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Thin obstacle problem: Estimates of the distance to the exact solution
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We consider elliptic variational inequalities generated by obstacle type problems with thin obstacles.
For this class of problems, we deduce estimates of the distance (measured in terms of the natural
energy norm) between the exact solution and any function that satisfies the boundary condition and is
admissible with respect to the obstacle condition (i.e., they are valid for any approximation regardless
of the method by which it was found). Computation of the estimates does not require knowledge of
the exact solution and uses only the problem data and an approximation. The estimates provide
guaranteed upper bounds of the error (error majorants) and vanish if and only if the approximation
coincides with the exact solution. In the last section, the efficiency of error majorants is confirmed
by an example, where the exact solution is known.
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1. Introduction

Let £2 be an open, connected, and bounded domain in R” with Lipschitz continuous boundary 052,
and let M be a smooth (n — 1)-dimensional manifold in R”, which divides §2 into two Lipschitz
subdomains 2 and §2_. Throughout the paper, we use the standard notation for the Lebesgue and
Sobolev spaces of functions. Since no confusion may arise, we denote the norm in L? (£2) and the
norm in the space L? (£2, R") containing vector valued functions by one common symbol || - || ¢.

For given functions ¥ : M — R and ¢ : 2 — R satisfying ¢ = ¥ on M N 952, we consider
the following variational Problem (P): minimize the functional

J(v) = %/lvmzdx (1.1)
Q2

over the closed convex set

K={veH"'(2): v=yonMNL, v=gondR}.

(© European Mathematical Society 2018


mailto:darya@math.uni-sb.de
mailto:repin@pdmi.ras.ru

512 D.E. APUSHKINSKAYA AND S. 1. REPIN

FIG. 1. The thin obstacle problem

Here, ¢ € H'/?(3£2) and the function v is supposed to be smooth.

Problem (P) is called the thin obstacle problem associated with the thin obstacle . In many
respects, it differs from the classical obstacle problem where the constrain v = 1 is imposed on the
entire domain 2. This mathematical model arises in various real life problems. In the 2D case (see
Fig. 1), it describes equilibrium of an elastic membrane above a very thin object (see, e.g., [17]).
The well known Signorini problem belongs to the same class of mathematical models. Similar
models appear in continuum mechanics, e.g., in temperature control problems and in analysis of
flow through semi-permeable walls subject to the phenomenon of osmosis (see, e.g., [8]). Thin
obstacle problems also arise in financial mathematics if the random variation of an underlying asset
changes discontinuously (see [6, 26, 36] and the references therein).

The problem (P) is an example of a variational inequality, which mathematical analysis goes
back to the fundamental paper [21]. Existence of the unique minimizer u € K is well known
(see [21] and also the books [13, 18] and [32]). For smooth M and ¥ it is also known that
u € Cllo"cx (2L UM) with0 < @ < 1/2 (see [1, 4, 37] and the book [26]). This optimal regularity
of u guarantees that aan% and gni_ belong to L2(M), where n denote the outer unit normals to 2+
on M. It is also easy to see that the minimizer u satisfies the harmonic equation Au = 0 in the
subdomains £24 and £2_, but in general u is not a harmonic function in £2. Instead, on M, we have
the so-called complimentarity conditions

0 d
u-vzo. E]z0 w-n|g]=o (12)
where [g—:‘l] = aanLJr + gﬂi_ is the jump of Vu - n across M. Here and later on - denotes the inner

product in R”.
Thin obstacle problems have been actively studied from the early 1970s. These studies were
mainly focused either on regularity of minimizers (see [1, 4, 11, 12, 15, 31, 37]) or on properties of
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the respective free boundaries (see [2, 5, 7, 14, 19, 20]). A systematic overview of these results can
be found in the book [26].

In this paper, we are concerned with a different question. Our analysis is focused not on properties
of the exact minimizer, but on estimates of the distance (measured in terms of the natural energy
norm) between u and any function v € K. In other words, we wish to obtain estimates able to detect
which neighborhood of u contains a function v (considered as an approximation of the minimizer).

These estimates are fully computable, i.e., they depend only on v (which is assumed to be
known) and on the data of the problem ( the exact solution u# and the respective exact coincident
set {u = ¥} do not enter the estimate explicitly). A general approach to the derivation of such
type estimates based on methods of the duality theory in the calculus of variations is presented in
[30]. For the classical obstacle problem (which solution is bounded in £2 from above and below
by two obstacles) analogous estimates were obtained in ([29]). For the two-phase obstacle problem
(which was introduced in [39] and studied from regularity point of view in [33-35], and [38]) similar
estimates has been recently derived in [28]. These results were obtained by methods of the duality
theory in the calculus of variations, which are widely used for analysis of various variational and
optimization problems (see, e.g., [3, 8, 9, 16, 18]).

It should be noted that getting explicit estimates of errors is based upon the general relations
exposed in [30], is not at all a straight-forwarding and simple matter. In this context, there is a
clear difference with the results mentioned above. Indeed, the estimate (2.8) contains an integral
term related to the lower dimensional set M. Therefore, our analysis will require estimates with
explicitly known constants for the traces of functions on M. For this purpose, we will introduce
and analyze an auxiliary variational problem, which generates constants in special Poincaré-type
inequalities valid for functions with zero mean boundary traces.

The main results are presented in Theorems 2.1, 2.4, and 3.2, that suggest different majorants of
the norm ||V (v — u)|| 2. The majorants are non-negative and vanish if and only if v coincides with
u. Section 4 is devoted to the boundary thin obstacle problem (also known as the scalar Signorini
problem). Finally, in the last section we consider an example, where the exact solution of a thin
obstacle problem is known. We find the exact distance between this solution and some selected
functions v and show that our estimates provide correct upper bounds of the distance.

2. Estimates of the distance to the exact solution

Let u € K be a minimizer of variational problem (P). Elementary calculations yield the identity

1
J0) = I = 319w =0l = [Vull, + [ Vo Vudx.
2
which holds for every v € K. Since u satisfies the respective variational inequality, we conclude
that .
EHV(U—L{) ||?2 < Jw) —J(u), Vv e K. 2.1
The inequality (2.1) does not provide a computable majorant of the distance between u and v

because the value J(u) is unknown. Therefore, our goal is to replace the difference J(v) — J(u) in
(2.1) by a fully computable quantity.
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2.1 The first form of the majorant
Forany A € A := {A € L?>(M) : A(x) = Oa.e. on M}, we introduce the perturbed functional

J () := J(v) —/)L(v —¥)du.

M

It is easy to see that

J(), ifv=1y onM,

sup J,(v) = J(v) — inﬂ/l(v —Y)du =
M

reA A + oo, otherwise.
Hence,
J(u) = inf J(v) = inf sup J; (v), 2.2)
veK vep+HL(2) AeA

where ¢+ Hj (2) := {w =¢+v:veH (.Q)}, and H | (£2) is a subspace of H!(£2) containing
the functions vanishing on the boundary.

The functional J; generates the following variational problem (P;): find u, € ¢+ H, (£2) such
that

Ja(uy) = inf  Jp(v). (2.3)
vep+HL (R2)

Since ¢ + H, (£2) is the affine subspace of H'(£2) and J; is a quadratic functional, the results of
[21] imply unique solvability of the problem (P,) for any A € A. Moreover, in view of (2.2), J(u)
is bounded from below by the quantity J, (1, ). Indeed,

J(u) = inf sup Jy(v) = sup inf  Jy(v) = Jy(uy) Vie A 2.4
vep+HJ (2) Aea AeAvEQ+HL(2)

The dual counterpart of (P,) is generated by the Lagrangian

1
catvytyi= [ (5903 E) dx = a0 —wde
2 M

which is defined on the set (p + H, (£2)) x L? (£2, R"). Obviously,

LHw)y= sup  L(v,y")
y*eL2(2,R")

and the corresponding dual functional J* is defined by the relation

Jr") = inf  L(v,y%).
vep+HL ()

It is not difficult to see that
1 .
o |G g) s [ae-wde it 5 05
JA (y )= Q M
—o0 ity ¢ 0f



THIN OBSTACLE PROBLEM 515

where

Qrmi= " GLZ(Q,R"):/y*-dexszwdu Yw e Hy (2) ;.
2 M

The set Q7 ,, contains functions that satisfy (in the generalized sense) the equation divy* = 0 in
£2_ and £24 and the condition [y* -n] = A on M (here [y* - n] denotes the jump of y* - n) . The
functional J;* generates a new variational Problem (P}) (dual to (P;)): find y; € Q5 ,, such that

Jr(yy) = sup  JF().

y*eQi m

This is a quadratic maximization problem with a strictly concave and continuous functional. Well
known results of convex analysis (see, e.g., [9]) guarantee that it has a unique maximizer in the
affine subspace Q7 - Moreover, we have the duality relation

Jrwy) = inf i) = sup J7(y") = Ji(y). (2.5)
vep+HL () y*e0t

Combining (2.4) and (2.5), we deduce the estimate

JW)=Jw) < J) = J7 () =J@) = sup  JFOY)

Y*EOY m

=J)+ _inf (=J50) = _inf [J@) - JFO0)].
y*eQ y*eQ

AM AM

Therefore, the inequality
J() = Jw) < J) = J7 (") (2.6)

holds true forall v € K, all A € A, and all y* € QI,M.

Thanks to the assumption ¢ € H'/2(d$2), the boundary datum ¢ allows a continuation as
H '-function on the whole set £2. We will preserve the notation ¢ for the extended function. Since
y*e Q) yandv—g € H{ (£2) for any v € K, we find that

/y*-V(pdx=fy*-Vvdx—/y*-V(v—<p)dx=/y*-Vvdx—/)L(v—w)d/L.
M

2 2 2 2

Now the right-hand side of (2.6) can be rewritten as follows:
* * 1 2 1 *|2 *
J) =707 = [ V0T + 2 =y" - Ve Jdx + [ A —v)dp
2 M
1
=5 / Vv — y*|?dx + / A(v—1vy)du. .7
2 M

Combination of (2.1), (2.6) and (2.7) yields the following upper bound of the error:
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Theorem 2.1 For any v € K, the distance to the minimizer u is subject to the estimate

HVw—uWésHVv—yWé+2/kﬁwwmdm 2.8)
M

where A and y* are arbitrary functions in A and Q7 ,,, respectively.

Theorem 2.1 can be viewed as a generalized form of the hypercircle estimate (see [27] and [23])
for the considered class of problems.

REMARK 2.2 Define the coincidence sets associated with u and v:
My ={xeM:ulx)=y(x)} and My ={xeM:vx)=v¢x)}.

Assume that /\/l’&, C Mvv, In this case, the estimate (2.8) is sharp in the sense that there exist y*
and A such that the inequality holds as the equality. Indeed, let y* = p* := Vu and A, = [p* - n].
Evidently, p* € Q7 /. Inview of (1.2), A, = 0 on M \ MJ. Since M\ My C M\ My, we
conclude that

/M@—¢MM= / Ju (0 — Y dp = 0.
M

MM,

Hence, the right hand side of (2.8) coincides with the left one.

2.2 Advanced forms of the majorant

Inequality (2.8) provides a simple and transparent form of the upper bound, but it operates with the
set QI, > Which is defined by means of differential type conditions. This set is rather narrow and
inconvenient if we wish to use simple approximations. In this section, we overcome this drawback
and replace (2.8) by a more general estimate valid for functions in the set

H (24.div) = {g* € L*(2,R") : div(¢*|@,) € L* (24). [¢* -n] € L2(M)},

which is much wider than Q% .

Lemma 2.3 Let g* € H($2+,div), and let A € A. Then

inf [l¢* —y*lle < Crg, ldivg™lle, + Cro_lldivg™la_ + CrryllA —[g* - nllla. (29)

y*e0y
where Cry,, and C Fo are the constants defined by (2.13) and (2.14), respectively.

Proof. Consider an auxiliary variational problem (P, ): minimize the functional

Tg+(w) = / (%lez—}-q*-Vw) dx—/)twdu
2 M

on the space H (£2). For any given ¢* € H(£2+,div) and A € A, the functional J is convex,
continuous, and coercive on H{ (£2). Hence the problem P« has a unique minimizer w) 4« € H{ .
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Since ¢* € H (£24, div), the functional Jg* has the form

1
T+ (w) = / §|Vw|2dx - / wdivg*dx — / wdiv g*dx —/()t— [¢% -n]) wdp.
2 M

24 22—
For any W € H_ ($2), the minimizer w 4+ satisfies the identity
/Vw;k,q* -Vwdx = / wdivg*dx + / wdivg*dx + / (A =[g* -n]) wdp.
2 24 2
We set W = w, 4+ and use the estimate
/ (A—[g" n]) wrgrdp < Crr\ () IVWi g* 2y IA —[¢™ 1] | A4

M
< CrrulVwigelle 1A = [¢* - n] .

where
Crry, := min{Crr,,(24). Cryr,, (£22)}

and the constants come from the trace inequalities

[wlim < Crry (21)[Vwllay .

517

(2.10)

@2.11)

(2.12)

2.13)

Two other terms in the right hand side of (2.11) are estimated by the Friedrich’s type inequalities

lwle, < Cro, IVulg,.
Thus, (2.11) and (2.12) yield the estimate

IVwiglle < Crg, Idivg*lle, + Crg_lldivg™lle- + Crrylld —[g" -] lla.
Notice that (2.11) implies the identity

/(vw,q* 4 q*) - Vdx = /mdu VI e HY(9),
2 M

which shows that the function t* := Vw, 4« +¢* € Q07 . Hence

inf [lg" —y*le < l¢" —*lle = |[Vwi gl
y*eQ)“M

Now (2.9) follows from (2.15).
Letg* € H(£2+,div), andlet A € A. Forany v € K and y* € Q7 , we have
Vo =y lle < IVv=¢"lle + 4" — y*la-

By (2.8), (2.16), and (2.9), we obtain the first advanced form of the error majorant:

(2.14)

(2.15)

(2.16)
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Theorem 2.4 For any v € K, the distance to the minimizer u is subject to the estimate
”V(U—M)H_Q $m(vsq*s/‘\s w)s (217)

where

1/2
M(v.q* Ao y) = [ Vo — "l + ﬁ( [x(v - ww)
M

+ Crq ldivg™lle, + Cre_lldivg™lle_ + Crry A = [g" - n]llat.
A € A, g% is an arbitrary function in H(§24, div), CFQ+, Cr,_, and Cry,, are the same constants
as in Lemma 2.3.

In (2.17), the function ¢* is defined in a much wider set of functions defined without differential
relations. The majorant )1 is a non-negative functional, which vanishes if and only if v = u and
q* = Vu almost everywhere in 2, and A = A, := [g—g] almost everywhere on M.

REMARK 2.5 By the same arguments as in Remark 2.2, we can prove that the majorant
M(v,q*, A, ¥) is sharp if My C M.

It is useful to have also a modified version of (2.17), which follows from (2.8), (2.16), and
Young’s inequalities (with the parameters §; and f85).

Corollary 2.6 Foranyv €K, B; >0, B > 0, ¢* € H(2+,div), and A € A, we have
IV —u)|% < Mi(v,q*, B1. B2) + Ma(v.q*, B1. B2 d. ¥), (2.18)
where
Mi(v.q". Br.B2) = (1 + B0 Vv — "3

2
+ L+ BT+ B2) [ Crg, Idivallay + Crg_ldivg*la] .

M2 (v, q*, 1. Bas A ) i= (1 + BT+ B2 CE,, 1A — [¢* -] 17, + 2/k(v —V)dp,
M

and the constants CF9+, Cr,_, and Cry,, are the same as in Lemma 2.3.

The majorant (2.18) contains parameters and free functions that can be selected arbitrarily in the
respective sets. Below we deduce a new form of (2.18) where the function A will be chosen in the
optimal way.

First, we optimize 91, with respect to A. The respective minimization problem is reduced to

it = 5" ind [(CF,, 0 [ ] + 2Acp(w— )
M

where cg := B1B2(14 B1)~'(1+ B2)~". The corresponding Euler-Lagrange equation has the form

2C7, (A —[q* -n]) + 2cp(v — ¥) = 0.
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From here, taking into account the condition A = 0 a.e. on M, we find the minimizer

lg* -n] —cpCr2 (v =), if [¢" 0] = cgCrl (v =),
0, if [¢*-n] <cgCr2 (v—).

TV‘M

A=

Plugging A in the right-hand side of (2.18) implies the following result.
Theorem 2.7 Forany v € K,
IV —w)l[g < Mi(v.q". f1. B2) + M3(v.4". B1. f2. ). (2.19)

where q* is an arbitrary function in H(2+,div), B1 and B, are arbitrary non-negative numbers,
Iy is the same as in (2.18),

M (v.q* f1. fa ) = /“pan*,cﬁ,w>du,

M
and
w=le" 0] - S @=w).if [¢" ] = G-,
Tram Tram
,O(U, q*9cﬂ» Ir,/) = C2
Trm x 12 . * CB .
cs [¢" -m]". if [¢"-m] < C%rM =)

It is clear that the quantities 901; and 9013 are always non-negative and the functional
My = My + N satisfies for any B1, B2 > 0 the relation

m4(u»vu’ ﬂlvﬂZv 1/f) =0.

On the other hand, if M4 (v, ¢*, B1, B2, ¥) = 0 then v = u almost everywhere in §2. Moreover, in
this case the conditions
qg*=Vu a.e.in$2,
Au =0 a.e.in 24, (2.20)
(u—v)[Vu-n]=0 a.e.on M

hold true. We point out that the third equality in (2.20) is provided by strict positivity of the factor
2[g* -n] — C;" (v — ¥) in definition of p. Therefore, one can conclude that the majorant 9ty
T

M

vanishes if and only if v = u and ¢* = Vu almost everywhere in £2.

REMARK 2.8 Applying the same arguments as in Remark 2.2, we can prove that the majorant
M4(v,q*, B1, B2, V) is sharp if M C M.

One can also prove that for any 1,8, > 0, the functional 94 (v, g*, B1, B2, V) possesses
necessary continuity properties with respect to the first and second arguments. Thus,

m4(vk, q;, /317 ﬁZv W) -0

if g — uinKand g — Vu in L?(2+) and [q; -n] — [Vu -n] in L?(M). Thus, taking into
account Remark 2.8, we conclude that the estimate (2.19) has no gap between the left and right
hand sides and we can always select the parameters of 914 such that it is arbitrary close to the
energy norm of the error.
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3. Estimates with explicit constants

It should be also noted that for complicated domains the constants C Fo, and Cr,,,(£2+) entering
above derived estimates (2.17)—(2.19) may be unknown. In this case, we need to find guaranteed and
realistic upper bounds of them. Depending on a particular domain, this task may be fairly easy or
very difficult. It is therefore of interest to look at other variants of Lemma 2.3, which operates with
different constants. In this section, we establish another estimate based on the Poincaré inequality
for functions having zero mean values in §2+ and on the so-called “sloshing” inequality for functions
with zero mean traces on M. As a result, we obtain estimates of the distance to the minimizer u
containing the constants which are either explicitly known or easily definable.

Henceforth, we denote by { w [},, the mean value of w on the set w. In view of the Poincare
inequality

lwlle, < Crg, IVwllo, — Ywe H'(24):={we H'(2+) : {whe, =0}. (D
Similar inequalities hold for the functions defined in £2 and §£2_ having zero mean values on M:
lwlia < Cryu(@D)IVwlle,  Vwe Hjy(Rs) = {we H'(22) : {why =0}. (2
Lemma 3.1 Let ¢* € H(§24,div) and A € A satisfy the following additional conditions:
/ divg*dx = / divg*dx =0 and / (A —I[g* -n])dn = 0. (3.3)
24 Q- M

Then, for any a € [0, 1], we have

inf lg* =y 1% < (D-(¢") +am_(g"))’ + (D+(¢*) + 1 —a)mi (). (B4

y*e0y
where D+(q*) := Cpq_ |divg*|e, andm+(q*) = Cp,, (22)[A —[g* - ][ m.

Proof. We use the same arguments as in the proof of Lemma 2.3 and arrive at the identity (2.11). In
view of (3.3), this identity implies the relation

IVws gl = [ (Wrge — (Wrg-}e, ) divg™dx
24

+ / (wl,q* - {w)t,q*}g,)divq*dx

ol
+ /()t —[g" -n]) (wig* — {wagxtm) dp.
M

By (3.1) and (3.2), we obtain

/ (wk’q* — {wk,q*}m)divq*dx < CPQi [Vwi gl 2y Idivg™ e, .

24
/(/\ —[g* -n]) (wag» — {wrg=trm) du < Cp o (22)[Vwa g+ ll2y 1A — [g* - 0]l ag
M
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Then,

IVws g+ 15 < D-(g")IVwaglle. + D+(@")IVwa g+ oy +am_(g*)|Vwa g= |l o_
+ (I —a)my (") Vwa g+ 24 (3.5)

* *\\2 * *1) 2 1/2
< (@-@") +am_(g) + (2+@") + (1 —0mi(@)*) Vg 2.

Using (3.5) and repeating the same arguments as at the end of the proof of Lemma 2.3, we arrive
at (3.4). O

The quantities © 4 (¢™*) contain the Poincaré constants for £2. . If these domains are convex, then
due to the estimate of Payne and Weinberger (see [25]) we know that

c - diam 24+
PQi S . .

The constants Cp, , (£2+) entering m (g*) are also easy to estimate. These constants are known for
triangles (see [24] and [22]). Due to this fact, we can easily obtain upper bounds of the constants
for a wide collection of domains.

Indeed, let T C §24 and M as a face of this triangle (see Fig. 2). It is clear that

lwllam < Cop (THIVwlry < Cpo (T Vwlle,  Yw e Hi(2+),

and we can use the constant Cp,, (7) as an upper bound of Cp, (£24).
Lemma 3.1, (2.8), and (2.16) yield the following majorant of the distance to u.

FI1G. 2. Triangles 7+ and T—
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Theorem 3.2 Let u € K be a minimizer of variational problem (P). Let ¢* € H(824, 2, div),
and let the conditions (3.3) be satisfied. Then, for any v € K, o € [0,1], and A € A, the upper
bound of error is given by the estimate

IV —u)lle < Ms(v,q", 2, A, ¥), (3.6)

where

1/2
Ms(v.q* . Ao ) = [Vo—q* [l + ﬁ(/ Ao - w)du)
M

/
+ ((CD_(q*) +am_(¢%)’ + (D+(¢*) + (1 — Ol)m+(q*))2)l 2,

where the functionals D1 (q*) and my(q*) are the same as in Lemma 3.1.

As in Section 2, it is easy to see that the majorant 915 is a non-negative function of its arguments,
which vanishes if and only if v = u and ¢* = Vu a.¢. in £, and A = [g—g] a.e.on M.

REMARK 3.3 The majorant 9Ms(v, ¢*, o, A, ¥) is sharp if M} C My, . The proof is based on the
same arguments as in Remark 2.2.

REMARK 3.4 Other forms of the majorant arise if the conditions (3.3) are satisfied only partially.
For example, if only the condition

f(/x —[q* n])du =0 (3.7)
M

is satisfied, then the estimate (3.6) holds true for any ¢* € H(§24, div) satisfying (3.7), where the
functionals D_(¢*) and D (¢*) in M; are replaced by Cr, [|divg* | and Cr, [Idivg™ (e,
respectively. This version of the estimate is used in the examples considered in Section 5.

Obviously, if m4(¢*) = m_(g*) = 0 then the parameter « in (3.6) has no influence to the
majorant value and it can be chosen arbitrarily in [0, 1]. Otherwise, we can define « in the optimal
way by solving the minimization problem

Lt {(©-") +emo(g)" + (214" + (1 - maq")7}

which yields the best value

o 1 <o <
. | ® udsas<l _m2(@") + Do (g)ma(g) — D_(g")m_(¢*)
o = 0, ifa<0, where o = > Sy
1, ifa>1, m7 (¢*) + m2(g*)

4. The scalar Signorini problem

A problem close to (P) arises if M coincides with a part of d52. In this case, the functional (1.1) is
minimized over the set

Ks={veH"'(2): v=yonM, v=g¢pond2\M}.
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This problem is known as the boundary thin obstacle problem or the (scalar) Signorini problem.

Under appropriate assumptions on the data of the problem (S), the existence of the unique
minimizer u € H'(§2) has been proved in [10]. The exact solution u is a harmonic function in £2,
which satisfies the so-called Signorini boundary conditions

u—1y =0, 8—uBO, (u—l/f)a—u=0 on M,
an dn

where n denotes the unit outward normal to 952.
Throughout this section HO1 (£2) denotes a subset of H 1(£2) containing the functions with zero
traces on 92 \ M and

Q)LM {y* € L>(2.,R"): /y*-dex = /Awdu forall w € H(},S (£2)}.
2 M

Repeating all the arguments used in the derivation of (2.8) (where H_ (£2) is replaced by Hol’ s(£2)),
we conclude that the estimate

SIV@ =)l < IV -y ||g+/x(v—w>du @1
M

holds true for all v € Kg, all A € A, and all y* € QIfA

The estimate (4.1) can be extended to a wider set of functions by the arguments similar to those
used in Section 2. For this purpose, we consider an auxiliary problem (79;19* ): find w f g € Hol’ s(£2)
that minimizes the functional

1
Tg+(w) = / (§|Vw|2+q*~Vw) dx—/kwdu
2 M

for a given ¢* € H®(£2,div) := {q € L2(2,R") | divg* € L?(82), [¢* -n] € LZ(M)}
By the same arguments as in Section 2.2, we conclude that the problem (778 ) has a unique
minimizer w$ g in Ho1 s(£2). In view of the respective integral identity, the functlon

T5(x) 1= Vg . (x) + ¢*(x)
belongs to the set Q;’{‘i/l Hence

inf [[Vv—y*[leg <[[Vv—¢*le+ inf |[¢"—»"le
Q*,S *GQ*’S

Y*E0; y AM
< Vv —q*lle +llg* —t5lle (4.2)
< Vv —¢q*lle + Crglldivg™lle + Crru X — g™ -0l m.

for any v € Kg, g* € HS(£2,div), and 1 € A. Here Cr, and Cr,,, are constants in is the the
Friedrichs and trace inequalities, respectively.
Combining (4.1) and (4.2), we find that for any v € K the following estimate holds

”V(U_U)H.Q Sms(v’q*»x7 I//)7 (43)
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where

1/2

M (v, %, A, ) = | Vv —g* |5 + ﬁgl(v —¥)du

+ Crplldivg™le + Crry A —q" -nlla. (44)

A € A, and ¢* is an arbitrary function in HS(£2, div).

Obviously, 9 (v,¢*,A,¥) > 0. By the same arguments as in Section 2, we prove that
M (v, q*, A, ¥) =0ifand only if v = u, ¢* = Vua.e.in 2,and A = g—’; a.e.on M.

Assume that a function ¢* € HS(£2, div) additionally satisfies the conditions

/divq*dx =0 and / (A—¢*-n)du =0.
Q2 M

Then, we obtain the following analog of the estimate derived in Section 3:
IV —u)le <M (v.q" 2. 9).

where

1/2
MY (g™ A, ¥) = IIVU—CI*H?;JM/E(/A(U—WW) +Cpglldivg* e +Cpy IA—¢" 0| m.
M

Here A is any function from A and Cp, and Cp,, are the constants from the Poincaré type
inequalities for £2 and for M, respectively. It is not difficult to show that sz is non-negative and
vanishes if and only if v = u and ¢* = Vu a.e.in 2,and A = g—z a.e.on M.

5. Examples

Let 2 = 2, U 2_, where £2. are two right triangles having a common face M := {x, = 0} (see
Fig. 3).
In this example, 92 consists of four parts:

(1) X1+ x2—a=0, (i) —x;—xp2—a =0,
i) —x14+x2—a=0, (iv) X1 —Xxp—a=0.
Notice that for this example, we can explicitly define the minimizer. It is well known (see [26]) that

forall R >0
u(x1,x2) = Re((x1 + i|x2))*?)

is the exact solution of the thin obstacle problem in Bg C R? with M := {x, = 0}, and ¥ = 0,
and ¢ = u|yp,. Here, Bg denotes the open ball with center at the origin and radius R. It is clear
that Au = 0 in £2+. In addition,

0, if x; <0, |:8u:| {3,/_—x1, if x; <0,
and =

u(xg,0) = — .
(x1.0) xf/z on 0, if x; = 0.

s ifx1 >0



525

THIN OBSTACLE PROBLEM

x2

coincidence set

x2

FIG. 3. Domains £24 and §2_; coincidence sets for # and v (left) and for v3 ¢ (right)

Setting the boundary condition ¢ on 052 as the trace of Re ((x1 + i|x2[)*/2) and taking ¥ = 0, we
see that the restriction of u to £2 is the exact solution of the thin obstacle problem in this bounded

domain (see Fig. 4 (left)).

In order to verify the performance of our estimates, we select different functions v in K and
if X2 Z 0,

compute the distances between v and u.
2

x5 (x2 —x1 —a)(xz2 + x1 —a),

if x, < 0.

EXAMPLE 5.1 First, we define v = v; as follows:
vi(xr,x2) = ulxr, x2) +9
x5 (x2 —x1 + a)(x2 + x1 +a),
Itis clear that vy € Kand v; = u in £2 and vy (x1,0) = u(x1, 0). Thus, v; has the same coincidence

set as the exact solution u (see Fig. 3 (left) and Fig. 4 (right)).

A

S

|
FIG. 4. The exact solution u (left) and the function v — u (right)
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By direct computations, we find that [%Lnl] = [g—’;] + lZax%,

A 10x§ — 12x3a — 2x12 +2a?, in 24
v = ,
DT )10x2 + 12300 — 202 + 242, in 2_

and the exact error

4 /2
V(v — = —/—a*.
V(v —u)lle 3 3561

Let us set here ¢* = Vv, and A = [%Ln‘] Computing the majorant 90(vy, Vvy, [ain‘], 0), defined
by (2.17), we get

a
0 0
M| vy, Voq, o ,0 =||Vv1—Vv1||g+«/§ / il vidx
on on

a

1/2

+ Crqo divVuille, + Crg_[ldiv Vi |o- (5.1
81)1
+ Cryr ol [a_n} — [Vvr -] | m
= CFQ+ ”AU] ||_Q+ + CFQ_ ||AU1 ||_Q_
REMARK 5.2 Here the constants C Fo, and CF,,_ are defined by the quotient type relations

IVwlle, 1

3

weH&i(Qi) ||UJ||,Q:|: CFQi

where Hol’ . (£2+) contains all H !_functions vanishing on (i) and (ii) and HOI’_(.Q_) contains all
H'-functions vanishing on (iii) and (iv). It is easy to show that

a
CFQ+ =Cp,_ = T 5.2)

Indeed, consider the rotated triangle (see Figure 5) and the respective eigenvalue problem

Aw+xw =0 in £,

~

w=0 on x;=0,

Figure 5 is referred to the eigenvalue problem where the minimal eigenvalue corresponds to the

eigenfunction
v ! ( ]T X ) ! ( ]T x )
w=sin| —=x; |sin| —=x2 |.
a2 av2

Direct calculation of |V | e, and [|w]| e, yields (5.2).
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a2

F1G. 5. Eigenvalue problem

Plugging (5.2) into (5.1) yields the equality
87.)1 16 4
zm(vl,wl,[%],o) ="

Therefore, the efficiency of the estimate is characterized by the value (efficiency index)

(w1, Vor, [52].0) 4 7
1< Y KNS T3
[V(vi —uw)lle TV2

vy

It should be pointed out that for ¢* = Vv; and A = [521] the assumption (3.7) is fulfilled.
Moreover, ||[%‘] — [Vvl . n]||M = 0. Thus, for any o € [0, 1] we can also compute a version
of the majorant 913 (vl, Vv, a, [M] 0), which is modified in accordance with Remark 3.4. We

on
will denote this modified majorant by 9t;. Taking into account (5.2), we get

3v1
! \Y — 1,0
93?3(1)1, vl,a,[an] )

1/2

a
0
Vv — Vui|le + V2 / [%} v1dx

a
. . 12
+[CE, ldiv Vo3 + CF, lldiv Vo2, |

a 82
= —[Av |5+ [|Avy ]| ] = ——a".
7 vl + 14, | = ==

Hence we have better efficiency index

L A (vl,Vvl,a, [%‘],0)
N IV —w)le

2
= =7~ 1.684.
T

Finally, we notice that in view of Remark 2.5, the majorant 9 is sharp for ¢* = Vu and A = [g—ﬁ]

ie.,
M(vr. Vu [].0) _

V(v —u)l|le
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EXAMPLE 5.3 Consider now another function v = v,, where
va(x1,x2) == u(x1,x2) + (x1 + x2 —a)(x2 —x1 —a)(x; + x2 + a)(x2 — x1 + a).

Obviously, v, > u in £2. Hence v, € K and the respective coincidence set is empty.
Moreover, we have Avy = 8(x7 + x5 —a?) in 24, and

[%}z[a_u]=§3\/—_xl, if x; <0, 53)
on on

0, if x; = 0.

Let¢g* = Vv, and A = [85’—112] Then the assumption (3.7) is satisfied. We take into account (5.2),
Remark 3.4 and apply the estimate (3.6), which gives

0

16 1/2 1/2
Vo2 —le = szat < VE( [3vmaen.0dn) -+ (1, + 1anl.)

—a
This estimate has the efficiency index
M3 (v, Vo, [22],0 /22 45
< (v V02, [ 5. 0) < a=5/* ~ 1.493 + 0.541a=/4,
V(v —u)lle b 2-77

which shows that the upper bound is quite realistic.

In the next example, we study the behavior of error majorants for some sequences of the
approximate solutions (v3 ) C K, which converges to the exact solution u as ¢ — 0.

EXAMPLE 5.4 Let v = v3, be defined as follows:

V3,6(X1, X2) 1= u(xy, x2)

0, if (x1,x2) € 22, x1 < —s,
B(x1)(a 4+ x1 + x2)(a + x1 —x3), if (x1,x2) € 2, —e <x1 <0,
B(x1)(a —x1 —x32)(@a—x1 +x2), if(x1,x2) €82, 0<x; <a,

+ 2

where & € (0;a) is an arbitrary small number and B(x;) = (a — x;)(x; + &)?.
For any ¢ € (0;a) we have vz, € K, and v3x = u in £2. It is also evident that Mg“ C My
(see Figure 3 (right)); in other words, for any ¢ the function v3 ¢ has smaller coincidence set that u.
First, we set ¢* = Vu, A = [g—ﬁ] Taking into account (5.2) and appyling the estimate (2.17),
we obtain by direct calculations the following equalities:

2
V(vze—u = e2d/ (a, €),
IV(v3,e —u)| e 57 (a,€)
ad 2
Dﬁ(vs,s,Vu,[a—Z],O) = lsﬁs%zf(a,s)+4\/€s“/493(a,s),

where
o (a,e) = (3a'® + 30a°e + 135a% + 36061783)1/2 + o(e?),
a® ea®> &%a N 2\'/?
35 105 231 429
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Thus, the efficiency index takes the form

M(v3e, Vu, [34],0) B(a,e)
< ’ nl' 7 — 1 43042634 0 (5.4
V(030 — il (@) )

Obviosly, the last term on the right-hand side of (5.4) tends to zero as ¢ — 0.
Next, we take ¢* = Vvz . and A = [a%%] Due to (5.2), (5.3), and the equality [algﬁf
we get

=[]

ou 0 1/2
M (v3,s, Vs, [a_n} ,0) = \/68(/ V=x1B8(x1)(a + xl)zdxl)

a 1/2
+ = (I avacl + 1Avaells, )
2 2
= 46"V B(a, ¢) + —1/ —as’%(a,¢),
3m ¥V 35

where €(a, €) = (37a® + 2964’ ¢ + 2716a%¢% — 1288a°¢%)1/2 4 0(&2).
In this case, the majorant (2.17) has the efficiency index
V3 ¢
< M(v3,6. Vse, [F22].0) _ 30 /a3 Ba,e) a~/10 %(a,s)'
[V(v3,e —u) e o (a,e) n  (a,e)

It is easy to see that if e tends to zero then the efficiency index can not exceed 3.54.

REMARK 5.5 In the above examples, rather simple functions ¢* and A (constructed directly by
means of the function v) provide quite realistic bounds of the error. In more complicated examples,
such a simple choice might lead to a considerable overestimation of the error. In this case, so defined
¢ and A may be considered as a starting point for the iteration process of majorant minimization that
generates a monotonically decreasing sequence of numbers, which are guaranteed upper bounds of
the error.
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