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Weak solutions to thin-film equations with contact-line friction
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We consider the thin-film equation with a prototypical contact-line condition modeling the effect of
frictional forces at the contact line where liquid, solid, and air meet. We show that such condition,
relating flux with contact angle, naturally emerges from applying a thermodynamic argument due to
Weiqing Ren and Weinan E [Commun. Math. Sci. 9 (2011), 597-606] directly into the framework
of lubrication approximation. For the resulting free boundary problem, we prove global existence of
weak solutions, as well as global existence and uniqueness of approximating solutions which satisfy
the contact line condition pointwise. The analysis crucially relies on new contractivity estimates for
the location of the free boundary.
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1. Introduction and main result
1.1 Thin-film equations

Thin-film equations are fourth-order degenerate parabolic equations whose simplest form, in one
space dimension, reads as

hy + (m(hW)hxxx)x =0 on {h > 0}, (1.1)

where m € C([0, o0)) with m(0) = 0 and m(h) > 0 for i > 0. Equation (1.1) describes the height
h of a thin layer or droplet of a Newtonian fluid on a flat and perfectly smooth horizontal solid
substrate in the regime of lubrication approximation ( [42]; see [28, 38] for its rigorous justification
in a related model). In this case m has the typical form m(h) = h3 + b3 h", the parameters n > 0
and b = 0 being related to the slip condition imposed at the liquid-solid interface: in particular,
n = 2 corresponds to a Navier slip condition and n = 3 (or » = 0) corresponds to a no-slip
condition. The case m(h) = h may also be seen as the lubrication approximation of the two-
dimensional Hele-Shaw flow in half-space [28].

Throughout the paper we consider for simplicity a symmetric droplet configuration, i.e., & even
and {h > 0} = (—s(t),s(¢)). Since (1.1) is of fourth order, at least two conditions are to be imposed
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at x = s(¢): the most natural ones are

h(t,s(t)) =0, (1.2a)
im P (1.2b)
x—>s(t)~ h

the former defining x = s() itself, the latter representing the kinematic condition that the interface
moves with the fluid. It is conjectured for n = 3, and proved for n = 7/2 [2, 6], that the support of
solutions to (1.1)—(1.2) remains the same for all times, i.e., s(t) = s(0). However, whenn < 3 (i.e.,
when slippage is allowed) the support is expected to change with time, leading to a genuine free
boundary problem for which a third condition is required. Most of the literature so far has focused
on the so-called complete wetting regime, which amounts to prescribing /i, (¢, s(¢)) = 0; for this
problem, global existence of weak solutions and their qualitative properties [1-7, 13—-19, 23, 27,
29-33, 35] as well as local-in-time well-posedness [21, 22, 24, 25], have been widely investigated.
When a constant non-zero contact angle is prescribed, the theory of global weak solutions is more
limited [8, 39, 43], whereas that of local well-posedness is as well developed [36-38].

The aim of this work is to discuss global weak solutions to a class of contact-line conditions
which model the effect of frictional forces at the contact line. The prototypical case in this class
reads as follows:

d
$0) =3 ((h% = 2hhxx) — 03) |x=s(0)» (1.3)

where d > 0, the superposed dot denotes the time derivative, and the notation f|;—g) denotes
the limit of f as x — s(¢)”. We will now argue that (1.3) stands as the appropriate analogue, in
lubrication approximation, of the prototypical contact-line condition proposed by Ren and E in [44]
and derived by the same authors in [45] at the level of Navier-Stokes equations.

1.2 The Ren-E contact-line condition in lubrication approximation

Let us preliminarily review, in the simplest possible setting, the derivation provided in [45] of the
analogue of (1.3) in the framework of Navier-Stokes equations. Consider a Newtonian liquid on a
flat solid surface surrounded by a gas. Let 2 denote the region occupied by the liquid and let y,
ysL, and ysg denote the surface tensions at the liquid/gas (I"), solid/liquid (I'sz), and solid/gas
(I'sg) interfaces, respectively. On introducing a static contact angle, ®Ogs € [0, ], defined by

vsG —ysL if lyse —ysLl <vy (partial wetting),
ycosBg =4 1 if ysG—ysL =Yy (complete wetting),
-1 if ys¢ —ysL <—vy (complete dewetting),

and on neglecting molecular interaction potentials, the total energy of the system may be written as
the sum of kinetic and surface energies:

Elu] = g/ [u|?d — y cos Os|Tsr| + y| T, (1.4)
Q
where p is the liquid’s density and u is the velocity field within £2. Using the Navier-Stokes

equations,
p(du+u-Vu)=-Vp+nV-(Vu+Viu), V.u=0
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(n is the liquid’s viscosity) and the interfacial conditions
p+yc=nVu+Viwn-n, Va+Viun-t=0 atl’, u-e3=0 atlss

(k, m, t, and ez are the curvature of I', the unit normal and tangential vector at I", and the unit
normal to the solid, respectively), a formal calculation gives

defu(r)]

e

—7]/ |Vu|?d$2 + / ((Vu+ Viwn - tyuydlsy + y(cos © — cos Og)uy,
2 sy

where u; is the scalar velocity tangential to the solid at I'sz,, uy is the outward normal velocity of
the contact line, I" N I'sy,, and @ is the dynamic contact angle, i.e., the angle formed by I" and
I'sy at I' N I'sz. In an isothermal framework, the second law of thermodynamics simply requires

% < 0. The constitutive relations (of local type) which are compatible with it are therefore
(Vu+ Vi -t)|rg, = fi(us) with g fi(us) <0 (1.5)
and
y(cos® —cos Os) = fe(uy) with ug fy(ug) <0. (1.6)

In the prototypical case of linear constitutive relations, (1.5) reduces to the Navier slip condition,
ie.

1
(Vu+VTwn-t)|r,, = —g¥s

with B a slip lengthscale, whereas (1.6) yields
1

y(cos ® — cos Og) = —Bug (1.7a)

with 1/D a friction coefficient at the contact line. When contributions coming from the disjoining
pressure are also considered (see (11) in [46]), in complete wetting (Bs = 0) (1.7a) is modified as
follows:

1
y(cos® — 1) = ) max{uy,0} if ®g =0. (1.7b)

As arguedin [11, 12, 46], in lubrication approximation (1.7a) turns into

) d
$(1) = E(/’li - 9§)|x=s(z‘)v (1.8a)

where Og is a rescaled static contact angle and 1/d is a rescaled friction coefficient. Taking also
disjoining pressure into account, in complete wetting (1.82a) is modified as follows:

d
max{§(t),0} = 5h§|x=s(,) if 65 = 0. (1.8b)

It should be noted that the right-hand sides in (1.8) differ from that in (1.3) by a single term,
hhyx|x=s@). We will now show that this term naturally emerges when applying the same basic
principle —consistency with the second law of thermodynamics in the isothermal case— directly at
the level of lubrication theory. We refer to the final paragraphs of this section for a comparison
between (1.3) and (1.8).
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At leading order in lubrication approximation, kinetic energy is negligible. After a normalization
(and taking our symmetry assumption into account), surface energy reads as

1 s(t)
8lh(t)] = = / (h2 + 62)dx (1.9)

2 J 50

(see, e.g., [8, 26]). We note that
heven = hy|x=0 = hxxx|x=0 =0, (1.10)
1.2 )
W s@) Y20 S helemst) = —halemso$ (), (L11)
lim  m) e 225 lim . (1.12)
x—>s()~ x—>s(t)~

We compute:

d8[h(t s()
[dt( )] =g (9§ + h)zclx=s(t)) —+ 2/0 hxhxt dx
- (n2 2 s(2) $©
=505 + hxlxzs(t)) + 2[hxhi]y — 2/0 Rihyy dx
(1.10),(1.11) o s()
= § (9; - h)2c|x=s(t)) + 2[77/l(l’l)l’lxx]’lxxx f) - 2/ m(h)h)zcxx dx
0
(1L100,(112) . 1on 1o @) N
= S (9s —hi+ Zhhxx) lx=sq) — 2/ m(h)hi,, dx. (1.13)
0

Consistency with isothermal thermodynamics thus gives
(0% — h% + 2hhyx)|xmsy = fe(5)  with fe(5)5 <0, (1.14)

leading to (1.3) in the prototypical case of a linear constitutive relation. In turn, it follows from
(1.13) and (1.3) that

d8[h(1)] _ E&Z_/S(t)
dr d —s(t)

m(h)h2, .dx. (1.15)

The first term on the right-hand side of (1.15) represents energy dissipation due to friction at the
contact line and does not appear in the standard case of constant — zero or non-zero — contact angle
conditions. Along the analysis, we will exploit this new feature in order to control s(z).

Let us now compare (1.3) and (1.8a). It is elementary to see that the additional term
(hhxx)|x=s() vanishes whenever h(t,-) is left-continuous at x = s(¢) (in particular, it is zero
on traveling wave solutions (1.1)—(1.2), see, e.g., [9-11]). Hence, (1.3) and (1.8a) in fact coincide
on functions which are C'! in space up to the free boundary, a regularity which is implicitly assumed
in the derivation of (1.7a) and (1.8a). Therefore (1.3) and (1.8a) have the same physical meaning and
the additional term in (1.3) appears only in view of less stringent regularity assumptions. However,
its presence yields the dissipation relation (1.15), which is the key for the main results of this paper.

In the case 65 = 0, the difference between (1.3) and (1.8b) for receding droplets (§ < 0) is due
to the fact that, as we mentioned, (1.8b) is obtained in [46] by taking the disjoining pressure into
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account, whereas only surface energy is considered here. Under the energetic assumptions of [46],
we expect that (1.3) will take the form

. d .
max{s,0} = 5 (% —2hhyx)) |x=s) ifOs = 0.

1.3 Problem and main results

We translate (1.1)—(1.3) onto a fixed domain / = (—1, 1) by a simple change of variable:

x
y = ) el:=(-1,1), vt y) =h(t ys@). (1.16)

Furthermore, we relax the defining condition (1.2a) to
v(t,1)=e>=0 forall = 0. (1.17)

Taking symmetry into account, (1.1)—(1.3) turns into the following:

Ky 1
v — —yvy + —4(m(v)vyyy)y =0,v>0 veven in (0,7)x]I (1.18a)
s s

o= o (1.18b)
= @% at (0,T)x {y = 1} (1.18¢)
. d

§= ﬁ(vf,—Zvvyy—szQ;) at (0,T)x{y =1} (1.18d)

and the surface energy functional (1.9) is replaced by

(%, 2
E[U]ZE/I T+s95 dy. (1.19)

We let
{v>0}r:={(t,y) edom(v): t <T, v(t,y) >0}, {v>0}:={v> 0},

and we denote by (-, -); the duality pairing between (H (7))’ and H'(I). The definition of weak
solutions to (1.18) is nowadays standard:

DEFINITION 1.1 Let ¢ = 0 and assume that
me CO(R)NCY(R\ {0}), m(v) > 0forall v # 0, and limjitnfm(v) > 0; (1.20)
V—> 00
5o >0, vo € H'(1;]0,00)) even, and vo(1) = 0. (1.21)

A pair of functions (s, v) € Hlloc([O, 00); (0, 00)) x C([0,00) x I;[0,00)) is a weak solution to
(1.18) with data (sg, vo + ¢€) if:
(i) v e L2([0,00); H(I1)), v, € L2 ([0,00); (H'(I)));

loc loc

(i) vyyy € L. ({v > 0}) and /m(v)vyyy € L2({v > 0});
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(iii) forall T > O and all ¢ € L2((0,T); H'(I)),

T T T
/ (ve, @) dt :/ /—(y<p)yvdxdt+/ /—4m(v)vyyyqoydxdt; (1.22)
0 o JIs o JIs$

(iv) s(0) = 59, V|t=0 = vo + &, v|y=1 = €, and v is even;
(v) v dissipates E in the sense that

2 (T 1
E[v(T)] + = | §%dt + —m)v2, dxdt < E[vg] forall T >0. (1.23)
d 0 SS yyy
{v>0}p

Note that the kinematic condition (1.18c) is encoded into the weak formulation as a natural
boundary condition. Indeed, formally, for all ¢ such that ¢|,——; = 0 we have

§ 1
/I (Eyvy T4 (m(v)vyyy)y) ®
1 § 1
= 5 (‘P (Sv - %)) ly=1 _/1 (Ev(yfp)y - sjm(v)vyyy‘/’y) . (124

Note also that (1.23) is the (time-integrated) counterpart of (1.15) in the new variables (1.16), with
equality replaced by inequality.

The first main result is the existence of a weak solution to (1.18) for a class of mobilities which
includes the relevant case of m(v) = |v|3 + b3 7" |v|":

my satisfies (1.20) and mo(h) ~ Ch"™ as h — 0 for some n € (0, 00) and C > 0. (1.25)

It reads as follows:

Theorem 1.2 Assume that ¢ = 0, sg, vo satisfy (1.21), and m = myg satisfies (1.25). Then there
exists a pair of functions (s, v) which solves (1.18) with data (s, vo) in the sense of Definition 1.1.

The main limitation of Theorem 1.2 is that the contact-line condition (1.18d) is encoded only
very weakly, in the form of the energy inequality (1.23). This limitation is removed in the second
main result, which we introduce now. As is customary for thin-film equations, the weak solution in
Theorem 1.2 is obtained as limit of a sequence of solutions to approximating problems in which:

e the initial datum is raised by a height ¢, thus ensuring initial positivity;
e the mobility m is replaced by one which degenerates sufficiently strongly at v = 0, thus
preserving positivity:
v¥mo(v)
emo(v) + v4’

Under these assumptions, we are able to construct unique approximating solutions (s, v¢) in which
Ve is positive and (sg, v;) satisfy the contact-line condition (1.18d):

me(v) 1= (1.26)

Theorem 1.3 Assume that ¢ > 0, sg, vg satisfy (1.21), and mq satisfies (1.25). Let m = m; be
defined by (1.26). Then there exists a pair (s, v) such that: (s, v) solves (1.18) with data (sg, vo + €)
in the sense of Definition 1.1, v > 0 in [0, 00) x I, and (1.18d) holds in L*((0, 00)). Furthermore,
(s, v) is unique in this class.
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At this stage, we are not able to prove that the weak solution in Theorem 1.2 is positive a.e. in
(0,T) x I. In this respect, it is important to notice that, even for the well-known case of a zero-
contact angle condition and for n = 2, in the y-formulation (1.18a) the standard local version of
entropy estimates [2, 6] would not yield a.e. positivity in (—1, 1). This is because in the standard
local version of entropy estimates the support of test functions is fixed in the x-variable, that is,
receding in the y-variable when s increases. This points to the necessity of a refinement of standard
entropy estimates, localized in such a way that the test function “follows” the free-boundary.

In the proofs of Theorem 1.2 and Theorem 1.3, it is essential that we work with the contact-line
condition (1.3) (in the form of (1.18d)) rather than with (1.8). Indeed, as we discussed in Section
1.2, (1.8) does not guarantee dissipativity of E unless the product i/ is assumed to vanish at the
contact line, whereas (1.3) guarantees dissipativity of E without assuming any a-priori regularity
of the solution. A refinement of standard entropy estimates would also permit to prove that the
weak solution constructed in Theorem 1.2 belongs to C ' () for almost every ¢, implying that the
additional term A/, in (1.3) can eventually be ignored.

A further open question of course concerns local-in-time well-posedness for (1.1)—(1.3). The
main difficulty in reproducing the method in [21, 22, 24, 25, 36-38] is that, while the contact-line
condition /1y|y—s() =constant is linear and (scaling-wise) of lower order, (1.3) is nonlinear and
of higher order (through (1.2b), it depends on the trace of the third derivative for a fourth-order
problem).

This work stands as a first investigation of nonconstant (and nonlinear) contact-line conditions
for thin-film equations. Its main merit is the construction of unique approximating solutions which
satisfy such condition pointwise. To this aim, some technical novelties are introduced, the most
relevant one being an H !-contractivity estimate for the free boundary, s(z) (see §1.4 below). We
believe that this approach may be used to treat more general contact-line conditions which relate
the speed of the contact line to (derivatives of) 4. In fact, granted the aforementioned refinement of
entropy estimates, we believe that it might also yield improvements in the theory of global weak
solutions.

1.4 Plan of the proofs

As is customary in this framework, our argument is based on a multi-step approximating procedure.
As we said, a solution to (1.18) with m = m will be obtained as limit of solutions to (1.18) with
m = m,. In turn, these solutions will be obtained as limit, as § — 0, of problems in which we
replace the mobility m¢(v), which is itself degenerate as v — 0 and unbounded as v — oo, by an
approximating family of non-degenerate and bounded mobilities ms  :

v¥mo(v)
emo(v) + v + Svtmo(v)’

ms (V) =8+ (1.27)

In order to obtain global existence for (1.18) with m = mg ., we first prescribe the free boundary
s(t) and consider the following problems:

§ 1 .
vy — E)’Uy + Sj(m(v)vyyy)y =0 in (0,7) > (0, 1)
(Ps)q Vy =Uyyy =0 at (0,7) x{y =0} (1.28)

m(v)vyyy

= at (0,7)x{y =1}

v=g, §(t) =
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where indeed the contact-line condition (1.18d) is removed. Here we have encoded the symmetry
assumption through the boundary conditions at y = 0.

The first new technical issue concerns the existence of solutions to (Ps). Indeed, once s is fixed
(i.e., the contact-line condition does not hold), the dissipative structure is lost (compare (1.13)). As
a consequence, our existence result for (Ps) is only local in time (see Proposition 2.1 in Section 2).

The second new technical issue, which in fact is the crucial one, is to capture the contact-line
condition (1.18d). To this aim, we let m = mgs . and we look at the mapping

t

d
s(t)—5(t) := 50 + / 732 (vf, —200yy — s29§) |y=1dr, where v solves (Ps).
0

In Section 3 we will argue that T > 0 exists such that

~ ~ 1 . .
151 =320l 220, 7)) < §||51 —$2ll22((0,7))

for any pair s; and any pair v; of solutions to (Ps,) (in particular, s; = s, implies §; = 3>, hence
the mapping is well defined). The unique fixed point of this mapping produces a local-in-time pair
(s, v) that solves

K 1 .
vy — E)’Uy + Sj(m(v)vyyy)y =0 in (0,7) > (0, 1)

Vy = Vyyy =0 at (0,T) x {y =0}
(P) m(v)v (1.29)
v=e $0=—5" at (0.7) x {y =1}
SV
&:j?(vf_zvvyy_szeg) at (0,7)x{y =1}

with m = mg .. Since the contact-line condition is recovered, then also the dissipative structure is
(cf. (1.13)): therefore the local existence result for (P) can be upgraded to a global existence one
(cf. Section 4).

Finally, in Section 5 we prove an entropy-type estimate for solutions to (1.18) with m = mg .
which is uniform with respect to § (see Lemma 5.1): this allows to pass to the limit as § — 0
obtaining positive solutions to (1.18) with m = m, and thus proving Theorem 1.3. Here the new
issue is to pass to the limit in the contact-line condition, which requires strong convergence of the
trace of v, and vy, this is achieved by combining v|,—; = ¢ and Hélder estimates into a uniform
lower bound on v near y = 1, and then using the estimate for the flux. Given Theorem 1.3, we pass
to the limit as ¢ — 0 in a nowadays usual fashion and complete the proof of Theorem 1.2.

1.5 Notations and preliminaries

The constants 8y = 0 and d > 0 are fixed throughout the paper. We let

=01, 2r=0T)xR, I=(L1), Ir=(0T)xI.
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Since we always integrate with respect to the Lebesgue measure, we omit to specify dy, dz. Finally,
we list the interpolation inequalities [20, 40, 41] used in the sequel:

sup|vy| < Crllvy 15y 10y (g if vly=0 =0, (130)
sup[vy| < Cillvy 5y 10y 20y + Callvy 2o (131)
sup vy ] < Culvy gy 03 1724y + Colty 2 (132)
||Uyy||L2(g) Cillvyllz2(2yllvyyy 22y + C2||Uy||L2(9)s (1.33)

where C; > 0 is a universal constant and C, > 0 depends on the domain.

2. Local existence of solutions to approximating problems with a prescribed free boundary
The main result of the section is the following local existence result:
Proposition 2.1 Lets,§ € (0,1),m € CY(R;[8,87']), k > 0, and s,, > 0. Then T > 0 (depending
on 8, k, and s,,) exists such that for any vg € H'(2) with vo(1) = 0 and any s € H'((0,T))
satisfying
T
/ §$2<k? and 0<spy, <s(@t) VYtel0,T] 2.1
0

there exists a solution v to (Py) in (0, T') with initial datum vy + ¢ in the sense that

ve L®((0,T); H'(2)) N L2((0,T); H*(2)), v, € L2((0,T), (H'(2))),

_/ Vs, @ 9—//9 —v(y<p)y //QT —m(V)Vyyy @y (2.2)

forall p € L2((0,T); H' (£2)), and
V|r=0 = vo + € in H'(2),vy|y=0 = 0in L*((0,T)), and v|y=1 = ¢ in L*>((0,T)).

REMARK 2.2 Since v € L?((0,T); H*(£2)) and s = s, > 01in [0, T], X(ry.10) (F)vyy (2, ¥)/5(2) is
an admissible test function in (2.2), and (with two integrations by parts)

// L ony) 1/ S 02 =200, lymr + 2 //
—v(yv = —— VY
" o 52 YUyy)y 2/, yy)ly=1 s2y

Since v € L%((0,T); H'(£2)) and v; € L%((0,T), (H'(£2))"), we have v € C([0, T]; H'(£2));

since vy|y=0 = (v —€)|y=1 =0,

%) v
_/ (vs, 2V g :/
131 N
L[2s 5 202 2 1 2
=-3 \ S—2(vy—2vvyy—s 05)y=1— § Qs—sm(v)vyyy.

Therefore the following relation is satisfied as an equality:

1 v}
Z 2 92
2 /52 ( P + 5 S)

=ty

=t
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When both s and vy are assumed to be smooth, (Ps) in fact possesses global and classical
solutions:

Lemma 2.3 Under the assumption of Proposition 2.1, for any T > 0, any s € C'*t1/3([0,T))
satisfying (2.1), and any vy € C*T1/2(Q2) satisfying

. . . . £5(0)*5(0)
Voyly=0 = Voyyyly=0 = 0,V0|y=1 = &, Voyyyly=1 = ————, (2.3)

m(e)
there exists a unique solution v € Cllotl/s’4+l/2([0, T] x ) to (Ps) such that v|;=o = 7.

Lemma 2.3 follows from an application of classical linear theory [47] and is proved in the
Appendix. In order to pass from Lemma 2.3 to Proposition 2.1, some a-priori estimates are needed:

Lemma 2.4 Under the assumptions Proposition 2.1, T > 0 and C > 0 (depending on 8, k, and
Sm) exist such that: for any s € C1t1/3((0, T)) satisfying (2.1) and any © € C*+V/2(2) satisfying
(2.3), the solution v in Lemma 2.3 satisfies

0
su <201+ | =2, 2.4
zsIT)/ 2 // 5oy /9250 .
o\ 1/2
< Yoy
lvellL2o,myscrr 2y SC |1+ 25 : (2.5)

Proof. We write a < b when C = 1, independent of §, k, and s, exists such that a < Cb.
(Though unnecessary, we keep track of constants’ dependence on &, k, and s, in order to make
estimates more transparent). Since v satisfies (Ps), with integrations by parts we obtain

t
/ﬁ (1.28),,(1.28)3 // // LI
2s 252" yyet
(1.28),
- 2s2 vy = zszy 2, m(v)vyyy)yvyy
y=1 1
= —/0 ﬁ[ylﬂ]y 0+/0 5 [m(v)vyyyvyy // m(v)vyyy

(1.28),,(1.28)
220 [ 03 =2l [ fomend,
0 = 2

hence (since m = §)

v} 8§ T
L(T) := — <L
(T) f‘é?/gzﬁ//msm ()+/

§
F(vﬁ —200yy)|y=1] - (2.6)
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We use (1.30) and (1.32) to estimate the boundary term in (2.6): since v|,=1 = ¢ < 1, we obtain

T |- 3/4 1/4
1] 2 2
wn-ros [ ([3) (f5)
T |S| ) 1/8 5 3/8 T |S"| ) 1/2
(L) (L) 4] e (%)

=11+ 1+ Is. 2.7

By Holder inequality and (2.1), we have

1 T , 1/2 T ‘Ule 3/2 5 , 1/2
hmw/V / Lz (fo55)

k 5 12\ 1/2
ST —v
§1/4 ,s 0 9 §5 YYY
1/4
kT1/4 J2, kT4
< §1/4 (tSBI;/ // 35 yyy < Si4 L(T). (2.8)

Analogously,

1/2 1/4
< — /Tﬁ /T /ﬁ /502 "
T 838\ Jo 0 o 2s o 85 7YY
1/8 1/2
k vy Tors o, kTS 2
< §3/8 (fﬂ‘;/_q Z) (/0 (/Q s_svyyy) < N (L(T)) (2.9)

1/2

and

2

1/2 1/2
1 T ) . v le/Z ;
_ ; /2 oy /2
L (/0 ’ ) ' (2?/9 ZS) s I (L) (2.10)

Collecting (2.8), (2.9), and (2.10) in (2.7), we obtain (2.4) by choosing T sufficiently small.
The estimate (2.5) on the time derivative follows from

S
0, vl <, S
Qr or S

1
S_4m(v)vyyy(/)y =J1+ Jo,
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estimating

1 T v)z} /2 , 1/2
J1 £ — § -
ool (L) (L)
Q4 U3, 1z T, 12 5 1z
Ky / 2 250 0 Qr

5\ 1/2

on

1+/ —) lellL2 0,111 (2))>
2 450

and (since m < §71)

1 1 1 1/2 5 1/2
net [ w1 @) ([ S
S 2r s4 (gsm)3/2 2r y 2r §5 7YYy
<2\ 1/2

2.4) 1 UOy
R W 1+/92_s0 ||(P||L2((0,T);H1(g)).

We are now ready to prove Proposition 2.1.

Proof of Proposition2.1. Let T > 0 as in Lemma 2.4. Since s € H'((0,T)) satisfies (2.1), its
constant extension to [0,277], denoted by 5, satisfies (2.1) in (0,27) and § < sy < oo. Pick
5» € C1([0,2TY)) such that 5, (0) = 5(0), 5, € [sm,ss], and

5, —> 5 in L?((0,2T)) and 5§, — § uniformlyin[0,27] as n — oo,

Let Vo, be a sequence of initial data satisfying the assumptions of Lemma 2.3 and such that v¢, —
vo + € in H'(£2). Let v, be the solution to (Ps,) with b9 = Vg, obtained in Lemma 2.3. Since
Sn < S, it follows from (2.4) and (2.5) that

1

8 //
2 2 2
— su Uy, + = v + v : nsC
o thT)/Q m g ), T loneIZ2 0. 7yse1 20y

with C independent of n. The remainder of the proof (i.e., the passage to the limit as n — o0) is
standard and we omit it, referring to the proof of Theorem 1.2 below for details (in a more complex
case). O

3. A fixed point result
In this and in the following sections we look at solutions to (P) in the following sense:

DEFINITION 3.1 Let s > 0 and vo € H'(£2) such that voly=1 = 0. A pair (s,v) €
H'((0,7);(0,00)) x L®((0,T); H'(£2)) is a solution to (P) in (0, T) with data (sg, vg + ¢)
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ifve L2((0,T); H*(£2)), v; € L2((0,T), (H (R2))),

T . 1
/ (v p)g = // S ey + // L) vyypy forall g € L2((0.T): H'(2)).
0 Qr s Qr s
3.1

. d :
$=33 (v3 — 20wy, —s%63) ly=1 in L*((0. 7)), (3.2)
5(0) = 0, V|¢=0 = vo + & in H(£2), vy|y=0 = 0in L2((0, T)), v|y=1 = & in L2((0, T)).

In this section we prove local-in-time existence of solutions for ¢ > 0, § > 0:

Proposition 3.2 Let ,8 € (0, 1), mg satisfying (1.25), and m = mg_ defined by (1.27). Then for
any so > 0 and any vo € H'(2) such that vo|ly=1 = O there exists T > 0 such that (P) has a
solution (s, v) in (0, T) with data (sg, vo + €) in the sense of Definition 3.1.

Proof. Fix s, € (0,%2],let k = 1, let Ty > 0 be the time identified in Proposition 2.1, and let
T € (0,T«) N (0, 1). The constants k and 7" will be chosen later, in this order. We set

St ={se H'((0.T)) : [5llz20.7y) < k. $(0) =50, 5 = 5} (3.3)

Given s € St, let v be a solution to (Ps) in (0, 7%) as given in Proposition 2.1. We write f* < g,
resp. f < g, if a constant C > 1, independent of k and of T, exists such that f < Cg, resp.
Cf < g. We note for later reference that in fact

constants depend on vy, Sy, So, &, § = infmg ,(v),

§~! = supms ¢(v), and the Lipschitz constant of m = ms . 3.4

The a-priori bound (2.4) translates into

2 2
sup/ v +// v <l1. 3.5
b ) P 2 yyy
We observe that since T < 1,

/T " (1.30) T ) 1/2 ) 3/2
s (L) (19)
o 7V o 5 Yy et
3/2 1/2
< sup/ vz) // v2 T/? 3.6)
(st 2’ 2r 7

(3.5)
<TV?2 <1 (3.7)

T ooa3 D\ V4 , 3/4 i ,
v|=1§(sup/v) // v T +(sup/v)T
/o e i<t or 0 i<t
< (SUP/ U§ +// UJZ’YY) T (3.8)
t<T JQ2 Qr

(3.5)
<TV*<1. (3.9)

and
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Hence the function

t
~ d
5() := 5o + /0 753 (v — 200y — 5%63) |y=1 (3.10)

is well defined in L2((0, T')), and

., G610 T, T, (3.7),(3.9)
/ 5 < 1+/ vy ly=1 +/ vy ly=1 < 1. (3.11)
0 0 0

Choosing k sufficiently large, inequality (3.11) implies that
150 L2 0.7) < K- (3.12)

In addition,

T \'"? @1 50
sup |5 — so| < TY/? / 52 < Tl/zs? for T < 1. (3.13)
0

t<T

Inequality (3.13) implies that §(¢) = so/2 = s, for all t < T': together with (3.12), this yields
s € Sr. (3.14)

We claim that if 7 is sufficiently small, then

151 — S2llz20.7y) < 21181 — S2llz2(0.7) (3.15)
for any 51,52 € St and any pair vy, v, of solutions to (Ps,) and (P, ), respectively, where §; are
defined by (3.10). In particular, s; = s, implies §; = $». Together with (3.14), this implies that the
map F : St — St, F(s) = §, is well defined. By (3.15), F is a contraction and its unique fixed
point s satisfies (3.2), completing the proof. Thus, the rest of the proof is concerned with showing
(3.15).

From now on k is fixed once for all and the symbols <, <« also include dependence on k. We
argue fort < T K 1. Welets = 51 — 52,5 = §1 — 52, and v = v; — va. We note that, since

s(0) =0,
t 2 T
s2(t) = (/ |s|) sT/ §2. (3.16)
0 0

2
T T 2 2
2 Uty U2y  U1liyy | Valayy
A SIS A 2 2 2 T a2 ly=1

We have

S1 S5 S1 S5

2
T 2 2 T 2
< U1y U2y U1V1yy UaV2yy
[ (o) e (M )
2 2 2 2
0 51 S 0 S1 52

=1 + I, (3.17)
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We estimate /;:

T (2 2 2 T 2
Lo v3, . (I
13 __s_ ly=1+ Uzy|y=1 2 2
0 51 1 1 2

(??) T 4
((vly +v3)0))ly=1 + (sups )/0 Uy ly=1

t<T

1/2
3.7),(3.16 T T
0 0
(3.6) 3/4 T
< (sup/ ) // v, | TV + T3/2/ 52 (3.18)
t<T 0

We estimate /5:

r VU1 Vv 1 1 2
yy vy
I = / (—2 + —5 T V2Uzyy (_2 - _2)) ly=1
0 51 51 S; 82
T (2,2 T 2
< £ Yy | + ev L - L | (since v =0)
~ 4 y=1 2yy 2 2 y=1 y=1=
0 51 0 ST 82
(3.3) T >
5/ yly 1+ (SUPS )/ v2yy|y=1
0 t<T 0

(3.9),3.16) pT T
L o [

(3.8)
< (sup/ v +// yyy) 1/“+T5/“/ 52 (3.19)
t<T

By (3.18)and (3.19), for T < 1 (3.17) turns into

T T
/ 2 < K(MHTV* + T5/4/ §2, where K(T):= sup/ v} +// V7. (3.20)
0 0 2

t<T Qr

In order to bound K(T'), we test by vy, in (2.2) and we argue as in Remark 2.2: recalling that
U|t=() = O’

/ v2(1) //Q L
//9 (_Ul__vz)(yvyy)y // ( mo1)Vyyy = slg‘m(vz)vzyyy)”yyy;
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integrating by parts, recalling that v{|,=; = v2|y=1 = &, and rearranging, we obtain

v (0) 1
[E0+ ] e,
952
[ et /’ (1 1) |
=¢ —v el S$2[———)v
o 51 yyly=1 2 P yyly=1
52
- )’Ulyvyy — = | YV1yVyy — —YUyUyy
2, 2/ Q, 52

t

//9 ( ) m(vl)vlyyyvyyy //g m(vl) m(v2))vlyyyvyyy

=: R (7). (3.21)

Sincem = § and s = 55, > 0,

.21)
K(T) < (sup / 2(t)+// —m(v2)v yyy) =" sup R{(?). (3.22)
t<T Qr 2 t<T
Assume for a moment that 7 << 1 exists such that
T
sup Ry (1) S TV3 | K(T) +/ §?). (3.23)
t<T 0

Then, choosing T sufficiently small, (3.22) and (3.23) combine into

T

K(T) < /0 $2.

Plugging this estimate into (3.20) and choosing 7" sufficiently small, we conclude that (3.15) holds.
The rest of the proof is therefore concerned with showing (3.23).
We estimate each summand in R; (7). We have

T 33) T.2 1/2 T . 1/2
[ 2() (1 30
0 0 0

(.3) T 1/2
<T'3 / §? K(T)?, (3.24)
0

1o 33 T N7 1
S| —— — Jvpyly=1| < (SUP |5|) / 52 / V2 ly=1
(Sl Sz) Y t<T 0 0 v

(3.16),(3.8) T 1/2
< T8 / 2 K(M)Y2. (3.25)
0

Ky |
—U =
1 yyly=1

[




WEAK SOLUTIONS TO THIN-FILM EQUATIONS WITH CONTACT-LINE FRICTION 259

(1.33) T 1/2 1/2
2 2 2 2
ﬂ vyy § / (/ vy) (/ vyyy) + ﬂ vy
Qr 0 Qr

(3.20)
<(TY? + T)K(T) < T"?K(T). (3.26)

) (L fe)

(3.3),(3.26)
<

We note that

Therefore

§

L1

YUyUyy
2

TYV4K(T). (3.27)

By analogous arguments
I,
Qr 151

(1 1
52 5 s YV1yVyy

YVU1yUyy

1/2
(3.3),(3.5),(3.26) T
< T““(/ s‘z) K(T)"2, (3.28)
0

(3.3), (32), (3.26) T1/4 (

sup |s|) K(T)'?

t<T

1/2

T

(3%6) T3/4 (/ sz) K(T)l/z,
0

< (s ) (/fg 1) (/f )

(3.5),(3.16) T 1/2
< T2 / §? K(T)"2. (3.30)
0

Only the last term on the right-hand side of (3.21) remains to be estimated. Since m is Lipschitz
continuous,

IL,

(3.29)

and

IL,

1 1
A m(v1)Viyyy Vyyy

1 2

// 7 (m(vy) —m(vz))vyyyvzyyy‘ (3.31)
5
(3.3)
< szTl,lfegm(vl)_m(UZ)l //9 v2yyy //QT yyy
(3.5) ( ) 12
< sup |v| ) K(T)"/=. (3.32)
t<T,ye2

Assume for a moment that

T
sup/ V2 <Tl? (/ §2 4 K(T)). (3.33)
t<T J2 0
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Then, by interpolation and Young’s inequality,

sup  |v]? < sup ((/ ) ( 2) +/ v )
(<T,yeR t<T Q Q
1/4 3.33) T1/4 T 2
Ssup (T T v? < s+ K(T) ). (3.34)
t<T T / o 0

Combining (3.32) and (3.34), we obtain

1 (3.34) 18 T -
// i <r K(T)+/ 52 ). (3.35)
Qr S1 0

Inserting (3.24), (3.25), (3.27)—(3.30), and (3.35) into (3.22), we obtain (3.23). Therefore, the
remainder of the proof is concerned with the proof of (3.33).
We use v as test function in (2.2), obtaining (after a rearrangement)

/ v2(t) //Q —yvvly //9 52(———)yvv1y //_;3 2y,
//Q( 2)m(vl)vlyyyvy //Q (m(v1) — m(v2))Viyyy vy

// —m(v2)vyyyvy =: Ra(t). (3.36)
2

(m(v1) —m(v2))VyyyV2yyy

We now estimate R, (¢) in a similar fashion as for Ry (¢):

3.3) T 1/2
I, e = (e o)
Qr S1 0 2 2
(3.5) 2 (1 \'/?
< T2 (sup/ vz) / §? (3.37)
t<T J 2 0

Yoy

and, similarly,

(3.3),(3.5) 1/2
// < T2 (sup/ vz) (sup |s|)
2r t<T J 2 t<T

. 1 1
S —_— = VU
2 51 5 YUuVyy

.16 12 - 1/2 (3.38)
< T(sup v2) / 52 ,
t<T J 2 0
3.3) 1/2
// %2 Zy| % T1/2 (sup/ 2) K(T)'2, (3.39)
Qr (<T JQ2
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1 1 G 12 2 " 2 2
— — — | m(v)viyyyvy| S T (sup |s|) // v (sup/ v )
(4 54) ey t<T Qr by i<tJa
1/2

S 2
(3.5),(3.16) T
< T(/ 52) K(T)'/?,
0

IL,

(3.40)
and
1 G s
// —m2)vyyyvy| < T/7K(T). (3.41)
Qr s2
Finally, since
1 1/2
sup |v| < v|y=1 +/ vy < (/ vﬁ) (3.42)
yeR N—— y 2
we estimate
1 (3.3),(3.5) 12 R 1/2
// — (m(v1) —m(v2))viyyyvy < T sup || sup/ vy
Qr 15 t<T,yeQ ST IR
(3.42)
< TY2K(T). (3.43)

Taking the sup with respect to ¢ in (3.36), using (3.37)—(3.41) and (3.43), and absorbing on the
left-hand side, we obtain (3.33). o

4. A-priori estimates and global existence for the approximating problems
We can now exploit the dissipative structure of the problem, obtaining the following a-priori bounds.

Lemma 4.1 Let ¢,8 € (0,1), mg satisfying (1.25), m = ms , defined by (1.27), so > 0, and
Vo € HO1 (£2) non-negative and such that vo|,=1 = 0. Then a positive constant C, depending only
on ||vol|l g1 and so, exists such that any solution (s, v) to (1.18) in (0, T') in the sense of Definition 3.1
satisfies for all y, y1, vy, € 2 and all t,t1,t, € [0,T):

/ sv() = / so(vo +¢) forallt € (0,T), 4.1)
2 2
2 ! 2
su vi(t) +/ / m(v)v <C, 4.2)
zsg/rz Y 0o Jo My
1T T g 5
g/o $? :/0 e (v)z,—2vvyy _529§) ly=1 <C, 4.3)
C if6s >0
C'<s(r) < 105 4.4)
C(1+ 1) iffs =0,
lvellz2 0,y 2)y) < € 4.5)

[v(t, y1) — v(t, y2)| < Cly1 — ya| "2, (4.6)
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v(t1.y) —v(t2.y)| < C (|t1 — "8 + |4 —t2|1/6) , 4.7)

[v(t, y)| < C. (4.8)

Proof. Let (s,v) be a solution to (P) in (0, T') in the sense of Definition 3.1, and let ¢ € (0, T).
Choosing ¢ = s as test function in (3.1), we immediately infer (4.1). Choosing ¢ = —vyTy as test

function in (3.1) and arguing as in Remark 2.2, we obtain

t
1 v3 S\ 6oy 1T, 1 )
E/Q <? +S9S) . = _E/O N —//;ZI S—Sm(v)vyyy. (49)

Since s(¢) > 0 as long as the solution is defined, we also have

y 1 sz, 1z 4.9)
v(y,t):e+/ vy < &+ /(1) / 2 < e+ CAfs, (4.10)
1 o s(1)
On the other hand,

s(0)(e + C y/5(0)) 220 /9 v & 5 /9 (vo + ©).

which implies the lower bound in (4.4). Using such lower bound and (3.2) in (4.9) yields (4.2),
(4.3), and the upper bound in (4.4). Estimate (4.6) follows from (4.2); estimate (4.8) follows from
(4.6) and v|,—; = &; estimate (4.5) follows from (4.1)—(4.4), (4.8), and the weak formulation (3.1).
The proof of (4.7) is also standard, and we reproduce it only in order to motivate the |¢; — #,|1/°-
contribution. Consider a non-negative cut-off function ¢ € C2°(R) such that supp(¢) C (-2,2)
and [, ¢(s) ds = 1,let y € 2 and let 9, (y) = n" "o~ (y — 7)), n > 0. We have

|v(zz,y'>—v(z1,y'>|<L¢n<y>|v(zz,y'>—v<zz,y>\+Vﬂwn@)(v(zz,y)—v(zl,y))

+ /;Zf/’n(ynv(tl,J’) —ytL. )| =L+ L+ (411)

For the first and the third term we have

(4.6) )
L+1s < C/qun(y)ly—yl“zdyan”z- 4.12)

I, = ‘/ﬂ‘ﬂn()’)(v(fz,)’)_U(tlv)’))): /tl /ﬂ‘/’nvt

@D (2 K 2 1
< / /—U(J"Pn)y / /‘Pny_4m(v)vyyy
1 fol) t k7] N
(@4 o NV e 2\1/2
Izsc(/ ) | (/ (|gon|+|¢ny|>v)
31 131 2

(4.3),(4.8) _ _
< Clti — 6?72 supp(ey)| < Clty — 1|/ ?07! (4.14)

For the second term we have

+ = I, + 1. 4.13)

‘We note that
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and

1/2

4 “-4 2 2 12 2 2
I, < C § Qm(v)vyyy § Qm(v)fpny

(4.2),(4.8) _ .
< Clti — 2|72 supp(ey)|'/? = Clt; — 1|23/, (4.15)

Combining (4.12)—(4.15)in (4.11), we obtain
[v(t2.7) —v(t1.7)| < C (|11 — |2 i — )Py 771/2) . (4.16)

Minimizing the right-hand side of (4.16) with respect to 7 yields (4.7). O
Global existence of solutions for §, & > 0 is an immediate consequence of Lemma 4. 1.

Proposition 4.2 Let ¢,6 < (0, 1), mg satisfying (1.25), and m = ms , defined by (1.27). For any
so > 0 and any non-negative vo € H'(82) such that vo|y=1 = 0, there exists a pair (s, v) which
solves (P) with data (so, vo+¢) in (0, T) forall T < oo inthe sense of Definition 3.1. Furthermore,
(s, v) satisfies estimates (4.1)—(4.8).

Proof. By Proposition 3.2, there exists a pair (s, v) which solves (P) in the sense of Definition 3.1
up to a maximal time T > 0. If by contradiction 7 < oo, by (4.4), (4.2) and (4.8) we may find a
subsequence t, — T such that v(t,, y) — vr(y) in H'(£2). We may therefore apply Proposition
3.2 with initial datum v (y) and s7(0) = s(T'), obtaining a solution (s7(¢), vr) in £27, for some
T’ > 0. But then

_ s(t) t<T _ v(t,y) t<T
5() = o uty) = ,
st—=T) te(T,T+T) vr(t—=T,y) te(T, T+T)
would solve (P) in (0, T + T'), in contradiction with the maximality of T'. O

5. Entropy estimates and proof of the main results

In this section we prove the main results. We first pass to the limit as § — 0, obtaining positive
solutions to (P) with m = m, and thus proving Theorem 1.3. Crucial to this aim is the following
entropy-type estimate:

Lemma 5.1 Let 0 < &,8 < 1, mg satisfying (1.25), m = ms . defined by (1.27), so > 0, and
vo € H(£2) non-negative and such that vo(1) = 0. Let (s,v) be a global solution to Problem
(P) with initial data (s, vo + €), as given by Proposition 4.2. Then positive constants C = 1 and
C, = 1 exist such that

1
sup/o Gse(v(0)) +C* // v}, S Cs(1+T) forallT < oo, (5.1
27

t<T

where

A4 p4
Gs (1) = / / ———dt"dt’ with A > ||v]|co.
¢ Juv mse(r)
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Note that A is independent of § and ¢ in view of (4.8).

Proof. The proof follows the lines of [2, 6], with a few additional efforts in order to control the
boundary terms. For notational convenience, we let G = Gs and m = mg .. Since G” = 1/m,
using sG’(v) as test function in (2.2) we obtain

s/olG(v)

t

0 / {05 (0))g + //Q $60)
_//9, 5v(yG'(v))y +//ﬂz S%m(v)vyyy(G’(v))y jL//K2 5G(v)
_/()ts'[vyG/(v)K:(l) +//:z SvyyG (v)+//{2 — Uy Uyyy +//9 5G(v),

to t _ t

0:—5/0 §G (8)+/0 s[yG(v)]§=(1)+/ =3 [vyvyy ] —o // 3 vy,
t . , 1

:/0 (s [G(s) —eG'(e)] + s—3|(vyvyy)|y=1|)—//ﬂt s_3vJ2’y

It follows easily from (1.25) (the assumption on m¢) and (1.27) (the definition of m) that m(e) = %

forall §,¢ < 1. Then
4 dr (A—s)2 , . 4 dr
Gle) = // S e S e wen=| [

Therefore, recalling (4.3) and (4.4), we obtain

T
sup /G(v(z))+c*// vﬁys/ G(v0)+C8T1/2+C/ |(yvy)ly=1]. (5.2)
te(0,7) J 2 2r 2 0

In order to estimate the boundary term in (5.2), we need a local interpolation estimate. Since
V|y=1 = &, we have

hence

s/:G(v)

A—e C
< < —.
m(e) &

4.6)
lu(, y)—8| < Cll—y|V2 <2 forally € I, := (1 - (2C) 722, 1).

.2)
/ [ i <c [ monz, < e (53)
I 2

and by interpolation we obtain

T (1.31),(1.32) pT 4. 2) (5.3)
/ sup (v; +v3,) S / (c/ vy, + Ce / ) S C(1+T).
0 yel; 0 I I

Plugging this bound into (5.2) and since ¢ < vy + & < C, we obtain (5.1). O

Therefore
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Passing to the limit as § — 0 we prove the following result:

Proposition 5.2 Let 0 < ¢ < 1, my satisfying (1.25), and m = m, defined by (1.26). For any
so > 0 and any non-negative vo € H'(82) such that vo|ly=1 = O there exists a solution (s, v) to
Problem (P) with data (so, vo+¢) in (0, T) forall T > 0 in the sense of Definition 3.1. Furthermore
v > 0in Q7 and v satisfies estimates (4.1)—(4.8).

Proof. Let (ss,vs) be a global solution to (P) with m = mg . as given by Proposition 4.2, and
let 7 > 0. In view of (4.6)—(4.8), the Ascoli-Arzela theorem allows to select a subsequence (still
indexed by &) such that

Ve — v in CHI([0,T]x 2) as § — 0. (5.4)

The right-hand side of (5.1) is uniformly bounded with respect to §. Passing to the limit in (5.1) and
using lower semi-continuity we see that (5.1) holds. In particular

1
sup/ Go,g(v(t)) < 0. (5.5
0

t<T

Since Goe(v) ~ v™2as v — 0, (5.4) and (5.5) imply that v > 0 in 27 for all T > 0. The
remainder of the proof is nowadays standard and we omit it, referring to the proof of Theorem 1.2
for details. O

We are now ready to prove Theorem 1.3 and Theorem 1.2.

Proof of Theorem 1.3. Let (s¢, V) be a global solution to (P) as given in Proposition 5.2, and let

Ve(t, y) if yel0,1]

ve(t, y) = be(t,—y) if y € [-1,0).

Note that we have v, € L7, ([0, 00); H?(I)) since (¥¢)y|y=0 = 0. Hence v, is a solution to (1.18)
with data (so,vo + &) in the sense of Definition 1.1, v, > 0 in [0, 00) x I, and (1.18d) holds in
L?((0, 00)). This completes the proof of the existence part of Theorem 1.3.

In order to prove uniqueness, let (s¢;, Vgi), i = 1,2, be two solution with the same initial data.

Since s¢; and vg; are continuous and positive in [0, 00), resp. [0, co) x I, we have in particular
Cl<si()<C, CThsme(vei(t,y)) <C, CH<ml(vsi(t,y)) <C

forall (¢, y) € [0,1] x I and i = 1,2, for some C > 1. Comparing these bounds with (3.4), we see
that that the proof of (3.15) in Lemma 3.2 can be repeated line by line: hence a sufficiently small
T > 0 exists such that [[$e1 — Se2ll22((0,1)) < %H&sl —Se2llL2((0,1))> 1-€- Se1 = Se2 in (0, T'). Then,
testing by (Ve1 —vg2)yy and recalling Remark 2.2, the arguments in [34, Lemma 7.1] can be repeated
line by line, yielding v;1 = vz in (0, 7). A continuation argument completes the proof. O

Proof of Theorem 1.2. Theorem 1.2 follows form passing to the limit as ¢ — 0. Its proof is
nowadays standard [2, 6] and we reproduce it for completeness. In the course of the proof C will
denote a generic positive constant independent of €. Fix an arbitrary 7 > 0. In view of (4.6)—(4.8),
the Ascoli-Arzela theorem allows to select a subsequence (still indexed by ¢) such that

ve —v in C®3([0,T]x 1) as &— 0. (5.6)
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Bounds (4.2), (4.4), (4.3), and (4.5) imply, respectively, that (for a subsequence)

ve — v in L®((0,T); H'(I)) as & — 0, (5.7)

s — s in HY((0,T)) as e — 0, (5.8)

s¢ = s > 0 uniformlyin (0,7) as ¢ — 0, 5.9

ver — v in L2((0,T); (H'(I))') as & — 0. (5.10)

In addition, it follows from (4.2) and (5.6) that

Veyyy — Vyyy in L7 ({v>0}r) ase—0 (5.11)
Vme(ve)veyyy = Vm()vyyy in L*({v>0}7) as e — 0. (5.12)

We now pass to the limit as ¢ — 0 in

/ Ver, )1 + // —-ve(yp)y + // —Me(Ve)Veyyypy =0 (5.13)
or

forall ¢ € L2((0,T), H'(I)). The first two terms in (5.13) are straightforward in view of (5.6)—
(5.10). For a fixed n > 0, we split I as follows:

I, = // me(”a)”ayyy@y + // me(ve)veyyyﬁoy = Ié + 15/‘/' (5.14)
{v=n} {v<n}
From (5.11) an (5.6) we obtain
I = // Me(Ve)Veyyy @y = // m(v)vyyy@y. (5.15)
{v=n} {v=n}

By Holder inequality, and since v, < 27 in {v < 5} for ¢ < &(n) sufficiently small, we have

1/2
|I;’\=‘ /[ Me(Ve)Veyyy @y sC</f ms(ve)vzyyy) (// ma(vs)qoi)
{v<n} 2r {v<n}
1/2 1/2
4.2) / ) /
<C| sup [me(v)] @y
ve(0,2n) r

Therefore 11m sup [I/] < 0y(1) as n — 0. Hence, passing to the limit in (5.14)as ¢ — O and n — 0,

1/2

in this order we conclude that

(5.12)
// me(Ve)Veyyy Py — // mV)vyyy@y = // m(v)vyyygy as & — 0.
Ir {v>0} Ir

Finally, the energy inequality (1.23) is an immediate consequence of (4.9) and lower semi-
continuity. o
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6. Conclusions

We have investigated a nonstandard free boundary condition for thin-film equations, relating flux
and dynamic contact-angle at the contact line in a nonlinear way. For the resulting free boundary
problem, we have introduced a notion of weak solution and we have proved existence of weak
solutions. Notably, we have also obtained existence and uniqueness of approximating solutions
which satisfy the free boundary condition point-wise. The main technical novelty is an H!-
contractivity estimate for the position of the free boundary, obtained at the level of approximating
solutions. Our analysis leaves a few questions open, the most relevant being a refinement of
known entropy estimates, localized so that they “follow” the evolution of the free boundary. Such
refinement would yield stronger non-negativity result and would be useful also in the well-studied
case of zero-contact angle free boundary condition.

Appendix
Proof of Lemma 2.3. We fix T > 0 and proceed in various steps.

Step 1: A linear problem. We take any function
a(t,x) € CV8Y2([0,T] x 2:[6,67']) suchthat a(z,1) = m(e) (A.1)

and we pass to a linear problem by replacing m(v) with a:

§ 1
Ve = Yy + S—4(avyyy)y =0 in (0,7) x £2

Uy = Vyyy =0 at (0,7) x{y =0} (A.2)
v =g, vyyyzfj—éj) at (0,7)x{y=1}.
We denote with C a generic positive constant independent of [|a || c1/2.1/8((0, r1x2)- Let
5 y y
a0 =50 [ fo@ag. e =50 [ .o, (A3)
0 0
One easily checks that if v is a classical solution to (A.2), then w solves
s 1 .
Wy = <YWy + A AWyyyy = 0 in (0,7)x(0,1) (A.4)
with initial datum ¢ and
Wly=0 = Wyy|y=0 = 0, wy|y=1 = é&s. (AS5)
In addition,
Wly=1 = Woly=1 = So/ vo. (A.6)
fos
Indeed,
d . : , 1
Wely=1=— [ sv=| Sv+ [ sv,= [ Sv+ | Syvy— [ —(avyyy)y
dr Jo 2 2 2 2 2
. 1 (A4.1),(A.2)
= §v|y=1 — s—3(avyyy)|y=1 = 0. (A7)
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Theorem 4.9 in [47] guarantees the existence of a unique solution w to (A.4)—(A.6) with initial
datum wq, such that

lwllci+1/8.441/2 (0, 71x8) < L( [ Wollca+1/2(q) + ||S||c1([o,T])) (A.8)

initial datum boundary datum

for all T > 0, where L depends on the parabolicity coefficient (i.e. on § and s,,) and on the
C1/3:1/2_norm of the equation’s coefficients (i.e. on Isllcr+1/8¢0, 7 and on [lallc1/s.1/2(0,71x62)):
in particular,

L depends on @ only through § and ||a||c1/5.1/2((0, 11x2)- (A9)

Undoing the transformation (A.3), i.e. defining v(z, y) := s(¢)wy (¢, y), and recalling that s > s,,, >
0, we obtain a (distributional) solution v to (A.2) with initial datum v such that

[vllcr+1/83+1720, 1% < L C. (A.10)

We note that if a; and a, satisfy (A.1) and w; are the corresponding solutions to (A.4)—(A.6), then

s 1 1
(w1 — wa)r — EJ’(wl —wz)y + S—4a1(w1 —Ww2)yyyy = s—4(611 — az)Wayyyy

with zero initial and boundary condition: hence, again by Theorem 4.9 in [47], we have

(A.11)

1
5_4 (a1 — a2)w2yyyy

lwi — w2||Cl+1/8.4+1/2([0’T]X§) <L
C1/8.1/2((0,T)x$2)

with L as in (A.9).

Step 2: Energy bounds. 'We now derive uniform bounds on v. It follows from the equation in (A.2)
that v, € L2((0, T); H'(£2)'). Hence, arguing similarly to Remark 2.2 we see that
2

v g 1
vl _ (v2 2
=— v, — VY )|:1—// avy,.,.
yy)ly
LZs AZﬂ ’ P

Using v|y=1 = &, 5 = sm, s € C1([0, T]), a = §, and Young’s inequality, we obtain

/’ﬁ
2 2

Therefore a Gronwall argument yields

t

0

t

(1.30),(1.32) 1
+C71/v2 < C (V=1 + |vyyly=1] < — | v? +C/v2.
. o 7V (yy wyly=1l) 2 Jo Y Pt

sup / sz, + // viyy <C. (A.12)
t€(0,T) J 2 2r
Arguing as in the proof of Lemma 4.1, (A.7) and (A.12) yield uniform Holder estimates:
[v(t, y1) — v(t, y2)| < Cly1 — ya|'2, (A.13)
(001 3) = v(2. 0| < C (I = 22 + |11 = 2]/, (A.14)

v,y <C (A.15)
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for all y,y1,y2 € 2 and all ¢,1,t, € [0, T]. It follows from (A.13)—(A.15) that any solution v
constructed in Step 1 belongs to

B={v: ||v||cl/8.1/2([o,T]x§) < Cvly=1 = ¢}.

Step 3: Fixed point. Since m € C1(R;[§,87]), @ = m(v) satisfies (A.1) for all v € B. Hence we
may define the operator

B>v Qu:=swy, wherew solves(A.4)—(A.6)witha = m(v).

Because of (A.13)—(A.15) and the definition of B, @ maps B into itself. Again since m € C'(R)
with § < m < §~!, we have that

Im)llci/sa2qorixg < € forallv € B. (A.16)
Combining (A.16) and (A.8)—(A.9) (with a = m(v)), (A.10) and (A.11) turn into
[@ullci+1/8.3+172(0,11x32) < C- (A.17)

respectively

1
[@(v1 —v2)llcr+1/s3+1/2(50,71x2) S € S—S(m(vl) — m(vz))((‘lvz)yyy

CU/8.1/2((0,T)x$2)
(A.18)

It follows from (A.17) that Qv € K := {v €B: vllcrrissstizgorxm S C} forallv € B.

Since K is a compact and convex subset of B, Schauder’s fixed point Theorem guarantees the
existence of a fixed point v of @ in K provided @ is continuous, which is what we show now:

(A.18)

1
(@1 —v)llcririssrizqrxg S € H S—5(m(vz) —m(v1))(Rua)yyy HC1/8~1/2 (0.1)x2)

(A.17)
< Clm(v2) - m(vl)”CI/&l/Z((O’T)Xﬁ)
S Cv2—v ||c1/8.1/2((0,7~)x§) . (A.19)

Step 4: Conclusion. The fixed point v of @ is a distributional solution to (A.2) with a = m(v),
initial datum v, and such that (A.10) holds. Such regularity allows to apply [47, Theorem 4.9]
directly to (A.2) with a = m(v): this, together with an argument completely analogous to (A.19),
yields the desired uniqueness and regularity of v. O
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