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We present the analysis of advection-diffusion equations with random coefficients on moving
hypersurfaces. We define a weak and a strong material derivative, which account for the spatial
movement. Then we define the solution space for these kind of equations, which is the Bochner-type
space of random functions defined on a moving domain. We consider both cases, uniform and log-
normal distributions of the diffusion coefficient. Under suitable regularity assumptions we prove the
existence and uniqueness of weak solutions of the equation under analysis, and also we give some
regularity results about the solution.
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1. Introduction

There is a growing interest in partial differential equations (PDEs) with random coefficients that
model problem parameters which include some uncertainty. The uncertainty can come from intrinsic
variability of the physical system or when the input data of the real system are not completely
known [26]. This work addresses specifically parabolic PDEs with random coefficients which have
so far been studied in several papers (see, e.g., [3, 7, 22, 25]). Furthermore, these PDEs occur in
many applications, such as hydrogeology, material science, fluid dynamics, biological fluids etc.

All these works have considered equations on some bounded flat fixed domain in R?. On the
other hand, it is known and well studied that in a variety of applications these models can be better
formulated on both stationary and evolving curved domains, cf., e.g., [36]. Over the last years,
surface PDEs have garnered increasing interest due to a variety of applications, such as image
processing [21], computer graphics [4], biological modelling [27] and engineering [30]. Particularly
for this paper, the motivating example is modelling the transport of a surface active agent (surfactant)
on the interface between two fluids [23, 37].

The numerical analysis of surface PDEs started with the paper [12] and later it developed in
[11, 14, 24] etc. Dziuk and Elliott have introduced the evolving surface finite element method for
PDEs on moving hypersurfaces [13, 15]. Recently this topic has been generalized in [1] and [2] to
a more abstract level, i.e., to parabolic PDEs on any evolving Hilbert space.

Uncertainty naturally appears in all these applications (for example through randomness of the
input data). However, there is no mathematical theory that merges these two frameworks, uncertainty
quantification and surface PDEs. This serves to motivate the topic of this paper to consider PDEs
with random coefficients on moving surfaces. More precisely, we wish to analyse the following
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advection-diffusion equation

0°u —Vr - (@Vru) +uVp-w=f .

u(0) = ug (4.1
where Vr is a tangential surface gradient, d° is the material derivative and w is a velocity field
of the evolution. Note that we assume the surface evolution to be prescribed. In contrast to the
deterministic case, the diffusion coefficient «, the source function f and the initial value uy are
random. Hence the solution u will also be a random function. The equation (1.1) models the
transport of a scalar quantity, e.g., a surfactant, along a moving two-dimensional interface [37].
The surfactant is transported by advection via the tangential fluid velocity and by diffusion within
the surface.

Let (£2,3,P) be a complete probability space. In analogy to the elliptic case [28], for the
parabolic PDE with random coefficients there exist two weak formulations: path-wise (for fixed
sample @) and “mean” (includes also integration over §2). The more direct way (as in [3]) of
proving the integrability of the solution with respect to P is when we integrate the equation over the
spatial domain and in addition also take expectations, which allows us to apply the Banach—Necas—
Babuska [BNB] theorem directly to the whole solution space. We will call this approach the “mean-
weak” formulation. This result guarantees the measurability and the existence of the first and second
moments of the solution and bounds of their norms, which motivates us to adopt this approach in the
uniform case when the bilinear forms are uniformly bounded. The main task is to define properly
the framework for the equation which will take into account the L?(£2) space and to keep track of
the constants in estimates that we perform, i.e., to show that the constants are independent of w.
In particular, we will choose an appropriate Gelfand triple, precisely define the material derivative
and a solution space. Another difficulty is that our domain changes over time. To deal with this, we
will connect the space at arbitrary time ¢ with the fixed initial space and incorporate this pull-back
into the definition of the solution space. This construction is adapted from [1] where the abstract
setting of the PDE on an evolving Hilbert space has been considered. This setting will enable us
to apply [BNB] which gives us the well-posedness of the PDE with uniformly distributed random
coefficients on an evolving space. First main result is stated in Theorem 4.3. Furthermore, we prove
that for more regular input data, our solution also has more regularity in its material derivative.

In many practical applications in the geosciences but also in biology [9], flow and transfer
in porous media are processes that are usually analysed and log-normally distributed random
coefficients play an important role. As explained for example in [19], if the diffusion coefficient
varies drastically within a layer, it is appropriate to expand its logarithm in an affine series of
independent identically distributed normal random variables. The log-normal random parameter has
been already analysed for the elliptic equations in many papers, for example in [7, 8, 19, 34] and
in parabolic case in [25, 31]. However, in this case the bilinear forms are not uniformly distributed
any more, thus we cannot consider the “mean-weak” formulation. Instead, we will consider the
path-wise formulation (as in [22] and [25]). In this approach for each realisation we consider the
deterministic problem. Therefore, we get the family of deterministic weak formulations over the
spatial domain that can be solved P-almost surely by applying the [BNB] theorem in the parabolic
case. This implies the existence and uniqueness of the solution u(w) for P-a.e. . Since we are
considering the PDE with random coefficients, we are interested in statistics of the solution, i.e., we
want to prove that the solution is in L2(£2). In order to achieve that with the path-wise approach,
one needs to prove the measurability of the solution with respect to IP and a uniform bound for the
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L?(£2)-norm (or higher order norm). Usually the latter is reduced to controlling the constants from
the existence theory for the solution of the deterministic PDE (for example to bound the inf-sup
constant). The final result on regularity and stability of the family of path-wise solutions is stated in
Theorem 5.6.

The paper is organized as follows. We start the next section by setting up the notation,
description of the hypersurfaces and assumptions on the evolution of the hypersurfaces.
Furthermore, since our spaces will have tensor structure, we briefly summarize, without proofs,
the relevant material on tensor products. At the end of the section we present notation and results
about the log-normal distribution. In the third section we proceed with setting up the function spaces
and defining the material derivative. Moreover, we show that the general framework from [1] is
applicable. Section 4 concerns the uniformly bounded diffusion coefficient and contains the proofs
of the main results about the existence, uniqueness and regularity of solutions. In the fifth section
we discuss the case of log-normally distributed random coefficients and we prove the integrability
of the solution. In the final section we discuss possible extensions to this paper for further research.

2. Preliminaries

Let (£2,3,P) be a complete probability space with sample space §2, a o-algebra of events ¥ and
a probability P : ¥ — [0, 1]. In addition, we assume that L2(£2) is a separable space. For this
assumption it suffices to assume that (§2, 3, IP) is separable [5, Theorem 4.13].

We will only consider a fixed finite time interval [0, T'], where T € (0, co). Furthermore, we
will denote by D ([0, T']; V) the space of infinitely differentiable functions with values in a Hilbert
space V' and compact support in (0, T').

2.1 Hypersurfaces

Let us first recall some basic theory about hypersurfaces and Sobolev spaces on hypersurfaces. For
more details we refer to [10] or [16]. We will assume that I” is a @2 compact, connected, orientable,
without a boundary, n—dimensional hypersurface, embedded in R**! for n = 1,2, or 3. For a
function f : I' — R which is differentiable in an open neighborhood of I" we define the tangential
gradient by

Vr f(x) := Vf(x)—Vf(x)-v(x)v(x) x el

where v(x) is the unit normal on 7, I" and V f (x) is the usual gradient in R"*! of an arbitrary
smooth extension of f to its neighborhood. Note that V f(x) is the orthogonal projection of
V f(x) onto Ty I" (thus it is a tangential vector) and it depends only on the values of f on I" [16,
Lemma 2.4], which makes the previous definition of the tangential gradient independent of the

extension f. The tangential gradient is a vector-valued quantity and for its components we will use
the notation

Vrf(x) = (D, f(x)..... D,y (X))
Now we can define the Laplace—Beltrami operator by
n+1

Arf(x)=Vr-Vrf(x)=) D;D;f(x) xel.

i=1
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Let us state the integration by parts formula for function f € @'(I'; R"*!) and dI" = ¢

/Vp'f:/f~HU 2.1
r r
where H is the mean curvature with respect to v. Furthermore, we state Green’s formula
[ vrr-vre== rare @2)
r r

From (2.1) and (2.2) we derive the following

/ fVrg=— / (Vrf — fHv)g. 23)
r r

We will consider a weak formulation of PDEs on I', which leads to the concept of Sobolev spaces
on surfaces. We define L2(I") as usual, i.e. as a set of all measurable functions f : I' — R such

that
1/2
I/ l2ry == (/F |f(x)|2) < o0.

We say that a function f € L?(I") has a weak derivativeg; = D, f € L2(I"), (i = {1,...,n+1})
if for every function ¢ € CL(I") and every i it holds

[ rDis == [ oui+ [ romm.

The Sobolev space on I is defined by
H' (D) ={fel*I")|D;felL*I),i=1,....n+1}

with the norm

1 ey = 1 Bagry + 190 f 12y

Let us define the family of evolving surfaces {I"(¢)} fort € [0, T'| that we will consider. Foreacht €
[0, T'] we assume that I"(7) satisfies the same properties as I” and we set I := ["(0). Furthermore,
we assume the existence of a flow @ : [0,7] x R**! — R"*! such that for all ¢ € [0, 7] its
restriction @0 := &(t,-) : [y — I'(t),® € C1([0, T], C?(I)) is a diffeomorphism that satisfies
d
4000 = w(t.900)
@p() = 1d().

where w : [0, T] x R*T1 — R”*1 is a velocity field. We assume that w(-, ) € C2(I'(¢)) and that it
has uniformly bounded divergence

Vi@ -w(@)| < Cy  forallt € [0,T]. 2.4)

REMARK Besides the normal velocity w, = w - vv, which is enough to define the evolution of the
surface, we assume that the surface also has an advective tangential velocity w,, that describes the
motion of points along the surface. Hence we assume that we are given a global velocity field w
that can be decomposed as w = w,, 4 w;. In addition, we assume that the physical velocity agrees
with the velocity of the parametrisation. For remark about the different notions of velocities for an
evolving hypersurface see for example [2, Remark 2.6].
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2.2 Tensor products

Since the function spaces which will be used later have tensor product structure, let us recall some
basic results about it (see [20] or [33] for more details). Let H; and H, be Hilbert spaces and
v; € H;,i =1,2. We define v; ® v, as a conjugate bilinear form on H; x H by

(v1 ® v2)(wy, w2) 1= (vi, w1)a, (V2, W2)H,-

Let S be the set of finite linear combinations of such conjugate bilinear forms. We can define an
inner product on S by

(V1 ® v2, w1 ® W2) 1= (v1, w1)a, (V2, W2)H, (2.5)

and extend it by linearity to S. The tensor product H; ® H; is the completion of S under the inner
product (2.5).

Theorem 2.1 The tensor space Hy ® H, is a Hilbert space. If {e;}jen and { fi }xen are basis of
Hilbert spaces Hy and Hy, then {e; @ fi}; ken constitute a basis of Hy @ H».

Proof. The proof can be found for example in [33]. O

Theorem 2.2 Let (X, ) and (Y,v) be measure spaces such that L*>(X, ) and L*(Y,v) are
separable. Then, the following holds:

(a) There is a unique isometric isomorphism
L*(X, ) ® L>(Y,v) = L*(X x Y, x v)

sothat f @ g — fg.

(b) If H is a separable Hilbert space then there is a unique isometric isomorphism
L*(X, ) ® H = L*(X, u; H)

sothat f(x) @ p = f(x)e.
Proof. The proof can be found for example in [33]. o

2.3 Log-normal expansion

In this subsection we will recall some definitions about the log-normal distribution that we will use
in Section 5. For more details we refer to [19, 31, 34].

DEFINITION 2.3 Let S C R” and a : £2 x S — R be a random field (RF), i.e., a is a measurable
function from (2 x S, ¥ ® B(S)) to (R, B(R)). Then

e a is called Gaussian if for every k € N, x1,...,x; € S the multivariate random variable
(a(xy),...,a(xy)) is multivariate Gaussian distributed, i.e., Zle cja(x;) is normally distributed
random variable for every ¢; € R,i = 1,... k.

o o: 2 xS — Ryislog-normal, RF if loga is a Gaussian RF on S.

In our setting, the diffusion coefficient is defined on the space-time domain 7 := J, I'(t) x{t}.
Hence, let o : £2 x 97 — R4 be a log-normal diffusion coefficient. We will consider a series
expansion of its logarithm.
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ASSUMPTION 2.4 There exists a sequence (Y )ren of i.i.d. standard Gaussian random variables on
£2 and functions oy € L*°(97) for k € Nwith b := (|| ||Loo ;) ken € I'(N) ie. >k bk < o0,

where by := || || o0 (g, ), such that the diffusion coefficient has the form
a(w;x,t) = exp(Zak(x,t)Yk(a))). (2.6)
k=1

REMARK 2.5 Without loss of generality we assumed that logarithm of « is a centred Gaussian
random field.

REMARK 2.6 Necessary conditions to satisfy Assumption 2.4 are discussed, e.g., in [29] and
the references given therein. It is shown that standard measurability conditions (more precisely:
measurability, finite-variance and isotropy) imply mean-square continuity of a random field. This in
turn is necessary for representation (2.6) to hold.

Motivated by the analysis in [19] and [34], for the log-normal case, we will reformulate the
problem with the parameter domain RY instead of £2 (for details how this can be done see [19, 34]).
Thus, our probability space is (RY, B(RY), y) with

y =) Ni 2.7)

k=1

where N is the standard Gaussian measure on R. We underline this change by switching from the
notation w to y and from Y (w) to yg. Therefore, the diffusion coefficient now has the form

a(yix.t) = exp (Y aw(x.0)y) 2.:8)

k=1

for y = (yi)ken € RY and we assume that yy are i.i.d. standard Gaussian random variables on R.
In order to have the convergence of the series (2.8) we consider

Op = {yeRNl Zbk|yk|<oo}. (2.9)

k=1

With Assumption 2.4, from [19, Lemma 2.2] the series in (2.8) converges in L°°(S7) in the

parameter space @p.

Lemma 2.7 Forany b € I (N) it holds ©, € B(RY) and y(©p) = 1.

Proof. We refer to [19, Lemma 2.3]. O
Instead of the whole space RY, due to Lemma 2.7, we will consider ® = Oy as the parameter

space with the measure that is restriction of y on ®. From Assumption 2.4 it follows that the
diffusion coefficient is bounded from above and has positive lower bound for every y € ©:

Lemma 2.8 For all y € O, the diffusion coefficient a(y) is well-defined and satisfies

0 < amin(y) 1= essinf a(y;x,t) < esssup a(y; x,1) =: dmax(y) < 00 (2.10)
(x,t)eSr (x,)eST
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with

cmax(v) < exp () belyel)

k=1

min(7) = exp (= D bilyel).

k=1

Proof. The proof can be found in [34, Lemma 2.29], as a direct consequence of Assumption 2.4. [

2.4 Product measures on the probability space

Results of this section can be found in [19] or [31], we state those that we will use in the log-normal
case, for the convenience of the reader.
For any 0 = (0%)ken € exp(I'(N)), i.e., ox = exp(sx) with (sg)ken € ['(N), we define the
product measure on (RY, B(RY)) by
Vo = ® N >

k=1
where N 2 is a centered Gaussian measure on R with standard deviation 0. Note that y = y; is
the standard Gaussian measure on RY.

Theorem 2.9 Forall o € exp(I1(N)), the measure v, is equivalent to y and the density of Yo with
respect to y is given by

le(y) = (I!:[l )eXp ( -~ —;(0 l)yi)-

Proof. We refer to [19, Proposition 2.11]. o

From the previous theorem we get that y,(®) = 1 for every o € exp(/!(N)), thus restriction of
Yo on O is a probability measure. Let o be the sequence that depends exponentially on b = (bg)en,
for by := |lotg || Loo (g, defined in Assumption 2.4. We will consider the class

o = exp(xbr) xeR, keN
and we will use the following notation yy := Y(y) and y 1= {g(y)-

Lemma 2.10 Let n < y and m = 0. Then, for every y € O it holds

2 2x11b] 700
Z"(y) exp( Zbk|y1<|)\ex ((m e’;l(’iflz)llz )+X—f1)||b||11)-

Proof. The proof can be found in [34, Lemma 2.32]. o

We will need the special case from the previous Lemma, when 1 = 0, which gives us the bound
for the 1/, (y) exp (m Y-y~ bic| yil)-

3. Function spaces

In this section we will define the function spaces that we will mainly consider in the case when
diffusion coefficient has uniform distribution.
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3.1 Gelfand triple

In this section, we will define the basic Gelfand triple that will be used in the uniform case to define
the solution space for (1.1). We begin by recalling the notion of Gelfand triple. Let V and H be
separable Hilbert spaces. A Gelfand triple is a construction

V—sHx~H">V"
i i’

where both embeddings i and i’ are continuous and dense, and H is identified with its dual space
H* via the Ritz representation theorem (see [39, Def 17.1] for more general definition). The duality
pairing between V' and V* is compatible with the inner product on H in the sense that

(u,v)V*,V = (u,v)y wheneveru € H,v € V.

In order to define the Gelfand triple for each ¢ € [0, T], let us define
V() = L2(2,H' (F®)) and  H() = L2(2,L2(1(0)).

Then the dual space of V(¢) is the space V*(¢) = L?(£2, H~'(I"(t))) where H~!(I"(t)) is the dual
space of H1(I'(t)).

Since all spaces L2($2),L2(I'(¢)) and H'(I'(t)) are separable Hilbert spaces, using
Theorem 2.2 we have

L2<.Q, Hl(r(z))) ~ LX(2)® H' (1)) 3.1)
L2(2,12(r()) = L3(2) ® LX(1(0)). (3.2)
REMARK For convenience we will often (but not always) write u(w, x) instead of u(w)(x), which
is justified by the aforementioned isomorphisms.
Lemma 3.1 V(t) < H(t) < V*(¢) is a Gelfand triple for every t € [0, T].

Proof. Since H'(I'(t)) is dense in L?(I"()), the proof follows from (3.1), (3.2) and [20, Lemma
4.34], using the density argument. O

3.2 Compatibility of spaces

In order to treat the evolving spaces, we need to define special Bochner-type function spaces such
that for every t € [0, T] we have u(t) € V(). In general, if we have an evolving family of Hilbert
spaces X = (X(?)):e[o,7], the idea is to connect the space X (¢) at any time ¢ € [0, T'] with some
fixed space, for example with the initial space X(0). We do that using the family of maps ¢, :
X(0) - X(¢), which we call the pushforward map. We denote the inverse of ¢; by ¢p—; : X(t) —
X (0) and call it the pullback map. The following definition is adapted from [1].

REMARK This approach is similar to Arbitrary Lagrangian Eulerian [ALE] framework.
DEFINITION 3.2 The pair {X, (¢):e[0,7]} is compatible if the following conditions hold:

e foreveryt € [0, T], ¢; is linear homeomorphism such that ¢ is the identity map
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e there exists a constant Cy which is independent of ¢ such that

lp:ullxe) < Cxllullxwy foreveryu e X(0)

|p—s 1l x 0

NN

Cx|lullxe foreveryu € X(¢)

e the map ¢ — |¢:ul|x() is continuous for every u € X(0).

We will denote the dual operator of ¢; by ¢ : X*(r) — X*(0). As a consequence of the
previous conditions, we obtain that ¢/ and its inverse are also linear homeomorphisms which satisfy
the following conditions

o7 fllx+©) < Cx|l fllx=q forevery f e X*(z)
lo*, fllx*@) < Cx | fllx*© forevery /e X*(0).

For the Gelfand triple L2($2, H'(I"(t))) C L*(£2, L*>(I'(t))) C L?($2, H™'(I'(t))) we define the
pullback operator ¢, : L2($2, L>(I"(t))) — L*(£2, L*(Ip)) in the following way

(Pp—ru)(w)(x) := u(w)(@,o(x)) forevery x € I'(0), w € £2.

REMARK Since we are interested only in the dual operator of ¢; \V’ we will denote it by ¢ :
V(i) = Vy.

The next step is to prove that (H, ¢y) and (V, ¢, | Vo) are compatible pairs. The proof is similar
to the proof of [38, Lemma 3.2].
Let J?(-) := det D, ®}(-) denote the Jacobian determinant (where (D, @?)ij := D, (®}),),
i.e. it presents the change area of the element when transformed from I to I"(¢). The assumptions
for the flow @ imply J? € C!([0, T] x I) and that the field J is uniformly bounded
1
o <J2(x) <C; forevery x € Iy and forall ¢ € [0, T], (3.3)
J
where C; is positive constant.
The substitution formula for integrable functions ¢ : I'(t) — R reads

/ ¢ = <zoq>,°>J,°=/ $iLJ.
r@) Io Io

Using the Leibniz formula for differentiation of a parameter dependent surface integral [13, Lemma
2.1] it can be shown [38, Lemma 3.2] that
d

EJ? =¢—(Vre -w@)J2. (3.4)

Lemma 3.3 The pairs (H, (¢1):efo,171) and (V, (¢:|y, )ee[o,T]) are compatible.

Ive

Proof. The proof is similar to the proof of [38, Lemma 3.3]. However, we will state the proof in
order to show that constants that appear are independent of the sample w.

First we will prove the statement for the pair (H, (¢>t),€[0,7~]). Let u be from L2(2, L>(I'(1))).
Then we have

lbeull? - / / (@) ()P < Cy Jull? ,
@ o g fr J2(@9)~1(y)) L@, L2(re»
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where we have used the substitution formula and boundedness of J. It is clear that ¢_, is linear and
that its continuity follows immediately from the previous estimate. Since qth is C2-diffeomorphism,
it follows that ¢_; is bijective and its inverse (the pushforward) is defined by

¢ L(2.L3(1) = L2(2.L2(T 1)), (#0)(@.%) = v(@) © (@)™ ().

Similarly as for ¢_;, we can prove that ¢, is well defined, satisfies the norm boundedness relation
and is continuous. Thus, ¢; is linear homeomorphism.

Since the probability space does not depend on time, the continuity of the map ¢ +>
prull 12(@,L2(r@))) follows directly from [38, Lemma 3.3.] and the triangle inequality.

In order to prove compatibility of the family (V, (¢I‘VO)IE[O’T])’ letv € L2(2, H'(I'(1))) and

@ € L%(£2,C(Iy)). Using the substitution formula and integration by parts on I () we get
/ $-1v(w, X)Vre(w,x) = / / v(w,x)(D@,(x))TVp(@(p(w,x))]f[(x)
2JIy 2Jrw
= —/ / pro(@, x)s(w,x)J°, (x)
2JIr@)

= _/ / [d’—ts(wv X) — H0V0¢—zv(a),x)](p(a),x)
2Jr,
+ Hovop—rv(w, x)p(w, x), (3.5)

where s is the function that we get from the partial integration. Note that s depends only on the
mean curvature and derivative of @; which can be bounded independently of time and w. Thus,
Is(@)2(r@ym+v < Cllv(@) |l g1y where C does not depend on w and ¢. Furthermore, we
get

Isliz22.L2carann+ny < ClvliLz e, ey

Hence, using the estimate from the first part of the proof we get

¢—rv € L*(2,L*(I0)) and [l¢—rvllr2(2.22(re) < C'lIVlL2e2, 51 (reyy- (3.6)

On the other hand, from the partial integration on hypersurface we get
/ ¢_v(w,x)Vro(w,x) = — / / @@, x)(Vr(p—v) (@, x) + ¢—v(w,x)Hovo).
2JIy 2 JI

From the last relation and (5.10), since they hold for every ¢ € L?(£2, C1(Ip)), we get
Vr(¢p—v)(@, x) = ¢p—ts(w, x) — Hovo(¢p—:v)(w, X). (3.7)
For v € L2(£2, L?(I"(t))), we have already proved that
lo—rvllL2@.12(ro) < CrIVIL2(2,L2(r@))-
Therefore, the following estimate follows

[ Hovo(¢p—rv) (@, X) | L2(2,.2(rp)) < [HolCrllvIL2(2,12(r¢)))-
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Using the last inequality, (3.6) and (3.7), we get

lp—evllz22.m1 ) < Crviivlive.

where Cy depends on global bound on | H; |, |d%; || and ||0;; P, || with 1 <i,j <n+ 1,1 €0, T]
and these bounds are deterministic and independent of time.

Similarly to the previous case, the continuity of the map 7 > |¢:ull 2 1 () follows
from [38, Lemma 3.3] and the independence of the probability space of time, which completes the
proof. O

3.3 Bochner-type spaces

In this section, we want to define Bochner-type spaces of random functions that are defined on
evolving spaces. In order to strictly define these spaces we will ask that the pull-back of u belongs
to the fixed initial space V' (0). These spaces are a special case of general function spaces defined
in [1]:

DEFINITION 3.4 For a compatible pair (X, (¢;);) we define spaces:

L} = %u 1[0, T] - U X(t) x {t}, t > @(@t), 1) | p_yu(:) € LZ(O,T;XO)}
t€[0,T]

Lo = 0.1 > U X0 x itk 0 0.0 16,70 < 207X,

t€l0,T]
REMARK In the following we will identify u(¢) = (u(¢), t) with u(¢).

The spaces L)z( and L}2(* are separable Hilbert spaces ( [1], Corollary 2.11) with the inner product
defined as

T
(u,v)2 :/0 (u(t),v(t))X(t)a’t

T
(£ &)z, :/0 (f().8(1) (At

By Lemma 3.3, the spaces L?,, L%,, and L%, are well-defined. Furthermore, from [1, Lemma 2.15]
it follows that we can identify L%,* and (L%,)*. Using Lemma 3.1 and [1, Lemma 2.19] we conclude
the following result.

Lemma 3.5

2

2
L L2(Q,H-1(I'(1)))

L L2(2,L2(I'®)))

2
L2(2,HY(T®))
is a Gelfand triple.

3.4  Material derivative

This subsection is motivated by the abstract framework from the Chapter 2.4 in [1]. We want to
define a time derivative that will also take into account the spatial movement, i.e., the material
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derivative for random functions. First let us consider the spaces of pushed-forward continuously
differentiable functions

el = {u € L2 | p_ul) € ef'([o, T],LZ(Q,HI(FO)))} for j € {0,1,...}.

DEFINITION 3.6 Foru € GII, the strong material derivative u € G?, is defined by

d
i) = g (Gr0-00)
forevery t € [0, T].

By smoothness of I"(¢) and evolution ®?, for every w € §2 each function u(t,w) : I'(t) — R

can be extended to a neighbourhoodof | J I'(¢)x{t} C R"*2in which Vu(w) and u, (w) for the
t€(0,T]

extension are well defined for every w (for the construction of extension see [16]). Using the chain

rule, foru € G%, and y € Iy, we get

o) = 2 (u(t.0.90))
= (1,0, 2 (1)) + Vit 1 00y Wt P (7))
=¢_us(t,0,y) + ¢—Vut, o, y) - ¢ (w(t, y)).
Thus, we get the following explicit formula for the strong material derivative
u(t,w,x) =us(t,w,x) + Vu(t,w, x) - w(t, x), (3.8)
forevery x € I'(t) and w € 2.

REMARK Note that the right hand side of (3.8) does not depend on extension, so it is irrelevant that
every extension (i.e., neighbourhood) will depend on w.

Just as in the deterministic case, it might happen that the equation does not have a solution if
we ask thatu € G‘l,. Hence, we want to define a weak material derivative that needs less regularity.
In addition to the case when we consider a fixed domain, we will have an extra term that will take
into account the movement of the domain. As usual in this setting (see for example [1]), the idea
is to pull-back the inner product on L2($2, L?(I'(¢))) onto the fixed space L2(£2, L?(I})), which
will be the bilinear form b. Furthermore, we define ¢ as a regular time derivative of this bilinear
form. Thus, the extra term ¢ in the weak material derivative will be the push-forward of ¢ onto
H(t) x H(t).

Let us define the bounded bilinear form l;(t, ) 1 L2(2, L?(Iy)) x L?(82, L*(Iy)) — R for
everyt € [0,T]

b(t,uo, vo) := (Pruto, P:1V0) L2(2,12(r (1))

:// uo (@, X)vo(w, x)J2(x).
2Jr©)

Moreover, we define the map 6 : [0, T] x L?(£2, L?>(Ip)) — R that is the classical time derivative
of the norm on L2(£2, L*(I"(t)))

d
0(t.u0) = —li¢etol oo rocray)  Yio € L7(2,L2(10)).
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Lemma 3.7 (a) The map 0 is well defined and for each t € [0, T the map

uo > 0(t,ug) ug € L*(2, L*(Ip)) (3.9)

is continuous.
(b) Foreveryt € [0, T] there exists deterministic constant C that is independent of time such that

|62, 10 + vo) — O(t.uo — vo)| < ClluollL2(2. 2oy Ivoll L2(2.12(r0))-

Proof. (a) Using the substitution formula, the formula (3.4) and the assumption (2.4) we get:
2
O(t,up) = /_q /F(O) (uo(a),x)) - (Vp(,) -w(t,x))JtO(x) < C||”0”i2(9,L2(F0))'

Hence, 0 is well-defined. In order to prove continuity of (3.9) note that u € L2(£2, L*(Ip))
implies u? € L1(§2, L'(I)). This implies that if u,, — u in L?(£2, L2(I)), then u2 — u? in
L1(2, L'(I,)). Now continuity follows from:

|01, un) — 0(1,u)| < /9/1" |ufl(a),x)—u2(a),x)| |¢7,(Vp(,)-w(t,x))Jt°(x)|

< Clluz —v?ll 1 @.L1(ryy — O

(b) Using the Cauchy—Schwarz inequality, (3.3) and (3.4) we get the estimate:

16(t,u0 + vo) — 0(t, 10 — vo)| = “4%5@; o, Vo) H

=4‘/9/Fuo(a),x)vo(a),x)%fto(x)

< C|(uo.vo) |2(2,L2(rp)

< Clluollz2 (2,22 (rop Ivoll L2 (2. 22(1p)) - O
Now we can define the bilinear form é(¢;-,-) : L?(2, L2(I)) x L?(2,L*(Ip)) — Ras a

partial time derivative of b

. d ~ 1
C(t;ug, vg) := Eb(t; Ug, Vo) Z(G(t, Uy + vo) — 0(t, ug — vo))
= / / uo (@, x)vo (@, X)p—¢ (Ve - w(t, x))J L (x).
2Jr,
From [1, Lemma 2.27] it follows that for every u, v € €1([0, T]; L?(£2, L?(I))) the map
t B(t;u(t), v(t))

is differentiable in the classical sense and the formula for differentiation of the scalar product on
L%(2,L*(I(t))) is

%B(r; u(t), v()) = b(1:u' (1), v()) + b(1;u(1), ' (1)) + &(t; u(@), v(1)).
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We will generalise this result in Section 3.5, to less regular functions # and v.

Now we can define the extra term that appears in the definition of the weak material
derivative. As we have already announced, we pull the functions back to 1"(0) and apply bilinear
form ¢ to them. More precisely, we define the bilinear form c(f;-,-) : L2(£2,L2(I'(1))) x
L?(2,L*(I"(t))) — R by

c(t;u,v) :=¢(t; p—ru, p_yv) = Lﬁ(t)u(w,z)v(w,z)(vp(,) -w(t, x)).

Lemma 3.8 For everyu,v € L2, the map
1+ c(t;u(r), v())
is measurable. Furthermore, ¢ is bounded independently of t by deterministic constant:
|e(t:u,v)| < CllullL2@.c2crap V2@, L2ray)-

Proof. From Lemma 3.7 it follows that we can apply a corollary of [1, Lemma 2.26], which proves
the Lemma. (]

Now we can define the weak material derivative.
DEFINITION 3.9 We say that 0°u € L%, is a weak material derivative of u € L% if and only if

T
/0 (8.M(t), ﬂ(t))y*(t)’y(t) = _/

T

T
[ 0010~ [ @)

Z/()T/Q/F(t)u(z,w,x)ﬁ(z,w,x)

T
—/ // ut,w,x)n(t,w, x)Vrey - w(t, x),
o JeJra

holds for all 7 € Dy (0, T) = {n € L2 | ¢_yn(-) € D((0, T); LA(2, H' (1))}

Note that it can be directly shown that if it exists, the weak material derivative is unique and
every strong material derivative is also a weak material derivative.

3.5 Solution space

We will ask for the solution of the equation (1.1) to be in the space L%, and also to have a weak
material derivative. Hence, we define the solution space as:

WV, V*):={uely|0%uecli.}

In order to prove that the solution space is Hilbert space and also that it has some additional
properties, we will connect it with the standard Sobolev—Bochner space for which these properties
are known. Thus, let us define the following space:

WV, V§) = {u c L2(0, T:L2(82. Hl(ro))) lu' e L2(o, T:L2(82. H—l(ro)))}.
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The space W(Vp, V") is Hilbert space with the inner product defined via:

T T
(u,v)w(VO’VJ) :=/0 /Q(u(t,a)),v(t,a)))l_ll(l_o)-|-/0 /9(u’(z,a)),v/(z,w))H,l(FO).

We will use that the embedding
D([0. T]; Vo) € W(Vo, V) (3.10)

is dense. More properties of this space can be found for example in [38, Lemma 2.2].

We want to show that the previous two types of spaces are connected in a natural way, i.e. that
the pull-back of the functions from the solution space belong to Sobolev—Bochner space and vice
versa. In addition, we also have the equivalence of the norms. First we will prove the technical result
which is similar to [38, Lemma 3.6.].

Lemma 3.10 Let w € W(Vo, V') and f € ([0, T] x Iy). Then fw € W(Vy, V{') and
(fw) =0, fw + fuw', (3.11)

where (fw', ) 122, H-1 (o), L2@2,H (To)) = (W fO)L2(@,H-1 (o). L2(2,H (Iy)) -

Proof. We will first prove the Lemma for ¢ € 9([0, T, L?(§2, H'(I))). From the proof of [38,
Lemma 3.6] it follows that f € C1([0, T] x Ip) implies

f ee(0,T],e' (Iy)) and f e C([0,T], C(I)). (3.12)

In order to prove that f¢ € L?([0,T]; L*(2, H'(Ip))) we can treat deterministic function f
as a random function that is constant in w. More precisely, if we define the function f (¢, w, x) :=
£(t.x), from (3.12) it follows f € @([0, T], L2(£2, €' (I'p)). This can be strictly shown by defining
the function g : C(Iy) — L2($2, C(Iv)), g(f)(w,x) := f(x). Note that g is linear, thus a C>°-
function and for every ¢ we have g(f(¢)) = f(¢).

It is then clear that we have

foe e([o, T). L2(£2. Hl(ro))) n el([o, T, L3(2. L2(F0)))

which implies f¢ € L2([0, T]; L2(£2, H'(I';))) and hence, f¢ € L2([0, T]; L2(2, H'(I'y))).
It is left to prove that formula (3.11) is valid. We will prove this using the characterisation of the
weak derivative [, Theorem 2.2] and partial integration [ 1, Lemma 2.1(3)]:

T T
’ _ ’
/0 (fw'. @22, 5-1(r).L2@.H (T (1) = _/0 <w’(f‘/’) )LZ(Q,H'(r(t))),Lz(rz,H*'(F(z)))

T
= —/0 (0: fw, @) L2(2, H-1(I (1)), L2(2, H (I (1))

T
i
- /0 (fw.o >L2<9,H*'<r<z>>>,L2(:2,H'<F(t)))‘

It follows
T

T
’ _ /
/0 (fw"/’)LZ(:z,m(Fo))—/o (3’fw+fw"/’)LZ(Q,Hﬂ(F(t))),LZm,Hl(r<z>>>’
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ie., (fw) = d; fw+ fw'. Using the density result (3.10) we can approximate every function fw
by continuous L2(§2, H'(Iy))—valued functions and conclude that fw € L?(£2, H'(Iy)). The
similar argument implies that ( fw)’ € L2(£2, H™'(I)). (]

Corollary 3.11 If T, : L*(2,L*(Iv)) — L*(2,L*(Iy)) is defined as Tiup(w,x) :=
uo(w, x)J2(x), then it holds:

ueWW.Vy) ifandonlyif Tou(-) € W(Vo, Vy). (3.13)
Proof. Apply Lemma 3.10 to the functions f = J((?) and f = ﬁ, which are both from the space
Cl([0,T] x Ip). O
Theorem 3.12 The following equivalence holds

ve WV, V*) ifandonlyif ¢_yv(-) € WV, Vy), (3.14)

and the norms are equivalent

Cillo-ovOlwmy vy < llwwy+ < Colid-ovOllwwe,vg)- (3.15)

REMARK Following the notation from [1], we say that there exists an evolving space equivalence
between the spaces W(V, V*) and W(Vy, V') if and only if they satisfy (3.14) and (3.15).

Proof. Letu € W(Vo, V). For every ¢t € [0, T] we define a map S@): Vg — Vy by
S (1) == Jou'(1).

Note that since J, ,0 is bounded independently of ¢ and has an inverse, this implies that S (z) has an

inverse, and both § (t) and 5:‘ ~1(¢) are bounded independently of . Furthermore, from the uniform
bound on J? we have that S(-)u’(-) € L?(0, T; V). In the end, using the product rule (3.11), we
get

(Tru(@)" = (JPu@)" = ¢=(Vra - W) JPu@) + I (1) = SO (1) + C (Ou (@),

where T; is defined in the previous corollary and C (1) : L2(22, L2(Iy)) — L2(2, L%(Ip)) is
defined as é(t,w,x) = (Ve - w(1)J2(x), ie., (é(t)uo, vo) := ¢(t;up, vg). Thus, using in
addition Corollary 3.11, we can apply [, Theorem 2.32.], which yields that there exists the evolving
space equivalence between W(V, V*) and W(Vo, Vy). O

Corollary 3.13 The solution space W(V,V*) is a Hilbert space with the inner product defined via

T T
(u’v)W(V’V*)Z/O [(Z(u(t),v(t))Hl(F(t))+/() /9(a'u(t),8’v(t))H,1(F(Z)).

More properties of the space W(V, V*) can be found in [1].
We have shown how to differentiate the inner product of functions from G}_I on H(t) =
L?($2, L?>(I'(t))). We can generalize this result to functions from the solution space.
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Theorem 3.14 (Transport theorem.) For allu,v € W(V,V*), the map

e (). v(0) 120 12(r@y)
is absolutely continuous on [0, T| and
d L] L]
E(u(t), v(t))H(t) = (0%u(r), v(t))V*(t)’V(t) + (0 U(Z)’u(t))V*(t),V(t) + c(t;u(@), v(t)), (3.16)
foralmostallt €0, T].
Proof. The proof is based on the density of the space Dy [0, T] in the space W(V, V*) and the

Transport formula for the functions from G}_I. For a detailed proof, we refer the reader to [I,
Theorem 2.38.]. O

4. Uniform random diffusion coefficient

In this section we will consider the case when the diffusion coefficient is uniformly bounded away
from zero and from above, which allows us to consider the “mean-weak” formulation and directly
apply the [BNB] theorem about the existence and uniqueness of the solution. The formulation of
the [BNB] theorem can be found for example in [17].

4.1  Formulation of the problem

We want to consider the following equation

0°u —Vr-(@Vru)+uVr-w= f in L%,*

u(0) = uy. @1

REMARK The initial condition is meaningful thanks to the embedding W(V, V*) C CY [1, Lemma
2.35].

Let us state assumptions for the initial data that we need in order to prove the existence and
uniqueness of the solution.

ASSUMPTION 4.1 The initial value uq belongs to L2(£2, L2(I)). For the source term we assume
f € L?. . Moreover,a : £2x5S7 — R is assumed to be a random ¥ ® B(S7)—measurable function,
where 9 is the space-time surface S := | J, I'(¢) x {t}. Furthermore, we assume that the diffusion
coefficient « is bounded and uniformly coercive in the sense that there are constants min, max Such
that

0 < min L a(w, x,1) < amx <00 V(x,t) € 97 “4.2)

holds for P— a.e. w € 2.

DEFINITION 4.2 We say that u is a “mean-weak” solution of (4.1) if it satisfies the initial condition
u(0) =ugpandu € W(V,V*)and a.e.in [0, T]:

(0"u@)-2) 2011 rop @ oy + /_Q /F(I) a(t)Vru(?) - Vrv

i /g /m) u@vVr W = {f0. V)20 m-1rop.2@m ey ¢
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forevery v € L2(R2, HY(I"(1))).

In order to simplify the notation we define the bilinear form a(z;-,-) : V() x V(t) — R by
a(t;u,v) ;= / / a(w,x,t)Vru(w,x) - Vruv(w, x). 4.4)
2Jr@)

Let us state some of the properties of the bilinear form a.
Lemma 4.3 The map
1 a(t;u(t), v(r)) 4.5)
is measurable for all u,v € L%,. Furthermore, there exist positive deterministic constants Cy, Ca
and Cs that are independent of t such that the following holds for almost every t € [0, T
a(t; v, U) =G ||U||22(Q,H1(p(,))) - C2||v||i2(Q’L2(F(t))) Vv e V(t) (4.6)

la(t;u,v)| < Callull 2,11 (rey IV L2 2,11 (r ey Yu,v e V(). 4.7

Proof. The measurability of (4.5) follows directly from the Fubini-Tonelli theorem. Moreover, the
assumption (4.2) directly implies that

a(t; v, U) = amin||VFU||22(Q’L2(F))s

thus we can take C; = C2 = opin. Using again (4.2) and the Cauchy—Schwarz inequality we get
that C3 = aax

‘/ / a(w,x,t)Vru - va‘ < oemax| (Vru, Vrv) 2, 12(r@y) \
R2JI()

< omax vl 22,51 (raoy IV | L2 (2,51 (r@)))- O

4.2  Existence and uniqueness

After developing all the necessary results, we can now formulate the theorem about the existence
and uniqueness of a “mean-weak” solution of the equation (4.3).

Theorem 4.4 Under the Assumption 4.1 for given [ € L%,* and uy € Hy, there exists a unique
“mean-weak” solution u € W(V, V'*) satisfying (4.3) such that

lullwa,ve < C(Iluollmy + ||f||sz*)

where V. = (V())¢efo,1) is the family of spaces V(t) = L*(2, H'(I'(¢))), V* is the family of
corresponding dual spaces and Hy = L*($2, L*(Iy)).

Proof. Lemma 3.3, Theorem 3.12 and Lemma 4.3 imply that we can apply [1, Theorem 3.6] about
the existence and uniqueness of the solution of the parabolic PDE on an abstract evolving space.
The main idea of the proof of [1, Theorem 3.6] is to use the Banach—Necas—Babuska theorem. This
proves the theorem. O
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4.3  Regularity

Let us now assume more regularity of the input data. More precisely, let f € L%{ and ug € V. We
will prove that in this case we also have more regularity for the solution, i.e., its material derivative.
Before we state this result, we will prove some technical results.

First we define the solution space for the case when the solution has more regularity.

DEFINITION 4.5 We define

W(V.H):={uelL} |0 e Ly}
Lemma 4.6 There is an evolving space equivalence between W(V, H) and W (Vy, Hy) = {v €
L%(0,T;L?(2, H'(Iy))) | v' € L?(0,T; L?(£2, L>(Ip)))}.

Proof. Since the Jacobian J is uniformly bounded, both in time and space (see 3.3), applying [1,
Theorem 2.33] to the restriction S(¢): Hy — Hj of the map defined in the proof of Theorem 3.12,
completes the proof. o

Corollary 4.7 W(V, H) is a Hilbert space.

Ifug € Vpand f € L2, the Definition 4.2 of the “mean-weak” solution transforms to: Find
u € W(V, H) such that u(0) = u¢ and a.e. in [0, T'] holds

0w+ [ [ o0 rue)-veos [ wonvrwo = [ @

forevery v € L2(2, HY(I"(1))).

Lemma 4.8 There exists a basis {X?}jeN of Vo = L?(2, H'(Iy)) and for every ug € Vy there
exists a sequence {Uok }ken such that ugg € span{y9,..., )(g}for every k, such that

Uk —> Ug in Vo,
luor |2y < lluolla,-
luokllvy < lluollvy-

Proof. Since H'(I) is compactly embedded in L2(I), there exists an orthonormal basis {wy, } in
L?(Ip) such that

(4, W) 12(rg) = A (s W) g1y Yu € H' (o) (4.9)

and in addition, {A,}l/zwm}meN is an orthonormal basis of H!(I) (see for instance [32, Theorem
6.2-1]). On the other hand, since L2(£2) is separable, it has an orthonormal basis {e,}nen. It
follows according to Theorem 2.1 that {w;;e,}m nen is an orthonormal basis of L%(2, L?(I))
and {/\_1/2wmen}m,neN is an orthonormal basis of L2(£2, H'(I)). Let ug € L?($2, H'(I,)) be
arbitrary. Then, (4.9) implies

(Mo, enWm) 1 2(2,12(1y)) = At (uo, en W) 12(Q,H (Iy))- (4.10)

Thus we have

Uy = Z(UO,enwm)L2(Q’L2(['0))enwm = Z(uo,enwm)Lz(_q’Hl(FO))A;,lenwm.

m,n m,n
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Now we can define

. _ -1
Uok ‘= E (U, enWm)12(2,12(1p)€nWm = E (u,e,,wm)Lz(_q’Hl(FO))/\m enWy,
n=1,...,Nk n=1,..., Nk
m=1,...,Mk m=1,..., Mk

where the last equality follows from (4.10). We choose M} and Ny such that they both converge to
00, as k — oo. Defined like this, ugj satisfies the conditions from the Lemma. O

If we write x4 := ¢, (x?), where {)}};en is a basis of V, then by [1, Lemma 5.1] it follows
that { )(; }jen is a countable basis of V(¢). Now we define the space

m
CL = {u lut) = Y e (0)xh.m € N,aj € AC([0, T]) and ) € L*(0, T)},
j=1

where AC ([0, T]) is the space of absolutely continuous functions from [0, 7.

For improved regularity of the solution, we will also need the following assumption on the
material derivative of the random coefficient «. More precisely, we assume that there exists a
deterministic constant C that does not depend on time such that

\o'e(a), X, t)| < C, P — almosteverywhere (4.11)

where « is a strong material derivative. For this assumption to be fulfilled, it suffices to assume that
a(w,-,-) € C1(97) holds P—almost everywhere, which implies the boundedness of |¢(w)| on S7
and in addition we assume that this bound is uniform in w.
Lemma 4.9 (a) The map

ta(t;y@), y()

is an absolutely continuous function on [0, T] forall y € C“}
(b)
a(t;v,v) = 0forallv € V(t).

©

d N
Ea(z;y(t),y(t)) =2a(t;y(t),0°y (1)) +r(t;y(t)) VYyeCy,

where the derivative is taken in the classical sense and r(t;-) : V(t) — R satisfies
r@:v)| < G|l Vv e V().

Proof. Part (b) follows immediately from the assumption (4.2). In order to prove parts (a) and (c),
let us first take 7 € CJ°. Since the probability space §2 does not depend on time, it does not have
any influence in taking time derivative, thus the analogue Transport formulae from the deterministic
case (that can be found in [15, Lemma 2.1]) still hold in our setting. By applying this formula to the
bilinear form a(z; -, -) we get

d
Zaltn@).n() = 2a(t;n(0), 8°n(@0) + r(t:0(0), (4.12)
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where the function r(¢; (¢)) is defined by
. — . 2 2
r(t:n@)) == /ﬂ/()“lvﬂﬂ +a|Vrn|*Vr -w—2Vrn(Dr(w)Vry
@

with the deformation tensor (D rw(t));; := D; w(1).

By the similar arguments as in [2, Ch. 5.1], which are based on the density result of space
Cy° in C“} we can conclude that the previous formula is also true for every function n € C“}
Furthermore, the boundedness of r(z;-) follows directly from the assumptions about the velocity
(2.4) and assumption (4.11). This proves (c). It remains to prove part (a). This claim follows directly
from the previous calculation, which implies that both the function a(¢;n(¢), n(¢)) and its time
derivative (i.e., the right hand side of (4.12)) belong to L(0, T), from which it follows that ¢
a(t;n(t),n(t)) has an absolutely continuous representative. O

Theorem 4.10 Let Assumption 4.1 hold and additionally assume (4.11). Then for given [ € L%{
and ug € Vy, there exists a unique “mean-weak” solution u € W(V, H) satisfying (4.8) and the
following a priori estimate holds

lullwe.my < Clluollve + 111 122,)-

Proof. From Lemma 4.3, Lemma 4.8 and Lemma 4.9, it follows that we can apply the general
theorem [ 1, Theorem 3.13] about the regularity of the solution of parabolic PDEs on evolving space,
which implies the theorem. O

5. Log-normal random diffusion coefficient

In this section we will consider the case when the diffusion coefficient has a log-normal distribution
introduced by Definition 2.3 and satisfies Assumption 2.4. We will use results and definitions from
Sections 2.3 and 2.4, especially our sample space & will be defined by (2.9) with measure y defined
by (2.7). Since in this case the random coefficient is not uniformly bounded in the parameter y € O,
integration of the path-wise formulation over @ with respect to y does not lead to a well-posed
“mean-weak” formulation. Thus we can not apply the [BNB] theorem as we did in the uniform case
in the section 4. Instead, we will consider for each realization y a path-wise formulation for which
we know from the deterministic case that it has a unique solution u(y). Since we are interested in
the statistics of the solution, especially expectation and variance, we want to prove p-integrability
of the solution with respect to y. This consists of two steps, first, proving the measurability of the
map y — u(y) and second, proving the bound for the norm.

5.1  Path-wise formulation of the problem

For the path-wise formulation we will consider the Gelfand triple H'(I"(z)) C L*(I'(t)) C
H~1(I'(t)). Let us define

V()= H'(C(t)) and K@) := L*(I(1)).

For simplicity we will assume that the source term f € Lgo* and the initial data uy € L%C are
deterministic. Furthermore, let us remark that we can transform the problem (1.1) into a PDE with
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zero initial condition, the reader can find a more detailed argument in [1]. Thus, from now we will
assume that ug = 0.
The solution space for the path-wise formulation will be

Wo(V,V*) = {u € L3 |0°u € L., u(0) = 0}

which is a Hilbert space, as a closed linear subspace of W(U, V*).
Let us now state the path-wise weak formulation of (1.1):
For every y € O find u(y) € Wp(V, V*) such that almost everywhere in [0, T'] it holds

(8'u(y), v)‘l)*(t),‘l)(z) =+ /F( )Ol(y)Vpu(y) -Vrv+ /F )M(y)UVF W= (f, U)'U*(z),‘l)(t% 5.1
t

(¢

for every v € V(¢).
In order to get a coercive bilinear form, we write (1.1) as

u—Vr-(@Vru)+ A+ Vr-wu—-Au=f (5.2)
for any A € R. Introducing
i(y) = e Hu(y) and  f(y) = e f(y)
and using the product rule, we can rewrite (5.2) as
9t —Vr - (@Vri) + A+ Vr-wyi = f. (5.3)

Furthermore, the path-wise weak form of (5.3) is given by:
forevery y € O find u(y) € Wy(V, V*) such that almost everywhere in [0, 7] it holds

(0°0(). D)o yv + a0 138, 0) = ([ 0)geyney YO € VO, (5.4)

where the parametric bilinear form a(y,¢;-,-) : V(t) X V(¢) — R is defined by

a(y.t;€,m) ;:/

ra

)Ol(y)VrE “Vrn+ (A + Vr-w)én.

The advantage of writing the equation in this form is that now the induced bilinear form a(y, ¢; -, -)
is coercive and bounded, for sufficiently large A. Namely for A > Cy, and C), := A — Cy, we have

a(y.t:n.m) =m0 by, (5.5)
ja(y. 1.6 < MO Inlloe 1Elvey (5.6)

where m(y) := min(omin(y), Cy) and M(y) := max(tmax(¥), A + Cyw).
Furthermore, we will also use the following estimate

n . Cy Cy
a(y,t;n,n) = min (amin(y)7 7) ||77||%(z) + B3 ||’7||§c(t)- (5.7)
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We define the bilinear form d(y) : Wo(V, V*) x L% — R by

T
dvign = [ @6 + a0k,
0
Then the inf-sup constant is given by

; |d(y:n. &)l
neWo(0.0%) cep2 Inliwo o0 €]z

B(y) =

Lemma 5.1 Let Assumption 2.4 hold and additionally assume A = 3C,, and (2.4). Then for every
y € O, there exists a unique solution 1(y) € Wy(V,V*) fo the problem (5.4). Moreover, the
following estimate holds

1
B(y)

where the inf-sup constant is bounded from below by

1A Iwov.v < 217112, (5.8)

. C
min (%yy)z,amm(y), 7*)
V2max(m(y)=2.1)

Proof. Under Assumption 2.4, the existence and uniqueness of the solution, as well as the estimate
(5.8) follow from the deterministic result for A = 3C,,, which can be found in [2] and [13]. In order
to prove the bound (5.9) we will use the idea from [35]. The main difference in the proof is that
our domain is curved and changing in time, therefore we can not use the standard partial integration
formula, but instead we will use partial integration that follows from the Transport theorem and has
an additional term that reflects the spatial change in time.

Let y € © be arbitrary. We start with defining the linear operator A(y,t) : V() — V*(¢)
induced by

B(y) = (5.9)

(A O E) ey 00y = AW 1. 6).
Given an arbitrary 0 # w(y) € Wy(V, V*), we define

zw(y.1) = AT (p.0)8"w(y.1) € V()
and select the test function

v (¥,1) == zu (¥, 1) +w(y,t) € V().
Using (5.5) and (5.6) we obtain

. my) o
(0°w. Zw )y ), () = W”a w3 - (5.10)

The definition of z,, directly implies

&(y,t; w,Zy) = (Aw, A_la.w)v*(t),fv(,) = (w, a'w)p(,)’v*(,). (5.11)
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Analogous to Theorem 3.14, the Transport formula for the scalar product in ¥ (¢) holds with
c(t;u,v) = / uvVr - w.
@)

As a consequence, we obtain the following integration by parts formula (see [1, Corollary 2.41])

T
((T), v(T)) gy — ((0), v(0)) gy = /0 (0%u, v)v= @), 00 + (070, u) v, 00 + c(tiu,v).

(5.12)
Using (5.10) and (5.11) we arrive at
T
m(y) (] (] () ~
d(y;w,vy) = W”a w”%*(;) + (0°w, Wy« ), v@) T (W, "Wy ) V=) +ay, 1w, w)
T
Wl(y) . 2 2 C/X 2
M(y)? 9°wll% ) w||w||}c(t) + ) ||w||}c(t)

+ min (amm(y) )||w||v(t)

where for the last inequality we used (5.7), (5.12) and (2.4). Taking A = 3Cy, gives C), = 2Cy, and
we get

m(y)

d(y;wavw) = mln(M( )27 Umin

). )ll W3 v.0e)- (5.13)

It is left to estimate the norm ||vy, ||Lgo, which follows directly from (5.5)

[vw ||L2 <247t w|7, 2+ IIwIIigU)
< 2max (m(y)—Z’ 1) ||w||%Vo(‘U,"U*)‘
Since w is arbitrary, the last estimate together with (5.13) implies the bound (5.9). o

Using Lemma 5.1 we can prove the bound for the path-wise solution.

Theorem 5.2 Let Assumptions 2.4 hold and additionally assume (2.4). Then problem (5.1) has a
unique solution u(y) € Wo(V, V*) for every y € © and it satisfies

[ w0 < 1A 0zz,

ﬂ()

where C is independent of y and the inf-sup constant B(y) is bounded from below by (5.9).

Proof. Similarly as in the previous Lemma, the existence and uniqueness of the path-wise solution
follow from the deterministic results (see [2, 13]). In order to get the estimate of the solution norm,
we compare the norms ||u(y) | w,v,v*) and [|&(y)||w,v,v*). Since

w072, <26 (CA a7, + 1017 )
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where C is the embedding constant of L% into L%*, using Lemma 5.1 we obtain

[ o < T (1012 +202[a0012 + 200002, )

1 y 1 5
1£12

< e max(2,14+2CAH)——|IfI?, <C
B(»)? " "L B(y)?

where C2 = ¢*T max(2, 1 4+ 2C 1) is independent of y, which completes the proof. O

REMARK 5.3 Without loss of generality we can assume

Omax ())

amin(y) $ Cw § 4

for almost every y. Furthermore, without loss of generality we can assume that o, (v) < 1 and
Omax (¥) = 1 for almost every y. Previous assumptions are without loss of generality and just makes
the calculations less technical, since it simplifies the bound of the inf-sup constant.

Under Assumption 5.3, by taking A = 3Cy, the bound (5.9) becomes

L Omin (J’)z
«/E Omax (¥)?

Previous together with Lemma 2.8 imply

< ﬁamin(y)z < £(4Zbk|yk|) (5]4)

||“(Y)HWO('U,"0*) T a()? € k=1

B(y) =

for a.e. y.

for almost every y.

5.2 Integrability of the solution

In this section we will prove the p-integrability of the solution u with respect to y. The first step is
to show the measurability of the map y — u(y), ® — Wy(V, V*). The main idea of the proof is
adopted from [19, Lemma 3.4]. It consists of proving that the solution u is almost surely the limit
of measurable functions u, that are the “mean-weak” solutions of (1.1) in the uniform case.

REMARK 5.4 Let us note that since the sample space © is independent of time, it holds

L*(0,L3%) =~ L*(0) ® L) =~ Liz(@m).

From this we deduce
WV, V*) = L*(©) ® W(V, V*) = L*(@, W(V, V*)).

We will exploit this isomorphism in the proof of the p-integrability of the solution u with respect to
y, where we consider the problem in a path-wise sense.

Theorem 5.5 The solutionu : ©@ — W(V, V*), y = u(y) of (5.1) is ®(RY)-measurable.
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Proof. Since we have proved the well-posedness of the “mean-weak” formulation in the uniform
case, the proof of the measurability can be adopted from [19, Lemma 3.4]. Here we just sketch
its main idea. We start with defining a subspace ©®, of @, for every n € N, where the diffusion
coefficient is uniformly bounded

1
O, = {y € O|omax(¥) < 1, amin(y) > ;} C 6.

Note that ®, is increasing and ® = U, ®,. Then we consider the “mean-weak” formulation on the
parameter space ©,. In the uniform case, from the Theorem 4.4 it follows that there exists a unique
solution u,, € L2(®,,y; Wo(V, V*)). In particular, u, is a measurable function on @,. The last
step is proving that u is a.s. limit of u,, thus it is measurable. This follows because u, also solves
the path-wise equation (5.1) fora.e. y € @. (]

Now we can state the result about the p-integrability of the solution.

Theorem 5.6 Let0 < p < oo, y > 0and f € L%*. If Assumption 2.4 holds and additionally we
assume (2.4), then the solution u of (5.1) belongsto L? (6, y; Wo(V, V*)) and satisfies

lellizr @,yswov.09) < Cprll fllz2,

with

o N2 4pexpQulblie) | xy,
Cpx = —A €Xp + =)ol

C X 4
Proof. With previous results in mind, the proof is similar to the proof stated in [31, Prop. 3.3.2].
However, since the bound for the inf-sup constant f is a bit different in our case, we give the main

ideas of the proof. From Theorem 5.2 and Theorem 5.5 we obtain

1
/@”u(y)H;/O(‘U,"O*)dV < /@ Wﬂfﬂi%*dy

1 1
= [ GOV oI, dyy < esssup (NI fI,
/@ B e T G ()BT
where &, and y, are defined in Section 2.4. In order to bound W we use Lemma 2.10 and
bound (5.14), which completes the proof. o

6. Outlook

Although we have stated and solved the problem of finding the unique solution of advection-
diffusion PDEs with random coefficients on a moving hypersurface, only the continuous case has
been discussed. The next step is to consider the numerical approximation of the solution of the
equation. More strictly, since the solution is a random variable, we are interested in a numerical
approximation of the expected value of the solution. One approach for discretization in space would
be to use the evolving surface finite element method from [13], for which we approximate the
hypersurface by an evolving interpolated polyhedral surface. In order to deal with uncertainty, one
could use the Monte Carlo method which approximates the expected value. The goal would be to
find the error estimate for this approximation. These results are the subject of ongoing research and
a paper is in preparation.
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