 0 Q
which proves (43). From (42), (43) we deduce (41). We next show
v = ¢gV?u  almost everywhere in £2, (44)
qViu =0 as Radon measures on 2. (45)
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To prove these properties we first observe that VSu = Vu L X, with £2(X,) = 0, cf. (12). We
therefore deduce from (41) that for any n € C2(£2)

/r)va’x :/ nv dx :/ ng - d(Vu) :/r)q'a’(V"u) :/r)q'V"udx,
Q 2\Zy o\%, Q 2

and similarly

O:/ nvdx =/ ng-d(Vu) = / ng - d(V'u),
Zu Zu 2

which implies (44), (45).
Finally, we claim that there exists a set E; of %—capacity zero such that V%u has an
approximately continuous representative on {g > 0} \ E; that satisfies

Viu = ¢ v in{g >0} \ E;. (46)

In fact, by [17, Theorem 4.8.1] first there exists a set E; of %-capacity zero such that 2 \ E;
only consists of Lebesgue points of both g and v. Therefore g, v are approximately continuous in
£2 \ E; and by (44) and the properties of approximate continuity stated in Section 2.2 we see that
the approximately continuous representative of V#u is well-defined in {g > 0} \ E; and that (46)
holds.

Enlarging the set E from (38) by E; we conclude that

1 1
Vu = —vg — —v =V in{g >0} \ E, 47
qk q

Ok = V1+ |Vug2 - 1+ [Vau]2 = Q° in {g > 0} \ E, (48)

where Cap;,(E) = 0. Using (40) we deduce that
/ 0%dx < llmmf/ QOrdx < C
fos

We next discuss convergence properties of the mean curvatures Hy = div (Q_) k € N. In view

of (31) we have that
/ H,fdxs/ H?Qrdx <4M
Q Q

Hence there exists H* € L?(£2) such that after passing to a subsequence
Hy — H%in L*(2).
By Lebesgue’s theorem we further deduce for any ¢ € C§°(£2)

\% A%
/H“{'dx—hm Hitdx = — lim ﬂ-Vé’:— u-Vé’dx,
2 k—oo Jo Ok 2 0¢
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where we have used that VQL]f is uniformly bounded and converges pointwise a.e. to %‘a" by (40),

(47) and (48). This shows that Y% € H(div, £2) and that

Qa
. Véu a
div 0d =H weakly.
We next claim that even
Hi/Or — H*J/04% in L?(R). (49)

By (31) there exist f € L?(£2) such that after passing to a subsequence

Hi/Or — f  in L3(R).

Moreover, we have for any { € Cg°(§2) that (l — J—_Vg(/j) ¢ — 0 almost everywhere and so, by

s A Qa < a i 2
Lebesgue’s theorem and oo S /0%, in L=(£2). Hence

{(Hk\/Q_—H“@)dxz HiJ/Or 1= Y9 ¢+ £/0% (Hy — H%) dx
2 Q —— \/@ R —— ———

O(1)in L? W—’z eL? — 0in L?
—0in L

— 0 for k — oo.

We conclude that for all { € C5°(2)
Jy# (=0 @) = i [ ¢ (1@ ) s =0

This proves that f = H%./0Q% and so finally (49).
The weak lower semicontinuity of the L2-norm eventually yields

1 1
Wgt(u) = —/ (H*? 0%dx < —liminf/ HZ Qy dx = liminf Wp (uy)
4 Jo 4 k-0 Jo k—o00
as claimed. O

REMARK 3 One intention of this paper is to use, as far as possible, rather elementary tools from
geometric measure theory, such as the framework of BV -functions, and to complement approaches
based on advanced GMT concepts such as (oriented) varifold theory. Here we will briefly comment
on such alternative approaches.

A rather general lower semicontinuity result in the context of currents and varifolds was
provided by Schitzle [28]. Starting, as in Theorem 3, with a sequence (u ) in H?($2) and using
the area bound from Theorem 2 one immediately obtains a lower bound estimate for the Willmore
energy of any varifold limit V' of the graphs I"(u ). To use [28, Theorem 5.1] and to deduce a bound
on the Willmore energy of I"(u) it would be necessary to exclude or control higher multiplicity
parts of V', which a-priori may occur at the vertical parts of the graph I"(u). We believe that the
unit-density property in our case holds but a proof seems non-trivial and would require additional
efforts and the full machinery of varifold theory. Nevertheless, complementing our results by such
an analysis is an interesting topic for future research, as it might allow to improve the lower estimate
(29) by additional contributions from the vertical parts (not necessarily in terms of the geometry of
the jump set as in (53) below but for example using a weak formulation of curvature of BV -graphs
in the spirit of Luckhaus—Sturzenhecker [25]).
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We next show that in H?(£2) subject to a suitable boundary condition we have continuity of
the total Gauss-curvature with respect to L!-convergence. Together with (19) and Theorem 3 this
implies lower semicontinuity as in (30) also for W,,, y € R arbitrary.

Proposition 1 Suppose that 2 is C3—smooth and that ¢ € C3(82).
Letug,u € H?(R) satisfy ux —¢ € Hy (£2). Let Ky and K, resp., denote the Gauss curvatures
of their graphs. Then

ur —u in LY(82), sup Wo(ug) < oo
keN
implies that
/Kde: lim / Ky Qp dx. (50)
Q k—o0 J0

Proof. We shall first collect a number of equivalent representations for the total curvature which
are convenient in different situations we have to deal with. We use the notation from Remark | and
assume the boundary 92 to be parametrised by arclength, ¢’(s) and ¢”(s) have to be understood
correspondingly. According to Remarks | and 2 and using an approximation argument we have

/ Kde:2n)((.Q)—/ kgds
2 AT ()

—uy (5)9" (5) + k(s)(1 + ¢'(5)%)
=2 yx(82) —
a2 (1 4+ ¢'(5)2 + un(9)H)V2(1 4 ¢'(5)?)
Vu - v(s) " (s) Kk(s)
. > ds — —=ds.
0 1+ ¢'(s) w2 Q@
Thanks to our smoothness assumptions on the boundary data we find a function

:271)((Q)+/ (51)
EYe)

i
QECI(Q): a|39=m|39

and may proceed:

/ﬂKQa’x:2n)(({2)+/;2H(x)a(x)dx—i—/ﬂ%-Vadx—/a %a’s. (52)

2

Now, consider a sequence u; — u in L'(£2) as described in our assumptions. According to the
proof of Theorem 3 and since u € H?(£2) we have after passing to a suitable subsequence

Hi — Hin L*(R2),
Vup - Vu, Qp — Qae.in £2,
les/z _ (1 i |Vuk|2)75/4
Q;5/2 _ (1 + |Vuk|2)_5/4 N Qfs/z
Q};s/z . |Wk|2)75/4

One should observe that thanks to uy, u € H?(£2), we also have Vuy |yo. Vu|yo € L?(052) and in
particular that |Vuy | < oo, [Vu| < oo ¥!-a.e. on 9£2. We conclude that

Or = V1 + |Vug|2 = 0 = V1 +|Vul? H'-ae.on 352.

N Q—5/2 — 1+ |VM|2

)75/4 in H'(£2), hence

(
(

— Q072 = (1 4+ |Vul?

1+ |Vu|2)_5/4 in L%(3£2), hence

)75/4 H!l-a.e. on 992.
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Making use of Lebesgue’s theorem and observing that |VQ": | <1and QL]\ < 1, this yields
\Y
/ KpQrdx =2mx(82) +/ Hi(x)a(x)dx + / Uk Vg dx —/ k() ds
2 2 2 Qk 02 Qk
Vu K(s)
=>2nx(2)+ | Hx)a(x)dx + | — -Vadx — —=ds
2 2 0 00
= / K Qdx.
Q
Since the previous reasoning can be carried out for any subsequence we have also convergence of
the whole sequence. O

REMARK 4 As already mentioned above, the functional Wy’ in Theorem 3 only includes the
Willmore energy of the non-singular part of the limit u. Here we briefly discuss the case of a smooth
manifold given as a graph of a BV -function with vertical parts, i.e. an example of a very regular
surface with a “non-regular” graph representation. To be more precise, let M C 2 x R C R3® be a
smooth two-dimensional manifold with smooth boundary 0M C 92 xR.Letu € BV(£2)NL*>°(£2)
be given with M = I"(u), where the graph of u is characterized by the essential boundary of the
hypograph of u, i.e.

) = 0"{(x,y) €2 xR : y <u(x)} N2 xR).

Assume further that there exists a regular C2-curve y : [0, L] — £2 (simple or closed), parametrised
by arc-length, such that

ueC*(R2\ 2y, Zu=Ju=7y(0L]), Vu=Viu=@ur-u)evkr'Ll,

where v denotes the normal field on J,, given by v(y(t)) = y’(t)*, t € [0, L], and where u™t,u~
denote the corresponding traces of u on J,,. We then have M = M* U M7,

M? = T'(ulg\s,) MY ={(x,y) €R2xR:xely yeu (x)u"(x)]}

where Ju~(x),ut (x)] = [u”(x),ut ()] U [ut(x), u"(x)].
For the Willmore energy of M we have a corresponding decomposition

Wo(M) = Wo(M?) + Wo(M?) = Wy (ula\s,) + Wo(M?) = Wi (u) + Wo(M?).

Forany z € MY, z = (x,y) with x = y(so) € Ju, 50 € (0,L),y € [u"(x),ut(x)], y ¢
{ut(x),u"(x)} we have for ¢ > 0 sufficiently small that

D:(so—¢e50+e)x(y—ey+e) >R Bs,1) = (y(s),t)

is a local parametrisation of M around z. One therefore computes that the second fundamental form
of M in z with respect to the normal vector (v(x), 0) is given by

A = (”(Ox) 8) ,
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where «(x) = y”(so) - v(x) denotes the scalar curvature in x of the curve y parametrising J,,. In
particular, for the mean curvature we have H (z) = «(x) and for the Willmore energy of the vertical
part MV we deduce

Wo(M?) =/J [ut (x) —u~ () |[c(x)> d R (x). (53)

If u as above describes the L!(£2)-limit of a sequence (uy )i in H?(£2), as in Theorem 3, then the
lower-semicontinuity result of Schitzle [28] implies that

1}€miano(Mk) = Wo(M) = Woa(u)+/ ‘u+(x)—uf(x)‘/c(x)zd?fl(x). (54)
—00 Ju

This improves our estimate (29) exactly by the contribution from the vertical part.

In the derivation of (54) we essentially use the particular structure of M and the C 2-regularity
of the jump set. In the case of a general limit u as obtained in Theorem 3 such regularity is not
available and a general sharp lower bound first needs more detailed information on the singular set
of Vu and additional regularity properties (still in an appropriate weak sense) for the jump set J,,.

5. Minimising a relaxed Willmore functional in L!(£2)
5.1  Dirichlet boundary conditions

In what follows we always assume £2 C IR? to be a bounded C 2-smooth domain and fix a boundary
datum ¢ € C%(R2).
To model Dirichlet boundary conditions (5), i.e.

d d
u=¢ and %:% on 052,

we consider the set
M:={uecH*Q): u—9p) < Hj(2)}.

As mentioned before (see Remark 2) in this situation it suffices to consider the original Willmore
functional Wj since the total Gauss curvature is completely determined by the data.

Following Ambrosio & Masnou [2, Introduction and Section 4] (cf. also [4, 5] and references
therein), we define the L' (£2)-lower semicontinuous relaxation of the Willmore functional:

W LY (2) > [0,00], W(u):= inf{l}cmiano(uk) M 3 up —> uin Ll(.Q)}.
—>00

We remark that such approximating sequences always exist. However, their Willmore energy may
not be bounded and oo will certainly be attained by W for some u € L'(£2). From the area and
diameter bound we however obtain that any u € L'(£2) with W(u) < oo belongs at least to
BV (£2) N L*°(£2).

One should observe that the Dirichlet boundary conditions are not encoded in the domain of
definition of W but implicitly included by restricting the class of approximating sequences to
functions that satisfy the boundary conditions in H?(£2). We will prove below that W (1) < oo
implies attainment of the Dirichlet boundary conditions in an appropriate weak sense.

We show first that W and W coincide on M.
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Theorem 4 Foru € M. one has W (u) = Wy(u).

Proof. Forall u € M the inequality Wo(u) = W (u) is obvious by definition. To prove the opposite
inequality take any sequence (uy)xeny C W with uy — u in L1(£2) and lim infy_, oo Wo(ug) < oo.
By Theorem 3 and since u € H?(£2) we deduce

Wo(u) = Wg'(u) < I}Cmiano(uk).
—00

This yields Wo(u) < W (u). O
In the following proposition we discuss the implications of finiteness of W (u).
Proposition 2 Suppose that W (u) < oo for some u € L' (§2). Then
a

e HAiv.2) and WEw) < W(u) (55)

a

u € BV(2) N L®(2),

holds. Moreover, |V*u|(0§2) = 0 and both the trace of u and the approximately continuous
representative of V%u are well-defined X'-almost everywhere on 32 and satisfy the Dirichlet
boundary conditions (5) ®'-almost everywhere on 352.

Proof. Letu € L'(£2) satisfy W (u) < oo. Then there exists a sequence (1x)xeny C T such that
ur — uin L'(£2) and W (u) = limy_, oo Wo(uy). From Theorem 3 we deduce (55).

It therefore remains to prove the attainment of the boundary data (5). Let us choose an open
bounded set £2; C R? with smooth boundary such that 2 CC £2; and let us extend ¢ to ¢ €
C?(£21). We also extend uy by ¢|2,\2 and obtain a sequence (uy)g in H?(£2y) with uniformly
bounded Willmore energy also with respect to the larger domain §2;. Theorem 3 and the properties
(38), (45), (46), (47), (48) show that

qr —~> ¢, Vg —V in2,\ E, (56)
qViu =0 as Radon measures on 21, 57)
Viu = g v on{qg >0} \ E, (58)
Vug = ViU, Qr — V1+[Veau? = 0 in{g >0} \ E, (59)

where E C £2; has %-capacity zero and the approximately continuous representative of V%u exists
everywhere in {g > 0} \ E. We recall that g > 0 a.e. in £2;.
On 382 we have, denoting by t a unit tangent field on 92

ad 0
Ok = VI+ VP = VT4 (- Ve + (¢ Vu)? = \/1+(£>2+<£>2.
We deduce from (5) and (56) that
g >0 ond2\E, (60)

in particular ¥!-a.e. on 352. By [1, Lemma 3.76] we have |VSu|(E) = 0 and by (57), (60) this
yields |VSu|(0£2) = 0.
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By (59), (60) we deduce for the approximately continuous representative V4u, which is well-
defined ¥!-a.e. on 042, that

Ve -v = lim Vug-v = Vg -v K !-almost everywhere on 052. 61)

k—o00
This proves the attainment of the second Dirichlet boundary datum.
From now on we will work in the original domain §2. We observe that gx := Q,;3/ % and

ek = Uy Q,:3/2 satisfy

2
3 _
0igk = ) ;(%uk) (0;0iug) Oy 72,

2
_ 3 _
diew = @) Q" = 5 D urBui) (05001 Q7.
j=1
Using the diameter bound (32) and (34) we infer that the sequences (gx)xen and (ex)ren are

bounded in H'(£2). After passing to suitable subsequences and possibly enlarging the set E, we
obtain in addition to (56)—(60) that

gk — g exr—e inHY(Q), (62)
g — & e —>e inR2\E, Capy;,(E)=0, (63)

and that g = (0%)~%/2 and e = ug hold almost everywhere in £2.
We next claim that ¥ !-almost everywhere on 052 the traces of e, g, u, which are well-defined

by [17, Theorem 5.3.1], satisfy e = ug. In fact, K 1-almost all xo € 92 are by [1, Theorem 3.87]
Lebesgue boundary points,

lim |u(x) — u(x0)| dx =0,

r{0JB, (xo)N$2

lim |g(x) — g(x0)| dx =0, lim \e(x) — e(x0)| dx = 0.
{0 JB, (xo)NR2 r{0JB, (xo)NR2

Using these properties we deduce
|e(xo) — u(x0)g(xo)]
—f Jeo) ~ ub)g (oo dx
By (x0)N$2
< f (lexo) = e)] + [u(xo) (g xo) = g(0)| + [g(6) ((x0) = u(x))]) dx
B, (x0)N 2
+][ le(x) —u(x)g(x)| dx
By (x0)N$2
-0 (rl0),

since the last integral is zero and since u, g are uniformly bounded. This shows

ug = e K !-almost everywhere on 052. (64)
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We further obtain from g = ¢/ in H'(£2) that g = ¢3/5 holds ¥ '-almost everywhere on 952
for the corresponding traces. Furthermore the sets of Lebesgue boundary points of ¢ and Lebesgue
boundary points of g on 052 are the same, since

3/5
Lo e egBadx < f o gt ax
By (x0)N2 By (x0)N$2

3/5
< (][ |9 — q(x0)| a’x) :
By (xo)NQ2

][ 4= a(o)|dx < ][ |@*)° — (q(x0)*/)*3 | dx
Br (X())n.Q Br (xo)m.{2
5
S][ 31 = a(xo)*?[dx.
By (xog)N§2

where we have used |¢| < 1. In particular, this implies
{g>01N 02\ B) = {g>0}N(02\B) forsome B C 382 with ¥ (B) = 0, (65)
and by (60)
g >0 K !-almost everywhere on 052. (66)

By (62) and since uy satisfies the first Dirichlet boundary condition we find that in L2(3£2) and
¥ !-almost everywhere on 952

e = lim ex = lim pgr = ¢g
k—o00

k—o0

holds. This yields by (64), (66) that u = ¢ is satisfied ¥ !-almost everywhere on 352. Together with
(61) this proves that the Dirichlet boundary data are attained. O

Since by construction the lower semicontinuous relaxation is lower semicontinuous and by the
compactness property from Theorem 3 we obtain the existence of a minimiser for W, which is even
bounded and has finite surface area.

Theorem 5 There exists a functionu € BV (§2) N L*°(§2) such that
Yvoe LY(2): Wu) <W(©).

Proof. We consider o
o :=inf{W(@):vel(2)} <o

and a minimising sequence (ux)xen C L'(£2), thus o = limg_, o0 W (ux). Thanks to the definition
of W we may achieve that even (ux)reny C Wl. According to Theorem 4 we have W (uy) =
Wo(uy), hence o = limy_, oo Wo(uy). Theorem 3 yields that for a subsequence uy — u in L!(£2)
and that u € BV(£2) N L% (£2). Due to the definition of W it follows that

W(u) < lim Wo(ur) = a.
k—o00
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The reverse inequality a < W (u) follows from the definition of « as an infimum. To conclude we
have u € BV (£2) N L°°(£2) and it satisfies

W) =a = inf{W(v) TV E BV(.Q)}.
O

The preceding arguments show that the infimum in the definition of W is in fact a minimum and
that
inf{W(v) HEVNS Ll(.Q)} = inf{W(v) HEVNS m} = inf{Wo(v) jv € m}

5.2 Navier boundary conditions

In what follows we always assume £2 C R? to be a bounded C 3-smooth domain and fix a boundary
datum ¢ € C3(R2).
In order to model the so called Navier boundary conditions

u=¢ and H =2yky onadf2
we consider the set
m = {ve H*(2):v—¢ € Hj(2)}. (67)

As explained in the introduction one can formulate only the first Navier datum via a suitable subset
of H?(£2) while the second datum is only obtained via a minimising property and, when compared
with the Dirichlet setting, the larger set of admissible testing functions.

In contrast to Dirichlet boundary conditions the total Gauss curvature is not determined just by
the Navier condition and is not constant on L. Thus, we now consider the generalised Willmore
functional W, from (1) (for simplicity of notation, in the following we call W, just “Willmore
functional’ even if y # 0).

We define as above the L!(£2)-lower semicontinuous relaxation of the Willmore functional:

W, LY(2) - [0,00], W,(@u):= inf{l}cmiany(uk) T 3 ug — uin LY(2)).
—00

We remark that again such approximating sequences always exist and that the set {Wy < oo} will
be strictly smaller than L1 (£2).

Similarly to Theorem 4 we also obtain for the Navier boundary problem that the relaxation of
W, coincides with the original functional in m:

Theorem 6 Foru € T one has ﬁ/y(u) = W, (u).

Proof. The inequality W, (u) = W, (u) follows immediately from the definition. To prove
q y Wy % y p

the opposite inequality take any sequence (Ug)ren C W with uy — u in L'(£2) and
liminfy_, oo Wy (ux) < oco. By Lemma 2 also (Wy(ug))ken is bounded. Therefore all properties
shown in Theorem 3 hold and since u € H?(£2) we deduce that Wy(u) < liminfy_, oo Wo(ug).
Since the total Gauss curvature is continuous by Proposition | we therefore also obtain

Wy (u) < liminf W), (ug),
k—o00

which implies W), (u) < Wy(u). O
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REMARK 5 As in the Dirichlet case we would like to characterise properties of the subset of LY(R2)
where W, is finite. The key difficulty here is to identify a suitable generalisation of the total Gauss
curvature for a sufficiently large subclass of functions u € L!(£2) \ H?(£2). We consider here for

u € BV(£2) with VQ" € H(div, 2) and (09)~! € BV(R2)

Véu 020 K

8o(u) = 2mx(2) + v £ ds — / —ds, (68)
i Q¢ 14 (0:9)? a2 0°

where 7, k denote a unit tangent field and the scalar curvature (taken nonnegative for convex parts)

of 082, respectively, see Remark 1.

Since VQua” € H(div, £2) by [31, Theorem I1.1.2] we have V(;a" -v e H™Y2(3£2) and the first

boundary integral, which more precisely has to be understood as a H~1/2(3£2)-H '/2(3£2) duality
product, is well-defined. Furthermore (Q%)~! € BV($2) ensures by [17, Theorem 5.3.1] that the
second boundary integral is well-defined. Note also that by [31, Theorem 1.1.2]

Va
8a(u) = 2my(£2) +/ H(x)a(x)dx +/ Y Vadx —/ L ds, (69)
2 2 0¢ a2 Q¢
where H* := V - Y% and where o € C!(82) is any differentiable function satisfying o[y =

Qa

8%¢ |
1+ )7 1942

Our choice of the functional &g is firstly motivated by Proposition 1 and (51). In fact, the latter
proposition shows that 8¢ (1) coincides with [, KQ dx for u € H?(£2) with boundary values
@. Moreover, for all C > 0 the functional 8¢ is continuous with respect to L!-convergence in
H2(2)N{Wy < C}.

As a second justification we consider a C 2-manifold M in £2 x R, given as graph of a function
u € BV(82) N L°°(£2) possibly with vertical parts as in Remark 4. We firstly observe that in

this case % € H(div, £2) holds since VQua” = =4v on J, (where the sign depends on sgn(u™ —

u~)) and secondly claim that the functional 8¢ coincides with [,, K dS. In fact, the derivation of
8¢ only needs the Gauss—Bonnet formula (16), which holds for any C2-regular manifold, and the
computation of the geodesic curvature integral f am Kg ds.

Using this modified total Gauss curvature we can define a generalised Willmore energy (or rather
the non-singular part of the latter) as

Wi (u) = W5t (u) + 86 (u)
foru € BV(R2) with T € H(div, 22) and (0*)™"' € BV(£2).

The next proposition shows that for u € L(£2) with Ijl\/y(u) < oo the functional W is well-
defined and satisfies an upper estimate. In addition, at the non-vertical part of the boundary the first
Navier boundary datum is attained.

Proposition 3 Consider u € L'(2) with Wy(u) < 0o0. Thenu € BV (£2) N L™°(£2), VQaa” €
H(div, 2) and (0%)~' € BV(82) holds and we have

W) < Wy (u). (70)

Moreover, ®'-almost everywhere on {(Q%)~! > 0} N 82 the trace of u on 352 satisfies the first
Navier boundary condition u = ¢.
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Proof. There exists a sequence (1g)ren C T such that

up —u  inLY(R),  W,(u) = Jim W ().
—>00

Thanks to Lemma 2 and since (W), (ux))ken is bounded also (Wy(ug))ken is bounded. So, most
arguments of the proofs of Theorem 3 and Proposition 2 carry over, but the convergence of
f o Kk Ok dx and the attainment of the boundary condition need to be carefully discussed.

As in the proofs of Theorem 3 and Proposition 2 we obtain, after passing to a subsequence and

recalling gz = Q,;3/2,€k = U &k,

g — & ex—e in H'(£2),
gk —> & er—e in2\ E, Capy)(E)=0, (71)
Vup — Véu a.e.in £2, (72)
Véu
Hy — H*=V. 5 in L?(£2), (73)

and that g = (Q%)™%/2 and ¢ = ug holds almost everywhere in £2. Moreover Q¢ € L'(£2),

% € H(div, 2) and

Wg(u) < liminf Wo(ug). (74)
k—o00

Since 0 < (Qy)~! < 1forall k € N and further

Voo = 0P puvi [ w0 < ([ otirur) ([ er)’

(Ox)~! is uniformly bounded in W !-1(£2). By the BV compactness theorem and since (Q;)~ ! —
(047 Vin L'(£2) we deduce that (Q%)™! € BV(R2).

We next show the convergence of the total Gauss curvature. Here it is convenient to fix any
o € C1(R2) as above and to use the representation (69). By (71) we deduce that gx — g in L2(9£2)
and, possibly passing to a subsequence, ¥ !-almost everywhere on 9£2. Since gi , g are bounded we
deduce that we also have

00" = g — ¢ = (09!

strongly in L1(9£2), where in the last equality we have used that g2/3 = (Q%)~! in BV(£2) and

therefore in L1 (9£2). Furthermore, from (72) and since |VQ—"kk| < 1 we obtain
Vu Véu
Tk, in L'(2).
Ok Q¢

Equation (52), the convergence properties just derived, and (73) yield for k — oo

\Y
86 (ux) = 2”1(9)+/9Hk(x)0€(x)dx+/~Q£-Voedx—/m%ds

Ay

— 271)((.9)+/52H“()c)oe(x)dx+/{2 VQa -Votdx—/a‘z&ds = Eg(u).
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Recalling (74) we conclude that (70) holds.
Following the proof of (64) in Proposition 2 we obtain ¥ !-almost everywhere e = ug on 952.
Moreover we deduce from (Q%)~! = g2/3 similarly as in (65) that

{g>01N @2\ B) = {(Q9)™" >0} N @2\ B) forsome B C 32 with ®'(B) = 0,

and further by the first Navier boundary condition that e = limg_., ¢x = @g holds ¥ !-almost
everywhere on 0£2. This implies that u = ¢ is satisfied ¥!-almost everywhere on the set 92 N

{97 >0} O]

REMARK 6 As before we obtain as a corollary the existence of a minimiser for I/T/ which is even
bounded and has finite surface area: There exists a function u € BV(£2) N L°°(£2) such that

Voe L'(Q): W,u) <W,().

The proof follows closely that of Theorem 5. To obtain the respective compactness property for the
generalised Willmore functional W,, we in addition use that by Lemma 2 a bound on W), implies
a bound for Wy. We expect that the first Navier boundary data are not necessarily attained in a
pointwise sense if vertical parts of the graph are present in the limit. Such a deviation will be
charged by contributions to the energy from the singular part. In particular in such cases we expect
that W% (u) < W ().

REMARK 7 Most of the results for the functional W, also apply to more general Canham—Helfrich-
type functionals [8, 22]

1
We, He,y (U) = a/ V14 |Vul? dx—i—Z/ (H—Hy)* 1+ |Vu|? a’x—y/ K 1+ |Vu|?dx.
2 o) o

The physical meaningful range of parameter values is described by the conditions > 0,0 < y < 1,
)/H02 < 4a(1 — ), see [22, 27]. These restrictions ensure pointwise nonnegativity of the whole
integrand o + 1 (H — Ho)? — yK.

Here we can consider arbitrary fixed @ > 0 and Hy, y. For given ¢ € C?(£2) we prescribe the
boundary condition u|ye = ¢|ye. Then the term y [, K /1 + |Vu|? dx is uniformly bounded by
the data, see the proof of Lemma 2. Hence, bounds for Wy ,, g, immediately yield bounds for the
area and so for Wy. Diameter bounds follow directly by Theorem 1.

In order to extend Proposition 3 one observes that the area term is L!-lower semicontinuous.
Moreover, the proof of Theorem 3 yields that (/O )xen is bounded in L2(£2) and /O — /0%
holds almost everywhere in £2. Vitali’s theorem implies that /O — /0% in L?(£2). We conclude
further from (49) that (Hy — Ho)/Ox — (H% — Hy)/Q% in L?(£2). Hence the proof of
Proposition 3 can be extended to the Helfrich case.

If we assume only o = 0, but further that o« > 8H02 for some ¢ > 0, then bounds for Wy ,, g,
imply bounds for W, that are uniform in «. Diameter and area bounds follow by Theorem 2. The
corresponding results to Proposition 3 can the be proved as indicated above.
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