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A curve shortening equation related to the evolution of grain boundaries is presented. This equation
is derived from the grain boundary energy by applying the maximum dissipation principle. Gradient
estimates and large time asymptotic behavior of solutions are considered. In the proof of these results,
one key ingredient is a new weighted monotonicity formula that incorporates a time-dependent
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1. Introduction

We study a curve shortening equation related to the evolution of grain boundaries. Most materials
have a polycrystalline microstructure composed of a myriad of tiny single crystalline grains
separated by grain boundaries. Many experimental results indicate that the microscale structure
of the grain boundaries is strongly related to the macroscale properties of the material composed of
these grain boundaries.

Mathematical modeling of the grain boundaries was first studied by Mullins and Herring [9, 15,
16]. In particular, when the grain boundary energy depends only on the length and shape of these
grain boundaries, a curve shortening equation or a mean curvature flow equation is obtained. Both
equations are quasilinear and underlie important problems in geometric analysis; hence there is a
diversity of research looking into these problems.

However, from the perspective of research on grain boundaries, it is also important to treat other
state variables. For instance, grain boundaries are regarded as some singularity in lattice orientation
of each grain. Kinderlehrer-Liu [1 1] introduced misorientations, which are the differences in lattice
orientation of two grains separated by a grain boundary, as a parameter in the expression for the grain
boundary energy. They derived geometric evolution equations based on the maximal dissipation
principle. Epshteyn-Liu-Mizuno [6, 7] considered the case that the misorientation depends on the
time and demonstrated the local existence of network solutions provided the grain boundaries are
straight line segments. Nevertheless, the interaction between curvature and misorientation is not
well-known.
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FIG.1. Let I; C R? be a smooth Jordan curve, and let ), a® be time-dependent unknown functions, called
orientations. The difference o = a® — a1 is called the misorientation.

In this article, we study the grain boundary energy that include time-dependent misorientations
as a state variable. First, we consider a smooth Jordan curve I} C R2 as a grain boundary, with
v, and « denoting the normal velocity and the curvature of [, respectively. We assume that the
misorientation a(f) = a®(r) — «V(r) depends on the time and is independent of the position
vector of the grain boundary (see Figure 1). Taking the grain boundary energy as

/ o(a)d A"t =o(a)|I7],
Iy

we derived a system of evolution equations obtained from the maximum dissipation principle:

v, = uo()k, only, t >0,

(1.1)
oy = —yoy()| I}, t > 0.

Here, i and y denote positive constants, o : R — [0, c0) denotes a given smooth function, and ||
the length of I';. We present a derivation of (1.1) in Section 2. Our system consists of two equations,
one being a curve shortening equation with time-dependent mobility, and the other describing the
evolution of the misorientation. The most significant difference between the PDE in [11] and (1.1)
is the time-dependent misorientation. The evolution of a misorientation was considered in [6, 7].
However, only the relaxation limit 4 — oo was studied, namely, the authors employed straight
line segments to be grain boundaries. On the other hand, they considered curved grain boundaries
in the derivation of the system. For this reason, understanding the relationship between the effect
of curvature and the evolution of misorientations is important. In regard to curve shortening flow,
specifically time-independent misorientations, a solution of (1.1) exists in a finite time if the initial
data is a Jordan curve. For example, if infycg 0 (o) > C and Iy = {|x| = R} for some constants
C > 0and R > 0, then the solution (1:} , &) of (1.1) with the initial data (I:'O, () is also a circle and

the radius r(t) coincides with
t
\/R2 — 2/1/ o(a(s))ds.
0
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Note that the comparison principle implies I'; C {|x| < /R? —2uCt} for any solution (I, @)
such that Iy C {|x| < R}, since {|x| = v/ R? —2uCt} is a solution of v, = uC«. Therefore, any
solution starting from a Jordan curve disappears in a finite time. In contrast, as for curve shortening
flow, the solution is expected to converge to a straight line under suitable conditions, although the
effects from boundary conditions and junctions also need to be considered (See Example 2.3). The
mean curvature flow of the graph has been studied in [3-5], but is not well-known in regard to effects
concerning the evolving misorientations. Consequently, to understand the nature of the time global
classical solution of (1.1), we consider two unbounded grains, and their grain boundary represented
by a periodic graph (see (2.18) below). In this situation, we study the properties of the time global
solutions.

To obtain the solvability of the system in the graphical setting, a priori gradient estimates for
solutions of our system play an important role. For the curve shortening equation with constant
mobility, Huisken [10] derived the so-called monotonicity formula (cf. [8]) and Ecker-Huisken [4]
provided gradient estimates for the entire graph using Huisken’s monotonicity formula (See also [ 14,
18]. Sharp gradient estimates are given in [1]). Key ingredients of Huisken’s monotonicity formula
are the properties of the standard backward heat kernel. We derive the weighted monotonicity
formula in similar manner as for Huisken’s formula (cf. Ecker [2, Theorem 4.13]) for the curve
shortening equation with a time-dependent mobility (see Theorem 3.1 below). Then, using the
weighted monotonicity formula we obtain gradient estimates and the global existence of solutions
for the problem (See Theorem 4.2 and Theorem 4.5 below). Our new argument is to replace the
standard backward heat kernel with one with time-dependent thermal conductivity. Finally, we prove
that the time global solution converges to a straight line exponentially in C? (see Theorem 5.1).

The paper is organized as follows. In Section 2, we set up the model and derive evolution
equations using the maximum dissipation principle. We consider a graph of an unknown function as
a grain boundary and derive a governing equation from the model. In Section 3, we briefly review
backward heat kernels with time-dependent thermal conductivity. Next, we obtain the weighted
monotonicity identity for our problem. Using this identity, we derive gradient estimates and the
global existence of solutions to our problem in Section 4. In Section 5, we deduce the large time
asymptotic behavior of the global solution.

2. Derivation of the system

We begin by deriving the governing equations of our systems from the energy dissipation principle.
This approach is taken from [6, 7], without the effect of the triple junction drag. We consider a single
grain boundary I} represented by point vector § (s.2) € R? for0 < s < land ¢ > 0. Note that s is
not necessarily the arclength parameter. To understand the relationship between misorientations and
the effect of curvature, we impose the periodic boundary condition, spec1ﬁcally 5(0 t) = E (1,1)
and Es (O t) = Ss(l t) for t > 0. We denote a tangent vector by b = SS and a normal vector by
ii = Rb where R is a matrix describing an anti-clockwise rotation through angle 7 /2. Again we
remark that the tangent vector b and the normal vector 7 are not necessarily unit vectors because in
general s is not the arclength parameter.

Next, we let @ = «(¢) be the lattice misorientation on the grain boundary I';. We assume that
the lattice misorientation o depends on time ¢, but is independent of parameter s. We consider the
normal vector 7 and the lattice misorientation « as state variables so we define the interfacial grain
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FIG. 2. Model of a single grain boundary I';. State variables a® and @ represent the lattice orientations of the grains.
State variable @ = o) — ‘1) defines the misorientation on the grain boundary I;.

boundary energy density of Iy as
oc=o(,a)=0.

Thus the total grain boundary energy of the system I} is written

1 -
E(1) :/F o(i,a)d ! :/0 o(ii(s, 1), a())|b(s.1)|ds, Q.1)

where 71 is the 1-dimensional Hausdorff measure and | - | is the standard Euclidean vector norm
on R2. Next, we assume that ¢ is a non-negative smooth function and positively homogeneous of
degree 0 in 7.

Let us now derive the grain boundary motion from the dissipation principle of the total grain

boundary energy (2.1). Let " be the normalization operator of vectors, e.g., b= \ZTM Next, we
compute the dissipation rate of the total grain boundary energy E(¢) at time ¢,

d L T U b db U da -
ZEw = . Zbld Z .22y Zibld
GE0= [ o dr"”fo“b s+ [ ouibas

. 2\ db U da -
- 'Ro- Nt = .
/O (|b| a,,+c7b) - ds+/0 Oa—-|bl ds

Now, consider a polar angle 6 for 7 and set 7 = |11|(cos 0, sin #). Since o is positively homogeneous
of degree 0 in 71, we have

2.2)

=o0;(,a)- 1, 'Ro; = (‘Ro; 7_})}%
2=1 2.3)

0 := —o(ii,a) = |ii|'Ro; - 1, ogit = |Z;|ZR0;,,

do

d -
0= d—xa(kn,a)

and thus, we define the vector T known as the line tension vector,

T:= 091_;' +ob = |5|tRGﬁ + ob.



A CURVE SHORTENING EQUATION 173

Next, using a change of variable
db d dé§
— ==, 2.4
dt ds dt 24

we rewrite (2.2) as

d L. ddE U da - L U da -
SEn=| T- d wo—lblds =— | Ty-—d w—|blds (2.5
aE® /0 ds dr S+/0°dz||s /0 di S+/00dt||s()

from the periodic condition b 0,1) = b (1,1).
For the reader’s convenience, we recall a property of the derivative of the line tension vector 7.

Lemma 2.1 (cf. [11]) Let k be the curvature of I'y. Then

= |b|(apg + )it (2.6)

Proof. Denote dr, = ﬁas, which is the arc-length derivative along with I;. From the Frenet—
Serret formula, we obtain

by = |b|or,b = |blkii, iis = |b|dp,ii = —|b|kb. 2.7

Hence, we obtain,
Ts = (Uﬁe-ﬁs)_>72+(igﬁs—|:((fﬁ-ﬁj)g+0'55 . 2.8)
= (‘Rojg - by + |blok)ii + (—|blogk + 'Roy; - bs)b.

Since o and oy are positively homogeneous of degree 0 in 7, as the similar calculation on (2.3), we
have . R .
= |b|'Ro;, oyghi = |b|'Rojyg. (2.9)

3l>

-

Us1ng the orthogonal relation I; ii = 0 and the Frenet-Serret formula (2.7), we obtain by - i =
b iy = |b|2/< Thus, from (2.9)

S 1 s - - .
'Rog - bs + |blok = ﬁoggn -bs + |blok = |b| (g9 + 0) k,

1
—|blogk + 'Ro; - by = —|blogk + ﬂagn by =0
b

and hence we derive (2.6). O]

To ensure that the whole system is dissipative, i.e.

d
_E $ )
7 ) <0

we impose the so called Mullins equation or the curve shortening equation for the evolution of the
grain boundary [y. From Lemma 2.1, T is proportional to the normal vector on I’y and therefore
we impose

v, = ;Lapj" i = u(ogg + o)k on Iy, (2.10)
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where v, denotes the normal velocity vector of I'y and u > 0 a positive mobility constant. Note
that equation (2.10) may be derived from the variation of the energy E with respect to the curve &.
Indeed, for any test function ¢ € C5°(0, 1),

SE - (Y,
0= [ (@ntc)- REIID + 0G.)b - ) ds
8¢ 0
1 A~
=/ (IEI’RG;,(ﬁ,a)Jro(ﬁ,a);S)-qZSds @2.11)
0
= [ or,(1brRoxG.co + o) -G a2
I

thus (2.10) is turned into

di  SE
e U sE
Since v, = g?, . 1% we obtain
d 1 -
2= L pip 0 @12
dt

Next, we consider the law underlying evolution of lattice misorientations. Since « is independent of
the parameter s,

U da - da [! - da
o—|blds = — «|blds = — «d I,
/OodtHs dtOUHS dt/o

hence for a constant y > 0, we impose the following relation for the rate of change of the lattice

misorientation;
da 1
@_ [ oudn?t, (2.13)
I

dt
to ensure the whole system is dissipative, namely %E (t) < 0. Note that our proposed
equation (2.13) can be derived from the variation of the energy E with respect to lattice
misorientation «. Indeed, for any number £ € R,

SE d o - s
=2 /a(n,a+es>|b|ds=s/ 0ai.0)|B] ds,
S de e=0J0 0
thus (2.13) becomes
do _ SE 2.14)
i~ VSa ‘

Now, substituting equations (2.10) and (2.13) in the rate of change for the total energy (2.5), we find
that the whole system is dissipative, namely

2

d 1 1
<0. (2.15)

GEO == [ part -2
dt wJr, Y

da

dt

REMARK We emphasize in (2.15) that the evolving misorientation « has a dissipative structure. See
also [6]. In contrast, the misorientation is a fixed parameter in [11].
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We next consider the grain boundary motion for the isotropic case. The grain boundary energy
density o is independent of the normal vector 71. Then, the equations (2.10) and (2.13) become

vy = uo(a)k, only, t >0,

(2.16)
a; = —yog ()| Iy, t > 0.

Imposing the periodic boundary condition, we put T := R/Z and write I as a graph of an unknown
function u = u(x,t) on T x [0, co), namely

g(x,t) = (x,u(x,1)), xe€T, ¢>0. (2.17)

Wlth the 1n1t1a1 data E (x,0) = (x,up(x)), @(0) = ¢ € R, and the periodic boundary condition
S(O t) = S(l t), ES(O t) = Es(l t), equation (2.16) becomes

223
—— M()(—), xeT, t>0,
V1 |uxl? V1t |uxl?

= — Iy, t>0,
@ = —you@) I} o1
u(0,t) = u(l, 1), ux(0,1) =ux(l,1), t >0,
u(x,0) = uo(x), xeT,
a(0) = ap.

Indeed, the normal velocity v, and the curvature k are given by

223

A 1
_): 0’ t ° Ry — X71 =—7
©.10) (\/1+|ux|2( )) V14 Juxl?
1 1 1
- 1» X M e xal
\/1+|ux|2(\/1+|ux|2( ! ))x (,/1+|ux|2( ))
Ux
B (\/1 T |ux|2)x'

From (2.1), the associated total grain boundary energy FE(¢) is given by

1

s
Il

o

=

=
Il
(o5
=
S
S

1
E@) = /1: o(a) = a(oz)/o V14 |ux|?dx. (2.19)

Proposition 2.2 (Free energy dissipation) Let u be a solution of (2.18). Then

1
= | ——L | 1+ |uc]?dx. (2.20)
dt Y M/o (,/1+|ux|2) |
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Proof. By direct calculation, we obtain

dE L VIR i
— =o0q0¢|l¥|+ 0 —dx
o7 a1t A EaNE PHE
1
Uy
= 0, ozt|1",|—0/ (—) Uy dx (2.21)
¢ 0 \+/ 1+ |ux|2 x
1 1! U >
=——|O{t|2__[ (—) V14 |ux|?dx.
y wlo \ 1+ [ux]? *
This proves the proposition. 0

Hereafter, we make two assumptions, first being that the energy density is strictly positive,
namely there exists a positive constant C; > 0 such that

o(@) = C (A1)
for all « € R. The second is that for « € R
aoy(a) = 0. (A2)

EXAMPLE 2.3 When we consider o () = 1 + %az, then C; = 1 and we obtain equations:

Uy 1 2 Ux
—zu(l—l——a (l‘))(—) , x €(0,1), t >0,
V1+|”x|2 2 \/l‘i‘|“x|2 x

ay = —ya(t)|Iy], t>0.

For example, (u, @) = (c1, c2e” ") is an explicit solution for any constants ¢1 and c5.

3. Weighted monotonicity formula

Next, we derive a weighted monotonicity formula for (2.18), which is useful for gradient estimates.
In order to obtain the formula, we describe the backward heat kernel with time dependent thermal
conductivities and its properties.

3.1  Backward heat kernels with time-dependent thermal conductivities

From (2.16), we have to consider the fundamental solution of the heat equation with a time-
dependent thermal conductivity. Let us study

83—”;(x,z) = k'(1)Au(x,1) xeR? >0, (3.1)

where k (¢) denotes the given thermal conductivity depending on ¢ > 0. Taking a change of variable
s = k(t), we obtain

ad
a—u(x,s) = Au(x,s) xe€ Rd, s > 0.
S
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Thus, the fundamental solution of (3.1) is given by

! PPy _ X2 s
(4ns)d/2 exp (_K) - (47{k(l))d/2 exp (_4k(t)) . 3.2)

Let k'(t) = po(a(?)); note that kK’ > uC; by (Al). For Xg € R? and ty > 0, we define the
backward heat kernel p = p(x, 1) as

p(X,1) = ! T exp (—wﬁ;—%) ., 0<t<ty, XeR: (33)
(47r(k(to) —k(z)))2 0

Then, by direct calculation we get

) K OIX = X2
pr 2(k(t0) — k(1)) P 4(k(10) — k(t))zp’
- x_
Dp = 2(k(to) — k(1)) (= ol -
2 p IO

D?p = 5 (X — Xo) ® (X — Xo),

- I+
2(k(to) —k(®) " 4(k(to) — k(1))
where X ® Y = (x;y;)1<i,j<2 for X = (x1,x2), Y = (y1, y2) € R%. Therefore we obtain

(Dp-a)?

pr + po(a(r)) + po(a(@))((I —a ®ad) : D*p)

k) k' (01X = Xo|? k'(t)p 2
- - —— (X = Xo)-
(2("(’0)"‘“))p 4(k(r0) — k(1)) )+ et — k) X0 )

q0] = p p X—XPP——P (X =Xp)-a)
+ (Z)( 2(k(to) — k(0)) +4(k(to)—k(t))2| o 4(k(t0)—k(t))2(( 2 a))

= O’
(3.5)

for a € S'. We now use the backward heat kernel with k’(¢) = po (a(t)) and k(0) = 0, namely

p(X,t) = ! T eXp (_zt(zl‘)((z;—i(gz(z))) , O0<t<ty, XeR? 3.6)
(47r(2(t0) - E(r)))2 0

where
t

X(t):= /L/O O'(Ol(‘L’)) dt. 3.7
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3.2 Weighted monotonicity identity

The monotonicity formula for the mean curvature flow was derived by Huisken [10] to study
asymptotics of blow-up profiles. Ecker and Huisken [4] used the formula to show the existence
for the entire graph solutions. To the best of our knowledge, the monotonicity formula for the
curve shortening flow with variable mobilities is not known. We derive the weighted monotonicity
identity in a similar manner to [2, Theorem 4.13]. The key observation in deriving the identity is the
usefulness of the energy dissipation (2.20).

A continuously differentiable function f := f(x,y,t) : [0,1] x R x [0,00) — R is called
admissible if (0, y,t) = f(1,y,t) and f;(0,y,t) = fx(1,y,t) fory € Rand ¢ = 0. From now

. - 1 a .
on, for a solution u of (2.18), let n = —m( Uy, 1) be an upward unit normal vector of 7,

= ("—X) be the curvature of I'; and ¥ = k7 be the curvature vector of I7.

vV T+ux?2”X

Theorem 3.1 Let (u,a) be a solution of (2.18). Then for any Xo € R?, ty > 0, and for any
admissible f :[0,1] xR x [0,00) —> R,

G oota®) = [ (- po(e@)ar, £ + o )0F 2o et@)
Iy Iy

—,ua(a(l)) /Ft (fp (—K +

where p = p(x,.10) IS given by (3.6).

>

2
fl) 0(0(([))) — ﬁ - fp()ltz, 3.8

Proof. We first calculate

) 100+ o+ o o s
— g = — fpo + —p0 + Ol + 0 ————dx
dr Jr, 7P I 3tfp r,fatp I Jpouts 0 fe 1+ Jux)? (3.9)

:I]1+12+I3+I4.

By integration by parts, /4 is transformed into

Iy = /1 (f(x u,t)p(x,u,t)o(w(t)) u;dx

va |ux|2>
Ux Uy
= fp
r, ox \/1+|ux|2 \/1+|ux|2
f Ux Uy

\/1+|ux|2 V1 + uxl?

(3.10)

Ux Uy
— | fpo .
/F, V14 lux? ) 1+ |uxl?
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By direct calculation of the backward heat kernel p, we have

8p 0 ) Uy Uy
0t X" /14 [uyx|? 1+ |ux?

Ux Uy
\/1 + |ux|2 \/1 + |”x|2

= pr + pyts — (px + Pylix)

n Uy n 1 U
=p+|—p P
VTRl T VT ) T+ unl?

- U
= + D ‘n )
(3.11)
> 1 . .
where n = —m( Uy, 1). Similarly,
ad a0 Uy Uy - Uy
—f——f =i+ (Df - n)——. (3.12)
N S TR e TN VIt 2
Therefore
- Uy
11+12+13+14=/ Jt +(Df -n)————= | po
r,( ' NOESTRE
; Ux e 13)
O A R (e o O
I: (t ( V1 Juxl? x V1 Juxl?
+/ fpogo;.
Iy
Next, by equation (2.18),
- Ux Uy
(Dp-n)—p( )
( \/1+|”x|2 x \/1+|”x|2
= ((Dp-ii) = pk) - pok
P (3.14)
Dp-i)\> (Dp-ii)?
=—/LU(,()(—K+( P n)) _ (Bp-n) +(Dp-7z)lc)
P p
Dp-i)\> (Dp-ii)? R
:_W(p(_KJr( o n)) _ (Dp-n) +(Dp-:<)),
P p
and
(Df -il)—— ' — uo(Df -%). (3.15)

V1 [uxl?
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Again, we use equation (2.18) and

(Dp - 11)?

11+12+I3+I4=/F(ft+/w(Df-/?))pa+/F f(pz'i'/LU —;w(D,o-l?))o

(Dp-ii)\? I )
—MU/ fp(—K+ o— Spoy.
Iy P vl Jr, !

(3.16)

By Gauss’ divergence formula and assumption (0, y,t) = f(1,y,t) = 0, we have

| aivr, (7o) = - /F (DB

Iy
Here,
. 1 a (15 ux)
div Dp) = ——— X,u,t xX,u,t), py(x,u,t —
r(fPp) =~ g (D (palrat ). py (r101)) - — s

_ S 1 Ux N2
T+ [uxf? ((u qulz) P p)
N 1 o ) 1 5 ; (3.17)
STl P T e
1 0 1 0
[ —ii®ii): D? . —— - 7
fU - ®i) p+< —1+|ux|233€)p( —I_Huxlzax)f

With f admissible, we obtain by integration by parts

/(S By (S A
o \VT P o )\ Vi x| 7 o 0P\ T e o

1
:_/ ) 1 if dy (.18
0 V1 Juy|? 0x .
= _/ ,OAF[f.
Iy
Therefore, by (3.5) we obtain
d -
a /- fpo = /F (ft = uoAr, f + po(Df -K))po
' ' (Dp- i\ | (3.19)
p-n 2
—MU/ fp(—lc+ ) o— Jpoy.
I P yin Jr, 7!
This proves the theorem. O

REMARK Equality (3.8) also holds when I} is not a graph. A key relation in proving (3.8) is

i/ F =/ (VF = FR) -0y + F,) (3.20)
dt Iy Iy
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for any smooth function F : R? x [0,00) — R, where 9, and k¥ denote the normal velocity vector
and the curvature vector of I}, respectively. Indeed, the relation (3.20) also holds for a smooth
Jordan curve Iy (see [2, Proposition 4.6 and Theorem 4.13]).

On the proof of Theorem 3.1, we only use the smoothness of the energy density o. If we assume
the positivity (A1) and the non-negativity of the admissible function f, we obtain the weighted
monotonicity formula.

Corollary 3.2 Let (4, ) be a solution of (2.18) and let f : [0,1] x R x [0,00) — [0, 00) be a
non-negative admissible function. Then, under Assumption (A1), we obtain

d o
o / fpo(a®) < / (fi = no(@®)Ar [ + po(@®)(Df -))po(e®). (32D
Ft Ft

where p = p(x,.1,) s given by (3.6).

4. Gradient estimates and existence of solutions

In this section, we first obtain the a priori gradient estimates by applying the area element
v/ 1 + |ux|? to the admissible function in the weighted monotonicity formula, obtained in previous
section. Note that the area element is the non-negative admissible function and the integrand of
the right hand side of (3.21) is non-positive. Next, we prove the existence of classical solutions
for (2.18) from the a priori gradient estimates.

Lemma 4.1 Let (u, ) be a solution of (2.18) and let v := /1 + |ux|?. Then

2
. v
vy — oA, v 4 uo(Dv - k) = —puovk? — 2;w—’§. 4.1
v
Proof. Taking a derivative of (2.18) with respect to x, we obtain
Uy = po (@) (xk + vky) .

Multiplying u, /v and using the relation vv; = uyu;, we have

UxVx

vy = uo () ( K+ MxKx) . 4.2)

v

Next, we manipulate the curvature k as

2
Ux Uxx UiUxx Uxx Uxx
o= (1), = (t - ) < ey =
VUV /x v v 1 v

Letdr, = %ax be the derivative along I;. Then, Ap, = 8%1 and

1 1 u
or,v=—vy = —Uxlxx = v2 k.
v v v
Therefore
1 205 UxK 5
Ar,v=—-0rv)x = + VKT 4 UxKy
v v
) 4.3)

v
X 2
= F + vk +MXKX.
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Since "
Dv -k = vy (—K—x> , 4.4

v
we obtain (4.1) by direct substitution of (4.2), (4.3), and (4.4). O

Theorem 4.2 Let (u, ) be a solution of (2.18) and let v := /1 + uZ2. Assume (Al). Then, for all
0<xg<landty >0,

v(xg, ) < o(oz(O)) sup v2(x,0). 4.5)
(H 0<x<l1

Proof. Put Xo = (xo,u(xo,%)) and consider the backward heat kernel p = p(x,.). Then,
Theorem 3.1 with f = v and Lemma 4.1 imply

2

i/ vpo (a(t)) < —[ (;wv/cz + 2,uov—)3c) po(a(t)) <0 (4.6)
dt Iy Iy v

for 0 < ¢ < t9. Here we use the non-negativity of o. Thus

/v(x,t)p(X,t)G(a(t))S/ v(x,O)p(X,O)a(oz(O))

Iy Iy
1

So(a(O)) sup v(x,0) p((x,u(x,O)),O)v(x,O)dx .7
0

0<x<1
SG(O{(O)) sup v2(x,0).

0<x<1

Taking a limit ¢ 1 o on (4.7) and Assumption (A1), we have

Cru(xg,t9) < U(a(to))v(xo,to) < o(a(O)) sup v2(x,0). 4.8)

0<x<l1

This proves the theorem. O
Lemma 4.3 Let (u, ) be a solution of (2.18). Assume (A2). Then, for all tg > 0
()] < | (0)]. (4.9)

Proof. Multiplying the equation (2.18) by o and using (A2) imply
1
5 @) = —yaoa (@] < 0. (4.10)

Integrating the above inequality on 0 < ¢ < f¢, we have (4.9). O

In a similar manner to the arguments in [17], the following holds:

Lemma 4.4 Let (u,«) be a solution of (2.18). Assume (Al). Then, for all 0 < xo < 1 and ty > 0,

|u(xo, t0)| < sup1 |u(x, 0)|. 4.11)

0<x<
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Proof. Let M := supy_,; u(x,0) and assume that there is a point (xo, fp) € (0, 1) x (0, 00) such
that u takes maximum M7, which is greater than M, at the point (xo, Zo). At this point, we have

u(xo,to) = M1 > M, ux(xo.t0) =0, uxx(xo,t) <0, and u,(xg,t) = 0. 4.12)

Let us define

w(x,t) :=u(x,t)+ u()c — x0)>. (4.13)

2
Then

M —M
(x—x0)> <M+ ——"— <M, wxo.to)=M,. (414)

M, - M
w(xvo) = u(xvo) + 1— 2

2

Therefore, the maximum point (x1, #1) of w is in the interior of (0, 1)x (0, co). From equation (2.18),
we obtain a differential inequality

Wxx
v2

u
Wy = Uy = ,ua(a(t))% < /LU(O[(Z‘)) (4.15)
At point (x1, 1), the left hand side of (4.15) is non-negative but the right hand side of (4.15) is non-
positive. This is a contradiction, and therefore, there is no interior point (xg, ) € (0, 1) x (0, 00)

such that u takes a maximum at (xg, #o). Similarly, u does not take minimum at any interior point
of (0, 1) x (0, 0c0); thus we obtain (4.11). O

Werecall T = R/Z. Let Q7 := T x (0,T), and Q% := T x (e, T) be parabolic cylinders for
0 < & < T < oo. Using the L*°-estimates and the gradient estimates, we obtain the time global
existence theorem:

Theorem 4.5 Assume that ug is a Lipschitz function on T with a Lipschitz constant M > 0, 8 €
0.1), g € R and 6 € C'(R) satisfies (A1) and (A2). Moreover, there exists L > 0 such that
|og(a) — oy (D)| < Lla — b| for any a,b € R. Then, forany 0 < ¢ < T < o0, there exists a unique
solution (u,a) € C(Q7) N Cz’ﬁ(Q%) x C([0,T)) N CYY((e, T)) of (2.18) with (u(-,0),a(0)) =
(ug, ag). Furthermore, we have

||M||C2,B(Q€T) < C, (4.16)

where Co > 0 depends only on y, u, &, L, M, Cy, and o (x(0)).

Proof. Set T > 0and 0 < B < 1 and X := CY“P(Qr). First, we assume uy € C28(Q).

Let w € X. Then, f,(t) := fol 1+ |wx(x,1)|?dx is continuous and bounded in [0, T]. In
addition, the function g, (¢, 1) := —you () fip (¢) is continuous and | gy (o, 1) —gw (B, )| < yL(1+
|lwlix)|e — B| for any o, € R and ¢ € [0, T']. Therefore, there exists a unique solution o, (¢) of

g(aw)z(t) = gu(ow(0).1).  1€(0.7). 4.17)

ay (0) = ap.

With the same argument as in Lemma 4.3, we have |ay, (t)| < || forz > 0 from Assumption (A2).
Thus

S yL( + [[wllx)lew (D] < yL(A + [lwllx)leol. 7 € (0.7).

d
‘an (1)
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and
d
‘Ea(aw(r)) <yL2(+ lwly)leol®. 1 €(0,7), (4.18)
where (A2) is used. Next, we consider the following linearized equation:
Uy = uo(aw)Lz, xeT,t>0,
1+ |wyl (4.19)
u(x,0) = ug(x), x eT.

is bounded in Q7 and (4.19) is uniformly parabolic in Q7. In addition, we
o0

o (o)
Note that H 1+|w;"|2

compute

- |wy (x, 1) + |wx (y,1)]
(1 + |wx(x7t)|2)(1 + Jwx(y,1)]?

< Jwx (x, 1) — wx(y, )] (4.20)

1 1
'1 + |wx(x7t)|2 B 1 + |wx(yas)|2

)wa(x,t)—wx(y,S)l

for any (x, 1), (y,s) € T x [0, T]. Therefore, (4.18) and (4.20) imply

< p( sup Jo @)1+ lwllx) + yL2(1 + [lwlx)lol?) (421

H po (o)
CB(Qr) e < e

1+ [wy|?

for any w € X. Thus there exists a unique solution u,, € C>#(Q7) of (4.19) with

luwllc2.6(0,) < Cs, (4.22)

where C3 > 0 depends only on y, u, [|[wl|x, L, |ao|, and [[uo || c2.8(r)- Next, we define A : X — X
by Aw = u,,. We remark that A4 is a continuous and compact operator. Set

S:={ueX|u=nAu in X, forsome 7 € [0,1]}.

Next, we show that S is bounded in X . For any u € S, we have

e (@) i €T, >0
=) | ———=] . x€T, .
V1 fux? V14 Juxl? x

o = —you(e)|I7], t >0, (4.23)
u(x,0) = nuo(x), x €T,
a(0) = ay,

for some 7 € [0, 1]. Here || = /01 v 1+ |ux(x,1)|? dx. The gradient estimate (4.5) implies

o(a(0)
sup Juy| < (C ) sup (14 7% (uo)x/?). (4.24)
or 1 0<x<1

By (4.11), (4.24), and the interior Schauder estimates (cf. [12, Theorem 6.2.1]) we have

||ux||Cﬁ(QT) < Cy, (4.25)
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where C4 > 0 depends only on Ci, o(x(0)), supgy<q [#o(x)|, and supge,; |(#0)x(X)].
Therefore, by an argument similar to (4.22), we obtain

lullx < llullc2.6¢0,) < Cs, (4.26)

where Cs > 0 depends only on Cy, o(«(0)), and |[uo||¢2.8(0,)- Hence, S is bounded in X and
the Leray—Schauder fixed point theorem implies that there exists a solution (u,a) € C2#(Q7) x
CL1(0,T) of (2.18).

Next, we consider the case when ug is a Lipschitz function with Lipschitz constant M > 0. Set
e€(0,T). Let {"6}1021 be a family of smooth functions such that uf, converges uniformly to uy on
T. Then, (4.5) implies

M sup (1+M?), i=>1,

sup | < e sup.
<x<

or

where (4, a?) is a solution of (2.18) with (1! (-, 0), a?(0)) = (uf), ). Using a similar argument as
for (4.25) and (4.26), along with the interior Schauder estimates, we have

sup [lu’ lc2.6¢0z) < Ce, (4.27)
1

where C¢ > 0 depends only on y, u, &, L, M, C;, and o(«(0)). Therefore, by taking the
subsequence, (', a’) converges to a solution (u, @) in 0% with (4.16). Thus, from the diagonal
arguments, we obtain a solution (u, @) € C(Q7) N Cz’ﬁ(Q‘}) x C([0,T)) N CYl(e, T) of (2.18)
with (u(-,0), ®(0)) = (1o, ®p). Uniqueness is obvious from the comparison principle, and thereby,
we prove Theorem 4.5. O

We remark that Assumption (A1) is not a necessary condition to obtain the gradient estimate.
For example, consider

(@) = %az. (4.28)

Then Assumption (A1) does not hold so we cannot use Theorem 4.2 directly. However, we may
write o (¢) explicitly as

a(t) = a(0)exp (— /Ot [T dr) (4.29)

SO we obtain

to
v(to,xo)$exp(2/ |I}|dr) sup v2(x,0)
0

0<x<1 @L30)
<exp (21| lo]) sup v*(x,0),
0<x<l1
provided «(0) # 0.
From (4.29) and |Iy| = 1 for t > 0, we have
la()] < |a(0)] exp (1) . (4.31)

Hence the misorientation «(¢) goes to 0 exponentially as ¢ — oo.



186 M. MIZUNO AND K. TAKASAO

5. Asymptotics of solutions

In regard to Theorem 4.5, we can take 7 = oo and show the existence of a unique time global
solution of (2.18). In this section, we study large time asymptotic behavior for the solution. Without
loss of generality, we assume that the initial data u is sufficiently smooth by the Schauder estimates.

Theorem 5.1 Letug : T — R, ap € R and assume the same assumption as for Theorem 4.5. Let
(u, @) be a time global solution of (2.18). Then, there exists a constant U such that ||uco —u | c2(r)
goes to 0 exponentially. In addition, the curvature k also goes to 0 uniformly and exponentially
onT.

To prove Theorem 5.1, we first derive the energy dissipation estimates for (2.18). In fact, the
estimates are obvious from the derivation of equation (2.18).

Proposition 5.2 Let (1, @) be a solution of (2.18). Then

d
E|F,| + /w(a(t))/ k? =0, (5.1

Iy

wherelc:( Uy )x.

14u2

Proof. Taking the time derivative to |I;| and integrating by parts, we obtain

d ! UxUxt

E|I’,|= A \/T—u)%dx
1 ",
1 " 2
_ —,ua(a(t))/o (ﬁ) Jiuzdx = —Mo(a(r))[r . 0

x t

Since the second term of left hand side of (5.1) is non-negative, % |I'¢| has to be non-positive,
and hence we have

Corollary 5.3 Let (u, ) be a solution of (2.18). Assume 0 = 0. Then |I;| < |Ip| fort > 0.

From Proposition 5.2, k2 is integrable on (0, 1) x (0, co). Hence,

Corollary 5.4 Let (u, ) be a time global solution of (2.18). Assume (Al). Then, there is a sequence
{tj}})i1 such that t; — oo and k(x,t;) — 0 almost all x € (0,1) as j — oo.

We derive more explicit decay estimates via the energy methods. Note that if (u, «) is a classical
solution of (2.18), then

"y = LOI)PM“. (5.2)

1+ uy
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Taking the derivative with respect to x, we obtain

_ o  2u0@ o,
U P (U PP
S po (o) _ buo(a) ot e — 2p0 () 43 8o (o) e
BT T P T A P2 T O PR T PR
_ po(a) B 8uo(a) B 120 (o) 22
Uxxxt = —1+|ux|2 XXXXX —(1+|ux|2)zuxuxxuxxxx —(1+|ux|2)2 UixUxxx
o) o, 480l o 2po@) o,
(L [ 2277750 (L ug[2)3 550 (1 Juy[2)3 7

__48po@ s
(U uy )3
(5.3)

Proposition 5.5 Let (u,a) be a classical solution of (2.18). Then there exists C7 > 0 such that

1 1
/ jux (x. D) dx < =€ / 0w (0)]? dx (5.4)
0 0
fort > 0.

Proof. Taking the derivative of the left hand side of (5.4) and then integrating by parts, we have

d 1 1
- / (e 0P dx = 2 / (6, e (3, 1) dx

1 1
uo (o) po (c) w2u?
= 2/0 muxuxxx dX—4/O m UUs dx (55)

1
po@
=2 £ 2 gy
/01+|u|2 o

Using Assumption (A1), Theorem 4.2 and the Poincaré inequality, we obtain

1 1
_2/ _po(@) o, dx\_c7/ e (1, )2 dix, (5.6)
0 0

1 + |ux|2 xx

where C7 > 0 is a positive constant depending only on p, C1. 0(ap), supyer(l + u3 (x)). By the
Gronwall inequality, we obtain (5.4). O

Proposition 5.6 Let (u, «) be a classical solution of (2.18). Then there exists Cg > 0 such that

1 1
/ [uxx(x,0)]? dx se—csff [uoxx (X)|? dx (5.7)
0 0

fort > 0.
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Proof. Taking the derivative of the left hand side of (5.7) and then integrating by parts, we have

d 1 1
d_/ uxx (x,1)|? dx = 2/ U (X, DUgxs (X, 1) dx
rJo 0

1 1
$o (@) / po@
=2 ——UxxU dx—12 = UxU u dx
/o [ERPRCE 0 (L4 g2z ettoes

1 1
/,LU(Ol) 4 / /,LU(OZ) 2 4
—4 _— d 16 _— d
/o (T Jup P2 e XTI s e 4

1 1
po@ [
=-=-2 _— dx — 8 —_ d

,/() 1+ |ux|2uxxx ¥ o (14 [uxl?)? Hxthoxtbor €

1 1
po(a) 4 / po(a) 2.4
4| ———ul dx+16 | ————uju; dx.
/0 (I + [ux?)? o (T4 fuxl?)3 %

(5.8)
By the Young inequality,
1 1 1
po@ / po@ / po@ 5 4
8 U U Uxxx dX| < ————ui . dx + 16 ——wulu,, dx,
/0 (14 [ux[2)2 5 o (L+Jux|?) ™ o (14 ux[?)s 5
hence

d [} 1 1
—/ |uxx(x,t)|2 dx < —/ L(Ol)u2 dx + C9/ u)zc dx,
dt 0 0 0

IEATNERSS

where Co > 0 depends only on p, o(«(0)) and C,. Using Assumption (A1), Theorem 4.2 and the
Poincaré inequality, we obtain

U o (a !
_[) %uixx dx < _CIO/(; [uxx (2, x)|2dx, (5.9)
x

where Cy9 > 0 is a positive constant depending only on 1, Cy, o (), and sup,er(1 + ug, (x)).
By (5.4), we obtain

d ! 1 ~ 1
G [ a0 dx < <Cuo [ uaste 0P dx o+ o [ ool ax
tJo 0 0
By the Gronwall inequality, we obtain (5.7). O

Next, we show exponential decay for [[txxx(-,7)ll12(0,1)- We need the Schauder estimates for
the higher derivatives.

Proposition 5.7 Let (u,a) be a time global solution of (2.18) with the same assumptions as for
Theorem 4.5. Then, there is a constant C11 > 0 depending onlyony, u, e, L, M, Cy, and o («(0)) >
0 such that

luxllc2.6(05) < Cir- (5.10)
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Proof. We let w = uy. Then w satisfies

1 2uu
= po(a(t)) (W“’” - ﬁwx) : (5.11)

With u satisfying (4.25), we can apply the Schauder estimates [13, Theorem 4.9]. There is then a
constant Cy; > 0 such that

luxlc2.6(0sy = lwllc2.6(05) < Crr- (5.12)
This proves the proposition. O

Using the Schauder estimates, (5.10), and similar arguments in Proposition 5.6, we obtain

Proposition 5.8 Let (u, @) be a classical solution of (2.18). Then there exists C1 > 0 such that

1 1
/ [xxx (x, )| dx §e_cl2t[ [Uoxxx(x)]? dx (5.13)
0 0

fort > 0.
Finally, we prove the asymptotic behavior of the global solution.

Proof of Theorem 5.1. Using Proposition 5.8 and the Sobolev inequality, we obtain

1
1 1 2 c
lc(x, 1)] < Jux (x, 1) < f |uxxx(x,z)|dx§(/ luxxx(x,z)lzd)f) < Cie™ 21 (5.14)
0 0

for some C13 > 0. Thus uy, and curvature x go to 0 exponentially and uniformly on [0, 1). In
addition, we can show that u, converges to 0 exponentially and uniformly on [0, 1), similarly.
Therefore we only need to prove that there exists a constant ©, such that u goes to 1, exponentially
and uniformly on [0, 1). For any 0 < #; <t and x € [0, 1), we have

%)

%)
u(x, 12) —ulx, 0] S/ lus(x,s)| ds s/ W(a(s))M ds
4 t

I 1+ ux(x,5)?

1

t
< @ max o(w) [Uxx(x,8)| ds </L max 0(0{)/ C13e A

lee| <]l f lee|<]exo
2C13 ,ﬁt
< pu max o(w) L
la| <o Cio ©
where (4.31) and (5.14) are used. Hence, there exists Ugo = Uxo(X) such that u goes to u
exponentially for any x € [0, 1). In addition, with u, converging to 0 uniformly, #, should be
a constant. Consequently, u converges to constant ¥, exponentially and uniformly on [0, 1). O
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