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This paper introduces an elliptic quasi-variational inequality (QVI) problem class with fractional
diffusion of order s € (0, 1), studies existence and uniqueness of solutions and develops a solution
algorithm. As the fractional diffusion prohibits the use of standard tools to approximate the QVI,
instead we realize it as a Dirichlet-to-Neumann map for a problem posed on a semi-infinite cylinder.
We first study existence and uniqueness of solutions for this extended QVI and then transfer the
results to the fractional QVI: This introduces a new paradigm in the field of fractional QVIs. Further,
we truncate the semi-infinite cylinder and show that the solution to the truncated problem converges
to the solution of the extended problem, under fairly mild assumptions, as the truncation parameter
7 tends to infinity. Since the constraint set changes with the solution, we develop an argument using
Mosco convergence. We state an algorithm to solve the truncated problem and show its convergence
in function space. Finally, we conclude with several illustrative numerical examples.
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1. Introduction

The purpose of this work is twofold: (1) To introduce a new class of quasi-variational inequalities
(QVIs) involving a fractional power of an elliptic operator and study existence and uniqueness of
solutions; (2) To develop a solution algorithm suitable for numerical implementation. The problem
class of interest is the following: Let £2 be an open, bounded and connected domain of R”,
n = 1, with Lipschitz boundary d§2 and f € L°°(£2) non-negative be given. Consider the following
fractional QVI:

Findu € K(u) : (Lu,u—v)_; < (fLu—v)_5sin £, Vv € K(u), (P)
where W — K(w) is defined as
K(w) :={veH(2)|v<¥W) ae.inf2}, (1.1)

(© European Mathematical Society 2018


mailto:hantil@gmu.edu
mailto:carlos.rautenberg@mathematik.hu-berlin.de

2 H. ANTIL AND C. N. RAUTENBERG

H*(£2) is defined in Section 2.1, ¥ (u) : 2 — R is measurable and non-negative for all u € H*(£2)
and additional assumptions are later specified on ¥ in Section 3.

The operator L%, s € (0, 1), is a fractional power of the second order, symmetric and uniformly
elliptic operator £, supplemented with homogeneous Dirichlet boundary conditions (see [2] for a
discussion on nonhomogeneous boundary conditions). That is, Lw := —divy(AVxw) + cw, where
0<celL®),and A(x) = AV (x) = A/'(x),i,j = 1,...,n, is bounded, measurable in £2 and
satisfies the uniform ellipticity condition A;|£|?> < A(x)E - & < A,|€|?, for all £ € R” for almost
every x € £2, for some ellipticity constants 0 < A; < A,.

Fractional derivatives have been around for as long as the standard derivatives. The recent
popularity of this topic can be attributed to advancements in computing (fractional operators usually
lead to dense systems) and a few applications, for instance image processing [1, 24], turbulence
[20, 21] etc. In particular, the study of constrained optimization problems such as the fractional
obstacle problem (both elliptic and parabolic, and ¥ independent of u) have been the focal point
of recent research. Such problems appear, for instance, in finance as a pricing model for American
options, we refer to [42] for modeling and [15, 47] for a functional analytic and numerical treatment
of the underlying variational inequalities.

When s = 1, QVIs are known to appear in many applications: They arise for instance in game
theory, solid mechanics, elastoplasticity and superconductivity. We refer to [13, 22, 23, 29, 34-36,
40, 41, 44, 48, 49, 51, 52] and the monographs [6, 38] as well as the references therein for diverse
theoretical approaches and possible applications. The development of approximation methods and
solution algorithms for QVIs require problem-tailored approaches due to their non-convex and
non-smooth nature. Although some work has been done in finite dimensions, the literature in
infinite dimensions is rather scarce. The first sequential method of approximation of solutions was
developed by Bensoussan (an account can be found in [11, 12, 25]) where ordering properties are
exploited and convergence rates for such problems were obtained in [27, 28]. The semismooth
Newton in combination with fixed point approaches have been developed in [30-32] for gradient
and obstacle type constraints and several approaches involving dualization of the problems were
pioneered by Prigozhin and Barrett (see [7—10]).

In view of the aforementioned applications of fractional order PDEs and QVIs, it is only natural
to merge these ideas together which then leads to (IP). To the best of our knowledge this is the first
work that addresses the well-posedness of () and develops solution algorithms for such a problem.
Further, we provide a precise example of application in what follows, and for the sake of simplicity
we consider it on an unbounded domain. Let £2 = R” with n = 1 denote the location of a semi-
permeable membrane that forms the base of the cylinder C = §2 x (0, co), where the latter contains
a slightly incompressible fluid. We denote by % the negative pressure of the fluid and by ¥ the
negative osmotic pressure. In other words, the flow across the membrane occurs only when % = ¥
on £2 x {0} and there is no flow if % < ¥ on £2 x {0}. In case the (average) pressure in C has an
impact on the pressure of a domain C,, Which contains a certain solution, and where C,y is such
that Coye N C = @ and dC N 9Coy = £2, then ¥ is a function of % within C. Such mechanisms are
usually in place on biological systems where homeostasis is of the utmost importance. In particular,
at equilibrium, this implies that %7 < ¥(%Z) on §2 x {0}, and

/V%-V(“I/—%)ZO,
c

for all ¥ such that ¥ < W(%) on 2 x {0} which can be equivalently formulated as (I’) when
s = 1/2 by an analogous result to Lemma 3.1 for unbounded domains.
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We emphasize that () is nonlocal and many of the classical techniques dealing with QVIs are
not applicable. Indeed, existence of solutions for QVIs involve, in general, ordering properties of
the associated monotone operator, in this case £%, and/or compactness properties of the obstacle
map ¥. Even though, it does not hold (£fu, u_)—s,s = 0 foreach u € H*(2) and s # 1, it is
available that (£Su™, u_)_s,s < 0 for all u € H*(£2): By equation (1.3) in [18] (see also [53] where
this result was first shown using probabilistic arguments in smooth domains) we have

(Esu+, u_)_s = / / Ut (x) —ut(2)(u (x) —u (2))Ks(x, z)dxdz
’ /0
= —/ / Ut x)u(z) + ut (2)u™ (x))Ks(x, z)dxdz <0,
/o

since Kg(x,z) = 0. Hence, it is possible to pursue the proof of existence of solutions based on
the property above. However, since we are interested in creating a numerical method to solve the
original QVI of interest, we will exploit the analogous property on an extended domain by invoking
the so-called Caffarelli-Silvestre or Stinga-Torrea extension.

The extension idea was introduced by Caffarelli and Silvestre in R” [17] and its extension to
bounded domains is given in [19, 54]. We refer to the extension in bounded domains as the Stinga-
Torrea extension. This idea was applied to the fractional obstacle problem in [15, 16] of both elliptic
and parabolic type. In a nutshell, the Caffarelli-Silvestre extension says that fractional powers of the
spatial operator £ can be realized as an operator that maps a Dirichlet boundary condition to a
Neumann condition via an extension problem on the semi-infinite cylinder C = £2 x (0, 00).

Related to the nonlocal QVI given in (IP), we introduce the following extended QVI problem
which is local in nature and includes one extra spatial dimension y:

Find% e K(%) :a(% ., % — V) < fuQ(¥ —V))—ss. YV € K(%), P)
where # +— K(#) is defined as

KOy ={¥V e H (y*.C) | tg ¥ < W(wrg#) ac.in R}, (1.2)

where H 1 (»*.C) and trg; are defined in section 2.2 and the bilinear form a is given by

aW.,v) .= di/y“A(x,y)VW VY 4+ yEe(x)yw v, (1.3)
c

s

for W,V € I-OILl(y"‘,C) witho = 1—2s € (—1,1), and dg = 2*I"(1 — 5)/I"(s). Moreover,
A(x,y) = diag{A(x),1}. We will call y, the extended variable, and the dimension n + 1 in
Ri“, the extended dimension of problem (P). We expect that u solving (I?) fulfills U = % |2x{0},
where % solves (P); further, in Lemma 3.1 we prove that the solution set of () and the one of (P)
have the same cardinality. The result of Lemma 3.1 is in accordance with [17, 19, 54] but requires
extra care and does not follow immediately from these well-known papers. However, it has serious
consequences: It allows us to transfer the well-posedness of (P) to the seemingly intractable (IP).
This initiates a new paradigm in the field of QVIs.

The paper is organized as follows: The material in Section 2 is well-known and is provided only
so that the paper is self-contained. In Section 2.1 we set up the notation and define the fractional
powers of L based on spectral theory. We supplement this definition with fractional Sobolev spaces.
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In Section 2.2 we state the Stinga-Torrea extension. In Section 2.3 we state the L°°-regularity result
for solution to the linear problem. Our main work starts from Section 3 where we first state a
general result, Lemma 3.1, which allows us to establish the relation between () and (P). With the
help of this result, in conjunction with Assumption 3.2 (i), we show the existence of solutions to
(P) and (P) in Theorem 3.3. The Assumption 3.2 (ii), in addition, leads to uniqueness of solutions
to these problems. Since we are interested in developing a numerical method to solve (P), owing to
the fact that C is unbounded, in Section 4 we propose a truncated problem on a bounded domain
C: = £2 x (0,7) with T < co. In Theorem 4.6 we prove the convergence of truncated solutions to
% , solving (P), as T — oo under fairly mild assumptions. Such a result is made possible because
of our Mosco convergence result in Lemma 4.5. In Section 5 we develop an algorithm in function
space to solve the truncated problem. We prove the convergence of this algorithm in Theorem 5.1.
Finally, we conclude with several illustrative examples in Section 6.

2. Notation and preliminaries

To some extent, in this section, we will use the notation from [3].

2.1 Spectral fractional operator

Let £2 be an open, bounded and connected domain of R”, n > 1, with Lipschitz boundary 952. For
any s = 0, we introduce the following fractional order Sobolev space

o0 o0
HY(2) :=Ju= Y g € L*(2): |[ulfis(g) = D Ajuj < oop.
k=1 k=1

where A4 are the eigenvalues of £ with associated normalized (in L2(£2)) eigenfunctions ¢ and

U = (U, 0r)12(02) = /Q Uk dx.

It is well-known that

H3(2) = H*(2) if 0<s <1

27
1
H'(2) = { HZ(2) if 5 =1, 2.1
H§ () if 1<s<l.

Here
——H(2
Hy(2):=D@)" 7,
where D(£2) denotes the space of infinitely continuously differentiable functions with compact
support in §2, and

u?(x)

_t ’
dist(x, 952) ‘¥ =

HO%O(Q) = {u e H2(2): /K2
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is the so-called Lions—Magenes space [55] with norm

1
u?(x) 2
[lu]] 4 = (||u||2 1 +/ ,—dx) .
Hp (£2) HZ(2) o dist(x, 0£2)

We denote by H™¥(£2) the dual of H*(£2) and by (-, -)—s,s we denote the duality pairing between
H™*(£2) and H*(£2). We next define the fractional powers of L (cf. [18]).

DEFINITION 2.1 The spectral fractional operator £* is defined on the space C;°(£2) by

o0
L5u = Zkzukw{ with Uy = /Q Uy (2.2)
k=1

By density, the operator £ extends to an operator mapping from H* (£2) to H™*(£2).

2.2  «a-Harmonic Extension

The extension approach in R” is due to Caffarelli and Silvestre and its restriction to bounded
domains was given by Stinga and Torrea. The key property of the extension is that it localizes
the nonlocal operator £* at the expense of an extra spatial dimension. Before we discuss it, we
introduce some notation. We denote by C := £2 x (0, 0c0) the semi-infinite cylinder with lateral
boundary d7,C := 952 x [0, 00). We let T > 0 denote a truncation of cylinder C to C; := £2 x [0, 7]
and define d;,C; = (0£2 x [0,7]) U (£2 x {r}). Notice that both C and C, are the objects in
R"**1, Furthermore, we let y denote the extended variable such that a vector x’ € R*T! admits
the following representation: x’ = (x1,...,Xn, Xn+1) = (X,Xp+1) = (x,y) with x; € R for
i=1,...,n,xeR"and y e R.

Let D C R"*1 be an open set, such as C or C;. Next we define the weighted spaces with weight
function t* with a € (—1, 1). These weighted spaces are necessary to tackle the singular/degenerate
nature of the extended problem. We refer to [56, Section 2.1], [39] and [26, Theorem 1] for a more
detailed discussion on such spaces. We denote by L2(t%, D) the space of measurable functions
defined on D with finite norm [|%|| 20 py = ||I%W||L2(D). Further, let H'(t%*, D) denote
the space of measurable functions % € L?(t%, D) with weak gradients V# in L?(z%, D), and
endowed with the norm

1
2
1 1oy 2= (17 Bz oy + 19 122 1)
We are now ready to define the Sobolev space on C that is of interest to us
HE(x%,C):={# € H'(z*,C) | # = 0on d.C).

The space H Ll (7%, Cy) is defined in a similar manner. We will denote the trace of a function on £2
by tre.

Consider a function U : £2 — R. We then define an a-harmonic extension of u (cf. [17, 54]) to
the cylinder C, as the function % that solves

—div (y*AVY%) + y*c% =0 inC,

(2.3)
% =0 onodC, % =u on £2 x{0}.
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Given U € H*(£2), this problem has a unique solution % € ISIL1 (y%,C); in fact, € I-.}Ll (y%,0)
solves problem (2.3) if and only if it solves the minimization problem

min/ YEVH A, )VH) + y%e(x)|#)>dxdy over # e I;TLl(y“,C),
c

subject to tro # = U,

where the objective functional is coercive, continuous and strictly convex (hence weakly lower

semicontinuous). We define the solution mapping U — % of (2.3) as H, : H*(2) — I-OIL1 %, 0),
ie., % = Hyu.
The fundamental result of [54], see also [19, Lemma 2.2], can be stated as follows:

Theorem 2.2 (Stinga—Torrea extension) Ifs € (0, 1), u € H*(£2), and % solves (2.3) then
dsLSu =%,

in the sense of distributions, where dg = 2%I'(1 — 5)/I'(s) and 0% is the conormal exterior
derivative of % at 2 x {0} given by 0y % = —lim,,_, o+ y*,, where the limit must be understood
in the distributional sense.

Note that the above result for 2 = R" was obtained by Caffarelli and Silvestre in [17]. In
particular, the Stinga-Torrea extension entails (see [54, Theorem 1.1] and [19, Lemma 2.2]) that

(LU, trg W) —ss = a(Hau, W), YW € H-(y.0), 2.4)

for a(-, ) defined in (1.3), and where H, U denotes the -Harmonic Extension of U as defined in the
previous paragraphs.

2.3 Boundedness of the solution to the linear problem

In what follows we need that the solution to the following linear problem is essentially bounded:
Find u € H*(£2) such that

L5u=f in®Q. 2.5)

The L°°(§2) characterization of the solution of the above problem is expected in several settings.
We state the following result that can be found in [3].

Theorem 2.3 (Lipschitz domains) Let A = I, §2 be Lipschitz and f € L?(82) with

p> 5 ifn>2s,
p>1 ifn=2s,
p=1 ifn <2s,

0 < ¢ € L*(82), and denote by U to the solution of (2.5). Then u € L°°(82) and there exists a
constant C = C(n, s, p, $2) such that ||U||poo2) < C|fl|Lr ).

REMARK 2.4 We remark that by following [3] we can immediately extend the result of Theorem 2.3
to a case where A is a symmetric matrix with bounded entires. Moreover, the results in [3] applies
to semilinear problems.

For the paper remainder, we will assume that the conditions of Theorem 2.3 and Remark 2.4
hold true, i.e., the solution to (2.5) belongs to L°(£2).
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3. Solutions to (”) and (P)

In this section we address the existence and uniqueness of solutions to the QVIs determined by
(P) and (P), and the relationship between their solution sets. As mentioned before, existence and
uniqueness of solutions for QVIs involve, in general, ordering properties of the associated monotone
operator and/or compactness of the obstacle map ¥'. Before considering existence of solutions, we
first study the relationship between solution set of fractional QVI in () and extended QVI in (P) (in
case they exist).

Lemma 3.1 Let Sp and Sp denote the set of solutions to (IP) and (P), respectively. Then, the maps
tro : Sp — Sp and H, :Sp — Sp,

are bijections.

Proof. Suppose that u € H*(£2) solves (IP) and let % be its canonical extension, i.e., % := HyU.

By definition of the bilinear form a(:,-) and the extension result (2.4), we observe that for any
Ve K(%)

aw,V —w) = (L2 wo(V —U))—ss = (LU trg ¥V —U) 55 = (ftrg ¥ —U) 55
= (fua(V = %))
where we have used thattrp ¥ € K(trp %) and tr; Z = u. Since % € K(%) giventhattro % €
K(tro %), and ¥ € (%) is arbitrary, then % solves (P). This shows that H, (Sp) C Sp, and the
injectivity of Hy, follows since H, (V1) = Hy(V,) implies that vi = v, because trp Hy (Vi) = V;
withi = 1,2.
Suppose that % solves (P). We first prove that % = Hy(trp %), i.e., the solution to (P) is

identical to the canonical extension of its trace. Consider R € H Ll (y%,C) and tro R = 0 a.e. in 2,
then ¥ := % + R satisfies ¥ € K(% ). Hence, considering this 7 in (P), we observe that

a(,R)=0, ReH"C). g R =0ae.in 2.
That is, % solves the problem: Find % € H 1 (»*.C) such that

—div (y*AVH#) + y*c# =0 inC,
# =0 ond,C, W =t on 2 x{0}.

Therefore, % = Hy(trg %'). The extension result (2.4) implies that
(Lo U) oV —ttQqU)—ss=a(U.V —U)= frgV —trg U)—ss

for each ¥ € K(%). Since, trp : K(%) — K(trgo %) is surjective, then trg % solves (P). Hence,
tre(Sp) C Sp and if ¥; € Sp and trp ¥ = trp %5, then ¥ = ¥, since we have proven that
Y; = Hgtrp ¥; fori = 1,2. That is, trg is injective and the surjectivity of the map follows since
tro Hov = Vv for any v € Sp. Finally, the surjectivity of H, follows as we have proven that if
¥ € Sp, then 7 is the canonical extension of its trace trp ¥ € Sp, so that Hy (tro #) = 7. O

The previous results allows us to study problem (P) and subsequently transfer solution properties
to (P). We start by considering the following assumption on the obstacle map ¥':
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ASSUMPTION 3.2 (first assumption on ¥) (i) If 0 < Uy < Uy, then 0 < ¥(Up) < ¥(Uyp) ae. in
2.
(i1) For every non-negative U and ¢ € [0, 1), there exists 8 € (¢, 1) such that ¥ ({u) = B¥(u) a.e.
in £2.

We refer to (i) in Assumption 3.2 as the non-decreasing property of ¥. This will be used to show
existence of solutions. On the other hand, (ii) in Assumption 3.2 will be used to show uniqueness
(cf. [41] where this property was used for the first time). Unless otherwise stated, we shall not use
(i1), however, (i) in Assumption 3.2 is assumed to hold true for the remainder of the paper.

Both items, (i) and (ii), in Assumption 3.2 are satisfied by the map

v (x):=v+ inf  u(x +§), (3.1)
£§20,x+£€R2
for some v = 0 with & := {&;} and where § > O means & > O fori = 1,2,...,n. This map arises

in optimal impulse control problems.
We are now in position to present an existence and uniqueness result.

Theorem 3.3 The set of solutions Sp of (P) is non-empty, it satisfies tro Sp C L*°(52) and if
U € Sp then
0<tro% <u*, a.e.in §2

where U* solves (weakly) the problem: Find u € H*(§2) such that L5u = f. If in addition to (i) the
obstacle map W satisfies (i) in Assumption 3.2, then Sp is a singleton.

Proof. For a given f € L*°(£2), and any # € H L(»*.C), let T(f, #') denote the solution to the
variational inequality

Find% e K(W):a(U, % —V) < (Lugq(U —V))—ss. VV € KH). (3.2)

Since a : H (%, C) x H (y*,C) — R is bilinear, continuous and coercive, then T'(f, #) €
H (y*,0) is unlquely deﬁned (see [37]).

Note that if % € H|} 1(y*.C), then Z* = max(0,%) and Z~ = —min(0, %) belong to
H (y%,C) and also a(%+ % ~) = 0. Additionally, if ¥ < # ae., Y € K(¥), and #y €
IC(W) it follows that min(¥%p, #o) € K(¥') and max(%, %) € K(#), which yields (see [50,
Theorem 5.1, Chapter 4]) that

fi<h. Vi<W, = T, W) <THh 1),

where all inequalities hold in the “a.e.” sense. From this, the fact that ¥(u) = 0 a.e. in §2 for all

u € H(£2), and since f is non-negative by initial assumption, we know that for all # H 1 (. 0),
it holds that that 0 = T'(0, #) < T(f, #') a.e. in C. Furthermore, T(f, #') < % * a.e., where % *
solves the unconstrained version of (3.2), i.e.,

Find % € H-(y%,.C) : a(%. V) = (f.trg(¥))—ss. V¥V € HL(*.C). (3.3)

This latter fact follows since the solutions are monotone with respect to the obstacle: Consider
another obstacle map ¥ such that ¥ (v) < ¥(v) a.e. for all v € H*(£2), together with K(-) defined
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as (1.2) but with ¥ instead of ¥. For any %/, it follows that if ¥ € K(#') and v e 16(7/)
then min(?, V2 ) € K(#) and max(7/, v ) € IC(”//) Define the associated variational inequality
solution map T analogous to the map T but where /C(+) is replaced by IC() Therefore, we have
that T(f, %) < T(f,¥) forall ¥ € HL(y“,C) (see [50, Theorem 5.1, Chapter 4]). Hence, for
¥ = +o00, we have T'(f, ¥) = % *, and the inequality T(f, #') < % *, follows.

The previous paragraph determines that 0 and % * are sub- and super-solutions of the map
W — TEH), ie,0 < THE,0) and T, Z*) < %* ae. in C. Since # + T(f, #') is non-
decreasing, this entails that (P) admits solutions (see [5, Chapter 15, 15.2, Theorem 3]), and for
each solution %, we have 0 < % < U *.

In view of Lemma 3.1, we have that trp * = u*, where U* solves (weakly) the problem:
Find u € H¥(£2) such that £5u = f. Further, we observe that u* € L°°(£2) by the assumptions in

Section 2.3. Finally, since trg; preserves the pointwise order in H 1 (y*.C), we have that
0<tro% <u*. (3.4)

Hence tr % € L°°($2) for any solution % to (P).
If in addition to (i), ¥ also satisfies (ii) in Assumption 3.2, uniqueness of solutions for (P)
follows directly by the same arguments as in [41]. O

Theorem 3.3 and Lemma 3.1 amount to the following result: If the obstacle map ¥ satisfies (i)
in Assumption 3.2. Then, Problems (IP) and (P) admit solutions. Moreover, the set of solutions Sp
and Sp of (P) and (P), respectively, have the same cardinality. If in addition to (i), the obstacle map
¥ satisfies also (ii) in Assumption 3.2, solutions to () and (P) are unique.

4. The truncated QVI problem

The focus of this section is on approximation and numerical methods for problems (P) and (P).
Direct discretization of (), via finite elements, requires dealing with a stiffness matrix K; ; =
(L’ u;,u ]) which is dense (this can be easily seen by using the equivalent integral representation
of L* cf. [18]) and hence the dimension of the associated discretized problem is bounded by
memory limitations (similar situation occurs when we use the integral definition of fractional
operators [4]). In addition, directly using the spectral definition (2.2) needs access to eigenvalues and
eigenvectors of £ which is, again, intractable in general domains. The discretization of problem (P)
is a more suitable choice for numerical methods. In this case, although the dimension is increased
by one, the stiffness matrix K; ; := a(%,%;) is sparse. The evident limitation here is that the
domain C associated to (P) is not finite. In this vein, we consider a truncation of the domain C, i.e.,
we define C; = 2 x (0, 7) and the problem

Find % € Ko(%): ad(U .U — V) < f (U —V))—g5. YV €Ke(W),  (Pr)

with
K:(¥)={W € ISILI(y“,C,) | tro W < W(tre V) ae.in 2},

and where we define a.(-, -) identically as a(-,-) in (1.3) but where the domain of integration is C
instead of C.

In this section we study the t-limiting behavior of solutions to (P;). We consider an approach
that under mild assumptions on the obstacle map guarantees strong convergence of solutions of (P)
to the solution of (P).
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Associated to problem (P;) we define the following map. Let K be a closed, convex and non-
empty set in Hi (y%,C) and g € H™*(£2), then we define R(g,K) € Hi (y%,C) to be the unique
solution to

Find% e K:a(%, % —7) <(Q.tto(% —¥))—ss. V¥V eKk. 4.1)
We further define the set valued map # +— K*(¥#) as
KY*(¥) = {”// eK#) |7V <0 ae.in 2 x (z, +oo)},
and we utilize the following shorthand notation: when g is clear in the context, we denote

S(K) := R(@,K), and S*(¥):=S(K*(#)), 4.2)

for # € H Ll (y*,C). The following characterization of the map S* will be useful for the remaining
paper.
Lemma 4.1 The map

R x HL(y*,C) 3 (. #) = ST(#) € H:(»*.0)

is non-decreasing.

Proof. Let T < v/ and # < W' ae. in C. Hence, tro # < trg #" ae. in £2 and implies
that W(tre #) < W(trg #') ae. in £ and then for ¥ € K(#) and ¥’ € K(#'), we
have min(¥, ¥’) € K(#') and max(¥,¥’) € K(#"). Further, for any & € ISII}(y“,C), if
U € K'(Z) and %' € K¥(Z), it is straightforward to check that min(%,%’) € K*(%) and
max(%.,%') € K¥ (%). Therefore, it follows that

yeK'#),y e K¥(#') = min(>,9") € K*(#), max(&,9") € K* (#").

This yields (see [50, Theorem 5.1, Chapter 4]) the non-decreasing property of (¢, #) — ST (¥#).
O

We now prove that fixed points of S7 : foILl (»%,C) —> I—OIL1 (%, C) can be equivalently defined as
extensions by zero, of solutions to (P), to C (from C,).

Proposition 4.2 Let E : ITE)IL1 »*.C) — ﬁlf (y*.C) be the extension by zero operator. If % €
ﬁLl (y%,C;) is a solution to (P;) then EU € I?IL1 (y%,C) is a fixed point of ST. Conversely, if

U € I?II} (»*,C) is a fixed point of ST, then its restriction % |c, belongs to ISI]I (y%,Cy) and solves
(Po).

Proof. Analogously as in the proof of Theorem 3.3 with the map T'(-, -), we have for any # that
0< R(,K*(#)) < %™ where % * solves (3.3) (note that f > 0 a.e. in £2). This also implies that if
U = SY(¥) = R({, K¥ (%)) then % = 0. Define K*(#)t = K*(#)N{H :# = 0ae.inC}.
Since R(f, K*(#)) € K¥(#)T and R(f, KT (#)*) € KT (¥#), it is straightforward to prove that
for any %, we have R(f, K*(#)) = R(f, K*(#)™). Since

K¥(u)t :={V eK(#%)| 7V 20 ae.inC;, ¥ =0 ae.in 2 x (t, +00)},
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we have that C*(Z)T = {EV | ¥ = 0 ae.inCy, ¥ € K.(%)}. Hence, the solution to % =
ST (%) = R(f, K™ (%)) is equivalently defined as the extension by zero of the solution to

Find % € Ko(W) 1 ae(%. % — V) < (. 0q(# — V)5, YV € KeW)™,

where K. (W)t = K.(#)N{# : # = 0ae.inC,}. We are only left to prove that if U solves
the above QVI, then it solves equivalently (P;) and this is done analogously as in the beginning of
the proof considering that R(f, K. (#)) = 0 and that R(f, . (#)) € K. (#)T, forany # . O

In addition to (i) in Assumption 3.2, we consider the following assumption on the obstacle
mapping to hold true for the rest of the paper.

ASSUMPTION 4.3 (second assumption on ¥) (i) ¥(u) = v > 0 a.e. in £2, for all u € H*(£2).
(ii) For uy,,u* € H*(82) with n € N: If u, — u* in L?(£2), for all p > 1 then ¥ (u,) — ¥ (U*)
in L*°(£2).

Note that the map ¥ in (3.1) does not satisfy (ii) in Assumption 4.3. However, such property
would hold for an appropriate regularization ¥ of ¥ defined as ¥(u) := ¥ o I(u) where I is some
integral approximation of the identity.

In what follows, we prove convergence of solutions of (P;) to the solution of (P) in a general
framework. First, we define Mosco convergence for closed, convex and non-empty subsets on a
reflexive Banach space (see [43, 50]).

DEFINITION 4.4 (MOSCO CONVERGENCE) Let K and K,,, for each n € N, be non-empty, closed
and convex subsets of a reflexive Banach space X. We say that the sequence {KC,} converges to K
in the sense of Mosco as n — oo, if the following two conditions hold:

(1) For each v € K, there exists {v,} such that v, € K, and v, — v in X.
@ii) If v, € K, and v, — v in X along a subsequence, then v € K.

The importance of Mosco convergence lies in the fact that if I, — K in the sense of Mosco

for 1'?IL1 (y%,C), then it follows that S(KC,) — S(K) in 1'?IL1 (y*,C) (see [43, 50]). We now provide
conditions for Mosco convergence for {/IC*(%;,)} and {K™ (¥;)} for sequences {¥;} and {z,} in

H 1 (»*.C) and R, respectively.

Lemma 4.5 Let {¥},} be a bounded sequence in ISII} (y*,C) and satisfy 0 < ¥, < Y41 < 9 for
some Y* € I:JIL1 (y%,C) such that trg * € L*°(82). Then, given t* € (0, +00] anda sequence {1, }
in (0, 400) such t, — t*, there exists V* € ﬁLl(y"‘, C) such that

K& (%) = K (%), and K%)= KT (V"),

both in the sense of Mosco, as n — 0o, where ¥, — V*, in 1-(}L1(y“,C) and ¥y, 1+ V* pointwise
a.e. in C. Here, if T* = 400, we denote KT (V*) := K(¥*).

Proof. Since {¥;} is a bounded sequence in I-}Ll(y"‘,C), then ¥, — ¥™* in ﬁLl(y“,C), along a
subsequence, asn — 0o. However, 0 < ¥, < ¥,4+1 < 9* whichimplies 0 < trp ¥, <trg %41 <
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tro 9* € L°°(82) and this yields that for some ¥™* € I-OIL1 (y%,C) we have
Yu ¥ V¥, pointwise a.e. in C;
o= V7 in HLO®,0);
U(trg ¥y) — Y(trg ¥™), in L*(2);

for the whole sequence {%;} and not only a subsequence (the gap between the subsequence
argument and the entire sequence is bridged by the monotonicity of the entire sequence {7}, }). Here
we have used Assumption (4.3) with the fact that trp ¥;,, tro ¥™* € H(§2) forn € Nand trp; ¥, —
tre ¥* in L?(£2) for all p > 1: Note that we immediately have that trp ¥, — tro ¥ in L?(£2)
for all p > 1, and by the monotone convergence theorem || tre ¥, ||Lr2) — || tte ¥ | L (2) Which
implies the claim (see Proposition 3.32 in [14] which shows that weak convergence in conjunction
with convergence of the norms implies strong convergence).

Suppose that #;, € K* (#,) forn € N and that %, — #* in I-OILl(y“, C) for some #*. Since
tro I-OII} (»*.C) = H*(£2) and H*(£2) compactly embeds into L2(£2), from tro #, < W(trg ¥)
a.e.in £2 and %, < 0 a.e. in 2 x (z, +00), we observe that #* € K" (¥*) by taking the limit as
n — oo (along a subsequence) since Assumption 4.3 holds.

Let # € KU (¥*) be arbitrary. Since ¥(tro %) = v > 0, we define B, = (1 + ||n, —
n*|lLoe(s2)/v) ", where n, := W(tre ¥,) and n* := W¥(tre ¥*), and observe that B, 1 1 and
further 8,7, < n*. Therefore, #; := B, W € K (%) and #;, — # in Iflg(y“,C). This proves
that K" (%,) — K*"(#*) in the Mosco sense.

Suppose that #, € K™ (¥;,) and that #;, — #* in I-?Ll (y%,C) for some # *. Then, we obtain
that tro #'* < W(tre V™) ae. in 2 from taking the n — oo limit (along a subsequence) in
tro ¥y < W(trg %) ae.in 2,ie., #* € KT (V).

Let # € K® (¥*) be arbitrary and without loss of generality consider 7* = +oo (the case
* € (0, +00) is handled analogously). Then, as before, #;, := B, # satisfies tro #y < W(trge V)
for the same B, defined in the previous paragraphs and also %#;, — # in H L(y*.C)asn — oo.
Define p, : C — R such that p,(£2 x (5, +00)) = 0, p, (2 x [0, 7, — €¢)) = 1, and smooth on
2 X [ty — €, 1,) and such that |V, | < m a.e. for some m > 0. Then, we define 9;, := p, #; which
satisfies that 95, € K™ (7;). In addition, we observe that

V/ — % f‘-oli(y“,c) < Inl (tn) + Inz(fn) + 13(77}1)7
where
umr=/ wwwu%maﬁmm=/ VIV — ou )P
2x[0,1,—€) 2x[tn—€,Tn)

and I3(tp) := Jaxe, +oo)) y*|V#|?. Note that

INty) < / YN —H#p)|> =0, as n— oo,
2x[0,400)

given that %, — # in I-?Ll (y*,C) as n — oo. Since py, is smooth, |V p,| < m a.e. for some m > 0
and also B, € (0, 1), it follows that

IX(ty) < C/ YUVH|? >0, as n— oo,

2x[ty—€,1)
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for some C > 0 independent of n € N. In addition, we also have that 13(z,) — 0 asn — oo.

This shows that 9;, — # in I?IL1 (y*,C) as n — oo and consequently that K™ (¥;,) — K™ (v*) =
K(7*) in the Mosco sense. O

We are now in position to provide the proof of how problem (P;) approximates (P). The result
is made available at this point by Proposition 4.2 and Lemma 4.5. From now on, we omit the use of
the extension by zero operator E and consider all functions to be defined on C.

Theorem 4.6 Problem (P.) admits solutions for T € (0, 00). Further, let {t,} be a positive sequence
such that t, — oo for n — oo, then there exists a sequence {U,}, where %, solves (Py,) for
n € N, such that

Uy — U, in HE(y.0),
as n — oo for some % that solves (P).

Proof. Existence of solutions to (P;) follow from the same arguments as in Theorem 3.3. We
concentrate on the second part of the statement.
Since t +> ST(#) is an increasing map, we have for t < 7’ that

0SS W)SSTH)<STW)<U*, (4.3)

a.e. where T' (') denotes the solution to (3.2) and % * the solution to the unconstrained problem
(3.3). Further, the maps # + ST(#), for t € (0, +00) and # + T(#'), are non-decreasing,
which implies that the sequences {¥;} and {%,} defined as ¥;, = S:(¥p,—1), #n = T(Wp—1)
with %5 = #y = 0 are non-decreasing, as well, and located on the interval [0, % *]. A simple

optimization argument shows that {¥;,} and {#;} are also bounded in H Ll (y%,C), and then the
sequences satisfy the assumptions of Lemma 4.5. This implies

K*(%,) — K*(¥™), in the sense of Mosco,

as n — oo where ¥, — ¥* in Iflg(y"‘,C). Therefore, we have that ¥, = S (¥,—1) =
S(K*(Y-1)) = ST(¥*) in I-OILI(y“,C) as n — oo, and hence

Y, — V*, in Pollf(y“,C),

as n — oo and 7™ solves (P;). The same argument applies to the sequence {#;} and we obtain

also that #;, — #* in I-OIL1 (y*,C) and that #* solves (P).

From the above argument and (4.3), we observe that if %, and %, 4, are solutions, obtained

by the above paragraph iteration procedure, to (P, ) and (P, ), respectively, we have

0< U, <U

n

g S UT, (4.4
which implies that %;, 1 % pointwise in C and also %;, — % in il 1} (y*,C), for some % . Hence
by Lemma 4.5 we have that

K™ (W,) — K(%), in the sense of Mosco. 4.5)

Finally, since %, = S(K™ (%,)) and (4.5) holds, %, = S(K™ (%)) — S(K(%)). Given that
U, — U, we have %, — % in ﬁi(y"‘,C). Hence, % = S(K(%)), i.e., % is a solution to
(P). U
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5. An algorithm

In this section we introduce a solution algorithm for (P) or (P;). In particular, we consider a
sequential minimization solution algorithm that converges under mild assumptions to the solution
of (P) or (P;), depending on if the limit of the truncation parameter sequence is finite or not.

Algorithm 1 Increasing Monotonic Sequential Minimization

Data: f € L°°(§2) and f = 0 a.e. in £2, non-negative real valued sequence {t, }oo_,
1: Set % € I-OILl(y"‘, C) to satisfy 0 < % < S(K™ (%)) and n = 0.
2: repeat
3:  Compute %41 := S(K™ (%,)).
4. Setn=n+1.
5. until some stopping rule is satisfied.

Before we establish the convergence result for the above algorithm note that %4 in Algorithm 1
can be taken to be zero.

Theorem 5.1 Let {%,}52 be generated by Algorithm 1 for a monotonically increasing sequence
{tm g Then,
Uy — U, in H-(y*.0),
where % solves (P) if im0 Ty = 00 and % |c, solves (P;) if limy 00 Tm = T < 00
Proof. The map (t, %) — S(K*(%)) is non-decreasing for 7 > 0 and % = % (see Lemma 4.1),

then we prove that
0<% < Uy <Ups1 <U* (5.1

where % * denotes the solution to the unconstrained problem (3.3). We proceed by induction. Since
by definition % is a sub-solution of # +— S(K™ (%)), we have that %y < S(K™ (%)) =: %.
Suppose that for some n € N, we observe that %, < %,, then by the non-decreasing property of
the map (t, ) — S(K* (%)) and the definition of %, and %, +1, we observe

Uo < U = S(K™ (Un1)) < S(K™ (%)) = U1

The fact that %, +1 < % * follows since S(K*(#')) < % * holds for all # € 1’:)IL1 (»%,0).
Suppose that limy,,—, o 7, = 00. Since {%,} is bounded in I'f’ILl (»%,C), (5.1) holds for n € Ny
and tro Z* € L°°(£2), we observe by Lemma 4.5 that
K™ (%) — K(%),

in the sense of Mosco, where %, — % (along the entire sequence) in il I} (y%,C) asn — oo. Hence,
U1 = S(K™ (%)) — SK(Z)) in ﬁLl(y"‘,C) as n — oo. This implies that 7 = S(K(%)),
i.e., % solves (P) and that %, — % in Ifllf(y“,C) asn — oo.

If limy 00 Ty = T* < 400, then again by Lemma 4.5 we have by the same argument in the

previous paragraph that .
Ko (Un) — KF (%),

and consequently %, — % in I’fIL1 (»%,C) asn — oo, where % |c_. solves (P;). O
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6. Numerical realization

Before proceeding further, we shall elaborate on the Step 3 of Algorithm 1. In practice, we consider
17, = 7 for all n and some large enough 7 in Algorithm 1; this is a fixed point iteration to
approximate a solution to (P;). If {%,} is the sequence generated, the stopping criterion considered
is satisfied, for this fixed point iteration, as soon as

%41 — Ul

H(yo Cp
LO%C) 6.1)

||%n+1 ”f]]l‘(ya’cr)

O 11 = Mpax.
As a sub-step, in this fixed point iteration, we need solution to a variational inequality. We
employ a Semismooth Newton Algorithm with Regularization, see [33, pp. 248] for details:

Algorithm 2 Semismooth Newton Algorithm with Regularization
1: Input: 1, 0, ¥ = W(tre %), kmax and setk =0, 1 = 1, % = U
2: Output: %41
3: repeat
4 SetAr ={x:(W+0(tre % —¥)(x) > 0)}, I = 2\ Ag.
5: Solve %41 € ISILl(y“,C,):

a(%, V) + (ﬁ +0(re % — V), xa, tro AI/)LZ(.Q) = (f,re V) r20)

forall ¥ € ﬁ]}(y“,C,).

6: Set
0 on 7y,

HU = T4 0(cg % — W) on Ay

k=k+1
8: until some stopping rule is satisfied.

>

The above algorithm converges superlinearly for any 6 provided that iterations are initiated close
enough to a solution of the regularized variational inequality (see Theorem 8.25 in [33]). Further,
the sequence of solutions converge, as § — oo, strongly to the solution of the original variational
inequality of interest (see Theorem 8.26 in [33]).

If {%;+1} is the sequence generated in Step 5 of Algorithm 2, then the stopping criterion
considered is satisfied as soon as: Ag4; = Ay or

| %41 — 2|l
% — U1 |l

H} (y*.,Cr)

€2,
LRI
H; (y*.Co)

ork = kmax.

6.1 Discretization

The discretization of the linear equation (3.3) was introduced and analyzed in [46], see also [45]
for an application to the fractional obstacle problem. Owing to the singular behavior of the solution
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towards §2 x {0} it is preferable to use anisotropic meshes, to compensate the singular behavior.
In our context such meshes can be defined as follows: Let 7, = {E} be a conforming and quasi-
uniform triangulation of §2, where E € R” is an element that is isoparametrically equivalent to
either to the unit cube or to the unit simplex in R”. We assume #. 7 o< M". Thus, the element size
h 7, fulfills hg, o< M~1. Furthermore, let Z, = {Ik},iu:’ol, where Iy, = [Vk, Yk+1], be a graded

mesh of the interval [0, 7] in the sense that [0, 7] = U,?’I;Ol I} with

k Y
Vi = (M) 7, k=0,....M, y>3/(1—a)=3/2s)>1.
We construct the triangulations .7; of the cylinder C; as tensor product triangulations by using J;
and Z,. Let T denotes the collection of such anisotropic meshes 7.

For each .7; € T we define the finite element space V(7% ) as

V(Z):={VeC’Cy):VIr e PI(E)®Pi(I)YT = Ex 1 € Z, Vl]y,c, =0}.

In case E is a simplex then P;(E) = P;(FE), the set of polynomials of degree at most 1. If £ is a
cube then P; (E) equals Q; (E), the set of polynomials of degree at most 1 in each variable. In our
numerical illustrations we shall work with simplices.

For our numerical examples we consider n = 2, 2 = (0,1)2, ¢(x) = 0, and A(x) = 1in (P,).
We set the force f(x1,x3) = x1(1 — x1)x2(1 — x2) in first three examples and f = 1 in the final
example. In Algorithm | we choose a fixed “large” t definedas t = 1 + % log(#9%). Such a choice
is motivated by the linear equation where it leads to error balance between the truncation (7) and
the finite element approximation; see [46, Remark 5.5]. We further set total degrees of freedom of
T equal to 12716.

Next we shall study four examples. In all cases we set &1 = 5e — 4, nyx = 150 (see (6.1)).
Moreover, we set &2 = le — 2, kypax = 10 and @ = 0 in Algorithm 2. We notice that the total
number of iterations, using a continuation technique for the parameter 6, remained stable under
mesh refinements (cf. Algorithm 2). In our computations, we set O, = le + 10 and increase 6,
starting with 10, such that the ratio between two consecutive values of 6 is 1.5.

Note that the ¥ maps in Examples 1 and 2, both satisfy (i) in Assumption 3.2, so existence
of solutions for the QVI problems is guaranteed. Further, while ¥ in Example 2 satisfies
Assumption 4.3, Example 1 only satisfies (i) in Assumption 4.3. Also, Example 3 satisfies
Assumption 3.2 and (i) in Assumption 4.3. Finally, ¥ in Example 4 has the same structure as
Example 2.

6.2 Example 1

We first consider the case where the obstacle ¥ (U) is given by

W(U)(x1, x2) = 5(sin(x)u(x1, x2)) " + 8,

where § = le — 10. Figures 1, 2, and 3 illustrate the final solution, the obstacle, and the active set
respectively for different values of s = 0.2,0.4,0.6, and s = 0.8. We clearly notice the solution
dependence on s. In each case we observe that it takes between 5 to 10 iterations for Algorithm 2
to converge. On the other hand it takes n = 49,47, 44 and n = 42 iterations for us to achieve the
criterion in (6.1) for s = 0.2,0.4,0.6 and s = 0.8 respectively.
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0.4 0.8

0.2 0.2

FIG. 1. Example 1: The top panels illustrate the solution for s = 0.2 (left) and s = 0.4 (right). On the other hand, the
bottom panels show the solutions when s = 0.6 (left) and s = 0.8 (right). The dependence on s is clearly visible.

FIG. 2. Example 1: The top panels illustrate the obstacle ¥ for s = 0.2 (left) and s = 0.4 (right). On the other hand, the
bottom panels show the obstacle when s = 0.6 (left) and s = 0.8 (right). The dependence on s is apparent.



18 H. ANTIL AND C.N. RAUTENBERG

1 1 1 1

09 0000 090000 090000 0.9]
[ ] [ XX ] (XX N ]

08 o sleee 5 eeee 08

o7 @ 07} @00 07 9000 07
[ ] [ XX ] (XX N J

o6t ® 05l e0ee 05l 000 e 0
[ ] (XX N J (XX N J

05 o 5l eee® 5 ee0e® 05

04t ® 04 9000 04 9000 0.4
[ ] (XX N ] (XX N ]

03r @ 030000 030000 0.3]
[ ] (XX N ] (XX N ]

02 o 2l o006 2l o006 0.2

01 @00 0@ 01l 9000 01l 00O 0.1
ecee T T

o 02 04 06 08 1 % 02 04 06 08 1 % 02 04 06 08 1 % 02 04 06 08 1

F1G. 3. Example 1: The panels illustrate the active sets for s = 0.2, s = 0.4, s = 0.6, and s = 0.8. In this example, the
active sets fors = 0.2, s = 0.4, s = 0.6 look similar.

6.3 Example 2

As a second example we take a nonlocal ¥, i.e., we set

ll'(u)zz'/gudx

where § = le — 10. Figure 4 and 5 illustrate the solution and the active set respectively for different
values of s = 0.2,0.4,0.6, and s = 0.8. As the final ¥ is a constant in this case so we decided not
to plot it here. Again we clearly notice a different solution behavior with respect to s. We further
notice that it takes between 5 to 10 iterations for Algorithm 2 to converge. On the other hand it takes
n = 47,48,50,52 when s = 0.2,0.4, 0.6, 0.8, respectively, for us to achieve the criterion in (6.1).

+8s

F1G. 4. Example 2: The top panels illustrate the solution for s = 0.2 (left) and s = 0.4 (right). On the other hand, the
bottom panels show the solutions when s = 0.6 (left) and s = 0.8 (right).
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F1G. 5. Example 1: The panels illustrate the active sets fors = 0.2, s = 0.4, s = 0.6, and s = 0.8.

6.4  Example 3

Finally we present an example where ¥ is as given in (3.1) with v = 5e—3. We illustrate the solution
in Figure 6 and the active set in Figure 7 for s = 0.2,0.4,0.6, and s = 0.8. As in Section 6.3 we
again observe that the ¥ is a constant under the current configuration therefore we chose not to plot
it here.

Clearly the solution behaves differently with respect to s. We observe that Algorithm 2 takes 2
iterations to achieve (6.1).

FI1G. 6. Example 3: The top panels illustrate the solution for s = 0.2 (left) and s = 0.4 (right). On the other hand, the
bottom panels show the solutions when s = 0.6 (left) and s = 0.8 (right). The changes with respect to s are significant.
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FIG. 7. Example 3: The panels illustrate the active sets for s = 0.2, s = 0.4, s = 0.6, and s = 0.8.

6.5 Example4:f=1
In the final example we consider f = 1. Notice that 1 ¢ H!™5(£2) when s < 1. We let

E.
/udx
Q

where § = le — 10. We illustrate the solution in Figure 8 and the active set in Figure 9 for s =
0.2,0.4,0.6, and s = 0.8. We have omitted the plots of ¥ since it is constant. We again notice
that it takes between 5 to 10 iterations for Algorithm 2 to converge. On the other hand it takes
n = 131,130, 130, 130 iterations when s = 0.2,0.4,0.6, 0.8, respectively, for us to achieve the
criterion in (6.1).

w(u) = 1.45 +6,

FI1G. 8. Example 4: The top panels illustrate the solution for s = 0.2 (left) and s = 0.4 (right). On the other hand, the
bottom panels show the solutions when s = 0.6 (left) and s = 0.8 (right).
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F1G.9. Example 4: The panels illustrate the active sets for s = 0.2, s = 0.4, s = 0.6, and s = 0.8.

Acknowledgments. HA has been supported in part by NSF grant DMS-1521590. CNR has
been supported via the framework of MATHEON by the Einstein Foundation Berlin within
the ECMath project SE15/SE19 and acknowledges the support of the DFG through the DFG-
SPP Priority Programme 1962: “Non-smooth and Complementarity-based Distributed Parameter
Systems: Simulation and Hierarchical Optimization” within Project 11.

References

1.

12.

Antil, H., & Bartels, S., Spectral approximation of fractional PDEs in image processing and phase field
modeling. Comput. Methods Appl. Math. 17 (2017), 661-678. MR3709055

. Antil, H., Pfefferer, J., & Rogovs, S., Fractional operators with inhomogeneous boundary conditions:

Analysis, control, and discretization. arXiv:1703.05256 (2017).

. Antil, H., Pfefferer, J., & Warma, M., A note on semilinear fractional diffusion equation: Analysis and

discretization. ESAIM, Math. Model. Numer. Anal. 51 (2017), 2049-2067.

. Antil, H., & Warma, M., Optimal control of the coefficient for fractional and regional fractional p-Laplace

equations: Approximation and convergence. arXiv:1612.08201 (2016).

. Aubin, J.-P., Mathematical Methods of Game and Economic Theory, vol. 7. Newnes, 1982.
. Baiocchi, C., & Capelo, A., Variational and Quasivariational Inequalities. A Wiley-Interscience

Publication. John Wiley & Sons, Inc., New York, 1984. Applications to free boundary problems,
Translated from the Italian by Lakshmi Jayakar. Zb10551.49007 MRO745619

. Barrett, J., & Prigozhin, L., A quasi-variational inequality problem in superconductivity. Math. Models

Methods Appl. Sci. 20 (2010), 679-706. Zb11225.35133 MR2652615

. Barrett, J., & Prigozhin, L., A quasi-variational inequality problem arising in the modeling of growing

sandpiles. ESAIM Math. Model. Numer. Anal. 47 (2013), 1133-1165. Zb11332.65090 MR3082292

. Barrett, J., & Prigozhin, L., Lakes and rivers in the landscape: A quasi-variational inequality approach.

Interfaces Free Bound. 16 (2014), 269-296. Zb11297 .35122 MR3231973

. Barrett, J., & Prigozhin, L., Sandpiles and superconductors: Nonconforming linear finite element

approximations for mixed formulations of quasi-variational inequalities. IMA J. Numer. Anal. 35 (2015),
1-38. Zb11312.65105 MR3335194

. Bensoussan, A., Stochastic control by functional analysis methods, vol. 11 of Studies in Mathematics

and its Applications. North-Holland Publishing Co., Amsterdam-New York, 1982. Zb10474.93002
MR0652685
Bensoussan, A., & Lions, J.-L., Impulse control and quasivariational inequalities. . Gauthier-Villars,
Montrouge; Heyden & Son, Inc., Philadelphia, PA, 1984. Translated from the French by J.M. Cole.
MRO756234


http://www.ams.org/mathscinet-getitem?mr=3709055
http://arxiv.org/abs/1703.05256
http://arxiv.org/abs/1612.08201
http://www.emis.de/MATH-item?0551.49007
http://www.ams.org/mathscinet-getitem?mr=0745619
http://www.emis.de/MATH-item?1225.35133
http://www.ams.org/mathscinet-getitem?mr=2652615
http://www.emis.de/MATH-item?1332.65090
http://www.ams.org/mathscinet-getitem?mr=3082292
http://www.emis.de/MATH-item?1297.35122
http://www.ams.org/mathscinet-getitem?mr=3231973
http://www.emis.de/MATH-item?1312.65105
http://www.ams.org/mathscinet-getitem?mr=3335194
http://www.emis.de/MATH-item?0474.93002
http://www.ams.org/mathscinet-getitem?mr=0652685
http://www.ams.org/mathscinet-getitem?mr=0756234

22

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

H. ANTIL AND C. N. RAUTENBERG

Beremlijski, P., Haslinger, J., Ko¢vara, M., & Outrata, J., Shape optimization in contact problems with
Coulomb friction. SIAM J. Optim. 13 (2002), 561-587. Zb11025.49026 MR1951035

Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equations. Universitext. Springer,
New York, 2011. Zb11220.46002 MR2759829

Caffarelli, L., & Figalli, A., Regularity of solutions to the parabolic fractional obstacle problem. J. Reine
Angew. Math. 680 (2013), 191-233. Zb11277.35088 MR3100955

Caffarelli, L., Salsa, S., & Silvestre, L., Regularity estimates for the solution and the free boundary of the
obstacle problem for the fractional Laplacian. Inventiones mathematicae 171 (2008), 425-461. Zb11148.
35097 MR2367025

. Caffarelli, L., & Silvestre, L., An extension problem related to the fractional Laplacian. Comm. Part. Diff.

Egs. 32 (2007), 1245-1260. Zb11143.26002 MR2354493

Caffarelli, L., & Stinga, P., Fractional elliptic equations, Caccioppoli estimates and regularity. Ann. Inst.
H. Poincaré Anal. Non Linéaire 33 3 (2016), 767-807. Zb106572957 MR3489634

Capella, A., Davila, J., Dupaigne, L., & Sire, Y., Regularity of radial extremal solutions for some non-local
semilinear equations. Comm. Part. Diff. Egs. 36 (2011), 1353-1384. Zb11231.35076 MR2825595

Chen, W., A speculative study of 2/3-order fractional Laplacian modeling of turbulence: Some thoughts
and conjectures. Chaos 16 (2006), 1-11. Zb11146.37312

del Castillo-Negrete, D., Carreras, B. A., & Lynch, V. E., Fractional diffusion in plasma turbulence.
Physics of Plasmas 11 (2004), 3854-3864.

Duvaut, G., & Lions, J.-L., Les inéquations en mécanique et en physique. Dunod, Paris, 1972. Travaux et
Recherches Mathématiques, No. 21. Zb10298.73001 MR0464857

Fukao, T., & Kenmochi, N., Quasi-variational inequality approach to heat convection problems
with temperature dependent velocity constraint. Discrete Contin. Dyn. Syst. 35 (2015), 2523-2538.
Zb106552552 MR3299010

Gatto, P., & Hesthaven, J. S., Numerical approximation of the fractional Laplacian via hp-finite elements,
with an application to image denoising. J. Sci. Comp. 65 (2015), 249-270. Zb11329.65272 MR3394445

Glowinski, R., Lions, J.-L., & Trémolieres, R., Numerical Analysis of Variational Inequalities, vol. 8 of
Studies in Mathematics and its Applications. North-Holland Publishing Co., Amsterdam-New York, 1981.
Translated from the French. Zb10463.65046 MR0635927

Gol’dshtein, V., & Ukhlov, A., Weighted Sobolev spaces and embedding theorems. Trans. Amer. Math.
Soc. 361 (2009), 3829-3850. Zb11180.46022 MR2491902

Hanouzet, B., & Joly, J.-L., Convergence géométrique pour les itérés définissant la solution d’'une I. Q. V.
abstraite. In Proceedings of the International Meeting on Recent Methods in Nonlinear Analysis (Rome,
1978) (1979), Pitagora, Bologna, pp. 425-431. Zb10408.49010 MR0533179

Hanouzet, B., & Joly, J.-L., Convergence uniforme des itérés définissant la solution d’inéquations quasi-
variationnelles et application a la régularité. Numer. Funct. Anal. Optim. 1 (1979), 399-414. Zb10459.
49006 MR0538562

Harker, P., Generalized Nash games and quasi-variational inequalities. European Journal of Operational
research 54 (1991), 81-94. Zb10754.90070

Hintermiiller, M., & Rautenberg, C. N., A sequential minimization technique for elliptic quasi-
variational inequalities with gradient constraints. SIAM J. Optim. 22 (2012), 1224-1257. Zb11268.47076
MR3023771

Hintermiiller, M., & Rautenberg, C. N., Parabolic quasi-variational inequalities with gradient-type
constraints. SIAM J. Optim. 23 (2013), 2090-2123. Zb11293.35156 MR3119319

Hintermiiller, M., & Rautenberg, C. N., On the uniqueness and numerical approximation of solutions to
certain parabolic quasi-variational inequalities. Port. Math. 74 (2017), 1-35. Zb106734111 MR3648950


http://www.emis.de/MATH-item?1025.49026
http://www.ams.org/mathscinet-getitem?mr=1951035
http://www.emis.de/MATH-item?1220.46002
http://www.ams.org/mathscinet-getitem?mr=2759829
http://www.emis.de/MATH-item?1277.35088
http://www.ams.org/mathscinet-getitem?mr=3100955
http://www.emis.de/MATH-item?1148.35097
http://www.emis.de/MATH-item?1148.35097
http://www.ams.org/mathscinet-getitem?mr=2367025
http://www.emis.de/MATH-item?1143.26002
http://www.ams.org/mathscinet-getitem?mr=2354493
http://www.emis.de/MATH-item?06572957
http://www.ams.org/mathscinet-getitem?mr=3489634
http://www.emis.de/MATH-item?1231.35076
http://www.ams.org/mathscinet-getitem?mr=2825595
http://www.emis.de/MATH-item?1146.37312
http://www.emis.de/MATH-item?0298.73001
http://www.ams.org/mathscinet-getitem?mr=0464857
http://www.emis.de/MATH-item?06552552
http://www.ams.org/mathscinet-getitem?mr=3299010
http://www.emis.de/MATH-item?1329.65272
http://www.ams.org/mathscinet-getitem?mr=3394445
http://www.emis.de/MATH-item?0463.65046
http://www.ams.org/mathscinet-getitem?mr=0635927
http://www.emis.de/MATH-item?1180.46022
http://www.ams.org/mathscinet-getitem?mr=2491902
http://www.emis.de/MATH-item?0408.49010
http://www.ams.org/mathscinet-getitem?mr=0533179
http://www.emis.de/MATH-item?0459.49006
http://www.emis.de/MATH-item?0459.49006
http://www.ams.org/mathscinet-getitem?mr=0538562
http://www.emis.de/MATH-item?0754.90070
http://www.emis.de/MATH-item?1268.47076
http://www.ams.org/mathscinet-getitem?mr=3023771
http://www.emis.de/MATH-item?1293.35156
http://www.ams.org/mathscinet-getitem?mr=3119319
http://www.emis.de/MATH-item?06734111
http://www.ams.org/mathscinet-getitem?mr=3648950

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

FRACTIONAL ELLIPTIC QVIS: THEORY AND NUMERICS 23

Ito, K., & Kunisch, K., Lagrange Multiplier Approach to Variational Problems and Applications, vol. 15 of
Advances in Design and Control. Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 2008. Zb11156.49002 MR2441683

Kadoya, A., Kenmochi, N., & Niezgédka, M. Quasi-variational inequalities in economic growth models
with technological development. Adv. Math. Sci. Appl. 24 (2014), 185-214. Zb11322.91037 MR3307334
Kano, R., Kenmochi, N., & Murase, Y. Existence theorems for elliptic quasi-variational inequalities
in Banach spaces. In Recent advances in nonlinear analysis. World Sci. Publ., Hackensack, NJ, 2008,
pp- 149-169. Zb11351.49010 MR2410744

Kenmochi, N., Parabolic quasi-variational diffusion problems with gradient constraints. Discrete Contin.
Dyn. Syst. Ser. S 6 (2013), 423-438. Zb11264.35132 MR2997552

Kinderlehrer, D., & Stampacchia, G., An Introduction to Variational Inequalities and Their Applications,
vol. 31 of Classics in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 2000. Reprint of the 1980 original. Zb10988.49003 MR1786735

Kravchuk, A., & Neittaanméki, P., Variational and quasi-variational inequalities in mechanics, vol. 147
of Solid Mechanics and its Applications. Springer, Dordrecht, 2007. Zb11131.49001 MR2363978
Kufner, A., & Opic, B., How to define reasonably weighted Sobolev spaces. Comment. Math. Univ.
Carolin. 25 (1984), 537-554. Zb10557 . 46025 MRO775568

Kunze, M., & Rodrigues, J., An elliptic quasi-variational inequality with gradient constraints and some of
its applications. Math. Methods Appl. Sci. 23 10 (2000), 897-908. Zb10956 . 35059 MR1765905

Laetsch, T., A uniqueness theorem for elliptic quasi-variational inequalities. J. Functional Analysis 18
(1975), 286-287. Zb10327.49003 MR0380554

Levendorskii, S. Z., Pricing of the American put under Lévy processes. Int. J. Theor. Appl. Finance 7
(2004), 303-335. Zb11107.91050 MR2064019

Mosco, U., Convergence of convex sets and of solutions of variational inequalities. Advances in
Mathematics 3 (1969), 510-585. Zb10192.49101 MR0298508

Murase, Y., Kano, R., & Kenmochi, N., Elliptic quasi-variational inequalities and applications. Discrete
Contin. Dyn. Syst. Dynamical systems, differential equations and applications. 7th AIMS Conference,
suppl. (2009), 583-591. Zb11187.35114 MR2648182

Nochetto, R., Otdrola, E., & Salgado, A., Convergence rates for the classical, thin and fractional elliptic
obstacle problems. Philos. Trans. A 373 (2015), 20140449, 14. Zb11353.65065 MR3393323

Nochetto, R. H., Otérola, E., & Salgado, A.J., A PDE approach to fractional diffusion in general domains:
A priori error analysis. Found. Comput. Math. 15 (2015), 733—791. Zb11347.65178 MR3348172
Otérola, E., & Salgado, A. J., Finite element approximation of the parabolic fractional obstacle problem.
SIAM J. Numer. Anal. 54 (2016), 2619-2639. Zb11349.65473 MR3542012

Pang, J.-S., & Fukushima, M., Erratum: Quasi-variational inequalities, generalized Nash equilibria, and
multi-leader-follower games. Comput. Manag. Sci. 6 (2009), 373-375. Zb11168.90618 MR2525009
Prigozhin, L., On the Bean critical-state model in superconductivity. European J. Appl. Math. T (1996),
237-247. Zb10873.49007 MR1401169

Rodrigues, J., Obstacle Problems in Mathematical Physics. North-Holland Mathematics Studies. Elsevier
Science, 1987. Zb10606.73017 MR0O880369

Rodrigues, J., & Santos, L., A parabolic quasi-variational inequality arising in a superconductivity model.
Ann. Scuola Norm. Sup. Pisa CL. Sci. (4) 29 1 (2000), 153—-169. Zb10953.35079 MR1765540

Rodrigues, J., & Santos, L. Quasivariational solutions for first order quasilinear equations with gradient
constraint. Arch. Ration. Mech. Anal. 205 (2012), 493-514. Zb11255.49020 MR2947539

Song, R., & Vondracek, Z. Potential theory of subordinate killed brownian motion in a domain. Probab.
Theory Related Field 4 (2003), 578-592. Zb11022.60078 MR1974415

Stinga, P. R., & Torrea, J. L., Extension problem and Harnack’s inequality for some fractional operators.
Comm. Part. Diff. Egs. 35 (2010), 2092-2122. Zb11209.26013 MR2754080


http://www.emis.de/MATH-item?1156.49002
http://www.ams.org/mathscinet-getitem?mr=2441683
http://www.emis.de/MATH-item?1322.91037
http://www.ams.org/mathscinet-getitem?mr=3307334
http://www.emis.de/MATH-item?1351.49010
http://www.ams.org/mathscinet-getitem?mr=2410744
http://www.emis.de/MATH-item?1264.35132
http://www.ams.org/mathscinet-getitem?mr=2997552
http://www.emis.de/MATH-item?0988.49003
http://www.ams.org/mathscinet-getitem?mr=1786735
http://www.emis.de/MATH-item?1131.49001
http://www.ams.org/mathscinet-getitem?mr=2363978
http://www.emis.de/MATH-item?0557.46025
http://www.ams.org/mathscinet-getitem?mr=0775568
http://www.emis.de/MATH-item?0956.35059
http://www.ams.org/mathscinet-getitem?mr=1765905
http://www.emis.de/MATH-item?0327.49003
http://www.ams.org/mathscinet-getitem?mr=0380554
http://www.emis.de/MATH-item?1107.91050
http://www.ams.org/mathscinet-getitem?mr=2064019
http://www.emis.de/MATH-item?0192.49101
http://www.ams.org/mathscinet-getitem?mr=0298508
http://www.emis.de/MATH-item?1187.35114
http://www.ams.org/mathscinet-getitem?mr=2648182
http://www.emis.de/MATH-item?1353.65065
http://www.ams.org/mathscinet-getitem?mr=3393323
http://www.emis.de/MATH-item?1347.65178
http://www.ams.org/mathscinet-getitem?mr=3348172
http://www.emis.de/MATH-item?1349.65473
http://www.ams.org/mathscinet-getitem?mr=3542012
http://www.emis.de/MATH-item?1168.90618
http://www.ams.org/mathscinet-getitem?mr=2525009
http://www.emis.de/MATH-item?0873.49007
http://www.ams.org/mathscinet-getitem?mr=1401169
http://www.emis.de/MATH-item?0606.73017
http://www.ams.org/mathscinet-getitem?mr=0880369
http://www.emis.de/MATH-item?0953.35079
http://www.ams.org/mathscinet-getitem?mr=1765540
http://www.emis.de/MATH-item?1255.49020
http://www.ams.org/mathscinet-getitem?mr=2947539
http://www.emis.de/MATH-item?1022.60078
http://www.ams.org/mathscinet-getitem?mr=1974415
http://www.emis.de/MATH-item?1209.26013
http://www.ams.org/mathscinet-getitem?mr=2754080

24

55.

56.

H. ANTIL AND C. N. RAUTENBERG

Tartar, L., An Introduction to Sobolev Spaces and Interpolation Spaces, vol. 3 of Lecture Notes of the
Unione Matematica Italiana. Springer, Berlin, 2007. Zb11126.46001 MR2328004

Turesson, B. O., Nonlinear Potential Theory and Weighted sObolev Spaces. Springer, 2000. Zb10949.
31006 MR1774162


http://www.emis.de/MATH-item?1126.46001
http://www.ams.org/mathscinet-getitem?mr=2328004
http://www.emis.de/MATH-item?0949.31006
http://www.emis.de/MATH-item?0949.31006
http://www.ams.org/mathscinet-getitem?mr=1774162

	Introduction
	Notation and preliminaries
	Spectral fractional operator
	-Harmonic Extension
	Boundedness of the solution to the linear problem

	Solutions to (P) and (P)
	The truncated QVI problem
	An algorithm
	Numerical realization
	Discretization
	Example 1
	Example 2
	Example 3
	Example 4: f= 1


