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Isothermal compressible two-phase flows with and without phase transition are modeled, employing
Darcy’s and/or Forchheimer’s law for the velocity field. It is shown that the resulting systems are
thermodynamically consistent in the sense that the available energy is a strict Lyapunov functional.
In both cases, the equilibria are identified and their thermodynamical stability is investigated by
means of a variational approach. It is shown that the problems are well-posed in an Lp-setting and
generate local semiflows in the proper state manifolds. It is further shown that a non-degenerate
equilibrium is dynamically stable in the natural state manifold if and only if it is thermodynamically
stable. Finally, it is shown that a solution which does not develop singularities exists globally and
converges to an equilibrium in the state manifold.

2010 Mathematics Subject Classification: Primary 35Q35, 76D27, 76E17, 35R37, 35K59.

Keywords: Two-phase flows, phase transition, Darcy’s law, Forchheimer’s law, available energy,
quasilinear parabolic evolution equations, maximal regularity, generalized principle of linearized
stability, convergence to equilibria.

1. Introduction

The Verigin problem concerns compressible two-phase potential flows driven by surface tension.
It is the compressible analogue to the Muskat problem in which the phases are incompressible. In
contrast to the Muskat problem, there is only scarce work on the Verigin problem. We only know
of the papers [1-3, 7-10], which address local existence in some special cases, mostly excluding
surface tension, which is physically questionable. None of these papers deals with thermodynamical
consistency, equilibria, stability questions, and large time behaviour of solutions. Also, there are no
results at all on the Verigin problem with phase transition.

It is the aim of this paper to close these gaps. We shall develop a fairly complete dynamical
theory for the Verigin problem with and without phase transition. This includes local well-
posedness, thermodynamical consistency, identification of the equilibria, discussion of their
stability, the local semiflows on the proper state manifolds, as well as convergence to equilibrium
of solutions which do not develop singularities in a sense to be specified. To a large extent we will
follow the strategy and employ the tools of the monograph Priiss and Simonett [5].
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FIG. 1. A typical geometry

In Section 2 we derive the model for the Verigin problem with and without phase transition,
following the arguments of [5, Chapter 1]. In Sections 3 and 5 we discuss the thermodynamical
properties of the model and analyze the stability of equilibria, obtaining novel results not contained
in [5]. In Section 4 we derive the linearization of the Verigin problem and analyze the main symbol
of the linearized problem. Here we can take advantage of the results in Sections 6.6 and 6.7
of [5] which deal with solvability of the linearized Stefan and Verigin problem, respectively. Well-
posedness of the (nonlinear) Verigin problem in Section 4 is new. Lastly, in Section 6 we discuss
the global behavior of solutions, following the strategy laid out in [5, Section 11.4].

To fix some notation, in this paper £2 C R” denotes a bounded domain with outer boundary
052 € C2, o the density, u the velocity, and 7 the pressure field. The domain £2 consists of two
parts, §2; is the so-called disperse phase and £25 is the continuous phase, I’ = 0§21 C £2 denotes
the interface. In particular, we assume no boundary contact. The outer normal of §2; will be denoted
by v, the corresponding normal velocity of I' by Vi, and the normal jump of a quantity v across
I by [v] := va — v1. A typical initial geometry is depicted in Figure 1.

The free energies in the phases will be given functions ¥ (¢) which may depend on the phase.
The relation between pressure and density in each phase is given by Maxwell’s law, which reads

m(@) = 0*¥'(0). 0>0. (1.1)

We assume that this function is strictly increasing, hence we may invert it to obtain the so-called
equation of state 0 = o(m).

The converse statement is also true. Given an equation of state ¢ = () with o strictly
increasing, inverting this relation we find 7 = ¢ (o) and ¥ (p) can then be found from ¥’/(¢) =
7(0)/0?, up to a constant. However, in this paper we consider the free energies to be given.

As an example, we consider an ideal gas, where the equation of state reads 7(9) = cp, with
some constant ¢ > 0. Then we obtain

V(o) = clog(o) +d,

where d = (1) denotes another constant. Another common equation of state reads 7 (0) = co”,
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with constants ¢ > 0, r > 0, r # 1. In this case we have

c _
V() = —0" +d.
r—1
2. Modeling

In the sequel we briefly explain the model; cf. the monograph Priiss and Simonett [5], Chapter 1,
for more details.

2.1 Balance of mass
We assume that there is no surface mass. Then balance of mass becomes
dro +div(ou) =0 in 2\ I'(z),
le@w-vr=Vr)] =0 on I'(?).

At the outer boundary 052 we assume u - v = 0.
These equations imply in particular conservation of total mass

@2.1)

d
EM(r) =0, M@ = /Qg(t,x) dx = M(0) =: M°.

We define the interfacial mass flux (phase flux for short) by means of
. . L .
jr:=o@-vr —Vr), whichmeans |—| jr ={[u-vr].
0

Note that jr is well-defined by (2.1). We consider two cases.

(i) No phase transition means jr = 0. Then
Vri=u-vr and [u-vr]=0, (2.2)

i.e., the interface is advected with the flow.
(ii) Phase transition means jpr # 0. Then

Vr=u-vr—jr/o,
which implies
[e]Vr = [ou-vr] and [1/o]jr = [u-vr]. (2.3)

Due to the additional variable jr, in this case one more equation on the interface will be
needed.

There are two more cases.

(a) The incompressible case: Muskat problems
Here the density ¢ > 0 is assumed to be constant in each phase.

(b) The compressible case: Verigin problems
Here the density ¢ = o(7r) > 0 depends on the pressure and satisfies ¢’ () > 0 for all relevant
meR.

In this paper we concentrate on the Verigin problems. The Muskat problems reduce to nonlocal
geometric evolution equations which are studied in the monograph Priiss and Simonett [5],
Chapter 12; see also Priiss and Simonett [6] and the references given there.



110 J. PRUSS AND G. SIMONETT

2.2 Modeling the velocity

The velocity u is modeled as a potential flow, following Darcy’s law. This means
u=—kVmr, 2.4)

where k = k(i) > 0 is called permeability. Note that the function k depends on the phase. A
variant of this is Forchheimer’s law which reads

g(luphu = —-IVn, (2.5)

where / = [(7) > 0, and g > 0 is such that the function s > sg(s) is strictly increasing. Solving
this equation for u leads to
u = —k(m, |Vr|*)Vr, (2.6)

with k(r,s) > 0 and k(7,s) + 2502k(w,s) > 0, forall m € Rand s = 0.
Conservation of mass then yields the quasilinear diffusion equation

0 (m)d; 7 — div(o(m)k(r, [Va|?)Vr) =0 in 2\ (1), 2.7

and the boundary condition u - v = 0 becomes the Neumann condition d,r = 0 on the outer
boundary 952.
On the interface, the driving force will be surface tension, which means

[x] = cHr, (2.8)

where Hp denotes the mean curvature of the interface, and o > 0 the (constant) coefficient of
surface tension.
Next we have to distinguish the cases (i) and (ii).

(i) Here there is no phase transition which means jr = 0, hence we obtain by (2.2)
0=[u-vr] =—[k(x, |Vr|*)d,n] on I,

and
Vr =u-vpr = —k(x,|Vr|?)d,m on I

In this case the mass is preserved, even in each component of the phases!
(i1) If phase transition is present, then we obtain by (2.3)

le()]Vr = [e(m)u - vr] = ~[e(m)k(x, [Vx|*)dyx] on I

Due to additional variable jr, we have to add another condition on the boundary, which will
be the (reduced) Gibbs—Thomson law

[v(o) +ov¥' (@] =0 on T.

In this case only the total mass is conserved. Note that here the free energy (o) shows up
explicitly, in contrast to the case without phase transition.

Summarizing, we have the following two problems:
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2.3 The Verigin problem without phase transition
The resulting problem becomes
o' (m)d; 7 — div(o(m)k(r, |Vr|*)Vr) =0 in 2\ @),
dyr =0 on 052,
[#] =cHr on I'(2),

2.9
k(. |Vr|*)d,m] =0 on I'(¢), 2)
Vr 4 k(n, |V|*)d,m =0 on I'(t),
ro)=ry n0)=mg in £2.
In the sequel, we assume
0€C*Ry), o(p).d(p)>0 forall peR,
and
ke C*RxRy), k(p.s), k(p,s)+2sd:k(p,s) >0 forall peR, s=0.
2.4 The Verigin problem with phase transition
This problem reads as follows.
o' ()3, — div(o(m)k(m, |Vr|*)Vr) =0 in 2\ I'Q),
dyr =0 on 052,
|| =ocH on I'(1),
[] r (1) 2.10)

[V () + o¥'(@)] =0 on I'(t),
[e@)]Vr + [o(m)k(r, [Vr|*)d,7] =0 on I'(z),
ro)=ry n0)=m in 2.

It should be observed that, besides the previous assumptions on k and p, this problem will only be
well-posed if [o] # 0, in contrast to the case without phase transition.

3. Thermodynamical properties of the models

In this section some physical properties of the models are discussed. We first introduce the available
energy E,.

3.1 The available energy and equilibria
The available energy E, is given by

E, =E.(=n, 1) = / oV dx + omes(I');
2
it is the sum of free and surface energy. A short computation yields

d
—E. (1) = —/ k(r,|Vr|?)|Vr|?dx <0,
dt Q
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hence E, is a Lyapunov functional for both Verigin problems. Note that in case (ii) there is no
energy dissipation on the interface, due to the Gibbs—Thomson relation.

To see that E, is even a strict Lyapunov functional, suppose %Ea (t) = 0 at some time 7. As
k > 0 this implies Vor = 0, hence 7 is constant in the components of the phases, and moreover with
o' > 0 this yields 9,7 = 0 as well as V;r = 0 in case (i), and also in case (ii) if [o] # 0. Thus we
are at an equilibrium, which proves that the available energy is even a strict Lyapunov functional.

Via the interface condition [n] = oH this further shows that Hp is constant on the
components of the interface. Therefore, the (non-degenerate) equilibria are constant pressures in the
components of the phases, and I” is a disjoint union of finitely many disjoint spheres I'; = Sg; (x;),
say j = 1,...,m, such that

(n—1)o
b =="%
J
The set of non-degenerate equilibria is denoted by £ in the sequel.

Now we have to distinguish the cases.

(i) Without phase transition
In this case there are no further restrictions, hence the manifold of equilibria has dimension
dim& = m(n + 1) 4 1. Prescribing the masses of the components of the phases, this yields
(m + 1) conditions, reducing the degrees of freedom to mn. We emphasize that in this case the
radii R; > 0 of the spheres are arbitrary and the continuous phase £2, need not be connected.
(i1) With phase transition
Here we have the additional interface condition [ (o) + ov¥'(0)] = 0. As the functions

@(0) :==v(0) + ov'(0) satisfy ¢'(0) =7'(0)/0 >0, (3.1)

this shows that o> uniquely determines ¢; and vice versa, hence the same is valid for ;.
Therefore, the densities and pressures are constant even throughout the phases, and so the
spheres all have the same radius. Consequently, §2, is connected, and the dimension of £ in
this case is dim & = mn + 1; conservation of mass reduces it by one.

3.2 The variational approach: first variation
Consider the functional E, (7, I'), i.e., the available energy, with constraints
(i) Without phase transition
M;j (0, ) = / odx = M;;(0) =: M.
ij

This encodes conservation of mass of the components £2;; of the phases £2;, fori =1, 2.
(i1) With phase transition

Mo, ") = /dix = M(0) =: M°,

which means conservation of total mass.
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The method of Lagrange multipliers at a critical point e, := (7«, ['x) with these constraints yields
El(ex) + ) tijMjj(ex) =0, resp. Ef(ex) + uM (ex) =0,
ij

for some constants ji;;, 4 € R. A short computation implies with 0« = o(7+) that ¢ (p+) is constant
in each component of the phases, hence g« is as well, as ¢ is strictly increasing, and then also 4
has this property, as g is strictly increasing, by assumption. Furthermore, we obtain in both cases
[7] = oHr,. In addition, in case (ii) we also get [¢(0«)] = 0.

Consequently, in both cases the critical points of the available energy functional with the proper
constraints are the equilibria of the system.

3.3 The variational approach: Second variation

Next we look at the second variation of the functional

C:=E, + Z,uijMij, resp. C:=E; + uM.
ij

Another computation yields with o), = ¢’(7«) the following identity.
/
(S) (C"(ex)(v,h)|(v,h)) :/ Q—*|v|2 dx + 0/ AxhhdX. 3.2)
2 Ox )
Here Ay = —H . means the curvature operator on the equilibrium hypersurface ¥ = I'.. For a
critical point e, of E, with the given constraints to be a minimum, it is necessary that this form is

nonnegative on the kernel of the derivative of the constraints at e.
In case (ii) we have

(v.h) e N(M'(ey)) & /QQ’*U dx = [[Q*]]/Ehdﬂ.

This further implies that the equilibrium interface I'x is connected, and that the stability condition

o (I’l - 1)0 /
(SCii) Cu = 55 [ o (m)o(m)dx <1
lo(m)* R Jo
holds true. Note that this number is dimensionless. In fact, if I'x =: X' is not connected and has,

say, m > 1 components X, set v = 0 and i = hy constant on Xy with ) ; ix = 0. Then
(v,h) € N(M'(e4)) and

on—1)|%|

(C"(ex)(v, h)|(v, b)) = e > h <0. forh#0,
* k

hence C”(e+) is not positive semi-definite on N(M’(ex)). On the other hand, if I' is connected, set
v = g«w with w constant on §2, and & constant on I'x. In this case (v, h) € N(M'(e4)) if

(L@mdowzk&ﬂw
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and
o(n— 1)y

h?,
R?

(C o.Ml 1) = ( [ chowdryu? -
is nonnegative if and only if the stability condition (SCii) is valid.
Summarizing, we have

Theorem 3.1 The Verigin problem with phase transition has the following properties.

(1) The total mass is preserved along smooth solutions.

(2) The available energy is a strict Lyapunov functional.

(3) The non-degenerate equilibria consist of constant pressures in the phases and the interface I'x
is a finite disjoint union of spheres of common radius R, > 0, and §2; is connected.

(4) The equilibria are precisely the critical points of the available energy functional with prescribed
total mass.

(5) Onset of Ostwald ripening: if the available energy functional with prescribed mass has a local
minimum at ex = (7w, I'x) then Iy is connected, and the stability condition (SCii) holds.

(6) If either Ty is disconnected or L« > 1, then e is a saddle point of E, with constraint M = MP.

In particular, the Verigin problem with phase transition is thermodynamically consistent, and an

equilibrium is thermodynamically stable if and only if I'y is connected and the stability condition
(SCii) holds.

The case (i) without phase transition is more involved. Take any component §2;; of £2;,i = 1,2
and j = 1,...,m. Then we obtain

(. h) e N(M;(ex)) & /9 olvdx + (=1)'*! /9 oxhdX = 0.
ij

ij
Decomposing

U:U0+Zvl’j)(gij, / vodx =0, foralli, j,
ij ij
and
m
h=ho+ Y hixsz. /hodzzo, k=1,....m,
k=1 Z

where v;;, hj are constants, and observing

/ (@, /olvol2dx 2 0. (Asholho)s = 0,
2

we see that the form (C”(v, h)|(v, h)) is nonnegative on N;;N(M;; (e)) if and only if the stability
condition
(SCi) C. is positive semi-definite on R™

is valid. Here the real symmetric matrix Cy is defined via its entries

=S Q) g o=
O e IRy RS
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with 81"] =1 & X C082, 81"] = 0 otherwise. In fact, by the constraints

(0} (me)/ 0ij () |23 vij = (=1 Y | Zic|hyeF;.
k

hence, with (vg, hg) = (0,0) we have

(€ (e M. 1)) = 3 (o () 03y (o)) | Rusl 0 2 = 01 = 1) Y | Sl /R
ij p
= 3" ¢t Selhel Zilhy = (Cuhlh)
k1l

with ﬁk = | Xy |hg.
Summarizing, in case (i) we have the following result.

Theorem 3.2 The Verigin problem without phase transition has the following properties.

(1) The masses of the components of the phases are preserved along smooth solutions.

(2) The available energy is a strict Lyapunov functional.

(3) The non-degenerate equilibria consist of constant pressures in the components of the phases
and the interface I'y is a finite disjoint union of spheres of arbitrary radii.

(4) The equilibria are precisely the critical points of the available energy functional with prescribed
total masses of the components of the phases.

(5) Ifthe available energy functional with prescribed masses has a local minimum at es. = (7, I'x)
then (SCi) holds.

(6) If (SCi) does not hold, then ey is a saddle point of E, with the constraints M;; = M?j.

In particular, the Verigin problem without phase transition is thermodynamically consistent, and an
equilibrium is thermodynamically stable if and only if the stability condition (SCi) holds.

4. Local well-posedness of the Verigin problems

To prove local well-posedness we investigate the principal part of the linearization of problem (2.9)
and (2.10), respectively. Here we follow the same steps as in [5, Section 1.3.2]: we choose a smooth
reference manifold X' C £2 which is close to Iy and represents the moving surface I"(¢) as a graph
in normal direction of X', parameterized by a height function %(z, -), that is, we write

r@)={p+h pvs(p):peX 1t =0},

at least for small || 0. This yields a diffeomorphism from X onto I"(z) which will then be extended
to all of £2 by means of the Hanzawa-transform

En(t.x) = x + 1(dx(x)/@)h(t. T (0))vs (T () = x + &(t.x).

Here y denotes a suitable cut-off function. More precisely, y € D(R), 0 < y < 1, y(r) = 1
for |[r| < 1/3, and y(r) = O for |r| > 2/3. With the help of this transformation, the equations
in (2.9) and (2.10) can be expressed with respect to the variables (v, &), where v stands for the
transformed pressure, and /2 denotes the hight function introduced above. Once the transformed
system is obtained, one can derive the linearization at an initial value (vo, ). In order to keep
this manuscript at a reasonable length, we refrain from giving details, and instead refer to the
monograph [5] where the technical steps are explained.
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4.1  The principal linearization

(a) Inthe bulk £2 \ X:
00(x)9:v — 0o (x)div(a(x)Vv) = 04 (%) fo,
where a(x) = ko(x)1 +2k1(x)Vvg ® Vo, with the abbreviations 0o (x) = 0(vo(x)), 0 (x) =
0'(vo(x)), ko(x) = k(vo(x), | Vvo(x)[?), k1 (x) = 32k (vo(x), |Vvo(x)]?).
(b) On the interface X
[v] —oAsh = g,

and in the case without phase transition

=[v(x) -a(x)Vv] = g,
dch +v(x)-a(x)Vv = fp.

If phase transition is present, we have instead
[v/00(x)] = gv,
[eo(x)]9:h + oo (x)v(x) - a(x)Vv] = fp.

(¢) On the outer boundary 9£2: d,v = 0.
(d) Initial conditions: 2(0) = hg, v(0) = vy.

4.2 The principal symbols

In the interior, the problem is clearly parabolic, due to the assumptions

o(p). o' (p).k(p.s).k(p.s) + 2s0:k(p.s) >0, peR, s=0.

So we only have to look at the interface X'. Freezing coefficients, flattening the interface and solving
the bulk problems, this yields the following boundary symbols, where A denotes the covariable of
time, and £ that of the tangential space directions. We set

N 6) = ((gjA e + ai 6. H)a;vov) —aE ) ? i =12,

This is the symbol of a parabolic Dirichlet-to-Neumann operator. From Priiss and Simonett [5],
Sections 6.6 and 6.7, we obtain the boundary symbols of the linearized Verigin problems.

(i) Without phase transition
In this case the boundary symbol becomes

nl(kvé)nZ(Avé) o
nl(ksg) + nZ(Asg)

For this case we refer to Priiss and Simonett [5], Section 6.7.1.

(i1) With phase transition
By a similar computation as in Priiss and Simonett [5], Section 6.6.3, we have for the boundary
symbol

SOLE) = A+ &I,

s 8) = [?A + (63 (4. §) + 03ma (. ) )o &
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Observe that both symbols are equivalent to the boundary symbol of the standard Stefan
problem with surface tension, namely they are equivalent to the symbol

500, €) = A+ [EP QL+ [E7)1/.

Therefore, the analytical setting, maximal L ,-regularity, and also the local existence proof are
the same as for the Stefan problem with surface tension!
So the spaces for (v, k) are

veHL,(J:Ly(2)) N Lpu(J: HA(2\ X)),
he W22 (1 Lyp(2)) N Wy 2P (T HF () 0 Ly (W, 1P (D).

Here € (1/p, 1] indicates a time weight, cf. Priiss-Simonett [5].

4.3 Local well-posedness
We rewrite the Hanzawa-transformed problem as
Lz = N(z),

where z = (v, h) collects the system variables.
Define the space of solutions E(a) on the time interval J = [0, a] by means of

veH)(J:Ly(2:R) N Ly(J: HY(2\ Z:R) =: Ey(a),
he WlPTV2P (3 Ly(2) N W, 722 (1 Hy (D)) N Lp (W, TVP(X) =1 Ea(a),
E(a) := {(v,h) € Ey(a) x Ey(a) : (v, h) satsify the compatibility conditions}.

From maximal regularity we obtain that L : E(a) — F(a) is an isomorphism, and N : E(a) —
F(a) is of class C!, provided p > n + 2. We skip here the precise description of the data space
F(a) := LE(a). Note that the embeddings

Ey(a) = C(J; W22I7(2\ X)) — C(J; BUCTH(2\ x))",
Ep(a) — C'(J; sz—s/p(z)) nc(J: Wp4—3/p(2))
> CI(J; C1+a(2)) n C(J; C3+a71/p(2))’
with @ = 1 — (n +2)/p > 0 are valid. The nonlinearity N contains

e lower order terms which can be made small by smallness of a > 0;
e highest order terms carry V s/ which are small by smallness of /.

Therefore, we may apply the contraction mapping principle to obtain local well-posedness of
the transformed problem for initial data (vo,ho) € Wy 2/7(2 \ X) x Wy >/?(X), satisfying
appropriate compatibility conditions. We refer to the monograph Priiss and Simonett [5], Chapter 9,
for more details.

5. Stability of equilibria

For stability of the equilibria we have to study the spectrum of the the linearization of the problems.
We observe that these spectra only consist of a sequence of eigenvalues of finite multiplicity
converging to infinity, due to compact embeddings, as §2 is bounded.
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5.1  The eigenvalue problem at an equilibrium
For the case without phase transition: in the bulk 2 \ X, X' := TI,:
0 AV — 0xkx Av = 0. (5.1
On the interface X' := I'y:
[v] + c Ash =0,
[ksdyv] = O, (5.2)
Ah + kydyv = 0.
On the outer boundary d2: d,v = 0.

Here 0« = 0(m4), 0 = 0'(m4), ks« = k(mx,0), and Ay = —(n — 1)/R?> — Ay is the
linearization of the curvature. If phase transition is present, the interface conditions have to be
replaced by

[v] + 0 Ash =0,
[v/e«] = 0. (5.3)
In both cases, taking the L,-inner product of (5.1) with v/g« leads to

/
A|:/ Q—*lvlzdx+0/ Azhhdz}-i-/ kx| Vu[? dx = 0,
2 Ox ) 2

for any eigenvalue A € C and eigenvector (v, i). Therefore, all eigenvalues are real, and there are
no positive eigenvalues if and only if

/ -
/Q—*|v|2dx+0/ AshihdX = 0.
2 Ox >

for all relevant (v, i) # 0. Take any component §2;; of £2;, and integrate (5.1) over £2;;. Then we
obtain in the first case for A # 0

J

This resembles the constraints in case (i) found in Section 2.3. Integrating (5.1) over 2, in the

second case we find
/ o.vdx = [[Q*ﬂ/ hdx,
2 z

in accordance with the variational approach in case (ii).

Hence, we may conclude that there are no nontrivial eigenvalues with negative real parts,
provided the equilibrium is thermodynamically stable, in the sense that Cy is positive semi-definite
in the first case, and Iy is connected and ¢, < 1 in the second case.

It is not difficult to show that the kernel of the linearization L equals the tangent space of £ at
an equilibrium e, € £. Moreover, we can prove that 0 is a semi-simple eigenvalue of L, if and only
if det Cx # 0 in the first case, and ¢« 7 1 in the second case.

Assuming the latter, we can also show that in case (i) the number of negative eigenvalues of L
equals the number of negative eigenvalues of Cy, and that in case (ii) we have m positive eigenvalues
if ¢« > 1, otherwise m — 1.

These assertions will be proved in the following sections.

g;vdx+(—1)i+1/ oxhdX = 0.

ij 382;j



THE VERIGIN PROBLEM WITH AND WITHOUT PHASE TRANSITION 119

5.2 The kernel of the linearization
For the case (ii) with phase transition we introduce the linearization operator L, in Xo = L, (§2) x
sz—z/ ?(X) by means of

Q*k*
o

Av. [oxkx0yv]
[o«]

where, with X; = H2(22\ ¥) x szfz/P(Z‘), the domain of L is given by

La(w.h) = ). .k eDw),

D(Lz) = {(v.h) € X1 : d,v =00n 382, [v/0«] =0, [v] + o Agh =0on X}.

This operator is the negative generator of a compact analytic Co-semigroup in Xy, see Section 4 and
Chapter 6 in Priiss and Simonett [5]. Therefore, its spectrum consists only of discrete eigenvalues
of finite algebraic multiplicity, clustering at infinity.

(a) To compute the kernel N(L;), suppose L(v,h) = 0. Multiplying the equation for v with
0% v/ 0%, employing the boundary and interface conditions, we obtain

0:—/ k*Avvdxzf k*|Vv|2dx+/[[k*8vvv]]dE
2 2 )

:/ k*|Vv|2a’x+/ [osk«d,v]v/ 04 d)::/ ky|Vv|?dx.
2 P 2

This implies that v is constant in the components of the phases, and by the interface condition
[v/o«] = 0 we get v = wo«, for some constant rg. Employing the interface condition [v] +
o Axh = 0 this yields

Zm Zn k [ox]R:
J— . —_— 7*
/’l—ao)/*+k_1i=lalkyi S Ve = U(n—l)’

for some constants o;r, where Yik denote the spherical harmonics of degree one for the
components X of X. Therefore, the kernel of L, has dimension (nm + 1), and N(L,) equals
the tangent space T, £ at the equilibrium e..

(b) Next we show that the eigenvalue 0 is semi-simple for L,. So let us assume that L%(w, k) =
(0,0). Then

Ly(w, k) = ao(0x, v+) + ) @ix(0,Y[),
ik

for some constants g, ;. Integrating the equation for w over §2 with weight ¢/, this yields
ao(0klox)e = —/ oxks Awdx = / [oxk+«dyw] dX
2 z

= le-] [_@ore + Y ant) dx = oo 3|
ik

hence ap # O is possible if and only if in the stability condition (SCii) equality holds, i.e.,
¢« = 1. Assuming on the contrary that this is not the case, we obtain og = 0, and then by the
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equation for k we have

ZaikYik =0,
ik

which implies o;x = 0 as the functions Yl.k are linearly independent. This shows (w, /) €
N(L), i.e., 0 is a semi-simple eigenvalue of L if and only if {. # 1. Otherwise, the algebraic
multiplicity raises by 1.

Next we consider the case (i) without phase transition. Here we have

/
*

*k*
Ll(v,h)z(—gg Av,k*avv), (v,h) € D(Ly),

with domain
D(L1) ={(v,h) € X1: dyv =00n 382, [k«dyv] =0, [v] + 6 Ash =0o0n X}.

This operator is also the negative generator of a compact analytic Co-semigroup in X¢. Therefore, its
spectrum consists only of discrete eigenvalues of finite algebraic multiplicity, clustering at infinity.

(a) To compute the kernel N(L1), suppose L;i(v,h) = 0. Multiplying the equation for v with
0% v/ 0+, employing the boundary and interface conditions, we obtain

O:—/ k*Avdxzf k*|Vv|2dx+/ [kxdyvv] dX =/ ky|Vv|*dx.
2 2 X 2

This implies that v = v;; is constant in the components £2;; of the phases. Employing the
interface condition [v] + 0 Ax = 0 this yields

Y (=1)8fvij +0Agh =0 on T, 1<k<m,

ij

which implies

m R? .
h=Y hxs + Y eax¥f, = o(niil) Y (D' 8fu.
k=1 ik ij

Thus the dimension of the kernel N(L;) equals (mn + m + 1), and the tangent space T,,E
equals N(L1).

(b) Next we show that eigenvalue the 0 is semi-simple for L. Let us assume that L2 (w, k) = (0, 0).
Then

Liw.k) = O _(ijxij- Y luxs) + Y (0. YF),
ij 3 Ik

for some constants v;;, @k, and Ay as defined above, and y;; = X%+ Integrating the equation
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for w over £2;; this yields

[$2;5|vij = _(Qij(”*)/ng(”*)) /9 ke Awdx = (Qij(”*)/@?j(”*))(_l)i/ ky«dyw dx

992,
= (0ij () / 0} (7)) (= 1)/ [;h, /a:z x5 dX + Zalk/

i
YF d:]
i Ik 082

= (0ij () /0 () (= 1) 28 | Z1|hy.

Dividing by |£2;;| and summing over i, j, we obtain
0ij (7%) k ol
h = E 1)iskv;, = E E ——————658;:| X1 |hy.
k= ( ) lej Qll(ﬂ*)|‘Q | l] ljl ll !

This implies that the vector h with components ﬁk = | X |hg is an eigenvector of Cy. So if
det C, # 0 this yields iy = for all k; hence v is constant all over §2, and so integrating once
more the equation for w with weight o, /0« we obtain also v = 0. This shows that 0 is a semi-
simple eigenvalue of L, if and only if Cy is invertible; otherwise the algebraic multiplicity of 0
raises by dim N(Cy).

5.3  Normal stability and normal hyperbolicity.

We begin with case (ii) where phase transition is present, following the ideas in our monograph [5],
Chapter 10.

(a) Consider the elliptic problem
0 AV —0xksAv =0 in 2\ X,
dyv =0 on 952,
[v/ox] =0 on X,
—[oxk«0yv] =g on X.

(5.4)

Given g € H, Y 2(x), by elliptic theory, this problem has a unique solution v € H ;(.Q \ X),

for each A > O We then set

lo«]Trg := [v] = [oxv/0x] = [o«]v/0x.

This simplifies the eigenvalue problem considerably. In fact, A > 0 is an eigenvalue of the
linearization L, at equilibrium e, if and only if O is an eigenvalue of

B), = [[Q]]z/\T,x +oAsx.

Next, multiplying (5.4) with v/p« and integrating by parts we obtain the important identity

A /ﬂ 0. /an)lv]? dx + /ﬂ ke Vol dx = (Trglg)s.
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Hence T is positive semi-definite on L,(X). In a similar way one can show that T} is
selfadjoint, and it is compact in L,(X), as Ty € B(H,'*(X); H}'*(X). Therefore, B),
is selfadjoint with compact resolvent, hence its spectrum consists only of semi-simple real
eigenvalues.

(b) We need to compute the limit of AT as A — 0. For this purpose we introduce first the bulk
operator A, in L, (£2) by means of

0k«

/
*

sz:: —

Av, v e D(4y),

with domain
D(42) = {v e H7(2\ X): 0,v =00ndR, [v/0«] =0, [oxk«dyv] = 0on X}.

This operator is selfadjoint and positive semi-definite w.r.t. the inner product

(vilua) i= [ s d/en.
2
and by compact embedding has compact resolvent. We decompose the solution v of (5.4) as
v = vg + v3, where vg solves (5.4), with g = A, for a fixed A9 > 0. Then v, solves the problem
Ay + Avy = (Ao —A)vg, hence vy = (Lo — A)(A + A2) Lwo.

Let Py denote the orthogonal projection onto N(A5). Then it is well-known that A(A+ A5) ™! —
Py as A — 0. Therefore, we obtain

Av = Avg + (Ao — VA + Az)Lwg — Ao Povo,

as A — 0. Itis easy to see that the kernel of A, is one-dimensional and spanned by the function
0x, which is constant in the phases. This implies that the projection Py is given by Py =
0x ® 0x/(0%|0+) 2. Hence

(0L10x) 220 Pavo = 0x (Aovolox) = os /ﬂ Aodvo dx

:Q*/ 0+ks Avg dx :—Q*/ [oxk«0yvo] dX :Q*/ hdX,
2 = z

i.e., we have
Pokovo = (o+/(0hlex)2) /X hds.

Taking the jump of PoAovo across X this finally yields

Boh = ([[Q*]]z/(QHQ*).Q)/Zth + o Axh.

Decomposing i = ho + Zk hi x 5, with constants s such that ka ho = 0 for all k, and
observing that Ay is positive semi-definite on functions with mean zero over each component
Xk of ¥, we may assume sg = 0 in the sequel. If ), &z = 0, then

on—1)%|

Boh = —
0 mR2

h =: —uoh,



(c

~

(d)
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which shows that —¢ is an (m — 1)-fold eigenvalue of By. Finally consider / constant over X'.
Then :

Boh = [(lo-7 151/ (@ low)2) — TP ] = puuh.
This yields another eigenvalue i1 of By which is negative if the stability condition (SCii) does
not hold.
Next we show that for large A the operator B, is positive definite in L,(X'). Let a; be an
orthonormal basis of N(Ax) & N((n — 1)/R2 + Ayx) and let P = Y, ax ® aj denote
the corresponding orthogonal projection in L,(X'). Then with Q = I — P, Ay is positive
definite on R(Q) = N(P). Now we assume the contrary, i.e., there exist sequences A, — o0,
hp € Lo(X) with |h,|s = 1, such that (By, hn|hs)s < 1/n, foralln € N. Then

[0x]?An(Ts, hnlhn) s < (Bi, hnlhn) — 6(Ax Phy|Phy)s < C

is bounded, hence the corresponding solutions v, of (5.4) satisfy

Anlvnlz + VAn |V, | < C.

Therefore, A,v, — w weakly in L,(§2) along a subsequence, which will be denoted again by
AnVy. Taking a test function ¢ € D(£2 \ X), this yields

(Q4Anvnl@)2 = (0xksAvnlp)2 = (0xkxvn]Ap)2 — 0,

asn — o0, hence w = 0. Next we extend the functions a; from X' to functions ay € 0H21 (£2).
Then

(hnlag)s = —/ [oxk«dyvp]ar dX
b
2/ div(oxk«Vv,ay) dx
2

= / O\ Anvnar dx + / 0+k«Vv, - Vag dx — 0,
2 2

as n — oo, for each k, which shows Ph, — 0. But as Ay is positive definite on N(P), this
also yields Qh, — 0in L,(X), a contradiction to |h,|x = 1.

We have shown that in case X' consists of m components, By has (m — 1) negative eigenvalues
if the stability condition (SCii) holds and m negative eigenvalues otherwise, and B, has no
negative eigenvalues for large A. As A runs from zero to infinity these negative eigenvalues have
to cross the imaginary axis through 0, this way inducing an equal number of positive eigenvalues
of L,. This proves the statements in case (ii).

Next we deal with case (i) without phase transition. The arguments are similar, and it is enough

to carry out steps (a) and (b). The remaining steps will be the same as in case (ii), so we may skip
them.

(a)

Consider the elliptic problem
0 AV —0xk s Av =0 in 2\ X,
dyv =0 on 952,
[kxdyv] =0 on X,
—k«dyv =g on X.

(5.5)
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Given g € H21/2(E), by elliptic theory this problem has a unique solution v, for each A > 0.
Here we set T g := [v]. Then A > 0 is an eigenvalue of the linearization at equilibrium e, if
and only if O is an eigenvalue of
B, =AT) +o0Agy.

Next, multiplying (5.5) with v/p« and integrating by parts we obtain the identity

A /ﬂ (@ /an)lv]? dx + /ﬂ ke Vol dx = (Trglg)s.

Hence T is positive semi-definite on L,(X). In a similar way one can show that T is
selfadjoint, and it is compact in L,(X), as T € B(H)'*(X): H}*(X). Therefore, B),
is selfadjoint with compact resolvent, hence its spectrum consists only of semi-simple real
eigenvalues.

(b) We proceed in a similar way as in case (ii). Here the operator A7 in L,(£2) is defined by

k
Q*/ * Av.

A]U:—

v € D(A),

with domain
D(4;) ={ve H}(R2\ X): 0,v =00ndR, [k«dyv] =0, kudpv = 0on X}.

This operator is selfadjoint and positive semi-definite w.r.t. the inner product

(v1]v2) = /9 01720, dx /g,

and by compact embedding has compact resolvent. To compute the projection Py, note that the
kernel of A is spanned by the characteristic functions y;; = yg;; of the components of the
phases, as any v € N(A4;) is constant on each component of 2 \ X'. This yields with g;; = 0«
on £2;; and similarly for o;;,

Py = Z (0ij/0i;192i1) xij ® xij-

ij

Next we compute PyAgvg as follows.

Podovo = Y (@5/012 )z [ Jachuolend

ij i

=) (0ij/0ij182i1) xij /ﬂ ki Avg dx
- y

ij
= Y (/e 12y -0 [ kdvad @)

ij ij

= ¥ (ew/elyI2u -1 [ hdo),
> )

¥
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hence
Podovo = 3 (eu /el 12 )y -1 L [ na,
ij 1 !

where 8{‘1. = 1if ¥y C 0£2;; and 85‘]. = 0 otherwise. To compute the jump we note that
Lxii] = (=D if 85‘]. = 1 and is 0 otherwise. This yields

[[POAOUO ZZ Ql]/Qllelj| )(2151] / hdx,

and so decomposing as before h = ho + Y_; hy x x, , we derive the representation

(Bohlh) s = 0(Asholho)s + Y ciy| Zklh| Zi |,
kl

where the coefficients ¢;; of the matrix Cy« have been introduced in Section 3. As a consequence
we see that the number of negative eigenvalues of L; equals the number of negative eigenvalues
of Cs.

5.4  Nonlinear stability of equilibria

Let £ be the set of (non-degenerate) equilibria, and fix some equilibrium e, = (74, [%) € &.
Employing the findings from the previous section, we have

e ¢, is normally stable if Cy is positive definite, resp. {x < 1 and Ik is connected.
e ¢, is normally hyperbolic if Cx is indefinite, resp. {x > 1 or Iy is disconnected.

Therefore, the Generalized Principle of Linearized Stability due to Priiss, Simonett, Zacher [4]
yields our main result on stability of equilibria.

Theorem 5.1 Let ex € &£ be a non-degenerate equilibrium such that detCy # 0, resp. Cx # 1.
Then

(1) If e« is normally stable, it is nonlinearly stable, and any solution starting near ey is global
and converges to another equilibrium e, € € at an exponential rate.

(ii) If ex is normally hyperbolic, then e, is nonlinearly unstable. Any solution starting in a
neighborhood of e« and staying near e exists globally and converges to an equilibrium
eco € & at an exponential rate.

Proof. The proof parallels that for the Stefan problem with surface tension given in Priiss and
Simonett [5], Chapter 11. O

6. Global behaviour

In this last section we want to describe the global behaviour of the Verigin problem with and without
phase transition.
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6.1  The local semiflows

Here we introduce the semiflows induced by the solutions of the problems. Recall that the closed
C2-hypersurfaces contained in £2 form a C2-manifold, denoted by M?#2. Charts are obtained via
parametrization over a fixed hypersurface, and the tangent spaces consist of the normal vector fields.
As an ambient space for the state-manifold SM of the Verigin problems we consider the product
space X 1= Lp(£2) x MH?. The compatibility conditions are given by
dyr =0 on 052,

[x] =cHr on I,

k(. |Vr|*)dym] =0 on I,

k(. |V |?)oym € W2%/P(I') on I,

6.1)

in the first case, while in the second case the last two conditions are to be replaced by

[V(0) + 0¥ (@] =0, [o(m)k(m. |Vr|*)dyn] € WZoP(I), (6.2)

and in this case we additionally require [o] # 0.
We define the state manifolds SM of the problems as follows

SM:={(m.T) e Xo:m e WZ2P(2\T), I e W7,
the compatibility conditions are satisﬁed}. (6.3)

The charts for these manifolds are obtained by the charts induced by those for M2, followed
by a Hanzawa transformation. Observe that the compatibility conditions as well as regularity are
preserved by the solutions.

Applying the local existence result and re-parameterizing repeatedly, we obtain the local
semiflows on SM.

Theorem 6.1 Let p > n + 2 and [oo] # O for the second case.
Then the two-phase Verigin problems generate local semiflows on their respective state manifolds
SM. Each solution (wt, I') exists on a maximal time interval [0, t4).

6.2  Global existence and asymptotic behaviour
There are a number of obstructions to global existence of the solutions:

— Regularity: the norms of either 7 (¢) or I"(¢) may become unbounded;

— Geometry: the topology of the interface may change; or the interface may touch the boundary of
§2; or a part of the interface may shrink to a point in case (ii);

— Well-posedness: |[o(t, x)]| may come close to zero in case (ii).

We say that a solution (7, I") satisfies the uniform ball condition, if there is a radius > 0 such that
for each t € [0, 74+) and at every point p € I'(¢) we have

B(p £rvrw(p).r) C R, B(pxrvre(p).r)NI)={p}

Combining the above results, we obtain the following theorem on the asymptotic behavior of
solutions.
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Theorem 6.2 Let p > n + 2. Suppose that (7, I') is a solution of one of the Verigin problems, and
assume the following on its maximal interval of existence [0, t4):

(@) @Ol y2—2rp + [T (Ol ya-3/0 < M;
(B) (m, I') satisfies the uniform ball condition;
(y) ¢ < [o®)] in case (ii), for some constant ¢ > 0.

Then t+ = oo, i.e., the solution exists globally, its limit set w(w, ") C &£ is nonempty, and the
solution converges in SM to an equilibrium, provided either

— w(m, I') contains a stable equilibrium eo;
— (7, I') stays eventually near some es € w(m, I").

The converse is also true: if a global solution converges, then (a),(B),(y) are valid.

Proof. Tt can be shown that the closed C2-hypersurfaces contained in £2 which bound a region
£, cc 2 form a C2-manifold, denoted by M’HZ(.Q), see for instance [5, Chapter 2]. It is also
known that each I" € M#H?(£2) admits a tubular neighborhood

Uy == {x e R" : dist(x, ") < a}
of width @ = a(I") > 0 such that the signed distance function
dr :U, = R, |dr(x)|:=dist(x, '),

is well-defined and di € C?(U,,R), see for instance [5, Section 2.3]. Here, by convention,
dr(x) < 0iff x € £; N U,. We can then define a level function ¢ by means of

N dr()x@dr(x)/a) + sgn (dr(x))(1 — x(3dr(x)/a)), x € U,,

= () = 22,0, x ¢ Us
where 2, and £2;, denote the exterior and interior component of R” \ U,, respectively, and y is a
smooth cut-off function with y(s) = 1if |s| < 1 and x(s) = 0if |s| > 2. The level function ¢ is
then of class C2, o (x) = dr(x) for x € U3, and or(x) = 0iff x € I".

Let M#2(£2,r) denote the subset of MH?(£2) consisting of all ' € MH?(£2) such that
I' C £2 satisfies the ball condition with fixed radius » > 0. This implies in particular that
dist(I,322) > 2r and all principal curvatures of I' € M%HM?(£2,r) are bounded by 1/r.
Furthermore, the level functions ¢ are well-defined for I' € M”Hz(.Q, r) and form a bounded
subset of C2(£2) and the map

@ MHAR2,r) —> C3(R2), &) =o¢r,

is a homeomorphism of the metric space MH?*(2,r) onto ®(MH*(2,r)) C C3(2),
see [5, Section 2.4.2].

Lets —(n—1)/p > 2. For I' € MH*(2,r) we define I' € Wy (82,r) if or € W, (£2).
In this case the local charts for I can be chosen of class Wy as well. A subset A C W;(£2,r)
is said to be (relatively) compact, if @(A4) C W;(£2) is (relatively) compact. Finally, we define

diStwg(Fl,Fz) = |('01*1 —(ppzlw‘g(g) for F],Fz € MHz(Q,I‘).
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Suppose that the assumptions () — () are valid. Then I" ([0, £4)) C Wp4_3/p(.(2, r) is bounded,

hence relatively compact in Wp473/1’78(.(2, r). Thus I" ([0, £+ )) can be covered by finitely many balls
with centers X} such that

dist, 4—3/p— (I (1), ;) <8 forsome j = j(t), 1 € [0,14).
)

Let Jr = {t € [0,1«) : j(¢) = k}. Using for each k a Hanzawa-transformation =}, we see that the

pull backs {7 (¢,-) o By : t € Ji} are bounded in sz—z/ P(£2\ X), hence relatively compact in
sz—z/ P7#(82 \ Xx). By well-posedness, we obtain solutions (7!, I'") with initial configurations
(m(¢), I'(¢)) in the state manifold SM on a common time interval, say (0, ], and by uniqueness
we have

(r'(a). I'(@)) = (n(t + a), Tt + a)).

Continuous dependence implies then relative compactness of

{(m().T(): 0t <1y}

in SM; in particular 14 = oo and the orbit (, I')(R4+) C SM is relatively compact. The available
energy is a strict Lyapunov functional, hence the limit set w (7, I") of a solution is contained in the
set £ of equilibria. By compactness, w(m, I") C SM is non-empty, hence the solution comes close
to £. Finally, we may apply the convergence result Theorem 5.1 to complete the sufficiency part of
the proof. Necessity follows by a compactness argument. O
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