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In this paper, we establish the global existence of supersonic entropy solutions with a strong contact
discontinuity over a Lipschitz wall governed by the two-dimensional steady exothermically reacting
Euler equations, when the total variation of both the initial data and slope of the Lipschitz wall is
sufficiently small. Local and global estimates are developed and a modified Glimm-type functional
is carefully designed. Next the validation of the quasi-one-dimensional approximation in the domain
bounded by the wall and the strong contact discontinuity is rigorous justified by proving that the
difference between the average of weak solution and the solution of quasi-one-dimensional system
can be bounded by the square of the total variation of both the initial data and slope of the Lipschitz
wall.
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1. Introduction

We are concerned with the global existence and the quasi-one-dimensional approximation
of entropy solutions with strong contact discontinuity of two-dimensional steady supersonic
exothermically reacting Euler flows, which are governed by

(pu)x + (pv)y =0,

(pu* + p)x + (puv), =0,

(puv)x + (pv? + p)y =0, (1.1)
((bE + p)u), + ((bE + p)v), = 0.

(puZ)x + (pvZ)y = —p$(T)Z.

Here (u, v) is the velocity. p, p, and T stand for the scalar pressure, the density, the temperature,
respectively. Z represents the fraction of unburned gas, where 0 < Z < 1. E denotes the specific
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total energy and is given by
1
E:e+§(u2+vz)+qoZ, (1.2)

where e is the specific internal energy, and go > 0 is the specific binding energy of unburned gas.
¢ (T) is the reaction rate function, which is a C! function with respect to 7 on (0, 4+00) and satisfies
that
lim ¢(T) =0 and ¢'(T) > 0.
T—0+

As an example in [6], we call ¢ (T) has the Arrhenius form which vanishes only at absolute zero
temperature, if
$(T) = THe /KT,

where p is a positive constant, and & is the action energy. For further information on this equation
and related combustion theories, we refer the reader to [15, 23, 35, 38, 42].
The other thermodynamic variable is the entropy S, which is defined through the thermodynam-
ical relation that: »
TdS =de— ?dp.

For the ideal polytropic gas, the constitutive relations are

R
p=RpT, e=c, T, y=1+—>1,
c

v

where R, ¢y, y are all positive constants. Then the sonic speed is given by ¢ = /yp/p.

Obviously, by the thermodynamical relation and the constitutive relations, any two thermody-
namic variables of e, p, T, p and S can be chosen as the independent variables. Here, we choose p
and p as the independent variables, and let

U= @,v,ppZ)". (1.3)

In this paper, we will study the two-dimensional steady supersonic exothermically reacting Euler
flow with a strong contact discontinuity over a Lipschitz wall, which is small perturbation of the
straight wall (see Fig. 1). Here a strong contact discontinuity is a free interface across which the
flow direction and the pressure are continuous but the jump of the other quantities are not small, and
the contact discontinuity propagates along the flow direction (see also Remark 1.5).

Mathematically, the problem we are concerned with is the following initial-boundary value
problem of system (1.1) in £2 with the initial condition that

U2(y). y©@<y<o,

U0,y) =Up(y) =
Ui(y),  y<yO,

(1.4)

and the boundary condition that
(u,v) . m=0 on . (1.5)

Then we can define the global entropy solutions of problem (1.1) and (1.4)-(1.5).

DEFINITION 1.1 (Entropy Solutions) A vector-valued function U(x, y) = (u,v, p.p. Z) T (x,y) €
L (£2) is called a global entropy solution of problem (1.1) and (1.4)—(1.5) if
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y
[:y=g(x)

Q0 Contact discontinuity y= x(x)

F1G. 1. Reacting Euler flow over a Lipschitz wall

(i) U is a weak solution of (1.1) in £2 in the distribution sense and satisfies (1.4)—(1.5) in the trace
sense;
(i1) U satisfies the entropy inequality that

qopp(T)Z

(puS)x + (pvS)y = T

in the distribution sense in £2.

REMARK 1.2 The entropy inequality in Definition 1.1 follows from Clausius—Duhem inequality in
the time-dependent case, see, for instance, [19].

Before stating the main theorems of this paper, let us assume the following:

(H1) As shown in Fig. 1, there exists a Lipschitz function g(x) € Lip(R4+;R) with that g(0) =
0, g’(04+) = 0, and that g’(x) € BV(R™;R) such that

Q={(x.y):y<gx),x>0}, I'={xy):y=gx)x=0},

and n(x+) = % is the outer normal vectors to I" at the points x =+, respectively.

Here and in sequel, Lip(R+;R) denotes the set of Lipschitz continuous functions, while
BV(R*;R) denotes the set of functions with bounded variations.

(H2) The upstream flow in {x = 0} consists of two states Us(y) = (U2, V2, p2. p2. Z2) ' (y) when
y@ <y < 0and Uy(y) = (u1,v1, p1.p1.Z1)" (y) when y < y©, separated by the
interface y = yo such that

ui>¢ >0 0<Z; <1, lim Z;(y) =0,
y—>—00
where ¢; = /ypi/pi is the sonic speed of state U;, fori = 1, 2.
(H3) There exists a positive constant 7 > 0, such that T;(y) > T, fori = 1, 2.
REMARK 1.3 Assumption (H3) is to make sure that ¢(7') admits a positive minimum value.

Our first result is to establish the nonlinear stability of strong contact discontinuity in the
supersonic exothermically reacting Euler flows around a background solution, which is given by
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the case that g(x) = 0. In this case, the problem admits a solution consisting of one straight contact
discontinuity y = y(© < 0 and two constant states:

0" = 3,0, p”,p5".0),  y© <y<0,x>0,
0 0 0) (0
U = w®,0,p, 0,0, y<y©® x>0,

where pgo) = pgo), ugo) > ci(o) > 0, and the sonic speed cl.(o) =4/ )/pl.(o)/pi(o), fori =1,2.
More precisely, we proved the following theorem.

U© —

Theorem 1.4 Under assumptions (H1)—(H3), there exist positive constants &y and C depending
only on U©, such that if

T.VAg () 1 [0, +00)} < do, (1.6)
and
sup |U1(y) — U+ sup  |Ua(y) — USV| < 6, (1.7)
y<y© yO®<y<0
T.VAUL() : (=00, yO)} + TVAUL() - (v@,0)} < o, (1.8)

then the initial-boundary value problem (1.1) and (1.4)—(1.5) admits a global entropy solution
U(x,y) € L*(82) such that the following hold:

(i) for every x € [0, +00),
T.VAU(x,") : (—o0, g(x)]} < Céo. (1.9)

(i) The curve {y = yx(x)} is a strong contact discontinuity emanating from the point (0, y®)
with y(x) < g(x) for any x > 0, and is Lipschitz such that

lx(x") = x(x")] < Clx" = x"|, (1.10)
forany x', x" = 0. Furthermore, it holds that

sup |U(x,y)—U1(0)| < Cdy, sup |U(x,y)—U2(0)| < Cdy. (1.11)
y<x(x) x(x)<y<g(x)

REMARK 1.5 Indeed, the solution U given by Theorem 1.4 has the trace along the both sides of
curve y = y(x). Let Ux = (ux,vs, p+, p+, Z+) be the trace of U above or below the curve
y = x(x) respectively, and ng = (x'(x),—1) is the normal to the curve y = x(x). Due to the
construction of the solution, we have that

p+=p- and (u4,v4) -ng = (u—,v-) - ng, Uy #U- (1.12)

almost everywhere along the curve y = y(x). Then as in [19] and [17] such curve y = y(x) is
called the contact discontinuity here and in sequel (see also [2, 26, 41]). Moreover, compared to the
strengths of the other waves, the strength |U; — U_]| is relatively large, so the curve y = y(x) is
called the strong contact discontinuity.

Our second result is about the quasi-one-dimensional approximation. Physically, quasi-one-
dimensional approach is based on the assumption that the motion of the nonuniform true flow is
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slowly various in some direction. Then by averaging the nonuniform flows over some direction or
cross section, we can reduce the dimension to make the model simpler, see [14, 36, 42] for example.
Therefore, the true nonuniform flow is replaced by a simpler flow, which is easy to be investigate
and useful to study the basic properties of the true flow. In this case, it is possible to reduce the
dimensionality of the problem. We will justify the quasi-one-dimensional approximation for our
problem in this paper.

If the flow is slowly various in the y-direction compared to the x-direction, we can introduce the
quasi-one-dimensional approximation in the domain {(x, y)|x > 0, y(x) < y < g(x)} as follows.
Neglect the changes of the solutions in y-direction, and let A(x) be the distance between the wall
and the strong contact discontinuity. Then the motion of the steady exothermically reacting Euler
flows in the domain {(x, y)|x > 0, y(x) < y < g(x)} can be described by the much simpler
quasi-one-dimensional model:

(puA(x))x =0,

((pu* + p)A(x)), = A'(x)p,

((e + 34 + 2)puA(x)), = qoA(x)p¢(T)Z,
(PuZAW)), = —A()p(T)Z.

(1.13)

Let (o, #to, Po. Zo) | be the integral average of the initial data U, (y) in the interval y© < y <0,
that is

- - -5 1 0
(Po. o, Po. Zo) | = 7 / Uz(y)dy.
YOl Jyo
Let U(x) = (p. i, p. Z)" be the integral average of the solution of system (1.1) with respect to y
between the wall and the strong contact discontinuity, that is,
1 g(x)

Ve = @ x(x) vt ndy.

and let Ug(x) = (pa,ua, pa, Z4) T the solution of system (1.13) with the initial data Ugp =
(po. o, Po. Zo) . Then our second result related to the quasi-one-dimensional approximation in
the domain {(x, y)|x > 0, y(x) < y < g(x)} is as follows.

Theorem 1.6 Under assumptions (H1)—(H3), there exist positive constants 8o and C depending
only on U© such that if (1.6)—(1.8) hold, then for any x = 0, it holds that

|U(x) — Ua(x)| < C83,
where

8u =T.VAg () 1 [0. +00)} + TVAUL() : (=00, y@)}

+TVAO @0+ sup  [U>(0) — UL,
y©<y<0

Theorem 1.6 justifies the validation of the quasi-one-dimensional approximation of the
supersonic exothermically reacting Euler flows if § is sufficiently small, i.e., this theorem indicates
that the difference between the integral average of the weak solution of (1.1) and the solution of
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(1.13) can be bounded by the square of the total variation of both the initial data and slope of the
Lipschitz wall.

We develop a fractional-step Glimm scheme to construct the approximate solutions to establish
the global existence of the entropy solution of the initial boundary value problem (1.1) and (1.4)—
(1.5). To make it, we have to design a Glimm-type functional based on local estimates obtained in
Section 2. The key estimates are the reflection coefficient in front of the strength of the reflected
5-wave when the weak 1-wave hits the strong contact discontinuity from above governed by the
corresponding homogeneous system (2.3) is strictly less than one, as well as the exponential decay
estimate of the reactant Z in the reacting step. With the Glimm-type functional in hand, we can show
that the total variation of the approximate solutions is uniformly bounded and actually small, and
then by the standard argument developed in [26] to show Theorem 1.4. Another essential estimate
is to trace the approximate strong contact discontinuity in order to establish the nonlinear stability
of strong contact discontinuity in the supersonic exothermically reacting Euler flows under small
perturbation.

We remark that although elegant results had been established for the existence of entropy
solutions of hyperbolic balance laws in [16, 20, 29, 43], system (1.1) concerned in this paper does
not satisfy the hypotheses there. In fact, the exothermic reaction can increase the total variation
of the solutions. For example, the linearized stability analysis, as well as numerical and physical
experiments, have shown that certain steady detonation waves are unstable [1, 21, 24, 32]. However,
if assume that the reaction rate function ¢ (7') never vanishes, then the decay estimate of the reaction
plays a key role in controlling the increasing of the total variation of solutions.

Next, in order to show Theorem 1.6, we need carefully to derive several estimates on error terms
of different type to pass the limit # — 0 such that we can get the equations that the integral average
of weak solutions with respect to y satisfies. Then the validation of the quasi-one-dimensional
approximation is rigorously justified by applying the decay estimates of the reactant Z of both
system (1.1) and (1.13), and the smallness of the B.V. bounds of solutions.

The importance of the problem of steady supersonic non-reacting Euler flow past a wedge has
been introduced in Courant-Friedrichs’ book [18]. When the flow behind the shock is smooth, the
existence and asymptotic behaviour had been extensively studied by many authors (for instance,
see [11-13, 22, 28, 33, 40]). See also [3, 37] for piecewise smooth shock free solutions. Next,
for the non-piecewise smooth solutions, by developing a modified Glimm scheme or wave-front
tracking scheme, global weak entropy solutions of the potential flow had been constructed in
[44—46] when the wedge is a small perturbation of a straight wedge or a convex one. Later,
global weak entropy solutions with a large shock or vortex sheet had been established for the full
Euler equations in [9, 10]. Recently, global weak entropy solutions with transonic characteristic
discontinuities had been obtained in [5, 30] when the steady supersonic non-reacting Euler
flow past a convex corner surrounded by the static gas. Meanwhile, the quasi-one-dimensional
approximation of isentropic or irrotational gas flow had been established in [14, 25] by applying
the Riemann semigroup via the wave-front tracking scheme (see [2, 7] for more details of the
techniques).

For the exothermically reacting Euler equations, the large-time existence of one-dimensional
time-dependent entropy solutions of the Cauchy problem was established in [6]. Recently, the
global existence of steady weak entropy solutions with a strong shock or strong rarefaction wave is
established in [4, 8]. For further information on the reacting gas dynamic theory, we refer the reader
to [35, 42].
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The rest of this paper is organised as follows. In Section 2, several important local estimates
including local interaction estimates and local estimates on the reacting step are established. In
Section 3, we introduce the fractional-step Glimm scheme to construct approximate solutions and
introduce a modified Glimm-type functional to prove the global estimates of the approximated
solutions in the non-reacting step and the reacting step separately. Then we complete the proof
of Theorem 1.4 in Section 3. Finally, section 4 is devoted to the proof of Theorem 1.6.

2. Local estimates of solutions of the steady exothermically reacting Euler equations

In this section, we will establish the local wave interaction estimates for the homogeneous system,
and then the local estimates on the reacting step of the steady exothermically reacting Euler
equations (1.1).

First, system (1.1) can be written in the following form:

WU)x + HU), = G(U), (2.1)
with U = (u, v, p, p, Z)T, where
u? + v? yp T
W U = £ 2 £ £ 2 Z ’
) (pu pu” + p, puv ,ou( 7 + ()/—1),0) pu )
u? + v2 T
HU) = (pv,puv,pv2 + p,pv( + TP ),va) . (2.2)
2 (y —Dp

T
G(U) = (0.0,0.90pZ$(T), —pp(T)Z) .
In the case when G(U) is identically zero, (2.1) becomes the homogeneous system

W(U)x + HU), = 0. 2.3)

2.1  Elementary wave curves of the homogeneous system of (2.3)

Before deriving the local estimates, we review certain basic properties of the homogeneous system
of (2.3) and the solvability of several typical Riemann problems that appear in the process of the
fractional-step Glimm scheme.

First, we remark that in this paper, M is a universal constant, depending only on the data
and different at each occurrence, O(1) is a quantity that is bounded by M, and O((U) is a
neighbourhood with radius Me and center U.

If u > ¢, the homogeneous system (2.3) has five real eigenvalues in the x-direction, which are

uv + (—l)#c\/u2 +v2—c2

Ai =
w2 — 2

v
=15 Aj=oj =234,

The associated linearly independent right eigenvectors are

p(Aiu —v)
C2
_ T _ T _ T
r, = u,v,0,0,0)', r3=1(0,0,0,p,0)", rs=1(0,0,0,0,1)", 2.5)

ri = ki (=Ai, 1, p(hiu — v), 0T, i=1,5; (2.4)
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where k; are chosen so that r; - VA; = 1 since the i-th characteristic fields are genuinely nonlinear
fori = 1,5.Itis easy to see that r; - VA; = 0, j = 2, 3, 4, which means these characteristic fields
are linearly degenerate. By the straightforward calculation, we have the following lemma about the
value of k;.

Lemma 2.1 At the constant state Ulgo) = (u,(co), 0, p,(co), p,(co), 0) with u,(co) > c,(co) >0,k=1,2,

k1 (UL) = ks (UL) = 1/(Vu ki - (=i, Lpudi pudi/2.0)]y_y©) >0, i =1.5.

It implies that k; (U) > 0 forany U € Oe(Uk(O)) since ki (U) are continuous fori = 1, 5.

Next, we will consider wave curves for # > ¢ in the phase space, especially in the neighborhood

of UI(O) and Uz(o). At each state U, = (Ug. Va, Pa. Pas Za) | With g > ¢4 = \/VYPa/pa, there are
five wave curves in the phase space through U,.
The j-th contact discontinuity wave curve C;(U,) for j = 2,3, 4, are

Ci(Uy): dp =0, vdu —udv = 0.
More precisely, by solving the following ODE problem

U — ri(U), j =2.3.4,

do;
Uls;=0 = Ua.,
we easily have that
C2(Ua) : U = (ua€”,v4€”, pa, pa> Za) ", (2.6)
C3(Ua) : U = (4a.Va: Pa- Pa€®. Za) ", 2.7)
Ca(Ua) : U = (Ua.Va. Pa-Pa- Za +04) . (2.8)

The i-th rarefaction wave curve R; (U,),i = 1,5,
R;(U,) : dp = c*dp, du = —Aidv, p(Aju —v)dv = dp, dZ = 0. 2.9)

The i-th shock wave curve S;(U,),i = 1,5,

2
Si(Ua) : [p] = %[p], ) = —si[v], pa(sitia —va)0] = [pl. [Z]=0.  (2.10)

where [-] stands for the jump of a quantity across the shock, the slope of the discontinuity

i+3 .

UV + (1) F CqJul 4+ vZ —C2

= 2 __ A2 ’
ua c[l

2
2 _Cqgp 5 _ytl _ (r=1)p
andca—ﬁpa,y— > T g (

Following the ideas in [31], in a neighbourhood of Uko), k = 1,2, we can parameterize any
physically admissible wave curves above by

o = @i(al’; Ua), (2] ])
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with @; € C2, D lo;=0 = Uy, and %laizo = ri(U,). Fori = 1,5, the case o; > 0 corresponds

to a rarefaction wave, while the case «; < 0 corresponds to a shock wave. Moreover, @, @3,P4 can
be given with three independent parameters (02, 03, &t4) as

D2(02: Uyg) = (Uqe?,v4€°%, pa, Pas Za), (2.12)
DP3(03;U,) = (uayva’ Pa; Paeg3yza)’ (2.13)
Py(a; Ug) = (Mg, Va, Pas Pas Za + ). (2.14)

In particular, it holds that

0 0 0 0 T 0 0 0 T
U," = (u5”.0. 95" p3”.0) " = (ui”e?,0, i, py”e™.0) .

2.2 Local interaction estimates

Let us consider the local wave interaction estimates for the homogeneous system (2.3) first, which
include the weak wave interactions, weak wave reflections on the boundary and the interaction
between the strong contact discontinuity and weak waves.

First, let us consider the Riemann problem only involving weak waves for (2.3):

Up = (up. Vb, Pbs Pb- Zb) o Y > Yoo

U|x=xo = (2.15)

U, = (ua’ Va, Pa> Pas Za)T’ Yy < Yo,

where the constant states U, and Uy are the below state and above state with respect to the line
y = Yy, respectively.

Let <f>,- ,i = 1,2,3,5 be the vector which only contains the first four components of @;, where
@; are defined in Section 2.1. For the simplicity, we set

D (as, a3, 00,013 V) = s (Ols; <153(013; @ (002; B (a1 Va)))),

with V, = (ug,Va, pa, ,Oa)Ts and ¥ (03,02;V,) = (153(03; (52(02; Vo)) = (uge®2,v,e%2, pg,
pae®®)T forany V, € O (V; @) with 1, = (uﬁ"), 0, p§°),p§°))T.
Following the argument in [31], we easily have the following lemma.

Lemma 2.2 There exist positive constants € and C, such that for any states U,,Up €
OE(Ulgo)),k = 1,2, the Rieman problem (2.15) admits a unique admissible solution of five
elementary waves. In addition, the state Uy, can be represented by

Vy = ®(as, 03,0, 015 V),
(2.16)
Zb = Za + Oy,

5
with Vi, = (Up, vy, pp. pp) . Furthermore, it holds that |Uy — U,| < C Y |a].
i=1
Moreover, the Glimm interaction estimates theorem (see [19, 26, 41]) implies the following
local weak wave interaction estimates.
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PROPOSITION 2.3 Suppose that three states U, Uy, and U € OG(Ulgo)), k = 1,2, satisfy that

Vo = ®(ys,v3, 2. v1: Va)s  Zp = Za + Va»
Vs = ®(Bs. B3. B2. B1:Vin).  Zb = Zm + Pa.
Vin = ®(as, a3, 02, 01: Vo), Zm = Zg + 04.

(see Fig. 2). Then it holds that

2.17)

Vi = o +,Bi + 0(1)A(Ot*,ﬂ*), i=1,2,3,5,
Y4 = a4 + Ba,

where A(a*, B%) = |as|(|B1] + |B2] + |B3]) + [Brl(le2| + les]) + .leﬂj(“_i’ﬂj) with
J=1

0, aj =0,8; 20,
A,-(a,-,ﬂ,):{

loei |81, otherwise.

% Lra e Ny
[
52(3,4) U,
\ V5 Uk‘— 1 Pk o U
B k
Un V2(3,4) b M
(673 U
m o
U, "
Q2(3,4) I
(2(3,4) “
041 Ua
Ua Qr_1p Qi

F1G.2. Weak wave interactions F1G. 3. Weak wave reflections on the boundary
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Next, we consider the reflections and interactions of the waves near the boundary. Denote by
{ Pr )52, the points {(xx, yx)}5—, in the x-y plane with x; := kh and yi := g(kh). Set

Yk+1 — Vk
Wk, k+1 = arctan (7), W = O k+1 — Ok—1,k>, @w-1,0 =0,
Xk+1 — Xk
8k (X) = yi + (x — xg) tan(wg k1), X € [xp, Xg41), (2.18)
Qup ={(x.y) 1 x € [Xp. Xg41). Y < Gren(X)}, 25 = U ks
k=0
T = {(x,y) 1 x € [Xk. Xk41). ¥ = Gen(0)}.
Let n; be the outer normal vector to I, i.e.,
(=Yk+1 + Yk Xk+1 — Xk) .
n = e = = (= sin(@k+1).cos(@k+1)).  (2.19)
VOkt1 = )% + O — %)
Now, we consider the Riemann problem for (2.3) with boundary,
W(U)x -+ H(U)y =0, in Qk,}w
Ulgx=kny = Ua, (2.20)

(u,v) -mg =0 on [y,

where U, is a constant state (see Fig. 3).
For small angle wg x+1, we have the following for the solvability of the boundary Riemann
problem (2.20).

Lemma 2.4 There exists € > 0 such that, for U, € OE(UZ(O)) and |og g+1| < €, there is only
one admissible solution, consisting of a 1-wave with strength yi, that solves the boundary value
problem (2.20). It also holds that

7 = Kpor g1 + O (J0xgrl® + U = US”), @21)
with the constant Kp > 0.

Proof. Let us consider the function
k(Y1 Ok k1) = (U, 0) - = (451(1)()/1: Ua). @2 (11 Ua)) - (= sin(wk k+1), cos(@p k+1)).

where <Dfi)(i = 1, 2) is the i-th component of @; .
Note that ¢x(0,0)|,,, _,,, =0, and
{Ua=U, "}

00k (Y1, Wk k+1) 0)
8)/1 |{yl =Oswk.k+l=0,Ua=U2(0)} = K] (U2 ) > Os

with « (Uz(o)) given by Lemma 2.1. It follows from the implicit function theorem that there exists

€ > 0, such that for U, € OG(UZ(O)) and |og k+1] < €, equation @k (y1, Wk k+1) = 0 admits a
unique solution y; (wk k+1)- Moreover, by the Taylor expansion formula, we have

0
71 @kas1) = 11(0) + 51—
w

1 2
Wk k + o(l)|w .
ko k+1 i{a)k.k 1=0}"%> 1 ( )I k,k+1|
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Differentiating @i (Y1 (®wk k+1), @k,k+1) = 0 with respect to wg x+1, and letting wg x+1 = 0 and
U, = Uz(o), we have

(0)
L‘{ —o.U —U(O)} = LO > O,
dwg g1 Ckk+1=0-Va=ls /cl(Uz( ))
Thus, we have Kj > 0 for sufficiently small €. O

Then, we can obtain the estimates of the weak wave reflection on the boundary.

PROPOSITION 2.5 Suppose that the three constant states Uy, U, and Ug—; € OE(UZ(O)) satisfy that
(see Fig. 3)
Vin = D(as,03,02:Va),  Zm = Za + 04, (2.22)
Uk—1 = @1(B1:Um),  (uk—1,Vk—1) - Ng—1 = 0. (2.23)

Then, for constant state U, € OE(UZ(O)) which satisfies that
Uk = P1(y1:Ua),  (ug,vg) -mg =0,
it holds that
y1 = B1 + Kpowr + Kpoaz + Kpzaz + Kpsas, (2.24)
where Kpo, Kp2, Kp3, Kps are C?-functions of B1, o, 02,03, 005, wg—1 x and Uy,. Furthermore,
Kpo is bounded, and when 1 = wx =2 = a3 = a5 = wp—1 0 =0,U, = Uz(o), it holds that
Kps =1, Kp; =0, i=2,3. (2.25)

Proof. Let us consider the function:

Ok k—1 (Y1, B1, 0, 02, a3, 05) 1= (@1(1)()’1; Va), Cbl(z)()/l; Va)) - n
- (¢f”(ﬂ1; B (as, a3, a2; V), D2 (B1: B(as, a3, az; Va))) D1

A0k e 0
Note that ¢ x—1(0,0,0,0,0,0) = 0 and Wg;‘l l|{}’1=0,Ua=U2(0)’wkik+1:0} = K1(U2( )) >

it follows from the implicit function theorem that y; can be solved as a C? function of
B1, Wk, 02,03, 005, w1 k., and V. Next, by the Taylor expansion formula, we have
y1 = y1(1,0,0,0,0) + y1(B1, @k, 0,0,0) — y1(B1,0,0,0,0) + y1(B1, wg, 2, 0,0)
—¥1(B1, k. 0,0,0) + y1(B1, w, 22, 23,0) — y1(f1, 0k, 2, 0,0)
+ v1(B1. 0k, a2, a3, a5) — y1(B1, . a2, @3,0)
= f1 + Kpowr + Kp202 + Kpzaz + Kpsas.

L

Differentiating @ x—1(y1. B1, Wk, 02, 003, 005) = 0 with respect to wg, o2, 3, a5, and letting 1 =
W =0y = a3 = a5 = wi_1,, = 0, and letting U, = UZ(O), we have
) i n(0)
dowy /cl(Uz(O))7 dat; Kl(Uz(O)) ’

i =2,3,5,

where réz)(Uz(o)) = I(5(U2(0)), réz)(Uz(o)) = réz)(Uz(o)) = 0. Then by Lemma 2.1, we have (2.25).
O
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Finally, let us consider the wave interaction estimates involving the strong contact discontinuity

for (2.3). First we have the following lemma.

Lemma 2.6 For the constant states V(O) (u(o) 0, pio), plo))T and V(O) (u(o) go)’ 05 ))T
it holds that

(i) det (75(V2(0)), 955 F (030, 020; Vl(o)), 90, ¥ (030, 020; VI(O)), Vv ¥ (030, 020; VI(O)) : r’l(Vl(O)))
_ V(O) V(O) 0)\2,..(0)\2 0201030 A V(O) 2020+030 A V(O) 0 2.26
=1 (Vy Dxs(Vy ) (e ) (uy " )7e ( s(V, e +As(V; ))> . (2.26)

where 1i (i = 1,5) is the vector which only contains the first four components of r.
(ii) ForanyV, € OE(VI(O)) and 0 € O¢(0j0) which satisfies that ¥ (03,02; V,) € OE(VZ(O)) with
some € = €(€) — 0as € — 0, it holds that

|3 (03,02: Va) — F(030,020: Va)| < C(loz — 030] + |02 — 020]), (2.27)

for some constant C.

Proof. Since F (03, 02; V) = (ug€%2,04€°2, pa, pae®®) " for any V, € O(V; (O)), ugo)
u(lo)e"m, and pgo) = ,oio)e"”, direct calculations gives that,

det (F5(V2(0)), 863?;(0'30, 020, V](O)), 80287(0'3(), 020, Vl(o)), VV?(U:),(), 020, V](O)) . f] (Vl(o)))

—As (VZ(O)) 0 u 50) €920 —A (VI(O))e”O
1 0 0 020
_K1(V(0))/<5(V2(0)) ,\5(V(°))p§°)u§°) 0 0 Ay (V(o))pgo) 0)

2 2
RO OF e 0 MO ()

— KI(VI(O))K ( (0))(p 0)) (u(O))Z 0‘20+O‘30(A ( (0)) 2020 +030 4. As ( (0))) >0
Moreover, note that
?(03’ 02; Va) - ?(030, 020, Va) = (ua (862 - 8620)’ Vg (862 - 8620)’ 07 pa (863 - 6030))T7

then by the Taylor expansion formula, we can obtain (2.27). o

We remark that (2.26) is essential to estimate the strengths of reflected weak waves in the wave
interaction of the strong contact discontinuity and weak waves governed by (2.3). Now, we can
establish the solvability of the Riemann problem involving the strong contact discontinuity.

Lemma 2. 7 There exists € > 0 such that, for any given constant states U, € O (Ul( )) and
Uy € OE(U ) the Riemann problem (2.15) admits a unique admissible solution that consists of a
weak 1-wave, a strong contact discontinuity, and a weak 5-wave. In addition, Uy, can be represented
by

Vo = ‘i’s(as; ¥ (03, 02; D1 (a1 Va))),

(2.28)
Zp = Z4 + ay,

with Viy = (up, Uy, Pp. pb) -
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Proof. Itis clear from (2.14) that Zp = Z, + o4.
Next, let us consider the function:

@c(as,03,02,01, Vg, Vp) = ‘135(0!5; ¥ (03, 02; P (a1 Va))) = V.

Obviously, we have ¢, (0, 03¢0, 029, 0, Vl(o), VZ(O)) =0, and

(3%(0!5, 03,02,01, Vg, Vp)
det

d(as,03,02,01) a5 —a1 =003 3003 =020 Va=V'{

= det (75(1/2(0)), 803?((730, 020, VI(O)), 802?((730, 020, VI(O)), 1 (Vl(o)))

0y, =V,

~25(1,?) 0 u®e A (V)
0) 0) 1 0 0 1
=k1(V; ks(V,) /\s(Vz(O))pgo)ugo) 0 0 /\1(V1(0))p§0)u(10)

RO (O o0 0 A (OO ()’
= 1 (V)es (V7) (o1 ()P e+ 70 (5 (15”0t 135 (V) ) > o,
Then it follows from the implicit function theorem that there exists € > 0, such that for any given
constant states U, € OE(Ul(O)) and Uy € O (Uz(o)), the equation
@c(as,03,02,01, Ve, Vp) =0
admits a unique solution «s, 03, 02, ®7. O

Now we shall derive the wave interaction estimates between the strong contact discontinuity
and weak waves. There are two cases depending on how the strong contact discontinuity and weak
waves interact. The first case is that, as shown in Fig. 4, the weak waves approach the strong contact
discontinuity from the above. For this case, we have the following lemma.

PROPOSITION 2.8 For any given three constant states U, € OE(UI(O)), and Uy, Up € OE(UZ(O)),
(see Fig. 4), with the assumptions that
Vin = 435(“5: ¥ (03,02 Py (as; Va))), Zim = Zq + aa,
Vo = ®(Bs, B3. B2, B1: Vi),  Zb = Zm + Pa,
Ve = ‘i’s()/s; ¥ (05,05 D1(y1; Va))), Zy=Zg+ ys,
it holds that
y1 = Kapi + a1+ 0(1)A'(as, 7).
o/ = Kzip1 + Bi +0i + O()A'(as, B%),i = 2,3,
V4 = 04 + B4,
ys = Kasp1 +as + Bs + O(1)A'(as, ).

(2.29)

3
where A'(as, B*) = |as|(|B1] + |B2] + |83]) + As(as, Bs). Furthermore, > |Kp;| is bounded,

i=1

and when B = o) = a4 = as = 0,02 = 029,03 = 03¢, it holds that | K>5| < 1.
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F1G.4. Weak waves approach the strong contact discontinuity from above

REMARK 2.9 The essential feature of homogeneous system (2.3) is that the reflection coefficient
K>5 is less than one, which is the stability condition in [17, 39].

Proof. First, it is obvious that y4 = a4 + Ba.
Then, for any state V5; € OG(VZ(O)), we define

B (85,83, 82,813 Vi) = D(Bs. B3, B2, Br: Ps(ts: V). (2.30)
By applying Proposition 2.3, we have

§i=pi+0M)A (as.B%). i =123,
85 =as + Bs + O(1)A'(as, B), (2.31)

where A'(as, B*) = las|(|B1] + |B2| + |B3]) + As(as, Bs).
Let 8* = (85,83, 82,81). By (2.30), let us consider the following function:

0a(y5,03,05,¥1,8%,03,02,01)
= s(Vs; ¥ (0%, 05: D1 (y1; Va))) - QS(,BS, B3, B2, B1; 055(0!5; ¥ (03,02: D1 (01 Va))))

=5 ()/5; ¥ (05, 05; 1 (y1; Va))) - 5(55,53, 82.81:F (03, 02: D1 (as; Va)))-
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It is clear that ¢4 (0, 039, 029, 0, 0, 030, 020, 0) = 0. By (2.26), we have

det 0904 (ys. 05,05, y1,8%, 03,02, 1) |
a(YSa Oé? Ué? J/l) i :}’5=0,O'§=O‘30,o‘é=o‘20,Va=V1(O)}

=det <F5(V2(0)), 863?;(0'30, 020; V](O))’ 862?;(0'30, 020, V](O))’

VVz'(U3(),02(); Vl(o)) -7 (Vl(o))) > 0.

Then it follows from the implicit function theorem that y;,i = 1,5, and Jl’., Jj = 2,3, can be solved
as a C? function of ys, 05.0%.v1,8%, 03,02, a1, and V. Thus, we have

/ ! ! /
0; = 0;(85,83,682,81,03,02,01) — 0;(85,83,682,0,03,02, 1) + 0;(85,83,82,0,03, 02, 1)

=K2j81+8j+0j, j =2,3,
Similarly, it holds that
v1 = K211 + a1, and ys = K251 + 85.

Then by (2.31), we can obtain (2.29).
Differentiating the equation ¢y = 0 with respect to §;, and letting 8* = «; = 0,03 = 030,
_ _ 7700
03 = 029, and U, = U;", we have
05, 575 (V3 + 85,050, F (030, 020: Vi) + 85,050, F (030, 020: V)
+ 851 )/1VV?(G30, 020, VI(O)) . fl (VI(O)) = 71 (VZ(O))

Itis clear that K»;,i = 1,2, 3 are bounded. By (2.26) and Lemma 2.1, it holds that

95, ¥s|
det (f] (V2(0))’ 863?;(0'30, 020, Vl(o)), 862?;(0'30, 020, Vl(o)), VV?(U:),(), 020, Vl(o)) . f] (VI(O)))

det <f5(V2(0)), 863?;(0'30, 020, Vl(o)), 862?;(0'30, 020, Vl(o)), VV?(U:),(), 020, Vl(o)) . f] (VI(O)))

K1 (Vl(o))Kl (V2(0))(p50))2 (u 50))26020"1‘630 (As (VI(O)) — s (VZ(O))32620+630)
7 e )00 e (1 70) 5 3o ) )

/\S(Vl(())) _ 15(V2(0))€2020+U30

1.
As(Vl(O)) + /\s(VZ(O))ez‘TZOJF‘UO =

This completes the proof. O

The second case is that the weak waves approach the strong contact discontinuity from the below
(Fig. 5). By the symmetry, we can easily obtain the following proposition.
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PROPOSITION 2.10 For any given three constant states U, Uy, € O (UI(O)), and Up € O (UZ(O))
with the assumptions that

it holds that

Vin = D (s, 03,02,01: V),  Zm = Za + g,
Vp = 435(,35; ¥ (03,02: D1 (B1: Vm))), Zp =Zm + Ba,

Vy = Gss(ys;?(aé,oé;@l(yl; Va))), Zy = Za + ya,

Y1 = Knas + a1 + 1+ O(1) A" (a*, B1),

o = Kijas +o; +0; + O()A"(a*, B1),i = 2,3,
Y4 = a4 + Pa,

ys = Kisas + Bs + O(1) A" (a*, B1).

where A”(ec*, B1) = |B1|(las| + |az| + |ez]) + Ay (ar, B1).

2.3 Local estimates on the reacting step

(2.32)

Let U = (i1, 7, p, p, Z) " be the value of U after the reaction. It means that U satisfies the equation

W(U) = W(U) + G(U)h,
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which is precisely of the following form

pu = pu,
pu? + p = pu® + p,
puv = puv, (2.33)

(OE + p)i = (pE + p)u + qop$(T)Zh,
ouZ = puZ — pp(T)Zh.
Then we have the following property that indicates the change of the solutions U with respect to A.

Lemma 2.11 Suppose that0 < Z < 1 and T = Ty for some positive constant Ty, then there exists
a constant | > 0, such that for sufficiently small h > 0, it holds that

T>=T=>=Ty>0, V-V =01)Zh, 0<Z<ezZ<1,
where V.= (1,9, p,p) ", and V = (u,v, p,p) .
Proof. By (2.33), and (2.33),, we have that

_ [
u—u=———(p—p). (2.34)
pu
By (2.33), and (2.33)5, we have that
=0 (2.35)
By (2.33), and (2.33)5, we know that
= T
Z=(1- a )h)Z. (2.36)
u
Moreover, (2.33); also means that
~ _ b - 2
p—p= —;(u—u)—k O(h%). (2.37)

Note that by the thermodynamical relation, we know that 7 = V—I_ele = RLP. Then by the assumption
u? > ¢ = yRT and from all the above identities and (2.33),, we have that
= _ (y =D =RT)

T—-T= T)YZh + O(h?) = 0,
Rou(u? — yRT) qop¢(T)Zh + O(h”)

which shows that the temperature T does not decrease due to the reaction.

Next, (2.36) also means that 0 < Z < 1. Since ¢(7T) is assumed to be Lipschitz continuous,
nonnegative, and increasing, there exists a constant / > 0, such that 7 < e~ Z which implies the
decay property of the reactant Z.

Finally, we will consider the change of V = (u, v, p, p) " . It follows from the implicit function
theorem that V = (i, 7, p,p)" can be solved as a C2 function of V and Zh by the first four
equations of (2.33). By the Taylor expansion, one can easily see that there exists a function U such
that _

V =V + VWV, Zh)Zh. (2.38)

This completes the proof. O
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In sequel, if V and V satisfy (2.38), and if Z and Z satisfy (2.36), then we say U = (V, Z) is
the value of U = (V, Z) after the reaction step.

Now, we are going to consider the change of the wave strength after the reaction step. The
analysis is divided into the following three cases.

Case 1. U, and Up are connected only by the weak waves.
PROPOSITION 2.12 Let U,, Uy € OE(Ulio)),k = 1,2 with

Ve = D(ys. v3.v2. ¥1: V) Zp = Za + ya.

Let U, = (V4,Z,) and U, = (V3. Zp) be the value of U, and U, after the reaction step
respectively. Assume that

Vo = & (5. 73, 72. 71: V). Zp = Za + 7.
Then it holds that
Vi =vi + OW)|y*|Zah + O()|yalh, i =1.23,5,
Va = (1= ¢(Tp)h/up)ys + O()|y*|Zah.
where |y*| = [y1] + |v2| + [ya| + |ysl.

Proof. By (2.36), it is obvious that Z, = (1 — ¢(Tp)h/up)Zp, and Zg = (1 — ¢p(Ta)h/ua)Za.
Hence we have y4 = (1 — ¢(Tp)h/up)ys + (¢ (Ta)/va — ¢(Tp)/up) Zah, which implies (2.39),.
Next, by (2.38), we need to find the solution y* as a function of y*, Z,h, Z,h, and V, such that

(9% Ve + V(Va, Zah) Zah) = B(p*; Va) + V(Vp, Zph) Zh,

(2.39)

where ¥ = (s, 73, 72, 71), and p* = (y5, ¥3. Y2, V1)
First, it follows from the implicit function theorem that y;,i = 1,2,3,5 can be solved as a

C?2-function of (y*, Z,h, Zph, V,) uniquely. Then, we have
Vi Zah, Zph, Vo) = O\ Za — Zplh + 7 (™, Zah, Zah, Vy)
= O(D|Za — Zplh + OM)|y*|Zah + 7 (™. 0,0, Va)
+ 7i(0, Zgh, Zah, V;) —7i(0,0,0, V,)
=vi + OM|y*|Zah + O1)lyalh.

It completes the proof of this proposition. O

Case 2. U, and Uy, are connected by a weak 1-wave near the boundary [.
PROPOSITION 2.13 Let Uy, Uy € Oc(UL?) with
Vie = @1(y1:Va), (g, ve) -me = 0.

Let U, = (V,, Zg) and Uy = (Vi, Zi) be the value of U,, Uy after the reaction step respectively.
Assume that

Ve = &1(71; Vo), (g, ) - = 0.

Then, it holds that
71=y1+ 0()Zsh. (2.40)
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Proof. By (2.38), we need to find the solution ; as a function of y;, Z,h, and V, such that

(210713 Va + VVar Zah) Zah), @ (743 Va + VVa, Zal) Zah) ) - 1
= (@ (111 V). 22 (113 Va)) - .

Obviously, it follows from the implicit function theorem that 7; can be solved as a C2-function of
(v1, Zah, V) uniquely. Moreover, by the Taylor expansion formula, we have that

Y11, Zah, Vo) = 71(11,0, Vo) + 71(v1. Zah, Vo) — 71(31.0,Ve) = yi + O Zzh. O

Case 3. U, and U}, are connected by a weak 1-wave, a strong contact discontinuity, and a weak
5-wave.

PROPOSITION 2.14 Let U, € OE(UI(O)), Uy € OE(UZ(O)) with
Vp = @5<V5,?(03,02;@1(V1; Va))), Zy=Zq+ ya.

Let U, and Uy be the value of U, and Uy, after the reaction step respectively. Assume that
Vy = s (75,5 (63,6281 (71:Va) ). Zo = Za + 7.

Then, it holds that
Vi=yi+ 0 Zsh + O)|yalh, i = 1,5,
6j =05 + O(1)Zgh + O()|yalh, j =23, (2.41)
Va=(1—9¢(Tp)h/up)ys + O(1)Zah.

Proof. By (2.36), it is clear that Z, = (1 —¢(Tp)h/up)Zp, and Z, = (1 —¢(Ta)h/us)Za. Hence
we have Y4 = (1 — ¢ (Tp)h/up)ys + (9(Ta)/ua — $(Tp)/up) Zsh, which implies (2.41)5.

Next, by (2.38), we need to find the solution y;,i = 1,5 and 67, j = 2,3 as a function of
V5,03,02, Y1, Zah, Zph and V, such that

B5(75.5 (63,52 B1 (13 Va + Ve, Zah) Zah)) )

= B5(75.5(03.02: 31 (1:Va)) ) + DV Zoh) Zoh. (2:42)

It follows from the implicit function theorem that y;,i = 1,5 and 6;, j = 2,3 can be solved as a
C?2-function of (ys, 03,02, Y1, Zah, Zph, V) uniquely. Moreover, we can obtain

?l (y57037029 yla leha tha Vll) = O(I)IZIZ - Zblh + ?i()/570—370—27 Vl? Zah7 Zaha Vll)
= O0M)|Zg — Zp|h + O(1) Zah + yi(ys5,03,02,71,0,0, Vq)
=7 + O()Zsh + O(1)|yalh.

The proof of (2.41), can be derived in the same way. It completes the proof. o
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3. Global entropy solutions of the steady exothermically reacting Euler equations

Thanks to the local estimates obtained in Section 2, in this section, we will introduce the fractional-
step Glimm scheme and a Glimm-type functional to construct the approximate solutions for the
initial boundary value problem (2.1) and (1.4)—(1.5), by deriving global estimates on the non-
reacting step and the reacting step. With these in hand, the global existence of entropy solutions
with a strong contact discontinuity is obtained.

3.1  The Glimm fractional-step scheme

As shown in Fig. 6, we use the notations in (2.18)—(2.19),and let 2 > 0 and s > 0 be the step-length
in the x and y directions respectively.
The construction of the fractional-step scheme for the inhomogeneous system (2.1) is as follows.
By (1.6), the boundary y = g(x) is a perturbation of the straight wall. It means that for
sufficiently small §¢ > 0, we have

sup |g'(x)] < 8o.

x=0
Therefore,
m:.= sup%w} < 8. 3.1
k=0 h

Let y© be given by (1.4). Choose s such that y© /s = 2N is an even number, and the following
Courant—Friedrichs—Lewy condition holds:

> max sup [A; (U)| | + m.
i=1,5
/ U0 (U)oU)
For any positive integer k and negative integer n, i.e., k = 1 and n < —1, define

Ykn = Yk + @2n+ 14 6)s,

ng_1

Py

Pryq

Qie—1.n Qi

F1G. 6. The Glimm fractional-step scheme
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where 6 is randomly chosen in (—1, 1). Define

P = (kh, yin),

to be the mesh points.

Now we can define the approximate solutions Uy, ¢ in §2, where 8 = (61, 02, - - ), inductively
as follows.

First, for initial data Uy(y) and for y € (2ns, (2n + 2)s), let

1 (2n+2)s
Una) =5 [ Vot
ns

Second, assume that Uy ¢ has been constructed in {0 < x < kh}N 2y, then for y € (yg +2ns, yr +
2(n + 1)s), define U]?n and Ug ,, such that

UL, = Un(kh— yi).

=0 o o 3.2)
W(Uk,n) = W(Uk’n) + G(Uk’n)h.
Now we are going to define Uy, g in £2¢ .
The first case is the Riemann problem with the boundary. Let T} ¢ be the diamond with the
vertices that (kh, yi), (kh, yx —s), ((k + D), yg41 —s), and ((k + 1)h, yk41). Then Up 9 = Uy o
in T ¢ is the solution of the following Riemann problem:

W(Uk,0)x + H(Uk)y =0, in Ty,

Urolx=kn = UY _,. Yk =S <Y< Yk (3.3)
(Uk,0, Vk,0) - =0, on I%.

The second case is the Riemann problem without the boundary. For n < —1, let Ty, be the diamond
with the vertices that (kh, yr + 2n 4 1)s), (kh, yx + 2n—1)s), ((k + 1)k, yr4+1 +(2n—1)s), and
((k + Dh, yk41 + 2n + 1)s). Then Uy g = Uy, in Ty 5 is the solution of the following Riemann
problem:

WUk n)x + HUgn)y =0 inTg,,

U, we+2ns <y <y+@n+Ds. (3.4)
Ukonlx=kh = ~
Uk,n—l’ Yk +(2n—1)s <y < yx + 2ns.

Therefore, we constructed an approximate solution Uy, ¢ globally in £2 provided that we can obtain
a uniform bound of U}, ¢, which is the main objective in the remaining part of this section.

3.2 Glimm-type functional

In order to obtain a uniform bound of Uy g, let us introduce the Glimm-type functional in this
section. Assume that Uy, ¢ has been defined in {0 < x < kh} N §2;, and the following conditions are
satisfied:
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Ay(k—1): Ineach £2;,;,0 < i < k — 1, there is a strong contact discontinuity y = x® with
strength (0(’),03(1),y§’)) so that ol.(’) € O:(ojo), j = 2,3, yf) € 0:(0). y = y© divides
?h,i into two subregions: .Q}(lll) and .Q}(fi), where .Q}(lzl) is the region bounded by y = ¥@ and

i
Az(k = 1): Upglym € 0c(U®), and Upgl e € 0c(UY), 0<i <k —1.
h.i h.i

Az(k —1): {)((")}f.‘;(} together forms y = yj,¢(x), which is the strong contact discontinuity in

{0 < x < kh} N £, and emanating from the point (0, y(©@).

Then we shall prove that Uy, ¢ defined in £2j, ; by Section 3.1 satisfies A;(k), A>(k) and A3(k).
From the construction in Section 3.1, there exists a strong contact discontinuity y = x®) in a

diamond T ,. We extend yp ¢ to §2; x such that Xh,@:)((k) in £25,  and define .Q]gl,)c and ‘Qi(lzl)c in the
same way as in Aq(k — 1). So it is sufficient to show that A, (k) holds such that

. k . k

Unslga € 0.(U?). i=12. o e0ioj0). j=23 i e0:0.
To achieve this, as in [26], we introduce the mesh curves to establish the bound on the total variation
of Uh’g.

DEFINITION 3.1 A k-mesh curve J is a piecewise unbounded linear curve lying in the strip
{(k—1)h < x < (k 4+ 1)h} and consists of the diamond boundaries of the form P ,_1 N(6k+1,n),
Pr 1Sk, n), S(Ok.n) Py pn,and N(0k41,n) Pk ,, Where

< <
N(Ok+1.n) = Pevin  Oeer <0, SO.n) = | Dt O <0,

Priin—1 Ok+1 >0, Pri1n O > 0.

DEFINITION 3.2 We call mesh curve [ is an immediate successor to mesh curve J, if all but one
mesh points of  are on J and / lies on the right hand side of J.

Then, we define the Glimm-type functional F(J) on J.

DEFINITION 3.3 Let
F(J)=L({J)+ KO(),

with
L(J) = Le(J) + L'(J) + L2()),
Le(J) = Cf(lo3 — o20] + lo§| — o30]) + CS Iy
L'(J) = K1 Li()) + KLy () + K3 L3 () + Ky Ly(J) + KisLs(J),
L*(J) = K3 Lo(J) + LI(J) + K5 L5(J) + K33 L3()) + K34 L3(J) + K35L3(J),
o) = Z {|aj||,3,-| : both weak waves «; and B; across J and approach, i, j # 4.},
Lo(J) =) {lox(Po)|: Pe € Iy}, Ty ={Pc = (kh.y) : Px € J* 002y k =0},
L;(J) = Z {|Olj| : o across J in region .Q}(l'}_l U .Q}(l’;c, i=1,2,j= 1,2,3,4,5.},

where UZJ , J3J and y4] stand for the strength of the strong contact discontinuity across J, and J*

denotes the subregion of £2;, such that all the points in J lie at the right hand side of J.
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The positive constants C*, C; and K in Definition 3.3 will be defined later. The other constants
are given in the following lemma.

Lemma 3.4 There exist positive constants K{;,i = 1,2,3,4,5, and KJ;,i = 0,2,3,4,5, such
that

K30 > |Kpol. K3; > |Kpil,i =2,3,5, K3, >C;, Ki,>Cj,
1 — KJ5|Kas|

K¥ <
" | K21

. Kis > K3s|Kis| + KiK.,

and Ki“i ,1 = 2,3, are arbitrarily large positive constants.

Proof. By Proposition 2.5 and Proposition 2.8, we know that Kp5 = 1 and |K»5| < 1. Hence there
exists a constant K such that K5 < KJ. < 1/|K»s|. Then we can choose a positive constant K{;
satisfying
1— K;5|K25|

| K21l
This completes the proof. O

0< K7y, <

3.3 Global estimates of the approximate solutions

In this section, we will show that the functional F(J) is decreasing to establish the global estimates
of the approximate solutions. First let us consider the estimates on the non-reacting step.

PROPOSITION 3.5 Suppose that g(x) satisfies (3.1), and suppose that I and J are two k-mesh curves
such that J is an immediate successor of I. If

0 , . I PO . I _ »
Unlinag) uagy € 0. =12 lof —ojel <& j=2.3 il <&

for some €, € > 0, then there exists € > 0 such that if F (/) < €, then it holds that
F(J)< F(). (3.5

Proof. Let A be the diamond that is formed by I and J. Then assume that I = Io U [’ and J =
Ip U J’ such that 0A = I’ U J’. We will show this proposition case by case depending on the
location of A.

Case I (Fig. 7): A lies in the interior of §2j and only weak waves enter A. Without loss of the
generality, we assume that A lies in region (1). Denote Q(A) = A(a*, B*), where A(a*, B*) is
defined in (2.17). Then by Proposition 2.3, we have

L'(J) = L'(I) < M(K}, + Ky + Ki3 + K{5) 0(A),
0(J)— QW) < (ML(ly) —1)Q(4).
Note that F(I) < € for sufficiently small €, then it holds that
F(J) = F(I) < (M(KT, + K75 + K{5 + K{s) + K(ML(Io) — 1)) Q(A)
1
$ - A A )
S0

provided that K is suitably large.
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Case 2 (Fig. 8): A touches the approximate boundary 052, and I'T = I'y U { Py} for certain k.

Using Proposition 2.5, we can obtain
Lo(J) — Lo(1) = —|wx|,
L3(J) — L}(I) < |Kpollokl + Y |Kpilleil,

i=2,3,5
L}(J) = L}(I) = —|oi|. i =2.3.4,5.
Q1) = Q) < (|Kpollwk| + Y |Killei N L(Jo).
i=2,3,5
It implies that

L*(J) = L*(I) < (|Kpol — K30)| k| + Z (1 Kpi| = K3;)|ii].
i=2,3,5

Therefore, if F(I) < € for sufficiently small €, then it holds that F(J) < F(I) by the choice of

K3, and KJ; in Lemma 3.4.

Case 3.1 (Fig. 9): The diamond A covers y*~1 and the weak waves lying in region (2) interact

with y*=1 from the above. By applying Proposition 2.8, we have
Li(J) = Li(I) < |Ka1||B1] + MA'(as, B*),
L}(J)) = Li(I) = —|il. i=1.2.324,
L3(J) = L3(I) < |Kas||B1| + MA' (a5, B*).
lof —of | <|KallBi] + |Bj| + MA' (@5, B%), j =23
lvd —vil = IBal.
O(J) = Q) < (IKa1| + |Kas|)|Br|L(To) + (ML(Io) — 1) A'(as, B¥).
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It implies that
LY(J)+ L*(J)— LY(I) - L*(])
< (K§i|Ka| + K3s|Kas| = 1)|B1] = > K31Bil + MA'(as. B*).

i=2,3,4

Therefore, if F(I) < € for sufficiently small €, then from the facts that K} |K21| + K55|K2s| < 1
and that K3, > C; by Lemma 3.4, it holds that F(J) < F(I) by choosing suitably small C;* and
suitably large K.

Case 3.2 (Fig. 9): The diamond A covers )((k_l) and the weak waves lying in region (1) interact
with y*=1 from the below. By Proposition 2.10, we can obtain

Li(J) — L1(1) < |Kullas| + MA" (@*, B1),

LI(J)=L}(I) = —|o;]. i=2,34,5,

L2(J) — L2(I) < |Kysllas| + MA" (@, B1),

lof —of| < |Kuillas| + |aj| + MA"(@*, B1), j =2.3

lyd —vil = leal.

0(J) — Q) < (IKn| + |Kisl)las|L(To) + (ML(Io) — 1) A" (@*, B1).

It implies that

LY(J)+ L*(J)— LY(I) - L*(])
< (K} Kl + K35 Kis| — Kis)les| — > Kfleu| + MA"(a*, B1).

i=2,3,4
I
Bs

T23): P4

I as
Q(3,4)

« «
' Iy ' Iy
Case 3.1 Case 3.2

F1G.9. Near the strong contact discontinuity
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Soif F(I) < € for sufficiently small €, then from the facts that K7, |K11| + K35/ K15| < K{5 and
K}, > CJ by Lemma 3.4, it holds that F/(J) < F (/) by choosing suitably small C;* and suitably
large K. O

In order to analyze the effect of the exothermic reaction on the functionals L and Q, as in [6],
we introduce a new mesh curve J , which, as a curve, is the same as the mesh curve J, but upon
which the states U are the values of the states U on J after a single reaction step along J.

Let J; and Ji be the k-mesh curve lying in {kh < x < (k + 1)h}. By Proposition 3.5, we have

Corollary 3.6 Suppose that g(x) satisfies (3.1). Let €, €, € be the constants given in Proposition 3.5
such that the induction hypotheses A1(k — 1)-Asz(k — 1) hold. If F(Jr—1) < €, then it holds that

F(Jx) < F(Jk-1). (3.6)
Next, let us consider the estimates on the reacting step.
PROPOSITION 3.7 There exists a positive constant M such that

L(Jx) < L(Jx) + Me7* )| Zo |l oo (L (Ji) + 1),

7 —lkh 2 G3.7)
O(Jk) < QW) + Me™™ h| Zolloo (L(Jr) + 1)".
It implies that
F(J) < FUR) + M h|| Zolloo (F (k) +2). (3.8)
Here || - ||co stands for L°° norm.
Proof. By Lemma 2.11 and by the induction method, we can easily obtain that
1Zno (k) oo < €1 Zo]loo. (3.9)

Then we will consider the change of L on the reaction step, which is the first inequality of (3.7).
The analysis is divided into three cases depending on the location of A.

(1) A lies in the interior of £2j, so that only weak waves y go out of A through Ji. Without loss of
the generality, we assume that A lies in region (1). With notations in Proposition 2.12, we use
(2.39) to deduce the following,

L) < LEUJk) + M7 ) Zo |loo|y*| + M |yalh,
Li(Jg) < Li(Jx) + Me ™™ R Zo ooy *| — 1| yalh.

Then it holds that L(J;) < L(J) + Me’lkhh||Zo||oo|~y*| by choosing suitably large K.

(2) A covers a part of 3£2;,. It follows from (2.40) that L(J) < L(Jx) + Me 1| Zo ]| 0o
*K) (k) (

(3) A covers the strong contact discontinuity y* so that y* with strength (0, 7,05, y4k)) goes
out of A through Ji. By (2.41), we can obtain
7 — k
L1(k) < LI + Me™ ]| Zolloo + M Iy 11,
7 - k
L3(J) < L2 + M b Zolloo + M Iy{ |,
~(k k — k .
50 — 60| < MM h)| Zo oo + MIyPln, j = 2.3,
742 =71 < M)\ Zolloo — 11y{F Ih.

Then it holds that L(J;) < L(Ji) + Me™"*"h|| Zy]| o by choosing suitably large C;.
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Thus, combining these three cases, we proved the first inequality of (3.7).
The second estimate in (3.7) and the estimate in (3.8) can be derived in the same way. The proof
is complete. O

Now in order to obtain the uniform bound of the total variation of Uj g, we introduce the
following functional:

o0
Fe(J) = F() + Kz Y e Zo) oo
j=k+1
where constant K, will be defined later.

Lemma 3.8 There exist positive constants K, and &, such that if F,(Jx_,) < &, then it holds that
Fe(Ji) < Fe(Jg-), (3.10)
and

. k A k A
Uhlg}&l}\ S OE(Ui(O))s 1= 1525 |O-]( )_Ujol <€, J = 25 37 |)’4§ )l < €.

Proof. From the estimates (3.6) and (3.8), we have
F(Ji) < FUg—1) + Me™™ )| Zolloo(F(Ji) +2)°.
It implies
Fe(Jk) = Fe(Jk—1) = F(Je) = F(Jg—1) = Kze ¥R Zo oo
< (M(F(J) +2)" = K2)e ™  h)| Zo o
Note that F(Ji) < €. So we can choose suitably large K, such that F.(Jx) < Fo(Jg_1) and
|0;k) —0jo| <€, j =2,3,and |yik)| < €.

Next, for any k > 0, define Uy g(kh+,—o0) = lim Uy g(kh+,y). Then by the fact that
. . —>— .
lim Z;(y) = 0 and from the construction of the ap[¥r0x1°rﬁate solutions, we have that
y—>—00

Up(kh+,—00) = Jim Uo(y).

Then by Lemma 2.2 and (2.27), for sufficiently small €, it holds that Up| 6 € OE(UZ.(O)),
.k
i=1,2. O

Based on Proposition 3.5, Proposition 3.7, and Lemma 3.8, we have the following theorems on
the uniform B.V. bound of the approximate solution Up, g.

Theorem 3.9 Under assumptions (H1)—(H3), there exist positive constants 8o and C depending
only on UO, such that if (1.6)-(1.8) hold, then for any 6 € [Tre(=1,1) and h, the modified
Glimm scheme defines global approximate solutions Uy, g in 2, which satisfy A1(k)—-As(k) given
in Section 3.2 for k = 0. In addition,

T.V.{Uh,g(kh—g) : (—oo,yk]} < Cdy, (3.11)

forany k = 0 and
X6 (") = xno(x")| < C(Ix" —x"| + h), (3.12)

forany x’, x" = 0.
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Based on Theorem 3.9, now we can show the global existence of entropy solutions of (1.1) as
follows.

Proof of Theorem 1.4. The convergence of the approximate solutions to a global entropy solution
can be carried out in the standard way as the one in [0, 20, 44] by using the structure of the
approximate solutions. By (3.12), yj.¢(x) converges to y(x) uniformly in any bounded x-interval
such that (1.10) and (1.11) hold. Therefore, we can establish the global existence of entropy
solutions of (1.1), i.e., Theorem 1.4. O

4. Error estimate of the quasi-one-dimensional approximation

In this section, we shall study the quasi-one-dimensional approximation of two-dimensional steady
supersonic exothermically reacting Euler flows between the Lipschitz wall g(x) and strong contact
discontinuity y(x). To do that, we first solve the quasi-one-dimensional model, and then introduce
several integral identities of the approximate solutions to show that the distance between the wall
and the strong contact discontinuity has positive lower and upper bounds. Then we introduce the
integral average of the approximate solutions with respect to y, and find the equations which the
integral average satisfies as 7 — 0. Based on them, the difference between the integral average
of the weak solution and the solution of the quasi-one-dimensional system can be estimated by
analyzing the error terms.

4.1  Quasi-one-dimensional model

In this section, we shall establish the global existence of solution to quasi-one-dimensional model
(1.13).

First system (1.13) with initial data Ug,0 = (04,0, 44,0, P4,0, ZA,O)T can be written equivalently
as

puA(x) = pa,oua,o0A(0),

A(x) _ A(0) 1 x
u+ PA,OMA,OA(O)p =uao+ pa.0ta0A(0) PAO + pa.0u4,0A4(0) fo A'(D)pdr,

1,2 _ _ Ypa, 1,2 x
Gonp T 2% = Gonpao T 2% t prguasam Jo A@ee(1Zd.

Z =Zppo—

“.1)

PA.ouj.oA(O) fox A@pp(T)Zdz.

Then we have the following lemma.

Lemma 4.1 There exist positive constants 8o, C, C«, and C*, such that if |U4,0 — 02(0)| < 8o, with
02(0) = (pgo), u;o), p;o)’ 0)" and fooo |A'(7)|d T < 8o, then the system (4.1) admits a unique global
solution Uy (x) satisfying that

m>a())< |UA(x) - 02(0)| < Céy, ZA,oefc*x < Z4 < ZA,oe*C*x. 4.2)
xX=

Proof. We use the following the iteration scheme to establish a sequence of functions convergent to

a solution. Let

(101510)5 u,(tlo)’ nglO)) = (pA’()’ uA’O’ pA’O)’



466 W. XIANG, Y. ZHANG AND Q. ZHAO

and ZISO) is given by the last equation of (4.3) for n = 0. Precisely, we have

X
Z;O) = Za0exp(— A(t)pa,09(Ta,0)d7).

i )
pa,0u4,04(0) Jo
Then for any n > 1, the functions U (n)(x) = (,o(”), ug"), pfln), Z/(In)) are determined inductively by

pIu A(x) = paouanA(0),

(n) Ax) A(0) 1 x (n—1)
ug” + pA. oquoA(O) pA =uso+ P00 A) PA0 + pA.0uA,0A(0) fO A/(T)pA dr,
(n)
vp (n)\2 YDPA.0 1,2 (n—1) (n—1)\ ~(@m—1)
(yfl/)lpﬁl") (u )y = G—Deao T 2%40 T oo ouA oA(O) fO A@py "¢(Ty HZy dr,

79 = Zao — s Jo AP 9T 20 d

(4.3)
First, let us prove inductively that for any n = 0, U/Y’)(x) are well defined and that there exist
positive constants 6o and C, such that the following inequality holds

() _ 7
r;l§3<|UA (x) —U,"| < Céo. (4.4)

Obviously, it is true for n = 0. Now assume that the estimate (4.4) holds forn = k — 1,k > 1, then
we have

1

(k—=1) 4 ((k—1)
C $ - A~ X T C )
* 7 paoua0A(0) Aes (T4 ) <

for some constants Cx and C*. The last equation of (4.3) yields that

1
(k—1) (k—1) (k—1)
Z = Zy4, exp(—if A(t)py (T dT).
4 0 pa,0u4,0A4(0) (T)
It implies that
Zaoe €% < 28D < 74 007 Cxx (4.5)
k k k k ‘ k k
Let RV, A(x) = (o ul’ A(x), uf + —AQ_ - 0, o ”’f; o+ 1)) T and VP =

k k
(p( )’ u;)’ Y ))T

then the first three equations of (4.3) can be written as
R (V. A() = R(Vio. A@)) + Ke(ViE Vao. A(x). 40). Z8V). @6)

where V4,0 = (04,0, 44,0, pA,o)T, and the term ¥, can be defined without confusion.
From the fact that fooo |A’(t)|dT < 8o, and the estimate (4.5), we have

|A(0) — A(x)| < o,
X X
[ aopg V| < [Tl - pPlae+ [ 14

<C8+ P(O)50,
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and

[ a@p otz < [ it e 2 Van

X
< C*paoua0A(0) Zaso / e~Cetdy
0

< C*pa,oua,0A4(0)8/ C.

Therefore, ¥, is bounded by O(1)8y. Then it follows from the implicit function theorem that
max |Vf§k) (x) — V4,0 < C’8p, by choosing suitably large C’ and suitably small §.
x=

Again, from the last equation of (4.3), we have

Z® = 74 oexp(— A@PpP$(TF)d ), 4.7

il
P4,0u4,0A4(0)

which implies ZA’Oe_C*X < ng) < ZA,oe_C*x. So we obtain the estimate (4.4) forn = k.

Second, we will show the convergence of the sequence {U fi”)(x)}f;o
Define

1
n) _ (n) (n)
w = AT 7, )Ydt
,OA,OMA,OA(O)/ ( )/0 ‘P( A )

Then by (4.7), we can obtain

1
‘Zfin) — Zﬁn_l)‘ = )ZA’()(U)(") — w("fl))/ exp(sw™ + (1 — s)w("fl))ds‘
0

< ZA,0€*C*x A(r)’ (n)¢ T(n)) (n—1)¢(T(n—1))‘dT
pa,0u4,04(0) Jo 4
< 08 max (o — |+ 1" - T,"V)). (4.8)

Next, by (4.6), it holds that

R(V;n)’ A()C)) — ,‘)’(I(VA(n*I)’ A(x)) = ,H‘E(VA(nil), VA,Oy A(X), A(O), Z{gnfl))
— %E(VA(n_Z), VA,Os A(X), A(O), Zlfln—2)) (49)

Noticing the fact that fooo |A'(t)|dT < 8o, and the estimate (4.8), we have

—_— Ar (n D_ (n D)dr| < 0(1)8  max (1) _ (”_2)’,
PA,0UA, OA(O)/ ( ) ) 0 pr<x Pa Pa
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and

A(‘L’) p(n 1)¢(T1§n71))zlfln71) _ p§n72)¢(T1§n72))Z§n72))dt

PA,0UA oA(O) /

(n—1) (n=1)\ _ (n—2) (n—2) (n—1)
S pA,ouA,oA(O)/ A(f)i o(T""7) —ps "o(Ty )\ZA dr

40 (1=2) o =2\ | o (=1) oy (1—2)
+———F | Az T 7 _z dr
,OA,OMA,()A(O)/ @ps (T4 )| 24 (n=2))

X
< O(I)ZA,O/ ~C+Td 1 max (‘ (-1 _ ("*2)‘ + |Tén71)_T1§n—2)‘)
0

0<t<x

X
+ O(l)ZA,O/ e~ Trdt max (|p(” b_ (n_2)| + \Tén_l) — T;n_z)i)

0<t<x

< O()s max (| G0 =] TP - 1)),

Therefore, the right-hand side of (4.9) is bounded by 0(1)80 Jmax |V(" b V;"iz)l. Then it
follows from the implicit function theorem that

max|V(”)(x) (n 1)( )| max|V(” 1)(x) (n 2)(x)\ (4.10)

by choosing suitably small §y. Combining (4.8) and (4.10), we know that the limit Ug(x) is an
unique solution of (4.1), which belongs to C([0, c0), R*) and satisfies

mf())( |UA(X) - 02(0)| < CSO, ZA,()e_C*x < ZA < ZA,Oe_C*x- 0
xX=

4.2 Integral identities of the approximate solutions

Let Uy, ¢ be the solution obtained by Theorem 3.9. Let £2; , be the domain with the boundaries
thatx = (i — Dh, x =ih,y = gi—1p(x), and y = 19V (x). Let b;_; be the slope of y =
8i—1,n(x). And let s@=1 be the slope of y = @~ (x) emanating from point (i — 1)h, y;_ Ls)
where y;,_1 s = y;—1 +2n;_1s with a negative integer n;_;. By applying the divergence theorem in
domain £2; , and using the Rankine—Hugoniot conditions, we have the following integral identities.

Vi Yi—1
[ Gromaii-ay = [ @nouna(i - D)y =0 @11
Yi—1,s+s@=Dh Yi—l.s
Vi Yi—1
/ (on.0up 6 + Pho)(ih—, y)dy — / (on.oup6 + Pro)((0 — DA+, y)dy
Yi—1.s+sG~Dh Vi—l.s
ih

(-1

+ / (= bic1 2o (T V) y=gi_1 4@ + 5"V Pro(t. ¥)|y=yi-n(y)dT =0, (4.12)

(i—1)h
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Yi
YDh,o 1 1 .
ph,euh,e(m + Eui,e + Evi,g))(lh—, y)dy
Yi—1,s+s¢~Dh ’
Yi—1 1 1
YPh.,o .
- / (ph,&%,&(m + Eui,e + 50;21,9))((1 — Dh+,y)dy =0, (4.13)
Yi—1.s ’
Yi Yi—1
(on,0un,0Zn,0)(ih—,y)dy — / (Pn0unoZne)((i — Dh+,y)dy =0. (4.14)
yi7143+s("_l)h Yi—1.s

Therefore, for any x € ((k — 1)h, kh), summing over (4.11)—(4.14) with respectto 1 <i <k — 1
respectively, we have that

8k—1.n(x) k-1 0
/ (on,6vn,0)(x—, y)dy + D Evi(h,0) = / (on,oune) 0+, y)dy, (4.15)
X(k—l)(x) i—1 y(O)
8k—1.n(x) 5 k—1 0 ,
/ oot + pra)e= 3y + 3 Eih.0) = [ (pra g + pra)0+.3)dy
x&=D (x) =1 (0
k-1 .ip )
+ Z /( y (bi—lph,e(fv J’)|y=g,‘,1(r) - S(Z_I)Ph,e(f, y)|y:)((i—l)(r))dt
i=1 701
¥ k
+ /(k . (Or=1P1.0 T W ly=ge 1@ — SV pro (. )y y— () d T (4.16)
—1
8k—1.n(x) k-1
YPh.o L, 1,
ph,euh,e(7+ U3 g+ =V ) (x—=,y)dy + ) E3,i(h,0)
/x‘k—”(x) ( (y—Dprg 270 2770 ; l
_ /" YPh.6 Le v b2 VWor e 417
= | o Ph,@uh,0<m + Euh’g + Evh’e) 0+, y)dy, (4.17)
y 5

0

8k—1,1(X) k-1
/ (Pn,0un0Zng)(x—,y)dy + E E4;(h,0) = /(0)(,0h,euh,ezh,e)(0+,y)dy, (4.18)
X

h—1)
(x) i=1 y

where E; ; (h,0)(I = 1,2,3,4) is the [-th component of the error term E; (1, 8), and

Vi Vi
Ei(h.0) = / (W(Un.))(ih— y)dy - / (WU o)) ih+.0)dy.  (4.19)
y,‘,1AS+S(’._l)h Yi.s

Now we are going to analyze the error terms E; (4, 6) across the line x = kh. Note the fact that

W(Uno(ih+.y)) = W(Ung(ih—. yin)) + G(UnoGh—, yin))h. (4.20)
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in the interval y; + 2ns <y < y; +2(n + 1)s,n < —1, and the fact that

k—1 Yi x g(@®
> | G(Unglih—.yin)hdy — / / G(U(z, y))dydr,
=lyis 0 x(v)

when i — 0 by the convergence of the approximate solutions. Let

vi vi
Ei(h,0) = / W (Up,o(ih—, y))dy — / W (U, (ih—, y))dy,
Yi—1.s+s@—Dh Yi.s

where W(Up, g, (ih—, y)) = W(Up,g(ih—, yi,n)) in the interval y; +2ns < y < y; +2(n + 1)s,
for n < —1. Obviously

Yi
Ei(h.0) = Ei(h.0) — / G (Ung(ih—, yin))hdy. (4.21)
Yi,s

Therefore, in order to estimate E;(h, ), we only need to estimate Ei(h.0).
To get the more specific expression of E;(h, 0), let

s9Vh = (i = yi1)
. .

i =

Obviously, d; € (—1, 1), and is independent of 6;.

Now we will divide our analysis into two cases based on d;.

The first case is that d; < 0. In this case, if §; € (—1,d; + 1), then we have y; s = y; +2n;_15,
and

By = [ (W(Uhaih=) = W (Uno, (5= ) dy

yi+2ni_1s
yi+2ni_1s

+ / W (Ung(ih—,y))dy. (4.22)

Yi+Q@nj—1+d;)s

If 6; € (d; + 1,1), then we have y; s = y; + 2(n;—1 — 1)s, and

Yi
By = [ (W(Unalh)) = W (Uns, (=) )dy
yi+2ni_1s
yi+2ni_is yi+2n;_1s
+ / W (Ung(ih—,y))dy — / W (Ung, (ih—, y))dy. (4.23)

yi+@2n;—1+d;)s yit2(ni—1—1)s
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The second case is that d; > 0. In this case, if §; € (—1,d; — 1), then we have y; s = i
+ 2(nj—1 + 1)s, and

Yi
Ei(h.0) = / (W(Ung(ih— y)) — W(Ung, (ih— y)))dy
yi+2n;_s
yi+Q@2n;_1+d;)s yi+2(mi_1+1)s
— / W (Ung(ih—,y))dy + / W (Ung, (ih+,y))dy. (4.24)
yi+2n;_s yi+2ni_s

If 6; € (d; — 1, 1), then we have y; s = y; + 2n;—15, and

Yi

By = [ (W(Uralh=3)) = WUisg G5 )y
yi+2ni_1s
yi+@2n;—1+d;)s
- / W (Un,p(ih—, y))dy. (4.25)
yi+2ni_1s

Let 1p be the characteristic function of set B. Then, combining (4.22)—(4.25) together, we have

Yi
Ei(h,0) = 1(1,0)(di)( / (W(Uh,e(ih—7Y)) — W (Un,g, (ih—,Jf)))dy
yi+2n;_is
yi+2n;_ys yi+2n;_ys
o Wehedy - tasn@ [ W (Ui Ghe, y))dy)
Yi+@2n;_1+d;)s Yyi+2(n;—1—1)s
Yi
Fton@( [ (WUl 3) = W Vo, - 0) )y
yi+2ni_ys
Yi+Q@2n;_1+d;)s yi+2@mi—1+1)s
- / W (Up,o(ih—, y))dy + 1(<1,4;-1)(6;) / W (Up,g; (ih—, y))dy)-
yi+2ni_1s yi+2n;_ys

(4.26)

For the error term E; (h, 8), we have the following lemma.

Lemma 4.2 For any x = 0, there exist a null set 41 C [z, (=1, 1) and a subsequence {h; 1520
which tends to 0, such that when hj — 0, it holds that

k—1
> Ei(h;.0) — 0. (4.27)

i=1

forany 0 € [T (=1, D\A.
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Proof. Note that n;_; is independent of 6;, then we have

1 Vi
3| [ (W @hen= ) = W (Ura i) )dvas
“1y;+2n;_ys
1, vit2m+Ds
1 . .
_ 5/ 3 (W(Uh,e(lh—, ) - W(Uh,e(zh—, Vit @n+l+ 9,-))s>)a’yd9i
—1 "Th= oy 4ons
1 yi+2(n+1)s 1
= Z / W(Uh’g(ih—,y))dy —S/ W(Uh,g(ih—,yi +@2n+1+ 9,-)s))d9,-)
n=Ri—1 yit+2ns -1
=0,

Next, note that if d; < 0, then W(Uj g(ih—, y)) is a constant state independent of 8; in the interval
(yi + 2ni—1 + d;)s, yi + 2ni_15); while if d; > 0, then W(Uy ¢(ih—, y)) is a constant state
independent of 6; in the interval (y; + 2n;_1s, y; + (2n;—1 + d;)s). Hence it follows from (4.26)
that

1.
—/ E;(h,0)db; = 0.
2/

Therefore, we have

k=1 ) [x/h] . ) s
/’ZEi(h,G)‘ d6 = Z/‘Ei(h,e)‘ do < Cx(3)h.
i=1 i=1
for some constant C > 0. Then, we can show (4.27) by choosing a subsequence {h;}32, with
Z;il /’lj < 0. O
Moreover, by (4.15) and (4.27), we also have the following lemma.

Lemma 4.3 There exist positive constants A1 and A, such that for any x = 0,

A < g(x) — x(x) < 42,

4.3 Integral average of the approximate solutions

If ¢ € ((i — 1)h,ih), we define the integral average of the approximate solutions as

_ 1 gi—1.n(7)
Up(z—) =

: Uh,@ (T_s y)dys
gi—1.n(0) = xV(0) Jyi-n()

and the integral average of the approximate initial data as

1 0
Uno = | Uno(y)dy.
7.0 |y(0)|/y(m no(y)dy
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Now, we will derive the equation satisfied by the integral average of the weak solution. Replacing
the approximate solutions in equations (4.15)—(4.18) by the integral average of the approximate
solutions, (4.15)—(4.18) can be rewritten as
k—1
(gk—1.8(x) = x* ) pnitn + Y Ev,i(h, 6)

i=1

8k—1,n(x) 0
= —y Oy oitn,0 — / (on,6 — pn)(ng —up)dy + | (Pno — Pn,0)(Uno0 — Uno)dy,
x &= (x) ()
(4.28)
k—1
(8k—1.8(x) = x D)) (Bnity + pn) + Y E2i(h.0)
i=1
k—1 ih X
==y O @noity o + Pro) + Y _(bicg —s7Y) / prdt + (be—y —s*7V) / prdt
i=1 (i—D)h (k—1)h
8k—1,n(x) 8k—1,n(x)
- / (Pn,6vn,0 — Prutp)(Up,e — tp)dy — iy / (on,0 — pr) (g — tip)dy
1 &= (x) x &= (x)
0 0
+ / (Pn,0UR,0 — Ph,0tr,0) (U0 — Up)dy + Upg / (on,0 = Pn,0) Un,0 — Up,0)dy
y©@ (0

+ Z / ((bH — D) (paglymyi-n — Pn) + bic1 (Proly=gi_, — Ph,elyzxa—l)))df

=1 "pp
P

+ / (it = s* )P glym i = Pi) + bt (P sly=giy = Pholymgs—0) )T,

(k—1)h
(4.29)

— k—1
_ _ 1_
(8614 () = 1“0 () it (—LH— + ) + 3 B (4.)

(v = Dpn P
_ | _, 8k—1n(x)
_ - = Y Ph,o _> Up _ _
= =y ppottno(——— + iy o) — = / (on,6 — Pn)(up,p —up)dy
OFRON G, 2 h 2 ’ ’
(v = Dpn,o .
. &k—1,n(x) 8k—1,1(X)
—_— % i} i}
= 5 (un = up)? + v / Ph,oUnedy — v / (Ph,o — Pr)(un,g — itp)dy

=D ) =D )
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8k—1.n(x)
-3 / (on.0un,6 — Prin) Uy g + Vh g — Ui + v3)dy
XD )

0
_>
Uh0 _ _
+ N (Pn,0 — Pr,0)(Up,0 — tpo)dy

3O
| 0 0
- Y _ _
+ E(“h,o —ilp0)? + U;ZZ,O / PhoUn0dy + m / (Ph,0 — Ph,o)(Un,0 — Uno)dy
$(0) 3O
0
+l (Oh.otno — Photno) Uz o+ v2 o —u?  +v? )d (4.30)
3 Ph,0UR,0 = Ph,oUR0) (U} o 7,0 7.0 7,004Y> .
3
and
k—1
(818 () = 2 V) (PnitnZn) + Y Eai(h,6)
i=1
=~y b1 0in0Zn0
8k—1.n(X) 8k—1.n(x)
- / (Pn,ovn,o — pnuin)(Zng — Zn)dy — Zy, / (on,0 — pn)(Ung —up)dy
=D (x) x*F=D (x)

0 0
+ / (Pn,0un,0 — ProUn0)(Zno — Zno)dy + Zno / (Pn,0 — Pr,0)(Upo —Upo)dy. (4.31)
y© $©

Therefore, in order to derive the equations that the integral average of the solution of (1.1) satisfies,
we need to analyze the error terms at the right hand side of (4.28)—(4.31) as & — O first.

By Theorem 1.4, it holds that the terms like | f((:)) (p—p)(u—u)dy can be bounded by the square
of the total variation of the weak solution, i.e.,

g(7)
/ (p— p)u — i)y = O(1)32.
X

()

with 8, in Theorem 1.6. Next, from the decay property of the reactant Z, i.e., Lemma 2.11 and
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(3.9), we know that

x g() x
/ pd(T)Zdydr - / (8(0) — 2(0) (T Zd
0 x(o) 0
x g() x g(o)
—[ [ rlerr-gnzavac [ [ o-padnz - 2ayar
0 x(o) 0 x(»
=0(1)82.

Therefore, we only need to estimate the last two terms in the right hand side of (4.29). To do that,
we will carefully derive several estimates on the approximate strong contact discontinuity. Using
the notations in the proof of Proposition 3.5, we define O, ¢(A) based on the location of A,

0(4) for Case 1,
x| + 37_, ;| for Case 2,
Qh,O(A) = 4 ' (4'32)
> i=1 lBil for Case 3.1,
i ol for Case 3.2.

Let Ay = U,j:i A0, Where Ay o is the diamond centered at Py. Let LZ’Q(A;,) be the summation
of the strengths of the 1-waves leaving Ap.

Similarly, let A, = U;‘:‘i Ak, » Where Ay, is the diamond covering the strong contact
discontinuity. Let LZ,O(AC) be the summation of the strengths of the 5-waves leaving A.. Then,
by (2.29), (2.32), and (3.10), we have

Lemma 4.4 There exists a constant M, independent of Uy, ¢, 0, and h, such that

D 0ne(A) <M. Ljg(Ap) <M. Lj,(A) <M. (4.33)
A

where the summation is over all the diamonds A.
Next, let 6 € [p=;(—1, 1)\./" be equidistributed, then we will prove the following lemma.

Lemma 4.5 There exists a positive constant C, such that

+o0 U(‘L’, )
/0 Tv. {(m P )| (g gn | 4T < €8s

Proof. Since the velocity ratio vy ¢/up,¢ and the pressure pp g are invariant across the contact
discontinuity, we only need to estimate the strengths of the weak 1-wave and the weak 5-wave.
As in [27], we denote by dQ} ¢ the measure assigning to Qj ¢(A), and by a’LZ g and dLj , the
measure assigning to Lz o(Ap) and L 4(A.), respectively.

As sElown in Fig. 10, let the line x = X;*_| intersect 52 and y = y(x) at (X;_,,Y;* ) and
(Xy_y, Yi,) respectively.



476 W. XIANG, Y. ZHANG AND Q. ZHAO

I:y=g(x)

(X1 (X))
)

= o C @) N y=x(2)
(XGi_1s k71): (Xllcflekil‘l(Xllcq))

FIG. 10. Generalized characteristics in Uy, g

Let y = y*~1L1(x) be the maximal 1-generalized characteristics in Ujp emanating from the
point (X;_;,Y. ), and let y = #5135 (x) be the minimum 5-generalized characteristics in Uy,
emanating from the point (X;’_,, ?k*—l)' Moreover, let y = ¥~ (x) and y = y*~13(x) intersect
y = x(x) and 92 at (X;_,. x*"11(X;_))) and (X}, x*~15(X}_,)) respectively for some
X]’F1 and Xllc/—l' Thus, by Lemma 4.3, there exists a constant X* > 0, independent of X]:Ll,
such that X | + X™ is greater than X; | and X;/_,. Then we get a sequence {X"}2° ; by setting
Xp=X;_,+X"

We denote by £2;_, the domain with the boundaries that x = X ,, x = X, 982, and
y = xnel(x). Let Zl’h (X—) (or Ly ;(X—)) be the summation of all the strength of the weak
1-waves after (or before) the reaction step on the line x = X. Obviously forih < X < (i + 1)h,

Lip(X—) — Lip(X—) < Me7 ™R Zy || oo.

Then by the equations that the approximate solutions satisfy, we can deduce in the same way as the
one in [27, 34] that on the line x = X,:‘, if h; is sufficiently small, then

iy (Xg=) = OM)(dL} (Mg ) +d O, 6(A7_y) + (€7 ¥ = e7XE) | Zo]loo ).

where Ay , | consists of the diamonds covering 527 | N 382, A;_, consists of the diamonds in
the interior of §£2;7_,, and the bound of O(1) is independent of Uj,; and /.

Similarly, let L 5,h; (X —) stand for the summation of all the strength of the weak 5-waves on the
line x = X after the reaction step, then on the line x = X, if h; is sufficiently small, then

Lsn, (X;=) = 0 (AL, (A% ) + O, 6(Af_) + (7 Xim = e7X0) | Zo | ).
where A%, | consists of the diamonds covering the strong contact discontinuity y = y5,¢(x) in
Q.

k—1
Next, for x € (X,j_l, X,j), it follows from the local estimates in Section 2 that
Ly (=) = O (L, Gy ) + ALY g(Af 1) +dQny0(A7_y)

+ (¥ — e7XD) | Zo oo )
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and
Lspy (x=) = O() (s (Xi_y ) + AL (AT ) + 0, 6(A] )

(e Xio = eI | Zo o ).

Therefore, in domain £2;°_,, we have

Uh_(-[, )
(uh_]/. (z, .)’phj (z, '))|(Xi—1,g,-_1)} dt

<o)X} - x,j_l)xe max (Lip, (x=) + Ls, (x—))
k—=1""k

< 0(1)X*(L1,,,.(X,:_1—) t L, (X, =) +dLy o(Af 4 y) +dL (A% )

+dQy 5 (Af_y) + (71— eTXE) | Zglloo).

Then by (4.33), we complete the proof. o

Now, by applying Theorem 1.4 and Lemma 4.2 and passing the limit #; — 0, we obtain that
the equations satisfied by the integral average of the weak solution of (1.1) are

(g(x) — x(x))pit = —y @ poiip + O(1)82, (4.34)

(g(x) — x(x0))(pit> + p) = —y @ (Boita + po) + /0 (g'(0)— X' () pdr + 0(1)82,  (4.35)

1—2
(g(x) — X(X))Pu(( 1)- +5i0°)
1 X
= il LI 28 a0 [ (o))~ 1@)i0 () Zd 7+ O 430
and
() = 2 @12) =~y OpoiioZo— [ (e(0) = x@)pd (D Zd7 + O @37

4.4 Proof of Theorem 1.6

Finally, we can show Theorem 1.6 now.
Proof. Let A(x) = g(x) — x(x), and let A(0) = —y©@ then equations (4.34)—(4.37) become
piA(x) = poiigA(0) + O(1)82,
X

(pit? + p)A(x) = (poitg + po)A(0) + [ A'(x) pdt + O(1)53,

- 0 - -
(2555 + $0)piAG) = (28 + 13) oo A(0) + qo [y A(@)A(T)Zdt + O,
piZ A(x) = poitoZoA(0) — [o A(D)p¢(T)Zdt + O(1)53.

(4.38)
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On the other hand, by Lemma 4.1 and Lemma 4.5, system (4.1) admits a unique solution Uy (x) =
(0. ua. pa, Z4) " satisfying (4.2).
By the straightforward calculation from the fourth equation of (4.38), we have that

o R x L 5
Z = Zyexp( 7/_}0%14(0)/0 A(D)pp(T)dt) + O(1)d%.

Similarly, from the fourth equation of (4.1), we have

_ 1 x
Za=2 _— A T4)d 7).
4 = Zoexp( FoiioA0) /0 (T)pap(Ta)d )
Then B B
1Z = Zal < O(1)do max (|p—pal + T = Tal) + o(1)s3.
Next, from the first three equations of the two systems (4.1) and (4.38), we have
(6 — pa)UA(x) + pa(it —ug)A(x) = O(1)82,
(p— pa)i* A(x) + pa(@® —uZ) A(x) + (p — pa)Ax) = [¢ A'(D)(p — pa)dT + O(1)8Z,

7 (P = pAVIAR) + 555 pall —ua) A(x) + 3(p = pa) P A(X) + 394 —u) A(x)
=q0 Jo A (P$(T)Z — pa¢(Ta)Za)d + O(1)53.

From Lemma 4.5, we easily have the following fact that

X
|| 4G = pardz| < 0)8. max 175~ pal

and from Lemma 4.3 and the estimates on the error terms in Section 4.3, we also have that

[ 400 D7~ pat T Za)a|

A(x)(pauaZa — puZ) + O(1)52,

<
< 0(1)8x max (|p— pal + |T — Ta| + |t —ual) + O(1)82.
O<t<x
Therefore, it follows from the implicit function theorem that there exists a constant C > 0, such
that B
max |U — Uy| < CSi,
x=0

for sufficiently small §,. This completes the proof. O
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