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We study the asymptotic behavior of the N-clock model, a nearest neighbors ferromagnetic spin
model on the d-dimensional cubic e-lattice in which the spin field is constrained to take values in
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analysis consists of two steps: we first fix N and let the lattice spacing ¢ — 0, obtaining an interface
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1. Introduction

In this paper we are interested in the variational analysis of the N -clock model (also known as planar
Potts model or Z y-model) in the d-dimensional setting. The N -clock model is a nearest neighbors
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ferromagnetic spin model on the cubic lattice in which the spin field is constrained to take values in
aset of N equispaced points of the unit circle S'. It plays a fundamental role in understanding phase
transition phenomena in the theory of classical ferromagnetic spin fields, as it is closely related to
the XY (planar rotator) model, for which the spin field is allowed to attain all the values of S!. In
fact, the N -clock model is considered as an approximation of the XY model, as for N large enough
it predicts Berezinskii—Kosterlitz—Thouless transitions [30], i.e., phase transitions mediated by the
formation and interaction of topological singularities, the so-called vortices [15, 31, 32].

With the aim of describing the relation between the N-clock model and the XY model,
probabilistic methods have been used in [33, 39], while a variational analysis at zero temperature
has been only very recently carried out in [26, 27]. There the authors study the effective behavior
of (suitably rescaled versions of) the energy of the N-clock model on the 2-dimensional square
lattice £7Z2, examining the case when the number N = N, of equi-spaced points on S! depends on
¢ and diverges as ¢ — 0. The coarse grained model, which describes the microscopic/mesoscopic
geometry of the spin field, is strongly affected by the rate of divergence of N, — 400 as ¢ — 0.

In this paper we advance the variational analysis of the N -clock model by considering the model
on a d-dimensional cubic lattice £Z¢ , with d = 2, in the case where the number N is fixed and
independent of €. We shall first identify the limit of the N -clock model as ¢ — 0 keeping N fixed
and, at a second stage, we will let N — 4-c0. In contrast to the energy of the XY model, the
energy resulting from this two-step limit process is by nature unfit to describe the concentration of
energy around vortex-like singularities, indicating that the dependence of N on & seems inevitable
with the intent to approximate the X Y model at zero temperature. To the best of our knowledge, the
explicit identification of the limit energies in the ¢ — 0 and N — oo regimes and in any dimension
makes the result contained in this paper the first quantitative answer to the question whether the N -
clock model approximates the XY model at zero temperature. We shall see that the result is rather
analogous to the limiting energy of the N.-clock model in a specific rate of divergence N, — +o00,
chosen among those examined in the two-dimensional setting in [27]. To present in detail the results
in this paper, we first recall the I"-convergence result on the d-dimensional XY -model. Given a
bounded open set £2 C R¥, the energy associated to a spin field u : ¢Z% N 2 — S! is given by

XYy =3 Y el —ue)P,

(i,7) in 2

where the sum is taken over ordered pairs of nearest neighbors (i, j),i.e., (i, j) € 74 %74 such that
li —j| =1andei,ej € 2. As observed in [5] the relevant scaling of the energy is £2| log ¢| in the
sense that a bound of the type X Ye(u;) < Ce&?|loge| implies compactness of the Jacobians J i,
of the continuous piecewise affine interpolations i, of u, on the cells of the lattice. More precisely,
the Jacobians, seen as (d — 2) dimensional currents concentrate on rectifiable sets of codimension
2. For d = 2,3 the latter are the so-called vortices and vortex lines of the spin field, respectively.
For d = 2 the I'-limit of XY, at the logarithmic scaling is, with a slight abuse of notation, given by

1
r-lim —— XY, (u) = 2| u|(£2),
e—>0 82|10g8|

where yu = ZIN=1 d; 8, is the measure encoding the location x; € £2 and the multiplicity d; € Z of
the vortex-like singularities (cf. [4-6, 10, 13, 14, 20, 25, 36] in the discrete setting and [1, 11, 17, 38]
in the continuum setting for more details).
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Next we summarize the analysis of [27] (valid only in dimension d = 2), starting with some
notation. Given N € N, we consider the set of N equispaced points on the unit circle

Sy = {exp(tzw”k) tk=0,....N—1},

where ¢ is the imaginary unit. Given a bounded, open set 2 C R2?, the energy of a spin field
u:eZ? — 8y is given by

EY) =5 Y e —ute)l

(i,j)in$2

We recall that a wide range of phenomena has been observed in [26, 27] when exploring the possible
regimes of N = N,. Here we outline the one pertaining to the discussion i 1n the R,resent paper,
namely N = N, < Toge] Iog ik The relevant scaling of the energy in this regime is 5-% 2 s Ee ©. Sequences

of spin fields u Us with equibounded energy accumulate to vector fields in BV (£2;S!), and the scaled
energy 21\7’[ £ EN ¢ approximates an anisotropic total variation for maps in BV (£2;S").

In the next theorem we state the result in the regime N, < Togel 1 rlgorously We denote by | - |1
the 1-norm on vectors, by | - |2,1 the anisotropic norm on matrices glven by the sum of the Euclidean
norms of the columns, and by dg: the geodesic distance on S. For the notation concerning functions

of bounded variation we refer to Section 2.1.

Theorem 1.1 ([27]) Let 2 C R? be a bounded, open set with Lipschitz boundary. Assume that
Ny K Then the following results hold true:

s\logsl

(i) (Compactness) Let ug: 2 N eZ? — SN, be such that 2127158 E,SNS (ug) < C. Then there exists a
subsequence (not relabeled) and a function u € BV (§2;S") such that u, — u in L' (£2;R?).

(i) (I -liminf inequality) Assume that ug: 2 N eZ? — Sy, and u € BV(£2;S!) satisfy ue — u
in LY(£2;R?). Then

N,
nminf—sE;Vs(ue);/ |Vu|21dx+|D(”)u|21(S2)+/ det (™, u) vy |y dR L.
e—>0 2me Q ’ ’ Q

NJy

(iii) (I -limsup inequality) Let u € BV (82;SY). Then there exists a sequence u.: 2 N eZ? — Sy,
such that ug — u in L'(22;R?) and

Ng
lim sup gENS(ue) < / |Vulz,1 dx + |D(C)u|2,1(.Q) + / dgl(u_,u+)|vu|1 dxl.

e—0 2 2NJy

We are now in a position to present the two main results in this paper. We shall consider £2 ¢ R4
a bounded, open set with Lipschitz boundary and the energy defined for admissible spin fields on
the d-dimensional cubic lattice u: 2 N eZ¢ — Sy by

EY) =5 3 e uten) —u(e)P

(i,j)in$2

where the sum is taken over ordered pairs of nearest neighbors (i, j), i.e., (i, j) € Z%xZ% such
that |i — j| = 1 and ¢i, &j € §2 (the factor % accounts for the fact that each pair is counted twice).



326 M. CICALESE, G. ORLANDO AND M. RUF

We state the first result concerning the limit of £ é{V as ¢ — 0. For N fixed, the physical system is
expected to behave like a classical Ising-type system with N phases. (See also [3, 7, 8, 12, 18, 21—
24, 28, 29] for the analysis of spin systems in the surface scaling.) According to the results proven
for the Ising system, we expect the limit energy to be finite on functions of bounded variation with
values in the finite set 8 . In the next theorem we identify precisely the surface energy concentrated
on the interfaces between the phases of the spin field. We denote by Oy := 27” the smallest angle
between two different vectors in Sy .

Theorem 1.2 (Limit as ¢ — 0) Let 2 C R? be a bounded, open set with Lipschitz boundary. Let
N =2and Oy := 27w/ N. Then the following results hold true:

(i) (Compactness) Let uy: 2 N eZ4 — Sy be such that 27TSEN(ug) C. Then there exists a
subsequence (not relabeled) and a function u € BV (§2; Sn) such that uy — u in L1(2;R?)
ase — Q0.

(ii) (I"-liminf inequality) Assume that ug: 2 N eZ2% — Sy and u € BV(2;Sy) satisfy uy — u
in LY(2;:R?) as ¢ — 0. Then

4 sin? (eé\’

N
liminf — EN(ug) 5
e—>0 2me Oy

)/ de (u™, ut)|vy |y R4

2NJy

(iii) (I -limsup inequality) Let u € BV (82; Sn). Then there exists a sequence ug: 2 N eZ? — Sy
such that ug — u in LY(2:R?) as ¢ — 0 and

[
4 sin ( >

N
hmsup EN(ug) —2)/ dgl(u_,u+)|vu|1d?€d_l.
e—0 91\] 2NJy

To clarify the expression of the limit functional in Theorem 1.2, we sketch here the proof
of the I'-limsup inequality in a very simple setting. Assume that §2 is the unit cube Q
(=1/2,1/2)? and u is the pure-jump function with constant value v~ = (1,0) in O~
(=1/2,1/2)2=1x(—=1/2,0) and constant value ut = exp(tkt6y) in Ot = (=1/2,1/2)471x
(0,1/2), where k™ € Nis such that 0 < kT0y < m. In this case, the jump set is given by

= (=1/2,1/2)71x{0}. Then u, is constructed by rotating k* times of an angle Oy starting
from u~ up to u™ on hyperplanes parallel to the jump set, cf. Figure 1. More precisely, for
0 < k < k™ we define

us(ei) ;= exp(tkOy) if ei-eq = ke

and we put ug(ei) = (1,0) if ei - eg < 0 and ug(ei) = exp(tkT0y) if i - eq > kTe, instead.
Between two hyperplanes there are dl r interacting pairs of nearest neighbors. For two such points
ei,ej we have by a simple geometric argument |ug(ei) — ue(gj)| = 2sin(=%" oy ). Summing over all
interactions we conclude that

kTt
N 1 0
e E ) = 3= D0 e ueled) —wale) P = Z4sm 3)
(i,j)inQ
4 sin? (9’\’)

= 2 gty
62, N
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FIG. 1. On the left: A recovery sequence in the case of a jump set aligned with the lattice. The spin makes a transition from
u tou™t jumping with the smallest possible non-zero angle 8. On the right: Euclidean distance between two vectors of
length 1 with angle 6 between them.

Since kT 0y = dg1 (u™, u™), the previous expression reduces to the one in Theorem 1.2 and makes
clear the role of 4 sin? (OTN) /6 12\, : it is the correcting factor which allows us to pass from the Euclidean
distance between vectors to their geodesic distance. The proof of the upper bound is based on the
construction in a more general setting of a recovery sequence which mimics the one presented here
in the introduction, cf. Proposition 3.4. The proof of the lower bound is based on Lemma 3.1, which
shows that the behavior described above is always the most convenient from an energetical point of
view.

We further emphasize that the proofs of Theorems 1.1 and 1.2 are significantly different.
Theorem 1.1 is obtained in [27] as a by-product of the more involved analysis in the scaling regime
Ne > m using Cartesian currents. Theorem 1.2 is proven here with a different approach that
allows us to circumvent the use of Cartesian currents and to prove the result in any dimension d.

In Section 5 we also study the I"-convergence of the functionals £ év as ¢ — 0 under volume
constraints on the phases of the spin fields or under Dirichlet boundary conditions.

We are now interested in the limit as N — oo of the energy defined by

-2 (6N
4 sin (T

En@) = B )/ der (™ ut) vy dRITY, foru € BV(82:Sw),
N 2NJy

where Oy := 27/ N, i.e., the energy resulting from the limit process ¢ — 0 in Theorem 1.2. Up to
the factor 4(sin? (4°) /62 ), which is close to 1 for N large, the energy Ey coincides (for d = 2)
with the limiting energy of Theorem 1.1 restricted to Caccioppoli partitions taking values in Sy .
In the second result of this paper we show that the I'-limit of Ey as N — 400 agrees with the
limiting energy of Theorem 1.1. This is rigorously proved in the next theorem, which holds for any
dimension d.

Theorem 1.3 (Limit as N — +00) Let 2 C R be a bounded, open set with Lipschitz boundary.
Then the following results hold:

(i) (Compactness) Letuy:$§2 — Sy be such that Enx(uy) < C. Then there exists a subsequence
(not relabeled) and a functionu € BV (2;S') suchthatuy — uin L'(2;R?*)as N — +oo.
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(i) (T -liminf inequality) Assume that uy:2 — Sy and u € BV(82;S!) satisfy uy — u in
LY (2;R?) as N — +o0. Then

liminf EN(uN)Zf |vu|2,1dx+|D<C>u|2,1(9)+f det (™, u™) vy A4
N—>+o0 Q 2nJy

(iii) (I-limsup inequality) Let u € BV (£2;S"). Then there exists a sequence uy: 2 — Sy such
thatuy — uin L'(2;R?) as N — 400 and

limsupEN(uN)S/ |w|2,1dx+|D<C>u|2,1(9)+/ dat (™, u™) vy dRETL
2

N—+oo 22NJy

The proof of the upper bound in Theorem 1.3 is based on the following remark: a map
u € BV(£2;S!) can be approximated in energy by maps W1 (£2;S') which are smooth outside
manifolds of codimension 2; such maps can be suitably sampled far from the singularities to define a
uy € BV(82;8x); acrucial observation is that the precise definition of u 5 close to the singularities
is not important, as the energy E n (u y) does not concentrate close to manifolds of codimension 2. It
is worth noticing that the latter feature is peculiar of this regime: in the other regimes studied in [26]
where N = N, depends on ¢ and N, > m the behavior of the recovery sequence around
the singularities becomes relevant and makes the generalization to the d-dimensional setting of the
results in [26] more delicate and out of the scope of the present paper.

2. Notation and preliminary results

Let SY~! = {x € R? : |x| = 1} be the unit sphere. If u, v € S!, their geodesic distance on S' is
denoted by dg1 (1, v). It is given by the angle in [0, 7] between the vectors u and v, i.e., dg1 (4, v) =
arccos(u - v). Observe that

2lu —v| = sin (3dg1 (u, v)). 2.1
We denote the imaginary unit by . When it is convenient we will tacitly identify R? with the
complex plane C. Given a vector a = (ai)f=1 € R4, its 1-norm is |a|, = Zfizl |a;|. We define
the (2, 1)-norm of a matrix 4 = (aij)g j=1 € R?*4 a5 the sum of the Euclidean norms of its

columns, i.e.,
d d

|Al2,1 0= Z(Z |aij|2)1/2~

=1 \i=1

Given a unit vector v € S¢ —1 we denote by O, a cube with two faces orthogonal to v, namely, we
consider an orthonormal basis (v, v, ..., vg) of R4 and we define

sz{xeRd:|x-v|<%,|x-vi|<%}. (2.2)
For two sequences o, and B of positive numbers, we write o, < B¢ if limg_,¢ "é—; =0.

2.1  BV-functions

In this section we recall basic facts about functions of bounded variation. For more details we refer
to the monograph [2].



COARSE GRAINING AND LARGE-N BEHAVIOR OF THE N-CLOCK MODEL 329

Let O C R? be an open set. A function u € L'(O;R") is a function of bounded variation if
its distributional derivative Du is given by a finite matrix-valued Radon measure on O. In that case,
we write u € BV(O;R").

The space BVioc(O;R") is defined as usual. The space BV (O;R") becomes a Banach space
when endowed with the norm |ulpyv(o) = llull 10y + |Du[(O), where [Du| denotes the total
variation measure of Du. The total variation with respect to the anisotropic norm | - |5,; is denoted
by |Dulz,1. When O is a bounded Lipschitz domain, then BV(O;R") is compactly embedded
in L1(O;R"™). We say that a sequence u, converges weakly* in BV(O;R") to u if u, — u in
L'(O;R") and Du, X Du in the sense of measures.

We state some fine properties of BV -functions. To this end, we need some definitions. A
function u € L'(O;R") is said to have an approximate limit at x € O whenever there exists
z € R" such that

1
lim —d/ lu(y) —z|dy = 0.
=0 p By (x)

Next we introduce so-called approximate jump points. Given x € O and v € S¢~! we set
By (x.v) ={y € By(x): £(y—x)-v>0}.

We say that x € O is an approximate jump point of u if there exista # b € R” and v € S4~! such
that

1 1
lim—d/ lu(y) —aldy = lim—d/ |lu(y) —b|dy = 0.
=0 p% JBF(x,v) =0 p% JB> (x,v)

The triplet (a,b,v) is determined uniquely up to the change to (b,a,—v). We denote it by
(ut(x),u™(x),vy(x)) and we let J, be the set of approximate jump points of u. The triplet
(u™,u~, vy,) can be chosen as a Borel function on the Borel set J,,. Denoting by Vu the approximate
gradient of u, we can decompose the measure Du as the sum

Du(B):/Vudx+/ Wt —u") @ v, dR + DOu(B),
B JuNB

where D)y is the so-called Cantor part and Dy = (ut —u™) ® v, K¢~ L J, is the so-called
jump part. If § C R”, we define the space BV(O; §) as the space of those functionsu € BV(0O;R")
such that u(x) € 8 for £4-a.e. x € O.

We will need the slicing properties of BV -functions. Given a unit vector £ € SY~1, we denote
by I1¢ the hyperplane orthogonal to £. For every set E C R? and z € I1¢, the section of E
corresponding to z is the set E§ ={t €e R : z 4 tf € E}. Accordingly, for any function
u: E — R”, the function ui: E§ — R” is defined by ug(t) = u(z + t§).

We recall a characterization of BV functions by slicing [2, Remark 3.104]. Let us fix an open
set O C R? and u € L'(O;R"). Then u € BV(O;R") if and only if for every § € S¢~! we have
ut € BV(OE:R") for 4~ 'ace. z € IT¢ and

/Hg IDué|(05) d®4 71 (z) < oo.

Moreover, it is possible to reconstruct the distributional gradient Du from the gradients of the slices
Dué through the formula Du § = ¥4~ [T¢ ® Dut,ie.,

Dug() = [ Du(BHani (o),
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for every Borel set B C R?. More precisely, the same decomposition holds true for each part of the
decomposition of Du, namely

fVude:f Vus (BE)dRI(2),

B g

DOug() = [ DOUEBH M)
IT

DVug(B) = [ DOuEBH o)
IT

for every Borel set B C R¢. Moreover, J, ¢ = = (Jy )E for K9~ 1-ae. z € IT¢ and (uz)i(t) =
(ui) ) (= (Lﬁ) (1), respectively) for everyt € (Ju)z if&-v,(z+1t&>0GfFE-v,(z+1E) <0,
respectively).

2.2 Known results for general models with finite phases

We recall here some results that were proved for more general energies defined for functions taking
values in a given finite set. In [19], Braides together with the first and third author consider energies
& defined for spin variables u: £ — S, where § is a finite set and £ is a so-called thin stochastic
lattice. In general, these points sets are located in a fixed neighborhood of a lower-dimensional
subspace such that there is a minimal distance between points and there are no arbitrarily large
holes in the neighborhood of the subspace. The energies in [19] can be of the form

g = Y e (x—yulex).uey),

(ex,ey)e(eLNN)2

where the energy density f:R? x82 — [0, 4+00) has to satisfy certain growth and decay conditions.
We do not state them explicitly here, but we mention that they cover in particular the case when
£ = 74 is a periodic lattice that is completely contained in the subspace R¢ and

clmy —my? if|x| =1,
X,my,my) =
A 1.m2) {0 otherwise.
Withe = - and 8§ = 8y werecover the energy 5-— 2 55 E: N | so that all results of [19] can be applied. In

particular, we can use an integral representation result and the characterization of the corresponding
integrand through an asymptotic cell formula. Indeed, by [19, Theorem 5.8] we know that in the
case of spatially homogeneous interactions the I"-limit as ¢ — 0 of 21;’ -E; N exists, is finite only on
BV ($2;8y), and for u € BV(82; 8y) it is of the form

/ o™, ut v,)dRrI (2.3)
2NJy

where the integrand is given by an asymptotic minimization problem with suitable boundary
conditions. More precisely, denoting by u” : R — R (v € S?"! and s, € Sy) the function

s ifx-v>0,

r ifx-v <0,

uy" (x) =
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then in the case of just nearest neighbor interactions the function ¢(s, r, v) is given by

@(s,r,v) = lim min iE'SN(U, 0,): v(ei) =uy (ei) Veie eZ% st dist(si, 00,) < 2e¢,
=0 2mwe

2.4)
cf. [19, Remarks 5.9 and 4.2(i)] for the fact that the width of the discrete boundary layer can be taken
as 2¢. In the above formula, O, denotes a unit cube centered at the origin with two faces orthogonal
to v asin (2.2). The energy Eév (u, Q) denotes the energy restricted to the set Q,,. More in general,
for any non-empty set A C R and u:¢Z? — Sy let us introduce for later purposes the localized
functional .

EN(u, ) = 3 > & ulei) —ule))

é‘i,é‘jEEZdﬂA
li—jl=1

3. Continuum limit for fixed N as lattice spacing vanishes
In this section we identify the variational limit of the N -clock model as ¢ — 0 for the scaled energy

% EN . We start with the following auxiliary result that will be crucial to establish the lower bound.

Lemma 3.1 Let k € N. Then for all 0 € [0, w/ k] it holds that

ko 0
sin? (—) > k sin? (—)
2 2

Proof. We can assume that k > 2. Setting y = % we have that y € [0, /2] and the claim reduces
to sin(y) = k sin?(y/k) for all y € [0, r/2]. Since for y € [0, /2] both sin(y) and sin(y/k) are
non-negative, we can alternatively show that

sin(y) = \/%sin(y/k) forall y € [0, /2]. (3.1)

Let us define the auxiliary function fi(y) = sin(y) — vk sin(y/k). We show that it is strictly
concave on [0, 7z/2], so that its minimum is achieved at y = 0 or y = 7/2. Indeed, for y € [0, /2]
we have by the monotonicity of the sinus function that

_3 _3 1
v (v) = —sin(y) + k" 2 sin(y/k) < —sin(y) + k™ 2 sin(y) < —5 sin(y),
so that f;”(y) < 0 whenever y € (0, r/2]. Hence

min ]fk(y) = min{ f; (0), fi(7/2)} = min{0, 1 — vk sin(n/(2k))}.

y€[o,m/2

We conclude the proof once we show that +/k sin(rr/(2k)) < 1 for all k = 2. Using that sin(x) < x
for all x > 0, for k = 3 we can bound the left hand side by

T

L§ <1,
2k 23

while for k = 2 we have +/2sin(r/4) = 1. Thus fi(y) = 0 forall y € [0, /2] which yields (3.1)
and concludes the proof. O

\/zsin(n/(2k)) <
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Next we establish a lower-semicontinuity result which helps to prove the lower bound.

Lemma 3.2 For an open set A C 2 let E(-,A): L'(A;R?) — [0, 4o0] be the functional
defined by

E(u,A)=/|vu|2,1dx+|D<C)u|2,1(A)+[ det (™, u™)|vy|y dR4!
A

un

for u € BV(A;S') and extended to 400 otherwise. Then u + E(u, A) is L'(A;R?)-lower
semicontinuous.

Proof. Foranopenset I C Rlet E' (-, I): L'(1;R?) — [0, +00] be defined by

" / |w'|dt + DCw|(I) + Z dgi (wt (1), w™ (1)), ifwe BV(I;Sh),
E(w, I):= {71 tedpnl

+o00, otherwise.

By [9, Theorem 3.1] (see also [9, Remark 4.3]), the functional E 1d (-, I) is the relaxation of
/ lw'|dt, we Wwbhbi;sh
I

with respect to the strong topology of L' (1;R?). In particular, it is lower semicontinuous.
We next fix an open set A C §2 and v,,, v € L' (A; R?) such that v, — v strongly in L'(A4;R?).
We want to prove that
E(v; A) < liminf E(vy,; A). (3.2)
n—>+oo

Without loss of generality, we assume that the right-hand side in (3.2) is finite and that the lim inf

is actually a limit. Since [Dv,|(4) < E(v,; A) we obtain v € BV(4;S') and v, S weakly* in
BV(4;R?). Note further that

d
E(vp. A) =) {/ |V, eg| dx 4 [D©v, ef|(A) +/ dg1 (v;7, )|y, - el d%d-l}. (3.3)
= 4 Ju, NA

Let us fix a direction £ € S!, which plays the role of one of the coordinate directions e;. In the
following we use the notation and the properties of slicing recalled in Section 2.1. We start by
extracting a subsequence of n (possibly depending on £ and which we do not relabel) such that the
liminf

1iminf/ |V, £ dx + [D@v, £](4) + / dsi (U, v vy, - E]dRITT

n—>+00 Jy Ju, NA
is actually a limit. Moreover, since v, — v strongly in L!(A;R?), by Fubini’s Theorem we extract
a further subsequence (possibly depending on ¢ and which we do not relabel) such that

(v,,)i — v§ strongly in LI(AE;RZ), for K¢ '-ae. z € I1°.

Moreover, we know that vg € BV(AE; SY) for ¥4 1-ae. z € ITE.
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We observe now that the coarea formula (cf. [2, formula (272)] with g = dq (v,Jlr ), E =
Jy, N A, and f the projection onto the orthogonal complement of §) implies

/ s vyl - EJART = / [ Zdsl(((vn)§)+(z),((vn>§)‘(t))]d%d—l(z>.

vn £
& teJ NA
I (Un)g z

Hence, by the equality above and by Fatou’s Lemma, we deduce that

lim [|ans|dx+|D<c)vn5|<A)+/ det (v v7) vy - €] AR

—
n—>+0o0 J4 vp N

=, Jm [/As [((wn)%)' [ di + D@ (va)§[(45)
I1¢

+ 3 da (@) 0, (<vn)§)‘<r>)} R (2)

nAg
(vn)§ z

> [hminf[/E [((Wn)§) | dt + D€ (v,)5(45)
At

n——+o00
1§

teJ

£ 3 da (008 0. (@) 0) |or e G

teJ  ¢nAf

(vn )z

From the one-dimensional lower semicontinuity result we infer that

liminf/AE [((vn)€) | dt + D@ (va)E](4) + Z d: (((vn)§)+(;), ((un)ﬁ)_(t))

n—+o00
teJ  gnAf
(vn)z
. . 1d
= fming £ (o). )
> EM (05, 45 = /As |(v8)'] dr + [D@vE[(4D) + “dar (W5 F (1), (W)™ (1))

V4

tedJ ¢ ﬂAg
vz

for K9~ 1-a.e. z € IT¢. Integrating the inequality above with respect to z € IT¢, again by the coarea
formula, and by (3.4) we obtain that

lim [ Vo £] dx + D, £](A) +f Ao (v vy, - £ R4
A

n—-+o0o on N

2/|Vv§|dx~|—|D(‘)v§|(A) +/ dsi (v, v7)|vy - £]dRITL (3.5)
A

w0
We conclude the proof of (3.2) by evaluating the last inequality for § = ey,...,eq, by (3.3), and
employing the superadditivity of the liminf. O

Now we can prove the lower bound for the I"-limit of the functionals m E; N
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Proposition 3.3 Ler u,: eZ% — Sy andu € BV (£2; 8n) be such that ug — u in L' (2;R?). Then

N 4 sin? (%")
11m1nf EN(us) — dgi (™, u™) vy a1,
—0 QN 2NJy

Proof. To simplify the notation we denote Oy by 6. Let A CC 2 be an open set. By (2.1) it holds
that

[ug(si) —ug(ej)| = 2sin (%dsl (us(ei), ug(ej)).
Since u, takes values in 8, the geodesic distance dg1(ue(e7), us(gj)) is an integer multiple of 6,

i.e., there exists a k € N (depending on i, j, and ¢) such that dgi1 (ue(e7), us(gj)) = k6. Note that
k6 < m. Hence from Lemma 3.1 we infer that

1 . . . . . .o (kO .o (0
§|u€(sz) —ug(ef)|* = 25sin? (%dsl (ug(ei), ug(ej )) = 2sin? (7> > 2k sin? (5)

sin(%)
R

= 2dg1 (ue(ei), us(e)))

Since u, is piecewise constant on cubes of the form Q = (—¢/2,¢/ 2)? + z, z € 74, with faces of
length ¢ that are parallel to the coordinate axes (so that the outer normal vector satisfies [v|; = 1),
we obtain that for ¢ small enough

%EN(MS)ZET Z 8dS](Ms(8i),u5(8j))

(i,j) in £2

/ gt (uy  ul) vy, | AR,
ANJy

where we also used that N = 277/6 and that the discrete energy counts each interaction twice. Note
that by Lemma 3.2 the functional

U / dgi(u™, u™)|vy| dpe-!
ANJy

is L1(A; R?)-lower semicontinuous on BV (4; 8y), as it is the restriction of a lower semicontinuous
functional to a closed subset of BV (A; 8y ). Thus letting ¢ — 0 we deduce that

4 sin? (Q

N
11m1nf—EN( e) = 2) / dg1 (™ ut)| vyl R4
ANJy

e—>0 2me 02
The claim now follows from the arbitrariness of A CC §2. O

‘We next prove that the corresponding upper bound for the I"-limit.

Proposition 3.4 Let u € BV($2;Sy). Then there exists a sequence uy: eZ% — Sy such that
u, — uin L1(2;:R?) and

N 4 sin? (4
11msup2—EN( ug) = #/;2 , det (u™, ut)|vy |y R4
NJy

2
e—>0 ON
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Proof. To simplify the notation we denote 6y by 6. Due to the discussion in Section 2.2, the
I'-limit of %Eﬁ’ has the form (2.3). To prove the upper bound it suffices to define a suitable
candidate for the minimum problem (2.4) whose energy can be bounded in the limit as ¢ — 0 by
4sin2(%)9_2dsl(s,r)|v|1. Write s = exp(tks6) and r = exp(tk,0) with 0 < kg, k, < N — 1.
We will treat the case when k, = 0, ie., r = (1,0), and 0 < kg8 < . The construction
we provide can then be composed with a rotation in the co-domain to cover the general case.
The idea is to define a candidate whose angular variable jumps by 6 along the discretization
of kg parallel hyperplanes orthogonal to v, where all hyperplanes are O(¢g)-close to the hyperplane
IT, := {x € R? : x-v = 0}. The correction in order to satisfy the boundary conditions of the
minimum problem (2.4) will be of lower order. In formulas, let u,: eZ¢ — Sy be defined by

exp (L min {ks,max{O, li- vJ}}@) if dist(ei, 9Q,) > 2s,

ug(ei) :=
) WS (s1) if dist(ei, 00,) < 2,

where | x| denotes the integer part of x. Hence for all ¢i € ¢Z% N Q, such that i - v < 0 we have
ug(ei) = r, while for all ei € ¢Z? with ei - v = kge we have u,(gi) = s, so that for non-vanishing
interactions at least one point belongs to the set

HEs :={x e Qy: x-v e (0,¢ky)).
Note that we have the volume bound
|H§éY N {dist(x, 90,) < 4e}| < Chye?,
where C depends only on the dimension. Hence, for ¢ small enough,

#lz e 24 ez € HE 0 {disi(x,00,) < 3e}} < Chye?™ (3.6)

To simplify notation, we also define the auxiliary function vs: ¢Z? — Sy by
ve(gi) 1= exp(cmin {ks, max{0, |i - v]}}6).

As 8y C S!, it holds that |us(si) —us(gj)|?> < 4, so due to the almost additivity of the set function
A~ E év (u, A) the energy of u, can be estimated by

N N ke . N
%Eév(u& 0,) < %Eé\] (”ea H,. N{dist(x,90,) < 38}) + %Eé\’(vs, 0v)

N N
< CNkse + —EN (v, 0,) < CN%s + —EN (v, 0)).
2me 2re

As N is fixed, the first term in the right-hand side vanishes when ¢ — 0. Since u, is admissible for
the minimum problem (2.4) it suffices to show that

N 4sin?(¢ 4sin2 (¢
limsup—Eév(va, 0,) < Jkﬁh}h = Jksh)h. 3.7
e—>0 27E 62 9

We start by noticing that when ei,ej € ¢Z4 N Q, are such that |i — j| = 1 and v,(gi) # v,(&f),
then i -v # ¢j -v. Without loss of generality, we assume €i -v > &j - v. Note that j -v = 0. Indeed,
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if instead j - v < 0, theni - v < 1 and thus v.(gi) = v.(gj), which contradicts v.(ei) # v¢(g)).
Moreover, by a similar argument we also know that ks + 1 > i - v. To sum up, we have that

0<eg-v<ei-v<(ks+ e (3.8)
Finally, we have the estimate |(¢i —&j) - v| < g, so that by (2.1)
[ve(ei) — velef)|* = 4sin?(§). (3.9)

It remains to count the interactions. We will first split them according to their jump between g - v
and ei - v. More precisely, for a natural number k € {1,..., k;} we set

s = {(si,sj)e(deﬂQv)z: i—jl=1,1j-v]=k—1, Li-vj:k}.

Note that a pair (g7, &) € I, is only counted once. Since each pair of interactions in the energy is
counted twice, we deduce from (3.9) and the equality N/27 = 1/6 that

N 4sin2(Q) ks
—EN (0. 0v) < —— 223" el
2me 0 fat

We deduce then (3.7) from the asymptotic formula

limsup e~y o < |v];. (3.10)

e—>0
The above formula can be justified as follows: First further subdivide the set /i . into the d disjoint
sets (I',iZ 8)?:1 defined by
l,f’a = {(ei.&j) € Ixe : (i — j)isparalleltoeg} forl =1,....d.

Observe that I . = U?:l I,f . and that if there exists a pair (¢7, &j) € I,f o> then vy # 0. Indeed, in
that case the hyperplane H, = {x - v = 0} does not contain (i — j), and in turn ey, by definition
of Ix .. Next we estimate where the line ¢j 4 Rey intersects the hyperplane H, = {x -v = 0}. It
does in a unique point gj + Aey when I,f’g # . Since 0 < ¢f - v < ke it follows that

A< 25
[vgl

Therefore, given t > 1, for ¢ = ¢(¢) small enough the intersection point is contained in tQ,, N H,.
Since by definition the mapping l,fa > (ei,ej) — ¢j — (&f - eg)ey is injective, we obtain that

#I{, <#lei € eZ? : ei € [y—o(tQy N Hy)},

where [1,,—¢ denotes the projection onto the subspace {x; = 0}. In particular, it holds that

d
eV M e =Y eI < T H(eZ N [T =0 (10, N H,)).
=1 {=1
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tQy

FIG. 2. Counting the number of points in / lf .

By elementary geometric considerations we can bound the cardinality via a (d — 1)-dimensional
volume as

lim 97! (#eZ9 N ITy,—0(tQy N H,)) = R (ITx,=0(tQ, N H,))

e—>0

=197 (T =0 (00 N Hy)).
Since ¢t > 1 was arbitrary we deduce that

limsup e~ #I , < ®97 (IMe,=0(Qy N Hy)).

e—>0

We claim that the right-hand side term equals |v;|, which then concludes the proof summing over £.
This is a consequence of the coarea formula in the form [2, Theorem 2.93] taking f to be the
projection I1,,—o and £ = O, N H, and using the fact that the (d — 1)-dimensional coarea factor
of the projection /T,,—¢ on the tangent space H, is given by |v| (cf. [2, formula (3.110)]). O

4. Limit of the continuum functional for large N
In this section we study the I"-convergence of the limit functionals Ey defined on L!(£2;R?) by
4sin® (91"

2 ) — + d—1 : .
_= d , d¥ fue BV($2;8y),
En(u) = 6%, /:mlu st @)l n (52:8x)

+00 otherwise,

4.1

as N — o0, where we write  to stress the dependence on N of the minimal angle between
vectors in 8 . We show that the I"-limit of En coincides with the functional derived in [27] in the
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regime N = N < 7 and d = 2. More precisely, we define the functional

[ 1k dr +1DPulan (@) + [ d it e BY(2:8),
Ew):=3Je 2nJy

+00 otherwise,
4.2)

foru € L'(£2;R?).
We first state and prove the lower bound together with a compactness result.

Proposition 4.1 (Lower bound and compactness) Let uy € BV(§2;8y) be a sequence such that

sup Ex(un) < +o0.
N

Then up to subsequences uy — u € BV(82;S') strongly in L'(£2;R?). Moreover, for any
sequence uy € BV(£2;8y) andu € BV (82;S) such that uny — u in L' (£2;R?) it holds that

liminf E > E(u).
Lim inf N(un) = E(u)

Proof. Since dg1 (1, v) = |u — v| and |v|; = 1 for any unit vector v, the functionals Ey satisfy

4sin? (& 4sin? (&
Ewn > 490 (F) / ot = B 1)
On 2nJy 02
Note that Oy = 27/N implies Oy — 0as N — +o00. Hence
~ 4sin (9"’)
lim ——===1. 4.3)

N—+o00 912\,

Thus the compactness statement follows from the inclusion 8y C S! and standard compactness
results in BV (£2; R?).
In order to prove the lower bound, note that

E 4$1n— \v/ () 0 -+ pd-1
N(u) = 2 | ulz,1dx + [D*ulz,1(£2) + dgi (u™, u™)|vyl1d
207,
4 sin? (2
_%E()

for all u € BV(£2;S!), cf. (4.1)=(4.2). The functional E is L'(£2;R?)-lower semicontinuous by
Lemma 3.2. Hence, the claim follows from (4.3). O

We now establish the upper bound via several approximations combined with a relaxation result
for integral functionals defined on W -1 (£2;S1!).
We recall here the density result proven in [16]. Let

R°(2;Sh) := {u e Wh(2;S") : thereexists ¥ = |JI, X),, m € N, X}, closed subset of
a (d — 2)-dimensional manifold, such thatu € C*° (22 \ X'; Sl)}.
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Theorem 4.2 The class RS°(2;S') is dense in W1 (§2; S1) with respect to the strong convergence
in Wh1(2;R?).

Proposition 4.3 (Upper bound) For every function u € BV (£2;S") there exists a sequence uy €
BV(82;8y) such that uy — u strongly in L' (£2; R?) and

lim E = E(u).
yhm N(uN) (u)

Proof. Thanks to Proposition 3.3, it is enough to prove that for every u € BV(£2;S!) there exists a
sequence uy € BV(£2;8y) such that uy — u strongly in L' (£2;R?) and

limsup Ey (un) < E(u). 4.4
N —>+o00

Step 1.  (Reducing to the case u € W1(£2;S!)). Let us start by considering the functional given
by

[(2|vu|2,ldx, ifu e wh(;sh 4.5)

and by +o0 otherwise in L!(£2; R?). This functional satisfies all the assumptions of the functionals
studied in [9], cf. assumptions (H1)—(H5) therein. Then, by [9, Theorem 3.1], its relaxation is given
by

/ |vu|2,1dx+|D<C>u|2,1(:z)+/ K@ ™, ut,v,)dR4™!, ifu e BV(2:SY
Q 2nJy,

and by +oco otherwise in L!(£2;R2?). The density of the surface energy K:S!'xS!xS¢4~! —
[0, +00) is characterized by the formula

K(a,b,v) := inf%/ [Vir|p1dx : ¢ € ®(a,b,v);,
QU

where Q, is a unit cube centered at the origin with two faces orthogonal to v and ®(a, b, v) is
the collection of all ¥ € WbH1(Q,:S!) with Y(x) = aif x -v = —%, Y(x) =bifx-v = %,
and v is periodic with period 1 in the direction orthogonal to v. In particular, ®(a, b, v) contains
the collection of functions with a one-dimensional profile in the direction v, i.e., functions ¥ €
W11(Q,:S") such that there exists a curve y € WhI((—1,1);S") with y(—3) = a, y(3) = b
satisfying ¥ (x) = y(x - v). For such functions we have Vi (x) = y’(x - v) ® v and therefore, since
[y (x-v) ®@vlzg = [y (x-v)[v]i,

v

1
2

K(a,b,v)sf VYl dx = |v|1/Q /(e v)ldx = |v|1/1 Y0l dr.
v -2

Taking the infimum over all such curves y € W!((—3.2):S!") with y(—3) = a, y(3) = b, we
conclude that
K(a,b,v) < dgi(a,b)|v]:.

In particular, the relaxation of (4.5) is smaller than E, cf. (4.2). This entails that for every u €
BV($2;S!) there exists a sequence u; € W11(£2;S') such that u; — u in L!(§2;R?) and

limsup[ [Vujla,1dx < E(u).
2

Jj—>+oo
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Thanks to this property and to a diagonal argument, it is enough to prove the upper bound (4.4)
assuming u € WH1(2;Sh).

Step 2. (Extending outside £2). Let u € W11(£2;S!). There exists ¢ > 0 and a bi-Lipschitz map
I:(092x(—t,t)) — '(082x(—t,t)) such that I'(x,0) = x for all x € 082, I'(02x(—t,t)) is an
open neighborhood of 052 and

reex-t0)c2,  I02x0.1))cR\LQ. (4.6)

This result is a consequence of [35, Theorem 7.4 & Corollary 7.5]; details can be found for instance
in [34, Theorem 2.3]. The extension of u is then achieved via reflection. More precisely, for a
sufficiently small 7 > 0 we define it on £2 with 2 = §2 + B;(0) by

u(F(P(r—l(x)))) ifx ¢ Q,

u(x) otherwise,

ii(x) = @.7)

where P(x,7) = (x,—1). Since I" is bi-Lipschitz, we have that # € W-1(§2;S') and by a change
of variables we can bound the L!-norm of its gradient via

/ |Vﬁ|dxs/ |Vu|dx+Cp/ |(Vu)oFoPoF_1|dx§Cp/ |Vu|dx,  (4.8)
2 2 2\ 2

where the constant Cr- depends only on the bi-Lipschitz properties of /" and the dimension. With
an abuse of notation we will denote the extended function # € W !-1(£2;S") again by u.

Step 3. (Reducing to the case u € (R‘fo(fZ; S1Y). Givenu € WH1(£2;S'), we extend it to a function
in Wh1(£2;S") as in the previous step. By Theorem 4.2 there exists a sequence u; € ®°(£2;S')
such that u; — u strongly in W1-1(§2; R?). In particular,

lim /|VMj|2,1dx=/ [Vulz .
j—+oo Jo 0

Hence, by a diagonal argument it is enough to prove the upper bound (4.4) assuming u €
RS°(82;SY).

Step 4. (Reducing to the case of piecewise constant S'-valued maps). Let u € (R‘lx’(fZ; S'). Then
there exists ¥ = |, X with X, closed subset of a smooth (d — 2)-dimensional manifold such
that u € C®(2\ X:SY) N WH1(2;S'). We construct now an approximation of u through S*-
valued maps which are piecewise constant on a lattice of spacing A > 0. Let us consider the family
of half-open cubes

L(Az) = Az + A0, D)%, zez?

and the set
ot .= U{Ik(kz) : z € Z4 such that I; (Az) N 2 # @}.

Let £2’ be such that 2 CC £’ cC £2. For A small enough we have 2% cc 2’ cc 2. We
now define the piecewise constant function u;: 2* — S! as follows. Let z € Z? be such that
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I,(Az) € 2*. If I;(Az) N £ = @, the map u is C™ in the interior of I; (Az) and thus it admits
a lifting ¢, (unique up to a multiple integer of 277), which is C* in the interior of 7, (1z), namely
u = exp(tg;) in I (Az). We consider the average

1
0, = —/ @z (x)dx
o o

and we set u) (x) := exp(t@,) for x € I, (Az). If, instead, I, (Az) N X # @ we put u,(x) := e;
for x € I)(Az) (the precise value e being not relevant).

We remark that u; — u strongly in L' (£2;R?). Indeed, let B be a ball such that B CC £\ X.
Since B is simply connected and u € C*®(B;S!), there exists a lifting ¢ € C*(B;R), namely,
u =exp(te)in B.If I[}(Az) N B # @, then I, (Az) N X = @ for A small enough. In particular, we
can consider the lifting ¢, of u in 7 (1z) used in the definition of u, . By uniqueness of the liftings
up to integer multiples of 27, there exists a k, € Z such that ¢, = ¢ + 2mk,. This entails

_ 1
¢, = A_df p(y)dy + 2mk;.
I, (Az)

Given x € B, we consider a family of cubes 7, (1z,) > x. By Lebesgue’s differentiation theorem
1
a p(y)dy — ¢(x)
I (Azp)

for £4-a.e. x € B. Then u; — u a.e. in £2 and by dominated convergence we obtain u; — u in
LY(2;R?).
Let us prove that

limsup/ dst (3w ) v |1 RO s/ |Vaul,q dax. (4.9)
A—0 JAngy,, Q

Fori € {1,...,d} we define the families of indices
Zi(h) = {z ez¢: L(Az) U Li(AGz + e1)) C m},
G (A) = {zeZi(k):mﬁZ} =0 ad LAGC+e) NS :@},
®: () = {zeZi(k):mﬁz £0 o L(AC+e))NZ ;é@}.

Let z € G;(A). As in the definition of u,, we let ¢, and ¢, 1., be the liftings of u in /;(Az) and
I (A(z + e;)), respectively. Moreover, since u is C in the interior of the rectangle I, (Az) U
I (A(z + ei)), it admits a C*® lifting ¢ such that u = exp(t@) in I3(Az) U I} (A(z + ¢;)). By
uniqueness of the liftings up to integer multiples of 27, there exist k,,k; ¢, € Z such that ¢, =
¢ +2rk;in I (Az) and @, 4., = ¢ + 2mk;1¢; in I} (A(z + ¢;)). Note that

_ 1 _ 1
¢, = )L_d/ @(x)dx + 2mk;, Pzie; = A_d/ @(x) dx + 27k 4e; -
I, (Az) I (A(z+e;)
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Now we are in a position to estimate

dgi (ua (A(z + €:)). ur(A2)) = dg1 (exp(@, 4, ). exp(t@,))

1
< —d‘/ go(x)dx—/ (p(x)dx‘
AT Gz +ei)) 1,(A2)

7
= — o(x 4+ Aej) —p(x)|dx
A1 G | l |
1 1
< —— dip(x + the;)|dt dx
At [uu(z))/o o )
1 1
= ﬁ/ / |9iu(x + tAe;)| dx dr. (4.10)
A Jo Jnaey
Using the fact that Q*cc , for A small enough we obtain
d d 1
Z Z A4 (ua(M(z + e)) up(Az2)) < Z Z / / |iu(x + 1Ae;)| dx dr
i=1z€eG;(A) i=1z€G; (X) 0 JI,(A(2)

1 d
S/O ;/.;M |8,~u(x+t)te,-)|dxdt
d
< ;/ﬂ/ ‘8iu(x)\dx = /9/ |Vu(x)|2,1dx.

Let z € B;(A). Since I(Az) N ¥ # @ or [} (A(z +¢)) N X # @, we have that I, (Az) C

B L ﬁ(z ). By [2, Theorem 2.104], the Minkowski content of X equals its Hausdorff measure,

£4(By(2))
w>p?

namely — K42(X) as p — 0. This implies that

1 1 _
#8; (1) < F;zﬂ’ (B, ya(D) < Fz%d 2(D)war(4Avd)? < Crara=
for A small enough. Using the rough estimate dg: (u r(A(z+e)),u A(Az)) < 7 we deduce that

d

3OS Al (u,x(k(z n ei)),u;t(kz)) < Cral, @.11)

i=1ze®;(A)

the constant Cx; 4 being larger than the previous one.
From (4.10) and (4.11) it follows that

/ dg1 (i up) vy, [ dR4!
4NJy

A
d

< Z( > 27 (1 (A + )1 (02) + Y ATy (ua (A + ei)),uA(kz)))

i=1 ‘ze§; (1) ze®; (A)

< \Y% dx + Cx 4A
/ﬂ/i ”|2,1 X zd
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and hence, letting A — 0 and £2' N\ £2, (4.9). Thanks to this step, it suffices to prove the upper
bound assuming that the S'-valued map is constant on each of the cubes I3 (Az) C £2*.

Step 5. (Construction of uy). Let u: R* > Slbea map that is constant on each of the cubes
I3 (Az). We consider the discretization map P :S! — 8, defined as follows: given a € S!, we let
@q € [0,27) be the unique angle such that a = exp(t¢) and we set

P (@) := exp (0 [¢a/On |).

Note that dg1 (B (a),a) = |08 L%/QNJ —@a|l < On. Weputuy :=By(uy) € BV(2;8n).
Then, by the triangle inequality

/ Qe (g 1) vy [ 424
20Juy

<y Ad—ldy(u]v(k(z—i—ei)),uN()LZ))

z€Z;(A)
§ / dsl (Mi_, M;)|VuA |1 d}f’d_]
AN Ty,
" Z 241 (dgl (uN(A(Z + i), up(Mz + e,-))) + dgi (un(Az2), uA(Az)))

zeZ; (M)

§/A dgl(uj,uz)wukhd}ed—lﬁ_ Z Ad_lzeN
24N0Ju,y i

< / dgt i u)|vu, [ AR + 208 RN (24 N 0,
A0 Jy,
Letting N — 400 and by (4.3) we conclude the proof. O

5. Constrained problems

In this final section we apply the results for the discrete-to-continuum limit to some constrained
minimization problem. Again here we can use the more abstract results of [19]. We consider the
case of discrete Dirichlet boundary conditions and discrete phase constraints. We start with the
latter. Note that in both cases we do not state separately the convergence of minimizers which is a
standard consequence of the general theory of I"-convergence.

Volume constraints in the N -clock model. LetV = ( Vk)11<V=1 € (0, 1)V be such that Z}c\,:l Vi =1
andfork =1,...,Nlet V. € (#(EZd N Q)_IN) N [0, 1] be such that

lim Ve =Vi VI<k<N. 5.1

e—>0

We define a new set of constrained spin configurations by

PC.(V) 200 sy TU=RGRO}
e = : — 2 =V, <k<
e N T ezd N ) k.
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Define then the constrained functional

ENw) ifue®CuV),
ENw=1{"

+00 otherwise in L!(£2; R?).

Then by [19, Theorem 6.2] we have the following I"-convergence result.

Corollary 5.1 Let N € Nand for 1 <k < N let Vi, € (0,1) satisfy (5.1). Then as ¢ — 0 the

sequence of functionals 21\7’[ ) bfVV I -converge with respect to the strong L' (§2;R?) to the functional

Eny: LY (2;R?) — [0, +00] defined by

4sin2(9—N) ifu € BV(§2;8n) and
2 -+ d—1 _ . _
Exn ) = 9—2/ dg1 (™, u™)|vy | dK {u = exp(ik0)}| = Vi
P N e VI<k<N,
400 otherwise.

Dirichlet Boundary conditions. In order to define discrete Dirichlet boundary conditions and to
derive a convergence result, we need to assume some well-preparedness of the boundary condition.
For the sake of simplicity we assume that ug € BV, (Rd ; 8n) is such that there exists a locally
finite partition of R4 into Lipschitz domains (E;);ey such that ug is constant on each E;. In
particular, the closure of the jump set 7u0 is a locally finite union of Lipschitz graphs. When the
sets (E;);en are polyhedra, we call u¢ a polyhedral partition. We further assume that

®4192 N T,,) =0. (5.2)
We define the set of configurations satisfying a discrete Dirichlet boundary condition u = u( by
CPCeuy = {u:eZd N2 — Sy : u(ei) = uglei) if dist(ei, 082) < 28}.
As for the case of volume constraints, we define the constrained functionals

EN@w) ifue®Cyy,
E;j’uo(u) =

400 otherwise in L!(£2;RR?).

Then we have the following result.

Corollary 5.2 Let ug € BVio.(R?: Sy) be a polyhedral partition satisfying (5.2). Then as & — 0

the sequence of functionals %EENMO I -converge with respect to the strong L'(2;R?) to the

functional EN y,: L'(§2;R?) — [0, +00] that is finite only on BV (82; Sy ), where it is given by

4 sin® (9—’\’

ENaug (1) = 922)(/ dsl(u_,u+)|vu|1d9£d_l+/ dsl(u_,uar)|vx|1d9£d_l),
N 2NJy a2

where vy denotes the unit outer normal vector at K1 ge x € 082

! This is a technical assumption that we need in the proof. In general, this condition can be ensured by a local reflection
argument which does not change u¢ inside §2, but one would need to prove that this reflection keeps the level sets Lipschitz
regular. While this should follow from construction, we avoid such technical details here.
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Proof.  Step 1. Proof of the lim inf-inequality. Without loss of generality let u, — u in L' (£2) be
such that

N,
lim inf ?ZE&{YMO(%) <C.

By Theorem 1.2(i) we obtain that u € BV(§2;8y). Passing to a subsequence we can assume that
ug € PCqy, for all e. Given 6§ > 0, using property (5.2), we find Lipschitz sets £2; CC £2 CC §2,
such that

RITH(22\ 21) N Ty) <6 (5.3)

Define ug g € PCq y, by ug0(ex) := ug(ex). Since the level sets of ug are Lipschitz sets, it is not
difficult to prove that u, g — ug in L' (£2). Moreover, note that for &i, ej € Z4 with |i — j| = 1
we have that v o(gi) # ug(ej) only if

{ei,ej} € Ju, + B:(0).

In order to bound the energy of u, ¢ on the set £25 \ 21, one can use suitable level sets of the
signed distance function to d§2y, h = 1,2, to find sequences of Lipschitz sets £2; ,, £2 ,, such that
210 CC §21,822 CC §22, and 21, 1 §21 and §22 , | §2». Additionally, we can suppose that

RE((021,0 UR22,) N T o) =0 VneN. (5.4)
For fixed n and ¢ small enough we then have
Eév(ug,o, 2\ 2)) < Csd#{si ceZ% N2, \2,:¢ic¢ 7,,0 + BS(O)}
< C (225 \ 21.0) N (Jug + Bee(0))].

Since 7u0 is a locally finite union of Lipschitz graphs which satisfies (5.4), it follows by the theory
of Minkowski contents that

N — 222\ 21.1) N (Juo + Bce(0
limsup—EéV(us,o,.Qz \ £21) <limsupC |( 2 \ l’n) (Vo e ))’
e—>0 2TE e—0 &

S CRITN (220 \ 210) N Tg)-

Letting n — 400, it follows from (5.3) that
: N N el d-1(/& =
lim sup 5 EY (uoe, 2o\ 21) < CRTN((22\ 21) N ) < C8. (5.5)
e—>0 <£TTE

Define ii, € ®Cs,y,, by
Ug(ei) = 1o (ei)ug(ei) + (1 — ]l_q(si))ug,o(si).

Observe that
e — i i=1gu+ (1 —1g)ug in L'(£25). (5.6)

The energy of i, in the larger set £2, can be estimated by

- |
EN, Gie.25) S EN, (e, 2) + Ecueo. 22\ 2)+2 Y §€d|ue(£1) —it.(g))|?

i,jeezd,li—j|=1
ci€N,ej€2H\2

5.7
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where we used that the discrete energy counts each interaction twice. Note that when ¢i € £2 and
gj € 2, \ £2, then dist(ei, 0§2) < |ei — gj| = &, so that by the boundary conditions of u, imply
that i, (i) = u,,0(€i). Moreover, by definition #.(¢j) = ug,0(gj), so that the last two terms in the
right-hand side of (5.7) can be estimated via

1 . o _

El(ueo, 22\ 2)+2 3, Sefliie(el) —ie(ef)* < E (e, 22\ 21).
i,jeszd, li—j|=1
£i€f2,5j€2,\2

Combining this bound with (5.7) and (5.5) we conclude that

N
11m1nf2—E (tig, §25) < hmmf—E (ug, £2) + C3.
e

£—0 &,UQ &UQ
Since Theorem 1.2 holds for any bounded Llpschltz—domam, we can in particular choose £2; so that

with (5.6) we obtain

4sin® (8 N
_92( ) [ dn il 9 < limint S B2, (e, 2) 4 €.
N 2N

u

Now letting £2; | £ and then § — 0 we obtain the lim inf-inequality using the structure of i given
by (5.6).

Step 2. Proof of the lim sup-inequality. We start assuming that u = u in a neighborhood of 052.
Let uy: ¢Z% — Sy be a recovery sequence for u given by Theorem 1.2, so that

4 sin (eN

N
lim —EN( e 2) = 2 )/ det (u™, ut)|vy |y R4 (5.8)
2NJy

e—=0 27 91%,

We will modify u, such that it fulfills the discrete boundary conditions but without changing its
energy too much. First we redefine u.(gi) = ug(ei) forall ei ¢ £2. Since u = u¢ in a neighborhood

of 082, we can find a Lipschitz set £2;1 CC §2 such that
u =ugon 2\ £2q,

d—1 _ 5.9

w4 (891 NJyy) =0.

Fix0<n < 1dlst(.Ql, d£2). Setting M, = L J (i.e., the integer part of —) forl <k <

we introduce the sets
Qep = {x € 2 dist(x, 2,) < Vdke).

We further define ulg € ®Cq,y, via interpolation by
uk(ei) = 1g, , (ei)us(ei) + (1 — g, , (ei))uo(ei).
Next we compute the energy of such a spin field. It holds that

. N2
ENWE. 2) < EN(ue, 2ep) + EN (ue0. 2\ 2e) + Y & ubei) —ulb(e))]

ei,ejeeZ?, |i—jl=1
i€, 6] €\, i

SEN(e. )+ ENueo. 2\ 20+ Y. ek —uk e’ 510

ei,gj€eZ9, |i—j|=1
eI€82; 6] €2\, i
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Note that by a discrete product rule we have

ub(ei) —uf () = Lo, , (e1) (ue(ei) —ue(ef)) + (Lo, (i) — Lo, , (6))) (ue(ef) — uo(&)))
+ (1 —1g,, (1)) (uo(ei) —uo(e))).

Using this inequality, the terms in the last sum above can be bounded by
Jug (1) — ug(e/)? < 2 (Jue(ei) —ue(ef)|* + lue(ef) —uo(ef)> + luo(ei) —uo(ef)?).
Hence, we can control the energy on the boundary layer of d§2; ; by

Yo e —ub @) < 4EY (up Qg \Rej—) H4EY (0, Qo1 \2e k1)
ei,ejeeZ?, |i—j|=1
ei€82, 6] €\,

+C Z % |ug(ej) —uo(ef)|.

&j €629 N2¢ 41\ 2e.k—1

We can estimate the last sum as an integral over the slightly larger set S x := 2, k42 \ 2 k—2, SO
that we can continue the estimate (5.10) by

EN Wk, 2) < EN(ue, 2) + EN (ueo, 2\ 21) + C (EN (e, Sex) + EN (ue0, Sex))
+C ”ua‘ - u€,0”22(s&k)~

Now we can use a classical averaging argument. Note that each point ¢i € ¢Z% can belong to at
most 4 different sets S, . Since Sgx C 2\ §2, for all 3 < k < M, — 2, the superadditivity of the
energy yields

M.—2

> (N (e Se) + EY (e, Se) + e = veollZgs, )
k=3 '
<4(EN(u£ 2\21) + EY (o0, 2\ 1) + e — el 223, ) -
~ £ ’ & £,0» & &, L2(.Q\91)
Now choose k. € {3,. — 2} such that the term in the above sum is minimal. Then

EN(uke, 2) < EN(u,,,, 2) + EN(ME,O, 2\ 21)

Z (EY (e, Se) + EY e, Se) + e = veollZgs, )
C N N 2
(1+E)( £ (ug,.Q)+E (MgO,Q\Ql))-’__”us ug’0||L2(g\§]).

Multiplying the above estimate by zlm, we note that (éM,)~! remains bounded when ¢ — 0.
Moreover, as in Step 1 (cf. (5.5) and (5.2), (5.9)) one shows that

N — — - —
limsup%Eév(ua,o,.Q \21) SCRUTN(2\ 21) N Tuy) = CRITIH((R2\ 21) N Ty),

e—>0
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while for the term mE (1, £2) we can use (5.8). In order to control the L2-norm in the last but
one estimate, note that on §2 \ £2; the two sequences u, and u, o converge in L' (and thus in L? by

uniform boundedness) to the same limit since ¥ = uq on §2 \ £2;. Consequently,

N N
hmsupz—EN(u Q) < limsup > E; N(ue, 2) + CRUTI((2\ 21) N T )

£—0 e £—0

£

In order to conclude, we remark that on £2; it holds that ulsc — u in L1, while as explained above,

on £ \ §2; the sequences u, and u, ¢ have the same limit, so that ulgs, being a varying convex-

combination of those sequences, converges also to u on £2 \ £2;. We conclude that ulgs — U in
L'(£2). Hence from the definition of the I"-lim sup we deduce that

r- hmsup( Ng ”O( .Q)) ) < 11msup iEN(u ,2)+C Rd_l((.Q \ 21) N T ).

e—>0

As the choice of §2; with the properties (5.9) was arbitrary, we can take a sequence £21, such that
§21,, 1 £2 which makes the last term negligible. Hence

4 sin (9"’

N _
r- hmsup(2 — suo( .Q)) (u) < 7 %) /an st (u—, u™) vy |y dRIL (5.11)
N u

e—>0

Note that due to (5.2) the right-hand side coincides with the functional Ey ,, if the function u
coincides with #( in a neighborhood of d£2. The general case can be deduced with a density
argument as follows.

Given any u € BV(£2;8x) we extend it to R by setting Ulga\g := €1 and we let £2, DD £2
be a Lipschitz set. Set # = 1ou + (1 — 1 o)ug. Due to (5.2) we can apply [19, Lemma B.1] to
deduce that there exists a sequence §2, CC £2 of sets of finite perimeter such that u, := 1go,u +
(1—1g, )ug converges to i in L' (£2,) and in addition X¢~1 (2, N J,,,) — K4~1(£2,N Jz). Those
properties allow us to use the Reshetnyak continuity result for partitions [37, Theorem 3.1] which
yields that

4 sin? (4
lim #/ dgl(u;,u:)|vun|1d?{d_l
n—>+o00 0N 2:0J),
4 sin? (&
= —2(2)[ dei (i1, 1) vg)y dR4L
9N 2>NJ5

Moreover, note that u#,, = uq in a neighborhood of d£2. Hence by the previous reasoning and lower
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semicontinuity of the I'- lim sup we obtain

. N . . N
F—hmssup (%E?’uo( .Q)) (u) < }}gﬁr;ﬁ(]“-hin_)s(l)lp(%Eguo(., .Q)) (un))
4sin? (%
# / dgt (u, w5 v, 1 dpe!
QN 20Ty,
4sin? (%X
< liminf#/ det (uy  u) vy, |1 dRE!
n—+oo QN 220y,

< liminf
n—-+o0o

4sin2(x o _
= #/ dg1 (@, ) |vg]y a1
On 2NJy

Letting £2, | 2 yields the upper bound using the structure of ii. [
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