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We consider the propagation of a flame front in a solid periodic medium. The model is governed by a
free boundary system in which the front’s velocity depends on the temperature via an Arrhenius
kinetic. We show the existence of travelling wave solutions and consider their homogenization
as the period tends to zero. The main difficulty lies in the degeneracy of the Arrhenius function
which requires an a priori lower bound of the propagation’s speed. We next analyze the curvature
effects on the homogenization and obtain a continuum of limiting waves parametrized by the ratio
“curvature coefficient/period.” Remarkable features are the monotonicity of the speed with respect to
the “curvature regime,” together with the explicit computations of the minimal and maximal speeds.
We finally identify the asymptotic expansion of the heterogeneous front’s profile with respect to the
period.
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1. Introduction

We investigate the propagation of a flame front in a solid heterogeneous medium R, x R,.
Throughout Y > 0 is a fixed period and we consider a solid with horizontal striations which are
Y -periodic in y. The fresh region is assumed to be a hypograph {x < &(y,t)} with a temperature
T = T(x,y,t). The flame front {x = &(y,t)} is assumed to propagate to the left. A typical
representation is given in Figure 1, which shows the propagation through a medium consisting of a
periodic superposition of two layers.

We consider the model where the evolution of (&, T') is governed by the free boundary system

bT;, —div(aVT) =0, x <&(y,t), t >0,
(1.1)

§HROT) I+ =piG.  x=E0.0.1>0.
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FIG. 1. Periodic superposition of two materials (I) and (II)

subject to the boundary conditions

aT
agy =8V x=E&.1),
v " (1.2)
T(x,y,t) — 0, as x — —oo,
where v = (11;\/% is the outward unit normal and V}, is the normal velocity of the front. Throughout

“div,” “V” and “%” denote the divergence, gradient and normal derivative operators, respectively.
The second equation of (1.1) just states that the front propagates with a normal velocity V;, given by

Vo =—R(y,T) — uk,

where k is the mean curvature and p is a positive curvature coefficient. This latter coefficient is
related to surface tension' effects. The propagation is not just a geometric one (as it was the case
for example in [6, 7, 12]) because here the combustion rate depends also on the temperature at the
front, thatis R = R(y, T'). This dependence is typically given by an Arrhenius kinetic of the form:

R=Ae T, (1.3)

where A is a prefactor and E is related to the activation energy. These parameters can depend on the
layers which means that A = A(y) and E = E(y). As far as the other data are concerned, a = a(y)
represents the thermal diffusivity, b = b(y) the heat capacity, and g = g(y) represents a fraction of
the total heat release and which serves to heat the solid thus making the combustion self-sustained.
Finally, note that the downstream boundary condition in (1.2) corresponds to a normalization to

! Rigorously speaking, as here we have a solid/gas interface, we must rather talk of interface energy instead of surface
tension which is usually used for liquid interfaces.
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zero of the temperature far from the front. For more details about this model see [3, 6, 7, 12] and
the references therein.

From now on we assume that each parameter f = a, b, g satisfies:

(A) The function f : R — R is measurable and Y -periodic.
(B) There are constants fps = f, > 0 such that

fu = f(y) = fn foralmosteach y € R.

The parameter R is assumed to be a function from R x R into R* such that:

(C) For almosteach y € R, T — R(y, T) is continuous and nondecreasing.
(D) Foreach T > 0, y +— R(y, T) is measurable and Y -periodic.
(E) There is a constant Rys > 0 such that

Ry = R(y,T) >0 foralmosteach y € Randall T > 0.

(F) Forany T > 0, we have:
essinf R(y, T) > 0.
yER

In the above, Rt denotes the interval (0, +00). The function R is in particular of Carathéodory’s
type by (C)—(D). Note that (C)—(F) are satisfied by the typical combustion rate in (1.3) whenever
A and E satisfy (A)—(B). This is exactly what occurs for the striated solid medium we consider
where all these parameters are constant on the layers. They therefore take just two values for the
case presented in Figure 1. Let us point out at this stage that for reasons associated to mathematical
analysis, the existing papers usually impose a “positive lower bound to the front’s speed” — that is
to R in our case — , see for instance [3, 6-8, 11, 12]. In our setting, this might be not satisfactory
because the typical R in (1.3) decays towards zero as T | 0. Actually, we will be brought to
occasionally prescribe a “slower decay” to R at the neighborhood of T = 0, but we will always
treat situations where it may go to zero. Moreover a large part of our results work for the Arrhenius
law given in (1.3).

Let us continue with some general comments on the literature. Models of similar type are
considered in [3, 6, 7, 11, 12] but with slightly different assumptions. In [3], the striations are
vertical and the front’s profile is a straight line. As a consequence its equation reduces to an ODE.
In [6, 7, 11, 12], the propagation is purely geometric (that is to say R = R(y) only) and the
analysis concerns the sole front’s equation. In the more recent paper [8], a full free boundary
system somewhat similar to ours has been studied in the context of solidification process in crystal
growth. The front’s propagation is governed by a Hamilton—Jacobi equation (where the surface
tension effects are neglected). The main purpose of [8] concerns the global in time existence
of a solution of the Cauchy problem via the study of the regularity of the expanding front. The
front’s velocity considered is relaxed regularitywise: It is just Holder continuous as compared to the
natural Lipschitz regularity used for Hamilton Jacobi equations. In all these references, the speed of
propagation is assumed to have a positive lower bound.

In this paper, we focus on the study of travelling wave solutions to (1.1)—(1.2). Our first purpose
is to show the existence of such solutions. This comes to looking for fronts and temperatures of the
form

E(y,t) =—ct+v(y) and T(x,y,t)=u(x+ct,y),
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where ¢ > 0 will be the speed of the wave and v its profile. It is convenient to fix the front through
the change of variable x + ¢ ¢ + x. This leads to the problem of finding a triplet (c, v, u) such that

cbuy —div(a Vu) =0, x <v(y),

ou cg

u _ = 14
afy =t x = v(y). (1.4)
u(x,y) — 0, as x — —oo,
and
v
—c+ R(y,u)/1 +vi=p yyz, x =v(y). (1.5)
1+ vy

Note that if there exists a travelling wave, the profile v will be defined up to an additive constant.
For simplification and without loss of generality, we will be brought in the course of the analysis to
fix this constant.

Let us recall that Equation (1.5) has been the object of a thorough study in [6] but only for
R = R(y). The existence of a travelling wave (c, v) is proved with some characterization of the
speed ¢ with respect to the curvature coefficient p. In [7, 12], this analysis is extended to oblique
striations and in [11] to almost periodic media. In this paper, we will establish the existence of a
nontrivial travelling wave solution for the whole system (1.1)—(1.2). If we consider a general R
satisfying (C)—(F), we will need to assume the ratio “period/i” to be small enough. This includes in
particular the combustion rate in (1.3). For general ratios we will need to consider a more restrictive
class of (degenerate) R, see (3.2).

We unfortunately do not know whether these travelling wave solutions are unique. Nevertheless
we can give some precise characterization by considering their homogenization as the period tends
to zero. This is the second purpose of this paper. Let us first mention that a similar homogenization
problem has been considered in [3] for media with vertical striations. A remarkable difference with
our setting is the absence of surface tension effects in [3] (recall that the front’s profile is a straight
line in that case). Here we propose an homogenization analysis that will provide information on
the curvature effects too. For that we allow the curvature coefficient to depend on the period. This
amounts to consider a family of triplets (c?, v®, u®) satisfying:

b (L) uf —div (a (2) Vu®) =0, x < vi(y),

a(2) e = L0 x = v (). (16)
e/ v 1+05)?
u(x,y) — 0, as x — —o0,

and
&
_ & X £ £)2 — Uyy — €
c +R(8,u),/1+(vy u(£)1+(v;)2, x =v°(y), (1.7)

for some given 1-periodic parameters a, b, etc., so that ¢ is the new period of the medium. We will
show that the triplet (c?, v, u®) converges towards some (c®, v°, u®), as ¢ | 0, if and only if the
ratio @ converges towards some A € [0, +oo]. This will define a continuum of homogenized
waves parametrized by A for which several characteristics will be easier to compute such as the
speed, the temperature at the front, etc.
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As far as the speed is concerned, we will show that the map
A=)

is (smooth and) decreasing. Also, the minimal and maximal speeds are achieved (only) at the
regimes A = 400 and 0, respectively. For both of these regimes we will derive an explicit formula
for ¢°. Surprisingly for A = 0, ¢? is not given by some mean of the combustion rate. We shall see
for instance that, for the typical model (1.3), it reads

c%(0) = esssup A(z) e E® %
z

where b and g denote the mean values of b and g, respectively. This suggests that the respective
width of each layer has no influence in that regime as compared of course to the other intrinsic
parameters of the material. This original feature was already observed in [6] for a pure geometric
propagation. Here we somewhat extend this observation for the full system “front-temperature.”
Note finally that once the speed is known, the temperature u° will be an explicit exponential entirely
determined by ¢°.

As far as the front’s profile is concerned, we will need a more careful analysis to get some
interesting information. It indeed turns out that the homogenized profile is always a straight line
(normalized to zero). We will then analyze the microscopic oscillations of the front’s profile by
establishing an asymptotic expansion of the form:

V) =sw () +o).

where w will be some corrector. We will show that this corrector is entirely determined by A
and satisfies a pure geometric equation of the form considered in [6, 7, 11, 12]. As a byproduct,
our analysis thus provides some relationship between these works and the whole system “front-
temperature.” In the limiting regime A = +o00, we will show that the corrector equals zero
everywhere so that the front is “almost a straight line” at the microscopic level too. To get more
information in that case, we will then establish a second-order expansion of the form:

V() =20 (2) +0le?).

where we will identify the profile Q too. The identification of w in the other limiting regime A = 0
is more difficult and remains open. A more detailed discussion will be done in Section 7.

To conclude, let us emphasize once more that we consider a general speed of propagation
where R can degenerate to zero, while this speed is generally assumed positively lower bounded
in the literature, see for instance [8] and the references therein on systems. Hence, our first main
contribution may be stated as follows:

There exists a travelling wave solution to (1.1)—(1.2) even for possibly degenerate
combustion rate R.

Moreover, our homogenization analysis provides valuable information about the influence of the
curvature on the propagation. If we should select only one result, we would probably keep the
monotonicity of the propagation’s speed. It can be compared with the recent analysis of [10]
concerning the effects of strain. Here, we give somewhat a similar analysis but with the curvature.
Our second main contribution may thus be stated roughly speaking as follows:
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The curvature or surface tension effects slow down the propagation in heterogeneous
media.

Let us now give comments on the proofs. The existence of travelling wave solutions will be based
on the Schauder’s fixed point theorem. The key estimates will be some a priori lower bounds on the
temperature at the front. For the homogenization, we will give a rather simple proof of convergence,
thanks to the a priori observation that v® and u° do not depend on y. In the regime A = 0,
the identification of ¢® will necessitate to call for classical elliptic regularity results. This will be
possible even for degenerate Arrhenius functions, thanks to the preceding lower bounds. The proof
of the monotonicity of the speed, which will call for the implicit function theorem, will be a bit
more complicated.

Let us finally give some more references on related topics. Following the inhomogeneity
considered, one can as well obtain pulsating travelling fronts, that is where the speed of the travelling
wave is no longer a constant but is periodic in time. The preceding references [7, 11, 12] are closely
related to that subject. For a rather complete study in the framework of reaction advection diffusion
equations, see [2]. Finally, for a survey on travelling waves, be it in homogeneous, periodic or
heterogeneous random media, see [14].

The rest of this paper is organized as follows. Section 2 is devoted to some preliminaries on the
equations of the front and temperature considered separately. Section 3 is devoted to the existence
of a travelling wave solution to (1.1)—(1.2), see Theorems 3.4 and 3.8. The homogenization analysis
starts in Section 4, see Theorems 4.2 and 4.5. The qualitative analysis of the speed is done in
Section 5, see Theorem 5.1. The asymptotic expansions of the front’s profile are given in Section 6,
see Theorems 6.1, 6.3 and 6.5. A synthesis and some open questions are proposed in Section 7. For
the sake of clarity, the technical or standard proofs are postponed in appendices together with a list
of the main specific notations.

2. Preliminaries: Notations and first results

The existence of a travelling wave solution will be proved with the help of the Schauder’s fixed
point theorem by successively freezing the temperature and the front. In this section we focus on
the frozen problems. All along this section, ¥ > 0 is a given fixed period and p > 0 a given fixed
parameter.

2.1 Front’s well-posedness
We first consider (1.5) for a fixed temperature. This comes therefore to finding (¢, v) which solves

—c+ H(y) 1+UJ2’:M11353’ @D
vy +Y) =v().

for (almost) every y € R, where H is an arbitrary given function. Here is a result from [6].

Theorem 2.1 Let H : R — R be measurable and Y -periodic with

H,, < H < Hy almost everywhere on R,
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for some positive constants H,, and Hyr. Then there exists (c,v) € R x W®(R) which
satisfies (2.1) almost everywhere. The speed c is unique and the profile v is unique up to an additive
constant. Moreover,

2
Hy

Hy<c<Hy and |vy|oeo < H?

~1. 2.2)

2.2 Temperature’s well-posedness

Now we suppose that the profile v of the front is given and we introduce the notations
Q2:={(x,y)eR:x<v(y)}, TI:={(xy) R :x=v()},
as well as the corresponding restrictions to one period,
2, =2N{0<y<Y} and I,:=I'N{0<y<VY}
For simplicity, we do not specify the dependence on v.

Periodic Sobolev’s spaces. We proceed by defining the functional framework that we will need.

73]

We use the subscript “;” for spaces of functions which are Y -periodic in y. Hereafter we consider
the Hilbert spaces

L2(R) = {u € L, (£2) : uis Y-periodic in y and [ u* < +c>o} ,
H Q) = {u € L2(2): Vu e (Lf(:z))z},

endowed with the following norms and semi-norm:

L[ ,)\° 1 2\?
iz = (3 [ ) o= (5 [ 19
# #

1
2
and Jul gy @ 1= (10 ) + s a))

Extension operator. 'We next define the extension of u to R2, which we will use throughout, by
“reflection” as follows:

ext(u)(x,y) ;== u(x, y), * <v(), (2.3)
uu(y) —x,y).  x>v(y).
Recall that ext : H}(£2) — H,(IR?) is linear and bounded with
”eXt(”)”H#l (R2) <C (”vy”oo) ||u||11#1 (K) 2.4

see [1].% For brevity, ext(u) will be simply denoted by u.

2 Note that C (||vy [lco) does not depend on the period Y, which is immediate by direct computations.



456 N. ALIBAUD AND G. NAMAH
Trace operator. The front I" will be endowed with its superficial measure, that is for any ¢ €
C.(IN),
/ Q= / e (), ¥)y/1 +v3(y)dy.
r R
For brevity, we will denote by u,,. or simply u the trace of u € H}(£2) on I, see [1]. Recall that
1
u € H!(2) + u. € H?(I') is well-defined linear and bounded, so that the function

w:yeR—>ulw®),y) eR

1
is well-defined (up to some negligible set) and belongs to H,” (R) with

ol 3 ) < € (Vv lee) Il oy

Well-posedness. We can now state the well-posedness of the temperature.

DEFINITION 2.2 (Variational solutions) Assume (A)—(B) and consider c € Rand v € W#l’c>o (R).
We say that u is a variational solution to (1.4) if

ue HNR),

Ja, (cbuxw+aVuVw) = [, Jﬁ-_ufw’ Vw e HN(R2). (2.5)
REMARK 2.3 Note that u is a variational solution to (1.4) if and only if

ue HN (),

{fg (chusy +aVuVy) = [ —£Eog. Vo e ClE). (2.6)

The proof of the above remark is standard and postponed in Appendix A.l for completeness.

Theorem 2.4 Assume (A)—(B) and let ¢ > 0 and v € MI’M(R). Then there exists a unique
variational solution u € H}(82) to (1.4). Moreover; this solution satisfies

2¢ gzzu
u < —F, 2.7
| |1-1#1 (2) am b 2.7
and for almost every (x,y) € £2,
b bm
&m Zm o€ am Clvloo) < gy 1) < MM e Gl (et vlloo) 2.8)
apm bm am bm

The proof of this result is rather standard. The main ideas are given below. For completeness
sake, the details are postponed in Appendix A.2.

Sketch of the proof. It suffices to use general variational methods (see [4] for instance). The main
difficulty to apply the Lax—Milgram’s theorem is the lack of a Poincaré inequality (because the
domain is not bounded and there is no u-term). But, this can be compensated by the bounds in (2.8).
To show these bounds, it suffices to take sub- and supersolutions of the form (x, y) > Cje©2*.
Notice finally that (2.7) is obtained by choosing u as a test function while taking advantage of the
sign of the convection term ¢ b u, (after integration). ]
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2.3 Stability

Let us continue with further properties that will be needed later. It deals with the passage to the limit
in a sequence of problems of the form

cnb (uy)x —div(a Vuy,) = 0, x < vp(y),

dup — ‘n& = 2.9
e T R x = (), (2.9
Un(x,y) =0, as x — —o0,
—Cn+ Hy(y)y/1 + (vn)3 = p %yyz y €R. (2.10)
1 + (vi’l)y

For a technical reason, we will need to fix the front’s profile by assuming for instance that it has a
zero mean value. This will be done without loss of generality, since the solution of (2.10) is unique
up to an additive constant. For brevity, we will denote throughout by 7 = % fOY f the mean value
of any Y -periodic function f : R — R.

Here is a compacity result.

Lemma 2.5 (Compactness) Let us assume that (A)—(B) hold and that for each n € N,

Hy € L (R),

cn > 0,0, € I/V#Z,OO(R)’

u, € H($2y),

vy, satisfies (2.10) almost everywhere with v,, = 0,

Uy is a variational solution to (2.9),
where 2, := {x < v, (y)}. Then, if

0 < infessinf H,(y) < supesssup H,(y) < +o0, (2.11)
n y n y

there exists (H,c,v,u) € LYP(R) x Ry x W#z’oo(R) x H}(R?) such that

H, — H in L*°(R) weak-x,
cn = ¢, vy — v in W2®(R) weak-x, (2.12)

Uy — u weakly in H}!(R?),
up to some subsequence.

REMARK 2.6 (i) The limit in (2.12) has to be understood for u,, extended to R? by reflection,
see (2.3).
(ii) The convergence in (2.12) implies that v, — v and u, — u strongly in W 1:°°(R) and L?(R?),
respectively.

Proof. In this proof, the letter C denotes various constants independent of n. By (2.11) and
Theorem 2.1(2.2), {cn}n is bounded and ||(vn)yllooc < C. This leads to ||vx[loc < C because
v, = 0. Moreover, |[(Vn)yylloo < C by (2.10). By Theorem 2.4(2.7) and (2.8), we deduce that
| ||H#1 2y < C and, after extending u, to R2, ||up ||H#1 ®2) S C by (2.4). The proof is complete
by standard weak compactness theorems. U
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Let us now proceed by giving the stability results whose proofs are postponed in Appendix A.3.

Lemma 2.7 (Stability) Let (H,c,v,u) be given by Lemma 2.5. Then (c, v, u) is a solution of (1.4)
and (2.1), that is

v satisfies (2.1) almost everywhere,
and u,, is a variational solution to (1.4).
Lemma 2.8 (Strong convergence of the traces) Let (H,c,v,u) be as in the preceding lemmas. We

then have u, (v, (y),y) = u(v(y), y) for almost every y € R (up to the subsequence considered in
the preceding lemmas or one of its subsubsequences).

3. Existence of a travelling wave solution

Let us now look for a solution to (1.4)—(1.5). We continue to use the notations of the preceding
section. In particular, we still do not specify the dependence in v of the sets £2 = {x < v(y)} and
I' = {x = v(y)} to simplify. Moreover Y > 0 is a given fixed period and ;= > 0 a given fixed
coefficient all along this section too.

DEFINITION 3.1 (Travelling wave solution) Assume (A)—(F). A triplet (c, v, u) is said to be a
travelling wave solution to (1.1)—(1.2) if

@) c eR, v e W™ (),
(i) u € H#l(.Q), u=0,
(iii) u is a variational solution to (1.4) and v satisfies (1.5) almost everywhere.

We first deal with the case where in addition to (C)—(F) the parameter R is also bounded from
below by some positive constant R,,, that is to say:

R(y,T) = R,, >0 foralmosteach y € Randall T > 0. (3.1

We will next discuss the more general case where R can go to zero.

3.1  The case of nondegenerate R

Theorem 3.2 Assume (A)—(F) and (3.1). Then there exists a travelling wave solution (c,v,u) to
(1.1)—(1.2) with a positive speed c.

Proof. The idea is to look for a fixed point of some appropriate function @ : ¢ — C.
Let us first choose the set

C:={HeLR): Rn < H <Ry}

We will use the Schauder—Tikhonov’s fixed point theorem thus needing this set to be convex and
compact. It is clearly convex and to get the compacity we simply consider the L°°(R) weak-x
topology on C.

Let us now choose @. Given H € C, we can apply successively Theorems 2.1 and 2.4. We find
that there exists a triplet (c, v, u) solution of (1.4) and (2.1). This triplet, which of course depends
on H, is unique under the additional condition that v = 0. We can then define the function

®: ¢ — €
H  ®H):y Ry.ue®).y).
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Now it only remains to show that @ is continuous. Note that, rigorously, we should also verify that
@ is well-defined. This means that two arbitrary almost everywhere representatives of H should
give us two almost everywhere equal measurable functions @(H ). This is in fact quite standard
because R is a Carathéodory function by (C)—(D). The detailed verification of the well-definition of
@ is thus left to the reader.

Let us then continue by proving that @ is continuous for the L°°(R) weak-+ topology. We can
argue with sequences because this topology is metrizable on bounded sets (such as C). Let thus
C > H, — H in L*°(R) weak-«. By the construction above,

0 < R,, < infessinf H,(y) < supesssup H,(y) < Ry < 4o00.
n n

We can then apply Lemma 2.5. This compacity result implies that (Hj, ¢, vs, u,) converges to
some (I:I, ¢,v,u) in the sense of (2.12) (and up to some subsequence). Note that (¢,, vy, Uy) is
the unique triplet associated to H, as above. Note also that # = H by uniqueness of the limit of
H,,. Moreover, the triplet (c, v, u) satisfies (1.4) and (2.1) with our given H, thanks to the stability
result of Lemma 2.7. Using then Lemma 2.8 and (C), we deduce that ®(H,) — @(H) almost
everywhere. As this sequence is bounded, the convergence holds also in L*°(R) weak-x, up to
some subsequence. To conclude the convergence of the whole sequence, we apply this reasoning by
starting from any arbitrary subsequence of H,. We deduce that @ is continuous, since the limit of
the obtained converging subsubsequence is always the same, that is @(H ).

Finally the Schauder-Tikhonov’s theorem gives us a fixed point ®(H) = H, whose associated
triplet (¢, v, u) is a travelling wave solution. Since R is assumed bounded from below by R,, > 0,
the positivity of ¢ is ensured by Theorem 2.1. O

3.2 More general R

Now we want to deal with the case where R may go to zero at T = 0. For technical reasons, we
will restrict to parameters with the following prescribed behavior at zero:

lim {|In T essinf R(y, T)} = +o0. 32
Jim |In Ieise}lg (3. T)p =400 (3.2)
This is for instance the case if essinfy, R(y,T) ~ ﬁ as T | 0 for some @ € (0, 1) and some

C >0.
We start by giving a result which establishes an a priori positive lower bound for the temperature
at the front.

Lemma 3.3 Assume (A)—(F) and let (c,v,u) be a travelling wave solution to (1.1)-(1.2) with a
positive speed c. If in addition (3.2) holds true, then

u = min {T >0:In(T)essinf R(y,T) = —-C (1 + Y)} >0
y

almost everywhere on I', for some constant C = C(ay, gm,ap by, Ryr) = 0.

Proof. 1t is sufficient to consider the case where v = 0 (otherwise one can always consider another
travelling wave solution of the same problem with the triplet (c, v, %), where v(y) := v(y) — v and

ulx,y) :=ulx +v,y)).
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Set uy, := essinfr u . By (C), we have
ess infR(y, u(v(y), y)) = essinf R(y, upy,).
y y

Note that, at this stage, we could have u,, = 0. But, as ¢ > 0, Theorem 2.4 implies that

b
> 8mfm 3¢ vloo

Um =
am by

The boundedness of v then ensures that u,, > 0 and a fortiori so is essinf, R(y, u,,) by (F). Now
we can apply Theorem 2.1 to get

2
R%, -
essinfy, R(y, um)?

¢ < Ry and ||vy||oos\/

Since v = 0, |[v]loc < Y ||vy[loo and

2
bm Rm
—2c Y\ ——— 51 My Ry
Uy = Em Am e am W > 8m dm e_zRM am ¥ essinfy R(Y.um)

~ am by ~ aym by

Taking the logarithm,
cY

l 2 _C - .—’
fittm essinf, R(y, um)

for some constant C having the dependence stated in the lemma. Multiplying by essinf), R(y, u;,)
and using the fact that 0 < essinf, R(y, u,,) < Rpr, we deduce that

In(uy,)essinf R(y,uy) = —C Ryy —CY. O
y
We are now ready to give the analogous of Theorem 3.2 under the more general
Assumption (3.2).

Theorem 3.4 Assume (A)—~(F) and (3.2). There then exists a travelling wave solution (c,v,u) to
(1.1)—(1.2) with a positive speed c.

Proof. Let us consider R,, := max {R, %} We can apply Theorem 3.2 to get the existence of some
nontrivial travelling wave solution (c,, v,, u,) with this truncated parameter. By Lemma 3.3 and
(3.2), essinfr, u, = y, for

Yn = min {T > 0:In(T)essinf R,(y,T) = —C (1 + Y)} > 0,
y

where C is independent of n. But as R, = R, we have

Yn = Y = min {T >0:In(T)essinf R(y, T) = —C (1 + Y)} > 0,
y
for all n. Thanks to (F), we can now choose 7 large enough such that

1
— < essinfR(y, y).
no y
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This gives us that

R (7. ung(n (1), ) = R (¥, ting(Uny(»). y))  for almost every y € R.

In particular, the triplet (c,v,u) = (cno, vno,unO) is a solution to (1.4)—(1.5) and the proof is
complete. O

REMARK 3.5 The proof suggests that the assumption (3.2) can be slightly relaxed. The key result
was indeed the lower bound of Lemma 3.3. Assumption (3.2) has only been used to imply that

min{T >0:In(T)essinf R(y,T) = —-C (1 + Y)} > 0,
y

where C = C(am, &m,am, by, Rar). It thus suffices to directly assume that this minimum is
positive. This would be for instance the case if

C
essinf R(y,T) ~—— as T |0,
y [InT|

forsome C > C (1+ Y).

3.3 The case of small periods

We finally consider the case of small Y or more precisely of large values of the ratio % For that case,
we will show the existence of a nontrivial travelling wave solution without the preceding assumption
(3.2). It includes in particular the typical model (1.3). Let us start with an estimate on v,.

Lemma 3.6 Let H € L*®(R) be Y -periodic, nonnegative, and assume that the pair (c,v) € RT x

W% (R) satisfies Equation (2.1) almost everywhere. Then we have the estimate: || arctan(vy)|leo <
2cY
=

Proof. Let us define f(y) := H(y),/1+ v%(y) and F(y) := parctan(vy(y)). These functions
are Y -periodic and satisfy

F'(y) = f(y)—c,

thanks to Equation (2.1). Integrating over one period, we first deduce that ¢ = f. Integrating then
over one arbitrary interval (y«, ), such that F(y.) = 0, we deduce that

Y
[ Flloo < / |F'| <2cY
0

(since f = 0and fOY f = ¢ Y by what precedes). The proof is complete by the definition of F. [J
Let us now give a new lower bound for the temperature at the front.

Lemma 3.7 Assume (A)—(F) and let (c,v,u) be a travelling wave solution to (1.1)—(1.2) with a
positive speed c. If in addition % > %, then

Em dm
u=——e=e

_ 2Ry B Y tan(zRM Y
=
am bm

Y = ) > 0 almost everywhere on I
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Proof. By the estimate (2.8) of Theorem 2.4 and the upper bound ¢ < Rps given by Theorem 2.1,

. am _2RubymY
essinfu = Sm9m == RM= vy lloo

r apm b M
The proof is complete by applying the previous lemma. O
Here is finally our existence result for large ratio %

Theorem 3.8 Let us assume that (A)—(F) hold together with the following condition:

4R
M>—M.

Y 14
Then there exists a solution (¢, v, u) to (1.4) and (1.5) with a positive speed c.

The proof is exactly the same as for Theorem 3.4, but this time we use Lemma 3.7 instead of
Lemma 3.3 to bound the temperature at the front from below.

4. Homogenization

We will now be interested in the e-dependent free boundary problem

b (2)us —div(a (%) Vut) =0, x < vi(y),

e & pa
a(}) % = —%igiﬁl’ x =ve(y), @)
ua'(x7 y) — 0, as x — —oQ,

and .
e y & 2 vyy €
—c +R(;,u ),/1+(U§) —Mw» x =v%(y), (4.2)

where > 0 is a fixed curvature coefficient and a, b, g, R, are fixed 1-periodic parameters assumed
to satisfy (A)—(F) (thus with ¥ = 1). The new parameter ¢ is the period of the medium. Note that
the normal v depends on ¢ too (which is not specified in (4.1)—(4.2) for simplicity). The purpose of
this section is to find the limit of (c?, v¢, u®) ase | 0.

To avoid confusion with the preceding notations, the new fresh region, front, etc., will be denoted
differently. More precisely, we will denote by

2°:={(x,y):x <v°(y)} and I'°:={(x.y):x=v°(y)}.
respectively the fresh region and the flame front, and by
20, =02°N{0<y<e} and [;:=T"N{0<y<e}

the corresponding restrictions to one period, just as in Section 2.2. Likewise the e-periodic (in y)
Sobolev’s spaces will be denoted by L2 (£2°) and H | (£2°).

Our main convergence results are stated in the subsection below and their proofs are postponed
in the next subsection.
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4.1  Main results
We start by recalling the definition of travelling wave solutions in this new setting.

DEFINITION 4.1 Let &, 4 > 0 and assume (A)—(F) with Y = 1. Then the triplet (c?, v®, u®) is a
solution to (4.1)—(4.2) if

(i) cf e R, v® € WL (R),

per

(i) u® € HL (2%),u® =0,

per

(iii) v® satisfies (4.2) almost everywhere and

cggs
cfbfus w + af Vut Vw =/ —°% _w VYwe H (£Ff
(e )=, e 129
(where f¢(y) = f(y/e) for f =a,b,g).

Here is our first result.

Theorem 4.2 Let > 0 and assume (A)—(F) with Y = 1. Let us then consider a family of solutions
to (4.1)-(4.2) of the form {(c®,v®, u®) }se(0,60] and such that

P =0 Vee(0,eg], 4.3)
for some gy > 0. Then:
limg o c® = 0 in R,
limgyo v& = v° uniformly on R,

limg o u® 1ge = u%1, - in Ll’jc(]Ry; LP(Ry)), Vpell,+o0),
! z
0 = / R (z, :) dz
0 b

V0 =0 and ul(x) =

where

and (v°,u®) are given by:

Salli]|

0T
exp (g x) for x <O. “4.4)
a

Moreover, if we consider the extensions to R2, then u® converges to u® for p = +oc too. More
precisely, we have:

lijn ext(u®) = ext(u®) in L®(R?),

&0

where
ut(x,y), x < vi(y),

(4.5)
ut2ovi(y) —x.y), x> v8(y),

extw®)(x, y) := {

and ext(u®)(x) := % exp (—CZTE |x|).

REMARK 4.3 (i) The existence of the family of triplets {(c®, v, u®)},¢(g,s,) IS guaranteed by
Theorem 3.8 for ¢ small enough.
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(i) The extensions above are defined just as in (2.3), but with respect to the respective fresh regions
{x < v®(y)}and {x < 0}. As before, we will simply use the letters u¢ and u° to denote these

extensions. This means that throughout u°(x) = £ exp (— C(;TE |x|) forall x € R.
(iii) In the above the convergence holds for the “whofje family” of triplets and not only for some
particular subsequence.

REMARK 4.4 (The homogenized system) After homogenization, the front’s profile, which becomes
planar, reduces to
r'={xy:x=v"=0}

and the fresh region to the half plane
.Qoz{(x,y):x<0}

(here (4.3) allows to fix the front’s profile and get I" 0 at the limit). The temperature u? of the fresh
region, which becomes independent of y, is given by the solution of the one dimensional problem

bud—aud =0, x<0,
Eug =0 g, x =0, 4.6)
u®(x) — 0, as x — —o0,

which is the homogenized version of (1.6). Finally the speed ¢ is given by the equation

1
-0 ~|—/ R (z,u°(0))dz = 0,
0

which is the homogenized version of (1.7).

Let us now analyze the effects of the curvature on the propagation. For that we allow p to depend

on ¢. Next we assume that the limit
A = lim @ 4.7)
e—>0 ¢
exists and we propose to run the analysis following the different values of A. We will technically
need to assume in addition that
M

. 4R . .
either A > —— or lim {| InT| essinf R(z, T)} = +o00. (4.8)
b4 T{0 z

This means that for a small curvature regime A, the combustion rate R will be allowed to degenerate
but not too much (that is we will use the second assumption). We will also need to assume that:

The function T € R™ + esssup, R(z, T) is continuous at T = 4.9)

Sjog

Note that this function is continuous for all T" if considering the typical combustion rate in (1.3)

(with A and E bounded). During the proof, the continuity at 7 = £ only will be sufficient. This

particular value will correspond to the constant value of the homogenized temperature at the front.
Here is our second and last convergence result.
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Theorem 4.5 For each ¢ > 0, let u(e) > 0 be such that the limit A in (4.7) exists in [0, +00].
Assume next that (A)—(F) and (4.8)—(4.9) hold with Y = 1. Let us then consider a family of solutions
to (4.1)-(4.2) of the form {(c®, v®, u®)}se(0,60] With

7" =0 Vee(0,e],

for some gy > 0. Then:

(i) There exists ¢® = c®(1) > 0 such that
lim(c®, v8, uf) = (¢ v°,u%),
&l0
where (v°,u®) is defined as in Theorem 4.2 and the limits are taken in the same sense.
(ii) This speed c® is uniquely determined as follows:

1. If A = 400 then c® = fol R (z, %) dz.
2. If X € (0, +00) then c® is the unique real such that the equation

—c0+R(z,£),/1+w§=A Wzz
b 1 4+ w2

admits an almost everywhere 1-periodic solution w € W2®(R;).
3. If A = 0then c® = esssup, R (z, %)

REMARK 4.6 (i) Such a family {(c®, v® u®)},c(0,¢,) €Xists provided that o is small enough,
thanks now to (4.8) and Theorems 3.4 or 3.8.
(i) Here also the whole family of triplets converges and this is in fact equivalent to the convergence
of the whole family of ratios, see Remark 5.2.
(iii) Theorem 4.2 is a particular case of Theorem 4.5 with A = +o00. Actually in that case, we will
see during the proof that the convergence of v® towards v° holds in fact in W 1>,
(iv) During the proof, we will technically need the assumption (4.9) only in the regime where
A=0.

REMARK 4.7 (The corrector) The well-definition of ¢® in the item (ii2) is a consequence of

Theorem 2.1. We also know that w is unique up to an additive constant. The w such that w = 0

appears as a corrector in relation with the ansatz v®(y) ~ e w (%)

REMARK 4.8 (The homogenized speed) Here again v = 0 and u° is deduced from c? through the
formula in (4.4). The knowledge of the mapping

A=)
then entirely determines the homogenized triplets parametrized by A. A qualitative analysis of this

mapping will be done in the next section.

4.2 Proofs

Let us prove Theorems 4.2 and 4.5. We proceed by giving a few lemmas and we start with some
bounds uniform in small ¢.



466 N. ALIBAUD AND G. NAMAH

Lemma 4.9 Let the assumptions of Theorem 4.5 hold. Then there are some positive constants Cp,,
cy and C such that for all € small enough,

em <t <em, Wyl <C and  |uf|lee < C.
Proof. We first claim that there is some constant u,, > 0 such that for all ¢ small enough,
u® = u, atthe front {y = v°(x)}. (4.10)

The important assumption to show this claim is (4.8). If the first condition holds, that is A > “;;M s

“;M and we choose &y > 0 sufficiently small such that

we take any A > Ag >

@ > Lo Ve e (0,&)
&

(recall that @ — A as e | 0). We then apply Lemma 3.7 to Problem (4.1)—(4.2). This implies that

a _2RM by e 2RM£)

e 8m Am tan

> e apr ( (&) > 0,
am by

at the front, with the bounds a,,, gm, etc., from (A)—(F). Notice indeed that all the e-dependent
parameters in (4.1)—(4.2) satisfy these assumptions with the same bounds. To get (4.10), it thus
suffices to take

2Rpr bpg & 2R
u,, = Smam —ENIME (200
am bm
In the case where the second condition holds in (4.8), the reasoning is the same but we apply
Lemma 3.3 instead. This completes the proof of (4.10).

Now use (C), (E) and (F) to infer that the combustion rate
R X & &
y = R(Zum 05 ().9)).

in Equation (4.2), is positively bounded from below and above (by some constants independent of
small ¢). Applying then Theorem 2.1 (2.2) and Theorem 2.4 (2.8) completes the proof. O

At this stage, we only know that ¢ is in L> N H!. But, we can get more regularity as below
by applying some classical results for elliptic PDEs.

Lemma 4.10 Let the assumptions of Theorem 4.5 hold. Then the (extension of the) temperature u®
is Holder continuous on R2, uniformly in small ¢.

Sketch of the proof. Recall that u® is a variational solution of an elliptic Neuman problem with
Lipschitz boundary, see (4.1). It is then Holder continuous up to the boundary by [13]. To get
estimates uniform in small ¢, it suffices to inject the bounds of Lemma 4.9 in the a priori estimates
of [13]. O

Note that the reader might need to go inside the proofs of [13] themselves in order to check
the details; indeed, we did not find any selfcontained statement of these a priori estimates. For that
reason, the rigorous computations are postponed in Appendix A.4 for the reader’s convenience. Let
us continue with a compacity result.
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Lemma 4.11 Let us assume the hypotheses of Theorem 4.5. Then there exist cg > 0, v° € Cp(R)
and u® € Cp(R?), such that

> c%inRR,

ve — v° locally uniformly on R,

u® — u® locally uniformly on R?,
as € | 0. This convergence holds more precisely at least along some sequence {&,}, converging to
zero.
Proof. This is an immediate consequence of the preceding lemmas and Ascoli—Arzéla theorem. [

We proceed by giving some properties on v° and u°.

Lemma 4.12 Let (v°,u®) € Cp(R) x Cp(R?) be given by the preceding lemma. Then v° = 0 and
u® does not depend on y, that is u® = u°(x).

Proof. Leta < b and let us first show that u®(x,a) = u®(x, b) for any x € R. Define

b—a

be i =a+ L 18 VYe>0,

where throughout the symbol “L-.” is used for the lower integer part. By periodicity u®(x, bs) =
u®(x,a) and we also know that b, converges to b, as ¢ | 0. Let us pass to the limit in the last
equality by using the uniform convergence of u® towards u® (holding at least along the sequence
given in Lemma 4.11). We get that

u(x,b) = limu®(x,b,) = limu®(x,a) = u’(x,a),
el0 el 0

which completes the proof that u® = u°(x). We proceed in the same way to show that v° does
not depend on y. In particular, v° is a constant which is necessarily zero, since v° = 0 (see the
assumptions of Theorem 4.5). O

Lemma 4.13 Let u® € Cp(R), u® = u®(x), be given by the preceding lemmas. Then u° is even,
tends to zero at infinity, and u® — u® uniformly on R? and in LY, (R, L?(Ry)) forall p € [1, +00)
(along the sequence given by Lemma 4.11).

Proof. Any local uniform limit u® of u? is clearly even in x, because of the choice of the extension
(4.5). To show the other properties, it suffices to verify that

‘us(x,y)| <Ce M vy yeR? 4.11)

for some positive constant C independent of small €. To show (4.11), we apply Theorem 2.4(2.8) to
Problem (4.1). This implies that

8M AM c® 32 (x-+ v lloo)

0<u’(x,y) <
am bm

on {x<v(y}

recall indeed that, under the assumption of Theorem 4.5, the e-dependent parameters of (4.1) satisfy
(A)—(B) with these same bounds. Inequality (4.11) thus follows from Lemma 4.9 (and the choice of
the extension (4.5)). ]
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We can now identify 1.

Lemma 4.14 Let c® > 0 and u® € C3(R), up = uo(x), be given by the preceding lemmas. Then

forall x € R,
— 07
o\ _ & _cbx]
U (x)—gexp< = s

and where the speed c® will be identified later.

This is a consequence of the passage to the limit as ¢ |, 0, in the temperature’s equation, followed
by the integration of the limiting problem. In fact, since u° does not depend on y, it is sufficient
to use only x-dependent test functions during this passage to the limit. This roughly speaking
allows to argue with weak-strong convergences only. The details are postponed in Appendix A.3
for completeness.

Let us now identify ¢®. We will homogenize the front’s equation (4.2) (with u = u(e) for
Theorem 4.5). To do so, it will be convenient to rewrite (4.2) as

—c® + R(z.u®(v¥(e2),62)) /1 + (wE)? = @ 1_}_11)(—2;)5)2’ (4.12)

thanks to the change of variables z = % and

(4.13)

We shall see later that the limit w of w? is such that v®(y) ~ ew (%) Here are some technical
properties that will be needed to identify c°.

Lemma 4.15 Let {¢,,}, be the sequence given by Lemma 4.11. Then:
(i) The function R (-, u®" (v¥" (¢, +), €, ")) — R (-, %) in LY(0,1) as n — +o0.
(ii) The sequence {w®"}, is bounded in W1 (R).

(iii) The latter sequence is bounded in W>>®(R) if A = lim,yo @ > 0.

Proof. Let us start with (i). By Lemma 4.11,
utn (v¥n (e z), e z) — u°(0)

uniformly in z; recall indeed that v® = 0 and u® = u®(x) by Lemma 4.12. By the identification of
u° in Lemma 4.14, we also know that u°(0) = %. Thus by (C),

En (1.6n g
R(z,u®" (v (5,,2),8,,2))—>R<z, Z)

for almost every z € R. Using in addition that R is bounded by (E), the dominated convergence
theorem implies the desired convergence in (i).

For the second item, we will apply Theorem 2.1 to Equation (4.12). Due to the uniform
convergence of u®" (v¥" (g, z), z) to u®(0), we know that for all z and sufficiently large values of 7,
we have for example
u®(0) _

=

ut (v (0 2),2) = > 0.

Sl
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The assumptions (C) and (F) then imply that

essinf R(z, u® (v (en 2), €1 2)) = es8 infR(z, i_) > 0.
z z 2b
Hence, using also the other bound
esssup R(z,u® (v*" (4 2),€n 2)) < Ry
z

from (E), Estimate (2.2) implies that the sequence of derivatives {w"}, is bounded by some C

in L*°(R). To get some bound on the antiderivatives, we note that each w®” is 1-periodic with

fol wér = s% o ven = 0 thanks to (4.13). This implies that [|w* [ < w:" oo < C and the
proof of the item (ii) is complete.
The item (iii) immediately follows from the latter item and Equation (4.12). O

We can now prove Theorems 4.2 and 4.5. We will denote again the sequence {¢,}, given by
Lemma 4.11, or any of its subsequences, simply by {¢}.

Proof of Theorem 4.2. By the preceding lemmas, we have already proved the convergence of v® and
u® towards the desired limits (at least along the above sequence). It therefore remains to identify c°.
For this sake, let us integrate Equation (4.12) between 0 and 1 (thus with u fixed here). We get

4 /0 1 Rz (v"(e2).62)) /1 + (@) dz = & [arctan(?)]

As the right-hand side vanishes due to the 1-periodicity of w®, we have

1
o Z/O R(z,u*(v®(e2),e2)) /1 + (w)?dz. (4.14)

Note then that [|[w} [|ec = [|v}[leo and recall from Lemma 3.6 that

2c¢fe
18 floo < tan( )
N
This implies that w; — 0 uniformly as ¢ | 0. Therefore in the limite | 0, (4.14) and Lemma 4.15(i)
lead to
Lol B
ct > / R(z, :)dz.
0 b
This identifies the limiting speed c°.

To conclude, we have established the convergence of the triplet (c?, v, u®) towards

1 - 3 0y
c”blx

= / R(z, g)dz, =0 and u®=u(x) = g exp(— _| |>,
0 b b a

along some sequence {&, }, converging to zero. But as the limiting triplet is uniquely determined,
the convergence holds for the whole family ¢ |, 0. This implies the desired result and completes the
proof. O
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Proof of Theorem 4.5. Here too it remains to identify ¢®. The new difficulty is that we may no
longer have the strong convergence of w? towards zero. This will complicate the passage to the
limit in (4.14). Note also that, as above, the identification of ¢® will automatically gives us the
convergence of the whole family as ¢ | 0. We thus continue to argue along some particular sequence
(simply denoted by {e}).

1. The case A = +o0. This is the only case for which w? still strongly converges towards zero.
Indeed by (4.13) and the estimate of Lemma 3.6, we have

&

‘9), (4.15)

0 lloo = 119 oo < tan (
: Y (&)

and as ﬁ goes to zero as ¢ |, 0, the preceding arguments still apply to give ¢® = fol R (z, %) dz.

2. The case A € (0, +00). In that case we need to identify the limit w of w?, defined in (4.13), and
the equation it satisfies. We have seen in Lemma 4.15(iii) that the function w® remains bounded in
W22(R) as & | 0 (at least along the sequence given by Lemma 4.11). By Ascoli—Arzéla theorem, it
then converges towards some w in W1 (R) (up to some subsequence). This limit w is necessarily
in W2:°°(R) and is also 1-periodic. To identify the equation in w, let us rewrite (4.12) as

&

__&
T ule)

Using Lemma 4.15(i), we infer that wé, () converges in L' (0, 1) towards

w {1+ wi)?} {—cs + R(z,ut(v¥(ez),e2))4/1 + (wg)Z} )

% {1+w2()} {—co + R ( %) V1+ w%(-)} :

But this function is necessarily w;;(-) by uniqueness of the distributional limit. Hence w satisfies

%+ R(z, 5) V1 + w? =2 Wzz almost everywhere.
b 14+ w2

We then conclude by Theorem 2.1 which gives the existence of a unique real ¢ such that the above
equation admits a 1-periodic solution w € W2 (R). Note that the ¢ thus identified will depend
on A.

3. The case A = 0. We must show that c® = esssup, R (z, %). Let us start by applying
Theorem 2.1(2.2) to the front’s equation (4.2). We get
c® <esssupR (X us(vs(y),y)> )
yER &
Using (C), we infer that
c® <esssupR (z,T?),
zeR

with 7¢ := max, u®(v®(y), y). Recalling that ¢ — ¢° and u®(v¢(-),-) — u°(0) = £ uniformly

Sloa]

on R, we have T¢ — % and thus

< limsup{ess supR(z,T) }

T—>% z
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We conclude that ¢® < ess sup, R(z, %) by using (4.9).
To prove the inequality in the other direction, we consider Equation (4.12). Given any
nonnegative ¢ € C°(RR), we multiply (4.12) by ¢ and integrate the right-hand side by parts. We

get that
/}R {—ce + R(z,u*(v®(e2).£2)),/1 + (wg)Z} pdz = —@ /sz arctan (wf) .

From Lemma 4.15 and the fact that @ — 0 as ¢ | 0, we easily deduce that

CO/RQOZ/RR(Z, %)@(Z)dz,

at the limit. Since the nonnegative test function ¢ is arbitrary,
¢ > ess sup R(z, g)
z b

and the proof is complete. O

5. Monotonicity of the homogenized speed

In this section, we consider the qualitative analysis of the speed c® as defined by Theorem 4.5. Let

us recall that it depends on A = lim, ¢ @ Our main result will be that A > ¢®(1) is monotonous.

5.1 Main result

For brevity, we will denote (1) simply by c(A) all along this section. Its derivative in A will be
denoted by ¢’(A). The gradient of the corrector w = w(z) given by Theorem 4.5 will be denoted by
h = w;. This function satisfies the problem:

—c+ ZEVT+ 12 = A i
h(z + 1) = h(z), (5.1)

[ h(t)dr =0,

for almost every z € R, where hereafter
g
H(z)=R|[z,=]).
2 ( b)

Under the assumptions of Theorem 4.5, we have:
The function Z € L*°(R) is 1-periodic and positively lower bounded. (5.2)
This is the only property that we will need. Let us recall that it is sufficient to define the mapping
A eRT > (c(A),h(-, 1)) € R x WHP(R), (5.3)

whose image is the unique (¢, h) € R x W12 (R) solution of (5.1), see Theorem 2.1. Here is the
main result of this section.
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Theorem 5.1 Assume (5.2). Then A +— c(A) (defined as above) is C*° and nonincreasing. At the
limits, it satisfies:

1
limc(A) = esssupZ(z) and lim c(A) = / H(z)dz.
Ad0 z A—>+o00 0

More precisely ¢’ (L) < 0 for all A > 0 as soon as X is not a constant.

REMARK 5.2 As a corollary of the above theorem, the speed ¢® = ¢®(1) of Theorem 4.5 defines a
continuous map of the form:

1 — —
A €[0,+00] — (L) € [/ R(z,g) dz,esssupR(z,i)]
0 b z b

This map is smooth in (0, +00), and it is decreasing and bijective whenever R is not constant. In
that case, it is in particular injective and the convergence stated in Theorem 4.5 holds if and only if

the limit A = lim, o 4

= exists.

The limit as A | 0 has been established in [6]. To the best of our knowledge, the other properties
are new. The monotonicity happens to be the most difficult to obtain. In the course of the proof,
we will call for the implicit function theorem which will give us enough regularity to justify the
computations. The rest of this section is devoted to the proof of Theorem 5.1.

5.2 Proof

We will start by stating a version of the implicit function theorem in Banach spaces which we will
use.

Let then E,, E; and F be some given Banach spaces, O an open subset of £; x E,, and
¢ : 0 C E; x E; — F afunction. Also recall that:

DEFINITION 5.3 The function ¢ is differentiable at (x1, x;) if there is a bounded linear map T :
E| x E; — F such that for all (h1,h;) € E1 X E»,

O (x1 + hi,x2 + h2) = ¢(x1,x2) + T (hy,h2) + o(hy, h2)

llo(hy,m2) |l F

where T hle xe; Oas | (h1,h2)| g, xE, = O.

In that case T is unique and defined as the differential of ¢ at (x;, x»). The partial differential
with respect to x; and x, are defined as the maps 77 : h; — T'(h1,0) and T3 : hy +— T(0, hy).
Throughout we shall denote them by

dp(x1,x2) :=T and dy¢(x1,x2) :=T;,
respectively. To avoid confusion between (x1, x2) and (41, h,), we shall use the standard notation
dg(x1,x2) - (h1, h2) = dg(x1,x2)(h1,h2) € F
(with similar notations for the partial differentials). This defines a map

dQZ’):El XE2—>£(E1 XEZ,F),
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where
L(Ey X E, F) :={T : Ey x E; — F linear and bounded}.

For further details, see for instance [5]. In the implicit function theorem below, we shall use the
following notation:

Isom(E,, F) := {T € £(E,, F) such that T is bijective}.

Here is the theorem.

Theorem 5.4 (see for instance [5]) Let ¢ be as above and (x{, x3) € O be such that
$(x7,x3) = 0.
Let us also assume that ¢ € C'(O) with
dy, d(x?,x9) € Tsom(E,, F). (5.4)

Then:

(1) There are open sets U C Ey and V C E, and a function ¢ : U — V such that (x?,xg) €
UxV COand

[¢(x1.x2) =0 & xz = (x1)] V(x1,x2) €U x V.
(ii) Moreover ¢ € CY(U) and
d(p(x?) = - [dngb(x?sxg)]il ° dxl‘l’(x?’xg)'

In the sequel we shall use (ii) to compute ¢’(1). Before we need to give a few lemmas. Let us
first precise the Banach spaces and the function ¢ which we will take in the frame of our problem.
To this end, we consider (A, (c, 1)) as free variables living in the following Banach spaces:

Ei:=R, and E; =R/ xE,

where .
E = {h € W,"*°(R;) such that / h(z)dz = o}. (5.5)
0

(For the sake of clarity, we have added some subscripts to the real space R in order to remember
which variable is considered.) We then define the function ¢ as:

¢ . E1XE2 —- F

5.6
(em) = (h(eh) iz —c+REOVTTIRE) — Al OO
with the arrival space
F :=LI[R,).
All these spaces are endowed with their usual norms: The absolute value for Ej, the || - ||y1.00-

norm for E, etc. Our first lemma is a computation of the partial differential of ¢ with respect to the
(c, h)-variable.
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Lemma 5.5 Assume (5.2). Then the function ¢ as defined in (5.6) is C°°. Moreover for all A € Ej,
(c,h) € Eyand (¢, 5¢) € E,,

dend (A, (e, 1)) - (6, ) = =€ + R A — A\,
where # = B h/1 + h2 and 7 = H_%

Proof. The function ¢ is smooth as composition of smooth functions — notice that 1 € W1>
h, € L* is smooth as it is a bounded and linear map. To differentiate ¢, we consider the useful
formula:

dend (. (e.) - (€.) = lim p(A.(c+1%.h+ ft«%”)) —¢(h (. )

Recall that here: ¢ and € are reals; h and J# are functions in Ml’oo (R,); and the limit has to be
taken in F that is to say strongly in LJ°(R;). Let us set / = [(z) equal to the quotient above and
let us compute its limit in L°(R;). Setting

F@r):=+1+r%2 and G(r):=

1+7r2
for any real r, we can write

¢()L, (c, h)) =—c+RZF(h)—AG(h)h,.
Injecting this in / and rearranging the terms, we get

g FOt1A) = F(h) G+ 1) (h+1.): = G(h) he
t t '

I =-%+

. . . ’ _ h . 00
Now it is easy to see that the quotient in F goes to F'(h) 7 = T H ast | 0andin L°(R;).

As concerning the quotient in G, by rewriting it as

" G(h+tﬁti”)—G(h) Y Gh+10) 7,

we see that its limit is b, G'(h) 7 + G(h) 7, = {G(h) H},. Finally in the limit ¢ | 0, we get

Ah T
d A (c,h) - (€,) = —C+ —— H —
(s (€. 1) (€. H) = =€ + s {th}z
This is the desired formula with %’ and .7Z defined as in the lemma. ]

Our next lemma will serve to verify Condition (5.4) of Theorem 5.4.

Lemma 5.6 Assume (5.2) and let g > 0, cog = ¢(Ao) and ho(z) = h(z, Ao) be as defined by (5.3).
Then (co, ho) € E; and for any [ € F, there is a unique (6, ) € E, such that

dc,h(p(AO’ (C07 h())) : (%7 %) = f
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Moreover € is given by:

B _fol f(z)exp (% [} %o(t) dt)dz
fol exp (ﬁ le @o(t) dt)dz

5.7

where%o =X ho,/1 —l—hg.

Note that one can also give an explicit formula for 77 even if we will not need it in our case.

Proof. It is clear that (cq, ho) € E as it satisfies (5.1). Let now f € F = L{°(R,) and consider
the problem of finding (¢, 5#) € E» = R, x E such that

de.n9(Ro. (co. ho)) - (€.5) = .

Assume first that such a pair exists and let us show that it is entirely determined by some explicit
formulas. Recall that 7 will belong to E (see (5.5)) so that 77 € W#l’oo(Rz) and

1
/ H = 0. (5.8)
0
By Lemma 5.5 we also have that

—€ + @0 7 — Ao %Z = f almosteverywherein R;,

where :%v’o = Zho/1+ hg and 7 = H% Note that 7 is Lipschitz because so is 7. By the
— 0

variation of the constant method, J7 is necessarily of the form:
~ 1 (7~ 1 /7 1 (7~
F(z) = Cexp (— / Ro(1) dt) - — / (f@t) +€)exp (— / R (s) ds) dt, (5.9)
Ao 0 Ao 0 A0 t
for some constant C. Since ¢ is 1-periodic, so is S and A 0) = V% (1). This leads to

1 [~ I 1 [t~
C = Cexp (R/o QO(I)d[)_l_o/o (f@t)+%€)exp (E/t ,%’O(S)ds) dr. (5.10)

To continue we claim that:

Lemma 5.7 We have [} %o = 0.

Indeed %o =X ho/1+ h% =coho + /\0% (ho), by the ODE in (5.1), so that
0

1 1 Ae [l
/%’o=co/ ho+—°/ {In(1 + h3)}, =0
0 0 2 Jo z

(due to the two last conditions in (5.1)). This completes the proof of the intermediate lemma.
Injecting it into (5.10) therefore leads to

1 1 1 __ 1 1 1 __
%/0 exp (/\_0/: %o(s)ds) dr =—/0 f(t)exp (/\_o/t %o(s)ds) dr.
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This implies that € is uniquely determined by the desired formula (5.7). To get the uniqueness
of A, we rewrite (5.8) as fo %ﬂ(l + hz) = 0 and 1nJect this into (5.9). We find that C is

uniquely determined and so are therefore A and H = A (1 + h3). This completes the proof
of the uniqueness of (%, 7).

Conversely, if we take (¢, 7¢°) defined by the preceding formulas, the same arguments allow to
show that (€, 7€) € E, and d. ¢ (Ao, (co, ho)) - (¢, ) = f. This proves the existence of the
pair (¢, ) and completes the proof of the lemma. O

We can now apply the implicit function theorem to get the result below.

Lemma 5.8 Assume (5.2). Then the map A +— c(A) is C* in (0, +00). Moreover for all Lo > 0,
1 17
fo Yf]izz (z) exp (% [, Zo(1) dt) dz
fo exp (ﬁ le Zo(t) dl) dz

' (ho) = (5.11)

where ho(z) = h(z, Ag) and:@o =R ho/1+ h%.

Proof. Let us consider the open set O := RI x E; C E1 X Ez, co = c(Ao), and let us apply
Theorem 5.4 to ¢ : O C E; x E; — F at the point (Ag, (co, h9)) € O. Let us recall that (cg, hg)
satisfies (5.1). Hence ¢ (A9, (co, ho)) = 0in F = L{°(R;) since by the choice of ¢ in (5.6), this
equality is equivalent to the ODE in (5.1). We also know that d. ¢ (A9, (o, ko)) € Isom(E;, F)
by Lemma 5.6. Theorem 5.4 then gives us the existence of the implicit function ¢ : U — V, with
U an open set containing A¢. In our case, ¢ is C* because so is ¢, see for instance [5].

To continue, we claim that for all A € U, ¢(1) = (c(4), (-, A)). This is a consequence of
Theorem 5.4(i). Indeed, the pair (c,h) := @(A) € V C E; x E; satisfies ¢ (A, (c,h)) = 0in F.
This means that & solves the ODE in (5.1). Moreover, since /& belongs to E (E defined by (5.5)) we
have that: h € W1(R,), h is 1-periodic and fol h = 0. Hence (c, h) satisfies all the conditions in
(5.1), which completes the proof of the claim by the uniqueness of such a pair.

Having verified the preceding claim, we can define the speed ¢ (1) through the implicit function
¢. To do so, we consider the projection

Il, : (c,h) €e E =R, X E+— ¢ € R,

which gives us that ¢(1) = I1. (p(A)) for all A € U. This projection is C* as a bounded and linear
map. Thus the composition ¢(:) = (I1; o ¢) (-) is C* in U. We have shown that A — ¢(1) is C*®
in some neighborhood U of Ag. The regularity then holds on all R, because Ao > 0 is arbitrarily
taken.

It remains to show (5.11). By the chain rule for differentials, see [5], we have that

d (T 0 ¢) (Ro) = dlTc(p(Ro)) 0 dp(Ro) € LRy, Re).
Since the variable A is real, d (IT. o ¢) (Ag) - 1 = (I1. o @)’ (o) and we get

¢'(Ao) = (e 0 9) (Ao) = dI1c(p(R0)) - (dg(Ro) - 1).
As I, is linear continuous, dI1, = I1. everywhere in E,. Hence

c’'(Ao) = M, (dp(Ao) - 1)
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which, thanks to Theorem 5.4(ii), gives

¢/(ho) = —1Te {[dend (Ro. (co.10)] ™"+ (2 (ho. (co. o)) - 1)

If we denote by f the function dy¢ (Lo, (co, ko)) - 1 € F, the above formula means that ¢’(1¢) =
—% where ¥ is the speed of the unique pair (¢, %) € E; = R, x E solution of

de.np (Ao, (co. ho)) - (€,.) = f.
By (5.7), we then deduce that
I f2)exp (ﬁ s %O(z)dx) dz

"(Ao) = =
e fol exp (% le Ro(t) dt) dz

It only remains to compute f = dj¢ (Ao, (co, hg)) - 1. Here again the variable A is real and f is the
usual partial derivative:

)\,, 7h — )\, , ,h
£ =} (%o. (co. ho)) lelrrx10«/>( (co O)x)_ff 0. (co- ho))

(the limit being in F = LZ°(RR;)). Recalling the definition of ¢ given by (5.6), we end up with

f= —(hO)“; and the proof is complete. O
1+h3

REMARK 5.9 We claim that the mapping
A eRT > k(- A) € WHP(R,)

is also C*°. Indeed we have seen above that ¢(1) = (c(A),h(-,A)), so that we can copy the
arguments used to get the regularity of the speed by considering this time the projection ITj :
(c,h) — h.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Tt remains to prove that ¢’(1¢) is nonpositive, for any Ag > 0, and that

limy oo ¢(X) = [y 2(2)dz.
Let us start with the first claim. By (5.11), ¢/(1¢) has the same sign as the numerator term

1 1
Wy exp (1 [ ot
J =— — | Zo(t)dt)dz.
T @ew(s [ Ao

An integration by parts gives

1! ~ 1 [t~
J=— / arctan(ho) Zo(z) exp (— / Ro(t) dt) dz
0 AO z

= AO
=1

1 z
- [arctan(ho) exp (/\L / :%Y’o(t) dl)] .
0Jz z=0
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The second term vanishes since h¢ is 1-periodic and fol f%’o = 0 by Lemma 5.7. Recalling that

@0 =X ho/1+ h%, we obtain
1 1 1 1~
J = ——/ (%" ho arctan(hg) /1 + hg) (z) exp (—/ ﬁo(t)dt) dz.
)LO 0 A0 z

Now since arctan(/¢) has the same sign as ¢ and Z = 0 by (5.2), we have J < 0. This proves that
A + ¢(A) is nonincreasing.

Let us immediately show that this map is decreasing if % is not constant. In that case, the ODE
in (5.1) implies that ¢ is not identically equal to zero. Hence J < 0 — since #Z > 0 by (5.2) — and
this completes the proof that ¢’(Ag) < 0 if Z is not trivial.

Let us end with the limit of ¢ (1) as A — +o0. Recall that

1
c(A) =/0 Z(z)/ 1+ h2(z, 1) dz, (5.12)

after integrating the equation in (5.1). Recall now that by (5.2), we have Zy = #Z = %, > 0 for
some constants. Then ¢ < %y and

[%’1%4
<
I?Eax|h(z,)t)| S\ 2 1

ty IheCIeIn 2’] . lellg agaln the CEE m (51)9
max }lz Z A $

for some C not depending on A. Since & (-, A) is 1-periodic with fol h(z,A)dz = 0, an integration
gives

max |h(z,A)| < ¢

zea]R ’ = A '

This proves that 4 (-, A) uniformly converges towards zero on R, as A — +oo. Then the fact that

limy 5400 c(A) = fol Z(z)dz is obvious from (5.12). The proof of the theorem is now complete.
O

REMARK 5.10 We have also proved that (-, A) — 0in W1 (R) as A — +o0.

6. Asymptotic expansion of the front’s profile

From Section 4, we know that at a macroscopic level, the profile of the front, v®, behaves like v0
which is a constant (normalized to zero). In this section, we propose to analyze its microscopic
oscillations by looking at the corrector w = w(z) given by Theorem 4.5. So let us consider for any
A € (0, 4+00), the unique w € W22 (R) satisfying

—c°+R(z,%) V14 w? =kﬁ,
w(z +1) = w(z), 6.1)
Jw()dr =0,

for almost every z € R.
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Theorem 6.1 Let the assumptions of Theorem 4.5 hold. Then for all y € R and € > 0,

V() = go(e> if A= too,

(L) +o(e) if A€ (0,+00),

where M — 0in L*°(R) as ¢ | 0 and with w given by (6.1).

REMARK 6.2 If R( b) is not constant, then w is not trivial. Note also that the more difficult case
A = 0 will be discussed in Section 7.

Proof. Let us begin with the proof for A = +o00. By (4.15),

10 oo = 0( . )) — os(1)

(since @ — A = 400). Since v° is e-periodic with a zero mean value,
v lloo < o5 lloo = o(e).

This completes the proof in that case.

Let us now consider the case A € (0, +00) and set wé(z) = @ (asin (4.13)). We claim that
w? converges to w as & |, 0 strongly in W 1> (R). We have in fact established this claim during the
proof of Theorem 4.5 but only along some sequence &, — 0. But, applying this reasoning to any
such sequence, as before, we get again the convergence for the whole family, because here also the
limit is always the same, that is w defined by (6.1). We thus have:

% {ve(y) —ew (%)}‘ = max

Using as above the periodicity of v® and w and the fact that they have zero mean values,

¢ o -ew (2 =0

and the proof is complete. O

max
y

V5 0) = ws ()] = max |wE () = w(2)] = 0. D).

max
y

vi(y)—ew (%)‘ & myax

Just as for the speeds, here too we can see that there is a smooth one-to-one correspondence
between the correctors w and the curvature regimes A. More precisely, let us consider the mapping

A eRY > w() = w(, 1) € WHP(R,),
defined by (6.1). Then:
Theorem 6.3 Under the assumptions of Theorem 4.5, A +— w(-, A) is C°, injective, and satisfies:

lim w(,A) =0 in W>»®(R).

A—>+o00

REMARK 6.4 This is a version of Theorem 5.1 for the correctors. The limit at A = 0 will be
discussed in the concluding remarks.
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Proof. Recall that w;(-,A) = h(-,A) in (5.1) and use Remark 5.9 to get the C*° regularity. For the
injectivity, use that A > ¢® = ¢%() is injective by Theorem 5.1. For the limit at +oc0, use Remark
5.10. O

Our last result considers a fixed p as in Theorem 4.2. In that case, we can identify the second
order term of the expansion. To get an expansion in L°°, we will need to assume in addition that:

The function T € RT +— R (-, T) € L*®(R) is continuous at T = %. (6.2)
Theorem 6.5 Let the assumptions of Theorem 4.2 hold. Then for all y € R and ¢ > 0, we have
V() =620 (2) +0le?).
where Q € W2 (R,) is the unique (almost everywhere) solution of
Q) =1 {R (z, %) — [IR (r, %) dt} ,
0@z+1)=0(), and
fol 0 =0,

and where lim, o ”(822) =0inL?

e (R) for any p € [1, 400). If in addition (6.2) holds then the latter
limit holds in L°°(R).

REMARK 6.6 (i) The limitin LZ (R) has to be understood as follows: For any fixed p € [1, +00)

loc
andr > 0,
1
1 r ?
) ( / lo(ez)ll’dy) -0
—-r

(the limit being uniform neither in p nor in r).
(i) The additional assumption (6.2) is satisfied by the combustion rate in (1.3) (provided that A
and E are bounded).

(iiii) The profile Q is not trivial if R ( %) is not a constant.

Proof. Note that Q is well-defined, because the function

g 1
ZHR(Z,:)-/R(Z‘,:)df
b 0 b

is 1-periodic with a zero mean value. Let us divide the rest of the proof in two cases.

oql

1. Expansion in L?, for p # +oo. Let us use again w®(z) = @ (as in (4.13)). We can rewrite
its equation (4.12) as

%wjz = Fo(z) == —c*(1 + (W8)?) + R(z,u*(v¥(ez),e2))(1 + (wﬁ)z)%.

We claim that for any p € [1, +00)

— 1 —_
F.() — R ( i) —/ R (r, i) dr in L%(0,1), (6.3)
b 0 b
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as ¢ | 0. To show this claim, recall that ¢® — fol R (t, %) dt and ||wf||cc — 0, by Theorem 4.2
and (4.15). The case p = 1 is thus a consequence of Lemma 4.15(i) (whose result holds for the
whole family {¢}, thanks to the same arguments). Since R is bounded by Ry, this also implies the
convergence for any p # +oo by interpolation.

With (6.3) in hands, we can write that

gl -2o () == 0. ()

&

=) [ ()]

1 ¢ d2 3 2 Y
€ /0 dy2 { ) Q (8 )}
(with o.(1) depending on p). Let us now apply the Poincaré—Wirtinger’s inequality which states

that f(f |f1? < CegP f(f | fy|? for any e-periodic f € WP (R) with a zero mean value (and for
some C = C(p)). Applying this twice, we get that

1 &€
gl

Given then r > 0, we take r; = ¢" 2" = r (this symbol denoting the upper integer part). We

and conclude that

p
dy = o0.(1)

v -0 ()] ay =22 0.0

can then rewrite the mean value above over the larger period 2r, as follows: % fos [...[Pdy =
21r _r“; |...|? dy. This easily implies the desired result.
& &

2. Expansion in L*°. Let us prove that if (6.2) holds then (6.3) holds in L°°(R). Set
T, := mzin u®(v®(ez),ez) and T°:= max u®(v®(ez).ez).
Assumption (C) then gives
R(z,T;) < R(z.u®(v®(¢2),62)) < R(z, T®)

for almost every z. Now recalling that 7., 7% — % (again by Theorem 4.2), we have by the
assumption (6.2)

R(-,ue(ve(s-),s-))—>R(-,%) in L®(R).

This implies (6.3) in L*°(R) (since ¢® — fol R (t, %) dt and | w¢| e — 0) and the rest of the proof
is the same (applying Poincaré-Wirtinger for p = +00). O

7. Concluding remarks
Let us conclude by a synthesis on the propagation governed by the typical Arrhenius law in (1.3),

E(W)

R(y,T)=A(y)e T,
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with R the combustion rate, T the temperature, A a prefactor and E related to the activation energy.
Recall that this R degenerates as T goes to zero. We have established the existence of a travelling
wave solution “speed-front-temperature” provided that the ratio “period/curvature coefficient” is
small enough, see Theorem 3.8. For large ratios, such waves still exist up to slightly modifying
the degeneracy at T = 0, see Theorem 3.4. During the homogenization of these waves as the
period ¢ tends to zero, we have allowed the curvature coefficient © = pu(e) to depend on & too
(this parameter being related to surface tension effects). Then the limiting speed of propagation ¢
is entirely determined by the value of the curvature regime A = limg g @, see Theorem 4.5 and
Remark 5.2. This speed ¢® = ¢%(1) is decreasing in A and takes the following minimal and maximal
values:

P = +00) = Ae_E% and c®(A = 0) = esssup A(2) e_E(Z)%,
z

with b the heat capacity, g the heat release, b and ¢ their mean values, etc., see Theorem 5.1 and
Remark 5.2. Here the constant £ > 0 is the limiting temperature at the front. Finally the profile v®
of the heterogeneous flame front satisfies:

Vi(y) =esw (X) + o(e), (7.1)
€
where w = w(z) is a corrector entirely determined by A, see Theorem 6.1. At the macroscopic

level, the front’s profile is a straight line (normalized to zero without loss of generality). At the
microscopic level, its oscillations are entirely described by w which solves the geometric equation

—co() + Az) e E@ % 14 w2 =2 1 '_”le (1.2)

z

If 1 is fixed, then the profile w is also a straight line and
V() =620 (2) + 0le?).
where the profile Q is given by:

0(z) =

4 t —
P(z) = / / (A(s) E@F _ cO(+oo)) ds dr,
o Jo
see Theorem 6.5.

We end up with an open question. So far we have been able to give ansatz of the front’s profile
for all values of A, including +o0, but not for A = 0 where the expansion (7.1) is not clear. This
question is related to the passage to the limit in (7.2) as A | 0. By the result of [6], it is known that
some sequence converges towards a viscosity solution of the Hamilton—Jacobi equation

e+ A@) e EOF 11wz =0

(with ¢ = ¢%(A = 0)). Unfortunately, the convergence of the whole family is not clear because
this solution is not unique (even up to the addition of a constant). The problem is that w? is unique
but not w,. The identification of the first-order term in (7.1) for A = 0 is thus open and probably
difficult (to the best of our knowledge).

{P(z)—zP_Z— (P —Zm}

==

where
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Appendix A. Technical or standard proofs
A.1  Proof of the claim in Remark 2.3

Proof that “(2.5) = (2.6)”. Let ¢ € C}(R?) and define a partition of unity {6; };ez such that for
alli € Z,
0<6; € C)R),
supp6; C (£Y,H2Y),
Oiv1() =6 ((— L),
Yiezbi =1
Note that the sum at any value is locally taken only on two consecutive indices. Let us define
i(x.y) := @(x,y) 6: (y),
so that ¢ = ), ., ¢;. By linearity, it suffices to prove (2.6) for each ;. So let i € Z and consider
w € C'(R?) such that w = ¢; on {4 Y < y < 2 Y} and extended to y € R by periodicity. It is
clear that w|, € H, 1(£2). In particular, it can be chosen in (2.5), which exactly gives (2.6). O

Proof that “(2.6) = (2.5)”. Conversely, let us consider w € H #1 (£2). Extending it by reflexion if
necessary, we can consider that w € H,'(R?). Let us define w; € H!(R?) by

w; (x,y) == w(x,y) 6 (y).

By density of C/(R?) in H'(R?), (2.6) holds true for each w; whenever it is so for test functions.
Since suppw; C (5,22 Y), we get:

(cbux (wo + wi) +a Vu V(wg + wy)) =/ cs (wo + wy).

rofo<y<3v} /1 4+ v?

/szm{0<y<gY}

(AD)
Let us rewrite these terms as integrals over {0 < y < Y'}. If % < y < Y, then we use that w =
> iez Wi = wo + wy (for such y). We get:

(cbux(wo—l—wl)—i-aVuV(wo—|—w1))=/ (chuyw+aVuVuw).

/S?ﬂ{§<y<Y} 2n{L<y<v} A2)

For the remaining y, we use that u is Y -periodic and w;(-) = w—1 (- — Y) to show that

(cbuxwl—l—aVqul):/ (cbuyw—1+aVuVw_y).
2nf{o<y<%}

/szn{Y<y<§Y}

Using in addition that wo = 0on {¥ <y < 2 ¥}andw; =0o0n {0 < y < £}, we deduce that

/ (cbux (wo + wi) 4+ a Vu V(wg + wy))
Qn({0<y<%}U{Y<y<%Y})

= / (cbux (wo + w—1) +a Vu V(wy + w_1)) (A3)
Qﬂ{0<y<%}

:/ (chbuxw+aVuVuw).
2nfo<y<¥%}
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The last line is obtained from similar arguments as for (A2). Adding (A2) and (A3), we conclude
that

(cbux(wo~|—w1)+aVuV(w0+w1))=/ (chuyw +aVuVw).
2N{0<y<Y}

/:20{0<y<§ Y}

We show in the same way that

Fﬁ{0<y<% Y} 1+ v)% rn{o<y<¥} /1 + U)Z)

We thus complete the proof of (2.5) from (Al). ]

A2 Proof of Theorem 2.4: Further details

In the preceding sections, we have only sketched this proof by referring to standard variational
arguments [4]. Let us be more precise in this appendix for completeness sake.
Given o > 0, we introduce the following auxiliary problem:

find ug € H,}(£2) such that
(A4)

ag(ug, w) =l(w) Yw e H($),

where

o 1
ag(Ug,w) 1= 7 uaw—}—? (cb(ua)xw—i—aVua Vu)),
Q# Q#

1 cg
— —w.
Y F#,/1+v§

Recall that the L2-norm and H !-semi-norm for periodic spaces have been defined by

l(w) :=

1 5 5 1 ) 3
”w”Lg(g) = 7/9 w and |w|H#'(.Q) = ?/Q [Vw| .
4 4

The proof of Theorem 2.4 will follow from the passage to the limit as o | 0. Let us first give a few
lemmas. We start by a well-posedness result.

Lemma A.1 Under the assumptions of Theorem 2.4, Problem (A4) admits a unique solution, for
each a > 0.

Proof. To use the Lax—Milgram’s theorem, it suffices to check the coercivity of a, which follows
from:

1 1 2 1
— (cbwyw+alVwl?) = —/ cbw_+_ alVw]®> Vw e HN(). (AS)
Y Ja, Y "2 Y Jg 2

2

=0 =a \w\
m 1
H, (£2)
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We proceed by a nonnegativity lemma.
Lemma A.2 Assume the hypotheses of Theorem 2.4 and let « = 0 and u be such that
ue HNR),
{aa(u, w) =0 VYwe HN(L)withw = 0.

Thenu = 0.
Proof. Letus take w = u~ := — min{u, 0} and show that u~ = 0. Since Vu~™ = —1,,.¢ Vu, we
have: . |
-2 2 _
—a flu ||L§(Q)—?/Q#a|Vu |“ = ?/ﬂ#cbuxu .
—

=L freb @250
This completes the proof even for « = 0 since u™~ is (square) integrable as x approaches —oco. [
We finally give some estimates on u.

Lemma A.3 Let o > 0 and uy be given by Lemma A.1. Then

2
|u |2 zcﬂ
YHND) T 4, by

and for almost every (x,y) € 2,

a by
Em dm € am @ lvllos) < U (x, y) <
am by

Proof. 1f we take w = uq in (AS) and use the inequality

a bm_
&M Mec M(x+||v||oo).

a

am bm

1
l(ue) = ag(Ug, ue) = 7/ (Cb (Ug)x ua +a |Vua|2) )
24

we infer that
chby 1 (Y

2 7, ug (v(y). y) dy < I(uq)

1
CEM Y 1 Y 2 :
<5 / ug(v(y). y)dy < cgum 7/ uz(v(y).y)dy | .
0 0

1

bl 2
so that (% fOY u2(v(y),y) dy)2 < zbg% and l(uy) < 22;‘;’”. Using again (A5), we get the first
: : 2 alugug) _ lug) — 283
desired estimate |u0[|H#1 @ S T = e s

For the remaining estimate, we look for sub and supersolutions of the form i (x, y) := C; e€2*.

Let us prove the upper bound (the proof for the lower bound being similar). Taking C, = % >

0,Cy = L84 Callvlieo > g, easy computations show that
(&)

am

at+cbuy—divaViu)=0 in £,

ou cg
ou > r
a v = on .

A 1+v3
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In particular, # € C*®(R?) N H}(£2) satisfies the following variational inequalities:
ag(,w) = 1l(w) Yw e H#I(Q) such that w = 0.
We complete the proof by applying Lemma A.2 tou = i — uy. O
We can now prove the theorem.

Proof of Theorem 2.4. The uniqueness is an immediate consequence of Lemma A.2 (valid for ¢ =
0). Moreover, by Lemma A.3, {14 }o>0 is bounded in H,(£2). Hence, by the weak-compactness
theorem, u, weakly converges to some u in H,'(£2) as « | 0 (and up to a subsequence). It is then
standard to pass to the limit in (A4) and get a solution of (1.4). This solution satisfies the desired
estimates (2.7) and (2.8), since so does uy (by Lemma A.3). O

A.3  Proofs of Lemmas 2.7, 2.8 and 4.14
Proof of Lemma 2.7. Given ¢ € C}(IR?), we have

/ (ca b (n)x ¢ +a Viiy V) = /R en 80 0(va (). y) dy.

that is
/Rz (cn (un)xbole, +ale, Ve Vu,) = /ch g ¢(va(y).y)dy. (A6)

Let us pass to the limit in (A6) (along the subsequence given by Lemma 2.5).

We claim that 1, — 1 almost everywhere on R2. Indeed, for all x # v(y), we have x #
v, (y) whenever n is sufficiently large, since v, (y) — v(y). This shows that the convergence holds
for all (x,y) ¢ I' = {x = v(y)}. This proves our claim, since the two-dimensional Lebesgue
measure of this Lipschitz graph is zero.

We deduce that b1, — belg and alg, Vo — algVe strongly in L?(R?), by the
dominated convergence theorem. Moreover, Vu,, — Vu weakly in (L,%(]Rz))2 since u, — u
weakly in H!(R?). It is then standard to pass to the limit in (A6) and deduce that

cg
= —_— gp’
rJi+v?
for all ¢ € C}(R?). To pass to the limit in the boundary term, we have simply used the uniform

convergence of v, towards v. This proves that u|, is a variational solution to (1.4).
To pass to the limit in (2.10), we consider ¢ € C.(R) and write that

/R<—cn+Hn\/m>§0=,U~/R(vn)yy 1_}—(’#)%

Since (v,)y — v, uniformly, the L°°(IR) weak-x convergences of H, and (v,),, are sufficient to
pass to the limit. We get

/ (cbuxy o +aVuVe)
2

v
—c+HJ 2) — / vy
/R( c+ +vy)e MR1+U§¢

for all ¢ € C.(R), which completes the proof. U
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Proof of Lemma 2.8. Let w,(y) := u,(v,(y), y) and recall that

fun ) < € O I@n o) Tinllig

as noticed in Section 2.2. By the bounds of the proof of Lemma 2.5, it follows that {w,, },, is bounded

in H#% (R). Hence, the compact embedding of H#% (R) into L2(R) implies that w, converges to
some W strongly in L2(R) and almost everywhere, up to some subsequence (chosen as stated in
the lemma). It remains to show that w(y) = u(v(y), y) almost everywhere. By the Gauss—Green
formula, we have for any ¢ € C}(R?),

/ wn(¥) @(va(y), ) dy = / (Un @)xdxdy = / (L, ¢ (un)x + 1o, ¢x un)dx dy.
R 2n R2

Arguing as in the proof of Lemma 2.7, 1o, — 1o almost everywhere and passing to the limit in
the above equation implies that

/w(y)sa(v(y),y)dy:/ (g @uyx + 1o gy u) dxdy
R R2

=/(uqo)xdxdyZ/u(v(y),y)w(v(y),y)dy-
2 R

We complete the proof by taking test functions of the form ¢(x, y) = 0(x) ¥ (y), with 8(x) = 1
when |x| < ||v||co- O

Proof of Lemma 4.14. Let us pass to the limit in the equation (4.1) satisfied by u® (along the
sequence given by Lemma 4.11). Recall that we have

/s /Us(y) ( e . . . ) ¢ gs
c®b*ul w+a® Vu® Vw dxdy:/ —w
0 J—oo x x=v¢(y),0<y<e \/1 + U;

for all w € leer(.Qs), see Definition 4.1. By the periodicity of u® (and w), we can rewrite this
equality as

le rvo(y) le oo (y) ct gt
cabsuawdxdy—i—/ / a‘?VuSdexdy:/ —° _w
/0 /_00 * 0 —00 x=v8(y),0<y<l¢ \/1 + Ui

where [, = I_%J e. Note that /[, — 1 as ¢ | 0. It is in this latter equation that we are going to
pass to the limit by proceeding term by term. Note that we can restrict ourselves to w of the form
w(x,y) = ¢(x) with an arbitrary ¢ € C°(R). This is motivated by the fact that the limit u? is
already known to be independent of y, see Lemma 4.12. We thus have to pass to the limit in the

equation:
le rv®() y
/ / csb(—>u§¢dxdy
0 J-—o &

le rve(y) y .
n (—) dxd
/0 /_oo EAPYAE SR (A7)

- /Olg c*g (%) p(v°(y))dy

=: 11+12+I3.

=
Il
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1. The first term. We have

I = —/ cth <X> u® Ox Iy<pe(y),0<y<i. dx dy
R2 &

+ /Rcs b (%) ut (V¥ (), ¥) ¢ (v°(»)) Lo<y<i, dy.

thanks to an integration by parts in x and a rewriting of the obtained integrals with indicator
functions. From classical results and the preceding lemmas, we have:

b (—) — b in L*®(R) weak-x,

&

c® — ¢%, v® — 0 uniformly on R,

and uf — u® uniformly on R2,
as ¢ | 0. In particular, we also have:
Le<ve(3).0<y<t; = lx<0,0<y<1in L (Ry X Ry),
Lo<y<t, = Llo<y<1in L (Ry),
and u® (vé(-),-) — u°(0) uniformly on R.

To show the above convergence for the indicator functions, it suffices to use again the arguments
of the proof of Lemma 2.7. Let us now pass to the limit in /;, which is possible by weak-strong
convergence arguments. We get:

0,1 1
liml; = —/ / O bu’(x) gx(x)dy dx + / c®b u®(0) p(0)dy
—00 JO 0

el 0

0
_ _/ O Bu’(x) gx (x) dx + ¢® b u(0) p(0).

—0o0

2. The second and third terms. One can verify that the same reasoning leads to

0
lim 7, = — / T (x) g (¥) dx + 7 u(0) g (0)

£l0 —o0
and
1
lim Iy = — / 0Z0(0)dy = —c°Z p(0).
el0 0

3. Conclusion. Finally in the limit ¢ | 0, Equation (A7) becomes

0
/ (OBu® g + Tu® grz)dx = P (Bu’(0) — 8)g(0) +au’(0) px(0)  (AB)

—00

for all ¢ € C°(R). We recognize the weak formulation of Problem (4.6) and, from that, it is quite
standard to identify u°. Let us give some details for completeness.
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By taking ¢ with compact support in {x < 0} in (A8), we obtain that
bul —aul =0 for x<0

(in the distribution sense). Thus u®(x) = C exp (%) + C forall x < 0. Using that u° is

continuous on R, even, and tends to zero at infinity, see Lemma 4.13, we infer that C =0and

°p
u(x) = Cexp (C |x|) Vx e R.
a
Injecting this formula in (A8) and integrating by parts,

0
/ (cogug —Eu?cx) pdx +a u%(0) ¢(0) = c®g¢(0),
——

—00

0
a

>

=0 =C

for all ¢ € CZ2°(R). This implies that C =

S

and completes the proof. U

A4 Proof of Lemma 4.10: The ideas of [13]

In the preceding sections, we have only sketched this proof by referring to the computations used in
the proofs of [13]. Let us be more precise in this appendix for completeness sake.

To simplify the notations, let us consider the original system instead of the e-dependent problem
(4.1)—(4.2). Here is the a priori estimate that we can get with the ideas of [13].

Lemma A.4 Let cpr and C be some positive constants. Assume that (¢, v, u) is a travelling solution
to (1.1)—(1.2) such that (A)—(F) hold with

O0<c<cem, |vylloo <C and |ulloo < C.
Then the (extension of the) temperature u is Holder continuous with
lu(x,y) —uE, )| < Clx = %"+ [y = §I%) V(x,»), (% 5) € R,

for some positive constants C and depending only on ap,, apy, by, gy and the preceding given
constants ¢y and C.

It is clear that this result and Lemma 4.9 imply Lemma 4.10. It thus suffices to prove the result
above. The idea of [13] consists in identifying an elliptic PDE for the extension of u in order to
apply the (local) De Giorgi—Nash—Moser’s theorem. The following lemma identifies the equation
satisfied by the extension of u to the whole space.
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Lemma A.5 Let (c,v,u) be as in the preceding lemma. Let us define, for almost every (x, y) € R?,

&myr=b00x{“ e

—c, x > v(y),

(é ?), x <v(y).

A(x,y) :==a(y) x

1+4v2 2
+4v; Uy 7 x> (),
2vy 1
Bry) =gy x| ¢ W
c, x > v(y).

Then u € H,! (R?) satisfies:

L (usg+tavuve) == [ zo. voecie,
where (-, -) is the inner product.
REMARK A.6 In other words, the extension of u is a variational solution of
buy —div(AVu) = gy in R2
with measurable and bounded coefficients b ,Aand g.

Proof. Let ¢ : R> — R? be defined by
p(x.y) = (2v(y) —x.y).
Then ¢ is a C! bijection, since v is W2, and ¢p~! = ¢. Moreover
uop =u
(u being extended to R? by (2.3)). Taking the gradient, it follows that
(Jac¢)' Vu o ¢ = Vu,

Jacqﬁ::(_()1 ny)

where

(A9)

is the Jacobian matrix of ¢ and (Jac ¢)" its transpose. But, it easy to see that [(Jac qb)t]_1 = (Jac ¢)'

so that
Vuog¢ = (Jacp)' Vu sothat uyo¢p = —uy.

Let us introduce a new test function

v i=¢pog L.

(A10)



FRONT PROPAGATION BY AN ARRHENIUS KINETIC 491

By the same computations as above,
Vi o ¢ = (Jacp)' Vo. (A11)

But ¢ € C!(R?) can be used as a test function in (2.6), that is

/ (cbuxy +aVuVy) (x,y) dxdy:/cg(yW(v(y),y)dy-
) =@ (x.y)) .

Let us change the variable by ¢~ !(x, y) — (x, y) in the first integral. We have the new element
of integration |Jac ¢| dx dy = dx dy, since |Jac¢| = 1, and the new domain ¢! ({x < v(y)}) =
{x > v(y)}. Hence,

/ (cbuxy +aVuVy)(p(x,y))dxdy = / cg(e(v(r).y)dy.
x>v(y) R

where we have used in addition that ¥ = ¢ at the front {x = v(y)} to rewrite the second integral.
By (A10) and (A11), we conclude that

/ (—cbuyx ¢ + (a (Jacp)' Vu, (Jac )' Vo)) (x, y) dx dy
x>v(y)

= /ch(y)w(v(y),y)dy = —/ cg(y) @x(x,y)dxdy.

>v(y)

. 1+4v2 2 .
Using that (Jac ¢) (Jac ¢)' = ( ;v Oy i)y ), we obtain:
y

/ (I;ux§0+(AVM’V(p>)=_/ g ¥x,
x>v(y) x>v(y)

where b, A and g are defined as in the lemma. To complete the proof, it suffices to choose ¢ in
(2.6), thus getting the remaining equality for x < v(y), and then sum up the result with the equality
above. O

Lemma 4.10 will now be a consequence of [9, Theorem 8.24]. Let us first check that the
coefficients b and A satisfy the assumption required in [9, pp. 177-178].

Lemma A.7 Let (¢, v, u), b and A be as in the preceding lemmas. Then for almost every (x,y) €
R2 and all £ e R2,

() (A(x.y)E.€) = Mg
(i) [A(x, y)| < 4,
(ifi) A7V [B(x, y) < v,

for some positive constants A, A and v depending only on an,, apy, by and the constants cpy, C
(given in Lemma A 4).

Proof. All the items are easy to prove except may be (i). To show this property, it suffices
to find a lower bound A > 0 of the eigenvalues of A = A(x,y). If x < wv(y), we have
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A = a(y) ( (1) (1) ) and any constant A < a,, will work. Let us thus focus on the other case

1+4v)2, 2 vy

where A = a(y) ( 20, )

). Simple computations show that:

e If v, = 0, then A has a double eigenvalue

Ao = a(y),

e and if vy, # 0, then it has two single eigenvalues

A1 = a(y) (1 +20242,/v2(14+02)) and A, = AL

The existence of A then follows from the bound on v, assumed in Lemma A 4. O
We can now prove the theorem.

Proof of Theorem 4.10. Let (x¢, yo) € R? be arbitrary and consider the balls
2= B((Xo,y()), 1) and £ := B(()C(),yo), 1/2)

Let us apply [9, Theorem 8.24] to Equation (A9) satisfied by u € H1(£2) as stated in Lemma A.5;
note that we are using the notation of [9] for simplicity, so that §2 is not just the fresh region here.
We choose ¢ = +00, since g is bounded, and note that the distance d’ = 1/2 between 2’ and the
boundary of §2 does not depend on (xg, y¢). The estimate stated in [9, Theorem 8.24] then reads:

u(x, y) —u(@, 7| < € x (Ul L2 + A7 & lloo) X (Jx =X + |y — 7|%)

for all x,%,y,7 € B((xo, o). 1/2) and for some constants C = C (A/A,v) = 0 and & =
a(A/A,v) > 0, where A, A and v come from Lemma A.7. Let us recall that these three constants
have the desired dependences (as stated in Lemma A.4). Moreover, by the definition of g in
Lemma A5, [lullz2(g) + A7V |Zlloe < C for another eventual larger constant C having the same
dependences. This completes the proof since all the constants above have the desired dependences
and in particular do not depend on the arbitrary (xg, o). O

Appendix B. Main notations

(Essentially by order of the first occurrence in the paper.)

R* set of positive reals (excluding 0)

Y period used for the existence of travelling waves
2 fresh region {x < v(y)} (for a given Y -periodic v)
r position of front {x = v(y)}

2, 2N{0<y<VY}

I rn{0<y<Y}
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LY, H]}, etc. spaces of functions Y -periodic in y

f mean value % fOY f of aY-periodic f = f(y)
& period used for the homogenization process

¢ fresh region {x < v¢(y)}

re position of the front {x = v¥(y)}

27 2°N{0<y<e}

TN r’n{0<y<e}

LP, leer, etc. spaces of functions e-periodic in y

f mean value of an e-periodic f = f(y)

Lo, T lower and upper integer parts

wé(z) = @ rescaled front

c(A) shorthand notation of c¢®(1) in Section 5

h(z) = w;(z) = h(z,A) solution of Equation (5.1)

Z(z) = R(z, %) combustion rate of Equation (5.1)

dy; ¢ partial differential in Banach spaces

dy; ¢ (x1,x2) - hy partial differential at (xy, x») in the direction A;
L(E,F) space of bounded and linear maps

Isom(E, F) space of isomorphisms of Banach spaces

0:(1), 0(e), O(e), etc.

Acknowledgments.

usual Landau notations

During this research, the first author was supported by the “French ANR

project CoToCoLa, no. ANR-11-JS01-006-01".

References

1.

Adams, R. A., Sobolev spaces. Pure and Applied Mathematics, Vol. 65, Academic Press, New York-
London, 1975. Zb10314.46030 MR0450957

. Berestycki, H. & Hamel, F., Front propagation in periodic excitable media. Comm. Pure Appl. Math. 55

(2002), 949-1032. Zb11024.37054 MR1900178

. Brauner, C.M., Fife, P.C., Namah, G. & Schmidt-Lainé, C., Propagation of a combustion front in a

striated solid medium: a homogenization analysis. Quart. Appl. Math. 51 (1993), 467-493. Zb10803.
35009 MR1233525

. Brézis, H., Analyse fonctionnelle : Théorie et Applications. Collection Mathématiques Appliquées pour

la Maitrise, Masson, Paris, 1983. Zb10511.46001 MR0697382

. Cartan, H., Calcul différentiel. Hermann, Paris, 1967. Zb10156.36102 MR0231303
. Chen, X. & Namah, G., Wave propagation under curvature effects in a heterogeneous medium. Appl.

Anal. 64 (1997), 219-233. Zb10878.35009 MR1460080

. Chen, X. & Namah, G., Periodic travelling wave solutions of a parabolic equation: A monotonicity result.

J. Math. Anal. Appl. 275 (2002), 804-820. Zb11072.35539 MR1943781


http://www.emis.de/MATH-item?0314.46030
http://www.ams.org/mathscinet-getitem?mr=0450957
http://www.emis.de/MATH-item?1024.37054
http://www.ams.org/mathscinet-getitem?mr=1900178
http://www.emis.de/MATH-item?0803.35009
http://www.emis.de/MATH-item?0803.35009
http://www.ams.org/mathscinet-getitem?mr=1233525
http://www.emis.de/MATH-item?0511.46001
http://www.ams.org/mathscinet-getitem?mr=0697382
http://www.emis.de/MATH-item?0156.36102
http://www.ams.org/mathscinet-getitem?mr=0231303
http://www.emis.de/MATH-item?0878.35009
http://www.ams.org/mathscinet-getitem?mr=1460080
http://www.emis.de/MATH-item?1072.35539
http://www.ams.org/mathscinet-getitem?mr=1943781

494

8.

11.

12.

13.

14.

N. ALIBAUD AND G. NAMAH

Chen, X. & Jiang, H., Regularity of expanding front and its application to solidification/melting in
undercooled liquid/superheated solid. Interfaces Free Bound. 15 (2013), 281-322. Zb11286.35271
MR3148594

Gilbarg, D. & Trudinger, N., Elliptic partial differential equations of second order. Reprint of the 1998
edition, Classics in Mathematics, Springer-Verlag, Berlin, 2001. Zb11042.35002 MR1814364

Gao, H., Strain induced slowdown of front propagation in random shear flow via analysis of G-equations.
Proc. Amer. Math. Soc. 144 (2016), 3063-3076. Zb106573154 MR3487236

Lou, B. & Chen, X., Traveling waves of a curvature flow in almost periodic media. J. Differential
Equations 247 (2009), 2189-2208. Zb11182.35073 MR2561275

Namah, G. & Roquejoftre, J.-M., Convergence to periodic fronts in a class of semilinear parabolic
equations. NoDEA Nonlinear Differential Equations Appl. 4 (1997), 521-536. Zb10887.35070
MR1485736

Nittka, S., Regularity of solutions of linear second order elliptic and parabolic boundary value problems
on Lipschitz domains. J. Differential Equations 251 (2011), 860-880. Zb11225.35077 MR2812574
Xin, J., Front propagation in heterogeneous media. STAM Rev. 42 (2000), 161-230. Zb10951.35060
MR1778352


http://www.emis.de/MATH-item?1286.35271
http://www.ams.org/mathscinet-getitem?mr=3148594
http://www.emis.de/MATH-item?1042.35002
http://www.ams.org/mathscinet-getitem?mr=1814364
http://www.emis.de/MATH-item?06573154
http://www.ams.org/mathscinet-getitem?mr=3487236
http://www.emis.de/MATH-item?1182.35073
http://www.ams.org/mathscinet-getitem?mr=2561275
http://www.emis.de/MATH-item?0887.35070
http://www.ams.org/mathscinet-getitem?mr=1485736
http://www.emis.de/MATH-item?1225.35077
http://www.ams.org/mathscinet-getitem?mr=2812574
http://www.emis.de/MATH-item?0951.35060
http://www.ams.org/mathscinet-getitem?mr=1778352

	Introduction
	Preliminaries: Notations and first results
	Front's well-posedness
	Temperature's well-posedness
	Stability

	Existence of a travelling wave solution
	The case of nondegenerate R
	More general R
	The case of small periods

	Homogenization
	Main results
	Proofs

	Monotonicity of the homogenized speed
	Main result
	Proof

	Asymptotic expansion of the front's profile
	Concluding remarks
	Technical or standard proofs
	Proof of the claim in Remark 2.3
	Proof of Theorem 2.4: Further details
	Proofs of Lemmas 2.7, 2.8 and 4.14
	Proof of Lemma 4.10: The ideas of Nit11

	Main notations

