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This paper is concerned with the well-posedness theory of the impact of a subsonic axially symmetric
jet emerging from a semi-infinitely long nozzle, onto a rigid wall. The fluid motion is described by
the steady isentropic Euler system. We showed that there exists a critical value M., > 0, if the
given mass flux is less than M., there exists a unique smooth subsonic axially symmetric jet issuing
from the given semi-infinitely long nozzle and hitting a given uneven wall. The surface of the axially
symmetric impinging jet is a free boundary, which detaches from the edge of the nozzle smoothly.
It is showed that a unique suitable choice of the pressure difference between the chamber and the
atmosphere guarantees the continuous fit condition of the free boundary. Moreover, the asymptotic
behaviors and the decay properties of the impinging jet and the free surface in downstream were
also obtained. The main results in this paper solved the open problem on the well-posedness of the
compressible axially symmetric impinging jet, which has proposed by A. Friedman in Chapter 16
in [26]. The key ingredient of our proof is based on the variational method to the quasilinear elliptic
equation with the Bernoulli’s type free boundaries.
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1. Introduction

The problem of a compressible jet falling from a channel and impacting on a wall is a fascinating
one, with very practical applications. The canonical problem is of interest in a number of areas, such
a flow is produced by the downwards-directed jet from a vertical take-off aircraft spreading out over
the ground, or by a jet of water form a tap falling into a full sink. The monographs of Birkhoff and
Zarantonello in [10], Jacob in [31], Gurevich in [30] and Milne-Thomson in [33] gave good surveys
of these flows.
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FIG. 1. Subsonic impinging jet in two dimensions

The two-dimensional impinging jets have been considered by Helmholtz and Kirchhoff in 1968.
They constructed a solution to the steady irrotational flows of ideal incompressible weightless
fluid, bounded by the walls and free streamlines. A first systematic well-posedness result on
the incompressible impinging jet was mentioned in Page 364 and Page 416 in [25] that A.
Friedman and L. Caffarelli established the existence of the incompressible irrotational jet issuing
from a two-dimensional semi-infinite channel and impinging on an infinite plate (see also in
Chapter 16.3 in [26]), see [2—4, 13, 15] in different settings. Furthermore, A. Friedman investigated
the compressible subsonic free surface flow theory on the sharped charge jets in [26] and proposed
several open problems on the impinging jets in two dimensions. The one is

Problem (4). Do the same for the compressible case.

In the recent work [14], the authors established the existence result on the subsonic jets issuing
from a convergent nozzle and impact on a flat plate for some special atmospheric pressure (Please
see Figure 1).

As A. Friedman pointed out in [26], “... the compressible axially symmetric case is quite
open ...”. In this paper, we will focus on another open problem pointed out by A. Friedman in [26]:

Problem (5). Extend the results to the axially symmetric flows.

We will establish the existence and uniqueness of the compressible impinging jet in axially
symmetric case, and solve the open problem (5) pointed out by A. Friedman. Many numerical
simulations of the impact of a compressible flows from a cylinder on a rigid wall are referred
to [27, 29, 32, 34, 35].

The present paper treats the compressible impinging jet problem created by the impingement
of a subsonic axially symmetric jet emerging from a semi-infinitely long nozzle on a solid curved
wall (see Figure 2). The geometry considered here is a semi-infinite nozzle in the form of a circular
cylinder, in an unbounded space. The infinite uneven wall is solid and undeformable. The fluid is
assumed to be steady, inviscid and irrotational throughout, and the jet emerges from the orifice of
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FIG. 2. Subsonic axially symmetric impinging jet

the nozzle of circular cross-section bounded by a stream surface, the nozzle wall and the curved
wall.

1.1 Formulation of the physical problem

The steady isentropic compressible flow is governed by the following three-dimensional Euler
system

V-(pU) =0, (L.1)
(pU -V)U +Vp =0, '
with the irrotational condition
VxU=0. (1.2)

Here, U = (u1,u3,us) is the velocity, p = p(x1, x2, x3) is the density and p = p(p) denotes the
pressure, (x1, X2, x3) € R? is the space variable. Without loss of generality, we assume that the flow
is perfect polytropic gas satisfying the y-law

p=Ap”, (1.3)

with 4 > 0 and the adiabatic exponent y > 1. The sound speed of the flow is defined as ¢(p) =
V' P'(p) = / Ayp?~1, and the flow is subsonic if and only if |U| < c(p).
Here, we consider the axially symmetric flow in this paper, and take y = x3 to be the axis of

symmetry and
x = /x? + x3.

Let the fluid density and velocity be p(x, y) and u(x, y), v(x, y), w(x, y) in cylindrical coordinates,
where u, v, w are radial velocity, axially velocity and swirl velocity respectively. Furthermore, we
look for such an axisymmetric flow without swirl in this paper, one has

X1 X2
u(x1,x2,x3) = M(X,Y);, Uz(X1,X2,x3) = M(X,Y);, us(xy, x2,x3) = v(x,y).
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FIG. 3. Axially symmetric impinging jet

Then the governing system (1.1) and (1.2) are written in the cylindrical coordinates as

(xpu)x + (xpv)y = O,
(xpu2)x + (xpuv)y + xps = 0, (14)
(xpuv)x + (xpv)y + xpy = 0,

with the irrotational condition
Uy — vy = 0. (1.5)

In order to clarify the physical problem, we start with the notation and the assumptions on the
geometry of the nozzle and the impermeable wall as follows. As shown in Figure 3, we denote the
semi-infinite nozzle as

N:y=g(x)eC>((ab]), ghb)=1 and lim g(x) = 400, (1.6)

with A = (b, 1) being the endpoint of the nozzle, and g(x) is decreasing in (a, a + &¢) for any small
g0 > 0. Denote the uneven wall as Ny : y = go(x) for x = 0 satisfying

go(x) € C*¥([0,400)), go(0) =0, g(x) > go(x) foranyx € (a,b], (1.7)
and there exista 6 € [0, %), and a Ry > b, such that
go(x) > tanf asx — +oo,and gg(x) =0 forany x > Ry. (1.8)

The boundary conditions require that the nozzle wall N and the uneven wall Ny are assumed to be
impermeable, thus
(u,v)-1=0 onN U Ny, (1.9)
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where 7i is the unit outward normal to N U Ny. We denote the incoming mass flux as My in the
axially symmetric nozzle, namely

X0
- / 27xp(x. yo)v(x. yo)dx = Mo > 0, (1.10)
0

for any yo € (1, +00), where xo = inf{x | g(x) = yo}.
The well-known Bernoulli’s law gives that

Ay
——p

N ¥=1 = B in the fluid field, (1.11)
y —

72
2 +

where ¢ = ~/u? + v? is the flow speed and B is the Bernoulli’s constant.
The free surface I is defined as an interface between the fluid issuing from the nozzle wall
N and the fluid outside. And then the fluid still satisfies the slip boundary condition on the free
surface I". Moreover, the pressure on I balances to the atmospheric pressure p,,, and thus we

assume that

P = Pam onI. (1.12)

Hence, we can formulate the compressible subsonic impinging jet problem into the following free
boundary problem (FBP).

DEFINITION 1.1 (The free boundary problem (FBP)) Given a semi-infinitely long nozzle wall N,
an uneven wall Ny, for some appropriate incoming mass flux My > 0, whether there exists a unique
axially symmetric subsonic impinging jet flow, such that the free surface I" detaches smoothly from
the endpoint of the nozzle wall N, and goes to infinity in x-direction, and the pressure balances to
the atmospheric pressure p,, on the free surface?

Next, we give the definition of the subsonic solution to the FBP.

DEFINITION 1.2 (A subsonic solution to the FBP) A vector (1, v, p, I') is called a subsonic solution
to the FBP, provided that

(1) the free surface I' is given by a C !-smooth function y = k(x) for x € (b, +00) with
kb+0)=gb—-0)=1, k'(b+0)=g(b-0), (1.13)
and
k'(x) = tan0, k(x)— go(x) — 0asx — +oo.

(2) (u,v,p) € CH¥(24) N C(£y) solves the compressible Euler system (1.4) in £2¢, where £ is
the flow field bounded by N, Ny, I and I';

2 2
(3) SUP( ey —"z(:)” <land p = pymon .

REMARK The conditions (1.13) are so-called continuous fit condition and smooth fit condition to
the impinging jet, which imply that the free surface I initiates smoothly from the endpoint A of the
nozzle wall N.

1.2 Main results

Before we state the main results in this paper, we would like to emphasize that the atmospheric
pressure p.., is an arbitrary constant here. Once it is fixed, we found that there exists an interval
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(p1, p2) for the constant pressure p;, in the inlet, and then our results reveal that we can impose
a unique p;, € (p1, p2) to guarantee the unique existence of the axially symmetric impinging jet.
And the critical values p1, p, depend on the atmospheric pressure p,, and the mass flux My, which
can be determined uniquely by the following formulas,

Mg Ay (M)%‘l Ay (pmm>y7_‘
+ = = Lam

27t2a4(%)% y—1\A y—1\V A

and

Mg Ay (Q)VT”ZAV(V+1) (M)VT"
27w2a4 (%)% y—1\A 200 =1 VA ‘

Obviously, p» > p; and the interval (py, p2) is well-defined.
The main results in this paper are stated as follows.

Theorem 1.3 Assume that the semi-infinitely long nozzle wall N and the uneven wall Ny satisfy the
conditions (1.6)—(1.8), for any given atmospheric pressure pum,, > 0, then there exists a critical mass
Sflux M, such that for any My € (0, M.,), there exist a unique incoming pressure pin € (p1, p2)
and a unique subsonic solution (u, v, p, I'') to the FBP. Moreover,

(1) the subsonic impinging jet flow satisfies the asymptotic behavior in upstream as follows,

(us v, p)(xs Y) - (09 Vin, Pin) Clnd v(us v, IO) - O,

Moy

5 and
ma2pip

uniformly in1 any compact subset of (0,a) as y — +oo, where vijy = —
Pin = (MT")?

Similarly, the subsonic impinging jet flow satisfies the asymptotic behavior in downstream as
follows,

(u,v,p)(x,y) = (gocosb,qggsinb, po), (x,y) € 2,

1 = -
as x> + y> — +o0, where pg = (242)” and qo = \/vizn + f,%’l’(,ol}/n L or ),

(2) the free boundary I' converges to Ny in the far field, and
M,
x(k(x) — go(x)) — — 0 asx— +oo. (1.14)
200qo7 cos 6
Furthermore, the free boundary I' is analytic;
(3) the radial velocityu > 0in 29\ I;
(4) M., is the upper critical value of mass flux for the existence of subsonic jet flow in the following
sense: either
sup(u2 + 02— cz(p)) -0 as My - M_,

cr?
20

or there is no o > 0, such that for any My € (M., M., + o), there exists a subsonic solution
to the compressible jet flow problem and

sup (sup(u2 + 02— cz(p))) < 0.
Moe(Mcr,Mcr+0o) (_20
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REMARK In view of the statement (4) in Theorem 1.3, we have that either

sup(u® +v> —c?(p)) > 0 as Mo — M_,,
20

or for any My > M., there exists an incoming mass flux M, € [M.,, My], such that there are no
an incoming pressure p;, € (p1, p2) and a subsonic solution to the compressible jet flow problem
satisfying

sup(u2 + 02— cz(p)) < 0.

20
REMARK Our result indicates that the chamber pressure p;, in the inlet is determined uniquely by
the continuous fit condition, provided that the atmospheric pressure p,, is imposed. On another
hand, the result implies that there exists a unique pressure difference between the chamber and
the outside, such that there exists a unique axially symmetric impinging jet with continuous fit
condition.

REMARK The result (1.14) in fact gives the convergence rate of the distance between the free
surface I' and the curved wall Ny in the downstream, which is quite different from the two-
dimensional case.

REMARK Here, we restrict the magnitude of the incoming mass flux My to guarantee the global
subsonicity of the impinging jet, this idea is motivated by the recent works [16, 17, 21-23, 36-38]
on the global subsonic flow in an infinitely long nozzle. This is also quite different from the recent
results on two-dimensional subsonic impinging jets in [14].

Based on the significant work [7] by Alt, Caffarelli and Friedman, we can obtain the higher
regularity of the free boundary near the end point A.

Theorem 1.4 If N is C>% near A, then the solution (u, v, p, I') established in Theorem 1.3 satisfies
that either

(1) NUT isC?ar Aor,

(2) the optimal regularity of N U I' at A is only CY% and the curvature of I' goes to o0 as
x —bT.

REMARK The results of Theorem 1.4 imply that either
the curvature along I" tends to the curvature of N at A,
or
the curvature of I" tends to 0o in absolute value as one approaches A along I".

The second case is so-called abrupt separation. The proof of Theorem 1.4 follows from Theorem 1.1
in [7] directly.

To investigate the well-posedness of the compressible subsonic impinging jet in axially
symmetric case, from the mathematical point of view, there are at least three difficulties and key
points here. The one is how to discover a mechanism to guarantee the smoothness and the global
subsonicity of the impinging jet in the whole fluid field. In the first well-posedness result [6] on
compressible subsonic jet, the authors suggested to constrain the atmospheric pressure with subsonic
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condition and the convex geometry condition of the nozzle wall. With the aid of geometry property,
they can conclude that the compressible jet achieves its maximal speed on the free boundary, and
then the subsonic condition on the free boundary implies the global subsonicity of the jet. A similar
idea has been adapted in the recent work on subsonic impinging jet in two dimensions in [14].
However, in the present work, our idea is quite different from the one in [6]. We do not restrict the
condition on the atmospheric pressure and the geometry condition on the nozzle wall, and we find
an upper critical value of the incoming mass flux and show the regularity and global subsonicity of
the impinging jet provided that the incoming mass flux is less than the upper critical value.

The second difficulty is how to fulfill the continuous fit condition between the nozzle wall and
the free boundary. In the pioneer work [6], the continuous fit condition was fulfilled for special
choice of the incoming mass flux. Namely, they showed that there exists a unique incoming mass
flux, such that the free boundary connects smoothly at the endpoint of the nozzle wall. Here, we
choose the pressure in the inlet as a parameter and show that there exists a unique pressure in the inlet
lying in an appropriate interval (py, p»), such that the continuous fit condition holds. As mentioned
in the second Remark, the result implies that there exists a pressure difference between the inlet and
the outlet, such that the continuous fit condition is fulfilled. This makes the result more reasonable
from the physical point of view. The third key point here is that for the 3D axially symmetric
impinging jet there is no uniform positive distance between the free surface I" and the uneven wall
Ny. Our proof firstly focuses on the decay estimates of the solution in far field. Moreover, with the
optimal decay rate in hand, we get the convergence rate of the distance between the free surface and
the ground. And then rescaling the impinging jet in downstream obtains many important facts, such
as the asymptotic behavior of the impinging jet in downstream.

The rest of the paper is organized as follows. In Section 2, we introduce a variational problem
to solve the free boundary problem, and moreover, establish some properties of the minimizer,
such as the bounded gradient lemma and the non-degeneracy lemma. The Section 3 is about the
free boundary of the minimizer, we prove the continuous dependence of the minimizer and the
free boundary with respect to the parameter A, and obtain the continuous fit condition of the free
boundary. In Section 4, we establish the existence and uniqueness of the subsonic solution to the
axially symmetric impinging flow problem, provided that the incoming mass flux is small enough.
The existence of critical mass flux is obtained in Section 5. In the final section, we give a summary
of the proof to the main results in this paper.

2. Mathematical setting on the FBP
2.1  Stream function setting

Based on the continuity equation, the stream function v can be introduced such that

1 1
u=—vy, and v=-——1y,. 2.1
Xp Xp

Without loss of generality, we can impose the boundary condition as
Y =mogonNUIandy =0 on NgU I,

where my = %. Denote §2 as the possible fluid field and £ = £2 N {x > b}. Define the free
boundary of the stream function as follows

r'=En¥y <m.
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Since the pressure is equal to the constant atmospheric pressure p,, > 0 on the free boundary I, it
follows from Bernoulli’s law (1.11) that the density p and the momentum pg are also constants on
I', denote

1

o\ ¥ 24y ,1)\?2
00 = (pj:l )V . qo= (ZB— y—_yl,o(’)' 1) and A = pogo on I 2.2)

It is easy to see that

Vv

X

_ 1y

1
2A “1\?
= :A:pq:poqozpo (28__)//)())/ 1) on I 2.3)
X aU y —

1

where v is the outer normal vector of I". Moreover, one has

2m} Ay o1 A2 LAY Ay
a*p, oy -1 22 Ty —1

or ' =B. (2.4)

By virtue of (2.4), A is uniquely determined by the density p;, in upstream, once m and pg are fixed.
Therefore, we can take A as a parameter to solve the free boundary problem firstly, and denote

22 Ay
B(A?) = 2wt y—_ylpg L 2.5)

As we know, there exist some critical quantities,

1

1 _1

1\? 2B(Az)y—l)y‘ (B(AZ) ) 71
cr — 28)‘2— s cr — — s max — \ —5 -1 ,
@, ( () +1) oa. (Ay - o, -

such that the flow is subsonic if and only if ¢ < g3 ¢ OF Pacr < P < PAmax (s€€ also in [9]
and [18]).

Lett = ‘ ‘ be the square norm of the momentum and the Bernoulli’s law (1.11) gives that
t A A2 A
_ _pr—1 _)/p(;)/ — B(/\z).
202 y—1 208 y—1

Moreover, set
IT; = Pr,cr9ir,cr
and 4
t
Htpid?) = o+
20 y—1
fort >0, pp.cr <P < Pamax and A € (0,11)).
A simple manipulation leads to that

o’ 1 —B(A?%) =0, (2.6)

oH

.12 __L 8_ 2 L
_8(12) (t,p; A7) = and (t,p; A7) = 202 2.7

205
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and
OH 1 t
(A7) =~ (Awoy‘ - _2)
dp p p
1 1
_ ! (—V T Ayt - 23(12))
p\y—1
_ 1 Y+ 1 y—1 y—1
_py—lAy('O _'O)L”)
>0, (2.8)

forany py.cr < P < Pamax and A € (0, IT;), where we used the equality (2.6). Thus, noticing (2.6),
the density p can be described as a function of ¢ with a parameter A € (0, IT;) saying p(t; A?),
provided that pj . < p < 3 max- Furthermore, it follows from (2.7) and (2.8) that

dp:2?) _ MG 1 29
ot BH(ta,g;/lz) 202 BH(ta,g;/lz) ’ '
and
o) T ! >0 (2.10)
9(A2) 3H(t55;/12) 202 BH(ta,S;AZ) ' '

for any ppcr < P < PAmax and A € (0, ITy). In view of (2.9), it is easy to check that for any
A € (0, 1),
Picr <P < Pamax ifandonlyif ¢ € (0,177). (2.11)

Thus we can conclude that p(¢; A?) is a decreasing smooth function with respect to ¢ € [0, Hf) for
A € (0, IT). Moreover, the density p for subsonic flow has the following uniform estimates

(m) PO < Prer <P S PrAmax S (T) Po- (2.12)

1
. . . 2 1 vl
After a direct computation, there exists a Ao, = (A)/pg H) = (Ay)2 (Z4) 2, such that

A<II) forany A <Aq, and Aq =11,,.
In this paper, we assume that the parameter A < A.,. In the following, denote

dp(t; A?) dp(t; A?)
1A% = "—"2 and LAY = 2
p1( ) 9 and  pa( ) 9A2)
the derivatives of the function p(¢; A?) for any ¢ € (0, Hf) and A € (0, I1y).
Furthermore, the irrotational condition (1.5) deduces to the governing equation for the stream
function in the flow field that

0¥ =V- (VV—‘”) =0 in £, (2.13)
xp(| 512 A2)

where V = (0x, d,) and £29 = 2 N {yY < my} is the fluid field.
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It is not difficult to see that the equation in (2.13) becomes degenerate as |Vx—‘/’| — [T, in order to
guarantee the uniform ellipticity, at first we consider the following modified problem. The essence
of this idea has already been illustrated in the compressible subsonic problem, seeing [6, 8, 9, 11,
19-23, 36-38].

Let 5(¢; A?) be a smooth decreasing function satisfying

o(t; A?), for t < (ITy, — 28)?,

S 12) —
PUEAD =0 plm —82:20). for 1 > (1T, — &) @19
for any small £ > 0, and
pr(: A% _ Gk
- < for Cz > 0. 2.15
P2(t:A2) T 14t orte (2.15)
Here, py(t; A?) denotes the derivative function of 5(; A?) with respect to ¢.
Hence, we first consider the following modified free boundary problem
O =V-(—oL—)=0 n2n{y<m
xp( 5 %:42) ’
(2.16)

1
x
=0 on NgUI, ¢

In the end of this section, we will verify that Wx—‘/" < Il —2&in .(_20, thus the subsonic cut-off can
be taken away and ,5(|Vx—w}2; A%) = p(|vx—’”}2; A%).

2.2 Variational approach

To solve the free boundary value problem (2.16) with any parameter A < [T, we will introduce
the variational method, which has been adapted to solve the compressible jet problem in [6]. Next,
we give the corresponding variational problem as follows. Firstly, define an admissible set (see
Figure 3) as

K = {W e H

lloc(Rz) | ¥ <mgae.inR?, ¥ = my lies above N,

¥ = 0 lies below Ny and lies left / }

Denote
| OF (t; ) 02F(t; 1)
F@:A) = ——dt, Fi(t;A) = d Fi1(t; ) = ————=,
) = [ ——sdr R = S and i) = S5
which together with (2.15) yield that
1 Cz
F(;1) =0, FQ3 ) =—, 0< Fli(t:A) < ——. (2.17)
Po 1+1¢

Set

A=A = V2F (2022 — F(A%: ).
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In view of (2.12), it is easy to check that

1
% ) 1 A2 2 \¥ T
22 T b0 A2 fO o(z; AZ)dt = »0_ (2 B (1’_1) ) ’ 2.18)

and .
A2(02) _ 2 1 A2 y+1\ 7T
A2 T 2o p(rAZ)dt/_0(2_<T> )>O’ (2-19)

for any A € [0, IT)). Furthermore, it follows from (2.10) that

-1 A s 2.20
02 o 2@ 5 (220)

for any A € [0, IT; — 2&), which implies that A(A?) is uniquely determined by A € (0, IT; — 28).
Set

dA(A?) 1 /Az 02(7: 12) 1
0

F2) = F(In*:2)  with 7= (n1,m) € R?, (2:21)

it follows from (2.17) that f(n; A) is convex with respect to 1, and there exists a constant o
depending on A, and &, such that

92 A
PP < Y aﬂg Loty <oVEP forany € = (1,6 € B,

ij=1

and
P> < fr(mA)-n and Bn> < f(p2) <97 pl

Define a function with any parameter A € (0, IT) as follows,

GVY, ¥, x; 1) = xF ( vy

2
;l) + (xA% =20 OZ VY - €) Xy<moinE,  (222)

where yp is the indicator function of the set D and e = (—sin 8, cos 6). By virtue of the convexity
of F(t; A) with respect to 7, one has
2
- A2)) X{y<moINE

2

vy

GVY, ¢, x; ) = x (F ( ) F(A% 1) — F1 (A% ) (‘7

FxF 0250 | L el piyamapne
> xFi (A% Q) Vx—l/’ — e : X <mo}nE » (2.23)
and
G(Vy, ¥, x;2) < Cx ‘— —Ae‘ Yw<moyn + xFi ( V¥ A) Twemong.  (224)
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No

FIG. 4. Truncated domain

Hence, we define a functional
W) = /Q G(VY, ¥, x; M)dxdy.

It follows from (2.23) that the functional J) (1) is non-negative for any ¥ € K. Obviously, J, (¢)
is unbounded for any ¥ € K. Thus we will truncate the domain as £2,, for any p > 1 (see Figure 4),
which is bounded by N,,, I,,, No. L, and T = {(b, y) | y > 1}, where

Ny=Nn{x=zxu), Ip=1N{y<p}, and L,={(xy)[0<x<x4,y=u}

with x,, = min{x | g(x) = u}. Define the following functional in the truncated domain §2,,,
Inuh) = [ GOy,
“w

To overcome the singularity of the functional Jj , near y-axis, we first consider the following
variational problem.

The truncated variational problem (P f M)
For any A < [T, — 3¢, # > 1 and small § > 0, find a ‘/fﬁ u € K/‘i such that
I3 ,0 = min J2 (),
VNTAS /1) veKs A
where

) = /9 G(VY. ¥, x + 8: M)dxdy

"
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and

= %w eK |y = min{’%o((x +6)2 —82),m0} on LM§.

n
Lemma 2.1 The variational problem (Pf u) has a minimizer 1//5{ " and Wﬁ . € CoL(82,).

Furthermore, the minimizer wg u satisfies that

/ fn ( Vi L A) -VEdxdy =0 forany& € CO(2,) and & =0

+68’
and
VW;E 14 [es) §
Ia “SiA | - Vidxdy =0 forany § € Co (2, N {y3 , < mo}), (2.25)
2, x+46 ’
where f(n; A) is defined in (2.21). Furthermore,
0< vy (e < min{m—zo((x 16?2 — 82),m0} in 2. (2.26)
’ X
n

Proof. Define

Yolx,y) = min{/\ max{(x + 5)((y — go(RO)) cos — (x + 6 — Rp) sin 0),0},m0§,

it follows from (1.8) that Y9 = 0 on Ny N {x = Ry}. Then we can extend ¥ into the domain
82, \ {x < Ro} so that it belongs to the admissible set K’g and {0 < mo} N (2, \ {x < Ro}) is
bounded Hence, it suffices to verify that

/ G(Vro, Yo, x + §;A)dxdy < +o0.
2,,N{x>Rp}
In fact, it follows from (2.24) that

/ (Yo, Yo, x + 8 M)dxdy
2,N{x>Rp}

2
dydx

/+OO /g() (Ro)+(x+38—Rp) tan 6+ )L(x-:-nts(g cos 6
I

0(Ro)+(x+8—Rp) tan 6

2

20(R0)+(x—Ro) tan + 570 A2<(y — gO(RO)) cosf — (x — Rg) sin 9)

/ / dydx
0+8 g0(Rp)+(x—Rg) tan 6 X

(Ro +68)3

The existence of the minimizer to the variational problem (P8 ) can be obtained via the similar
arguments in Lemma 1.1 in [4] and Theorem 1.1 in [5], and denote Yl =y? A s the minimizer to
the variational problem (Pf M) for simplicity.
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For any nonnegative function § € C§°(£2,) and ¢ > 0, it is easy to check that min{y% +
e, mo} € K, and {min{y® + &, mo} < mo} C {¥® < mo}. Thus, we have

0<J}, (min{ws n sg,mo}) A

; 8 8
:/ (x+5)F(|Vm1n{W +8§7m0}|2;k)—(x+8)F(M'k) dxdy
2

(x +6)2 (x +8)%
VP +e)” VY
< /_(zuﬁ{l//5+8fﬂm0}(x + 8)F ((X-'-—(S)z’ A) - (X + 8)F ((X—F—(S)Z’A) dxdy

A\t 2 Vs .
< 28/ F; IV + 8§)| iA y VEa’xdy + o(¢),
2uN{Y8+es<mo} (x +6) x+6

which implies that

vyl 2 vyl . v
0§/ F IV (y +82§)| 2 4 dedy.
RuN{yS+eE<mo} (x +6) x+86

Taking ¢ — 0 in above inequality, we have

Vi 12 | vyl ve
o< | F A dxdy.
/_QM 1<(x+5)2 x+8 Y

Similarly, we can verify that (2.25) holds.
Next, we will show that

Yi(x.y) =0 in 2. (2.27)

Denote ¥ = ¥4 — emin{y?, 0} for & € (0, 1). It is easy to check that ¥ € Kl‘i,
y3 >0 ifandonlyif ¢® >0 and ¢ =y’ in 2,
Since ¥ is the minimizer to the truncated variational problem (Pf’ u)’ one has

o< W -7, wh. (2.28)

For any sufficiently large R > 0, denote £2, g = 2, N{y < R}and Er = 2, r N {x > b}, we
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have

/ G(VyS, yl x + 8 1)dxdy —/ G(Vy® w8, x + 8: V)dxdy
2, R

2,0 R
= / (x+08)F
2,.R

2
Al - +0F

—2AF1 (A% 1) VYL eyt amor = VI - X iys <moydxdy

QM,ROE

Vo2 - VY1
X
x+38

2

\v4 §
14 A | dxdy

+4

vy
+46

2
vy
x+4

dy

)

[ A
2,,R

~2R0%) [l - yhe vas
0ER
2

| (=2 = DV minty?, 0}

X +34

vy
x+34

dxdy. (2.29)

S/ F
2u.r

Here, we have used the fact

/ W —Yo)e-vdS = sine/ (W —yo)dsS + cos9/ W —ye)ds = 0.
0ER JE rN{x=b}

JERN{y=R}

Taking R — 400 in (2.29), it follows from (2.28) that

2
|V min{y%, 0}|2

x+46

vy
x+46

OS((I—S)Z—I)/ Fy

2,

dxdy,

)

which implies that (2.27) holds.
Since 0 < lﬂﬁ u S Mo in £2,,, it suffices to show that

Y, < S+ 82 =8 in 2.0 fx< a2 vor-s). (2.30)
, x2
In view of (2.25), the maximum principle gives that the inequality (2.26) holds. 0

With the aid of Lemma 2.1, we consider the following truncated variational problem.

The truncated variational Problem (P, ,,)

Forany A < [T, —3&and u > 1, find a ¢ € K, such that

J)L,,u(l/f/l,u) = WHEIiI?M JA,;L(W)’

where
mo . (Mo .
K,=WeK|y= x—2x2 on L, and ¥ < mm{x—zxz,mo} a.e.in .QM}.

“ “
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2.3 Existence and fundamental properties of minimizer

Lemma 2.2 There exists a minimizer V; , to the variational problem (P, ,) and V¥, , €
C%1(£2,). Moreover,

(1) the minimizer ), ,, satisfies that

v
/ fn( ‘“’“;A)-vgdxdyao forany £eC®(R,) and £ =0,
2u X

and

OiVa,n=0 in 2,N{Ya, <mo} and Y, € CP*(2, N{Ys . < mo)}).

Furthermore,
Vau(x,y) =0 in £, (2.31)

(2) The free boundary I’y ;, = E N d{yy ,, < mo} is analytic, and

1
Vil =2 on T
and |
;WW,M >A on I,
where | is a segment with | C T N {y; ,, < mg}.

Proof. (1) Along the similar arguments in the proof of Lemma 1.1 in [4] and Theorem 1.1 in [5],
one has that there exists a sequence {8, } with §,, — 0 as n — 400, such that

W = Yo in H lloc (£2,,) and Wf”u — Vo uniformly in any compact subset of £2,,.

It follows from (2.26) that

2
s .
0<Yo(x,y) < mm{x—zmo,mo} in 2,
"

which together with (2.25) gives that
\%
v.f, (ﬂ;x) —0in 2,0 {r< 2.
x 2
Next, we will check that J; ,, (9) < +o00. By virtue of the proof of Lemma 2.1, it suffices to

show that ——
M < C near /.
X

For any X = (xo.yo) € £, with xo < =, denote ¢(X) = ‘”O(X(r’—g"oX) with ro = 2. Tt is

easy to check that

\Y
V- fy (H%;A) =0 and 0<¢ < (24 x)%mp in B1(0).
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Thanks to the gradient estimate in Chapter 12 in [28], one has
Vo (0)] < C,
where the constant C is independent of x¢. This gives that
Vo (Xo)| = ro| Ve (0)| < Cxo.

Since Jj (o) < 400 and Yo € K, the minimal functional J} , () is finite. By using the
proof of Lemma 1.1 in [4], we can conclude that there exists a minimizer to the variational
problem (P ;).

Denote v/, be the minimizer to the variational problem (P; ;) and I'y ,, = ENd{Ya ,, < mo}
as the free boundary of ¥ ,,. Thanks to Lemma 2.1, we can show that ¥; , € C%!(£2,)
satisfies the assertion (1) of this lemma.

Since F(t;A) is C2-smooth with respect to ¢ € [0, +00), it follows from Theorem 6.3 in [5]
that the free boundary I'y ;, is C Le " and thus Yauis C L@ up to the free boundary. Since
A < II) — 38, the subsonic cut-off can be removed near the free boundary. Then F(z; 1) is
analytic near I ,,, the Remark 6.4 in [5] gives that the free boundary I ,, is analytic. By using
the similar arguments in the proof of Lemma 9.1 in [14], we can conclude that

1 1
;WWA,M =Aon I},, and ;|V1//A’M| =) on /,

where [ is a segment with [ C T N 9{y; ,, < mo}.

Next, we will give the bounded gradient lemma in the following.

Lemma 2.3 Let Xo = (x¢, yo) be a free boundary point and let B.(Xo) C Br(Xo) C E with
r < R. Then

|V . (X)] < CAx  in B, (Xo),

where the constant C depends only on ¥, N, Ny and (1 — %)_1, but not on my.

FIG.5. By(x,)(X1) and Br(Xo)
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Proof. Step 1. In this step, we will show that

mo — VY., (X) < CAxd(X) forany X € B,(Xo), (2.32)
where d(X) = dist(X, I',,;,) and the constant C depends only on @, b and (1 — %)_1
Denote dy = R — r. Suppose that X1 = (x1,y1) € B-(Xo) N{¥ < my} and d(X;) < dp.
Thus Bgx,)(X1) C Br(Xo) N {1, < mo} (please see Figure 5). Next, we assume that

mO—W)L’M(Xl) > Md(Xl)xl, (233)
and we will derive an upper bound of M in the following. Denote

mo — Y u (X1 + dX)
dX]

¢(X) = with d = d(X)), (2.34)

and one has

x1Ve .
A\ A)=0 B(0).
fn (x1+dx’ ) in B1(0)

It follows from (2.33) that
¢(0) > M.

It follows from Harnack’s inequality (see Theorem 8.20 in [28]) that

¢(X)=cM in B%(O) for some ¢ > 0, (2.35)

where the constant ¢ is independent of d and x;. On another hand, there exists a X = (x,y) €
0B1(0) N Iy ;. Define a function ¥, which satisfies that

Ve fy (352) =0 inBu(),

U =¢ outside B (X).

Since V - f, (xxl L ffx ; /\) > 0 in By (X), the maximum principle gives that

¢ <W¥ in B(X). (2.36)

Then we have

|X1Vl]/|2 ) ( |X1V¢|2 )%
0< dx){F| ——— A ) —F | ——————:1 ) dxd
/BI(J?)(Xl + dx) % ((xl + dx)? (x1 + dx)? xay

S 2AF (32 0) / VW - ¢)-edxdy + A2 / (1 + d3) g0y — Kigoy)dxdy

B (X)

AV i )
=~ T -V — A
< /Bl(}?) x1 +dx + x1 + Y1+ dx ( ¢) + A%(x1 + dx) x(p=03dxdy
S V@ -9

dxdy + A2/ (x1 + dx)yip=0rdxdy,
Bi(X) X1 +dx Bi(X) =0
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which implies that

V- p)P
LX) x1 +dx

/ _(x1 +dx) yyp=0ydxdy
B (X)

/ 5 V(¥ — ¢)|?dxdy < C/ xdy
B (%) B

CA?
<

X1

scA? /  Xig=oydxdy, (2.37)
B1(X)

where C is a constant depending only on ¥ and (1 — %)_1.

It follows from (2.35) and (2.36) that
W(X)Z2d(X)=cM in B3(0)N B (X).

Applying Harnack’s inequality for ¥ in B;(X), one has
¥(X)=Co in By (X), Co=cM. (2.38)

Define ¢(X) = Cy (e_”‘X_X‘z — e“’), after a direct computation, we have

x1Vp )_ 2vCox1e_"‘5‘2

ey AUnmé + fanaé2)
X1 +dx’ X1 + dx (f"i"j(zv&s} 8ij) + ) >0

V.
In ( X1 +dx
in B;(X) \ B% (X), provided that v is large enough, where Soing = Soin, (;Cll_i_—zg"x;)t) and £ =

(61.6) = X — X fori, j =1,2.
It is easy to check that _ _
¥ =@ on B(BI(X)\B%(X)).

The maximum principle gives that
W(X) = p(X) = Co(e XX _ ™) = ¢Co(1 — |X = X|) in By(X)\ B%()?),
which together with (2.38) gives that
U(X)=cM(1—|X—-X|) in By(X))\ B%()?). (2.39)

With the aid of (2.37) and (2.39), along the similar arguments in the proof of Lemma 3.2 in [1] and
Lemma 2.2 in [5], one has
M? < CA?,

where the constant C depends only on @, N, No and (1 — %)_1. This implies that
mo — lﬂ,\’M(Xl) < CAd(Xl)xl. (2.40)

Take any point X, = (x32,y2) € B;(Xp) such that d(X3) > dp and there exists a point X; €
B4y (X2) with d(X1) < dp. By using Harnack’s inequality for mo — ¥, in Bg,(X>2) and (2.40),
2

one has
mo — WA,M(X2) < C(mo — W/\,;L(Xl)) < CAd(Xl)xl < CAd(Xz)Xz
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For any X € B,(Xj), we can repeat this argument step by step, and after a finite steps k£ (depending
only on 9, N, Ng and (1 — %)_1), such that

mo — ¥y . (X) < CAd(X)x.
Hence, we complete the proof of (2.32).
Step 2. In this step, we will complete the proof of this lemma. For any X; € B,(Xy), denote
do = R—randd(X) =dist(X,I},,), and we consider the following two cases.
Case 1. d(X1) < dp. Then it follows from (2.32) that

CA(x; +dx)d(X1 +dX)
dx 1

where ¢ and d are defined in (2.34), the constant C depends only on @, N, Ny and

(1 - %)_1. Applying the elliptic estimate for the quasilinear equation in [28], one has

Ve (0)| < C.

v
v.fn(M-x)zo and 0 < ¢ < <CAin B (0),

X1 +dx’

which gives that
IVYau(X)| = x1|Ve(0)] < Cxy.
Case 2. d(X1) = dp. Obviously, By,(X1) C Bgr(Xo) N {¥1,, < mo}. Denote ¢o(X1) =
M, it follows from (2.34) that

dox
v A Xy + doX
Vo (Y905} — 0 and 0 < gy < CATTDNIX T DX) 0y p ),
X1 + dox dox1

By using the elliptic estimate for ¢ in B;(0), one has
[Vgo(0)| < C and [V . (X1)| = x1|Vo(0)] < Cx;y. O
With the aid of Lemma 2.3, applying the similar arguments in the proof of Lemma 2.4 in [5],
we can obtain the following lemma.
Lemma 2.4 There exists a positive constant C*, such that for any disc B.(Xo) CC £2,, with
Xo = (x0.y0), 1 < 22, then
1

- 7[ (mo — WA,M)dS = C*AXO,
T JaB,(Xo)

implies that
WA,M < my in Br(X()).
We next establish a non-degeneracy lemma.

Lemma 2.5 There is a universal constant ¢* > 0 such that for any disc B,(Xo) with center Xo =
(X0, ¥0) € E and r < %2, then

1
1 2
- (f (mo — w,u)zdxdy) < ¢* Axo, (2.41)
Br(X())

7

implies that
Yau=mo in Bg(Xo) NE.
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Proof. 1t is easy to check that the set
Br(Xo)NE

can be covered by discs of the form
B, (X1) C By (Xo) N E with ry = :—6.

Thus, it suffices to show that v ,, = myo in any discs B, (X1) C Bﬁ (Xo) N E, provided that the
assumption (2.41) holds. Let vy solves the following boundary value problem

Vo . _ :
Vg (n) = 0 in Bary (X0)\ By, (X1, o
Yo = mo in B, (X1), Yo = ¥4, outside of By, (X1).
Obviously, max{rg, ¥ .} € K, and thus
0< J/l,p,(max{W/l,p,v 1//0}) - J/l,u(‘//)t,u)
\% ot |? \% 2
_ / F ‘ max{l/f)t,u WO} A —xF ‘ 1/fl,u A dxdy
Bor, (X1) X X
—2F (A% )4 Vmax{yo — ¥y .0} - edxdy
Bayy (X1)
+ A2 / X Y max{vrs i po}<mo}y — X X (¥ <moydxdy
Bayy (X1)
=L+ 1L+ 1. (2.43)

For the first term on the right hand side of (2.43), one has

' < Vmax{ya Yol
X

V max{yo — ¥, 0} - fy (

\Y
—/ xF ‘_‘/f/\,u
Brl(Xl) x
V 2
S—/ xF ‘M ;A ) dxdy
Brl(Xl) x
Vo

+2/ (mO_WA,u)Fl(_
aBrl (X]) X

It is easy to check that /, = 0 and

/ ) dxdy
Bor (X1\Br (X1)

2
;)t) dxdy

2
;A) VoV s (a4
X

I3 = _AZ/ XXy u<vo=moydxdy < _Az/ XX <moydXdy,
BZrl (Xl) Brl (Xl)
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which together with (2.43) and (2.44) gives that

\Y%
/ xF ' Viu
Brl (X1) x

2
;A | dxdy + A2/ XX (s <mordxdy
Brl(Xl)

Vo |2 Vo -
S2/ (mo — ¥ ) F1 ‘ Vo A VoV s, (2.45)
aBrl (X1) X X

Set /(X) = mo—YauX1tnX) oo g Vo(X) = moboXi4nX) |46 hag

rixo ryxo

vV Xo—X
V- fy (M;A) >0 ian(#).
X1 +rix ri

Moreover, it follows from the assumption (2.4 1) that

1
2

I2dxd < $A,
<7im("°rﬁ“)w y>

where § is to be chosen later on. By using the L°° estimate in Theorem 8.17 in [28], one has

1

2
7 72
sup Y(X)<C (]ils(xo_xl) v dxdy) <CdA, (2.46)

xen(fo)

where C is a constant depending only on ¢ and a. Since B,(0) C Bsg (Xor;le)’ it follows
from (2.46) that

0<¥o=1v <CAS on 9B>(0) and o =0 on 9B;(0). (2.47)

It is easy to check that
X1 +rx’

V- f, (M-x) =0 in By(0)\ By (0).

Applying the boundary elliptic estimate in Lemma 6.10 in [28], one has

|V -v| < CSA on 3B;.
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In view of (2.45), (2.47) and the trace theorem, one has

/ (x1 + r1x)F SIMAZ Y + A2(xy + r1x) dxd
X rx —_—, X rx s X
B1(0) P (x1 + r1x)? PR Y

219,712 )
$2xo/ JF x5 Vol ) Xo| Vo v'dS
0B1(0)

|x1 + rix|?’ X1+ rix

< CxodA / vdsS
0B1(0)

< CxoéA ( Vdxdy + /

B (0

|V1/7|dxdy)
B1(0) )

1 -
< CxoéA {(CSA + —) / Xg=oydxdy + 8/ |V1/f|2dxdy} , (2.48)
4e ) JB1(0) B1(0)

where we have used the fact
- - 1 ~
V| <e|Vy > + 1, aein Bi0{y > 0}.
e

On the other hand, we have

xo/ |V |2dxdy +x0/ Az)({]/bo}dxdy
B (0) B1(0)

< C/ (x1 +rix)F M;A + A%(x; + rlx))(w;w}dxdy
B1(0) (x1 +r1x)?

1 -
< CxodA %(CSA — 4—) / Xig-oydxdy + e/ |Vw|2a’xdy} . (2.49)
2 B1(0) B1(0)
Taking ¢ = ﬁ it follows from (2.48) and (2.49) that

(1—-C8*) xoA? fBl(o) X(g=oydxdy <0,

which implies that

¥ =0 in By(0),
provided that § < é where the constant C depends on & and b. The proof is completed. O

Theorem 2.6 The minimizer \, ,, is Lipschitz continuous in any compact subset of S_ZM that does
not contain A or the points where 352, is not C1*.

Proof. Denote ¥ = v, , and I' = I} , for simplicity. The Lipschitz continuity of ¥ in any
compact subset of §2,, follows from the proof of Lemma 2.3. On another hand, the Lipschitz
continuity of ¥ near L, U N, U (No,u N {x < %}) can be obtained by using the elliptic estimate.
Along the similar arguments in the proof of Lemma 2.2, we can obtain the Lipschitz continuity of v
near the symmetric axis /.

We next consider the Lipschitz continuity of { near 7" or near the wall Ny N {x = %}



AXIALLY SYMMETRIC SUBSONIC IMPINGING JETS 25

For X = (x,y) € £, with y —1 > §, denote Xo = (b,y), d(X) = dist(X,I},,) and
di(X) =dist(X,T). If d(X) < di(X), by using the similar arguments in the proof Lemma 2.3,
we have |V (X)| < C, where the constant C depends on A and 9.

For the case d(X) > d(X) = x — b, setrg = min{%, y — 1} and B, = B, (Xo).

Consider a function ¢, which solves the following boundary value problem
v (E;x) =0 in By N{x > b},

X

¢=0 on By, N{x =b}, ¢ =mo—y on 3B,, N{x > b}.

The maximum principle gives that
mo— Y < ¢ in B,y N {x > b}. (2.50)

Set (X) = ¢XotnoX) iy ¥ = (3, §). Noting 0 < ¢ < mo, one has

Voo (552) =0 in Bi0) N {F > 0},
0<¢<mo on 3(B1(0) N {% > 0}).

Applying the elliptic estimates for ¢ in B1(0) N {X > 0}, one has

$X)<CZ in BL(0)N{x >0}
ro 2
which gives that
(X -X —
d(X) = ¢ ( ") < 2 i B (Xe)nix > bl (2.51)
ro ro 2

Ifr = di(x) = x—b < %, we have B,(X) C Brg (Xo) N {x > b}. Set §(¥) = o=y (47 X)
with X = (X, y), it follows from (2.50) and (2.51) that

d(X +rX) < C(x+rx—>») §£
r rro ro

U(X) < in  B1(0).

By using the elliptic estimate, one has
~ C
VY (X)| = [Vy(0)] < o

Ifr=di(x)=x—-b=>= %0, the elliptic estimate gives the desired uniform bound for Vi (X).

Finally, we consider the Lipschitz continuity of ¥ near Ny N {x > b}. Since N, is C>% and
¥, = 0on Ny, the Harnack’s inequality is still valid up to the boundary No N {x = %}. It follows
from the similar arguments in the proof of Lemma 2.3 that

Vi (X b
M$CA near Noﬂ{xz—}.
X 2
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3. The free boundary of the minimizer ¥, ,

In this section, we will show some important properties of the free boundary, such as the continuity
of the graph and the continuous fit condition.

3.1 Uniqueness and monotonicity of the minimizer

To obtain the continuous fit condition of the free boundary, we construct the uniqueness and the
monotonicity of the minimizer to the truncated variational problem (P ;).

Lemma 3.1 For any A < I, — 3¢ and . > 1, the minimizer ) ,, to the truncated variational
problem (P, ) is unique, and ¥y, (x, y1) = Y3 . (x, y2) for any y1 > y».

Proof. Suppose that 11 and yr, are two minimizers to the truncated variational problem (P, ,,). Set

Yi(x,y) =v1(x,y—¢) forany &> 0.

Notice that ¥{(x, y) is a minimizer of the functional J3 M in £2/, with the corresponding admissible
set K}, as follows

2, ={(, ) (x,y—e)e2,} and Kj, ={y°(x,y—e) € K| (x,y) € 2}.
Extend ¥, (x, y) = %xz in{(x,y)|0<x <x,,u<y<pu+ e} and denote
w

1 = min{y{, Y2} and @, = max{y, V»}.

Obviously, g1 € K}, and ¢ € K,,. For any sufficiently large R > Ry, denote §2,, g = £2,, N {y <
R} and 2] p = 27 N{y < R}.Since ¢1 = Y in 2, \ 2, g and 1 = Y7 in 2] g\ 2, g, it
is easy to check that

Vo l|? Vo, |?
/ xF (@;A) dxdy —i—/ xF (| <p22| ;)k) dxdy
2% & X Qur X

Ve 2 \V/ 2
=/ xF(| w;' ;)L)dxdy+/ xF(| wjl ;)t)dxdy, (3.1)
28k X 2R X
and
/ xX{fﬂ1<m0}dXdy +/ xX{fp2<m0}dXdy
E% ER
=/ XX{¢f<mo}dXdy+/ X X {pra<moydxdy, (3.2)
E% ER

where Eg = £2),r N{x > b}and E} = 27 p N{x > b}.

Ly
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Integration by parts, one has

/S Voi-exip, <mordxdy —l—/

Vs - exip,<moydxdy
E% ER

- /Ea VYT - extpi<moydxdy +/E V2 - e)yy<moydxdy

R R

- / (01— ¥5)e - vdS + / (92— Y)e - vdS
0E ER

=/ (@1 + 02— V§ — Y)e - vdS
3E?€03ER

=0, (3.3)

where we have used the facts ¢ = ¥, = 0in ER \ E}.
In view of (3.1)—(3.3), one has

/ G(Vo1, @1, x; A)dxdy +/ G(Vo1, @1, x; M)dxdy
QE

W.R 2u.R
— [ Gt txddxdy + [ GV dxdy, (3.4)
‘QZ.R 2u.R

Taking R — +o00 in (3.4) yields that

T ) + Ja(g2) = T2 (01) + T (Y2). (35)
Since v{ and v, are minimizers, it follows from (3.5) that
Ji W) =J5 (@) and  Jy . (V2) = i u(@2). (3.6)
Next, we claim that
Yi(x,y) <¥a(x,y) inD, (3.7)

where D is the maximal connected component of §2,, N {Y» < myg}, which contains an £2,-
neighborhood of N,.
Suppose not, note that ¥/{ < mo = ¥, on Ny, then there exists a dist By, such that

Wf<1ﬂ2 in Bj, 31C9Mﬂ{w2<n’l0},
and
Vi =, atsomepoints Xo € 9By N (2, N{Y2 < my}).
Thanks to Hopf’s lemma, one has
(Yt —
(% w2) >0
av

where v is the outer normal vector of dB; at Xo. This implies that the level set {¢j = ¥ =
¥2(Xo)} is smooth curve in a neighborhood of Xg. Then there exists a smooth curve [y = {X |
Yi(X) = ¥2(X) = ¥2(Xo)} passing through X and a disc B, such that

at X(),

Ye >y, in B, and Xo € IyNdB,N dB;.
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Hence, one has

A1 —Y2)(X) _ W —Y2)(X) W] — ¥2)(Xo)

5 . 5 >0 as X — Xo, X € By,

and
g1 —¥2)(X) (Y2 — ¥2)(X)
av - av

which implies that ¢, is not C'-smooth in a neighborhood of Xy, due to that v, is smooth at Xj.
On the other hand, it follows from (3.6) that ¢, is a minimizer, and ¢;(Xo) < myg. By virtue of
the elliptic regularity, we can conclude that ¢; is smooth in a neighborhood of X,. This leads a
contradiction. Hence, we complete the proof of the claim (3.7).

We next show that

:O, XGBQ,

Y1 (x, y) is monotone increasing with respect to y in £2,,. (3.8)
Choosing ¥ = ¥, in (3.7), it implies that

W >0 in D. (3.9)
dy

To obtain (3.8), it suffices to show that
D = ‘QIL N {wl < mo}.

Suppose not, it follows from (3.7) that D N {x > b} = {x > b,y < ¢(x)}. As a part of the free
boundary of the graph ¢, we can conclude that ¢(x) is continuous (see the proof of Lemma 3.3
later). Define ¥o = v in D and Yo = mg in £2,, N {x > b,y = ¢(x)}, it is easy to check that
Y € K. Therefore, we have

Tan W) = T (¥r1) = — / GV, v, x: M)dxdy <0,

u\D

which leads a contradiction.
Similarly, we can obtain that

Y2 (x, ¥) is monotone increasing with respect to y in £2,,,
which together with (3.8) gives that
2, N{Y1 <me} and 2, N {Y» < mo} are connected.

In view of (3.7), one has
Yi(x,y) < ya(x.y) in 2.
Taking ¢ — 0 in above inequality, we have

V1 <Yz in £2.

Similarly, we can obtain that
l//] Z I//z in QI»L‘

Hence, Y1 = ¥, and the minimizer to the variational problem (P} ,) is unique. O
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3.2 Fundamental properties of the free boundary

In this section, we show some significant properties of the free boundary I, to the truncated
variational problem (P, ,). Thanks to the monotonicity of the minimizer ¥, , (x, y) with respect
to y, there exists a mapping y = kj_,(x), such that

EN {wl,u < mO} = {('xv Y)|b<x<o00,g0(x)<y< k)t,,u,(x)}'
To obtain the continuity of the function kj , (x), we need the following non-oscillation lemma and
the proof can be found in Lemma 4.4 in [6].

Lemma 3.2 Let G be a domain in E N\ {Yry ,, < mo}, bounded by two disjointed arcs y1, y» of the
free boundary, y = B1, y = Ba. Suppose that the arcs y; (i = 1,2) liein {81 < y < B2} with the
endpoints (a;, B1) and (i, B2). Suppose the distant d = dist(G, B) > 0, then

1B2 — B1] < C max{la; — a2, 81— Cal}.

where C is a constant depending only on A, 9, d, N, Ny and my.

REMARK The nonoscillation Lemma 3.2 remains true provided that one of the arcs y, is a line
segmenton T = {(b,y) | y = 1}, and

Lemma 3.3 The function y = ky ,(x) is continuous for x € (b, +00). Moreover, k; ,,(b) =
lim, _,,+ kj ;. (x) exists and is finite.

FI1G. 6. The domain D,
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Proof. We first consider the existence of the limit lim,_,,+ Kk, (x).

Step 1.1imy_ 5+ kp , (x) = lim, 5+ kp ().
Suppose not, one has that liminf, _,,+ ky ,(x) < limsup,_,,+ k3, (x), then we consider the
following two cases for y = lim,_,;+ kep,p(x).

Case 1.

Case 2.

y < 1. Denote § = ITTX and Is = {(1,y) | 1 — 28 < y < 1 — 28}. Then there exist two
sequences {x,} and {X,} with x,, | b and X,, | b, such that

kjpu(en) = 1—=6 and ky,(x,) > 1-38 &>0, (3.10)

and

s Xnt1 < Xp < Xp.
(3.11)
By virtue of Lemma 2.3 and the monotonicity of ¥, ,, we have that ¥, , is Lipschitz
continuous in an E-neighborhood of 75 and YA, = moon ls.
It follows from (3.11) that there exists a domain D, C E N {Y; , < mo} (please see
Figure 6), which is bounded by the arcs y; = 1 — %5, ya=1- %8, ¥, and y2. Here, y,!
and y? are parts of free boundary I 2o NAX < xp_1}, and the curve ¥, lies the right of the
curve y2. Denote h, = dist(y}, y2). By virtue of that x, — b, one has

VauXn, y) =mo, Y3 . (Xn,y) <mg for |y —1+ 26| <

| S

h, — 0 as n — +4o0. (3.12)
Thanks to the non-oscillation Lemma 3.2, we have
0<8<Chy,

which contradicts to (3.12), provided that # is sufficiently large.

y = 1. Take a constant § > 0, such that § < lmex—”’ﬁ )=y

. Denote ys = {(b, y) |

Z + %8 <ys<y+ %8}. In an E-neighborhood of ys, we can obtain a contradiction by
using the non-oscillation Lemma 3.2.
Similarly, we can show that the limits lim_

xt k., (x) and limy x5 k3, () exist for any
Xg € (b, +00).

—

Step 2. 1im__ + kp ;0 (x) = limx— x5 Ky, (x) for any xo € (b, +00).
(0]

Suppose that there exists a xg € (b, +00), such that limx%xg ko (x) # limxos x5 kau(x).

Without loss of generality, we assume that limx_m;r kpu(x) > limy_xs ky . (x). Denote y =

{(x0,¥) | y1 <y < y2} withlimy— x5 k3 . (¥) < y1 < y2 <limx— x5 ka (). The monotonicity
and Lipschitz continuity of v, ,, give that y is the free boundary of v , and ¥, < mg in
E.={(x,y) | xo <x <x9+¢& Yy <y <y} forsmall ¢ > 0. Then we have

~ 1
O)V¥au=01in E;, V¥, , =mo and _wgt,u« =—1 on y.
x 0x

Since ¥, ;, is analytic in E, for small ¢ > 0, thanks to Cauchy—Kovalevskaya theorem, one has

Yau(x,y) = —A(x? = x3) +myp in 2, N{xp < x < xo + &},
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which contradicts to ¥ ,, = 0 on Np.
Step 3. kj ;. (x) < 400 for any x € [b, +00). We first show that
the free boundary I'} , is non-empty in E. (3.13)
Suppose that I'y ,, is empty, it implies that
Yo <mg in E. (3.14)

For any R > 0, there exists a disc Bg(Xo) C E with Xg = (x¢, yo), such that

1
1 2
- (][ (mo — WA,M)ZdXdy) <70 < ¥ Ax,
R \JBrx0) R

for sufficiently large R. It follows from non-degeneracy Lemma 2.5 that v/ , = mgo in B R (Xo).

This contradicts to (3.14). With the aid of (3.13), we can take a maximal interval (y1,y,) C
(b, +00), such that

kj . (x) is finite in (y1, y2) and kp (Y1 +0) = ky (Y2 — 0) = +o0.

We first show that
Yo = 400. (3.15)

If not, then y, < +o00. By using the proof of (3.13), we can conclude that I'} , is non-empty in
E N{x > y,}, and there exists a y3 € [y,, +00), such that

Iy N {y2 <x <y3} =@ and ky ,(x) is finite in (y3, y3 + ¢€) for small & > 0.

Denote Dg = {(x,y) | X322 < x < y3+ £,R < y < 2R} for large R, applying the non-
oscillation Lemma 3.2 for v, ,, in Dg, one has

where the constant C is independent of R. This leads a contradiction for sufficiently large R > 0.
Next, we will show that
Y1 = b.

If not, then y; > b and we consider the following two cases.

Case 1. kj ,(x) = oo for any x € (b, y1). It follows from Lemma 2.2 that %a?}“ >AonTg =
_ +

{(b,y) | R <y < 2R} forlarge R > 0. Denote Dg = {(x,y) | b < x < 1572 R <

¥ < 2R}, by using the non-oscillation Lemma 3.2 and the Remark in Section 3.2 for v/, ,

in D g, one has

Y1+y2—2b
—

which leads a contradiction for sufficiently large R > 0.

R=<C
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Case 2. There exists a yg € (b, y1], such that
Iy Ni{yo <x <y} =@ and ky_,(x) is finite in (yo — &, yo) for small ¢ > 0.

Using the non-oscillation Lemma 3.2 for ¥, , in Dy leads a contradiction for sufficiently
large R > 0, where Dg = {(x,y) | yo— 5§ <x < lez”’Z,R <y <2R}.

Finally, we can show that k; , (b) < 400 by using the non-oscillation Lemma 3.2 and the Remark
in Section 3.2. O

In the following, we will show some important properties, such as, the optimal decay rate of the
free boundary, the convergence rate and the asymptotic behavior of the subsonic impinging jet in
downstream.

Lemma 3.4 The minimizer V), ,, and the free boundary y = kj ,,(x) satisfy that
(1) for any sufficiently large xo > b, there exists a constant C (independent of xo) such that
C
G(VY, ¢, x;A)dxdy < —, (3.16)
Qun{x=xo} Xo

where

G(Vy, ¥, x;A) = xF (’VX_W

2
;)\) + (x A2 =22F (A% ) VY - €) Xy<moinE-

(2) In the downstream,

(k0 () — go(x)) = —2— as x — +oo, 3.17)
’ Acosf

and

v :
Yol D) L, (3 6in, Acos6) for (x, ¥) € Ry N Wiy < o}, as x > +oo. (.18)
X

Proof. (1) By using the inequality (2.24), we have

. VWA,M 2
G(Vy, ¥, x; )dxdy < C X — Ae){y<moy| dxdy, (3.19)
2,N{x=x0} 2,N{x=x0} x

for xo > b.
It follows from the proof of Proposition 4.4 in [12] that

2
dxdy <

Vi C
X = — dey -3
/.Quﬂ{xeo} ‘ X {y=mo} xg

for sufficiently large xo > b, where C is a constant independent of x¢. This together with (3.19)
gives (3.16).
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(2) For a sequence {x,} with x, — ~+o0, set ¥, (X) = Yo, (Xn + %) with X, = (x,, go(xn))

and X = (%, 7). Obviously, Vi (X) = LV (X, + £). Forany R > 0, thanks to (3.16),
2

we have
T\ | V¥ o
' =/ (1+_) X _Aex n dxdy
n {IX|<Rxn} xrzl 1+ xiz {Yn<mo}
Vi, 2
1 — A iy u<mo}| dXdy

= _xn / '
2, N{xp—R|<x<xn+R} X

- Cx, 0 .
<L ——— —0 asx, —> +00.
(xn — R)? "

(3.20)

Without loss of generality, we may assume that
Y, — Yo weakly in HIIOC(RZ) and a.e. in R?,

(I)Sc(Rz) and ygyo<moy Sy < 1.

and
Xiwm<moy —> ¥ weakly starin L

Furthermore, one has
oo [ Vo = Aesigoemo| > d3dT < [ Vo — Aey|? dZd§ < liminfystoo I = 0,
Vo = Afiyo<mgie a.€.in R* and v0(0) = 0. (3.21)

which gives that
Denote w(s, t) = Yo(X, y) withs = Xcos + ysinf and ¢ = y cos § — X sin 6, one has
Wo o

a a a a a
%:%cos@—i—al;sin@ and a—?:—%sin@—i—a—ycos
By virtue of (3.21), one has
ad t
ols. 1) _ AMtwemo) ae.in R2, (3.22)

dw(s,t

(. 1) =0 and
as

which imply that w(s, 7) is only a function of . Moreover, w(s, t) is monotone increasing with

respect to ¢. In view of @(0,0) = 0 and 0 < w < my, it follows from (3.22) that

Yo(X, 7) = w(t) = min{max{Az, 0}, mo} = min{max{A(F cos & — ¥ sin6), 0}, mo} in R>.
(3.23)

To obtain the asymptotic behavior of the free boundary I'y ,, we first show that

{Y, < mo} converges to d{y¥o < mg} locally in Hausdorff metric, as n — +oo.

Definition of Hausdorff distance d(D, F) between two sets D and F is as follows

d(D,F) = inf%s >0|Dc | Be(X) and FC Bg(X)}.
XeF XeD
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For any Xo = (x0,y0) & 0{¥o < myg}, the continuity of ¥ gives that ¥o(Xo) < mg or
Yo(Xo) = mo. If Y9 < mg in B, (Xp), it follows from (3.20) that

lim (mo — ¥p)dS > 0,
n—-+4o00 3B, (Xo)

which implies that
1

1
(mo — Ya,,)dS = —][ (mo — Yn)dS > CA,
0B, (Xo)

r ]ngr”(Xn"ri(y?) r

for sufficiently large n and small r > 0. Thanks to Lemma 2.4, one has

X
Ya,u <mp in Br (Xn + —0), namely, ¥, < mg in B.(Xp),
Xn X

n

for sufficiently large » and small r > 0.
If Yo = my in B, (X)), it follows from (3.20) that for a.e r > 0,

2 2
lim = (][ (mo — w,,)dedy) =0,
n—>+oo r Br (Xo)
2

which together with Lemma 2.5 gives that ¥, = m in Bg (Xp) for sufficiently large n.
Hence, we have the convergence of the free boundary in the Hausdorff distance.

For any R > 0 and small ¢ > 0, it follows from (3.23) that there exists a large N g, such
that the free boundary Bg(0) N 9{y, < mo} and Br(0) N d{y¢ < my} lie each within an &-
neighborhood of one another, provided thatn > N, r. Thus we can check that the free boundary
Br(0) N o{y, < my} satisfies the flatness condition (see Section 5 in [5]), it follows from
Theorem 6.3 in [5] that

Br(0) N d{y, < mo} — Br(0) N d{yo < mo} in C1*,

which implies that
Ky (i + X) — tan 6 as x, — +o0.

Since § = x, (ka . (xn + %) — go(xp)) is the free boundary of ¥,,, we have

dy X X . m
d_ic = ki’u (x,, + Z) — tan @ and x, (k,l,u (xn + g) - go(xn)) — xtan9+ﬁ,
which imply that

mo
Acosf’

ki,u (xn) = tan @ and x, (k. (xn) — go(xn)) —
The compactness of ¥, gives that

Vi, = Vg = A(—cos 8, sin ) uniformly in any compact subset of S,

where §' = {(fc, ¥)|0 < ycosh —Xxsinf < %}, and thus (3.18) holds. O
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Finally, we will give the gradient estimate of ¥, ,, near the initial point of Iy ,, in the following.

Lemma 3.5 Let P = (b, kj (b)), then
|Vl/fA,M(X)| <C in Br(P)v
for some r > 0, where C is constant depending only on A, b and ¥, but not on my.

Proof. Without loss of generality, we assume that P = A. For any small y > 0, it suffices to show
that

VY (X)|<C in 2N{y <r <2y},
where r = | X — A|. Denote

mo — V(4 +yX) .
in

WY(X)Z y

1 5

and
D2={X|1<|X|<2,A+yXe.Q}.

Then we have

\% .
Ve fy (b—}—w;/lx;k) =0 in D; N {y, > 0}.

It follows from Lemma 2.1 that

1 9
[y % = A on the free boundary of ¥,,, and 0 < ¥, < %.

wyz()v

Since D1 N{X | A+ yX € 382,}is C*>*-smooth and Y, = 0on dD; N{X | A + yX € 982,,},
the Harnack’s inequality is still valid up to this part of the boundary. By using the similar arguments
in the proof of Lemma 2.3, we have

IVVau(4+yX) = |V§, (X)| < C in Dy,

where C is a constant depending on A, b and 9, but not on % Therefore, we obtain the assertion
of this lemma. O

3.3 Continuous dependence of vV, ,, and I'y ,, with respect to A

To obtain the continuous fit condition, we will show that the minimizer ¥, ,, and the free boundary
Iy, are continuous dependence with respect to the parameter A < [T, — 4&.

Lemma 3.6 Let vy, , be a minimizer to the variational problem (P, ,,) with the admissible set
K, and A, < I1, — 4&, then we have

. 1 .
Vi = Yau in Hpy (24) and ¥y, ;0 — Ya,, aein 2,

as An — A < I — 4¢, where ), is the minimizer to the variational problem (P;,_ ;).
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Proof. Denote ¥, = 1, for simplicity. By virtue of Proposition 2.1, we have |Vi,| < C in any
compact subset of £2,,, where the constant C is independent of 7. Then there exists a subsequence
{¥n} such that

Y, — o weakly in Hlloc(Qu) and ¥, — win C/ (£2,) forall 0 <a <1, (3.24)

and
Vi, — Vo weakly starin L5 (£2,,).

Step 1. E N 0{y, <mo} — E N d{w < mo} locally in the Hausdorff distance in £2,,.
For any X¢ = (x¢,0) ¢ E N d{w < my}, the continuity of w gives that there exists a small
r > 0, such that B, (Xo) N d{w < mp} = &. We next claim that

B (Xo) Ny < mo} = @ for sufficiently large n. (3.25)

If o < mg in B,(Xp), (3.24) implies that the claim (3.25) is valid. If ® = mg in B,(Xy), for any
small & > 0, it follows from (3.24) that there exists a N, such that

Imo — ¥ (X)| <& in By (Xo) for n > N,

which implies that

1
2

2 2
- ][ (mo — yY)?dxdy | < i < Ac*Axg forn > Ng.
r B%(Xo) r

Thanks to Lemma 2.5 for v¥,, one has ¢, = my in Bl%(Xo) for sufficiently large n, and the
claim (3.25) holds.

On the other hand, for any X¢ = (x¢, o) ¢ ENd{Y, < mo}. Then B.(Xo)Nd{Yy, < mo} = @
for small r > 0, and we claim that

By (Xo) Nd{w <mo} = 2. (3.26)
If ¥, < mg in B,(Xy) for a subsequence {, }, one has

O, ¥m =0 in Br(Xo),
which implies that ~
0,0 =0 in B,(Xo), w <mg in B,(Xop).

The strong maximum principle yields that @ = mg or @ < myg in B;(Xy). Thus, the claim (3.26)
holds.
It is easy to check that the claim (3.26) is valid, if ¥, = mq in B,(X¢) for a subsequence {v,, }.
Hence, we complete the proof of the convergence of the free boundary in the Hausdorff distance.

Step 2. Yy, <mo}nE = X{w<moynE locally in L1 (£2,).
In view of (3.24), we can deduce that Lemma 2.4 and Lemma 2.5 still hold for w by taking the
limit n — oco. By using Theorem 2.8 in [5], one has

L2(ENd{w <myyN Bg) =0, forany R > 0,

where £2 is the Lebesgue measure in R2.
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Applying the results in Step 1, there exists a sequence {¢, } with &, — 0, such that
EN{y, <mo} C O,

where O, be an ¢,-neighborhood of £ N d{w < my}. Then we have

/ ’X{l//n <mo}NE — X{w<m0}ﬂE‘ dXdy < / dXdy - 05
2,NBRr 2,NBRNOg,

for any R > 0.

Step 3. Vi, — Vo a.e. locally in £2,,.
Let D be any compact subset of §£2,, N {w < my}. Then one has

Q3,¥n =0 in D for sufficiently large 7.
The elliptic estimates for v, gives that
Vi, - Vo in D. (3.27)

Next, we claim that
Vi, - Vo ae.in 2, N{w = mo}. (3.28)

Since {® = my} is £?-measurable, it follows from Corollary 3 in [24] that

L%(Br(X) N {w = my})

— 2 —
lim Ez(Br(X)) =1 for L%ae. X € {w =mop}.
Denote
L2(B,(X) N{w =
S=1X €{w=mp}| lim (Br(X) o =mo}) _ |
r—0 £2(B,(X))
We next show that
mo — w(Xo + X) = o(|X|) forany X, € S. (3.29)

In fact, if mg — w(Y) > kr for some Y € B,(Xy) with r — 0 and k > 0. The Lipschitz continuity
of w gives that

k
mo —w(X) > Er in B, (Y) for some small & > 0,

which implies that {w < m} has positive density at Xy, and then it contradicts to Xy € S.
With the aid of (3.24) and (3.29), for any ¢ > 0, we have

mo — Yn
r

<e in By(Xp) forsmall r,

provided that n is sufficiently large, that is n > N(e,r). It follows from the non-degeneracy
Lemma 2.5 that ¥, = my in B§(X0), which implies that ® = myg in BILO (Xo). Then we have
that the set S is open. Furthermore, one has

¥, = o in any compact subset of S, provided that  is sufficiently large.

This completes the proof of the claim (3.28).
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Since L2(E N d{w < my}) = 0, it follows from (3.27) and (3.28) that Vi, — Vo a.e. in R2.

Step 4. w = , where ¢ = 1, ,, is the minimizer to the truncated variational problem (P; ;).
First, we will show that

Jr(w) < Jr(¢) forany ¢ € K,, and ¢ = w on 082, (3.30)

where Jg(¢) = fQR GV, ¢, x;A)dxdy and 2r = £2,, N Br(0) for sufficiently large R > 0.
For any ¢ € K,, and ¢ = w on 082, set

& =¢+ (1 —§)(Yn — o),
where £5(X) = min{dm(x’ﬂ;w, 1}. Obviously, ¢,, = ¥, on 0§2g and extend ¢, = ¥, outside

§2g, such that ¢, € K;,. Then one has

/ G(Vlﬁn,wn,x;kn)dxdys/ G(Voy, n, x; An)dxdy.
2r £2r

By using the convergence results in Step 2 and Step 3, taking n — oo in the above inequality, we
have

/ GVw,w, x;A)dxdy
£2Rr

S/ G(V¢,¢,x;k)dxdy+/ G(Vo,d,x; V)dxdy. (3.31)
2rn{és=1} 2rn{Es<1}

Taking § — 0 in (3.31) yields that
Jar, Vo, 0, x;0)dxdy <[5, G(V,¢,x;A)dxdy. (3.32)

Hence, (3.30) can be obtained by taking R — 400 in (3.32).
It follows from (3.16) that

C
/ G(Vo,w,x; )dxdy < —,
2,N{x=x0} X0

for sufficiently large xo > 0, which implies that the results (2) in Lemma 3.4 still be valid for w.
For any & > 0, Set Ye(x,y) = ¥(x,y —¢) and 2, = {(x,y) | (x,y —¢) € £2,}. Extend
w(x,y) = ch_,i)xz in{(x,y) | 0<x <xu,u<y<p+ el Itis easy to check that min{y,, w} €

K}, and max{y., w} € K. Therefore, one has

T o) < T3 (min{ye, }). (3.33)
Similar to the proof of Theorem 4.1 in [12], we can check that
Jan(@) + I3 (Ye) = Iy p(max{ye, 0}) + J5 |, (min{ye, 0}). (3.34)

With the aid of the asymptotic behaviors of ¥ and w in Lemma 3.4, we have

Ye(x,y) S w(x,y) in 2, \ Bg for any sufficiently large R > 0.
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Thus max{y¥;, w} = w on d§2R, it follows from (3.30) that

Jr(w) < Jr (max{wg, a)})

Taking R — +o0 in the above inequality yields that

JA,/L(Q)) < J/\,;L (max{ws» a)})’

which together with (3.33) and (3.34) gives that

J)iM(WS) = Jf,u(min{w(s, a)})

Since the minimizer ¥, to the variational problem ( Pf, M) is unique, one has

1//.(-xsy_‘(") = 1/fs(x’y) :min{w&‘vw} §a)(xay) in QM' (335)

Similarly, we can show that
Y(x,y+e¢) = wlx,y) in £2,. (3.36)
Taking & — 0 in (3.35) and (3.36), we have that = w in £2,,. O

Next, we will obtain the continuous dependence of the free boundary I'y ,, with respect to A.
We remark that even though the ideas of the proof borrow from the one for incompressible jet
as done in Theorem 3.1 in [4] and Theorem 6.1 in Chapter 3 in [25], due to the difference of
the governing equations and the functional, we have to overcome several additional difficulties.
Actually, the stream function satisfies the linear elliptic equation for the incompressible flows, and
here we have to deal with a quasilinear elliptic equation.

Lemma 3.7 The free boundary y = kj,, ,,(x) of the minimizer \r,, , with A, < IT), — 4€ satisfies
that
ki (x) = kj . (x) forany x € (b, +00),

as An — A, where 'y = ky ,,(x) is the free boundary of the minimizer \ry ..

Proof. For any fixed x € (b, +-00), the convergence of k,, ,, (x) can be obtained by using the Step 1
in the proof of Lemma 3.6.

Next, we will consider the initial point of the free boundary and show that k;, ,,(b) — kj . (b)
as A, — A. Suppose not, then there exists a subsequence {kj, . (b)}, such that k, ,(b) —
kj . (b) + B and B # 0. We will show that it is impossible case by case based on the sign of .

Case 1. B < 0. The monotonicity of ¥, ,(x, y) with respect to y gives that k» ,(b) + f = 1. In
fact, if ky , (b) + B < 1, it follows from Lemma 3.6 that

Vb, y) =mo for kj ,(b) + p <y < min{ky ,(b). 1},

which contradicts to the fact ¥, , < mg for y < min{k, ,(b), 1}, due to the fact that v, , (x, y) is
monotone increasing with respect to y.
Denote

3
Ty =10 1 + 2 <y <hiur + £
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Next, we claim that

d b+ 0,
w =—X on Tg. (3.37)
X

For small ¢ > 0, set

3
U, = (x,y)|b—8<x<b+8,k,1,ﬂ(b)+7ﬂ<y<kA,M(b)+§ .

It is easy to check that
Tﬁ =U,N a{w,u < mop}.
Set ¢, = mo — V¥, and ¢ = mo — V¥, ;,, then one has

0,00 =0 inU;N{p, >0},
L9 — 2., onUsNd{¢, > O},

x 0vy

where v, is the inner normal vector to U, N d{¢, > 0}. Now, in order to show the claim (3.37), it
suffices to check that ¢ satisfies the following boundary value problem,

0,6 =0 inU,N{¢p >0}

L 96 (3.38)
;W:A OHU508{¢>0},

where v = (1, 0) is the inner normal vector to d{¢p > 0} at Tg.

We divide the proof into two steps to show that (3.38) holds.

Step 1. In this step, we will verify that
10
199 = A on U; N d{¢p > 0}. (3.39)
x dv

It follows from (3.24) that for « € (0, 1),
¢n — ¢ uniformly in C*(U,),

and U, N {¢, > 0} — U, N {¢ > 0} in the Hausdorff metric space, and
V¢, — V¢ weakly in L2(U,),

as n — +o00. Moreover, by virtue of the bounded gradient Lemma 2.3 and the Step 4 in the proof
of Lemma 3.6, one has

V| < CAx in U, and V¢, — V¢ ae.in Ug, as n — o0, (3.40)

where the constant C is independent of n.
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Since Fy(t; 1) = is C 12, it follows from (3.40) that

a(t; /12)

lim  Fy(A2; A,)An £dS
n—>+00 UsNd{gpn >0}

1 Vo |*
=— lim / —F ‘ Pn
n=>+00 JU,n{¢,>0} X X
UsN{¢p>0} X
\Y
_ / e (|V2[
U:Nd{p>0} X

X
for any non-negative § € C§°(Us).
On other hand, it follows from (3.6) in Chapter 3 in [25] that

/ £dS < hmlnf/ £dS. (3.42)
UeNd{¢>0} n=>+00 JU.N3{pn>0}

In view of (3.41) and (3.42), one has

1
Fl()&z;)t))t £dS s/ —F;
U:N3{p>0} U:Nd{¢p>0} X

for any non-negative § € C{°(U). Since ¢ is C1* up to the boundary d{¢ > 0}, it follows

from (3.43) that
V¢
A=A

(2

Since F;(t2; M)t is increasing with respect to ¢, (3.44) gives that (3.39) holds.

An) Vo, - VEdxdy

) V¢ - Védxdy

) 7§ds. (3.41)

Vo

X

: A) ‘3"55 s, (3.43)

vé|?

X xav

2
;)t) 1dg _ Fi(A%0) 4 on UgNdfp >0} (3.44)

Step 2. In this step, we will check that

193¢

<A on U.Nad{p > 0} (3.45)
x v

By virtue of the non-oscillation Lemma (3.2) and the flatness of the free boundary in Section 5
in [5], we have that

the free boundary I}, ,, is a y-graph in U for sufficiently large n,

where we denote I'y, , : x = f3,., () in the region Uy. It follows from the result in Theorem 6.3
and Remark 6.4 in [5] that

3
‘f(f) (y)) <C for kyub)+ Tﬂ <y <kpu) + % Jj=12
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Then we have
Us N 3¢, > 0} — Uy, N 3{¢p > 0} in C ¥ for some & € (0, 1).

For any fixed Xo = (x0,y0) € U N 3{¢p > 0}, it follows from Lemma 3.6 that there exists a
sequence X, € U, with ¢,(X,) = 0, such that X, — Xy as n — 4o00. Take a small » > 0 and
domain E, C B,(Xyp) C Ug, such that

B, (Xo) NOE, — B,(Xo) Nd{p > 0}inC", ¢, >0in E, and X,, ¢ E,, (3.46)
for 0 < y < . We can take a sequence {g, } with &, | 0, such that
E, =B, (Xo)N{x>b+ ey}

Define a function f5 , () as follows

fﬁ,n(y):b+5n_877(w), §>0,

where
2

__r=_
e 1=»2 for |y| <1,

n(y) =
0 for |y| = 1.

Denote the domain Es , = B,(Xo) N {x > f5,(»)}. Itis easy to check that Ey , = E,. By virtue
of the definitions of E, and Es ,, there exists the largest number § = §,, such that ¢,, > Oin Ej, ,,
and B, (Xo)NOJEjs, , contains a point of the free boundary of ¢,,, which is denoted as Xp = (Fn, In)
with X, = f5, » (7). Furthermore,

8n — 0 as n — +oo.
Let wy, be the solution of the following Dirichlet problem

anwn =0 in Eg, 4,
wp =00ndEs, , N B%(XO), wp = {¢y on dEs, , N (B,(XO) \ B%(Xo)),
wp = ¢ on 0Es, , N 0B, (Xo),

where £(X) = min{max{w, 0}, 1}. Since ¢y, satisfies the quasilinear equation 0, ¢, = 0
in Es, , and w, < ¢, on dEs, ,, the maximum principle implies that w, < ¢, in Ej, ,. Hence,
one has . _
Laqﬁn(Xn) - Lawn(Xn)

An =
Xn  Ov, Xn  dug

(3.47)

where v, is the inner normal vector to 0Ej, , at X n-
It follows from the fact (3.46) that

f3,m(y) = b in C17.
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Thanks to the standard estimates of the solutions of the elliptic equation of second order, we
conclude that w, in Es, , N By (Xo) converges to ¢ in {¢ > 0} N B (Xo) in C - -sense. Suppose
that

X, = X = (%,7) € d{¢ > 0} N By (Xo).

This together with (3.47) gives that
I don(Xn) 1 0¢(X) 1 3¢ (X)

d
% ov o MY i

<A

Taking r — 0, we have X — Xo and

Lo LX) 1 0¢(Xo)
= = - —
X odv Xo Ov

) X06U808{¢>O}’

which gives the inequality (3.45) holds.
Therefore, the claim (3.38) follows from (3.39) and (3.45).
With the aid of the claim (3.37), ¥/, ,, satisfies

~ . 1 0y,
le/f)k,;/, =0 in Eg;, — =
X ox

=—A and ¥ , = mo ondE; N {x = b},
for small ¢ > 0, where E; = {(x,y) | b <x <b +¢&,ky ,(b) + % <y <k )+ %}
It follows from the Cauchy—Kovalevskaya theorem that
Yo = A2 =bY) +moin {(x,y)|b<x <b+egob)<y<-+ooln 2.
This contradicts to the fact ¥, ;, = 0 on Nj.

Case2. B > 0and kj _,,(b) < 1. By using the similar arguments in Case 1, we can conclude that

l al//l,u(b -0, y)
b ox

We can obtain a contradiction by using Cauchy—Kovalevskaya theorem as in Case 1 again.

3
=7 if ky ,(b) + g < y < min {kk,u(b) + Tﬂ l} )

Case 3. 8 > 0and kj ,,(b) = 1. It follows from the arguments in Lemma 2.2 that

laW)Ln,M(b + O»Y) < _

3p
b ox } ’

An oOn {XZb,k/\,M(b)-i-g <y <kA,M(b)+T

for sufficiently large n. Let D, be bounded by x = b, y = ky, .(x), ¥y = kj ,(b) + % and
y =kj . (b) + %. Furthermore, we have

3
X, = min %x | ka0 (X) =Ky (D) + Tﬁ} —b as n— +oo.

Thanks to the non-oscillation Lemma 4.4 in [6] for ¥, ,, in D,, one has
g < C(x, —b), the constant C is independent of n,

which leads a contradiction for sufficiently large n. O
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3.4 The continuous fit condition of the free boundary I'y ;,
In the following, we will consider the continuous fit condition of the free boundary at A.

Proposition 3.8 For any i > 1 and small my > 0, there exists a A, < I, w = 4¢, such that the
free boundary T}, ,, satisfies the continuous fit condition at A, namely, kj , ,,(b) = 1. Moreover,

Ay < Comyg, the constant Cy is independent of w and my.
Proof. Step 1. In this step, we will show that
for mo > 0,if A > 0 is sufficiently small, then k;_,, (b) > 1.

Suppose that there exists a small Ag, such that k. ,(b) < 1. Let S be a ring centered at P =
(b, kg, (b)) with some suitable radius Ry and R, which are independent of mg and R; < Ry,
such that I, , NS N {x > b} and No NS N {x > b} are nonempty.
It follows from Lemma 2.3 that there exists a constant Cy depending on N, Ny, ¢ (independent
of mg), such that
|DVg.u| < CoA(Rg) in SN {x> b},

where A(Lg) = \/2F1 (A2: A0)A2 — F(A2: Ao).
Choosing X1 € Ty, NS N{x > b}, Xo € NoN S N{x > b} with |X; — P| = |Xo— P|,

shows that
_ / 31//10
mo = —
y| 0s

where y C S is disc curve which connects X; and X», s is the unit tangent vector of y. On another
hand, it follows from (2.18) that

A(Ao) < Ao\/é(z_ (%)yil)’

which together with (3.48) gives that

dS <Dy, . 27Ry < CA(AD), (3.48)

0 <mg < Clp.

This is impossible for sufficiently small A¢.

Step 2. For A = }“‘2” , we will show that
if mo > 0 is sufficiently small, then k& , (b) < 1.

Suppose that kj ,(b) = 1 for some small mo > 0, then there exists a disc Br(Xo) C £2,, (R is

fixed), such that Xy € E and B R (Xo) N Ty, # 9. According to the non-degeneracy Lemma 2.5,
we have

mo 1 2 ’ 2
— == (mo —Ya,u)"dxdy | =cAR7),
R R BRr(Xo)

which together with (2.19) gives that

Chcr
2

mo = cRA(A?) = CA = > 0.

This leads a contradiction for sufficiently small m.
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Step 3. In this step, we will show that there exists a A, < [T, — 4&, such thatk; , ,,(b) = 1.
For any small my > 0, with the aid of the results in Step 1, we can define a set

= {A Lk u(b) > 1)

Define
Ay = sup A. (3.49)
reX),
The result in Step 2 gives that
Xﬂl < Comy, (3.50)

where Cy is a constant depending on N, Ny and 9, independent of m¢ and p. It is easy to check that
there exists a Cp > 0 (independent of 1), such that

A < Comg < I, — 4,
for sufficiently small 9. The continuous dependence of k, ,, (b) with respect to A gives that
ka,u®) =1.

If not, the definition of A, implies that k, ,(b) > 1. By using the continuous dependence of
k... (b) with respect to A in Lemma 3.7, there exists a A € (4, [T, — 3¢), such that

A — Ay issmalland kj ,,(b) > 1.

Therefore, A € X, which contradicts to the definition of A, in (3.49). O

4. The existence of subsonic solution to the impinging jet flow problem

To establish the existence of subsonic solution to the impinging jet flow problem, we will take limit
p — oo to the solution v, ,, of the truncated variational problem (P, ,) and show the limit
Y, is indeed a solution to the following variational problem (P;) stated as follows in the whole
domain £2.

The variational problem (P},

For any bounded domain D C £2, find a ¢), € K such that

Jp(Wa) < Ip(¥),
for any ¥ € Ko with ¢ = ¥, on dD, where Jp (V) = [, G(VY, ¥, x; A)dxdy and

Mo .
—xz,mo} a.e. in Qu}-

Koz{t/feKHﬁSmin{az
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Theorem 4.1 If mo > 0 is sufficiently small, there exist a A < II) — 4& and a subsonic solution
(¥, IN)) to the compressible impinging jet flow.

Proof. By virtue of the uniform gradient estimate |V, ., | < C in any compact subset of R2,
it follows from the similar arguments in the proof of Lemma 3.6 that there exist subsequences
{Wa,, . uns and {4, f with A, < 1T, —4&and ky,, ., (b) =1, such that

n

Au, = A < T —4e,
and
Vi, — ¥a weakly in H llo . (R?) and uniformly in any compact subset of R,
as n — 00. Moreover, it follows from (3.50) that

A < Comy, the constant Cy depends on N, Ny, ¥, not on my. 4.1

Step 1. ¢y, is a subsonic solution of the free boundary problem (2.16).

By using the similar arguments in Step 4 in the proof of Lemma 3.6, we can check that )
is a minimizer to the variational problem (P;). Moreover, the monotonicity of ¥, ., (x,y) in
Lemma 3.1 gives that v, (x, y) is monotonic increasing with respect to y, which implies that the
free boundary of v, is x-graph. Applying the similar arguments in the proof of Lemma 3.3, there
exists a continuous function k) (x), such that the free boundary I'j of the minimizer ¥) can be
described as

I =ENd{yy<me}:y=kyx) for x e (b,+00).

Furthermore, it follows from the similar arguments in Lemma 3.7 that
ka(x) = lim kp, ., (x) forany x € [b,+00).
n—oo

In particular, one has
ky(b) =1,

which is the continuous fit condition to the axially symmetric compressible subsonic impinging jet
flow.

In Theorem 6.1 in [5] and Section 3.11 in [25], Alt, Caffarelli and Friedman obtained that the
continuous fit condition implies the smooth fit condition at the detachment point A, namely, N U I',
is C! at A. Since v, is a minimizer to the variational problem (P;), it follows from Theorem 6.3
in [5] that the free boundary I'y is C %, and thus v/ is C **-smooth up to the free boundary ;. In
view of A < [T, — 3¢, the subsonic cut-off can be removed near ;. Then F(z; 1) is analytic with
respect to ¢, near the free boundary I'. Recalling Remark 6.4 in [5], we can conclude that the free
boundary I') is analytic. By using the similar arguments in the proof of Theorem 9.1 in [14], we can

conclude that
10y |V

=k0n1’),

x Jv X

where v is outer normal vector to I . Utilizing Lemma 6.4 in [6], one has

V1, is uniformly continuous in a {1/, < mg}-neighborhood of A,
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and
Vi,

= Aat A.

Since ¥, is a minimizer to the variational problem (P} ), applying the results (2) in Lemma 2.2, one
has

03y =0 in 2N {Ya <mo}.

Hence, the minimizer v, is a solution of the truncated free boundary problem (2.16).

Step 2. The asymptotic behavior of 1, will be obtained. For the asymptotic behavior of i, in
upstream, we can use the blow-up arguments in the proof of Lemma 5 in [37], and obtain that

Vi (x,y) = (=vin,0), p— pin and V(0x¥;, ayl//)t’ﬁ) — 0,

uniformly in any compact subset of (0,a), as y — +oo, where v;, = — ";% and p;, =
4m0 2 po
P( pE ;A )

By virtue of (3.16), there exists a constant C > 0, such that

\% 2 C
/ X = (4.2)
2N{x>xp} 0

14
- —Ae)(y<moy| dxdy < B

for sufficiently large xo > b, where the constant C is independent of x.
With the aid of (4.2), by using the similar arguments in the proof of Lemma 3.4, we can show
that

x(ka(x) = go(x)) — as x — 400, 4.3)

mo
Acos@
and

v
V¥ax.y) — (=Asin6,Acost)) for (x,y)€ 2, N{Y <mo}, as x — +oo. “.4)
x

Step 3. In this step, we will remove the subsonic cut-off for gy in (2.14).
For A < IT) — 3¢, it is easy to check that p } V'”" } /12 1s a monotonic decreasing function of
|%| € (0, IT)). Moreover,

takes the maximum at X if and only if ¢ takes the maximum at X, 4.5)

[Vl
by
where ¢ = ~/u? + v? is the speed of the fluid.
By using the similar arguments in Page 114 in [6], one has
Qq* = D; (eyq2aij (X;1)D;g*) = 0 in the fluid region £2o,
for some y > 0, where

aij (X; 1) = p(IVe(X)*A%)8i; + 2p1(IVe(X)|* A%) Dip(X) Dj(X)
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and the potential function ¢ satisfies that Vg = (u, v). In view of the maximum principle for ¢
in £2¢, we have that g2 cannot take its maximum in £2. Since the flow is assumed to be symmetric
with respect to the symmetric axis /, thus I can be regarded as the interior of the fluid field by the
even extension of ¢. Thus we conclude that the speed g cannot take its maximum at the symmetric
axis /. By virtue of (4.5), w takes its maximal value at N U I'y U Ny or in the far field. Next,
we consider the following three cases for the maximal momentum W‘p;—(}()l.

Case 1. IW))\C_(X)I takes its maximum in the far field or on the free boundary I'). By virtue of (4.1),

it follows from the asymptotic behavior and the free boundary condition that

VY (O] _
SHP —— =1

- ax {%A} < Como, (4.6)

Xef

where Cj is a constant depending only on N, Ny and ¢
Case 2. WV’;& takes its maximum on walls No N {x < %2} oron N N {x < 22}, By using
the similar arguments in Section 3 in [37], we have
V(X
sup 2O < o, @.7)
XGQO

where Cj is a constant depending only on N, Ny and ¢.
Case 3. W takes its maximum at the nozzle wall No N {x = #} or N Ni{x = “erb}.
Applying the similar arguments in the proof of Theorem 2.3 and Lemma 3.5, we have

VY (X)|
P
X

su
XG.(_ZQ

< CA < Comy, 4.8)

where Cy is a constant depending only on N, Ng and 9.

It follows from (4.7)—(4.8) that

\Y X
M < C()mo in .Q(),
X

which implies that Comg < IT) — 4¢ for sufficiently small my > 0. Then the subsonic cut-off can
be taken away p(t; A%) = p(t; A?).

Step 4. In this step, the positivity of horizontal velocity will be obtained, namely,

W >0 in 2\ 7, 4.9)
dy

where 2 = 2 N {Y) < mo}.
Set w = 9, Y, which solves

; diwx?p —2p10; Y10 Y20
i x3,02

):0 in 2N{Y; <mp}.

Since w = 0 in £2y, the strong maximum principle gives that @ > 0 in £2y.
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Owing to that ¥, attains its maximal value m( on N, it follows from Hopf’s lemma that

0
0< %(X’g(x)) =0dy¥ay 1+ (g’(x))2 =wy/l+ (g’(x))2 on N\ 4,

(g’(x),1)

AV 1+(g’(x))?

where v = is the outer normal vector to N. Similarly, we can show that

w>0 on No\ (0,£0(0)).

Next, we will show that
w>0 on I}. (4.10)

Suppose that there exists a free boundary point Xo = (x¢, yo), such that w(Xy) = 0. Without loss
of generality, we take v = (0, 1) as the outer normal vector of Iy at X,. Since I’y is analytic at X,
thanks to Hopf’s lemma, one has

dw dw
Oxy¥a = W = o <0 at Xp. 4.11)

On another hand, it follows from |V |> = A2x2 on I, that

_0Ax?) 3|V
- as B ads

where s = (0, 1) is the tangential vector of Iy at Xy. This contradicts to (4.11).
Recalling that |g’(b — 0)| < +00, one has

0

= zaxwkaxﬂpk + zayl/f)tayyw,l = 2ax1p)kaxy1/f)h

Vyal Ax

v \/1 + (g/(x))2 - \/1 + (g’(x))2

Hence, we complete the proof of (4.9). In view of (4.10), the implicit function theorem gives that
kj (x) € C'((b, 00)). The analyticity of free boundary I'y, gives that k; (x) is analytic in (b, +00).
O

>0 at A.

4.1  Uniqueness of the compressible subsonic jet flow

In this section, we will consider the uniqueness of subsonic solution of the compressible jet flow
problem for any given incoming mass flux my.

Theorem 4.2 For any given mg > 0, suppose that (Y, f')q) and (‘/}Az» I',) be two subsonic
solutions to compressible impinging jet flow problem, respectively. Then Ay = A, and ¥y, = V3.

Proof. We will divide the proof into two steps.
Step 1. We will show that A; = A,. If not, without loss of generality, one may assume that A; > A,.

In view of the asymptotic behaviors of ¥, and 1%2 in downstream (see Step 2 in the proof of
Theorem 4.1), one has

mo
Aax cos 6

mo

0 d & — ~
AIXCOSH an /lz(x) go(x)

ki (x) = go(x) ~
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for sufficiently large x > 0, which implies

ky (x) < 12,12 (x) for sufficiently large x > 0. 4.12)

mo—y Z mo—y
Denote ¢ = T, L and ¢, = T, 2, where IT), = pa,,crqa,,cr a0 Ty, = 03y crGis,cr- It

is easy to check that

Vei|>  p¥t oy +1

= in 2N 0}, 4.13
22 Ty 1= 35-p ™ {¢1 > 0} (4.13)
and - )
\Y v 1 .
|2 ‘ZZL Pt 2nig o (4.14)
x2p> o y—=1 2(y-1)
where

() o(7)

PAi,cr Pirs,cr

p(t) =

Moreover, p = p(|%|2) is monotone decreasing with respect to |%| € [0,1). Thus ¢; and ¢,
satisfy the following quasilinear elliptic equations,

. Vi . .
O¢y = div (—) =0 inthefluid £ N{¢p; > 0},
xp(| 2L P2)
and _
\Y 5
%) =0 inthefluid £ N {¢ > 0},
xp(| 22 P2)

0¢, = div (
respectively. Denote qgg(x, y) = ¢a(x,y —¢) fore = 0, let I:fz 1y = IEAZ (x) + ¢ to be the free
boundary of (ﬁg Choose g9 = 0 to be the smallest one, such that
H2(X) = ¢1(X) in2, and ¢5°(Xo) = ¢1(Xo) for some Xo € £2 N {¢; > O}.

Next, we consider the following two cases for &¢.

Case 1. g9 = 0, then we can choose Xy = A. The strong maximum principle gives that
$2(X) > g1(X) and Q1 = Q=0 in 20 {¢ > 0}.
Since Iy, U N and Iy, U N are C! at A, one has

b 1om 108 s
I, bav b dv I,

at A, (4.15)

where v is the inner normal vector of Iy, and 1:'12 at A. After a direct computation, one

has 4 (2_a2)
Iy, _ 1T, — er
d_X(T)_—<O for A < A¢p,

(v — DApgB(2)
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which implies that
Iy, - I,
A1 Az
This contradicts to (4.15).
go > 0. It follows from strong maximum principle that X¢ ¢ £2 N {¢; > 0}. In fact, if there

exists a point Xo € £2 N {¢; > 0}, the continuity of ¢;(X) and 4;;0 (X) give that there
exists a disc B, (Xo) C 2 N {¢; > 0} with r > 0, such that

Od1 = 04" =0 in By(Xo), and ¢°(X)=¢1(X) inB(Xo).

Since ¢1(Xp) = ~§° (Xo), the strong maximum principle implies that ¢ (X) = 4320 (X) in
B, (Xy). By using the strong maximum principle again, one has

$1(X) = $;°(X) in 20N {¢; >0},

which leads a contradiction. 3
In view of g > 0, it follows from (3.16) that | Xy| < 400, and thus Xy € Ff; NTy,.
Moreover,

forany 0 < Ay < Ay < A¢p. (4.16)

p0(X) > ¢1(X) and Q¢ = Q@3 =0 in 2N{p >0}

Since Iy, and ff;’ are analytic at X, it follows from Hopf’s lemma that

A 1060 19 A
A2 _ 199 19 _ Ay
M, x v x v Iy,

where v is the inner normal vector to I f %and I 2., at Xo, which leads a contradiction to the
assumption A; > A,, due to (4.16).
Hence, we obtain that A; = A,, and denote A = A; = A, in the following.

Step 2. Yy, = 1/7,1. Suppose that v/, # v/, without loss of the generality, one may assume that there
exists some xg € (0, +00), such that

kj(xo) > lgx(xo) for some xg > 0. 4.17)

Consider a function ¥ (x,y) = ¥a(x,y —¢) fore = 0 and I'f : y = kj(x) + ¢ is the free
boundary of ¥/7, choosing the smallest &g = 0 such that

Yi0(X) < ¥a(X) in2, and ¥;°(Xo) = Ya(Xo) forsome Xo € £2.

It follows from (4.17) that &g > 0, which together with the strong maximum principle and the
asymptotic behavior imply that Xo ¢ 2 N {y; < me} and Xy € Ffo N Iy with | Xo| < +00. Then

we have

Yi0(X) <ya(X) and Q5% = 092 =0 in 2 NP <mo}

Thanks to the Hopf’s lemma, one has

10vs° 19y
A= L0 LWa ik,
x Jv x Jv

where v is the outer normal vector of I f °Nr " at X, which leads a contradiction. O
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5. The existence of the critical mass flux

For any sufficiently small mo > 0, we have shown that there exist a unique A < IT) —4¢ and a
unique solution (u, v, p, I'}) to the free boundary problem in previous section. One key point is that
the smallness of m( guarantee the global subsonicity of the compressible jet flow. In this section,
we will increase m as large as possible, and obtain the critical upper bound of the incoming mass
flux mo.

Let {&,}52; be a strictly decreasing sequence with &, | 0. Denote 1//1’,,” (x, ) as the solution
of the following free boundary value problem

V~(V—W):0inﬂﬂ{1//<m},

xp (1 2:42)
Y =0onT, y =monNUI" G.1D

Am’
1y _
Xy — A on Ff7m,
for any sufficiently small m > 0 and the free boundary I’ :y = k7 (x) satisfies the continuous

y y YLym:Y Am

fit condition k7 (b) = 1, where v is the outer normal vector. Here, p" (¢; A2) is a smooth function
satisfying
o(t: A?) if 0<t< (T —2&,)?,

n ’AZ —
P {P ((HA _5n)2;/12) if £ = (I —en)?,

and p"(¢; 1) — 207 (t; A)t <y, < +oo with some constant y, > 0.
First, we define a set

Kn(m) = {1//1”,” | w/’{’m is a subsonic solution to free boundary problem (5.1)},

for any small &, > 0 and m > 0. For any small m > 0 and ¢, > 0, it follows from Theorem (4.1)
that there exist a A = A(m) and a unique subsonic solution ‘/ff(m) . to the free boundary problem
with

2

vyl
_TAMm)m My my < —4en.

A(m) < Iy —4en  and sup
x

XG(ZI’\{O<W$Z(m)'m <m}

Thus m € IC,,(m) for small m > 0 and the set [C, () is not empty. The uniqueness of subsonic
solution and A are established in Section 4. Denote A = A(m) and 1//1’(,”)  &s the unique subsonic
solution to the free boundary problem (5.1) with

vyl
A(m) < Iy n) — 46, and sup A IT) i) < —4ey.
XeQn{0<y .y . <m} X
Denote
Vyl
T,(m)=  inf ( sup ‘ Am —m), (5.2)
VL mEn M\ (x,y)eQt

where 27 = 2N {0 < Vim < m}.
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Define a set

XY, = {m | for any t € (0, m), there exists a subsonic solution ¥/} ,, to the

free boundary problem with T, (7) < —4¢,}.

Along the above arguments, we have m € X, for small m > 0, which implies that the set X, is
non-empty. Obviously, X, C Xy, 1.
Set
m, = sup m. (5.3)
mex,
The definition of m, implies that m,, is monotone increasing with respect to n. For m > 0, it is easy
to check that

m =3 ,(B) =¥} ,,(b.go(b)) < Loup VYL (X1 = go(B)] < Acrb|l = go(D)].  (5.4)
€23 m

With the aid of (5.4), we can define

mer = lim m,. (5.5)
n—>+oo
Lemma 5.1 For any m € (0, my], T,,(m) is left-continuous with respect to m, namely, T,(m) =
lime s m— T (7).

Proof. For any m € (0, m,], there exists a sequence {7z} with 7 1 m. The definition of X, gives
that there exists a subsonic solution ¥/} o 10 the free boundary problem, which satisfies that

VY3 o (X)
X

Tu(tx) = inf Q{ sup

W;Ll.rk €Kn (Tx) GQ;L"Tk

‘ —HA) < —deg,.

By using the uniqueness result in Section 4, we have that A = A(zx) and solution v/} W = ‘/’/’Xl(rk) -
is the unique subsonic solution to the free boundary problem (5.1). Then one has

vyl (X)
To(te) =  sup %‘—m(ms—m. (5.6)

Xen

n
Alrp) .t

By using the similar arguments in the proof of Lemma 2.5, we can take a subsequence {7}, such
that
Atg) = Ao < [Ty, — 4en,

and
Vi — Yigm Weakly in H . (£2) and uniformly in any compact subset of R?,

as k — 400. Moreover, the inequality (5.6) gives that

Vi m(X)
x

lim T,(tx) = sup
Tk —m
& XeQy

‘ _HAO < —4eg,.
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Thus 1///{‘0 1S @ subsonic solution to the free boundary problem (5.1). Applying the uniqueness
results in Section 4, we conclude that Ay = A(m) and 1/f/’{0 = 1//1’(,") m € Kn(m). It follows from
the definition of T}, (m) in (5.2) and the uniqueness result in Section 4 that

Tum) = _lim_ T, (zo). O

Lemma 5.2 There exists a critical mass flux m¢, > 0, such that for any m € (0, m¢,), there exist a
unique A = A(m) < A¢, and a unique subsonic solution V)_, to the free boundary problem (5.1),

such that v ¥
T(m) = sup Ip)k,m( ) ‘
Xe2).m X

—1II, <0, (5.7)

where 23 ,, = 2 N {0 < Yum < m}. And me, is the upper critical mass flux for the existence of
subsonic solution in the following sense: either

Tm)—>0 as m— mey, 5.8)

or there is no o > 0, such that for any m € (m¢,, mer + 0), there exista A < Aqr and a subsonic
solution V), , to the free boundary problem (5.1), and

sup T(m) < 0. (5.9

me(mer,mer+0)

Proof. For any m € (0, m,), the definition of m., in (5.5) gives that there exists a N, such that
m < my, for any n > N. Therefore, it follows from the definition of m,, that we have

Vi m(X)
Tu(m) = inf (Ysup A—m' — I,
]/’;:.melc”(m) €EQ2x.m X

By virtue of Theorem 4.1, we can conclude that there exist a unique A(m) < I1(n) — 4, and a
unique subsonic solution I/IZ(m) . Lo the free boundary problem (5.1), such that

VI///rll(m),m (X) ‘
X

)$—48,, for n > N.

Tw(m) = sup
XeRrmy.m

— Iym) < —4ey.

Taking Yo m = ‘/’Z(m) e then ¥, 4, is the unique subsonic solution to the compressible impinging
jet flow problem (5.1) and T'(m) = T,,(m) < —4¢, < 0.
If sup,,e(0,m,,) T'(m) < 0, there exists a large N, such that
sup T(m) < —4¢g, (5.10)
me(0,mcr)
for any n > N. It is easy to check that m., € X, and thus m., < m, foranyn > N.
It follows from Lemma 5.1 that T}, (m) is left-continuous for m € (0, my], and thus

T(mer) = To(mer) < —4ép. (5.11)
Suppose that there exists a ¢ > 0, such that for any m € (m.,, m.r + o), there exists a subsonic
solution v/, ,, with A < A, to the free boundary problem (5.1) and

sup T(m) = sup (Ysup M‘ — HA) < 0. (5.12)

me(mer,mer+0) me(mer,mer+0) €2\ .m
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In view of (5.12), there exists a large k > 0, such that

Vl//A,m(X) -
—x A

sup T(m) = sup (X sup ) < —deyqk- (5.13)

me(mer,mer~+0) me(mer,mer~+0) €2 .m
By virtue of (5.10), (5.11) and (5.13), one has

Tuyk(mep +0) =T(mer +0) < sup T(m) < depyk,
me(0,mcr+0)

for any n > N, which implies that m., 4+ o € X, 4. The definition of m,, 4 in (5.3) gives that
Mytf = Mer +0 > Mep.

This leads a contradiction to the definition of m., in (5.5). O

6. The proof of the main results

Based on the previous sections, we will complete the proof of Theorem 1.3 and Theorem 1.4 in this
section.

Proof of Theorem 1.3. For any given atmosphere pressure p.,, > 0, it follows from Lemma 5.2
that there exists a critical mass flux M., > 0, such that for any My € (0, M.,), there exist a
unique A = A(mg) < A, and a unique subsonic solution (Y2 ;. I'A,m,) to the axially symmetric
compressible impinging flow, where

M. =2nm, and My = 2mwmy.

In view of the proof of Theorem 4.1, we conclude that ¥, ,,,, and the free boundary I' ,,, : y =
k). mo(x) satisty that

Yime € C2%(20) N C1(£20), ki my(x) € CH([b, +00)),
and
knme® +0) =1, k. (b+0)=g'(b—0)., k), (x) > tanf, kzm(x) — go(x) =0

IV¥a.mgl
as x — +00. Moreover, sup(, ,yeg, xH;no < land p = pam on Iy m,.

By virtue of the Bernoulli’s law (1.11), one has

MZ Ay, A2 Ay ,_ atm\ ¥

02+ ypl?/nlz_z V/Ogl, 0=(Pt)y’

2ra*p;, Yy —1 205 v —1 A

which implies that the incoming pressure p;, = Apl?'n is determined uniquely by A. Moreover, the
subsonicity of solution v/, ,,,, gives that p;, € (p1, p2), where p1 and p, satisfy that p; < p, and

Mg Ay (m)y%‘ ﬂ(pﬂ)%‘
A

27,204(%)% y—1 Z)’—l A
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and
Mg Ay (&)VT”ZAy(y+1) (M)VT"
o2t ()7 VI NA 20-D \ A
Denote
1 ad 1 a
u = v B Iihak,"no U= — v B ‘”all,mo , I =2nN {I//A,mo < mo}
(—hpe—h @ xp(—pgpe—ia)

and the density p is determined uniquely by

v 2 A _ A2 A -
| 1/f;12,m§| + Y py 1 _ 2 n Y P())/ 1.
2x2p y—1 205 v-—1

Thus, (u, v, p, I') satisfies the conditions (1)—(3) in Definition 1.1, and (u, v, p, I") is the unique
subsonic solution to FBP.

The statements (1)—(3) of Theorem 1.3 follows from the Step 2 and Step 4 in the proof of
Theorem 4.1 directly. The final statement (4) of Theorem 1.3 is proved in Section 5.

Hence, we complete the proof of Theorem 1.3. O

Proof of Theorem 1.4. By virtue of Theorem 1.3, the subsonic solution (Y3 m. I'A,m,) established
in Theorem 1.3 satisfies that

V¥.,me is uniformly continuous in a {{3 ,», < mg}-neighborhood of A4, 6.1)

and
Iyme UN isClat A. (6.2)

Under the assumption that N is C>* near A, with the aid of (6.1) and (6.2), the proof of Theorem 1.4
follows from Theorem 1.1 in [7] directly. ]
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