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1. Introduction

In this paper we study the evolution of a hypersurface by anisotropic fractional mean curvature with
the addition of a time-dependent forcing term. Such nonlocal evolutions have been first considered
in [4, 20], where existence and comparison of weak solutions is proved, by suitably adapting the
viscosity theory to (geometric) nonlocal equations. These results have been later extended in [12]
to more general (yet translation—invariant) equations. We point out that an existence and uniqueness
result for smooth solutions is still not available, even if some results in this direction can be found
in [27].

In [10], the authors prove the convergence to the (isotropic) motion by fractional mean curvature
of a threshold dynamics scheme, analogous to the one introduced in [26] in the local case. They also
consider more singular cases, where the limiting equation is a local mean curvature flow (this would
correspond to the cases s € [1,2) below). A related result is found in [13]: there the authors study
the asymptotic behaviour of an equation modelling dislocations (involving kernels similar to the
ones we introduce below (2.2), but for s = 1), and recover in the limit a local anisotropic curvature
flow.

In this paper we extend the main result in [10] in the nonlocal cases to the anisotropic case, and
to the presence of an external driving force. More precisely, we consider a slightly modified scheme
defined by an anisotropic convolution followed by a thresholding, in the spirit of what was proposed
in [22] in the local case, and we show the convergence of the scheme to a viscosity solution of a
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geometric equation, at least when this solution is unique (which is generally the case [20]). The
limit equation is a flow by anisotropic fractional curvature with a forcing term. Such curvature
corresponds to the first variation of an anisotropic fractional perimeter of the form introduced in
[25].

We then prove that our scheme is convexity preserving, so that as a consequence also the limit
geometric evolution preserves convexity. This is a well-known property of the (anisotropic) mean
curvature flow (see [1, 6, 18, 19]), but was not previously known in the fractional case, both isotropic
and anisotropic. Let us detail a bit this point. The discrete motion we consider roughly consists in
selecting a level set of the function obtained by means of the convolution of a given set with a given
function: the Green kernel of the limiting PDE we want to approach. Thus to get that convexity is
preserved during the scheme, we need to show that the convolution of our kernel with a convex set
is a level set convex function. This in turn can be done by applying some classical results in convex
geometry (see Section 4.) Eventually, once this point is settled, we deduce that convex evolutions
are necessarily unique.

The plan of the article is as follows: in Section 2 we introduce the geometric flow, the discrete
approximation scheme and we recall some definitions, in particular that of viscosity solution
(previously introduced in [4, 12, 20]). In Section 3 we establish the convergence of the scheme
to a viscosity solution. This is done in Theorem 3.1 and Proposition 3.5. In Section 4, building upon
known results on convex bodies [17], we show that the discrete scheme preserves the convexity of
a set, and, as a consequence, also the level set equation results convexity preserving. In Section 5,
and in particular in Proposition 5.1, we show that the limit motion can be obtained by alternating
curvature motions without forcing term, and evolutions with the forcing term only. This technical
result allows to estimate easily the relative evolution of two sets with different forcing terms.
Thanks to this estimate, we can deduce in Section 6 the geometric uniqueness of convex evolutions.
Eventually, in Section 7, we state some final considerations and open problems.

2. Preliminaries and the time-discrete scheme
2.1 The scheme and the limit equation

Let L : RY — R be a norm (that is a convex, even, one-homogeneous function), with in particular
clx| < N(x) < clx| 2.1

for every x € RV, where ¢ and ¢ are suitable positive constants. Given s € (0, 1) and & > 0, we let
throughout the paper oy, = h T+ and define the kernels

1 1 X
P(X) = W and Ph(x) = W P (?) for h > 0, (22)
so that o, ! P, convergesto W=V +9) in L} (RN \ {0}), as 1 — 0.
For a measurable set £ C RY and g € C°(R4), where Ry := [0, +00), we consider the
scheme )
Tg(nh),h(E) = {Ph * (XE — XEC) > g(nh)hm} (2.3)

Given a closed set Eqg, we wish to study the limit, as 7 — 0, of the iterates

Temmh Te-vym)h - - - Tgny,n(Eo). (2.4)
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This scheme is a nonlocal variant of the celebrated Merriman—Bence—Osher scheme [26], in a form
which has been studied in [10] in the context of fractional curvature flows, and in [22] (see also [11,
241]) in the context of convolution-generated motions with a forcing term. The limit, as we shall see,
satisfies the equation of a nonlocal anisotropic mean curvature flow with forcing term, which we
will introduce below.

Adopting the notation of [10], as we will do in the whole paper, we define inductively a function
up - RY x {nh}nen — R as follows:

up(-,0) =YEy = XEo — XRN\Ey»

up(,(n 4+ Dh) = X{Ph*uh(-,nh)Zg(nh)hl_fﬁ}’

The function uy, is then extended to RY x R by letting uy (x,1) = up(x, [t/ h]h) for t = 0, where
[-] denotes the integer part.

When 1l = |- | and g = 0, it is proved in [10] that as & — 0, uy converges to the geometric
solution of the fractional curvature flow defined in [20], at least when no “fattening” occurs. We
shall extend this result to a more general setting, that is, with arbitrary norm 1l and a time varying
(continuous) forcing term g. The equation which is solved in the limit is a “level-set” equation
(an equation which describes the geometric motion of the level sets of a function) which must be
understood in the viscosity sense, the precise definition will be given in Section 2.2 below. In our
setting the limit solves the following level-set equation:

dru = @(Du)| Dul (—ks(x. {u = u(x,1)}) + g(1)), (2.5)
where for p # 0, 1
a = (2[ Poranm) 6
and for a smooth set £, the anisotropic fractional mean curvature at x € JF is given by

—ks(x, E) := /RN % dy 2.7)

(where here the sign is so that convex sets have a nonnegative curvature). Here, as in the rest of
the paper, we denote with D- the spatial derivative. This singular integral can be given a meaning,
and shown to be finite for C 1! sets, see [20].

Following [4, 20], in order to define the right notion of solution we need to introduce the
following integral functionals, which extend the definition of the curvature of the level set of a
function v : RY x [0, 00) — R:

w9

Tl = [ (1400 500 =0000) = (00 +5.0 = 0(0) ) PO dy.
Lyfo)(r.) = /A (24 (00 + %0 = (D) = 1= (PO +x.0) = v(x.0) ) P() .

with the notation x* = X[0.00), X~ = X(=00,00» X+ = X(0,00) X— = X(—00,0]-
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REMARK 2.1 If ¢ € L2(RY x [0,00)) N C2(Bs(x,1)) for some (x,7) € RY x [0, 00), then the
functions 1 gy (x)[¢] and I g, (1 [¢] are pointwise continuous outside the set { Dg = 0}, in the sense
that if Do(x,t) # 0, then

llm 733 (y) [90]()’7 S) = 735 (X) [(p](xs [)s hm
(.8)—~>

! ) =1 x,1).
.5) ) (x,z)_BS(y)[(p](y ) _Ba(x)[fp]( )

If ¢ is just upper semicontinuous (respectively lower semicontinuous), then 735(.) [¢] is upper
semicontinuous (respectively /g, [¢] is lower semicontinous). Moreover, if ¢ is a sequence of
functions pointwisely converging to ¢, then

limsup 7 (k] < Tale]. l}cm inf 1 4[px] = L4[¢]
—>00

k—o00
for every set A C RV,

REMARK 2.2 Observe that if ¢ € C2(RN x [0,00)) and the level set {¢(-,1) = @(x,1)} is not
critical, then for any A, I 4[¢](x,t) = I 4[¢](x,t) and we can denote

Ip)(x.1) = Tpn pl(x.1) = ks (x. {0 (. 1) = @(x.1)}).

2.2 Viscosity solutions

The precise meaning of a solution of Equation (2.5) is given by one the following equivalent
definitions (see [4, 20] and [12]) of viscosity solutions:

DEFINITION 2.3 A locally bounded upper semicontinuous function u is a viscosity subsolution of
(2.5)if forall ¢ € C2(RYN x (0, 00)), at any maximum point (x, #) of u — ¢, then

dp(x,1) < Q(De(x, 1)) | Do(x, )] (s (x. {9 = @(x,0)}) + g(1))
if Do(x,t) # 0 and ¢(x, t) is not a critical value of ¢, (2.8)
drp(x,t) <0 if Dp(x,t) =0.

A locally bounded lower semicontinuous function u is a viscosity supersolution if —u is a viscosity
subsolution with forcing term —g. A solution is a function whose upper semicontinuous envelope
is a subsolution, while its lower semicontinuous envelope is a supersolution.

DEFINITION 2.4 A locally bounded upper semicontinuous function u is a viscosity subsolution of
(2.5)if forall ¢ € C2(RY x (0, 00)), at any maximum point (x,¢) of u — ¢ in a ball Bs(x,1), it
holds

3t(/’(x7 t) < @(Dw(xv t)) iDgO(X, t)| (TBg(X)[(p](xv t) + TRN\Bg(x)[u](x7 t) + g(t))
if Do(x,t) #0, 2.9)
d:p(x,t) <0 otherwise.

A locally bounded lower semicontinuous function u is a viscosity supersolution of (2.5) if for all
@ € C?(RY x (0, 00)) at any minimum point (x, ¢) of u — ¢ and for any ball B (x,t) it holds

drp(x,1) = ®(Dep(x,1))| Dp(x,1)| (Lpyxy[@](x. 1) + Lpn gy [1](x, 1) + £(2))
if Dp(x,1) # 0, (2.10)

drp(x,t) =0 otherwise.
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A solution is a function whose upper semicontinuous envelope is a subsolution, while its lower
semicontinuous envelope is a supersolution.

Observe that in the definition above, one can take § arbitrarily small; moreover as usual, we may
equivalently assume that the maximum (resp. minimum) points are strict.

DEFINITION 2.5 Let C € R¥ and g a continuous function and define for n > 0 d}. = —n Vv (n A
(dist(x, C) — dist(x, C))), that is d7 is the signed distance function to JC truncated at the levels
+7. We say that a family of sets {C(¢)};~¢ is a flow for the geometric equation @ 'v = —ks + g
starting from C if forall ¢ = 0, C(¢) = {x € RN : u(x,1) > 0}, orifforallt = 0, C(t) = {x €
RN :u(x,t) = 0}, where u solves (2.5) in the sense of Definition 2.4, with initial data u(-, 0) = d".

REMARK 2.6 It turns out that in this case, x>0} is a subsolution, while y,>¢; is a supersolution,
in the sense of Definition 2.4. Moreover, it is well known [20] that the equation in Definitions 2.3
and 2.4 is geometric, meaning that if we replace the initial condition with any function ¢ with the
same level sets {u > 0} and {u > 0}, the evolution C(¢) remains the same.

Existence and comparison (uniqueness) results for evolutions defined by the equivalent
Definitions 2.3 and 2.4 are provided in [20]. It follows, as usual, that given a bounded uniformly
continuous initial data ug, and denoting u(x, t) the solution with u(-,0) = uy, then, starting from
almost all (but a countable number, at most) of the level sets C = {uo > s} there exists a unique
flow C(t) = {u(-,t) > s}, in the sense of Definition 2.5.

3. Convergence of the discrete flows
3.1 Main result

The scope of this section is to prove the following result, which is a variant of the main result in [10].
The only differences are that:

1. we introduce an anisotropy and a forcing term in the spirit of [22];

2. we simplify part of the argument, in particular when estimating the “mobility” Q(p);

3. we estimate in a separate subsection (Sec. 3.2) the evolution of balls, yielding a then simpler
argument to show consistency in flat regions, or that the initial condition is not lost in the limit;

4. we give a proof (Sec. 3.4) of the convexity of the mobility.

Theorem 3.1 Let ug be a bounded, uniformly continuous function, 2 = {ug > 0}, 2, = {x €
RN :u(x,t) > 0} and 2,7 = {x € RN :u(x,t) = 0}, where u is a viscosity solution of (2.5) with
initial data uqy. Then

liminfy up(x,t) ;= liminf, x yp—; up(y,nh) = 1in 2.,
limsup® up(x, 1) 1= limsup,_,\ ,j_; up(y,nh) = =1 in RN\ 2;F.

REMARK 3.2 Under the assumptions of Theorem 3.1, suppose that u is such that 9{(x,?) :
u(x,t) > 0} = o{(x,t) : u(x,t) = 0} =: I';. Then we have

Fpy i= Upd{up(onh) = hT45 g(nh)} x {nh} — Usoly x {t}  asn — oo,

in the Kuratowski sense.
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3.2 The speed of balls

A useful intermediate result (which illustrates why the scale in (2.2) is the right one) is a control on
the (bounded) speed at which balls decrease with the discrete flow. Let

k = max ks(x, By) 3.1
x€0B

1

be the maximal curvature of the unit ball. Then for any R > 0 and x € dBg, by a change of variable
of the form y’ = y/R we get that

xBr(Y) — xBs, () 1 [ xB (V)= xpe () k
KS(X, BR) = _/ n(y)N+sR dy = _F/ n(y/)N+; dy/ < F

This suggests that the motion of a ball should be at most governed by R ~ —k /R* —||g]| oo, yielding
an extinction time of order ~ R!** for R small. We check now this is indeed the case for the discrete
scheme.

We start with the following lemma which estimates the speed of the scheme applied to the unit
ball:

Lemma 3.3 There exists m, depending only N, and ho > 0 (depending on W and ||g||00) such that

Ry

ifh < ho, Py (xB0.1) — XB©.1)¢) = |gllach ™ in B(0,1—ch) where ¢ = (k + ||g|lo0) /7.
Proof. Welete = (1,0, ...,0) aunit vector and denote B = B(e, 1). We recall

1 _prh 1

Ph(x) = S N
RN/ (1+s) N+s N_Jrf N+
L+ (hl/(xT+S>) PR

so that .,
}}imohm Py % (xB — xB<)(0) = —«5(0,0B).

More precisely, it stems from the convexity of B that this limit is, in fact, an infimum. Indeed, using
the symmetry of T, one sees that the convolution 2~ T+5 Py, % (yp — xBc)(0) is given by

dx
N

i + M(x)N+s

/RN\(BU(B)) h
which is monotone in 4, and it follows
WU Py % (x5 — x8)(0) = —k (3.2)

for any h > 0.
Then, we need to estimate DPj, % (yp — xpc) near dB. In fact it is enough to have an estimate for
x = te with |f] < c¢(h) for some c¢(h) > h. A simple analysis shows that the scaling of # should be
_ 1+s/2
between h and £1/A+9) > hiin what follows we therefore consider 7 = th 1+s for—1 <71 < 1.
One has
— —VB €

FeDPyx (= )0 =2 [
B hi+s + N(fe — x)N+s

G :=hi dRN ().
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With the change of variable x = yh'/(+9 we have, denoting h~/(+9)B the ball
B(hfl/(1+s)e’ hfl/(1+S)),
N—1
h 1+s Vg -e _
G = _2/ —1 N+ts 5/2 dn¥ l(y)
rTFS B) h T+ (1 + N(thTFse — y)N+s)
2 Vg -e _
:7/ B B aARN1().
ARTFSB) 1 + N(chiFse — y)N+s

Given R > 0 let B := B(0, Rh=N—D/((N+)(1+5)): first observe that if y & B,
|1h%e —y| = R~ 5dTs _ phifes > gh*%

if & is small enough, so that

Vg -e _ _N—1 1
2/ N = dRN"V(y)| < h™ T —
ARTFS B\B" | 4 N (thTFse — y)N+s 1+ g(%h WN+9HUF5)

1

<
~ O N—1
hIE 43

)N+S

)N-'rS

which can be made arbitrarily small by choosing R large enough. On the other hand, if y € B"n
Ah~ YA+ B ag h=1/A+8) 5 Rp=WN-D/((N+5)(1+5) (ndeed 1/(14+5)— (N —1)/(N +s)(1 +
$) =(N+s—N+1)/(N +s)(1+s) = 1/(N +s) > 0),if h is small enough one has
vg - e < —1/2, which yields

VB - € —
2 2 ARV ()
ARTFSBNB" | + N (thTFse — y)N+s
d}eN—l d%N_l
2/ —1 /2 0) N _>/ —71(Vy+)s =:2m >0
AT BYNBN | 4 ¢|ch e — y| +s (ye=0} 1 +Cly|

as h — 0. All in all, with an appropriate choice of R, we see that there exists /1y (depending on Tl
and ||g]|oo but not, in fact, on the particular point we have chosen on dB) such that if 4 < hg, one
has, recalling (3.2)

hT%5 Py % (x8 — 18¢)(0) = —k,

— _ m
W5 DPy % (x5 — xpe)(ie) = o
_ +s/ — — _ +s/
for |7| < h' 155 . Hence if —k + 77/ h = ||glloo and |f| < h' 156" = h - h=6/2/50+9) we have

Pr(xs — xBe)(fe) = h=/0%9| g||o. Choosing 7 = h(||gleo + k)/7, and possibly reducing Ay,

- 1+5/2
we check that indeed |f| < A T+s and the inequality holds. We will show in Corollary 4.3 that the
level sets of P,(yp — xpc) are all convex, so that the thesis of the Lemma holds. O

Thanks to a simple scaling argument, we find that given R > 0, if & is small enough, Py, *

(1B O.8) — X80.R)) = [glloch ™ in B(0. R —ch) with now ¢ = (k/R® + | glloo) /7. As a result,

we have the following corollary:
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Corollary 3.4 If Eo = B(xo, R), then for h small enough, uy(-,nh) = Xp(x,,r/2) as long as

mRH»s

< —.
2(R*[|glloo + 2%k)

(3.3)
In particular, if R is small, one has uy,(xo,nh) = 1 fornh < R'*S.

3.3 The consistency result

The main difficulty to prove convergence is a consistency result. The strategy of the proof follows [3,
10], with some slight simplification. The important point is to show that ¥ := limsup* uj; and
u := liminf, uy, are respectively viscosity supersolution and subsolution of (2.5).

Proposition 3.5 The functions liminf, uy (x,t) and lim sup™ uy,(x, 1) defined in Theorem 3.1 are,
respectively, a supersolution and a subsolution for (2.5).

Once this consistency result is settled down, the proof of Theorem 3.1 easily follows: we first
notice that liminfy uj(x,?) and lim sup, uy(x,t) take only values in {£1}. Thus to conclude we
only have to recall (see [5]) that the maximal upper semicontinuous subsolution and minimal upper
semicontinuous supersolution of (2.5) are given by Y(—oc0,01(4) — X(0,00)(4) and Y (—co,0)(1) —
X[0,00) (1), where u is a solution of (2.5). The fact that the initial data is taken easily follows by
comparison, using the results of Section 3.2. This immediately entails the statement of Theorem
3.1.

We pass now to the proof of Proposition 3.5.

Proof of Proposition 3.5. A first observation is that, as an easy consequence of Corollary 3.4, the
functions u(x,0) = yg(x) and u(x,0) = Yg(x), in other words, they satisfy the required initial
data.

Let us fix (xo.%) € RY x (0, +00) and ¢ and assume that (xg, o) is a point of maximum
of u — ¢. Since u takes values £1 and it is upper semicontinuous , if u(xg,fy) = —1 then it is
constant in a neighborhood of (xo, fp) and thus |Du| = |D¢| = |d;¢| = 0 and so (2.9) trivially
holds. The same assertion holds if (xg, Zp) is an interior point of {u = 1}. So we can suppose that
u(xp,%0) = 1 and (xg, o) is a boundary point of {u = 1}. In this case, replacing first ¢ with
@n(x,1) + n(|x — x0|* + |t — 10]?), we define for each & > 0 small enough the point

(xp, nph) = argmaxpn . U), — ¢@n. (3.4)

The main inequality will be proved for the function ¢,, however one can easily show (thanks to
Remark 2.1) that it then follows for ¢ when one sends n — 0, hence in the sequel we will drop the
index 7 and write simply ¢.

Up to passing to a (not relabeled) subsequence, we can suppose that (xj,n,h) converge to a
point (x1, #1). In this case, by the regularity of ¢ and since u is upper semicontinuous we have that

u(xy,t1) — @(xr, t1) = limsup u™ (xp, nph) — @(xp, nph) = u(xo. to) — ¢(xo, to)
h—0

and thus (x1,21) = (xo, fo) since the latter is a strict global maximum of u — ¢. Here we denoted
by j* the upper semicontinuous envelope of a function j.



SOME RESULTS ON ANISOTROPIC FRACTIONAL MEAN CURVATURE FLOWS 401

By the definition of the points (xj, n,h) and since uj; € {£1} it is easy to show that

uj(x,nh) < sign*(¢(x,nyh) — (x4, nyh)).

We recall now that

. -5 s <7 s
UG =K =DM (=D T} S X Pysact (=)= g (rp— DR TS }

so that (since the right-hand side of the previous inequality is upper semicontinuous)

*(, <¥ s
U (M) S X s a1y (n— 1A TS

By computing the previous inequality in x = xp,, where u, (-, nyh) takes the value 1, we obtain

1 =ul(x . n h < s < 1’
h( h>"th ) X{Ph*uz(xh,(nhfl)h)>g((nh71)h)h1+5}

that is,

Ry

0 < Py xuj (- (np — Dh)(xp) — g((np — Dh)hTH .

Since u, = 1 and uj, (x5, nph) = 1, the previous inequality can be written as

0< /RN ()(Jr(u,’;(y + xp, (np — l)h) — u,’;(xh,nhh))

- X((u}’; (v + xn, (np — 1)h)) - MZ(Xh,”hh)))Ph()’)dy
— g((np — DRh)RTHs . (3.5)

The idea is now to estimate the right-hand side of (3.5) by means of several terms, converging to
the difference between the right-hand side of (2.10) and its left-hand side. We define #;, = nh,
on(y.5) = @(xn + v.5) — @(xp. t). By (3.4) we get that for every A € R¥ it holds

{up (v +xntn—h) = up G t)} VA Sy con(y.tn —h) =0} N A, (3.6)

and
{yion(y.tn—h) <0y NAC{y tup(y + xp.thn — h) <uj(xn. 1)} N A. (3.7

Given a small number y > 0, if § is small enough, then

on(oth —h) < op(, th) — (3:@(x0, t0) — ¥)h,

(3.8)
|[Do(xo,t0)| —y < |[D@(- tp)| < |Do(xo,t0)| + ¥

inside Bs(0).
The analysis is now split into two main parts, depending whether | D¢ (xo, to)| = 0 or not.
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3.3.1 Step 1. Case |Dg(xo,t)| # 0. We begin by writing (3.5) as
0 < I+ hTH g((ny — 1)h) (3.9)
and then \ .
OSI+hTgty—h)<IH+I+hT5 gty —h) (3.10)
where /I and /11, implicitly depending on 4 and on §, are given by

11:/ (X+(u;(y+xh,zh—h)—u;;(xh,zh))
Bs(0)° (3.11)

— X_(u,’;(y + xp,tp — h) — MZ(thh)))Ph()’) dy.

= / (X (onrtn = 1) = oy 1n = 1) ) Pu(y) . (3.12)
B5(©)

The inequality (3.10) follows from the fact that y ™ — ¥~ is a non-decreasing function and by (3.6)-
(3.7) (with A = Bs(0)).
We claim that ,
lim sup A~ 15 11 < T g, (xg)e U] (X0, 70).- (3.13)
h—0
Indeed by the definition of P,, we have that Pj,/oj, converges (in L'((Bs(0))€) as well as
L*®((B5(0)))) to the anisotropic fractional kernel W~N+5) This, together with the fact that
xT — y~ is u.s.c., and the fact that lim sup, uy —uy(xp, tp) = U — u(xo, to), implies (3.13).
Let us divide again II] as
I <1iv+2v (3.14)

with
1V = / ()("‘((Ph(y, lh)) — X_((Ph(y, th)))Ph(y) dy (3.15)
Bs(0)

and

V= / (" (on0.10) = (0e9xo0.10) = Y)) = 2+ (a0 14)) ) Pa(y) dy
B;(0)

(3.16)
= —/B o (x’(q)h(y,th) — (9rp(x0.10) — y)h) — 1 (en(y. th))) Pp(y)dy
5(0

(using y* + y~ = 1). It is immediate to see that (3.14) follows by adding and subtracting the

integral defined in (3.16) and using (3.8).

We aim to prove now that
lim sup A~ T 1V < T, (xo .10 [9] (X0, 20), (3.17)
h—0
and R

limsup 2~ T+ V < [ Do(xo. 0)| "' @ (Dg(x0,10)) (y — dr¢(x0, 10))- (3.18)

h—0

The proof of those two latter statements is slightly more involved. To prove the first, we begin
as in [10] with the following simple lemma.
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Lemma 3.6 If |D(xo, )| # 0, there exists a constant C such that for any r > 0, it holds

/BB (X+((Ph(J’vth)) - Xf(fﬂh(y,lh)))d?fol(y) <crV. (3.19)

I

Proof of Lemma 3.6. By the trivial estimate

/aB (X*(@h(y, ) — x’(qoh(y,th))) ANy <2rV

is clear that we have to show the statement of the lemma only for r small. Up to a rotation of the
coordinates, we can suppose that Do (xp,t5)/|De(xp, ty)| = e1. Since ¢ is a regular function we
have that in a sufficiently small neighborhood of 0

lon(v. th)| < |De(xy.th)|y1 + | D2@(xp. tn)| Iy 2.

This implies that the set of integration in the left-hand side of (3.19) is contained in the set {y =
(y1.y") € 0B, : |y1] < c|y’|*} whose measure can be estimated by 7V =272 ~ r¥ (indeed, on
the complement, the part where ¢;, > 0 compensates exactly the part where ¢, < 0). Hence (3.19)
holds. Notice that if r and / are small enough, the constant in (3.19) depends only on (the dimension
and) Dg(xo.10), D>¢(x0, %0). O

As a consequence we get that inequality (3.17) holds true. Indeed by using polar coordinates we get
that

8
lo, 'IV] < Cy / (o7 + P2 UL ) dr (3.20)
0
with
U = [ (") = 1 (en)) 4R ),
By means the previous lemma, we get that Uy(r) < Cr and we can apply Lebesgue’s
Convergence Theorem and conclude that the (superior) limit of ¢, UII is exactly the right-hand
side of (3.17).

We pass to the proof of (3.18). We only follow partially [10] for this estimate. Let us first observe
that

+ + —X{0<0C.1) <@ 10—} (¥) if 0 —y =0,
1\ en(y, tn)—(9e(x0, 20) =y ) )= x" (¢(¥,1r)) = .
( ( ) ) ( ) X{Gro-nh<eCi)<0y(¥)  ifdrp —y <O0.

Assuming for instance that d,¢ — y > 0, we obtain (denoting simply by B, the ball B, (0))

Pa(y)dy = / P(y) dy.

v [
{0<¢(.13)<(d:19—y)h}NBs (000, tn)<@ro=1)MINB, 175
h

hence (using the co-area formula)

@ro=y)h P(y) B
V= _/ dr/ . T d %N (y)
0 Mo, 20N, 15 0 Do, v, tn)|
h 9:¢(x0,00) —y ! _
<% D’ / a’r/ 5 P()d®N1(y)
ap* 1Dg(xo,10)[ + ¥ Jo Doy i) =hatinB, 1/
h
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where we have denoted, for short, « = 9;¢ — y, and used again (3.8). To sum up,

ad N
o1y < - JLPx o) = V/ / PRI, (321
|De(xo,10)| + ¥ dg(op/ ) ZhatinB, 1/
8/0p

Possibly reducing 8, and assuming that the Nth coordinate is along the vector ey =
Do(x0,t0)/|De(x0,t0)|, for h small enough we can represent the level surface d{¢y (-, 1) = h{} by
agraph {(y', fe.n(¥")) : y' € Bg}N Bs (where B, denotes the (N — 1)-dimensional ball in ey with
center 0 and radius r), with fg 5 which goes uniformly (in both y” and ¢), in C? norm as & — 0,
to the function fy representing in the same way the surface d{y € Bs : ¢(xo + y,%0) = ¢(x0,%0)},
and which is such that D’ f5(0) = 0. We observe moreover that f; 4, (0) = h€/|Dp(xo,t0)| + o(h).
We denote Dy, By the set of points y” such that (y’, f;.,(y")) € Bs.
Now, we have that

[ . PR ()
dp(0)/ > t)=hatinB__1 /s
h

[ P (5 o 0) V11D (o) Py
UhI/SDar,h

Given R > 0, we split the last integral into an integral in B and an integral in oh_l/s Dyrp \ By:
clearly the latter is controlled uniformly by cR~1~* as the gradients of the functions Joz,p are
uniformly bounded. We now try to express the limit, as 7 — 0, of

/B’ P(y Uh /Sfotrh(ol/s ! ) \/1 +|D/farh(oh/sy/)|2dy
R

Observe that if |y’| < R and / is small enough,

ath

05 " faen (0 V) &+ 1D far s On)IY
0y, | Do (xo.10)]

for some 6, € [0, 1/S] Using h/oh = oy, we find that o, /Sfo,r h(ol/sy’) — 0 uniformly (in t

and y’ € B(0, R")) as h — 0. We deduce (using again that D’ fm’h(oh/sy’) —0)

|2 (.0 faen@30) 1+ 1D fannty 0Py > [ PG00y
R R

uniformly in T as & — 0. Hence returning to (3.21), we find, for any R,

. _ 0:¢(xo,t0) — ¥ /1 /
llmSu [0} IVS B dT P 0 d +
h»op h |[Do(xo0,t0)| + v Jo B, (', O)dy Rl“

and sending R — oo we deduce

d ,lo) —
limsupo}jlvs— 1¢(Xo.lo) —y

IF N P()d RV (y).
h—0 |D¢(x07 tO)l + Y \/;(p(xo t())L
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On the other hand, if d;¢(xo, o) — y < 0, the same proof will show

0;9(x0,t0) —
h—>0 [Dg(xo,20)| — ¥

Together with (3.17) we deduce

/ POARN (7).
Do(xp,t0)+

. _ + dr9(xo,10) — ¥
limsupo;, "I < Tg tolel(xe, o) —2———F——
oo (xo.10) |Do(x0,%0)| =y

and using (3.13), we get

/ POARN(y)
Do(x0.t0)+

. 1,5 - 0r¢(x0.20) — ¥ -1
lim sup oy, 1[ < IBa(xo,tO)c [M](Xo, l()) =+ IBS(XOJO) [(p]()C(), lo) _ ! @(D(p()co, lo)) s

h—0 [Do(xo.,20)| £y
where Q is defined in (2.6). Since g is continuous, g(t;, —h) — g(to) as h — 0 and we obtain (2.9)
by taking the limsup in (3.9) and sending then y — O.

3.3.2 Step2. Case |De(xg,19)| = 0. A first classical observation (see, for instance, [3]) is that
in this case one can “decouple” the test function ¢ as the sum of a function of x and a function of 7.
Indeed, since (xg, fp) is a critical point of # — @(x, 1) — d;¢(x0, to)(t — t9), there exists i > 0 such
that, near (xo, 7o), 9(x,1) < V¥ (x,1) := @(xo,%0) + 0:9(x0. 10)(t —t0) + 1 (|x —x0|2 + |t —10]?) /2.
Then as before, (xg, fo) is a strict local maximum of u* — . Forn = 1, let (xp,1,), tn < to, be
a local maximum of u*(x,7) — ¥(x,t) — 1/(n(ty — t)). Such a maximum exists since for any x,
u*(x,t) —Y(x,t) — 1/(n(to —t)) diverges to —oco as t — t0+ and t — —oo. Moreover is easy to
see that (x,,t,) — (xo, o) as n — o0o. Assume first that

Dy (xn,tn) = p(xn — X0) # 0
for infinitely many 7. Then we have, thanks to the Step 1,

1
09 (xn, tn) + pu(ta — 10) + m < plxn — Xo|R(xp — )CO)(]H)C - x0|2/2](xn) + g(l))

~ Culxn — xo|(Clxn —x0|™° + [|glloc) = 0

as n — 0o, since the s-curvature of a ball of radius r is of order » ~*. We deduce (2.9).

Hence we are reduced to the case where Dy (x,,t,) = 0 for all n large enough, which implies
Xn = Xo. We argue by contradiction supposing that d¢;(xg,%) > 0. For any x and ¢ < #,, by
maximality of (x,, t,) for the function u*(x,¢) — ¥ (x,t) + 1/n(t —t,) we have

" 1
" (x.1) = 9o fo) = D p(ro. 1) (¢ = t0) = (1t = o + x = xo[?) =

I’l(lo — l)
< u*(xo.tn) — ¢(x0.t0) — 0:¢(x0, t0) (tn — to) — E|ln —to)? — —
2 n(to — tn)
so that
u*(x,t) —u*(xo,tn) < —0:0(x0,t0)(tn — 1) — pu(ty —t)(t — to)
1 1 H 2

- + + —|lx—Xx
wlo—t) Tl —n) T 2T

< (= dr@(xo.t0) + plto — 1)) (tn — 1) + %|x —xo%.
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It follows that u*(x,1) = —1if |[x — xo| < r(t) := \/G,qo(xo,to)(tn —t)/u, provided n is large
enough and ¢ is close enough to #, so that —d;¢(xg, o) + u(to —t) < —0d:p(x0,10)/2. It also
follows that u™*(xg, t,) = 1.

Now Corollary 3.4 yields that u* (xo.t + ) = —1 for T < y/(4k)r(t)'*5 ~ (t, — 1) e , SO
that if 7 is close enough to 7, this is true up to T = #,, — ¢, a contradiction. O

3.4 Convexity of the mobility

The equation which is solved in the limit can be written as

du = @(Du)( —ks(x, {u = u(x)}) + g(t)),

with @(p), the (inverse of the) mobility, is the one-homogeneous function |p|®(p) (which from
now on we will often denote by @). If @ is convex, this law precisely states that the boundary of
the level sets of u evolve with the speed —«s + g, where —k is the fractional curvature and g the
forcing term, in the direction of the “@®-normal” d®°(v), where v is the normal to the level set, and
@° the polar of @ (or dual norm).

We will show that @ is indeed a convex (and obviously even, one-homogeneous) function, hence
a norm.

Lemma 3.7 The 1-homogeneous function

dx -t
?(p) == |p (2 /pL W)

is a convex function in RV .

Proof. Consider p°, p' € RY: without loss of generality, we assume that vect{p®, p!} =
vect{ey, e2} (where (ei),N=1 is the canonical basis). We denote x = (x1,x2,x’) € RV, and for
p = (p1, p2,0) € vect{ p°, p'}, Rp = (—p2, p1,0). One can check that for such a p,

+o0o 1
(0] = dx’ d
(P) (/RN—z x /_Oo Za + N(x + sz)N“)

Then one computes, performing successively the changes of variables £ = x’'/z andt = N(§' +

Rp)z,
+o0 1 -1
d(p) = / dx’/ dz :
RN-2 0 14 zZNTSN(Z 4 Rp)N+s
, +00 ZN—2 -1
= d d
(/RNZ : [m THNEBE RP)N+S)

_ di_-/ +oodt thz -1
B /]RN—2 NE + Rp)N! [m 14 N+s |

/ -1
@(p) = C(N,s) (/}R L) (3.22)

-1

so that

v W(E + Rp)N-1
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for some constant C (N, s). Now, consider A € [0, 1] and the functions (assuming p1, po, Ap1 + (1—
A)po # 0)

1
h(x") = N-1°
ﬂ(x’ + R(Ap1 + (1 — /\)po))
N _ 1 Yy — !
Jx) = N(x" + Rp)N-1’ g = N(x" 4+ Rpo)N—1"

Then, using the convexity of 1, we have for all x’, y’,

h(Ax"+ (1= 2y") = M_yyv—1)(F(x), g(3"), 1)

where M), is defined in [17, p. 368] by

Mpy(a.b.2) = (Aa? + (1= 1)b?)"7. (3.23)

Thanks to Borell-Braskamp-Lieb’s inequality [17, Thm. 10.1, (38)] we have

/R o h(x")dx' = M, ( /}R o F(x"dx', /R o g(x’)dx’,)k)

—1/(N—=1)
9= N2, —
—v1 1

for
—1.

But using (3.22), this precisely boils down to

@ (Ap1 + (1 —A)po) < A®(p1) + (1 — 1)P(po).

4. Evolution of convex sets

In this section we show that the during the flow the convexity of a set is preserved. The main result
in this direction is contained in Lemma 4.3, where it is shown that in each step of the discrete
approximation, the convexity is preserved. Such a Lemma is actually a consequence of a series of
non-trivial results in convex geometry. We begin by recalling such results. All the above definitions
and results can be found, together with a comprehensive list of references, in the survey [17].

DEFINITION 4.1 We say that a function f € L'(RY) N C°(R¥) is a p—concave function if it is
log —concave when p = 0 and, if p # 0, for every x, y € RV it holds

F(A=Mx +4y) = Mp(A. f(»), f(x))

where M), is defined in (3.23). Equivalently, f is p—concave if f# is convex, for p negative, and
f? is concave, for p positive.

For our scopes we will need the following result which is a consequence of [14, Theorem 3.16],
[17, Corollary 11.2] (see the discussion at page 379 of [17]).
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Lemma 4.2 Let f be a p-concave function with p > —1/N and K a convex body (that is a convex
set with non-empty interior). Then the function

h(x) = f * xx(x)
is (1/Np + 1)-concave, and as a consequence, h is level set convex.
Corollary 4.3 If E is convex then for any h > 0, ¢ € R, the set T, y(E) (defined in (2.3)) is convex.

Proof. We only have to notice that the function P}, is continuous, integrable over RY , and that it is
—1/(N + s)-concave. The latter property follows by a direct inspection. O

Corollary 4.4 Let g : Ry — R be a continuous function. Let ug be a regular function such that
all level sets {ug > s} are convex. If u is the solution of (2.5) with initial data uy, then the level sets
{u(-,t) > s} are convex.

Proof. This follows from the fact that, thanks to Theorem 3.1 and Remark 2.6, (almost) all the level
sets of u(¢) can be obtained as limits of the scheme 2.3, which preserves convexity. O

5. A splitting result

The goal of this section is to show that the motion with forcing term can be obtained by alternating
free curvature motions and evolutions with the forcing term only. This is a variant of the famous
results of Trotter and Kato for nonlinear semigroups, which was first implemented in the viscosity
solutions setting probably in [28]. Our setting is closer to [2] where second order parabolic equations
are considered. A consequence of this result will be an elementary proof of how the distance between
two sets evolve by the forced curvature flow (as this distance increases by unforced mean curvature
flow, and its evolution is trivial for sets evolving with constant speeds), see Prop. 6.2 below.

Let g : R+ — R be a continuous function. For a fixed ¢ > 0 consider the sets 4, =
Unso0(2ne, (2n + 1)e] and B, = (0, 00) \ 4. Let, fort > 0, p e RY and I € R,

Fo(t.p. 1) =204, ()P (p)ce(t) + 218, ()P(p)], 6.
where c; is the piecewise constant function defined by

(2n+2)¢
)=y [ s
€J2

ne

ift € 2ne, 2n + 2)¢], and where @(p) = Q(p)|p| is the mobility (see Section 3.4). We let also
F(t,p,1):=®(p)(I +g(0)), (5.2)

and we observe that the function ¢ — fé (Fe(z, p, 1) — F(z, p, I))dt goes locally uniformly to 0
as ¢ — 0 (for fixed p, I).

Let up : RY — R a bounded uniformly continuous function and u, : RV x [0, 00) be the
function constructed as follows. We let u¢ (-, 0) = ug and for each n, define u(-, ¢) on (ne, (n + 1)¢g]
as the (unique) viscosity solution, starting from u.(n¢), of

U, = Fg(t, Dug, —kg(x, {us = ug(x,t)})). (5.3)
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The idea of this equation is that it alternates, at a frequency 1/ ¢, between the fractional curvature
flow (without forcing) and the forced flow (without curvature). This will allow us later on to study
separately the influence of both terms. More precisely, we split the time into the disjoint sets A, and
B, where we ask u, to follow alternatively the two simpler flows, one with only the forcing term,
and the other with the free fractional curvature flow. This leads precisely to (5.3). Proposition 5.1
below guarantees the convergence of this scheme to the curvature flow with forcing as e converges
to 0.

It is easy to see that u, remains bounded and spatially uniformly continuous, moreover it
is classical that it is also uniformly continuous in time (see for instance [20]). Hence up to
a subsequence, we may assume that it converges uniformly, as ¢ — 0, to a continuous limit
u(x,t). We will show that u is the solution of (2.5). Since this limit is independent of the chosen
subsequence, it yields the following proposition.

Proposition 5.1 Let u,, u be respectively the solutions of (5.3), (2.5), with initial datum uy. Then
ug — u, as ¢ — 0, locally uniformly in RN x [0, 00).

Proof. We just need to show that u, limit of a subsequence of (u,), satisfies (2.8). The proof is based
on a convergence result of Barles [2], based the theory of Ll—viscosity solution [8, 21]. We adapt it
to our nonlocal setting, and simplify significantly the argument, as we do not wish to show a very
general convergence result for nonlocal geometric motions (even if this could be of independent
interest).

Consider ¢ and (X, 7) a strict global maximum of u — ¢, and assume first Do (x,7) # 0 and
@(x, 1) is not a critical value of ¢. As in [2], we introduce

Vo) i= Fo(r. Do(E.D. =i (% g 2 9(®.1)})) = F (1. Dp(E. D).~ (%, {9 = 0(7.1)}))

which is such that fé VYe(t)dt — 0 uniformly. Hence, u(x,t) — f(f Ye(t)dt — u(x,t) locally
uniformly, and one can find points (x, #;) of global maximum of

win. = [ = ot

such that (xg, ;) — (x,7) ase — 0.1f t /e & N, one deduces that
dep(xe, te) + Yel(te) < Fs(ts, Dg(xe, te), —ks (xe, {9 = @(xe, te)})), (5.4)
observing in particular that since (xe,f;) — (X,f), the value ¢(xe, ;) can be assumed to be

noncritical.' If z, /e € N, classical arguments for parabolic semigroups show that (5.4) still holds, if
one takes for . and F¢ their left limit, see for instance [23]. It follows

019 (reste) < F (1, Dp(E.1). —is (. {o = 0. D)) )+

|:Fa(les Do(xe,te), _Ks(xes {90 = @(xe, Ze)})) - Fe<tav D@()_Cvf)7 _KS()_C’ {(,0 Z p(x, Z_)})):|
(5.5)

! Strictly speaking, there could be critical points of the corresponding level sets, however these points tend to infinity as
& — 0, and do not alter significantly the value of the integrals defining k.
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As
lim Do (xe, 15) = Dy(x,f) and lim is(xe, {0 = (6. 10)}) = k(X {o = o(X,1)}),
the error term in square brackets in (5.5) vanishes in the limit and it follows

drp(X,1) < F(t, Do(X, 1), —ks (%, {¢ = w(i,ﬂ})),

which is (2.8).

If on the other hand Dg(x, ) = 0, then the proof that d,¢(x, 7) < 0 is identical to Step 2 in the
proof of Proposition 3.5, provided one can first estimate the speed at which balls evolve under the
equation (5.3), which is of the same order as in Corollary 3.4. O

6. Geometric uniqueness in the convex case

In this section we show that if the initial set is bounded and convex, then the fattening phenomenon
can not occur and the evolution is unique. The proof is based on [7, Theorem 4.9], and follows
from a (simple) estimate of the distance between two evolutions with different forcing terms. In
the rest of the paper, we will always consider in RY the distance distgo induced by the norm
®°(x) := sup{é-x : @(§) < 1}, polar of @. Hence we will drop the subscript and write dist instead
of distge. Similarly, we will write d = —n Vv (9 A (distge (x, C) — distgo (x, C©))).

Lemma 6.1 Let C; C C; two sets and let C1(t) and C,(t) be the evolutions of the flow v; =
D (v)c;, with ¢; two constants, starting from Cy and Cy respectively. That is, Ci(t) = {u; = t}
where u; is the solution of

drui = ¢ P(Dui),

u;i (x,0) = dgi (x).
Then the function

8(r) = distgo (0C1 (1), 0C2(1))
satisfies
§(1) = 8(0) —t(c2 — 1),

forevery0 <t < Ts :=sup{t = 0: (1) > 0} (i.e., until the first contact time).
Proof. We consider first the case where ¢; and ¢, are not positive. We recall that, by the Hopf-Lax
formula for the Hamiltonian H; (p) = |¢i|®(p), the solution of the system

dsu;(x,t) + |C,~|d>(Du(x, t)) =0,
ui (x.0) = dl (x).
withi = 1,2, is given by (see for instance [16])

u;(x,t) = y;l]gv {dgl_ (x) +tH (g) }’

where H* denotes the Legendre—Fenchel transform of the function H;, given by

0 if @°(gq) < |cil,

HF =
i (@ +o00 else.
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Thus

ui(x,t) = inf d’ (x).
O = o e i)

Since §(0) > 0 we can suppose that ¢ is such that C;(¢z) C C5(0). We have that
{x 1ui(x,1) > 0} = {Ci + B (0,]ci]1)}". (6.1)

Indeed if £ € {x : u;(x,t) > 0} then & can not belong to C;(¢t) + Bo (0, |c;|t), otherwise there
would exist z € dC; with @°(z — §) < |¢;|t and thus

0 = dist(z, 9C;) = u; (&€,¢) > 0.

On the other hand it is immediate to verify that if dist(§, C;) < |c¢;|t then u(€,¢) < 0.

Let x; € d(C; + Bgo(0, |c;|t)) be such that §(t) = P°(x; — x2) and denote & the unique
intersection between dC, and the segment with extrema x; and x,. Let moreover z be the projection
of x; onto dCy, so that @°(x; — z) = |c1|t. We have

8(t) = P°(x1 — x2)
=0°(x1 —§) + P°(§ — x2)
= |ealt + @°(6 — x1)
= et + @°(E—2) — D°(z — x1)
= |ca|t + 8(0) — |c1]t
= §(0) — (c2 — c1)t,
which is exactly the statement of the lemma. The proof in the case where c¢; and ¢, are positive

follows the same lines of the above proof, once we notice that if u solves d;u — |c|@(Du) = 0 then
v = —u solves 0;v + |c|@(Dv) = 0.If ¢; < 0 and ¢, > 0 by similar arguments we get that

C1(t) = {C1 + Bao (0, |c1]1)}°, Co(t) = {x : dist(x, dC2 > cat)}.

Let x; and x, be points such that §(z) = ®°(x; — x,) and let X; be the projection of x; to dC;,
i = 1,2. Then we have
§(t) = @°(x1 — x2)
= @°(xX1 —X2) — @°(x1 —X1) — P°(x2 — X2)
= 8(0) — [er|t — lea|t
=§(0) — (c2 — c1)t.

The proof of the case ¢; > 0 and ¢, < 0 follows by an analogous argument. O

Proposition 6.2 Let C; C C, be two sets and let, g1 and g» : Ry — R two continuous functions
and, fori = 1,2, let u; be the solution of

drui = P(Duy)(— kg (x, {ui = ui(x,1)}) + gi(1)),
ui(x,0) = d¢. (x)
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Letfort = 0,i = 1,2, C;i(t) = {u; = 0}. Then the function §(t) = dist(0Cy, 0C>) satisfies

8(t) = 6(0) —/0 (cz(s) — cl(s)) ds

forevery0 <t < Ts :=sup{t = 0:65(r) > 0}.

Proof. Without loss of generality we can assume that the 0-level sets of u; do not fatten, that is,
C;(t) = {u; > 0} (otherwise we should consider the 7-level set and then let t — 0).

Fori = 1,2, let ug; be the functions constructed in Section 5 with g = g;, let c.; be
the corresponding piecewise forcing terms, and let Ci(¢) = {x : u;(x,t) = 0} and 8:(t) =
dist(dCJ (1), C2(t)). By Lemma 5.1 we have that §(t) — 8(¢) forevery t < T.

Let ¢t < Ts and let n be the largest integer such that ne < ¢. Let us write §(¢) as

8e(2) = b:(e) + [88(28) — 88(8)] + [88(38) — 88(28)] 4+ [88(t) - 88(7’18)].

Since the functions u.,; solve in [0, ¢] the geometric and translation-invariant equation d,u,; =
2@ (Dug;i)(—ks(x,{us; = ui(x,1)})), the distance between their 0-level sets is nondecreasing, so
that §:(¢) = 8:(0). Moreover, since the u,;’s solve in (g, 2¢] the equation d,u.; = 2D (Dug;)cs,i,
by Lemma 6.1 we get that

88(28) = 88(8) - 28(68,2(28) - 68,1(28))‘

By iterating this argument we obtain that

8e(ke) — 88((]{ — 1)8) >0 if k is odd,
8e(ke) — 88((]{ — 1)8) = —28(68,2(](8) - cs,l(ks)) otherwise.

By summing in k we then get

ne

8s(ne) = 8,(0) + 2¢ Z (cea(ke) = ce(ke)) = 8:(0) + / (g2(1) — g1(v)) d.

k=1 0
By passing to the limit as ¢ — 0, the thesis follows. O

Thanks to the previous proposition, by reasoning exactly as in the proofs of [7, Theorem 4.9]
(which is based in turn on [6, Theorem 8.4]), we get the following corollary:

Corollary 6.3 Let g : R — R be a continuous function. Let C; € C, be two compact convex sets
and let C1(t) and C»(t) be the flows for the equation @ 'v = —«; + g, starting from Cy and C»
respectively. Then C1(t) C Cy(t) forallt = 0.

Proof. Notice first that, if C; has empty interior, then C;(¢) = @ for all # > 0, and there is nothing
to prove. Therefore, we can assume that C; has nonempty interior and that O lies in the interior of
C.

For 0 > 1, we let g1(¢) := g(t), g2(¢) := g(¢t/0'75)/0°. Notice that the set §C,(¢/01 ")
solves the equation @ 'v = —ky + g(¢/0'75)/0%, with initial datum #C,. Therefore, letting
8o (t) := dist(dCy(¢), 00C,(r/6' ™)), so that §4(0) > 0, by Proposition 6.2 we get

$5(1) > 5(0) /0 (eig (7s) - g(f)) it
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until the first contact time. Now, the integral can be estimated by

t/91+s t
@—1) / g(@)dr + / g(@)d <316 — Dllglloon
0 t/01+s

while §g(0) = c¢(0 — 1) where ¢ depends only on the C; and @. Hence, 85(¢) = 0O as long as
t < ¢/(3]|glloo), Which does not depend on 8. It follows that C;(t) € C,(¢), this as long as Cy has
nonempty interior, which concludes the proof. O

REMARK 6.4 The same proof shows that, in general, a strictly star-shaped domain with respect to
a center point x will have a unique evolution for a positive time, as long as no line issued from x
becomes tangent to its boundary.

7. Concluding remarks

A natural question is whether one can characterize the sets which evolve homothetically by the
anisotropic flow (2.5), with g = 0. A way to build such sets could be by first showing existence
of evolutions with constant volume (by tuning appropriately the forcing term as in [7, 24]) and
then studying their asymptotic limit. Anyway, the characterization of the limiting equilibrium shape
seems to be a difficult question, related to the anisotropic fractional isoperimetric problem.

More precisely, it is known (see [25]) that the Tl —fractional perimeter converges, as s — 1, to
an anisotropic perimeter with a specific anisotropy different from T, yielding an indication on the
behavior of the isoperimetric sets in this limit.

Another natural question is whether the Tl—fractional perimeter is decreasing under the limit
flow, in absence of the forcing term. This is true in the isotropic case, and can be easily seen by
writing the flow in [10] as a minimizing movement scheme as in [15, 24], and is probably true also
in our case. However a complete proof would require a thorough study of the properties of the kernel
Py.

In this respect, it would be interesting to extend the analysis in [15, 24] to the fractional case.
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