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We consider a one-phase free boundary problem for p-Laplacian with non-zero right hand side.
We use the approach present in [6] to prove that flat free boundaries and Lipschitz free boundaries
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1. Introduction

Given a bounded domain §2 C R” and p > 2 we consider the degenerate problem

Apu = f, in  £24+(u),
Vul? = Q, on ().

Here, as usually Apu: = div(|Vu|?~2Vu), Q = 0is a C%¥-continuous function, f € L%(£2) N
C($2) and

(1.1)

Q2Fw):={xe2:u(x)>0} and Fu):=0a2"w)NeQ.
The study of the regularity of the free boundary §(u) to the problem (1.1) has a large literature:

1. Variational approach. The case f = 0 and p = 2 was studied in the seminal work of Alt and
Caffarelli [1]. Danielli and Petrosyan in [5] established the regularity of §(u) for f = 0 and
p > 2. Recently, Lederman and Wolansky in [9] completed the study of the regularity of the free
boundary for the case f # 0 and p > 2.

2. Non-variational approach. The case f = 0 and p = 2 was studied in [2-4] and for p = 2
and f # 0 the regularity of §(u) for the problem (1.1) was obtained in [6]. In [11, 12] a theory
for general two-phase free boundary problems for the p-Laplace operator was developed in the
homogenous case f = 0.

In this paper we will develop the regularity theory of ¥ (1) through a non-variational approach.
Precisely, we will apply the technique presented in [6] to prove that flat free boundaries are C ¥
(see Section 2 for the definition of viscosity solutions):
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Theorem 1.1 Let u be a viscosity solution to (1.1) in ball B1(0). Suppose that 0 € 3 (u) and
Q(0) = 1. There exists a universal constant & > 0 such that, if the graph of u is g-flat in B1(0), i.e.

(xn — §)+ <ux) < (x, + §)+ for x € B1(0),
and

1f o i 0 < & [Qlco.sa, o) < &
then F(u) is CYY in B% (0).

As in [6], the strategy of the proof of Theorem 1.1 is to obtain the improvement of flatness
property for the graph of a solution u: if the graph of u oscillates ¢ away from a hyperplane in
By then in Bs, (0) it oscillates %(O) away from possibly a different hyperplane. The fundamental
steps to achieve this property are: Harnack type Inequality and Limiting solution. In our problem,
the structure of the operator A, requires some changes. In next section, we comment on the main
difficulties we came across and how to overcome them.

Moreover, through a blow-up from Theorem 1.1 and the approach used in [2], we obtain the our

second main result:

Theorem 1.2 (Lipschitz implies C 1Y) Let u be a viscosity solution for the free boundary problem

Apu = f, in Q+(M),
Vulf =0, on Fu).

Assume that 0 € §(u), f € L°°(B1) is continuous in Bl"’(u) and Q(0) > 0. If §(u) is a Lipschitz
graph in a neighborhood of 0, then F(u) is CY7 in a (smaller) neighborhood of 0.

In Theorem 1.2, the size of the neighborhood where §(u) is C1 depends on the radius r of the
ball B, where §(u) is Lipschitz, the Lipschitz norm of §(u), B, || f ||co and dimension n.

Finally, we further mention that Theorem 1.1 can be established, with minor modifications, to
more general operator. For example, if we consider the problem

div(A|Vu|?72Vu) = f in  £24(u)
(A|Vu|P2Vu,Vu) = Q0 on Fu),

where the matrix A is assumed to be Lipschitz and positive definite, we extend the results obtained
in [10].

The paper is organized as follows. In Section 2 we define the notion of viscosity solution to
the free boundary problem (1.1) and gather few tools that we shall use in the proofs of Theorem
1.1 and Theorem 1.2. In Section 3 we present the proof of Harnack type inequality. Section 4 is
devoted to the proof of improvement of flatness and in Section 5 we establish the regularity of the
free boundary §(u).

2. Mathematical set-up

Let us move towards the hypotheses, set-up and main notations used in this article. For B; we denote
the open unit ball in the Euclidean space R”. We start by gathering some basic information of the
limiting configuration. We shall use viscosity solution setting to access the free boundary regularity
theory.
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DEFINITION 2.1 Given two continuous functions u and ¢ defined in an open £2 and a point xo € £2,
we say that ¢ touches u by below (resp. above) at xo whenever u(xg) = ¢(xp)
u(x) = ¢(x) (resp. u(x) < ¢(x)) in a neighborhood O of x,.
If this inequality is strict in O \ {x¢}, we say that ¢ touches u strictly by below (resp. above).
DEFINITION 2.2 Let u € C(§2) nonnegative. We say that u is a viscosity solution to

Apu = f, in 24 (u),
Vul? = Q. on  F(u).

if and only if the following conditions are satisfied:
(F1) If ¢ € C2(827 (u)) touches u by below (resp. above) at xo € 27 (u) then
Ap(x0) < f(x0) (resp. Apd(xo) = f(x0)).
(F2) If ¢ € C?(£2) and ¢ touches u below (resp. above) at xo € F(u) and |V |(xo) # O then
V1”7 (x0) < Q(xo) (resp. |V|”(x0) = Q(xo)).

We refer to the usual definition of subsolution, supersolution and solution of a degenerate PDE.
Let us introduce the notion of comparison subsolution/supersolution.

2.1)

DEFINITION 2.3 We say u € C(§2) is a strict (comparison) subsolution (resp. supersolution) to
(1.1)in £2, if only if u € C2?(£2*(v)) and the following conditions are satisfied:

(Gl) Apu > f(x) (resp. < f)in 27 (u);
(G2) If xg € F(u), then

[Vul?(xo) > Q(xo) (resp. 0 < [Vu|?(xo) < Q(x0)).

The next lemma provides a basic comparison principle for solutions to the free boundary
problem (1.1). The Lemma below yields the crucial tool in the proof of main result.

Lemma 2.4 The following remark is a consequence of the definitions above: Let u, v be respectively
a solution and a strict subsolution to (1.1) in 2. Ifu = v in 2 thenu > v in 2T (v) UF ().

Difficulties and changes

1. Harnack type Inequality. 'When we consider the problem (1.1) for p > 2 the main difficulty lies
in the following fact: if p is an affine function and u is a solution to the problem

Apu = f,  in B,(xo), 2.2)

we can not conclude that u 4 p is a solution to the equation (2.2). For p = 2 we know u + p is still
solution for the problem (2.2). In [6], this fact is important because it allows us to apply Harnack
Inequality for v = u + p which is crucial to reach a improvement of flatness for the graph of u . We
overcome this difficulty by observing that u + p is a solution for the problem

£pev = div(|Vv +e|?7>(Vv + e)) = f. in Br(xo).

where e € R” with |e] = 1 and the operator £, . behaves like the A,. Precisely, we use the
following result:
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Lemma 2.5 (Harnack) Let u be a nonnegative viscosity solution to
div(|Vv +e|’>(Vv +e)) = f. in By,

where |e| = 1. Then, there exists a constant C depending only on n and p such that
supv < C{%lfv + (|| fllLoo(By) + C)}.

B,

Proof. Define @ : R* — R”
Q(n) = |n+elP72(n + o).

Notice that
R(n)| = [n+el” ' <C(p)n|P~" + C(p), forallneR".

On the other hand, we have
(@(m).n) = n+el”>((n+e).n)
=In+elP((n+e).n+e—e)
=n+el?—In+el”*(n+e.e)
>|n+el? —|np+elPt, forallnpeR".

Thus, if |7 + e|?~1 < 2 we obtain

(@), n) = In+elP =277
= c(p)nl? — (1 + 2771,
and for |n + e|?~! > 2 we have
(@(m).n) = In+el” —In+el”!
=In+el?(1=In+el™)

= =n+el”

N =N =

=

(c(p)nl” = 1).
Then, using (2.6), (2.7) and (2.8) we estimate
(@), n) = ci(p)Inl” — C1(p), foralln € R".
Hence, by classical theory (see [8] and [14]) the result follows.
2. Limiting solution. In what follows, we denote by

Bf :={xeR":|x| <p.x, >0}

Y, :={x eR":|x| < p.xn =0}

2.3)

2.4)

2.5)

(2.6)

@2.7)

(2.8)

2.9)

(2.10)
@2.11)
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Our main result will follow from the regularity properties of solutions to the classical Neumann
problem for the constant coefficient linear equation

Lo = 0, in B;,
. 2.12)
2 = 0, on 7,

where v := (0,0,...,0,1) and £,u := Au + (p —2)d,,u. We use the notion of viscosity solution
to (2.12).

DEFINITION 2.6 Let us, € C(B, N {x, = 0}). We say that u, is a viscosity solution to (2.12) if
given P(x) a quadratic polynomial touching u, by below (i. above) at xq € B, N {x, = 0}, then
(i) if xo € B then £, P(xo) < 0 (resp. £, P(xo) = 0);
(ii) if xo € 7, then 220 < 0 (resp. 22(0) > ()
REMARK 2.7 Notice that, in the definition above we can choose polynomials P that touch u

strictly by below/above. Also, it suffices to verify that (ii) holds for polynomials P with £p15 >0
(see [6]).

The proof this result is classical and will be omitted (see for example [6]).

Lemma 2.8 Let u be a viscosity solution to

Lol =0, in B;

OUoo __

2.13
702 =0, on T, ( )

with ||Ueo|lLee < 1. There exists a universal constant Co > 0 such that
oo (x) — 1100(0) — Vitoo(0) - x| < Cop? i B, N {xy = O},

REMARK 2.9 When p = 2 the operator £, coincides with the Laplacian, i.e., we obtain the
DeSilva’s limiting equation.

3. Harnack type inequality

In this section, based on comparison principle granted in Lemma 2.4, we prove a Harnack type
inequality for a solution u to the problem (1.1) with the following conditions:

I fllLeo(2y < &2, (3.1)
10 — 1lpoo() < €7, (3.2)
for0 <e < 1.
Lemma 3.1 Let u be a viscosity solution to (1.1) in §2, under assumptions (3.1)—(3.2). There exists
a universal constant € > 0 such that if 0 < ¢ < € and u satisfies

PO <@ < (P +) ol < 50 i BUO. p=xto (3

then if at xg = %en

u(xo) = (p(xo) + §)+, (3.4)
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then
uz=(p+ce)t in E%(O), (3.5)

for some 0 < ¢ < 1. Analogously, if

u(xo) < (p(xo) + §)+, (3.6)
then
us<(p+0—c))’ in B (0). (3.7)

Proof. We verify (3.5). The proof of (3.7) is analogous. Notice that

B (x0) C B (u). (3.8)
From [15] we know that u is C 1* in B%(xo) with

[u]1+a,31/40(x0) < C’

where « = a(n, p) € (0,1) and C = C(n, p) > 1. Now we consider two cases:

Case 1: |Vu(xg)| < %. Choose r; = ry(n, p) > 0 such that
1

|Vu| <
2

in By, (xo). (3.9)
There exists a constant r, = rp(ry) = r2(n, p) > 0 that satisfies
(x —r2ep) € By (xg), forallx e B% (x0).
Notice that v = u — p satisfies
Lpe,v = f. in Byja0(xo),
where e, := (0,...,1) € R”. In particular, for r3 = min {%‘, %2} we apply the Lemma 2.5 in
B35 (x0) to obtain

u(x) — p(x) = coulxo) — p(xo)) — 4rs = % —4ry (3.10)

for all x € By, (xp). From (3.9) and (3.10) we can write

% —4rs <u(x) — p(x)

u((x —raen) + raen) — p((x —raen) + raep)

u((x —r2en) + rzen) - p((x - Vzen)) -1

< u((x - 7'28,,)) - p((x - rZEn)) + % —ra,
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for all x € By, (xo). Thus, we find

Cco& Coé ra
R G = 3.11
2 > st (3.11)

s u(x) - px),

for all x € By, (Xp), where Xo = xo — rae,. Let w: ‘D — R be defined by

w(x) =c (lx —Xo|7V - (g)—y) i (3.12)

where D := B%(YO) \Er3 (o). We choose ¢ = c(n, p, y) > 0 such that

0, 0B 4 (Xy),
w = on  9B4(Xo) (3.13)
I, on 0B,;(Xo).
Now define coe
v(@) = p(x) + - (w(x) —1). x € By (o). (3.14)
and fort > 0,
vi(x) =v(x)+1t, xe€ E% (x0)- (3.15)
By choice of ¢ we have w < 1in D. Then, extending w to 1 in B;,(Xo) we find
vo(x) = v(x) < p(x) <u(x), xe E% (*0). (3.16)

Consider
to = sup{t >0:v, <u in B%(YO)}.

coe

Assume, for the moment, that we have already verified 7y > 5 From definition of v we have

cot
u(x) =v(x)+1t = plx) + %w(x), Vx € B%(fo).
Notice that B 1 O CB 3 (xp) and

e[ =()77]. in B3(Xo)\ By (Fo).

>
wix) = 1, on B, (xp).

Hence, we conclude (& small) that

u(x) — p(x) = cre, in By/»(0),
coe
— 2 ’
. Then there would exist yo € B 2 (Xo) such that

and the result is proved. Let us now prove that indeed ty =

contradiction that 7o < 3%

For that, we suppose for the sake of

ve(yo) = u(yo).
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In the sequel, we show that yo € B,;(Xo). From definition of v; and by the fact that w has zero

boundary data on dB4/5(xo) we have
vy =p— % +1to <u in 0B4/5(X0),
where we have used that u > p and tp < “3*. We compute directly,
diw = —y(x; —Xp)|x — Xo| V2

and

dijw = ylx — %o 7 H(y + 2)(xi — Th)(x; — TY)x —Fo| 72— 85 ).

Moreover, since |Vw| < C(n, p,y) in D we find

<|Vy | <2 in D,

N =

if & > 0 is small. Thus, if y = y(n, p) > 1is large, from (3.17) and (3.18) we have

Apv; = diV(|Vv,|p_2(co£Vw)) + div(|Vv, [P 2e,)

n n
= coe Y |V, |P20,w + cge® Y (p — )|V [P~ (05w) (0 w)d;;w

i=1 ij=1

n n
+ c2e*(p —2)| Vo, P74 Z i wowy dinw + cie*(p — 2)| Vo, |P~* Z i woipw

i=1
+ C08|Vvt|p_4(p - 2)8nnw
(xn _fo)2

= ylx = %ol " Peoe| Vo, [Py 42+ (y + ) X —
|x —Xo|?|Vv

+ cge?(p = 2)[Vui|"Hege 3 @) @w)dw + Y (1 + dwa)djwdiw|

ij=1 i=1

= (c; — Cre)e

>¢&2 in D.
On the other hand, we have

Vgl = |0,v] = |1 + (co/2)edpw|, in D.
By radial symmetry of w, we have
dpw(x) = |Vw(x)[{vx,en), x € D,
where v, is the unit vector in the direction of x — X¢. From (3.17) we have
IVw| = cylx — %o " |x — %

=cy|x —70|_(y+1)

>c¢6>0, in D.

i=1

(3.17)

(3.18)

t|2(p—2)—(p—2)—n}

(3.19)

(3.20)
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Also we have (vy, e;) = ¢ in {vs, < 0} N D (for & small enough). In fact, if ¢ is small enough

fw<0}nDc{p<?

We therefore conclude that

(Vx,en)

5

\V

4
5

> C7,

Co€

[xXo — x|

xns%—a}c{xn<l/20}.

=1

1 _
(X0 —x,en)

_(YO _x,en)

1 1 1
Z(E —TI2—Xn

in {v;,, <0} N D.

From (3.19) and (3.20) we obtain

|Vvt0|2 |3nvt0|2
1 4 2¢e + ée?|Vu|?
1 + 2c9e + 108>

1+ &2

\V

=
=

Hence, we find
[Vug|? 21462 > Q in D NF(vy)

in {vs, < 0} N D. In particular, we have
[V |? > O in D N F(vy).

Thus, vy, is a strict subsolution in D and by Lemma 2.4 (u is a viscosity solution of problem (1.1)
in B1(0)) we conclude that yg € B,;(xo). This is a contradiction. In fact, we would get

u(yo) = vs5(yo) = v(yo) + 1o < p(yo) + to < p(yo) + coe.

which drives us to a contradiction to (3.11). The Lemma 3.1 is concluded.

Case 2: |Vu(xg)| = %. Since u is C** and Lipschitz continuous in B & (x0), there exist constants
ro =ro(n, p) >0and C = C(n, p) > 1 such that

1
3 < |Vu| £ C  in By, (xo). (3.21)
Thus, u satisfies the uniformily elliptic equation
n
> aij(x)div = f in Bayy(xo). (3.22)

ij=1

where
0;ud;u
|Vul?

ay = |Vul?~2 {&j (-2
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Then, by classical Harnack Inequality we obtain

u(x) — p(x) = co(u(xo) = p(x0)) = C |l flloo

for all x € By, (xo), if € > 0 is sufficiently small. Now, we consider the barrie

c [|x — X0V — (%)ﬂl] , in Ba(xo) \ By, (x0),

w(x) = 5

17 on Br() (x())s

and the Lemma 3.1 follows as in Case 1. U
Now we establish the main tool in the proof of Theorem I.1.

Theorem 3.2 Let u be a viscosity solution to (1.1) in §2 under assumptions (3.1)—(3.2). There exists
a universal constant & > 0 such that, if u satisfies at some xo € 27 (u) U F(u),

(xn + a0)" < u(x) < (xp +do)* in B,(x) C £, (3.23)
with |ag| < % and
do—ap<er, ¢<¢ (3.24)
then
(n +a1)" < u(x) < (o +d)T in By (xo) (3.25)
with
aop < aq < dl < do, dl —dq < (1 —c)sr, (326)

and 0 < ¢ < 1 universal.

Proof. With no loss of generality, we can assume xo = 0 and r = 1. We put p (x) = x, + a¢ and
by (3.23)

pPr(x)Su@) <(px)+e)" (do<ao+e). (3.27)

Then, since

)= (o) +5) " o )< (o) +5)

we can apply Lemma 3.1 to obtain the result. O

From Harnack inequality, Theorem 3.2, precisely as in [6], we obtain the following key estimate
for flatness improvement.

Corollary 3.3 Let u be aviscosity solution to (1.1) in §2 under assumptions (3.1)—(3.2). If u satisfies
(3.23) then in By(xo) the function iy := *=* has a Holder modulus of continuity at Xo outside of
ball of radius ¢/, i.e., for all x € (27 (u) U F(u)) N By(xo) with |x — xo| = /&

|t (x) — 1 (x0)| < Clx — xol”.
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4. Improvement of flatness

In this section we prove the improvement of flatness lemma, from which the proof of main
Theorem 1.1 will follow via an interactive argument. Next, we present the basic induction step
towards C ' regularity at 0.

Theorem 4.1 (Improvement of flatness) Let u € C(§2) be a viscosity solution to

Apu=fo in Q)

VulP =0, on 3. @1
with (0 <e < 1)
max {|| f Loy, 1Q = Loy} < €”. 4.2)
Suppose that u satisfies
(n =" <ux) < (ww+eF forxeB (4.3)

with 0 € F(u). If 0 < r < rg for ro a universal constant and 0 < € < €q for some €y depending on

r, then

((x, V) — r§>+ Su(x) < ((x V) + r§)+ X € By, 4.4

with |v| = 1, and |v — e,| < Ce? for a universal constant C > 0.
Proof. We divide the proof of this Lemma into three steps. We use the following notation:

2o(u) = (B1+(u) u S(u)) N B,.

Step 1 — Compactness Lemma: Fixr < ro with r¢ universal (the precise r¢ will be given in Step 3).
Assume by contradiction that we can find a sequence €, — 0 and a sequence {uy }r>1 C C(£2) be
a sequence of viscosity solution to

Apup = fx in Q7 (ug) 4.5)
[Vug|? = Qr(x) on F(uk)
with
max {|| fillzoe. [|Qk — Lo} < €f. (4.6)
as k — oo, such that
(xn —€x)T Sup(x) < (xn + ex)t forxe By, 0€ Fug) 4.7

but it does not satisfy the conclusion (4.4) of the Lemma. Let vy : £21(4x) — R defined by

v (x) = —uk(x) — xn'
€k
Then (4.7) gives,
—1 <wvp(x) <1 forx € 27 (ug). 4.8)

From Corollary 3.3, it follows that the function vy satisfies

ok (x) —ve (V)| < Clx = y|, 4.9)
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for C universal and
|x —y| = ex/€, x.y € 21/2(ug).

From (4.7) it clearly follows that F(uz) — Bi N {x, = 0} in the Hausdorff distance. This fact
and (4.9) together with Arzela—Ascoli give that as €; — 0 the graphs of the vi over £2;/(ux)
converge(up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous
function u o, over By, N {x, = 0}.

Step 2 — Limiting Solution: 'We claim that u, is a solution of the problem

Lptlog =0 in B

2 (4.10)
Ontico =0 on 1y/2

in viscosity sense. In fact, given a quadratic polynomial P(x) touching u, at xo € B 1 )N
{xn = 0} strictly by below we need to prove that

(1) Ifxp € B%(O) N{x, >0} then £,P <0;
(i) Ifxo € B% 0) N {x, =0} then 9d,P(xg) <O.

As in [6], there exist points x; € .Q% (1), x; = xo, and constants ¢, — 0 such that

uj(x;) = P(x))
and
uj(x) = P(x) in a neighborhood of x;

where
P(x) = gj(P(x) 4+ ¢j) + xp.

We have two possibilities:

(a) If xg € B ! N {x, > 0} then, since P touches u; by below at x;, we estimate

e = fi(x;)

ApP

WV

=& Y (p—=2IVP|P*9; P)(0k P3P +&; »_|[VPP720;; P.
ik=1 i=1

Using that VP = €jVP + e, and taking ¢; —> 0 we obtain
£,P <0.
(b) If xg € B% N {x, = 0} we can assume, see [6], that

L£,P >0 “.11)
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Notice that for j sufficiently large we have x; € §(u;). In fact, suppose by contradiction that there
exists a subsequence x;, € BlJr (u;,) such that x;, — xo. Then arguing as in (i) we obtain

£pP < CSj,

which contradicts (4.11) as j, — oo. Therefore, there exists jo € N such that x; € §(u;) for
J = Jjo. Moreover, _
[VP|=1—-¢;|VP| >0,

for j sufficiently large (we can assume that j > jg). Since that P touches u ; by below we have
VPP < Qj(xj) < (1+¢7).

Then, we obtain 3
VP> < (14¢)).

Moreover, _ )
VPP = &}|VP(x;)|” + 1+ 260, P(x;).

where we have used |V P|? < C. In conclusion, we obtain
VP + 1+ 260, P(xj) < 1 + 2. (4.12)

Hence, dividing (4.12) by ¢; and taking j — oo we obtain d, P (xo) < 0.
The choice of ry and the conclusion of the Theorem 1.1 follows from the regularity of #:

Step 3 — Improvement of flatness: From the previous step, U solve (4.10) and from (4.8),
—1 <ue <1 in By Ni{x, =0}
From Lemma 2.8 and the bound above we obtain that, for the given r,
100 (X) — U0 (0) — (Viteo(0), x)| < Cor® in B, N {x, =0},
for a universal constant Cy. In particular, since 0 € F(u) and a"%;fo) = 0, we estimate
(%,9) = C17% S ugo(x) < (X,0) + Cor? in B, N{x, = 0},

where ¥; = (Vito(0),¢;),i = 1,...,n— 1, |p| < C and C is a universal constant. Therefore, for
k large enough we get,

(Z,9) = C1r? S vp(x) < (X, D) + C1r?  in 2, (uy).
From the definition of vy the inequality above reads
XD+ x, — € Cr1r? Sup < e (X.9) + x + € C1r%  in 2, (uy). (4.13)

Define 1
vi= ———— (&, 1).

J1+er
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€2
Lsyl+gsi+

€2 €2
(x,v) — ?kr —Cir?ex <up < (x,v) + Ekr + Cir?er  in £2,(ug).

Since, for k large,

we conclude from (4.13) that

we find

In particular, if r¢ is such that Cyrg < % and also k is large enough so that € < %

{x,v) — %kr Sup < (x,v) + %kr in 2, (ug),

which together with (4.7) implies that
+ +
((X, V) — %kr> Sug < ((x, v) + 6Tkr) in B,.

Thus the uj satisfy the conclusion of the Lemma, and we reached a contradiction. O

5. Regularity of the free boundary

In this section we will prove the Theorem 1.1 and via a blow-up from Theorem 1.1 we will present
the proof of Theorem 1.2. The proof of Theorem 1.1 is based on flatness improvement coming from
Harnack type estimates and it follows closely the work of [6]. Hereafter, we will assume

10(x) — Q)| < t(lx—yl) for x,y € By, (5.1)
where the modulus of continuity 7 satisfies
t(t) < CtP, (5.2)
for some 0 < 8 < 1 and C > 0.

Proof of Theorem 1.1. The idea of proof is to iterate the Theorem 4.1 in the appropriate geometric
scaling. Let u be a viscosity solution to the free boundary problem

Ayu = 7, in B (u),
TR, G

where Bt (u) = {x € B{" : u(x) > 0} and +(u) := dB;F () N By. Let us fix 7 > 0 to be a
universal constant such that

< min{(%)P,ro}, (5.4)

with 7y the universal constant in Theorem 4.1. For the chose 7, let €y := €¢(7) give by Theorem 4.1.
Now, let
€= eg and € = ¢, ;= 2_keo. 5.5

Our choice of € guarantees that

(Xn —€0)T <u(x) < (x, +€)* in By. (5.6)
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Thus by Theorem 4.1
((x, vy) — f%O)JF <u(x) < ((x,vl) + f%o)+ in By,
with |v1| = 1 and |v; — vo| < Cep? (where vg = ey).

Smallness regime: Consider the sequence of rescalings uy : B; — R

with A = Fk, k=0,1,2,..., forafixed r as in (5.4). Then each uy satisfies in the following free
boundary problem

Apuk = fk, in B;F(uk),

Vugl? = Qi on ). G
Je(x) == Ax f(Akx) and  Qp(x) := Q(Akx).
We claim that for the choices made in (5.5) the assumption (4.2) are holds. Indeed, in By
/i@l < [1f lLoodic < &% < ef277" = (€27)? = €?,
|0k(x) = 1] = [0(hex) = Qk (O)] < T(DA] <& < (027)” = €
Therefore, we can iterate the argument above and obtain that
((eovi) =) <ur@) < ((eove) +e)” in Br, (5.8)
with [vg| = 1, |[vk — vg41| < Cex (Vg = ep,), where C is a universal constant. Thus, we have
((x, Vi) — z—krk)+ Su(x) < ((x, Vi) + ;Z rk)+ in B (5.9)
with
Vi1 — vi| < C— (5.10)
Inequality (5.9) implies that
du>0}N By C {|(x,vk)| < g_sz} (5.11)

This implies that B34 N §(u) is a C 1 graph. In fact, by (5.10) we have that {vj }x> is a Cauchy
sequence, therefore the limit
v(0) := lim vg
k—o00

exists. Yet from (5.10) we conclude

]vk —v(O)’ < C—
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From (5.11) we have
6() —k

|[(x,ve)| < 2 (5.12)
Fix x € B34 N d{u > 0} and choose k such that

7k+1 < |x| S?k
Then

|G, v(O)] < [(x, v(0) — vi)| + | (., )|

< [v(0) — vie|Ix| + ;—271‘

< C;—lel + ;—27"

< CE—Z(M +75)

—k+1

€0 r
s Cz_k<|x| T3 )

€0 1
$C2—k<l+%>|x|

From the convenient choice of k, we have |x| = 7**!. Hence, if we define 0 < y < 1 such that

In(2)

i.e., define y := et Thus, we have

k
[, v(0)| < c(%) (1+7Y)x|

-C (%)Hl(l I

< C(1 47 Heolx|'” < Ceglx|' 7.
Finally, we obtain
dfu >0} N Bx C {(x, 1(0)) < ceofk(1+y)} ,

which implies that d{u > 0} is a differentiable surface at 0 with normal v(0). Applying this
argument at all points in 9{u > 0} N B34 we see that d{u > 0} N B34 is in facta C '+ surface. [

The next lemma is a standard result, that is, Lipschitz continuity and non-degeneracy of a

solution u to
Apu=f in 2400,
{ Vul? = 0. on Fw). G19
Lemma 5.1 Let u € C(82) be a viscosity solution to (5.13). Given € € (0,1), we can find a
universal constant € such that if € € (0, €], §(u) N By # &, F(u) is a Lipschitz graph in B, and

max {|| fllzee(2). 1Q — lllzoo(2)} < €. (5.14)



FREE BOUNDARY REGULARITY FOR A DEGENERATE PROBLEM 593

then u is Lipschitz and non-degenerate in Bf' (u) i.e. there exists universal conconstants cy, cq > 0
codist(z,§(u)) < u(z) < crdist(z,§(w)) forall z € Bl+(u).
Lemma 5.2 (Compactness) Let uy be a sequence of (Lipschitz) viscosity solutions to

Aup = fr in 2T (ug),
[Vugl? = Qr on F(ug)

where fi and Qy satisfies the assumption (5.14). Assume that

(1) Ur = Us uniformly on compacts;
(i) o{ur > 0} = {ueo > 0} locally in the Hausdorff distance;
(iii) || fellzoe + 1@k — llzee = 0(1), as k — oo.

Then u be a viscosity solution of

A = 0, in 27 (Uso),
|Vu00| = 13 on s(uoo)»

in the viscosity sense.
Proof. The proof follows the same scheme of the model Lemma 4.1 (see also [6, Lemma 7.3]). [

Although not strictly necessary, we use the following Liouville type result for global viscosity
solutions to a one-phase homogeneous free boundary problem, that could be of independent interest.
The result is more general, but we will only show the result for one-phase problems.

Lemma 5.3 Let v : R” — R be a non-negative viscosity solution to

Apv = 0, in {v>0},
(Vo,v) = 1, on F():= v >0}.
Assume that F(v) = {x, = g(x), x’ € R""Y with Lip(g) < M. Then g is linear and
v(x) = x,f.

Proof. Let’s follow the ideas of [6]. Initially, assume for simplicity, 0 € §(v). Also, balls (of radius
o center at 0) in R"~! are denote by B;,. By the regularity theory in [2, 11] and [12] since v is a

solution in By, the free boundary F(v) is C ¥ in By with a bound depending only on 1 and on M .
Thus,
|g(x') — g(0) = Vg(0)-x'| < C|x'|'"*" for x € B,

with C depending only on n, M. Moreover, since v us a global solution, the rescaling
() = 280, ¥ € B
which preserves the same Lipschitz constant as g, satisfies the same inequality as above, i.e.
|gk(x’) — g2(0) = Vg;(0) - x'| <CIxX|'"*” for x € B;.
Thus,
2(3) — g(0) = Vg(0) - y'| < C%Iy’l“y, y' € Bg.

Passing to the limit as R — oo we obtain the desired claim. U
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In this section we finally prove of our second main theorem.

Proof of Theorem 1.2. Let € > 0 be the universal constant in Theorem 1.1 and u. Without loss of
generality, assume Q(0) = 1. Consider the re-scaled function

u(Srx)
Ui := ug (x) = 5
k
with 8§ — 0 as k — oo. Each uy solves
Apug = fi in B (u),
|Vug|? = Qr on Fl(ug),

with

Je(x) =8 f(6kx) and  Qr(x) := Q(8x).
Furthermore, for k large, the assumption (5.14) are satisfied for the universal constant €. In fact, in
B, we have

| /)] = 8k ] f (8| < 8kl fllLoo < €7
|0k (x) = 1] = | Qk (x) — O (0)] < T()8] <&

for k large enough. Therefore, using non-degeneracy (see Lemma 5.1) and uniform Lipschitz
continuity of the u} s (see Lemma (5.1)), standard arguments imply that (up to a subsequence)

(1) There exists Uy € C(§2) such that uy — Uy uniformly on compacts;
(1) o{ugx > 0} — d{uco > 0} locally in the Hausdorff distance;
(i) | frlloe + |Qk — Lo = 0(1), a8 k — 00

and, as in Lemma 5.2, the blow-up limit u, solves the global homogeneous one-phase free
boundary problem

Apue = 0, in {ue >0},

Voo = 1, on F(ue).

Since §(u) is a Lipschitz graph in a neighborhood of 0 we also have from have (i)—(iii) that F(#)
is Lipschitz continuous. Thus, follows the Lemma 5.3 that u, is a so-called one-phase solution,

i.e., (up to rotations)

+

Uoo = X, .

Thus, for k large enough we have
uk —UoollLe <€

and the facts thar uy is €-flat say in By, i.e,
(xn _E)+ < ug(x) < (xn +E)+a X € By.
Therefore, we can apply our flatness Theorem 4.1 and conclude that F(ux) and hence (u) is C 17,

for some y € (0, 1). O
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