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In this work we study a minimization problem with two-phases where in each phase region the
problem is ruled by a quasi-linear elliptic operator of p-Laplacian type. The problem in its variational
form is as follows:

min{ f (%|Vv|1’ +28 4+ f+v) dx+ [ (%|Vv|q +29 4 f,v) dx}.
2n{v>0} 2n{v<0}

Here we minimize among all admissible functions v in an appropriate Sobolev space with a
prescribed boundary datum v = g on 9d52. First, we show existence of a minimizer, prove some
properties, and provide an example for non-uniqueness. Moreover, we analyze the limit case where
p and g go to infinity, obtaining a limiting free boundary problem governed by the co—Laplacian
operator. Consequently, Lipschitz regularity for any limiting solution is obtained. Finally, we
establish some weak geometric properties for solutions.
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1. Introduction

In applied sciences, phase transition problems (or transmission problems) are often models which
involve different media and hence they involve different analytical processes in distinct zones.
Such phenomena appear in several fields as biology, material sciences, physics, etc. Moreover, its
study plays an essential role, for example, for mathematical modeling of composite materials, since
they deal with heterogenous media with distinct diffusive processes (cf. [9] for a reference on this
subject). Finally, electromagnetic or thermodynamic processes with different diffusivity are other
examples of phase transition problems.

Equations related to phase transition problems may involve (in general) different diffusivity
laws. Such a phenomena occurs due to different properties and features of the media. Devices
made of distinct materials, multi-constituent substances and anti-plane shear deformation are some
examples of such processes. Typical mathematical models of phase transition type are driven by a
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second order elliptic equations of the form
div(ye/|Vul?72Vu) + div((1 — x2/)|Vul?>Vu) = Qya + 8(1 — yo) in £, (1.1)

where 2 € £2 is a given subregion and @ and ® are constants. In such modeling, knowing the
local behaviour of the associated solutions and their “transition surface”, namely 0£2’, as well as
its smoothness and weak geometric properties is a crucial step in the physical-mathematical studies
previously described.

Another interesting (and more mathematical) motivation runs as follows: consider a medium in
equilibrium with two phases with different nonlinear diffusion properties. When the variable under
consideration, ¥, is negative, we assume that

ApT =0 (forsome 1 < p < 00).

On the other hand, for positive ¥, we assume that the process is driven by a different diffusion
operator,
A;T=0 (forsome 1 <g < oo with ¢ # p).

Now, we add a prescribed flux balance along the phase transition {T = 0}. Precisely, there exists a
mapping 9,4 : SV x SV — R such that

Gpq(TH T)) =¢ along {T =0}

In contrast with (1.1), in the previous physical model, the phase transition is a priori unknown.
Moreover, it depends on the solution itself. Unifying the previous equations involved in the system,
one finishes up with a nonhomogeneous elliptic equation with a measure datum:

APX{‘:>0;+11X{3<0} T=(4 {Z)X{‘I>0} + (44 {Z)X{‘I<0} =M,

where p is a nonzero measure supported along the “phase transition surface” {¥ = 0}. Particularly,
W is not absolutely continuous with respect to the Lebesgue measure. Moreover, when {¥ = 0} is
an (N — 1)-surface (in the measure theoretic sense), then i = ¢|{T = 0} in the sense of measures.

The main goal of present manuscript is to provide a rigorous mathematical analysis, which
includes existence, regularity and some geometric properties for solutions to the phase transition
problems involving free boundaries with different degenerate diffusion operators in each phase
region, as happens in the previous example. Motivated by the analysis of the asymptotic behaviour
of certain variational problems, we will pay special attention to the analysis under the condition that
the diffusivity degrees of each operator are large enough.

In the early 80’s in [1] and [2] Alt-Caffarelli and Alt-Caffarilli-Friedman studied regularity
issues for minimization problems with free boundaries. In this scenario, the minimizer satisfies a
PDE within an a priori unknown region together with a free boundary condition, and a key question
consists in studying the regularity of such solution, as well as the regularity of the associated free
boundary. Recall that such solutions can be one-signed (one-phase problems) or can change sign
(two-phase problems). For example, a common two-phase free boundary problem is to seek for a
minimizer to the variational integral

1
[ (G190 + Aty + Atz ) (ACF)
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among all admissible functions with prescribed boundary datum. A local minimizer u¢ fulfils (in
the weak sense) the Dirichlet problem

—Aup = 0 in ({uo>0}U{ug <0}°)N N
ug = g on 052,
as well as the following free boundary condition
|Vu(4)'|2 —|Vug > =2(A+ —A-) on (d{up > 0} Udfug <0}°) NN

understood in an appropriate weak sense.
With these preliminaries in mind let us introduce our two-phase free boundary problem. Let

2 C RY be a smooth and bounded domain, p,q > N, fi € L*(£2), for s > max {% %}, 0< At
with Ay € LP(£2), A_ € L9(£2), with /\i # A2 (this is used to have a discontinuous flux) and
g e WHP(2) N W4 (2) N L>®(£2), with g™ # 0. The purpose of this manuscript is to study the

following minimization problem:

min  Jp 4[v] = Jpqlt0l. (Min)
veX P (2)

for the functional given by

1
palv] = /9 o (;w LA + f+(x)v) dx

+ / (lwvw +29(x) + f(x)v) dx (1.2)
2n{v<o} \ ¢

and the class of functions
XL (2) 1= fv e WImra(Q) [vF e WP (2),07 e WH(R),
v = g on 052 in the sense of traces }

In the following we will denote by 2% [u] := {u > 0} N §2 and 2~ [u] := {u < 0} N £2, the positive
and negative phase respectively. Now, notice that any minimizer u¢ to (Min) satisfies, in the weak
sense, the following (p, ¢)-degenerate system

Apuo = f4(x) in 2% [uo] N £2
Agup = f-(x) in 2 [ue] N L2 (1.3)
up(x) = g(x) on 452.

Moreover, we highlight that, due to the fact that we assumed )ki’ # A4, the potential that appears
in our functional Fo(A—,A4) = )ki(x))({u0>o} + A9.(x) x{uy<o} is discontinuous along the free
boundary points, enforcing the flux balance across the free boundary (in C '** smooth pieces of the
free boundary that separates the two phases)

_1 —1
Spg Ul uT Ay M) = pT(uj(x))P _4 -

(uy (x)? =A% (x) + A2 (x) =0, (FBC)
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preventing any possible continuity for the gradient through the free boundary. Here u are
respectively the normal derivatives in the inward direction to d$2%[u]. Notice that such discontinuity
phenomenon along the interface involve several technical difficulties in the treatment of these type
of two-phase problems. Particularly, existence of minimizers (that we prove in Section 3) does not
follow from standard methods from Calculus of Variations. In fact, the main difficulty lies in the
lack of convexity of the functional defined in (1.2).

To gain some insight concerning possible configurations for (p, ¢) large, we are interested in
the limiting free boundary problem, namely the asymptotic profile when p, g goes to infinity. More
precisely, given a minimizer up 4 to (Min), then, we show that, up to subsequences, there exists a
limit, u, ;, — # uniformly when p, g — oo, that fulfils in the viscosity sense

—Asi =0 in QF[A)UL7[1] N2\ supp( fr))°

Vil = 1 in QF[@E]UQT@EIN @02 ]
—|Vi| = -1 in QTRIULTH] NN 27 [f]) (1.4)
—Aoxo i % 0 in QT@EIU[M] N2 NILE[fL] \ 02T [f1])

u(x) = gx) on 0d52.

This system is complemented with a limit free boundary condition, that we deduce only formally,
which depends only on how the quotient g/ p behaves. We assume here that

im L =@ e +o0)

P.4q—>00 p

and we obtain
max {i;} (x), A2(x)} = max {(@;)%(x), 14+(x)}. (0co—FBC)

The main obstacle to obtain this condition rigorously comes from the fact that solutions to (1.3)
are not (in general) regular enough across the free boundary, as well as the limiting free boundary
is not “smooth” enough (in an appropriate measure theoretical sense) in order to pass to the limit
pointwise in (FBC) (cf. [3], [18] and the references therein for regularity issues).

Concerning regularity for minimizers in (Min), the challenging problem is to establish a
universal C%% regularity estimate, for p,q > 2 (maybe when |p — ¢g| < €). To show this kind
of regularity one would need C %% estimates for solutions to an equation involving A pauyu. These
estimates are not available in the literature and look like a very difficult problem. Note that in our
problem the exponent that appears in the operator changes according to the positivity or negativity
of the solution u. To avoid such an issue, we assume that p,g > N (and hence minimizers are
C%% due to the fact that W™ embeds in C%* when r > N. Notice that as we are interested in
the limiting case, when p, g — oo, the choice of working under p,q > N is not restrictive for that
purpose.

Let us present a brief overview on minimization problems with free boundaries and their
connections with our work. The minimization problem (Min) is related with jet-flow type of
problems. Recall that the linear (p = ¢ = 2), homogeneous (f = 0), one-phase version of this
problem was completely studied in [1], where it is proved that minimizers are Lipschitz continuous,
the expected optimal regularity. On the other hand, the two-phase counterpart of this problem yields
new obstacles and local Lipschitz regularity of minimizers was proven in [2], by using the powerful
Alt-Caffarelli-Friedman’s monotonicity formula. Thereafter, gradient estimates (Lipschitz bounds)
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for two-phase cavitation type problem with bounded non-homogeneity, i.e., p,g = 2and f € L*°,
were established in [8] by using an almost monotonicity formula. The general degenerate jet type
problems (p = ¢ # 2) have received a warm attention in the last decade. The homogeneous
one-phase problem (f+ = 0 < g) was fully studied in [11], proving optimal Lipschitz regularity,
non-degeneracy, as well as finiteness of the (N — 1)-Hausdorff measure for the free boundary of
minimizers. Later, a general inhomogeneous two-phase minimization problem was studied in [18],
where several analytic and geometric properties for minimizers and their free boundaries were
established. Particularly, determining whether any minimizer is Lipschitz (provided the source term
is L%, for s > N) has became a long-standing challenging problem in the theory of free boundary
problems.

Taking into account the previous facts, our regularity result is surprising, because limits of
minimizers for (Min) (resp. viscosity solutions of (1.4)) are Lipschitz continuous under suitable
assumption on the data, see Theorem 5.2. Summarizing, the limiting problem admits a better
regularity theory for solutions than its “stationary” (p, g)-counterpart.

As mentioned previously, another interesting aspect of our work is its connection with free
transmission/transition problems, i.e., two-phases free boundary problems whose solutions are
required to solve distinct PDEs, driven by distinct diffusion operators £ and £_, within their
positivity and negativity sets respectively. Furthermore, on the phase-transition region (the free
boundary of the model) appears a balance flux relating the corresponding positive and negative
phase like (FBC) (cf. [3] and [7] for excellent surveys on this subject). Finally, we stress that
our analysis is related to the previous article [24], in the which it is studied a minimization
problem under geometric restrictions (like optimal design type problems) with two-phases for the p-
Laplacian as p goes to infinity. We must also quote [ 18], where the two-phase p-isotropic problem,
i.e., our problem with p = ¢ fixed, was studied.

We end this introduction with a brief description of recent references concerning limits as p —
oo in different p-Laplacian type problems and their connection with some free boundary problems.
Taking account the analysis of the limit of p-variational, one of pioneering works goes back to [6].
Precisely, they establish that for a non-negative function f, the corresponding weak solution for the
p-Laplacian

~Apup() = f(x) in 2

(1.5)
up(x) =0 on 052

converge, up to a subsequence, to a limit u.,, which satisfies in the viscosity sense the following
problem

~Aoolie =0 in 2N{f >0}
Vi =1 in 2N{f >0},

(1.6)

where Ao v := DvT - DvD?v is the nowadays well-known Infinity-Laplacian operator. We also
refer to [21] for a general treatment of this subject and its connection with game theory (“Tug of-war
games”).

One motivation to study this kind of issues comes from the best Lipschitz extension problem of
adatum g € W1°(942) . In fact, such a extension, which we will denote by g, can be obtained as
limit of solutions to (1.5) provided we put f = 0 and u, = g on the boundary. Moreover, such a
function is the unique Lipschitz function with best Lipschitz constant Lip, (9£2) that is also optimal
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in every sub-domain of §2 in the sense that g = g on 952 and
Lip;(£2') <Lip,(£2') V '€ suchthat g=z on 9" (AMLE)

This is known in the literature as an Absolutely Minimizing Lipschitz Extension, in short AMLE, a
concept introduced by G. Aronsson at the end of sixties and extensively studied by several authors
in the last decades (cf. [4] and [5]). Finally, (1.6) means that the co-Laplacian operator governs the
Euler-Lagrange equation to such an L°°-minimization problem (AMLE) (cf. [15] for more details).

Regarding free boundary problems, the strategy of passing the limit as p — oo in p-variational
problems in order to obtain a non-variational limiting configuration (a problem governed by the
Infinity-Laplacian operator or another non-variational limiting operator) has been successful in
many contexts: In dead core type problems [13], Bernoulli type problems [20] , optimal design
problems [22] and [24], obstacle type problems [23], to cite just a few examples (See also [12]
for an optimal design problem and [14] for an obstacle type problem in the nonlocal scenery).
Furthermore, such approach allows us to use several technical features of the corresponding p-
sequential problems to their limiting points, via uniform convergence. Regularity estimates, weak
geometric and measure-theoretic properties are some of the obtained features.

Finally we remark that, concerning limiting minimization problems, our results are new even
for the one-phase homogeneous minimization problem, i.e., f+ = 0 = A_ and g = 0 (compare
with [22] and [24]).

2. Preliminaries
First, let us state precisely the functional framework for our problem.

DEFINITION 2.1 (Weak solution) We say that u € W12 (£2) N W14(£2) is a weak solution to (1.3)
ifu—ge W, " (2) N Wy 9(2) and for every ¢ € CJ(£2) there holds,

/ (IVul[?7>VuV¢ — fr¢)dx =0 and / (IVu|?2VuVe — f_¢)dx =0
2n{u>0} 2n{u<0}

Recall that our limiting solutions will satisfy a fully nonlinear elliptic problem of degenerate
type. For this reason, we introduce the concept of viscosity solution to a PDE problem like

F(Vh,D?h) = f(x) in £

h(x) = g(x) on 052. 2.1

Notice that F : RN xSym(N) — R can be a discontinuous operator (in general such a discontinuity
occurs along the critical point set). For this reason, we must introduce F and Fy, respectively the
upper and lower semi-continuous envelopes of F' given by

Fiz, M) = limsup{F(w,N) | lz—w|+|M —-N| < e} and Fy(z, M) = —(—F”)(Z,M).
&—>0

DEFINITION 2.2 (Viscosity solution) An upper (resp. lower) semi-continuous function u defined in
£2 is a viscosity sub-solution to (2.1) if ¥ < g and, whenever xo € £2, ¢ € C?(£2) are such that
u — ¢ has a local maximum (resp. minimum) at xg, then

F”(ng(xo), D*¢(x0)) < f(xo0) (resp. Fy(Ve(xo). D>p(x0)) = f(x0))

Finally, a continuous function u is a viscosity solution to (2.1) if it is simultaneously a viscosity
super-solution and a viscosity sub-solution.
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DEFINITION 2.3 A function u € C($2) is said to be a viscosity solution to
max { — Aot (x), |Vv(x)| — h(x)} =0 in £

if: whenever xo € £2 and ¢ € C?($2) are such that v(xp) = ¢(xp) and v(x) < ¢(x), when x # xo,
then

—Asc(x0) <0 or [Ve(xo)| — h(xo) <O.

and whenever xo € £2 and ¢ € C?($2) are such that v(xg) = ¢(xp) and v(x) > ¢(x), when
X # Xo, then
~Ao(x0) =0 and  |Ve(x0)| — h(xo) = 0.

For a complete survey about the theory of viscosity solutions and its machinery we refer to the
classical reference [10]. Moreover, regarding viscosity solutions related to the Infinity-Laplacian
and the p-Laplacian operator we recommend the reference [16].

The following lemma establish a relation between weak and viscosity sub and super-solutions
to (1.3).

Lemma 2.4 A continuous weak sub-solution (resp. super-solution) u € W,;C’P v > 0 N
W,;C’q ({v < 0}) to (1.3) is a viscosity sub-solution (resp. super-solution) to

~[IVu@)[P2 Au(x) + (p = DIVU@)P* Aot ()] = —f4(x) in {u>0}N 2
—[IVu@)[972 Au(x) + (¢ = 2)|Vu) | * Asou(x)] = —f-(x) in {u<0}NK
u(x) = g(x) on 052.

Proof. First, let us proceed with the case of super-solutions for the equation
— [|Vu(x)|"72Au(x) +(p— 2)|Vu(x)|p74Aoou(x)] =—fir(x) in {u >0} N £2.

Fix xo € 2 and ¢ € C?(£2) such that ¢ touches u by below, i.e., u(xg) = ¢ (xo) and u(x) > ¢(x)
for x # x¢. Our goal is to show that

~ [V (x0) 1772 A (x0) + (p — 2)| Ve (x0)|”~* Ao (x0)] + f(x0) = 0.

From now on, we will proceed by contradiction and suppose that the above inequality does not hold.
Then, by continuity there exists 0 < r < 1 (small enough) such that

~[IVo@)IP72A¢(x) + (p = 2)IVP(N)[P* Asop ()] + f1(x) <0,

provided that x € B, (xg). Letting
1 .
@(x):=¢(x)+-m, where m:= inf (u(x)—¢(x)).
7 0By (x0)

we observe that @ verifies ¥ < u on 0By (xg), @(x¢) > u(xp) and

—Ap@(x) < —fiy(x). 2.2)
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Notice that extending by zero outside B (x¢), we may use (® —u) 4 as a test function in (1.3) (first
line). Moreover, since u is a weak super-solution, we obtain

/ |Vul?"2Vu - V(® —u)dx = —/ Jr(x) (D —u)dx. (2.3)
{D>u} {D>u}
On the other hand, multiplying (2.2) by @ — u and integrating by parts we get
/ VPP 2V - V(P —u)dx < —/ Fr(x)(® —u)dx. (2.4)
{D>u} {D>u}

Next, subtracting (2.3) from (2.4) we obtain
/ (|VO|P2VD — [Vul?2Vu) - V(@ —u)dx <0, (2.5)
{D>u}
Finally, since the left hand side in (2.5) is bounded by below by
271’/ V& — Vul|Pdx = 0,
{DP>u}

we conclude that @ < u in B, (xg). However, this contradicts the fact that @(xg) > u(xg). This
proves that u is a viscosity super-solution. Analogously, one proves that u is a viscosity sub-solution.
Finally, with a similar reasoning one can deal with the equation

— [|Vu(x)|‘172Au(x) + (¢ — 2)|Vu(x)|qf4Aoou(x)] =—f(x) in {u<0}jn. O

3. Existence and bounds for minimizers

In this section we will discuss existence and bounds of minimizers to (Min) (solutions to (1.3)).
Before proving our existence theorem, let us emphasize the lack of convexity for the functional
Jp.ql-]. For simplicity, at this point, we are going to restrict our analysis to the case where f+ = 0
and Ay = 0. Thus, fixed j € N\ {1}, fork € {1,---, j} consider £2 = (0, j) and

2x —1 if xe€]0,1]

u(x)Z{ 1 if xell, )]

and
2x—k)+1 i xelk—1,2%1]

V0o = D —k)—1 if xe[”‘;l,k].

2

Observe that such functions take the same boundary data. An straightforward calculation shows that

op—1 i24—1
+ J
q

(Fp.alu] + Jpglv]) =

N =

and

. [u4v (j —D2r 2471
dpq[ 2 ]Z p + q
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Therefore, we can choose constants p = g = 2 such that

u—+v 1
5p,q[ ; ] ~ 5 (3p.qle] + Jp.q[v])
provided 2779 > g .1_ . This shows that Jj, 4[] is not convex. Finally, a similar argument could be
applied to construct examples where the concavity inequality fails as well.

In order to tackle the previous obstacle (the lack of convexity) we will combine methods from the
Calculus of Variations with theoretical measure estimates to show the existence of local minimizers
(cf. [3], and [18] for a similar strategy).

Theorem 3.1 (Existence of minimizers) Let p,q > N and f € L"(£2) with max{
1. Then, there exists at least one minimizer ug to (IMin).

+1.14

N =

REEE

Proof. Before proving our theorem, for convenience we will re-write the functional J, 4[] as
follows:

1 1
Ipalt] = /ﬂ Loy + /9 Lo + /ﬂ (Bo(ro A)[v] + fo)dx

N{v>0} P n{v<o0} 4

where
Fo(A—, A1) ] 1= A5 (X) x>0y + AL(X) X w0}
and
S X)) == [+ () xws>0p + f~(X) Xv<o}-

Moreover, let us label

Jgp D . inf  Jp 4[]
veng’ﬂ)(m

First of all, we will show that 3(()1”’]) has a lower bound in Kép’q)(.Q). In fact, for any v €

Kgf’ ) (£2), it follows according to Poincaré’s inequality that there exist positive constants ¢; =
c1(p, N, 2, || fllLr(82)) and ¢ = ¢a(q, N, £2, || f ||~ (£2)) such that

1 14 p
) I:Cl (||U||Lp({v>0}) - ||g||Lp({v>0})) ”Vg”Lp({v>0})] ”VU”Lp({v>0}) G.1)

1
Lea (100 go<op = 181 aczon) = 198080 qomop | < LIVOL 0 oy

Moreover, due to Holder’s inequality, since r = N > max {%, qu} we obtain

/ﬂfvdx

Thus, combining (3.1) and (3.2) we have

s C(Nv ps 517 Q) max {2max {”fi”Lr(.Q)} , max {HUHZP(_Q)? ||v||iq(ﬂ)} } = m
(3.2)

A= —C; — [Cl Ig1Z 0 osop + ”Vg”u’({wo})] IV ooy =M
B = —62 —q |:C2||g||Lq({v<0}) ||Vg||Lq({v<0})] 7 ”VU”L‘]({U<0}) M
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and we conclude that

. I I R
min {2, B} < ;vauip({v>o}) + 5||VU||;{q({U<0}) — M < Jpqlv]. (3.3)

Therefore, we have checked that the functional Jj, 4[-] is bounded below in Kép ) (£2).

Now we show existence of minimizers to Jp 4[-]. Let {u;}j>1 C Kép ) (£2) be a minimizing

~

sequence for (Min). For j > 1 (large enough) we have J, 4[u;] < ‘jgp D 4. By performing
similar arguments as the ones that lead to the previous equation (3.3) we obtain for s := min{p, g}
that

/ Vuj|*dx < (‘I<||uj||Ls(g) +39 4 1) . (3.4)
2
Now, using Poincaré’s inequality we have

ClujllLs2) < CVujllLs@) + lgllwis(2)- (3.5)

Moreover, it holds that
1
¢ VuslLe(@) < o+ 51 Vi5 30 g (3.6)

Finally, combining (3.4), (3.5) and (3.6) we get that
[ 19wl < ellghy o + 380 + 1.

Therefore, invoking one more time Poincaré’s inequality we conclude that {u;};>; is a bounded
sequence in Kgp D) (£2). Thus, by reflexivity, there exists #o such that, modulo a subsequence,

uj —ug in WhHs(Q)
uj —ug in L*(£)
uUj — U a.e.in £2.

From now on, fix ¢ > 0. By Egoroff’s Theorem there exists an open set U, C £ with £V (£2\V,) <
g, such that u; — ug uniformly in V.. Next, fixed ¢ > 0, we estimate

1 1 1
/ —|Vu0|pdx§li_minf/ —|Vuj|pdxsliminf/ —|Vu;|Pdx
VeNfuo>s} P J=00 JVenfup>s} P J=0 Junfu;>5} P
1
< liminf/ —|Vu;|Pdx
J=0 Jv.n{u;>0} P
1
< liminf/ —|Vuj|Pdx.
i=oo Jenu;>o0p P

Letting ¢ — 0 in the previous inequality we get that

1 1
/ —|Vugl?dx < liminf/ —|Vu;|Pdx. 3.7
VeN{uo>0} P J=% Jenfu;>0} P '
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Furthermore, from L? bounds on Vu we obtain that

1
/ —|Vug|?dx = O(e). (3.8)
(2\Ve)N{uo>0} P

Finally, combining (3.7), (3.8) and letting ¢ — 0+ we conclude that

1 1
/ —|Vugl?dx < liminf/ —|Vu;|Pdx. (3.9)
2n{ug>0} P J=%0 Jenfu; >0} P

A similar reasoning can be used in order to obtain the complementary estimate, namely

1 1
/ —|Vugl?dx < li_minf/ —|Vu;|?dx. (3.10)
2n{uo<0} 4 J=00 J@n{u; <0} 4

Hence, ug € Kg,p ) (£2). We notice here that in fact we showed that, when we have a bounded

sequence U, € Kgp"” (£2), there is a subsequence and a weak limit u¢ that is also in Kgp"” (£2).
Next, assuming )Li’(x) > A% (x), we have

/ A () Y w<ordx = / A9 () Y >0y + / A9 (0) Y, <oy
2 {up<0}

{up<0}
< / A2 () i, oy + / 39 (6) g, <0y,
{uo=<0} Q

Then,

/ AL (%) xgup<oydx < liminf |:/ )L‘i(x))({uj ~oydx + / AL () X u, $0}a’x}
2 J= {up<0} 2

o0

Furthermore, since u; — u a.e. in £2 we obtain

[(Zlﬁ(x)x{uo>o}dx = /{ lim (A% (xX)xq;>0y) dx = lim AR (%) xou; >0ydx.

up>0} J =00 J =00 J{up>0}

In the same way, under the regime Ai(x) < A% (x) we obtain the estimates

/ A (X) tup>0ydx < liminf [/ AL () X, <0ydx + / Ai(x))({uj>0}dxj|
2 j— {1o>0} o)

o0
and
/ AL (X) X ug<0ydx = / lim (l‘i(x))({u,so}) dx = lim AL (X) xgu; <0ydx.
2 {ug<0}J >0 ’ J =00 J{up<0}

Therefore, in any case, we get

/ Fo(Ay, A)[uoldx Sliminf/ So(A4, A ) [u;ldx. (3.11)
fos j=oo Jo
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Similarly, we may prove the lower semi-continuity for f, i.e,
fuodx < li_minf/ fu;dx. (3.12)
2 J=oo J@
Finally, combining (3.9), (3.10), (3.11) and (3.12) we conclude that

Jp.qluo] < liminfJp gfut;] = 3.

Therefore, the limiting function 1 is a minimizer to J, 4[-] and this finishes the proof of the theorem.
O

EXAMPLE 3.2 We must notice that uniqueness of minimizers of the variational problem does not
hold in general. In fact, take £2 = Br C R¥ and a constant boundary datum g = « > 0 on 952,
we have forug =aon 2 and p =g

Ip.aluo]l = AL RN oy,

where wy is the volume of the unit ball. Now, let us suppose there exists a unique minimizer v of the
functional J, 4[-]. Then, such a minimizer is radially symmetric, because the operator p-Laplacian
is invariant under rotations. For this reason, there exists a constant ¢ > 0 such that

p=N )
x| 77T + ¢ if a<|x|<R
v(x) =

0 if |x|]<a,

where ¢; and ¢, are positive constants satisfying the following relation

P—N
alR| P T+ = «
P—N
cilal =T +¢; = 0,
from which we find that
p—N
o —alal 71
= N N and 0 = N P
RIS = Ja) 51 RIS = jal 51

Then, a straightforward calculation shows that

Nowpya? 1 p-l
_ _ —1

P (IR )

Finally, if we select carefully the values A4 and A_, we can make this difference vanish obtaining

two different minimizers uy and v. For complete details of this computation we refer to [19].

p—N
p—1

Jp.gluo] = Jp.qlv] = anN(/\Ij — )Lf’r) _

Next, we turn our attention to L°°—bounds for minimizers.

Theorem 3.3 Let p,q > N and fr € L7 (£2) withmax {3 + 1,
uo to (Min) fulfils

Lo L.
7 + 7} < 1. Then, any minimizer

lullLoo(2) < C (N, p.g. Av, A lIgllLoo(). | flILr(s2)) -



A LIMIT CASE IN NON-ISOTROPIC TWO-PHASE MINIMIZATION PROBLEMS 391

Proof. First, let jo := [supyp g(x)], i.e., the smallest natural number greater than or equal to

sup g(x). Next, for each j = jo we consider the truncation u; : 2 — R given by
82

j sign(u(x)) if |u| > j
u(x) if |u| <.

uj(x) = {

Moreover, if we call @; := {|u| > j}, then for each j > jo we have
u(x) =u;j(x) in 2\Q®; and wu;(x)=j-sign(u(x)) in Q;.

From the fact that  is a minimizer we obtain

/ |Vu|”dx=/ [Vul? —|Vu;|Pdx
@; N{u>0} 2N{u>0}

(3.13)
< / Ja(uj —u)dx
Qjﬂ{u>0}

Furthermore, notice that

/ Fi Gty —uydx = / Foj —wdx + / Folu— j)dx
Q; @; N{u>0}

@ N{u<0}

<2 [ 1fellul - ax
J
Now, recall that u; and u have the same sign. Consequently, it follows that (Ju| — j)* € WOI’P (£2).
Thus, using Holder and Gagliardo—Nirenberg—Sobolev inequalities we obtain

. + . +
u| — dx < . ul — .
i ey = IR L = ) @ oo

< |1 f+ ||Lp’ (@, m{u>o})LN(@j)0 [Vu ||LI'(@_,- N{u>0})>

—1_ 1 _
where 6 =1 i

get

% and p* is the critical Sobolev exponent. Now, using Young inequality we

_p_ 1
||f+||Lp’(ajn{u>o})LN(@j)9||Vu||LI’(C£jﬂ{u>0}) < Q:LN(@]')‘F1 o + §||Vu”ip((2jﬂ{u>0})'
(3.14)
Therefore, from (3.13) and (3.14) we obtain

p(pp’—N)

/ \VulPdx < €LV (@) "N NG
@jﬂ{u>0}

and (cf. (3.1) and (3.4) changing 3% by J,.4[2])

N
lull L1 @5y niusop < £7 (Rj N {u > 0P [lullLr(@;yniuso-

A similar estimate holds for the negative part of u. Finally, boundedness of u will follow from
general mathematical tools come from elliptic PDE theory (cf. [17, Chapter 2, Lemma 5.2]). O
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Remark 3.4. As a byproduct of L bounds for a minimizer u of the functional J, 4[] we obtain a
universal control of u in the W17 ({u > 0}) N W14 ({u < 0}) topology. In fact, we get

/ [VulPdx < Jp.ql8] —/ AL (x) + [ fo]luhdx
2n{u>0} 2n{u>0}

< Jpqlgl + Q(N, D, 82, ||f+||Lp’(_Qm{u>o}))

< G(N.p. 2. Mgl 1 f+ 1)

with a similar estimate holding in the negativity set of u. Therefore,

max {[lullw 1. qusop- ullwrau<op} < Co(N. p.q. 2.1l 1L+l L=l o).

We will finish this section by bringing to light the Euler-Lagrange equation related to the
functional Jp 4[:], as well as the free boundary condition (the flux balance through the phase
transition) which is satisfied by any minimizer u¢ along the free boundary.

Proposition 3.5 Let uy be a solution to the minimization problem (Min). Then uq satisfies in the
weak sense
Apug = f+(x) in {up>0}NgL
Agug = f(x) in {up<0}°NgL (3.15)
up(x) = g(x) on 0952.

A proof for such a result is rather standard. For this reason, we will omit it.

Next, we will focus our attention at the equation satisfied through the free boundary for
minimizers to (Min). For this purpose, consider xo € d{ug > 0} U d{ug < 0} a free boundary
point, B a small ball centered at xo, @ € Cl(Bs(x0), RY) a vector field and ¢ = o(1). Thus, we
define the quantities

-1
EF(x0) 1= / (p—|Vuo(x)|1’ — Ai(x)) v - @dRN !
By (xo)NA{up>e} P

and

E; (x0) 1=

-1

/ (—q | Vo (x)|9 — /\q(x)) vy - RN

By (x0)Nd{ug<—5} q
Proposition 3.6 Let 1o be a minimizer to (Min) with LN ({ug = 0} N 2) = 0, xo € duy >
0} U d{ug < 0} a free boundary point and ®;(xo) C 2. Then, for any ® € C{ (Bs(xo), RY), there
holds
lim 5" lim &5 (xo) = 0.
m 5, (o) + Jim Z (o)

The proof of the previous result follows by Hadamard’s methods, i.e., domain variation
techniques. We will also omit such details of the proof here and refer to [24, Lemma 2.4]. In
particular, we must highlight that the balance flux

q—1

”le(uj)f’(xo) ~ T 0y (k) = A2 (x0) — A9 (o).

+

holds in the classical sense along C! pieces of the free boundary, where u?

normal derivatives in the inward direction to 3£2% [u].

are respectively the
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4. Further properties for minimizers

In this section we will show that any minimizer uy to (IMin) grows linearly away from the free
boundary F5[up.q] := Hupg > 0} N 2 (resp. FolUpq] := upg < 0} N 2). An essential tool
we will use is the non-homogeneous Harnack inequality, which we state below for completeness.

Theorem 4.1 (Serrin’s Harnack inequality, see [25] and [26]) Let 0 < ¢ € WP (BR), satisfying
App(x) = f(x) in Bgr

in the weak sense ,with f € L*(Bgr)and s > %. Then, there exists a constant € = €(N, p,s, R —
r) > 0 such that

Spety <€ [%‘,Wx) + (s ||f||LS(BR))‘”} |

Theorem 4.2 Let uy be a minimizer to (Min), with f+ € L"(§82),r > N, Ay € L?(2), A_ €
L1(82), 2' € 2 and x¢ € S}S,[uo] (resp. xo € §g/[uol). Then, there exists a constant ¢+ > 0
depending onlyon N, p, q, |A+|Lr, |A=||Le and || f+||Lr such that

+ug(x) = cxdist(x, § [uo)).

Proof. We will prove the estimate just in the positive phase, because the other one can be obtained
in a similar way. Fix x¢ € S’E,[uo]. Notice that it suffices to show such an estimate for points close
enough to the free boundary, in other words,

0< dist(xo,SE/[uo]) Lt

where ¢ depends on dimension, p, g, and data of the problem and, it will be choosen a posteriori.
Now, define 0 := dist(xo, SE, [1o]) and the scaled function

Notice that the thesis of our Theorem is equivalent to establishing that w(0) = ¢ ( bounded away
from zero) for a universal constant ¢ > 0. It is easy to check that w is a minimizer to

1
Rili= [ (519917 + 3000 tip-01 + £+ (0 )
1
where y = xo + 0x. By our construction w > 0 in By, as well as
Apo(y) =0f(y) in By
in the weak sense. Then, by using the Harnack’s inequality (Theorem 4.1) we obtain
N T
r—Iv p—
w(z) < &N, p) [w(O) + (0 g ||f+||Lr(.rz)) } ,

for any x € B%. Next, we will choose a non-negative, smooth radially symmetric cut-off function
O verifying

® =0 in Bi
=1 in Bl\B%,
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as well as we define ¥ : By — R as the following test function

min {o(x), €V, p)[(0) + 07| il @] 0| in B

D(x) := w(x) in BI\B%'

Now, let us define the following set

r—

= {z € By [ €. P[0 + 7| fillLr@]0G) < 02}

It is easy to verify that B s CECB 1 From minimality of @ we obtain

&)

M= | [AR(xo +0x)(1 = fy@>0p) + 0 f1(x0 + dx)[w(x) — P(x)]] dx

-
&

< | (VPP — |[Vw|P)dx
& 4.1)

r=N 1 p
< [ PO + T 1 flr@)7T) 1O, |

r—N

<27E(N. p [0(0)? + T 1 filir@) 7T

Now, we turn our attention towards a lower bound control for the LHS of (4.1). Thus, we estimate

ﬁ A7 (x0 + 05)(1 — fyomop)dx = /

-
&

M (o + ) xo=0ydx = |AtllL(p,,,,  (42)
Applying the Harnack inequality (Theorem 4.1) and the fact that & C B 1 we have that
r— B
0<w—& <w< N, p)[a)(()) + 7 ||f+||Lr(m)pf'] in 5.
Thus, we estimate
Iy := —/ 0 f+(x0 + x)[w(x) — P(x)]dx
S =@l 7 gy I+ (0 + 1) |2 (2) (4.3)
r=N — r=N L
<O EW. pr B 0O + 07 W fr @) 7 |1+ o

holds. Now, combining (4.1), (4.2) and (4.3) we obtain

r—

27E(N, ) [0(0)7 + (| f1 I (2)0(0) |
= 14 W gp, ) = EN. 27 D) ISt lera) 7T 44)
Therefore, choosing appropriately 0 < ? < «(N, p, A4, || fi|lLr(2)) < 1 we conclude
@(0) = ¢(N. p. As. | fllLr(2) > 0

as desired. This concludes the proof of the theorem. o
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Remark 4.3. From the proof of Theorem 4.2, according to (4.4), we have the following estimate

(0) = A+llLr (B, ,7)

2¢(N, p)’

where (N, p) > 0 is the constant from Harnack inequality (Theorem 4.1).

In what follows we are going to iterate the linear growth estimates obtained in the Theorem 4.2
in order to establish a strong non-degeneracy property for minimizers 1o near a free boundary point.
More precisely, we have the following result:

Theorem 4.4 Let ug be a minimizer to (Min), with fi € L"(2),r > N, Ay € LP(£2), A_ €
L1(82), 2! € 2 and xo € {ug = 0} N 2’ (resp. xo € {up < 0} N §2’). Then, there exist constants
¢t > Odepending onlyon N, p,q, ||A+||Lr, IA-|Le and || f+||Lr such that

sup  Fuog(x) =chro forany 0 <ro<dist(d2’,952). (4.5)
B,I”()(xo)m‘(zi

Proof. First of all, it suffices to show the thesis of the Theorem within the positive phase (£2") " [u]
due to continuity for minimizers.

Let us begin by establishing the existence of a 69 = 0o(N, p, A4.|| f4 |- (2). 2') > 0 and the
data of the problem, such that if x € (£2’)" [uo], then there holds

sup ug(x) = (1 + o9)uo(xo), (4.6)
Bo(x)
where 9(x) := dist(x,d(£2")"[uo]). In order to check (4.6), we will assume, for sake of
contradiction, that such a o does not exist. Then, we can find sequences 0; = o(l) and x; €
(£2") " [uo] such that
sup ug(x) = (1 + oj)uo(x;), 4.7
Baj(xj>

where 0 (x;) := dist(x;, 3(£2") " [uo]) = o(1) as j — co. Now, we define the normalized sequence
vj : B1 — R given by
uo(xj +9;y)

vi(y) = 20 (5)

We have that v; (0) = 1 and, from (4.7) we get
O0<v;<l+4o0; in Bj.

Moreover, v; satisfies in By in the weak sense

p
e B . .
Apvj = ()P S(xj +05). (4.8)
Hence, taking into account the linear growth from Theorem 4.2 and estimate (4.8), we obtain

Apvj < €0; f1(xj +0;y).
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By Harnack inequality (Theorem 4.1), we deduce that {v;};>; is an equicontinuous sequence in
B1. Thus, we may assume that v; — v locally uniformly in By. One more time Harnack inequality
revels that for any x such that |x| < ro < 1, there holds

05 1+0; 00 < €105 ;0 + () 7 1 £+l (2)) 7 ] = €- o).

By letting j — oo we conclude that the limiting blow-up profile v is identically 1 in B;.
Now, we will show that such a conclusion yields a contradiction. To this end, let y; €
9(£2") T [uo] such that 9; = |x; — y;|. Thus, up to a subsequence, there would hold

1+ o(1) = v, (L;x’) =0

J

which clearly is an absurd for j large enough.

Therefore, we just need to prove that the estimate (4.6) hold. Such a conclusion will follow by
Caffarelli’s polygonal type of argument. Precisely, we construct a polygonal along which u¢ grows
linearly. Starting from x = x¢ we find a sequence of points {xg }x> such that:

e uog(xr) = (1+ U())ku()(x());
o dist(xg_1,0(2") uo]) = |xk — xp—1ls
o ug(xr) —uo(xp—1) = ¢|xg — Xp—1].

In particular, we get that
uo(xx) — uo(xo) = ¢|xg — xo.
Since ug(xx) — 00 as k — oo this process must be finite. Then, there exists a last xg, € By,(xo)

and for such a point, we have |xx, — xo| = ¢(N, p)ro. Finally, we conclude that

sup ug(x) = ug(xx,) = uo(xo) + c¢(p, N)|xr — xo| = c(p, N)ro,
Bro(xo)

which finishes the proof. O

5. The limit problem as p,g — oo

In this last section we will establish the limit profile as p,q go to infinity for our minimization
problem.

Lemma 5.1 Let up 4 be a minimizer to (Min). Then, there exists €y = (g, 82, p,q, A+, f+) >0
such that

max {[|ViupgllLr2). [ViupglliLa@)} < Co.

Furthermore, it holds that

1
lim ¢y, = max {1, [g]co.l(ﬁ)a [g]goj(ﬁ)’ [g]go.l(ﬁ)’

p,q—>0o0

1
1%t lzoo @), 1A+l Fogy 1A= Foo () ||/\—||L°°(:z)}-
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Proof. Let ¥ be a Lipschitz extension of g among functions in the set
Koo 1= {v € WEHX(Q) ‘ v =g on 082}.

Since £2 is bounded, ¥ competes in the minimization problem (Min). Thus, by using ¥ as a test
function in (Min), we obtain

Ip.altp.ql < Jp.ql¥]-
On the other hand,

1. |
900191 < 2@ (L) + i@ ) + 1241

+ 12=01F 0@y + 1+ Mo @ 1¥llLr @) + 14+l (@) 1P lLa2)-
(£2) (£2)

Now, notice that

1 ~
/ AVupgldx < 3,101~ [ (A.06) + 1 £+ llul) dx
20{up 4>0} P 20{up.4>0
< Jpal¥l
Similarly, one obtains
1
/ 2| Vitp g 9dx < 3pq L]

20{up 4<0} 4

Now, if ¢ > p, then

(o)

On the other hand, if p > ¢,

N

N N a—p
< /P3pal@1 + {p3pql1L" (2)FF.

1

4 ~ ~ a=p

(/ |V“p,q|q) < ‘{/‘Idp,q[‘l’]‘f‘ 1{/‘161)#[‘1’]51\7(9) ra .
2

Therefore,
max {|[VupgllLr). |ViupgliLa@)} < €W 2, p.g. Ax, f1),

where
CY,2,p.q. A+, f+)

= max { </P3p,q[l1’] + ‘{/Pﬁp,q[W]LN(Q)%v ‘{/Clﬁp,q[lp] + </q\~5p,q [W]LN(Q)%} .

Hence, the sequence up 4 is uniformly bounded in W12 (£2) N W14(£2), and its weak limit as
p.q — oo fulfils

. . . L
|Vt loe(@y < max {1, Lipl¥]. Lip[#]®, Lipl]¥ , A+l @),

1
12t e - IA= s ) A= oo -

O
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As an immediate consequence of previous analysis we are able to prove the following theorem:

Theorem 5.2 Let p,q > N and f+ € L"(£2) with max {% + %, $+ %} < 1. Then, for all sequence
of solutions up, 4 to (Min), there exists a subsequence, denoted by up, 4 yet, such that up 3 — Uso
uniformly in 2. Furthermore, uoo € ng’oo(.Q) with

W WO o i e 2. pogds. fo).
S TR
XFY

[uoo]COAI (5) =

Proof. From Lemma 5.1 we have that
max {|VupgllLr @) IViupgllLa@)} < €o.

Next, fix m, and take p,q > m. We have,
m 1/m 1_1 1_1
5 [Vip, 4 <2777 [VupgllLr@) < 12|77 &.
Hence, there exists a weak limit in W™ (£2) that we will denote by 1. This weak limit has to

verify
1/m .
(/ |Vuoo|m) < |2]7m lim &.
9 D,d—>0

As the above inequality holds for every m, we get that s, € W 1*°(£2) and moreover, taking the
limit m — oo,

[Viuoo| < lim &, ae. x € £2.
P,q—>00
Therefore, we have
w(x)—w .
[uoo]coil(ﬁ) = M < lim ¢, $2,p,q, 4, f1).
x3<@ lx =yl Pg—00
XF=Y

O

We will comment throughout this section how the source term f affects the limit, it is through
its support and sign.
Before starting let us define the following space

W) —w)| _

3:=JweC®(2)|w=g in 32 and [w]co1g) = sup <I;.

x.ye |')C _yl
xX#y

Under such a definition the following theorem holds (see [6] for similar result in isotropic case).

Theorem 5.3 Let f1 € L7 (£2) with
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g € Whr(2)n Wh4(R) with [glcoa@ < L IA+llLeee) < 1 and upq the corresponding
minimizer to (Min). Then, U, obtained as a uniform limit of a subsequence of {up 4}, fulfils the
maximization problem

max (/ frvdx +/ f_va’x) = / Srusodx —1—/ Sfrusodx.
ve3 {v>0}N$2 {v<0}N$2 {Uoo>0}NR2 {Uoo<0}NR2 s
(5.1

Remark 5.4. Under the same conditions of Theorem 5.3 but with A1 = 1 and [|[A_|[ze0(@) < 1 we
get

max (/ frvdx + / fovdx + LN ({v > 0}))
ve3 {v>0}NRN {v<0}NR

= / Frutoodx +/ Fottoodx + LN ({Uuge > 0})  (5.2)
{Uco>0}N42 {Uco<0}N

as the variational limit problem.
Finally, when Ay > 1 the corresponding term in the functional diverges (recall that (14)”
appears) and therefore we don’t have a limit variational problem in this case.

Theorem 5.5 Let f+ € CO(R2) and g € WP (2) N WH4(R2) such that [g]con gy < 1. Then,
Uoo € 3 obtained as uniform limit of a subsequence {up 4} p q>o0, fulfils in the viscosity sense

—AsoUoo =0 in ({uoo >0} U{ueo < 0}) N (2 \ supp f1)°

[Vigo| = 1 in ({uoo > 0} U{uce < 0}) N (20N{fx >0})
—|Vus| = —1 in  ({too > 0} U{uce < 0}) N (2N {fr <0}) 5.3)
—Aso oo = 0 in ({uso > 0} U oo < 0}) N (2 N3{fr >0} \ d{fr <0}) '
—AoolUloo <0 in  ({too > 0} U{uce < 0}) N (2N 3{fx <0} \ d{fr >0})

Uso(X) = g(x) on 052.

Proof. First, from the uniform convergence, it holds that us, = g on d£2. Next, we will prove that
the limit function u, is an co—harmonic function outside of support of source term, i.e.,

—Asolioo(x) =0 in  ({too > 0} U {uc < 0}) N (£2\ supp f+)°.

To this end, let X € ({Uoo > 0} U{uoo < 0N (£2\supp f)° and ¢ € C2(£2) such that us, —¢ has
a strict local maximum (resp. strict local minimum) at xo. Since, up to subsequence, up 4 — U
local uniformly, there exists a sequence x, 4 — Xg such that u, ; — ¢ has a local maximum (resp.
local minimum) at x, 4. Moreover, if u, 4 is a weak solution (consequently a viscosity solution
according to Lemma 2.4) to (1.3) we obtain

- [|V¢(xp,q)|p_24¢(xp,q) +(p— 2)|V¢(xp,q)|p_4Aoo¢(xp,q)]

< —fx(xp,q) (resp. = —fi(xpq)).
Now, if [V (xo)| # 0 we may divide both sides of the above inequality by (p — 2)|Ve(xp4)|?~*
(which is different from zero for p (resp. g) large enough). Thus, we obtain that
Vo (xp,0) > A¢ (xp,9) _ S+ (Xp.q)
p=2 (P =2V (xp g7~

_Aoo(P(xp,q) < (resp. > .. .)’
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where the RHS tends to zero as p — oo (resp. ¢ — 00), because f(xp, 4) — 0. Therefore,
—Aoo®(x0) <0 (resp. = 0),

and since such an inequality is immediately satisfied if [V (xp)| = 0 we conclude that u is a
viscosity sub-solution (resp. super-solution) to the desired equation.
Observe that the previous reasoning also proves that u, fulfils

—Astoo 20 in ({too > 0} U{uce < 0}) N (2N 3{fx >0} \ d{fx <O0})

and
—Astoo <0 in ({Uoo > 0} U {uce < 0}) N (2N 3{ fx <0} \ {fx > 0})
in the viscosity sense.
Next, we will prove that 1, is a viscosity solution to

max { — Aoolloo(X), —|Viteo(X)| + 1} =0 in ({tteo > 0} U {uos < 0}) N (£2 N { /2 > 0}).

First let us prove that u, is a viscosity super-solution. Fix xg € ({#eo > 0} U {uco < 0}) N (2 N
{fr > 0}) and let ¢ € C2(£2) be a test function such that us,(xg) = ¢(xp) and the inequality
Uso(X) > ¢(x) holds for all x # xo. We want to show that

—Axop(x0) =0 or —|Ve(xe)|+1=0.

Notice that if [V (x¢)| = 0 there is nothing to prove. Hence, as a matter of fact, we may assume
that
—|Vo(x0)| +1<0. (5.4)

As in the previous case, there exists a sequence x, 4 — Xxo such that u, ; — ¢ has a local minimum
at xp 4. Since u, 4 is a weak super-solution (consequently a viscosity super-solution according to
Lemma 2.4) to (1.3) we get

- [|V¢>(xp,q)|1’_2A¢(xp,q) + (- 2)|V¢(xp,q)|p_4Aoo¢(xp,q)] = — f+(xp,q)-

Now, dividing both sides by (p — 2)|Ve (xp.4)|P~* (which is different from zero for p (resp. q)
large enough due to (5.4)) we get

V() P AP () ( P;*/fi(xp,q))”“‘_

p—2 IV (xpq)l

Passing the limit as p, g — oo in the above inequality we conclude that

—Aoop(Xpq) =

—AOO(P()C()) = 0.

That proves that 1, is a viscosity super-solution.

Now, we will analyze the other case. To this end, fix xo € ({#oo > 0}U{use < 0})N(2N{ f+ >
0}) and a test function ¢ € C2(£2) such that uss(xg) = ¢(xo) and the inequality uo(x) < ¢(x)
holds for x # xo. We want to prove that

—Aood(x0) <O and — |V (xo)| =1 < 0. (5.5)
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Again, as before, there exists a sequence x, 4 — Xxo such that u, ; — ¢ has a local maximum at x, 4
and since u 4 is a weak sub-solution (resp. viscosity sub-solution) to (1.3), we have that

P fx(xp.q) - <0
IV (xp.q)l o

Ve (xp) P Ad(xpg)
p—2

Ao (Xp,q) < — (

Thus, we obtain —As¢ (x9) < 0 letting p,g — oo. If —|V(xp)| — 1 > 0, as p, g — oo, then the
right hand side goes to —oo, which clearly yields a contradiction. Therefore (5.5) holds.
The last part of the proof consists in proving that 1, is a viscosity solution to

max{— Asolhoo (X)), —| Voo (X)| + 1} =0 in ({uoo > 0} U{ue < 0}) N (.Q N{fs < O})

The argument holds like the previous case and for this reason we will omit it here. O

Remark 5.6. It is worth to highlight that combining the information from Lemma 5.1 and
Theorem 5.2 we are able to infer that when fi = 0 the positive and the negative parts of the
solutions to the limit problem are, in fact, an AMLE for its boundary data under the limit free
boundary condition (co—FBC). This is due to the fact that they are co—harmonic functions.

The limiting free boundary condition

In this short part we will deduce (formally) the so-called limiting free boundary condition coming
from (FBC). Precisely, by supposing that solutions and their corresponding free boundaries are
appropriated regular we can proceeding as following: Recall the (p, ¢)—flux balance (FBC), that is,

Sp g Ul UT Ay Al) = ijl(u:r)p(x) — qT_l(u;)q(x) — A2 (x) + 24 (x) = 0.

Now, we rewrite this as follows:

N
N

—1 4 —1 q
(” ) + [xf]”u)) _ (qT[wv)p]"m + xﬁ(x))

Hence, using the well-know fact that
1
RA? + BP)? — max {2A, B}, as p — 0o,

we obtain as formal limit of the previous identity,

max {uj(x), A?(x)} = max{(u;)@l(x), /\+(x)}. (5.6)

Remark that this limit procedure in the free boundary condition is only formal since we do not have
enough regularity of the normal derivatives uff (note that they depend on p, ¢) and the associated
free boundaries (in order to have that (FBC) holds pointwise and that the free boundaries converge
uniformly (together with its normal vectors) as p, g — 00).

Let us point out that in the 1-D case (see the next example) the limit verifies the limit free
boundary condition (5.6) pointwise in all cases.
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Examples
Finally, let us present some examples in which we are able to compute the limit as p, g — oo.

EXAMPLE 5.7 Let us analyze the 1-D minimization problem: Given an interval (0, L), let AL > 0
be two positive constants, «, B be positive numbers and impose the boundary conditions u3(0) = «
and uz(L) = —pf (that is, we take g(0) = o, g(L) = —p). Finally, we take f1 = 0.

The functional to be minimized is given by

1 1
Jp.qlv] =/ (—Iv’l” +ki) dx+/ (—Iv’lq +/\‘1) dx
{v>0} \ P {v<0} \ 4

First of all, we will deal with the case in which there is a zero-phase region. In other words, there
are points

0< xl‘," < xq_ <L
such that
uz(x) =0 Vxe (x+,xq_).

Thus, the energy is minimized by a function of following form
_i( _ +) if € (0 +
F(x—x,) if x X,
P

uz(x) = 0 if xe (x5, x;)

I _x;(x —x;) if xe(x;, L)

Moreover, the minimum of the energy is given by
1 P(yT\1—P 1 q —\1—¢ p .+ q -
JIpqluzl = > (xp) 7+ 5/3 (L —x)" 0+ 285 x] +29(L — x).

Notice that Jj, 4 achieves a minimum at v 3, thus by minimizing the previous sentence with respect
to x5 and x, we obtain

—1 —1
xF = p|P” " & and L—xq_:"q—’B

P Ay q A

Recall that we have assumed that 0 < x;r <x; < L. Thus, in this case, we conclude that a solution
with a zero-phase exists if and only if

plpP-le  GJe=1B
P Ay q A

Moreover, the limits as p, g — oo of x;r and L — x,

are the following

x;:% and L—xgo:;%,
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and hence the limiting profile is given by
“Ap(x—xL) if xe€(0,x%
0 if xe(xf,xy)
—A_(x—xz) if xe (xg,L).

Uy, (X) 1=

Next, we will assume that there is no zero-phase region, in other words, xl‘," = x, = x;. Hence,
such a point must verify the condition
p—1

p

! p
=P8

Xj

g—1| P
q |L—x;
Now, for such a fixed point we have that u 3 is given by

o (1 - Lx) if xe(0,x;5)
uz(x) := *
'BI:L—XI(L_X)_I:| it xe(x;,L)

Since (x;);en is a bounded sequence we have, up to a subsequence, x; — Xoo. Now, we divide the
analysis of (5.7) in two cases (note that we assumed that £ # 19)

o If )ki’ > A? we have

(5.7)

p—1

qa\ P
p q A2
r— |2 ( pla =1 ‘ ):Ai—k‘izki —12=] |,
polx q(p—1) —xj At
which yield in the limit as p,g — oo
R
Xoo
provided
Xoo B @
— ‘ <1
o |L— X
This holds if and only if
0! p
< L.
PRy o

Y

Therefore, in this case u 3., (the uniform limit of the u, 4) is uniquely determined and is given by

o (1 _ Lx) it x € (0, x00)
s (x) - Xoo (58)
Blrio(L—x—1] if x € (o L),

Furthermore, in the case

B

QA+

+—=L
"
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we obtain from the previous analysis that u3__ is a Lipschitz function with boundary values o
and —f and Lipschitz constant less or equal to —% + e Therefore, the only possibility is

the strait line given by
U (X)) = — (#) X. (5.9

Finally, note that in this case we have lost the free boundary condition since the limit does not
depends on A .
o If A7 < A2 then re-writing (5.7) as

2\ 4
q—l‘ B q(l_(P—l)q L—quﬁp):%i_/\i:yi 1— & ,
q |L-x; plg—=11| B Xj A
we obtain in the limit as p,g — oo
ﬁ =
L — X0
provided
o | L — X Q
— < 1.
Xoo B
This holds if and only if
i + B <L
A8 Al ’

One more time we obtain the limit profile (5.8). Similarly to the previous case, if AL@ + Ai_ =L
we obtain the limit characterization (5.9). -

EXAMPLE 5.8 If f— = 0 > f4 in £2 and g = 0 in 02, then the unique (positive) maximizer to
(5.1) is given by
Uso(x) 1= dist(x, 082).
In effect, we have that
|dist(x, 0§2) — dist(y, 082)| < |x — y/,
in other words, 1o, € 3. Finally, since uo fulfils (5.1), it is suffices to show that w(x) < dist(x, 0£2)

for any w € 3. In fact, since w € 3 we have that

Wl vy enn
lx =yl

Therefore,
lw(x)| < inf |x —y| = dist(x, 0§2).
yei

Furthermore, we must to observe that # is, in fact, a viscosity solution of the limit problem (1.4).
In effect, given x € §2 we have
|Vieo| =1 aein £2.
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Finally, 1 is a supersolution for co—Laplacian, we conclude that
max{ — Asoloo(X), |Vitoo(X)| — 1} =0 in £

in the viscosity sense.

Similarly, if f— > 0 = f4 in £2 and g = 0 in 042, then the unique maximizer to (5.1) is given
by Ueo(x) = dist(x, 082),x € 2

and it satisfies in the viscosity sense

max{—Aoouoo(x),—|Vuoo(x)|+1}:O in £2.

Acknowledgments. This work was partially supported by Consejo Nacional de Investigaciones
Cientificas y Técnicas (CONICET-Argentina). The authors would like to thank the anonymous
referees for the comments and suggestions throughout the manuscript. J. V. da Silva would like
to thank the Dept. of Math. and FCEyN Universidad de Buenos Aires for providing an excellent
working environment and scientific atmosphere during his Postdoctoral program.

References

1. Alt, H. W. & Caffarelli, L. A., Existence and regularity for a minimum problem with free boundary. J.
Reine Angew. Math. 325 (1981), 105-144. Zb10449.35105 MR0618549
2. Alt, H. W., Caffarelli, L.A., & Friedman, A., Variational problems with two phases and their free
boundaries. Trans. Amer. Math. Soc. 282 (1984), 431-461. Zb10844 .35137 MR0732100
3. Amaral, M. & Teixeira, E. V., Free transmission problems. Comm. Math. Phys. 337 (2015), 1465-1489.
Zb11321.35260 MR3339182
4. Aronsson, G., Extension of functions satisfying Lipschitz conditions. Ark. Mat. 6 (1967), 551-561.
Zb10158.05001 MR0217665
5. Aronsson, G., Crandall, M. G., & Juutinen, P., A tour of the theory of absolutely minimizing functions.
Bull. Amer. Math. Soc. 41 (2004), 439-505. Zb11150.35047 MR2083637
6. Bhattacharya, T., Dibenedetto, E., & Manfredi, J., Limits as p — oo of Ap up, = f and related extremal
problems. Rend. Sem. Mat. Univ. Politec. Torino 1989, Special Issue, 1568 (1991).
7. Borsuk, M., Transmission problems for elliptic second-order equations in non-smooth domains. In:
Frontiers in Mathematics. Birkhduser/Springer Basel AG, Basel (2010). Zb11202.35001 MR2676605
8. Caffarelli, L. A., Jerison, D., & Kenig, C.E., Some new monotonicity theorems with applications to free
boundary problems. Ann. Math. 155 (2002) 369-404. Zb11142.35382 MR1906591
9. Cherkaev, A. V. & Kohn, R. (eds.), Topics in the Mathematical Modelling of Composite Materials. Progress
in Nonlinear Differential Equations and Their Applications, Birkhduser (1997). Zb10870.00018
10. Crandall, M. G., Ishii, H., & and Lions, P.L., User’s guide to viscosity solutions of second order partial
differential equations. Bull. Amer. Math. Soc. 27 (1992), 1-67. Zb10755.35015 MR1118699
11. Danielli, D. & Petrosyan, A., A minimum problem with free boundary for a degenerate quasilinear
operator. Calc. Var. Partial Differential Equations 23 (2005) 97-124. Zb11068.35187 MR2133664
12. da Silva, J. V. & Rossi, J. D., The limit as p — oo in free boundary problems with fractional p-Laplacians.
To appear in Trans. Amer. Math. Soc.. Doi 10.1090/tran/7559
13. da Silva, J. V., Rossi, J.D., & Salort, A., Geometric regularity for p—dead core problems and their
asymptotic limit as p — oo. To appear in J. London Math. Soc. (2) (2018), 1-28. Doi 10.1112/jlms.12161
14. da Silva, J. V. & Salort, A., A limiting obstacle type problem for the inhomogeneous p-fractional
Laplacian. Submitted.


http://www.emis.de/MATH-item?0449.35105
http://www.ams.org/mathscinet-getitem?mr=0618549
http://www.emis.de/MATH-item?0844.35137
http://www.ams.org/mathscinet-getitem?mr=0732100
http://www.emis.de/MATH-item?1321.35260
http://www.ams.org/mathscinet-getitem?mr=3339182
http://www.emis.de/MATH-item?0158.05001
http://www.ams.org/mathscinet-getitem?mr=0217665
http://www.emis.de/MATH-item?1150.35047
http://www.ams.org/mathscinet-getitem?mr=2083637
http://www.emis.de/MATH-item?1202.35001
http://www.ams.org/mathscinet-getitem?mr=2676605
http://www.emis.de/MATH-item?1142.35382
http://www.ams.org/mathscinet-getitem?mr=1906591
http://www.emis.de/MATH-item?0870.00018
http://www.emis.de/MATH-item?0755.35015
http://www.ams.org/mathscinet-getitem?mr=1118699
http://www.emis.de/MATH-item?1068.35187
http://www.ams.org/mathscinet-getitem?mr=2133664
http://dx.doi.org/10.1090/tran/7559
http://dx.doi.org/10.1112/jlms.12161

406 J. V. DA SILVA AND J. D. ROSSI

15. Jensen, R., Uniqueness of Lipschitz extensions minimizing the sup-norm of the gradient. Arch. Ration.
Mech. Anal. 123 (1993), 51-74. Zb10789.35008 MR1218686

16. Juutinen, P., Lindqvist, P., & Manfredi,J. J., On the equivalence of viscosity solutions and weak solutions
for a quasilinear equation. SIAM J. Math. Anal. 33 (2001), 699-717. Zb10997 .35022 MR1871417

17. Ladyzhenskaya, O. A. & Ural’tseva, N.N., Linear and Quasilinear Elliptic Equations. Math. Sci. Eng.,
vol. 46, Academic Press, NewYork, 1968. Zb10164.13002 MR0244627

18. Leitdo, R.A., Queiroz, O.S., & Teixeira, E. V., Regularity for degenerate two-phase free boundary
problems. Ann. Inst. H. Poincare Anal. Non Lineaire 32 (2015), 741-762. Zbl 06476998 MR3390082

19. Lu, G. & Wang, P., On the uniqueness of a viscosity solution of a two-phase free boundary problem. J.
Funct. Anal. 258 (2010), 2817-2833. Zb11185.35340 MR2593345

20. Manfredi, J. J., Petrosyan, A., & Shahgholian, H., A free boundary problem for co-Laplace equation. Calc.
Var. Partial Differential Equations 14 (2002), 359-384. Zb10993.35092 MR1899452

21. Juutinen, P., Parviainen, M., & Rossi, J. D., Discontinuous gradient constraints and the infinity Laplacian.
International Mathematics Research Notices 2016 (8), 2451-2492. MR3519120

22. Rossi, J.D. & Teixeira, E. V., A limiting free boundary problem ruled by Aronsson’s equation. Trans.
Amer. Math. Soc. 364 (2012), 703-719. Zb11236.35210 MR2846349

23. Rossi, J.D., Teixeira, E. V., & Urbano, J. M., Optimal regularity at the free boundary for the infinity
obstacle problem. Interfaces Free Bound. 17 (2015), 381-398. Zb106524746 MR3421912

24. Rossi, J.D. & Wang, P., The limit as p — oo in a two-phase free boundary problem for the p-Laplacian.
Interfaces Free Bound. 18 (2016), 115-135. Zb11344 .35060 MR3511343

25. Serrin, J., A Harnack inequality for nonlinear equations. Bull. Am. Math. Soc. 69 (1963) 481-
486.Zb10137.06902 MR0150443

26. Serrin, J., Local behavior of solutions of quasi-linear equations. Acta Math. 111 (1964), 247-
302.Zb10128.09101 MR0170096


http://www.emis.de/MATH-item?0789.35008
http://www.ams.org/mathscinet-getitem?mr=1218686
http://www.emis.de/MATH-item?0997.35022
http://www.ams.org/mathscinet-getitem?mr=1871417
http://www.emis.de/MATH-item?0164.13002
http://www.ams.org/mathscinet-getitem?mr=0244627
http://www.ams.org/mathscinet-getitem?mr=3390082
http://www.emis.de/MATH-item?1185.35340
http://www.ams.org/mathscinet-getitem?mr=2593345
http://www.emis.de/MATH-item?0993.35092
http://www.ams.org/mathscinet-getitem?mr=1899452
http://www.ams.org/mathscinet-getitem?mr=3519120
http://www.emis.de/MATH-item?1236.35210
http://www.ams.org/mathscinet-getitem?mr=2846349
http://www.emis.de/MATH-item?06524746
http://www.ams.org/mathscinet-getitem?mr=3421912
http://www.emis.de/MATH-item?1344.35060
http://www.ams.org/mathscinet-getitem?mr=3511343
http://www.emis.de/MATH-item?0137.06902
http://www.ams.org/mathscinet-getitem?mr=0150443
http://www.emis.de/MATH-item?0128.09101
http://www.ams.org/mathscinet-getitem?mr=0170096

	Introduction
	Preliminaries
	Existence and bounds for minimizers
	Further properties for minimizers
	The limit problem as p, q to infty

