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This article is divided into two parts. In the first part we show that a set £ has locally finite s-
perimeter if and only if it can be approximated in an appropriate sense by smooth open sets. In
the second part we prove some elementary properties of local and global s-minimal sets, such as
existence and compactness. We also compare the two notions of minimizer (i.e., local and global),
showing that in bounded open sets with Lipschitz boundary they coincide. Conversely, in general
this is not true in unbounded open sets, where a global s-minimal set may fail to exist (we provide
an example in the case of a cylinder £2 x R).
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1. Introduction and main results

The aim of this paper consists in better understanding the behavior of the family of sets having
(locally) finite fractional perimeter. In particular, we would like to show that this family is not “too
different” from the family of Caccioppoli sets (which are the sets having locally finite classical
perimeter).

This paper somehow continues the study started in [16]. In particular, we showed there
(following an idea appeared in the seminal paper [20]) that sets having finite fractional perimeter
can have a very rough boundary, which may indeed be a nowhere rectifiable fractal (like the von
Koch snowflake).

This represents a dramatic difference between the fractional and the classical perimeter, since
Caccioppoli sets have a “big” portion of the boundary, the so-called reduced boundary, which is
(n — 1)-rectifiable (by De Giorgi’s structure Theorem).

Still, we prove in this paper that a set has (locally) finite fractional perimeter if and only if it can
be approximated (in an appropriate way) by smooth open sets. To be more precise, we show that a
set E has locally finite s-perimeter if and only if we can find a sequence of smooth open sets which
converge in measure to E, whose boundaries converge to that of E in a uniform sense, and whose
s-perimeters converge to that of E in every bounded open set.

Such a result is well known for Caccioppoli sets (see, e.g., [17]) and indeed this density property
can be used to define the (classical) perimeter functional as the relaxation (with respect to L}
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convergence) of the ¥"~! measure of boundaries of smooth open sets, that is

!
P(E,Q) = inf{ liminf %"~ (9E4 N £2) | Ex C K" open with smoothboundary, s.t. £y 2o, E}
—>00
(1.1)

The second part of this paper is concerned with sets minimizing the fractional perimeter. The
boundaries of these minimizers are often referred to as nonlocal minimal surfaces and naturally arise
as limit interfaces of long-range interaction phase transition models. In particular, in regimes where
the long-range interaction is dominant, the nonlocal Allen-Cahn energy functional I"-converges
to the fractional perimeter (see [19]) and the minimal interfaces of the corresponding Allen-Cahn
equation approach locally uniformly the nonlocal minimal surfaces (see [18]).

We remark that throughout the paper, given a set A and an open set £2, we will write A CC £2
to mean that the closure A of A is compact and A C £2. In particular, notice that if A CC £2, then
A must be bounded.

We consider sets which are locally s-minimal in an open set £2 C R”, namely sets which
minimize the s-perimeter in every open subset 2’ CC £2, and we prove existence and compactness
results which extend those of [4].

We also compare this definition of local s-minimal set with the definition of s-minimal set
introduced in [4], proving that they coincide when the domain £2 is a bounded open set with
Lipschitz boundary (see Theorem 1.7).

In particular, the following existence results are proven:

e If £2 is an open set and Ey is a fixed set, then there exists a set £ which is locally s-minimal in
£2 and such that £\ 2 = Eg \ £2;

e there exist minimizers in the class of subgraphs, namely nonlocal nonparametric minimal surfaces
(see Theorem 1.16 for a precise statement);

e if £2 is an open set which has finite s-perimeter, then for every fixed set Ey there exists a set £
which is s-minimal in §2 and such that £ \ 2 = Eg \ £2.

On the other hand, we show that when the domain 2 is unbounded the nonlocal part of the s-
perimeter can be infinite, thus preventing the existence of competitors having finite s-perimeter in
£2 and hence also of “global” s-minimal sets. In particular, we study this situation in a cylinder
2% := 2 xR C R""!, considering as exterior data the subgraph of a (locally) bounded function.

In the next sections we present the precise statements of the main results of this paper. We begin
by recalling the definition of fractional perimeter.

1.1 Sets of (locally) finite s-perimeter

Lets € (0,1) and let £2 C R” be an open set. The s-fractional perimeter of a set £ C R” in §2 is
defined as

PyE.2):=L&(ENR,CENR) + L(ENR.CE\ 2) + £,(E\ 2.CE N 2),

where

1
£S(A,B) :// —}H_sdxdy,
aJp |x =yl

for every couple of disjoint sets A, B C R". We simply write Ps(E) for Ps(E,R").
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We say that a set £ C R” has locally finite s-perimeter in an open set £2 C R” if
Py(E,2)) <oo  forevery open set 2’ CC £2. (1.2)

We remark that the family of sets having finite s-perimeter in §2 need not coincide with the family of
sets of locally finite s-perimeter in £2, not even when £2 is “nice” (say bounded and with Lipschitz
boundary). To be more precise, since

Py(E,2) = sup Ps(E, ), 1.3)
2'CCf

(see Proposition 2.9 and Remark 2.10), a set which has finite s-perimeter in £2 has also locally finite
s-perimeter. However the converse, in general, is false.

When 2 is not bounded it is clear that also for sets of locally finite s-perimeter the sup in (1.3)
may be infinite (consider, e.g., 2 = R” and £ = {x, < 0}).

Actually, as shown in Remark 2.11, this may happen even when £2 is bounded and has
Lipschitz boundary. Roughly speaking, this is because the set £ might oscillate more and more
as it approaches the boundary 052.

1.2 Approximation by smooth open sets

We denote by N,(I") the p-neighborhood of a set I" C R”", that is
No(I') := {x eR"|d(x,I") < ,o}.

The main approximation result is the following. In particular it shows that open sets with smooth
boundary are dense in the family of sets of locally finite s-perimeter.

Theorem 1.1 Let 2 C R” be an open set. A set E C R" has locally finite s-perimeter in S2 if and
only if there exists a sequence Ej, C R™ of open sets with smooth boundary and e, —> 0% such
that

I
() En = E,  sup Py(Ep.R2') < oo forevery 2 CC £,
heN
i) lim Py(Ep. Q)= Po(E.Q) forevery 2' CC 2,
—>00
(iii) 9E; C Ng, (OE).
Moreover, if 2 = R" and the set E is such that |E| < co and Ps(E) < oo, then

E, — E, lim Ps(Ej) = Ps(E), (1.4)
h—o00

and we can require each set E}, to be bounded (instead of asking (iii)).

The scheme of the proof is the following. First of all, in Section 3.1 we prove appropriate
approximation results for the functional

1 —
T(u, 2) = _/ ) =uN g,
2 Jrmegyz |x —y|rts

which we believe might be interesting on their own.
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Then we exploit the generalized coarea formula

F(u,2) = /Oo Py(fu > 1}, 2) dt,

and Sard’s Theorem to obtain the approximation of the set E by superlevel sets of smooth functions
which approximate yg.

Finally, a diagonal argument guarantees the convergence of the s-perimeters in every open set
Q'cc .

REMARK 1.2 Let £2 C R” be a bounded open set with Lipschitz boundary and consider a set £
which has finite s-perimeter in £2. Notice that if we apply Theorem 1.1, in point (ii) we do not get
the convergence of the s-perimeters in £2, but only in every £2' CC £2. On the other hand, if we can
find an open set O such that 2 CC O and

Ps(E,0) < o0,
then we can apply Theorem 1.1 in Q. In particular, since 2 CC O, by point (i i) we obtain

lim Ps(Ep, 2) = Py(E, ). (1.5)
h—o00

Still, when §2 is a bounded open set with Lipschitz boundary, we can always obtain the
convergence (1.5) at the cost of weakening a little our request on the uniform convergence of the
boundaries.

Theorem 1.3 Ler 2 C R” be a bounded open set with Lipschitz boundary. A set E C R" has finite
s-perimeter in $2 if and only if there exists a sequence { E} of open sets with smooth boundary and
ep —> 07 such that

loc

(i) Ep, — E, sup Ps(Ey, 2) < oo,
heN
(i) lim Ps(En, $2) = Ps(E, 2),
h—o0
(iii) 0Ep \ N, (082) C Ng, (OF).

Notice that in point (iii) we do not ask the convergence of the boundaries in the whole of R”
but only in R” \ Ns(0£2) (for any fixed § > 0). Since N, (0£2) \, 052, roughly speaking, the
convergence holds in R” “in the limit”.

Moreover, we remark that point (ii) in Theorem 1.3 guarantees the convergence of the s-
perimeters also in every £2’ CC £2 (see Remark 3.6).

Finally, from the lower semicontinuity of the s-perimeter and Theorem 1.3, we obtain

Corollary 1.4 Let 2 C R” be a bounded open set with Lipschitz boundary and let E C R". Then
l
Py(E, 2) = inf { liminf Py(Ej. 2) | Ex C R" open with smooth boundary, s.. Ej, —> E.
—00
(1.6)

For similar approximation results see also [5] and [6].
It is interesting to observe that in [13] the authors have proved, by exploiting the divergence
Theorem, that if £ C R” is a bounded open set with smooth boundary, then

2= E(X) =vEW)I® |11 japn—1
Py(E) =cp dR" dRT, 1.7
s(E) = cns /BE /{;E |x — ylrts—2 * Y 4-n
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where vg denotes the external normal of £ and

1
Cns == 2s(n +s5—2)

Notice that in order to consider the right hand side of (1.7), we need the boundary of the set E to
be at least locally (n — 1)-rectifiable, so that the Hausdorff dimension of 0F is n — 1 and E has a
well defined normal vector at ¥"!-a.e. x € JE. Therefore, the equality (1.7) cannot hold true for
a generic set E having finite s-perimeter, since, as remarked in the beginning of the Introduction,
such a set could have a nowhere rectifiable boundary.

Nevertheless, as a consequence of the equality (1.7), of the lower semicontinuity of the s-
perimeter and of Theorem 1.1, we obtain the following Corollary, which can be thought of as an
analogue of (1.1) in the fractional setting.

Corollary 1.5 Let E C R” be such that |E| < co. Then

2 _ _ 2
Py(E) = inf ) liminf ey, / / Ve, (%) +”fg(y ) anztann |
h—o0 JdE;,, JOE), |X - y|n s

I
Ej, C R” bounded open set with smooth boundary, s.t. Ej, 25 ES.

1.3 Nonlocal minimal surfaces
First of all we give the definition of (locally) s-minimal sets.
DEFINITION 1.6 Let £2 C R” be an open set and let s € (0, 1). We say that a set £ C R” is
s-minimal in 2 if Pg(E, $2) < oo and
F\Q=E\2 = Py(E,Q2)<P(F,Q).

We say thataset E C R”" is locally s-minimal in £2 if it is s-minimal in every open subset 2’ CC 2.

When the open set £2 C R” is bounded and has Lipschitz boundary, the notions of s-minimal
set and locally s-minimal set coincide.

Theorem 1.7 Let 2 C R” be a bounded open set with Lipschitz boundary and let E C R”". The
following are equivalent

(1) E is s-minimal in £2;
(il) Ps(E, £2) < oo and
Py(E,2) < Py(F, 2) forevery F CR" st EAF CC £2;

(iii) E is locally s-minimal in 2.

We remark that a set as in (ii) is called a local minimizer for Pg(—, £2) in [2] and a “nonlocal
area minimizing surface” in £2 in [8].

REMARK 1.8 The implications (i) = (ii) = (iii) actually hold in any open set £2 C R”".
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In [4] the authors proved that if £2 is a bounded open set with Lipschitz boundary, then given
any fixed set Eo C R” we can find a set £ which is s-minimal in £2 and such that £\ £2 = Ey \ §2.
This is because
Ps(Eg\ 2,82) < Py(£2) < o0,

so the exterior datum Ejg \ 2 is itself an admissible competitor with finite s-perimeter in §2 and we
can use the direct method of the Calculus of Variations to obtain a minimizer.

In Section 2.3 we prove a compactness property which we use in Section 4.3 to prove the
following existence results, which extend that of [4].

Theorem 1.9 Let 2 C R” be an open set and let Eq C R". Then there exists a set E C R" s-
minimal in 2, with E\ 2 = Eg\ 2, if and only if there exists a set F C R", with F\ 2 = Eg\ 2
and such that Ps(F, 2) < oo.

An immediate consequence of this Theorem is the existence of s-minimal sets in open sets
having finite s-perimeter.

Corollary 1.10 Let s € (0, 1) and let 2 C R" be an open set such that
Ps(£2) < oo.
Then for every Eq C R” there exists a set E C R" s-minimal in 2, with E \ 2 = Ey \ £2.

Even if we cannot find a competitor with finite s-perimeter, we can always find a locally s-
minimal set.

Corollary 1.11 Let 2 C R” be an open set and let Ey C R”". Then there exists a set E C R"
locally s-minimal in §2, with E \ 2 = Ey \ £2.

In Section 4.2 we also prove compactness results for (locally) s-minimal sets (by slightly
modifying the proof of Theorem 3.3 of [4], which proved compactness for s-minimal sets in a ball).
Namely, we prove that every limit set of a sequence of (locally) s-minimal sets is itself (locally)
s-minimal.

Theorem 1.12 Let 2 C R” be a bounded open set with Lipschitz boundary. Let { Ey } be a sequence

. . . loc . . .
of s-minimal sets in §2, with E —> E. Then E is s-minimal in §2 and

Py(E.Q) = lim Py(Eg. ). (18)

Corollary 1.13 Let 2 C R" be an open set. Let { Ej,} be a sequence of sets locally s-minimal in
I
2, with Ey, S E.Then E is locally s-minimal in $2 and

P{(E,2)) = hlim Py(Ey, 2)), for every 2' CC 2. (1.9)
—>00

1.3.1 Minimal sets in cylinders. 'We have seen in Corollary 1.11 that a locally s-minimal set
always exists, no matter what the domain £2 or the exterior data Eq \ £2 are.

On the other hand, by Theorem 1.9 we know that the only requirement needed for the existence
of an s-minimal set is the existence of a competitor with finite s-perimeter.

We show that even in the case of a regular domain, like the cylinder 2°° = 2 x R, with
£ C R” bounded with C ! boundary, such a competitor might not exist. Roughly speaking, this
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is a consequence of the unboundedness of the domain £2°°, which forces the nonlocal part of the
s-perimeter to be infinite.

In Section 4.4 we study (locally) s-minimal sets in §2°°, with respect to the exterior data given
by the subgraph of a function v, that is

8g(v) = {(x.1) |t < v(x)}.

In particular, we consider sets which are s-minimal in the “truncated” cylinders RF = 2 x (—k, k),
showing that if the function v is locally bounded, then these s-minimal sets cannot “oscillate” too
much. Namely their boundaries are constrained in a cylinder §2 x (—M, M) independently on k.
As a consequence, we can find k¢ big enough such that a set E is locally s-minimal in £2°° if
and only if it is s-minimal in £2%0 (see Lemma 4.3 and Proposition 4.4 for the precise statements).
However, in general a set s-minimal in £2°° does not exist. As an example we prove that there
cannot exist an s-minimal set having as exterior data the subgraph of a bounded function.

Frst of all, we remark that we can write the fractional perimeter as the sum
Py(E,2) = PF(E, 2) + PNE(E, 2),

where

1
PHE Q) =L(ENR.CENR) = E[XE]WS.l(m,
PNYE, 2):=L(ENR,CE\ Q)+ £,(E\ 2,CEN Q).

We can think of P (E, §2) as the local part of the fractional perimeter, in the sense that if [(EAF)N
Q| =0, then PL(F,2) = PL(E, Q).
The main result of Section 4.4 is the following

Theorem 1.14 Let 2 C R” be a bounded open set. Let E C R"*! be such that
2 x (—00,—k] CENQR® C N2 x(—o0,k], (1.10)
for some k € N, and suppose that Ps(E, 2%t1) < co. Then
PL(E, 2%) < .

On the other hand, if
{Xn+1 < =k} CE C{xp+1 < kY, (1.11)

then
PNL(E, 2%) = oco.

In particular, if 2 has CY' boundary and v € L™ (R"), there cannot exist an s-minimal set in 2%
with exterior data

8g()\ 2% = {(x,r) e R" |x e CR, 1 <v(x)}.

REMARK 1.15 From Theorem 1.9 we see that if v € L% (R"), there cannot exist a set £ C R**!
such that £\ 2°° = Sg(v) \ £2°° and Ps(E, 2°°) < oc.



268 L. LOMBARDINI

As a consequence of the computations developed in the proof of Theorem 1.14, in the end of
Section 4.4 we also show that we cannot define a “naive” fractional nonlocal version of the area
functional as

@Ry (u, 2) 1= Ps(Sgu), 2%),

since this would be infinite even for very regular functions.
To conclude, we remark that as an immediate consequence of Corollary 1.11 and Theorem 1.1
in [11], we obtain an existence result for the Plateau’s problem in the class of subgraphs.

Theorem 1.16 Let 2 C R" be a bounded open set with C L1 boundary. For every function v €
C(R"™) there exists a function u € C(§2) such that, if

u:=yoeu+ (1—yxe)v,

then 8g(ut) is locally s-minimal in §2°°.

Notice that, as remarked in [11], the function % need not be continuous. Indeed, because of
boundary stickiness effects of s-minimal surfaces (see, e.g., [12]), in general we might have

Upo 7 Vpg-

1.4 Notation and assumptions

e Unless otherwise stated, £2 and £2” will always denote open sets.

e In R” we will usually write |[E| = £"(E) for the n-dimensional Lebesgue measure of a set
E CR".

By A4y, E) A we mean that y4, — x4 in Llloc (R™), i.e. for every bounded open set 2 C R”
we have |(4,AA4) N 2| — 0.

We write ®¢ for the d-dimensional Hausdorff measure, for any d = 0.

We define the dimensional constants

In particular, we remark that w; = Lk (B1) is the volume of the k-dimensional unit ball B; C Rk
and k wr = KF~1(S¥71) is the surface area of the (k — 1)-dimensional sphere

S¥1 = 9B, = {x e RF [ |x| = 1}.

e Since
|[EAF| =0 = Py(E,2)= Ps(F,$2),

we can and will implicitly identify sets up to sets of zero measure.

In particular, equality and inclusions of sets will usually be considered in the measure sense, e.g.,
E = F will usually mean |[EAF| = 0.

Moreover, whenever needed we will implicitly choose a particular representative for the class of

xe in L], (R"), as in the Remark below.
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REMARK 1.17 Let E C R”. Up to modifying E on a set of measure zero, we can assume (see, €.g.,
Appendix C of [16]) that E contains the measure theoretic interior

El = {x e R” |E|r > 0s.t. |E N Br(x)l = a)l’lrn} - E’
the complementary CE contains its measure theoretic interior
Eo:={x €R"|3r > 05t |EN B, (x)| = 0} C CE,

and the topological boundary of E coincides with its measure theoretic boundary, dE = 07 E,
where

3"E:=R"\(EgUE;) ={x e R"|0 < |E N B,(x)| <w,r" forevery r > 0}.

2. Tools
It is convenient to point out the following easy but useful result.

Proposition 2.1 Ler 2’ C 2 C R" be open sets and let E C R". Then
Py(E,2)=Py(E. )+ L(EN(R2\2).CE\2)+ £&(E\2,CEN(2\£2)). 2.1

As a consequence,

() if E C 2, then
Ps(E, $2) = Ps(E),

(ii) if E, F C R" have finite s-perimeter in 2 and EAF C 2’ C 2, then
PS(Ev‘{Z)_PS(F5Q):PS(Evg/)_PS(FsQ/)' (22)

REMARK 2.2 In particular, if E has finite s-perimeter in §2, then it has finite s-perimeter also in
every open set 2’ C £2.

2.1  Bounded open sets with Lipschitz boundary

Given a set £ C R”, with E # @, the distance function from E is defined as

dp(x) =d(x,E) := inf |x — y|, for x € R”.
yeE

The signed distance function from JF, negative inside FE, is then defined as
dg(x) =d(x,E) :=d(x,E) — d(x,CE). (2.3)
We also define for every r € R the sets
E,:={x e R"|dg(x) <r}.

Notice that if p > 0, then B
Np(382) = {ldal < p} = £2,\ £2,
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is the p-tubular neighborhood of 9£2.

Let 2 C R” be a bounded open set with Lipschitz boundary. It is well known (see, e.g.,
Theorem 4.1 of [14]) that also the bounded open sets £2, have Lipschitz boundary, when r is small
enough, say |r| < ro.

Notice that _

082, ={do =r}.

Moreover the perimeter of £2, can be bounded uniformly in r € (—r¢, r9) (see also Appendix B
of [16] for a more detailed discussion).

Proposition 2.3 Let 2 C R" be a bounded open set with Lipschitz boundary. Then there exists
ro > 0 such that §2, is a bounded open set with Lipschitz boundary for every r € (—rg, r9) and

sup ®"" ! ({dg =r}) < . (2.4)

[rl<ro

As a consequence, exploiting the embedding BV (R") < W*1(R") we obtain a uniform bound
for the (global) s-perimeters of the sets §2, (see Corollary 1.2 of [16])

Corollary 2.4 Let 2 C R” be a bounded open set with Lipschitz boundary. Then there exists ro > 0
such that
sup Py(82,) < oo. (2.5)

[rl<ro

2.1.1 Increasing sequences. In particular, Proposition 2.3 shows that if £2 is a bounded open
set with Lpschitz boundary, then we can approximate it strictly from the inside with a sequence of
bounded open sets £2; := £2_1,x CC §2. Moreover, (2.4) gives a uniform bound on the measure of
the boundaries of the approximating sets.

Now we prove that any open set £2 # @ can be approximated strictly from the inside with a
sequence of bounded open sets with smooth boundaries.

Proposition 2.5 Let 2 C R” be a bounded open set. For every ¢ > 0 there exists a bounded open
set O, C R" with smooth boundary, such that

O,CC 2 and 30, C Ns(32). (2.6)

Proof. We show that we can approximate the set §2_,/, with a bounded open set O, with smooth
boundary such that 00, C N,/4(082_¢/2).
In general O, ¢ £2_,/,. However

0O, C N8/4(.{2_5/2) CC £2 and indeed 9—36/4 c O, C 9—8/47 2.7

proving the claim.

Letu := ygo__,, and consider the regularized function

e/2
VI=Ug/qa = UX1Ne/4

(see Section 3 for the details about the mollifier 7). Since v € C*°(R"), we know from Sard’s
Theorem that the superlevel set {v > ¢} is an open set with smooth boundary for a.e. t € (0, 1).
Moreover notice that 0 < v < 1, with

supp v C Ng/a(supp u) = Neja(£2—¢/2) C £2_/4.
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and

v(x) =1 for every x € {y €2 ¢ | d(y,002_¢/5) > 2} D2 3

_ZE.

This shows that O, := {v > ¢} (for any “regular” t) satisfies (2.7). O

Corollary 2.6 Let 2 C R” be an open set. Then there exists a sequence {82y} of bounded open
sets with smooth boundary such that 2y /' 2 strictly, i.e.,

2 CCqpcc2  and | %u=2. (2.8)
keN

I
In particular $2 Nyo3

Proof. Itis enough to notice that we can approximate §2 strictly from the inside with bounded open
sets O C R”, thatis

Or CC Oy CC 22 and U Or = £2.
keN

Then we can exploit Proposition 2.5, and in particular (2.7), to find bounded open sets 2 C R”
with smooth boundary such that

O CcC 2% CC Ok41-

Indeed we can take as 2 a set O, corresponding to O, with & small enough to guarantee
O cC O,.

As for the sets Oy, if §2 is bounded we can simply take Oy := §2_,—«. If £2 is not bounded, we
can consider the sets £2 N B,« and define

O = {x € 2N By | d(x,0(2 N Byi)) > z—k}.

To conclude, notice that we have yo, —> xq pointwise everywhere in R”, which implies the

convergence in Ll1 e (R). O

2.1.2  Some uniform estimates for p-neighborhoods. The uniform bound (2.4) on the perimeters
of the sets £25 allows us to obtain the following estimates, which will be used in the sequel.

Lemma 2.7 Let 2 C R” be a bounded open set with Lipschitz boundary. Let § € (0, ry). Then

D) L5(2-5,2\02-5) <C8°,

2.9
() L£4(2,25\2)<C8'"™ and L,(2\ 2_5,CN) < C s, 9)

where the constant C is
C .= 1o sup ®"" ! ({de =r}).

S(l — S) Irl<ro
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Proof. By using the coarea formula for dg and exploiting (2.4), we get

eiaoon= ([ (= poe )

do=p}

0 dx ne
s /—8 (/{gQ:p} </(33p+8(y) |x — yl"“)d%y l)d’o

_no, (O R ({de = p})
= /_s prop °

nwy

s(1—ys)

1—s

nw 0 4
cm o [P s ap =
a5 /_s PO T

In the same way we obtain point (ii),

8
£s(95\9,9)=/0 (/{ngp}(/(z#)d%;_l>dp

8 d B
s/o (/{gg=p}</egp<y) —|x_;|,,+s)d}c; 1>d,0

_ non /“’ R’ ({de = p})
= — —s p

s Jo Y
nwy

§
nw d
sM—— | —p'Fdp=M ss,
s(1 =) /0 dpp P s(1—ys)

(the other estimate in point (ii) is analogous). O

2.2 (Semi)continuity of the s-perimeter

As shown in Theorem 3.1 of [4], Fatou’s Lemma gives the lower semicontinuity of the
functional £;.

Proposition 2.8 Suppose

1 1
A 254 and By 25 B

Then
£5(A, B) < liminf £ (A, Br). (2.10)
k—o00

In particular, if
loc loc

Er — E and r — £2,

then
Py(E,2) < l}cmians(Ek,Qk). 2.11)
—>00

Proof. If the right hand side of (2.10) is infinite, we have nothing to prove, so we can suppose that
it is finite. By definition of the liminf, we can find k; ' oo such that

lim CQ,S(Akj, Bk,') = liminf.lls(Ak, Bk) =:1.
i—o00 k—o00
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1

1oc(R™), up to passing to a subsequence we can suppose

Since XAr, = XA and XBi, = XB in L
that
XAg, — XA and XBi, — XB a.e.in R".

Then, since
1
Ls(Ak;, Br,) = /JI‘E” A&n mXAk’ () xBy, (y) dx dy,

Fatou’s Lemma gives
£5(A, B) < liminf £(Ag,, By;) = 1,
1—>00 .

proving (2.10).
The second inequality follows just by summing the contributions defining the fractional
perimeter. O

Keeping 2 fixed we obtain Theorem 3.1 of [4].
On the other hand, if we keep the set E fixed and approximate the open set £2 with a sequence
of open subsets §2; C £2, we get a continuity property.

Proposition 2.9 Ler 2 C R” be an open set and let {$2} be any sequence of open sets such that
loc

2 —> S2. Then for every set E C R"

Py(E, 2) < liminf Py(E, ).
k—o00

Moreover, if $2; C §2 for every k, then

Ps(E,$2) = Lim Po(E, $2), (2.12)

(whether it is finite or not).

1
Proof. Since §2y =25 £2, Proposition 2.8 gives the first statement. Now notice that if 2 C £2,
Proposition 2.1 implies
Ps(Es Qk) < PS(Ev Q)’

and hence
limsup Ps(E, $2;) < Ps(E, £2),

k—o00

concluding the proof. O

REMARK 2.10 As a consequence, exploiting Corollary 2.6, we get

Py(E,2) = sup Py(E,2')= sup Ps(E, ). (2.13)
2'ce Qcce

REMARK 2.11 Consider the set E C R constructed in the proof of Example 2.10 in [10]. That is,
let B > 0 be a decreasing sequence such that

o0 o
M::Z,Bk<oo and Zﬁzl,:szoo, Vs e (0,1).
k=1 k=1
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Then define

m [els)
Om = Z’Bk’ Im = (O’m,O'm+1), E = U 12_,',
k=1 j=1

and let £2 := (0, M). As shown in [10],
Py (E, 2) = oo, Vs e (0,1).

On the other hand
P(E,2") < oo, vV cc s,

hence E has locally finite s-perimeter in §2, for every s € (0, 1).

Indeed, notice that the intervals I,; accumulate near M. Thus, for every ¢ > 0, all but a finite
number of the intervals /5 ;s fall outside of the open set O, := (&, M —¢). Therefore P(E, O;) < 00
and hence

Ps(E,O;) <00, Vse(0,1).

Since O, ' £2 as ¢ — 0T, the set E has locally finite s-perimeter in £2 for every s € (0, 1).

Proposition 2.12 Let 2 C R” be an open set and let { Ey} be a sequence of sets such that

loc

Ey,-SE  and lim Py(Ej, 2) = Py(E,R) < co.
h—o00

Then
hlim Ps(Ey, 2') = Pg(E,2")  forevery open set 2' C 2. (2.14)
—>00

Proof. The claim follows from classical properties of limits of sequences.
Indeed, let

ap = Ps(Eth/)y
b= L5(En N (2\ 2/),CER\ 2') + £5(Ex \ 2,CE, N (2 )\ 2')),

and let @ and b be the corresponding terms for E.
Notice that, by Proposition 2.1, we have

Ps(Ep, 2) = ap + by, and Py (E,2)=a+b.
From Proposition 2.8 we have
a < liminfay, and b < liminf by,
h—o00 h—o00
and by hypothesis we know that
lim (ap + by) = a + b.
h—o0

Therefore
a + b <liminfay + liminf by, < liminf(ay + by) =a + b,
h—o00 h—o00 h—o00
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and hence
0 <liminfby, —b = a —liminfay <0,
h—o00 h—o00
so that
a = liminfay and b = liminf by,.

h—o00 h—o0

Then, since
limsupay + liminf by, < limsup(ay + by) = a + b,
h—o00 h—o0 h—o00

we obtain

a = liminfa, < limsupay, < a,

h—o00 h—00

concluding the proof. O

2.3 Compactness

Proposition 2.13 (Compactness) Ler 2 C R” be an open set. If {Ep} is a sequence of sets such
that
limsup PL(E;, 2') < () <00, V¥VR'cCC R, (2.15)

h—o00

then there exists a subsequence {Ey, } and E C R" such that

1
En, N2 -5 ENQ.

Proof. We want to use a compact Sobolev embedding (Corollary 7.2 of [9]) to construct a limit set
via a diagonal argument.

Thanks to Corollary 2.6 we know that we can find an increasing sequence of bounded open sets
{£2;} with smooth boundary such that

Q2 CC 241 CC 2 and 2 =2
keN

Moreover, Hypothesis (2.15) guarantees that
Vk 3h(k)st. PE(En 21) <cp <oo, Vh=h(k). (2.16)

Clearly
IxE, L2, < 182] < oo,

and hence, since [XEh,]WH(.Qk) = 2P3L(Ehs %), we have
Ixe,lwsigy < ¢k Vh = h(k).

Therefore Corollary 7.2 of [9] (notice that each £2; is an extension domain) guarantees for every
fixed k the existence of a subsequence h; ' oo (with iy = h(k)) such that

i—>00

Ep, N 2 —= E*
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in measure, for some set EX C 2.
Applying this argument for k = 1 we get a subsequence {h} } with

Epne =5 EL

Applying again this argument in £2,, with {E,1} in place of {E},}, we get a subsequence {h?} of
{h}} with

i—00

Ep2 1§22 — E.

Notice that, since £2; C §2,, we must have EZ2 N 2; = E! in measure (by the uniqueness of the
limit in §21). We can also suppose that A3 > hj.
Proceeding inductively in this way we get an increasing subsequence {h’f } such that

Ehi1 N 2% N E*, forevery k € N,

with EK*1' 0 2, = EX. Therefore if we define E := |, E¥, since |, 2x = £2, we get

loc

concluding the proof. O

REMARK 2.14 If Ej, is s-minimal in £2 for every h = h(k), then by minimality we get
P (En. Q%) < Po(En. ) < Ps(En \ 2. 2) < Po(2i) =1 ¢ < 00,

since £2; is bounded and has Lipschitz boundary. Therefore {E}} satisfies the hypothesis of
Proposition 2.13 and we can find a convergent subsequence.

3. Generalized coarea and approximation by smooth sets

We begin by showing that the s-perimeter satisfies a generalized coarea formula (see also [20] and
Lemma 10 in [2]). In the end of this section we will exploit this formula to prove that a set E of
locally finite s-perimeter can be approximated by smooth sets whose s-perimeter converges to that
of E.

Let £2 C R” be an open set. Given a function u : R” — R, we define the functional

P [ [ OO gy [ [ MO0 )

|x_y|n+s |x_y|n+s

that is, half the “$2-contribution” to the W*!-seminorm of u.
Notice that
F(xe,2) = Ps(E, 2)
and, clearly,

1
F,R") = E[U]WS~1(R")'
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Proposition 3.1 (Coarea) Let £2 C R” be an open set and let u : R* — R. Then

F(u,2) = /00 Ps({u >t} .Q) dt. (3.2)

—0o0
In particular
1 .
5[”]w51(9) 2[ PS ({M>t},9)dt.
—00

Proof. Notice that for every x, y € R" we have

e o]

() — u(y)| = / umry () — Ziumry )] dt. (3.3)

Indeed, the function ¢ — |xqu>3(X) — x> (y)| takes only the values {0, 1} and it is different
from O precisely in the interval having u(x) and u(y) as extremes. Therefore, if we plug (3.3) into
(3.1) and use Fubini’s Theorem, we get

o0 (o)
Fu,2) = / F (ttuory. 2) di = / Py(fu > 1}.2) dr.

—0o0 —00

as wanted. O

3.1  Approximation results for the functional ¥

In this section we prove the approximation properties for the functional ¥ which we need for the
proofs of Theorem 1.1 and Theorem 1.3. To this end we consider a (symmetric) smooth function
such that

neCXIMR"), suppnC By, n=0, n(=x)=nx), [ ndx =1,
Rn

and we define the mollifier
1 /x
ne) == ().
e e
for every ¢ € (0, 1). Notice that supp 1, C Bg and [p, 7 = 1.
Given u € Lll oc(R"), we define the e-regularization of u as the convolution

U (x) := (U *xn.)(x) = /1;{" u(x —€)n(€)d&, forevery x € R".

It is well known that u, € C*°(R") and
Ug —> U in L}OC(R").
Moreover, if u = y g, then

1, if|Bs(x)\ E| =0

Osuest and wue(¥) =1 o 4e1p A E|=0 °

3.4)

(see, e.g., Section 12.3 of [17]).
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Lemma3.2 (i) Letu € Llloc (R™) and let 2 C R”" be an open set. Then

FTu,2)<oco0 = hm F(ue, 2)=5%(u,2) vV cc . (3.5)

e—>01

(ii) Letu € WSY(R™). Then
;i_ljg)[us]wsvl(mn) = [ulws.1@n)-

(iii) Let u € W5 1(R™). Then there exists {ug} C CZ°(R") such that
||M — uk”Ll(Rn) —> 0 and kli)l’l;o[uk]ws.l(]Rn) = [M]Ws.l(Rn).

Moreover, ifu = xg, then 0 < up < 1.

Proof. (i) Given O C R”, let Q(O) := R?* \ (CO)?, so that

F(u,0) = l[ de dy.
2 Jow) |x—yl"ts

Notice that if O C £2, then Q(0O) C Q(£2) and hence
Fu,0)<F(u,2). (3.6)

Now let £2’ CC £2 and notice that for ¢ small enough we have

Q2 — &) C Q(2) for every £ € By. 3.7
As a consequence
F (ug, 2') < f F(u, 2 —e&)nE)de <5 (u, 2). (3.3
By

The second inequality follows from (3.7), (3.6) and |, g =1
As for the first inequality, we have

[ =6 =t =) a(F) ae 0

|ue(x) —ue(y)l
/Q(m =y /Q(A?’)
= —ef) —u(y - _dxdy
= [ Lt = =ty sy | S
|u(x — €) —u(y — &)
s dx dy)n(&) d
‘/Bl </Q(Q/) |_x_y|n+s X J’)U(S) S

[u(x) —u(y)|
- /31 (/Q(ﬂ/—ss) ulxx—yll’l”rys > dy)n(s)dg'

We prove something stronger than the claim, that is

lim §(u, —u,2)=0. (3.9)

e—>01
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Indeed, notice that
|F (e, 2') —F (u, 2)| < F(ue —u, 2).

Let ¥ : R?” — R be defined as

u(x) —u(y)

|x _y|n+s '

V(x,y) =

Moreover, for every ¢ > 0 and § € By, we consider the left translation by &(£, £) in R?", that is

(Leg f)(x.y) := f(x — &6,y —€§).

forevery f : R?" — R.
Since ¥ € L1(Q(£2)), for every § > 0 there exists ¥ € C}(Q(£2)) such that

1)
¥ =Yl ow) < 7

We have
P ) = [ DO ) £,
0(2) |x — y[nts
[u(x — &) —u(y —ef) —u(x) + u(y)|
< dx d d
< /Bl (/Q(m T x y)n(é) 3

= [ ILev =Vl gann@ dt
1
< [ (e~ Let¥lircoum + ILee¥ — ¥liicoan)
1
+ 1% = ¥l o )(E) dé.
Notice that

[Lee¥y — LeeWllLicoryy = I =Yl —ee) < IV —YlLiow)

and hence
T (e — 10, 2) <5 + [B ILet® — Wll11 oqa1(E) dE.
1

For ¢ > 0 small enough we have
supp(LegW — W) C Ny(supp ¥) =: K CC R*",

and
[W(x —ek,y—e&)—¥(x,y)| <2 max |VY¥|e.
supp ¥

Thus
LW — W , d§ < 2|K| max |VY|e.
/1 [ Leg L1 coyn)dé | |SUP§W| |

279



280 L. LOMBARDINI

Passing to the limit as ¢ — 0% then gives

limsup ¥ (u, —u, 2') < 6.
e—0t

Since § is arbitrary, we get (3.9).

(i) Reasoning as above we obtain

/Rn [l;n |ug|§cx1 |L:li(sy)| xdy < /;;l An /}Rn [ (x —liéi—;gr);—séﬂdxdy)n(g) i

= [ ([, [ et ay)ae as

= [ls ey /; n(€) dE.

that is
[MS]W.Y.I(RH) < [M]Ws,l(Rn). (310)
This and Fatou’s Lemma give

[M]Ws.l(]Rn) < li‘léll)iélf[ug]ws.l(ﬂgn) 111’1’1 sup[ua]Ws LRy S [U]Ws 1(R1)
concluding the proof.

(iii)) The proof is a classical cut-off argument. We consider a sequence of cut-off functions v €
C2°(R") such that

0<yYr <1, supp¥x C Brs1 and Y =1 1in By.

We can also assume that
sup |V | < My < oo.

keN
It is enough to show that
kll)ll{')lo ”M — 'l//kM”Ll(Rn) =0 and kli)II;o['(ﬂku]Ws,l(Rn) = [M]WA‘,I(]RH). (311)
Indeed then we can use (ii) to approximate each ¥, u with a smooth function ug = () * 1,

for & small enough to have

IV = ukllpigny <27 and  |[Wkulws gy — kdwsa @l <27
Therefore
e =l any < = el gy +27% — 0
and
st ry = Btk ey < [0t ey = Wty | +27% — 0.
Also notice that
supp ug C N, (supp Yxu) C Byyz

so that ug € C°(R") for every k. Moreover, from the definition of uy it follows that if u = g,
then 0 < up < 1.

For a proof of (3.11) see, e.g., Lemma 12 in [15]. U
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Now we show that if §2 is a bounded open set with Lipschitz boundary and if u = y g, then we
can find smooth functions uj such that

F(up, 2) — 5 (u, 2).
We first need the following two results.

Lemma 3.3 Let 2 C R” be a bounded open set with Lipschitz boundary. Let u € L°°(R") be such
that 3 (u, $2) < oo. For every § € (0,rg) let

05 =1 = Xqdg<sy-

Then ]
wps 5w in LY(R™), (3.12)
and
lim F(ugps, 2) = F (u, 2). (3.13)
SN\OT

Proof. First of all, notice that
- §—0
lups —uldx = | luldx < |lullpo@ny {lde| < 8} — 0.
R” {lde|<8}

Now

/ [(ueps)(x) — (ugps)(y)] dx dy

|x _ |n+s

|u(x) —u(y)| / / |u(x)|
dxdy +2 ————dy)dx.
/.(2 s /52_5 |x — y[**s Y 2_s ( 2\Q_s [x —y["ts y)

Since §2_5 C £2, we have

Ju() —u ()| u(x) — u(y)|
dxdy < — = dxdy.
/g/ T —ypts y</g o x—ypts Y

On the other hand, since |2 \ £2_5| — 0, we get

—hﬁixi_yﬁ(fs)'m_a(x)m_m) = '”|(x) |,,(+ys)'x )2 ),

forae. (x,y) € R* x R".
Therefore, by Fatou’s Lemma we obtain

[M]Ws,l(g) < liminf[u]Ws,l((Ls) < lim sup[u]Ws.l(_Qﬂs) < [M]Ws,l(g). (314)
5N\0 8\0
Moreover, by point (i) of (2.9) we get

u(x
2/ (/ & dy)dx < 2||ul|poomnyLs (£2-5, 82\ $2_5)
2_g 2

\2_5 |X - y|n+s
S ZC”u”Loo(Rn) Sl_s.
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Therefore we find
1. s, = s, . 315
Sl\%[uﬁl)s]W 1) = [Ulwsa(@) (3.15)

[ [ \wme-Geo
cR

|x _y|n+s
/ / lu(x) — u(+y)|dxdy+/ (/ IM(X)IJr dy)dx
2_sJegs |x—y[ts 2.5 “Jas\e x =yt

|u(x)]
+/ (/ —dy)dx.
2\a_s VJeas |x —ynts
Since £2_5 C £2 and C£25 C €S2, we have

|u(x) —u(y)| u(x) —u(y)|
dxdy < dxdy.
/—5 /G.Qa |x — y[**s / /G.Q |x — y|**s T

Moreover, since both |2 \ £2_s| —> 0 and |C£2 \ C25| —> 0, we have

%Xﬂ 3(X)X(~2{23(Y) na |u|(X) |ns-);)|x () xe2(y).

for a.e. (x, y) € R* x R".
Therefore, again by Fatou’s Lemma we obtain

: |u(x) —u(y)| [/ Ju(x) —u(y)|
) dx dy dx dy. 3.16
Jl\r‘%/f‘?s AQ; |x — y|rts en |x—y |”+S ray ( )

Furthermore, by point (ii) of (2.9) we get

u(x)]
- dy )dx < |[u|Loomn) Ls(£2-5, $25 \ £2)
/;2—8 (/93\9 |x — y|rts ) ®?) s
< |ullpoo@nyL5(2, 25 \ 2) < Cllu|Loo@n)s' ™
and also )
u(x
——_dy)dx < C|lulpco@m8'™*
L\Q—B (‘LQS |x _y|n+s ) (R)
Thus

. | (ugs) (x) — (ugs) (Y [u(x) —u(y)l
llm/ /e:z s dxdy //@Q NS dx dy, (3.17)

N0 Jo |x —y |x —
concluding the proof. O

Lemma 3.4 Let 2 C R”" be a bounded open set with Lipschitz boundary. Let v € L°°(R") be such
that ¥ (v, £2) < oo and B
v=0 in{lde|<3d/2},

for some § € (0, ry). Then
¥ (v, 2) = F (v, 2-5/2)| < C|vllLeo@n)s'~, (3.18)
where C = C(n, s, §2) > 0 does not depend on v.
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Proof. Since B
v=0 in {|d_q| < 8/2},

we have

F(v,2) = F (v, 2_5)2) +2/ (/ L)n'ﬂdy)dx.
Q\2_5/> CRs/2 |X - y|

Now, by point (ii) of (2.9) we have

v(y)
/ (/ | n|+s dy) S ”v”LC’C’(R”)(‘Qs(nf2 \ 9_5/2,(‘2.{2)
Q252 “Jes X~

< 2°7'Cv)|poorny 8.
m

Proposition 3.5 Let 2 C R” be a bounded open set with Lipschitz boundary. Let u € L*°(R") be
such that ¥ (u, $2) < oo. Then there exists a sequence {up} C C*°(R") such that

@) NunllLe@ny < ullLoo®ny, and O<up <1 if O<u<l,
.. h— .
(i) wp ——>u in Lj,(R"), (3.19)
(iii))  lim ¥ (up, 2) = 5 (u, 2).
h—00
Proof. By Lemma 3.3 we know that for every & € N we can find §; small enough such that
lu —u@s,llpign <27" and  |F (. 2) - F (ugs,. 2)] < 27" (3.20)

We can assume that 5 N\ 0.
By point (i) of Lemma 3.2 we know that for every /& we can find ¢ small enough such that

| ugs,) * ey, = s, ILics,) < 27" (3:21)
and
|5 (ues,. 2-5,12) = F ((ugs,) * 0, 2g,12)| <27 (322)
Taking ¢j small enough, we can also assume that
(u@s,) * s, =0 in {|de| < 8,/2}, (3.23)

since the e-convolution enlarges the support at most to an e-neighborhood of the original support.
Let uy, := (ugs,) * n¢,- Since we are taking the &;,-regularization of the function u¢s, , which
is just the product of u with a characteristic function, point (i) of our claim is immediate.
By (3.21) and the first part of (3.20) we get point (ii).
As for point (iii), exploiting (3.23) and Lemma 3.4, we obtain
|F (. 2) = F (up. 2)| < |F(u. 2) — F (ugs,,. 2)| + |F (ugs,. 2) — F (ugs,. 2-5,/2)|
+|F (ugs,, 2-5,/2) — F (un, 2-5,2)|
+ |F un. 2-5,/2) = F (up. )|
< 27" 4 2°C Ju oo 8) ™ + 270,

which goes to 0 as h —> oo. O
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3.2 Proof of Theorem 1.1 and Theorem 1.3
Exploiting Lemma 3.2 and the coarea formula, we can now prove Theorem 1.1.

Proof of Theorem 1.1. The “if part” is trivial. Indeed, just from point (i) and the lower
semicontinuity of the s-perimeter we get

Py(E, 2") < liminf Py(Ey, 2) < oo,
h—o00

for every 2’ CC 2.

Now suppose that E has locally finite s-perimeter in §2.

The scheme of the proof is similar to that of the classical case (see, e.g., the proof of
Theorem 13.8 of [17]).

Given a sequence &5, \, 0" we consider the &j,-regularization of u := y g and define the sets

E} = {ug, >t} witht € (0,1).

Sard’s Theorem guarantees that for a.e. t € (0, 1) the sequence {E} } is made of open sets with
smooth boundary. We will get our sets Ej by opportunely choosing 7.
Since ug, — g in Llloc (R™), it is readily seen that for a.e. ¢ € (0, 1)
E % E,
and hence the lower semicontinuity of the s-perimeter gives

Py(E, 0) < liminf Py(E!, ), (3.24)
h—o00

for every open set O C R”.
Moreover from (3.4) we have

{0 <u, <1} C N(OF) Ve>0,
and hence, since 0F ,’l C {ug, = t}, we obtain
dE) C N, (0E), (3.25)

which will give (iii) once we choose our ?.
We improve (3.24) by showing that, if 2’ CC £2 is a fixed bounded open set, then for a.e.
t € (0, 1) (with the set of exceptional values of ¢ possibly depending on £2),

Py(E.2') = liminf Py(E},. 2'). (3.26)
—00

By (3.24) and Fatou’s Lemma, we have

1 1
Py(E, Q') < / liminf Py(EL, 2)dt < liminf / Py(EL. ') d1. (3.27)
0 h—oo h—o00 Jo

Let O be a bounded open set such that 2' CC O CC £2. Since E has locally finite s-perimeter in
£2, we have Ps(E, ©) < oo. Then, since 2’ CC O, point (i) of Lemma 3.2 (with O in the place of
£2) implies
hlim F(ue,,2)=F(xe.R2") = P(E, 2'). (3.28)
—>0
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Since 0 < u,, < 1, we have E}’l =R"ift < 0and E,’1 = @ if r > 1, and hence rewriting (3.28)
exploiting the coarea formula,

1
lim [ Py(EL, Q')dt = Py(E, Q).
h—o00 Jo

This and (3.27) give
1 1
/ liminf Py(E}. 2')dt = Py(E,2') = / Py(E, 2 dt,
0 h—o00 0

which implies
Py(E, Q) = lihmians(E,Z, ), forae.t € (0,1), (3.29)
—00

as claimed.
Now let the sets £2; CC §2 be as in Corollary 2.6. From (3.29) we deduce that for a.e. t € (0, 1)

we have
Py(E,$2) = limians(E,tl, 2r), VkeN. (3.30)

Therefore, combining all we wrote so far, we find Slgat fora.e.t € (0, 1) the sequence {E} }, is made
of open sets with smooth boundary such that £}, ! > F and both (3.25) and (3.30) hold true.

To conclude, by a diagonal argument we can ﬁnd to € (0,1) and h; /" oo such that, if we define
E; = E,t;l) then {E;} is a sequence of open sets with smooth boundary such that E; ﬁ) E, with
JdE; C Nehl- (0E), and

Py(E.2) = lim Py(E;. Q). VkeN. (3.31)

Now notice that if 2’ CC 2, then there exists a k such that 2’ CC §2. Therefore by (3.31) and
Proposition 2.12 we get (ii).

This concludes the proof of the first part of the claim.

Now suppose that 2 = R” and |E|, Ps(E) < oo.

Since |E| < oo, we know that u, —> yg in L'(IR"). Therefore we obtain E;, — E forae.
t €(0,1).
Moreover, from point (ii) of Lemma 3.2 we know that

Fu,R") < o0 e liII(l) F(ue,R") = F(u,R").
£—>
We can thus repeat the proof above and obtain
Py(E) = liminf Py(E}).
h—o0

for a.e. t € (0, 1). For any fixed “good” ty € (0, 1) this directly implies, with no need of a diagonal
argument, the existence of a subsequence /; /' oo such that

Py(E) = lim Py(E}).

We are left to show that in this case we can take the sets £} to be bounded.
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To this end, it is enough to replace the functions u,, with the functions uy obtained in point (iii)
of Lemma 3.2.
Indeed, since u; has compact support, for each ¢ € (0, 1) the set

E]tc = {uy >t}

is bounded. Since 1y —> u in L' (R") we still find

i
E; D5 E forae.te 0,1),

and, since 0 < u; < 1and
lim ¥ (ug,R") = Ps(E),
k—o00

we can use again the coarea formula to conclude as above. O

Proof of Theorem 1.3. Exploiting the approximating sequence obtained in Proposition 3.5, we can
now prove Theorem 1.3 exactly as above.
As for point (iii), recall that the functions uj, of Proposition 3.5 are defined as

up = (XE@sy) * Ney-
Notice that, since we can suppose that &, < &5,/2, we have
Up = XE *Ne,,  inR"\ Nog, (082).
Therefore, for every ¢ € (0, 1) we find
0{up >t} C Ng, (OE) C Nyg, (OF), inR" \ Ny, (082).

This gives point (iii) once we choose an appropriate ¢, as in the proof of Theorem 1.1. O

REMARK 3.6 We remark that by Proposition 2.12 we have also

lim Pg(Ep, 2') = Ps(E, £2)), for every 2’ CC £2.
h—o00

4. Existence and compactness of s-minimal sets
4.1  Proof of Theorem 1.7
Proof of Theorem 1.7. (i) = (ii) is obvious.

(ii) = (iii)) Let 2’ cC 2 andlet F C R" be suchthat F \ 2’ = E \ £2'.
Since EAF C 2’ CC £2, we have

PS(E’Q) S PS(F?Q)
Then, since F \ £2' = E \ £2’, by Proposition 2.1 we get

Py(E,2') < Py(F, 2').
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(iii) = (i) Let E be locally s-minimal in £2.

First of all we prove that Ps(E, £2) < oo.

Indeed, since E is locally s-minimal in £2, in particular it is s-minimal in every £2,, with
r € (—rg,0). Thus, by minimality and (2.5), we get

Py(E, 2,) < Py(E\ 2,,2:) < Py(£2,) <M < o0,

for every r € (—rg, 0). Therefore by (2.12) we obtain Ps(E, 2) < M.
Now let F C R” be such that F \ 2 = E \ £2. Take a sequence {ry} C (—rop,0) such that
re /0, let 24 := §2,, , and define

Fr:=(FN2)U(E\ £2).
The local minimality of E gives
Ps(E, $2;) < Ps(Fy, $21), forevery k € N,

and by (2.12) we know that
P;(E,2) = klim Ps(E, ;). 4.1)
—>00

Since Fy = F outside £2 \ §2¢, and F, = E in 2 \ §2), we obtain
Ps(F. ;) — Ps(Fy. S2) = £5(F N 2, ©F N (2\ 2¢))

+ £(CF N2, F N (2\ 20)) — £(F N2k, CE N (2\ )
— & (CF N2, EN(2\ X))

Notice that each of the four terms in the right hand side is less or equal than £(£2g, §2 \ §2¢). Thus
ax = |Ps(F, 2) — Py(Fr. 2i)| < 4 L£5(2k. 2\ ).

Notice that from point (i) of (2.9) we have ay —> 0.
Now
Py(F,2) +ax = Ps(F, 2¢) + ax = Ps(Fi, $2%) = Ps(E, $2¢),

and hence, passing to the limit k — oo, we get
Ps(F,$2) = Ps(E, 2).

Since F was an arbitrary competitor for £, we see that E is s-minimal in £2. O

4.2  Compactness

Proof of Theorem 1.12. Assume F = E outside §2 and let
Fr:=(FNR)U(Ex\ £22).
Since F; = Ej outside £2 and E} is s-minimal in 2, we have

Ps(Fy. $2) = Ps(Eg, 2).
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On the other hand, since Fj, = F inside £2, we have
| Ps(Fi, 2) — Ps(F. 2)| < £5(2, (Fx AF) \ 2) = £4(2, (ExAE) \ 2) =: by
Thus

If we prove that by — 0, then by lower semicontinuty of the fractional perimeter

Ps(F,$2) = limsup Ps(Ey, 2) = l}cmians(Ek, 2) = Py(E, 2). 4.2)
—>00

k—o00

This shows that E is s-minimal in £2. Moreover, (1.8) follows from (4.2) by taking F = E.
We are left to show by —> 0.
Let ro be as in Proposition 2.3 and let R > ry. In the end we will let R —> oco. Define

ag(r) == R""Y((ExAE) N {dq = 1}))

for every r € [0, rg).
We split by as the sum

b = £5(2. (Ex AE) N (25 \ £2)) 4+ £4(2. (Ex AE) N (2R \ 2r,))
+ £5(82, (ExAE) \ R2R).

Notice thatif x € £2 and y € (22g \ §2,). then |x — y| = rop, and hence

£4(2.(ExAE) N (28 \ 25)) = /Q .

|1£2]
r(r)l-i—s

1
XE AE(y) dy /Q de

<

[(ExAE) N (2R \ £27)l.

1
Since Ej 2% E and 2 R \ §2, is bounded, for every fixed R we find
Jim £5(2, (ExAE) N (R2r \ 24,)) = 0.
—00

As for the last term, we have

dy nwy
L£5(2,(ExAE)\ 2r) < £5(2,C2r) < | d = £2|.
(2. Eap 20 < t@.eop s [ar [ S =Tl

We are left to estimate the first term. By using the coarea formula, we obtain

£5(2. (ELAE) N (24 \ 2)

= /Oro (/{t?52=r} XEkAE(y)(/Q #)d%;l)d},
< /(;ro (l{; XEkAE(y)(/(;B,.(y) #)d%;_l)dr

@=r}

ro
znwn/ a(r) dr
0

s rs
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Notice that o
/ ai(r)dr = [(ExAE) N (2, \ 2)| iy
0

so that
k
ai(r) 20 fora.e. r € [0, r9).

Moreover, exploiting (2.4) we get

ro ro 1
/ ak(r) M/ —dr = r(}_s,
0 -5

and hence, by dominated convergence, we obtain

)
lim / “lr) 4, _ o,
k—o00 Jo rs

—S

Therefore

limsup by <

k—o00

Letting R —> 0o, we obtain by —> 0, concluding the proof.

Proof of Corollary 1.13. Let the sets £2y CC £2 be as in Corollary 2.6. By Theorem 1.12 we
that E is s-minimal in each §2. Moreover (1.8) gives

Py(E,$2¢) = hlggo Ps(Ep, $2¢).

289

O

see

for every k. Now if 2/ CC £2, then £2' C §2 for some k. Thus E is s-minimal in £2’ and we obtain

(1.9) by Proposition 2.12.

4.3 Existence of (locally) s-minimal sets

O

Proof of Theorem 1.9. The “only if” part is trivial. Now suppose there exists a competitor for Eg

with finite s-perimeter in £2. Then
inf {Pg(E,2)| E\ 2 = Eo\ 2} <00
and we can find a minimizing sequence, that is { £} } with Ej, \ 2 = Eg \ §2 and
hler;o Ps(Ep, 2) = inf{Ps(E,2) | E\ 2 = Eo \ £2}.

Let 2’ CC £2. Since, for every h € N we have
Py(Ey, 2') < Py(Ep, 2) < M < oo,

we can use Proposition 2.13 to find a set E’ C §2 such that

loc

ExnNQ —E
(up to subsequence). Since Ej \ 2 = Eg \ §2 for every h, if we set E := E’' U (Eg \ £2), then

loc

Eh——>E.

The semicontinuity of the fractional perimeter concludes the proof.
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REMARK 4.1 In particular, if §2 is a bounded open set with Lipschitz boundary, then (as already
proved in [4]) we can always find an s-minimal set for every s € (0, 1), no matter what the external
data Eg \ §2 is. Indeed in this case

Py(Eg \ 2.2) < Py(R2) < oo.

Actually, in order to have the existence of s-minimal sets for some fixed s € (0, 1), the open set £2
need not be bounded nor have a regular boundary. It is enough to have

Ps(£2) < oo.
Then Ey \ £2 has finite s-perimeter in 2 and we can apply Theorem 1.9.

Proof of Corollary 1.11. Let the sets £2; be as in Corollary 2.6.
From Theorem 1.9 and Remark 4.1 we know that for every k we can find a set E; which is
s-minimal in §2; and such that E; \ 2 = Eg \ 2.
Notice that, since the sequence £2y is increasing, the set Ej, is s-minimal in £2; for every h = k.
This gives us a sequence { E},} satisfying the hypothesis of Proposition 2.13 (see Remark 2.14),

and hence (up to a subsequence)
I
E,nR -5 F,
for some F C §2. Since Ej \ 2 = Ey \ §2 for every h, if we set E := F U (Ey \ §2), we obtain

loc

Eh—>E.

Theorem 1.12 guarantees that £ is s-minimal in every £2; and hence also locally s-minimal in 2.
Indeed, if £2/ CC £2, then for some k big enough we have 2’ C §2;. Now, since E is s-minimal in
£2k, it is s-minimal also in £2’. O

4.4 Locally s-minimal sets in cylinders
Given a bounded open set 2 C R”, we consider the cylinders
K =2 x(=k.k), 2%°:=2xR.
We recall that, given any set Eg C R"T!, by Corollary 1.11 we can find a set E C R*™! which is
locally s-minimal in £2°° and such that E \ 2% = E, \ 2.

REMARK 4.2 Actually, if £2 has Lipschitz boundary then E is s-minimal in every cylinder O =
£2 x (a, b) of finite height (notice that O is not compactly contained in £2°°). Indeed, O is a bounded
open set with Lipschitz boundary and FE is locally s-minimal in O. Thus, by Theorem 1.7, E is s-
minimal in O.

As a consequence, E is s-minimal in every bounded open subset 2 C £2°°.

We are going to consider as exterior data the subgraph
Eo = 8g(v) := {(x.,1) € R < v(x)}.
of a function v : R” — R, which is locally bounded, i.e.

M, = sup |v(x)| < oo, for every r > 0. (4.3)

[x|<r

The following result is an immediate consequence of (the proof of) Lemma 3.3 of [11].
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Lemma 4.3 Let 2 C R” be a bounded open set with C! boundary and let v : R" —> R be
locally bounded. There exists a constant M = M(n, s, $2,v) > 0 such that if E C R*T1 is locally
s-minimal in 2°°, with E \ 2°° = 8g(v) \ £2°°, then

2 % (—00,—M] C ENQR® C 2 x(—oc0, M].

As a consequence
E\ (2 x[-M,M]) = 8g(v) \ (2 x [-M, M]). (4.4)

Proof. By Remark 4.2, the set E is s-minimal in £2°° in the sense considered in [11]. Lemma 3.3
of [11] then guarantees that
ENQNR®C 2 x(—oo0, M].

Moreover, the same argument used in the proof shows also that
CENN%® C 2 x[-M,o0),

(up to considering a bigger M).
Since M > MRg,,, where Ry is such that 2 CC Bg,, we get (4.4), concluding the proof. O

Roughly speaking, Lemma 4.3 gives an a priori bound on the variation of dF in the “vertical”
direction. In particular, from (4.4) we see that it is enough to look for a locally s-minimal set among
sets which coincide with Sg(v) out of 2 x [-M, M].

As a consequence, we can prove that a set is locally s-minimal in £2°° if and only if it is s-
minimal in 2 x [-M, M].

Proposition 4.4 Let 2 C R” be a bounded open set with C1! boundary and let v : R* — R
be locally bounded. Let M be as in Lemma 4.3 and let ko be the smallest integer kg > M. Let
F C R be s-minimal in 2%, with respect to the exterior data

F\ 2% =8g(v)\ 2k, (4.5)
Then F is s-minimal in 2% for every k = ko, hence is locally s-minimal in 2.

Proof. Let E C R"*1 be locally s-minimal in £2°°, with respect to the exterior data
E\ 2% =8g(v)\ 2.
Recall that by Remark 4.2 the set E is s-minimal in £2% for every k. In particular
Py(E,2¥) <00  VkeN,

To prove the Proposition, it is enough to show that

Py(F, 2%) = Py(E, 25),  forevery k = ko. (4.6)
Indeed, notice that by (4.5) and (4.4) we have

F\ 2% =8g(v)\ 2% = E\ @k, 4.7)

hence, clearly,
F\QX=E\Q2*  Vk=k.
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Then, since E is s-minimal in 2%, from (4.6) we conclude that also F' is s-minimal in Q% for every
k = ko. In turn, this implies that F is locally s-minimal in £2°°.
Exploiting Proposition 2.1, by (4.7) we obtain that for every k = kg

Py(F,2%) = Py(F. Q%) +cp,  Py(E,2%) = Py(E, 2%0) + ¢, 4.8)
where
ck = £5(8g(v) N (2 2%0).€8g(1) \ 2) + £:(8g(v) \ °. €8g(v) N (2 \ 1)),
which is finite and does not depend on E nor F. To see that ¢ is finite, simply notice that
cx < Py(E, 2%) < co.

Now, by (4.7) and the minimality of F' we have

Py(F, 2%) < Py(E, 2%0).
On the other hand, since also the set E is s-minimal in £2%0, again by (4.7) we get

Py(E, 2%0) < Py(F, 2%0).

This and (4.8) give
Po(F.2%) = Py(F.2") + ¢ = Py(E. 2°),

proving (4.6) and concluding the proof. O

It is now natural to wonder whether the set F is actually s-minimal in §£2°°. The answer, in
general, is no. Indeed, Theorem 1.14 shows that in general we cannot hope to find an s-minimal set
in 2.

Proof of Theorem 1.14. Notice that by (1.10) we have
EN 2%\ 2 = 2 x (—o0, —k — 1),
CEN(NR®\ 22X = 2 x (k + 1, 00),

and
ENQ* c @ x(=k—1,k), CENQ*t' c 2 x (=k,k +1).

Thus
PL(E.2%°) = PE(E, QK1) + £(E N (2% \ 2K, @E n k1)
+ L (CE N (2% \ 2K, En Q%Y 4+ PE(E, 2%\ k)
< PE(E, 251 +28,(82 x (00, —k — 1), 2 x (k. k + 1))
+ £5(£2 x (=00, —k — 1), 2 x (k + 1,00)).

Since d(.Q X (—oo,—k — 1), 2 x (—k,k + 1)) =1, we get

dy
£5(82x (—00, —k = 1), 2 x (=K, k + 1) S/ / I wrd) K04
! ) QX(—k,kH)( eB (x) | X — Y|n+1+s)

Doy
= %(% +1)|£2].
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As for the last term, since n + 1 = 2, we have

£5(£2 x (=00, —k — 1), 2x(k + 1,00))

/ / /_k 1/k+1 (Ix —yP -:ith—Tf)z)”““)dxdy
—k—1
<ier [ ([ aoamm)i

_ |.Q|2 /—k—l dt
Tn4s5 ) (k+1—o)rts

_ |27 1
C (m+s)n—1+4s5) 2k +2)r—1+s”

This shows that PL(E, 2%°) < cc.
Now suppose that E C R"*! satisfies (1.11). Then

PNE(E, 2%°) 2 28,(£2 x (00, —k), €2 x (k, 00)).

Since £2 is bounded, we can take R > 0 big enough such that 2 CC Bg. Forevery T > Ty :=
max{k, R} we have

2 X (—00,—T) C 2 x (—o0o0,—k) and (Bt \ Bgr) x (T,00) C C£2 x (k, 00).

Thus for every T > Ty

£4(2 x (=00, —k), €2 x (k,00)) = £,(2 x (=00, =T), (Br \ Br) x (T, 0))

-T oo dt
:/ dx/ dy/ dl/ ntits - 4T-
2 Br\BR —00 T (|x—y|2+(f—t)2) 2

Notice that for every x € 2, y € By \ Br, t € (—o0o0,—T) and t € (T, 00), we have

x —y|<|x|+|y| < R+T <2T <t—1,

>
= n+1+v / dx/BT\BR dy/ dt/T (.[_l)n+1+s

|BT\BR|

and hence

Since |Br \ Br| ~ T" as T — oo, we get ay —> 00. Therefore, since
PSNL(E, %) = 2ar forevery T > T,

we obtain PNL(E, 2%°) = oo
To conclude, let £2 be bounded, with C 1! boundary, and let v € L®(R").
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Suppose that there exists a set £ C R”T1 which is s-minimal in £2°° with respect to the exterior
data £\ 2°° = Sg(v) \ 2°.

Then, thanks to Lemma 4.3, we can find k big enough such that E satisfies (1.11). Since this
implies Pg(E, £2°°) = oo, we reach a contradiction concluding the proof. O

Corollary 4.5 In particular

u € BV R NLE,(R") = PL(Sgu), 2%) <, (4.9)

loc

and
uel®R"Y) = PN (Sg(u), 2%) = oo, (4.10)

for every bounded open set 2 C R".
Furthermore, if [u| < M in 2 and there exists X C S"~! with ®"~1(X) > 0 such that either

uro) <M or u(rw)y=-m foreveryw € X and 1 = ry,

then PSNL(Sg(u), £2°°) = oo.

Proof. Both (4.9) and (4.10) are immediate from Theorem 1.14, so we only need to prove the last
claim.

Since §2 is bounded, we can find R > 0 such that 2 CC Bpg.

For every T > Ty := max{M, R, ro} define

8(T):={x=roeR"|re(.T), wc X}.

Notice that 8(T') C Br and

T T
1S(T)| :/ (/ XS(T)d}c"—l)er/ R (rD) dr
To B, To
®(Z
= %(T" —T.

Suppose that u(rw) < M for every r = rg and w € X. Then, arguing as in the second part of the
proof of Theorem 1.14, we obtain

PNE(Sg(u), 2%°) = £,(Sg(u) N 2%, C8g(u) \ £2°)

> £,(2 x (—00, =T), 8(T) x (T, 00))
|92 1$(T)I
= 2n+é+s (n N s)(n 1+ s) (2T)n—l+s ’

forevery T > Tj. Since
18(1)|

1—s
(2T)n—1+s ~T,

which tends to co as T — oo, we get our claim. O
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In the classical framework, the area functional of a function u € C%1(R") is defined as

Qu, Q) = /9 V1+|Vul2dx = w’({(x,u(x)) eR"™|x e 9}),

for any bounded open set £2 C R”. Exploiting the subgraph of u one then defines the relaxed area
functional of a function u € BVj,.(R") as

Q(u, 2) := P(Sg(u), 2%). 4.11)

Notice that when u is Lipschitz the two definitions coincide.
One might then be tempted to define a nonlocal fractional version of the area functional by
replacing the classical perimeter in (4.11) with the s-perimeter, that is

@y(u, 2) == Ps(Sg(u), 2%).

However Corollary 4.5 shows that this definition is ill-posed even for regular functions u.
On the other hand, it is worth remarking that one could use just the local part of the s-perimeter,
but then the resulting functional

1
QF(u, 2) := P} (8g(u). 2%) = E[XSg(u)]Wfsl(.Qoo)

has a local nature.
Exploiting Theorem 1 of [7], we obtain the following

Lemma 4.6 Let 2 C R” be a bounded open set with Lipschitz boundary and let u € BV(£2) N
L°°(82). Then

lim (1 — )L, 2) = w, R (u, 2). (4.12)

Proof. Let k be such that |u| < k. Then E = Sg(u) satisfies (1.10) and hence, arguing as in the
beginning of the proof of Theorem 1.14, we get

QRE(u, 2) = PE(Sgw), 2F11) + o(1),

as s — 1. Since Sg(u) has finite perimeter in 2¥*1, which is a bounded open set with Lipschitz
boundary, we conclude using Theorem 1 of [7] (see also, e.g., [16] for the asymptotics as s — 1 of
the s-perimeter).

Indeed, notice that since |u| < k, we have

P(8g(u), 2Kt = P(Sg(u), 2°°) = Q(u, 2). O

Acknowledgments. Part of this work was carried out on the occasion of a visit to the School of
Mathematics and Statistics of the University of Melbourne, which the author thanks for the very
warm hospitality. I would like to express my gratitude to Enrico Valdinoci for his valuable advice
and kind support.



296

L. LOMBARDINI

References

1.

14.

15.

16.

17.

18.

19.

20.

Ambrosio, L. & Dancer, N., Calculus of Variations and Partial Differential Equations. Topics on
Geometrical Evolution Problems and Degree Theory. Papers from the Summer School held in Pisa,
September 1996. Edited by G. Buttazzo, A. Marino and M. K. V. Murthy. Springer-Verlag, Berlin (2000).
MR1757706

. Ambrosio, L., De Philippis, G., & Martinazzi, L., Gamma-convergence of nonlocal perimeter functionals.

Manuscripta Math. 134 (2011), 377-403. Zb11207 .49051 MR2765717

. Bellettini, G., Lecture Notes on Mean Curvature Flows, Barriers and Singular Perturbations. Appunti.

Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes. Scuola Normale Superiore di Pisa (New
Series)], 12. Edizioni della Normale, Pisa, (2013). Zb11312.53002 MR3155251

. Caffarelli, L., Roquejoffre, J.-M., & Savin, O., Nonlocal minimal surfaces. Comm. Pure Appl. Math. 63

(2010), 1111-1144. Zb11248.53009 MR2675483

. Cinti, E., Serra, J., & Valdinoci, E., Quantitative flatness results and BV -estimates for stable nonlocal

minimal surfaces. To appear in J. Diff. Geom.

. Cozzi, M., Dipierro, S., & Valdinoci, E., Planelike interfaces in long-range Ising models and connections

with nonlocal minimal surfaces. J. Stat. Phys. 167 (2017), 1401-1451. Zb11376.82049 MR3652519

. Davila, J., On an open question about functions of bounded variation. Calc. Var. Partial Differential

Equations 15 (2002), 519-527. Zb11047 .46025 MR1942130

. Davila, J., del Pino, M., & Wei, J., Nonlocal minimal Lawson cones. To appear in J. Diff. Geom.
. Di Nezza, E., Palatucci, G., & Valdinoci, E., Hitchhiker’s guide to the fractional Sobolev spaces. Bull.

Sci. Math. 136 (2012), 521-573. Zb11252.46023 MR2944369

. Dipierro, S., Figalli, A., Palatucci, G., & Valdinoci, E., Asymptotics of the s-perimeter as s — 0. Discrete

Contin. Dyn. Syst. 33 (2013), 2777-2790. Zb11275.49083 MR3007726

. Dipierro, S., Savin, O., & Valdinoci, E., Graph properties for nonlocal minimal surfaces. Calc. Var. Partial

Differential Equations 55 (2016), Art. 86. Zb11354.49088 MR3516886

. Dipierro, S., Savin, O., & Valdinoci, E., Boundary behavior of nonlocal minimal surfaces. J. Funct. Anal.

272 (2017), 1791-1851. Zb11358.49038 MR3596708

. Dipierro, S. & Valdinoci, E., Nonlocal minimal surfaces: Interior regularity, quantitative estimates

and boundary stickiness. Recent Developments in Nonlocal Theory. Book Series on Measure Theory.
de Gruyter, Berlin (2018).

Doktor, P., Approximation of domains with Lipschitzian boundary. Casopis Pest. Mat. 101 (1976), 237—
255.7Zb10342.41025 MR0461122

Fiscella, A., Servadei, R., & Valdinoci, E., Density properties for fractional Sobolev spaces. Ann. Acad.
Sci. Fenn. Math. 40 (2015), 235-253. Zb11346.46025 MR3310082

Lombardini, L., Fractional perimeters from a fractal perspective. Advanced Nonlinear Studies (2018),
Doi 10.1515/ans-2018-2016.

Maggi, F., Sets Of Finite Perimeter and Geometric Variational Problems. An Introduction to Geometric
Measure Theory. Cambridge Studies in Advanced Mathematics, 135. Cambridge University Press,
Cambridge, (2012). Zb11255.49074 MR2976521

Savin, O. & Valdinoci, E., Density estimates for a variational model driven by the Gagliardo norm. J.
Math. Pures Appl. (9) 101 (2014), 1-26. Zb11278 . 49016 MR3133422

Savin, O. & Valdinoci, E., I"-convergence for nonlocal phase transitions. Ann. Inst. H. Poincare Anal.
Non Linéaire 29 (2012), 479-500. Zb11253.49008 MR2948285

Visintin, A., Generalized coarea formula and fractal sets. Japan J. Indust. Appl. Math. 8 (1991), 175-201.
Zb10736.49030 MR1111612


http://www.ams.org/mathscinet-getitem?mr=1757706
http://www.emis.de/MATH-item?1207.49051
http://www.ams.org/mathscinet-getitem?mr=2765717
http://www.emis.de/MATH-item?1312.53002
http://www.ams.org/mathscinet-getitem?mr=3155251
http://www.emis.de/MATH-item?1248.53009
http://www.ams.org/mathscinet-getitem?mr=2675483
http://www.emis.de/MATH-item?1376.82049
http://www.ams.org/mathscinet-getitem?mr=3652519
http://www.emis.de/MATH-item?1047.46025
http://www.ams.org/mathscinet-getitem?mr=1942130
http://www.emis.de/MATH-item?1252.46023
http://www.ams.org/mathscinet-getitem?mr=2944369
http://www.emis.de/MATH-item?1275.49083
http://www.ams.org/mathscinet-getitem?mr=3007726
http://www.emis.de/MATH-item?1354.49088
http://www.ams.org/mathscinet-getitem?mr=3516886
http://www.emis.de/MATH-item?1358.49038
http://www.ams.org/mathscinet-getitem?mr=3596708
http://www.emis.de/MATH-item?0342.41025
http://www.ams.org/mathscinet-getitem?mr=0461122
http://www.emis.de/MATH-item?1346.46025
http://www.ams.org/mathscinet-getitem?mr=3310082
http://dx.doi.org/10.1515/ans-2018-2016
http://www.emis.de/MATH-item?1255.49074
http://www.ams.org/mathscinet-getitem?mr=2976521
http://www.emis.de/MATH-item?1278.49016
http://www.ams.org/mathscinet-getitem?mr=3133422
http://www.emis.de/MATH-item?1253.49008
http://www.ams.org/mathscinet-getitem?mr=2948285
http://www.emis.de/MATH-item?0736.49030
http://www.ams.org/mathscinet-getitem?mr=1111612

	Introduction and main results
	Sets of (locally) finite s-perimeter
	Approximation by smooth open sets
	Nonlocal minimal surfaces
	Minimal sets in cylinders

	Notation and assumptions

	Tools
	Bounded open sets with Lipschitz boundary
	Increasing sequences
	Some uniform estimates for -neighborhoods

	(Semi)continuity of the s-perimeter
	Compactness

	Generalized coarea and approximation by smooth sets
	Approximation results for the functional =====F
	Proof of Theorem 1.1 and Theorem 1.3

	Existence and compactness of s-minimal sets
	Proof of Theorem 1.7
	Compactness
	Existence of (locally) s-minimal sets
	Locally s-minimal sets in cylinders


