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A free boundary problem for the dynamics of a glasslike binary fluid naturally leads to a singular
perturbation problem for a strongly degenerate parabolic partial differential equation in 1D. We
present a conjecture for an asymptotic formula for the velocity of the free boundary and prove a
weak version of the conjecture. The results are based on the analysis of a family of local travelling
wave solutions.
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1. Introduction

In [3], Benzi, Sbragaglia, Bernaschi and Succi propose a new phase-field model for binary fluid
mixtures. The fluid mixture is described by an order parameter ¢ which, in 1D, satisfies the partial
differential equation (PDE)

¢r = (Do + D29)ps) . — D29 + (1 — ¢%)

2 2 2y . (1.1)
= (Do + D2¢")pxx + D2 + (1 —¢”) in Q = (a,b) x (0, 7],

where Dy and D, are positive constants and a < b. The parabolic PDE (1.1) corresponds to a
gradient flow in L? for the energy functional

b
Flp] = / (V@) + AD@)@)P)dx.  V($) = —2¢> + 1p*. D(@) = Do + Dag?.
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The double-well potential V(¢) is the bulk free-energy density and favours the two bulk phases,
¢ = =*1. Identifying the two phases ¢ > 0 and ¢ < 0 with two fluids, the stiffness function D(¢)
controls the cost of building and maintaining the interface, ¢ = 0, between the two fluids. Since the
interface is a priori unknown, the interface is the free boundary of the binary fluid problem.

The model is a variant of the standard Ginzburg—Landau equation, in which the stiffness function
is constant. The stiffness function determines the value of the surface tension y. Positive values of y,
corresponding to D(¢) > 0, promote coarsening. Negative values of y, corresponding to D(¢p) < 0,
trigger an unstable growth of the interface.

The model is characterised by the choice of D(¢) = Do + D,¢?. Other variants of the
Ginzburg-Landau model have been proposed, with different choices of D(¢). Piecewise constant
stiffness functions have been used to study microemulsions [9]. A second degree polynomial D(¢)
was proposed by Gompper et al. in [10], with a crucial difference compared to the model that we
study in this paper. In [10] Dy is negative, triggering local interface instabilities, and the higher
order term k (¢”")2, with k > 0 known as rigidity, was added to the energy functional to guarantee
thermodynamic stability. In [3], on the other hand, Dy is strictly positive, and this guarantees the
surface tension y to be positive and, hence, thermodynamic stability is reached even with ¥ = 0.

The idea of Benzi et al. is to take the limit Dy — O since, for Dy = 0, a local zero-cost
condition is achieved, D(¢) being zero only at the interface (¢ = 0). Local zero-cost, in turn, is
responsible for the peculiar features of this model, that exhibits long-time relaxation, ageing and
long-term dynamical arrest, typical signatures of self-glassiness. This makes the model suitable for
the description of coarsening in soft-glassy materials, in which domain growth is subject to long-
term slow-down and, possibly, dynamical arrest. In fact, using suitable approximations, the model
can also be derived from the continuous equation of the mesoscopic Lattice Boltzmann equation of
soft-glassy system described in [2].

Computational evidence in [3] suggests that the two-fluid interface ¢ = 0 becomes almost
immobile for small values of ¢ = Dy/D,. The main purpose of the present paper is to prove this
phenomenon analytically and possibly quantify it in terms of the smallness of ¢.

Rescaling x by a factor /2/D, (and changing the interval (a,b) accordingly) and ¢ by a
factor 2, equation (1.1) becomes

¢r = (e + D) pax + 992 + 2p(1 —¢%) in Q. (1.2)

To understand its mathematical structure for small values of ¢ it is convenient to replace ¢ by

¢
u(x,t) = Ug(¢p(x,0)), Ue() = 2/0 Ve +s2ds. (1.3)

Since the map U, is strictly increasing, odd and onto in R, its inverse &, is well defined and odd.
This change of variable transforms (1.2) into

ur = (8 + O2(w))uxx + Pe(u)(1 — ®2(w)) /e + P2(u) in Q. (1.4)
In the formal limit ¢ — 0, Uz(¢p) — |¢|¢p and @c(u) — u/+/|u|. The limit equation is
ur = [ufuxy +u(l—|uf) inQ. (1.5)

The parabolicity of equation (1.5) is strongly degenerate. A few decades ago it was studied, mostly
without reaction term, in the context of nonnegative solutions [4—7, 12]. Several singular phenomena
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were identified which indicate that its degeneracy is indeed much stronger than that of, for example,
the well-known porous medium and p-laplacian equations [8, 13]. We mention a few of them:
solutions are not always uniquely determined by their initial-boundary data and the support of
nonnegative solutions is non-expanding in time and may also shrink. In higher spatial dimension
solutions of a slightly different but similar equation may even be discontinuous.

As far as we are aware of, sign-changing solutions of (1.5) were never studied analytically. In
this paper we consider a class of classical solutions u, of the uniformly parabolic equation (1.4)
which initially have a finite number of interfaces, and we show that for vanishing ¢ they converge to
a well-defined solution u of the degenerate parabolic limit equation (1.5) and the interfaces of u are
constant in time. In particular, we prove the phenomenon which was numerically observed in [3],
namely that for positive but small values of ¢ the interfaces of u, are almost immobile.

To quantify the latter result we analyse the existence of a family of local travelling wave
solutions of (1.4). As we shall see, this naturally leads to the following conjecture for an asymptotic
formula of the velocity of the interface x = . (¢) (here for simplicity we consider the case that
ug(x,t) is monotonic in x, so the interface is unique):

ux(xii_,t) - ux(xl_wl)
2loge

L) = (I1+0(1)) ase—0. (1.6)
Here x; is the position of the constant interface of the limit solution u. The travelling wave solutions
do satisfy (1.6), and in that case the wave velocity and the right-hand side are independent of time.
We also prove that the one-sided spatial derivatives of u at x; exist and are continuous with respect
to ¢ (with the possible exception of at most two values of ¢, see Theorem 3.2); generically they do
not coincide, as was already observed in [3] in the case of stationary solutions (in [3] they were
referred to as compactons). For the moment being we are not able to prove the conjecture, but we
do prove a weaker version of (1.6) (see Theorem 3.3 and the discussion in Section 7).

The paper is organised as follows. In Section 2 we collect some preliminary results on the limit
problem which will be proved in Section 8. In Section 3 we present the main results and in Section 4
we analyse the family of travelling wave solutions. In Section 5 we characterise the limit of solutions
of (1.4) for vanishing ¢ and show that asymptotically, for vanishing ¢, interfaces do not move. In
Section 6 we prove the regularity result for the one-sided spatial derivatives of the limit solution,
and in Section 7 we prove the weak version of the interface condition (1.6).

2. The limit problem

We consider the problem for equation (1.5) in a bounded interval (a, b), and impose that u is in one
of phases u = +1 ata and b:

Uy = |ufuxy +u(l —1ul) in Q = (a,b) x (0, T],
u(a,t) =—1, u(b,t) =1 fort e (0,T], 2.1
u(x,0) = ug(x) for x € (a, b).

Here ug : [a, b] — R is a given initial function which satisfies

ug € C([a, b]); up(a) = -1, ug(b) = 1;
the number of zeros of ug in (a, b) is finite; 2.2)

U changes sign at each of its zeros.
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Definition 2.1. Letu € L>®(Q)NL?(0,T; H'(a, b)); u is called a weak solution of problem (2.1)
ifu(a,t) = —1landu(b,t) = 1forae.t € (0,T), and

b
/ uo(x) ¥ (x,0)dx + /] (e — [ulux Py —uZ sgn@)y + u(l — |ul)y) dxds = 0
a 0

forall y € C' ((a,b) x [0,T)).

The strong degeneracy of the parabolicity causes singular phenomena which, since a few
decades, are known for nonnegative solutions. In particular, nonnegative weak solutions have non-
expanding spatial supports and suffer various nonuniqueness phenomena ([5, 7, 12]). There do exist
nonnegative weak solutions with spatial supports which are independent of time.

To understand the case of sign-changing solutions we consider initial data which satisfy (2.2).
To be more specific, let x; < xp < -+ < xi be the finite number of zeros of uq in (a, b):

> 01 X ifii dd,
No := {x1,x2, ..., Xk}, o= (xi xz+1)% fiso @3
up < 01in (x;, x;+1) if i is even

(obviously ug < 01in [a, x1) and ug > 0 in (xg, b]). The idea is that we can solve the problem for u
independently in each interval (x;, x;4+1) with homogeneous Dirichlet data at x; and x; 4, without
creating zeros of u at the interior of the interval. This naturally leads to the concept of “classical”
solution of the equation.

Definition 2.2. Let (2.2) and (2.3) be satisfied, and set
N =Ny x][0,T]. 2.4)

A function u € C(Q) is called a classical solution of problem (2.1) if

u(x,t) = 0if and only if (x,7) € N,
ueC>(Q\0),

— the second and third equation of (2.1) are satisfied,
the first equation of (2.1) is satisfied in Q \ T.

Observe that the continuity of u and hypothesis (2.2) on uq imply that, for all 1 € (0, T],
u(-,t) # 0in (x;,x;4+1), and u(-, ) has the same sign as ug in (x;, x;+1). The same observation
applies to (a, x1) and (xg, b).

Problem (2.1) is well-posed in the class of classical solutions, and the class of classical solutions
is a uniqueness class in the set of weak solutions:

Theorem 2.3. Let ug satisfy (2.2) and (2.3). Then problem (2.1) admits a unique classical solution
u in the sense of Definition 2.2. In addition u is also a weak solution of problem (2.1).

The proof of Theorem 2.3 is based on standard techniques (such as maximum principle, a priori
estimates, regularity theory and integral estimates for parabolic equations) and in Section 8 we
sketch its main lines. Below (Theorem 3.2 and Section 6) we shall establish additional regularity
properties of u.
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3. Main results

The main results of the paper concern the behaviour of the unique solution u, € C>1(Q) N C(Q)
of the problem

up = (6 + P2(u))uxx + Pe(u)(1 — PZ(u)) /e + P2(u) inQ,
u(a,t) = —uge, u(b,t) = uy, fort € (0,71, 3.1
u(x,0) = uge(x) for x € (a,b)

for small values of ¢ > 0. Here @, is defined as in the Introduction, @ < b, T > 0 and u1, > 0 are
constants such that

D (ure) =1 (:> &, (—uy1) = -1, and u;, > lase — O), (3.2)
and the initial functions u ¢, satisfy

uoe € C®([a,b]), uoe(a) = —uie,  uoe(b) = use:

33
Upe(x) =04 x € g, uge = Uup in C([a,b]) ase — 0. (3-3)

The first result shows that 1, converges uniformly to the solution of the limit problem for vanishing
&, which implies that away from the set T, defined by (2.4), u.(x, ) has the same sign as ug(x) if
¢ is small enough. More precisely we have:

Theorem 3.1. Let ug satisfy (2.2) and (2.3), let € > 0 and let ug, satisfy (3.3). Let ue € CZl(Q)n
C(Q) be the solution of problem (3.1), u the unique classical solution of the limit problem (2.1)
defined by Theorem 2.3, and T the set defined by (2.4). Then u, — u uniformly in Q and in
2,1
Cio. (O\ M), and
sup dist ((x, 1), ﬂ) —0 ase—0. (3.4)
{(x,1)€Q;ue (x,1)=0}
To state the asymptotic result on the free boundary condition (1.6) we need the following
regularity result for the one-sided spatial derivatives of the limit problem.

Theorem 3.2. Let ug satisfy (2.2) and let u be the unique classical solution of the limit
problem (2.1), defined by Theorem 2.3. Then

(1) uy € L*®(((a,b) \ No) x (2o, T)) for all ty € (0,T), and, for all t € (0, T], the function

X > ux(x,t) has at most a jump discontinuity at x; € o (i = 1,...,k);
(ii) foralli = 1,...,k there exist rilL € [0, oo] (independent of T') such that
=0 if0<t<rtt,
TNE R A
#0 ift > 1",

in addition the functions t + Uy (xii, t) are continuous in (0, T\ {tii}.

Concerning the asymptotic expansion (1.6) we limit ourselves, for the sake of simplicity (see
Remark 7.2), to the case of a strictly increasing initial function:

up € C(la,b]), wup is strictly increasing in [a, b], ug(a) = —1, uo(b) = 1. (3.5)
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The condition on the approximating initial data uo. (¢ > 0) is changed accordingly:

{7'408 € C*®([a,b]), wup, >0in[a,b], us(a) = —uie, Uoe(b) = U1s, (3.6)

ug(x1) =0 = upe(x1) =0, uge = up in C([a, b]) as e — 0.

Theorem 3.3. Let ug satisfy (3.5), let ¢ > 0 and let ug satisfy (3.6). Let uy; € C>'(Q) N C(Q)
be the solution of problem (3.1) and let u be the unique classical solution of the limit problem (2.1),
defined by Theorem 2.3. Then ugy > 0in Q. Let x = X (u,t) be defined by ug(Xe(u,t),t) = u.
Then there exists 0 < §, — 0 as ¢ — 0 such that for all t € [0, T

8 —1 s + _

& d € Xs t x J1) —uy N
/ _a / (1) g, = MO D) T )(1+0(1)) ase — 0. (3.7)
—s, €+ P2(u) —s, €+ P2(u) 2logs

The interpretation is immediate: let x = {.(z) be the interface of u,(x,¢); then (t) =
Xer(0,1), so (3.7) is nothing else than the interface condition (1.6) with the left-hand side,
£L(¢t), replaced by a weighted average of X, (u,t) in a neighbourhood (—8.,8;) of u = 0, a
neighbourhood which shrinks to a single point as ¢ — 0.

In Section 7 (see Remark 7.1) we shall briefly discuss a different weak version of (1.6).

4. Travelling waves

In this section we analyse a family of travelling wave solutions (TWs) which play a key role in the
proof of Theorem 3.1 and the formulation of the conjecture (1.6).
Let u(x,t) = w(x — ct) be a travelling wave solution of (1.4) with velocity ¢ € R:

—cw' = (g4 PZ(w))w” + Pp(w)(1 — DZ(w)) /& + P2(w). 4.1

Assuming monotonicity of w(z) in an interval, we use w as independent variable to reduce the order
of this autonomous ODE: the function p(w), defined by

p(w(2)) = w'(2),
satisfies
d_P _ c _ (Pg(u))(l - (pgz(w))
dw e+ P2(w) pVE+ P2(w)
We are interested in solutions of equation (4.2) in a neighbourhood of w = 0 with p > 0, solutions
which in the original variables can be viewed as “local TWs” w(z), with w’(z) > 0, which are
defined in a neighbourhood of the interface. If p is strictly positive, the second term on the right

hand side of (4.2) is bounded. Therefore we focus on the first term on the right-hand side which
becomes singular at w = 0 for vanishing ¢. Given § > 0, we have that

4.2)

8 D¢ (8)
I / Ly 2 L e
5= —c - dw=-2c —d¢.
o &+ PZ(w) 0 Ve + ¢2

We set ¢ = /esinh y. Since d¢p = /e cosh y dy, we obtain that
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and
1
_ _ . 2
Is = —2¢log (JE(QS(S) + /e + @2 (5))) . (4.3)
If %T(f) is large, then
Is ~ —2clog (2@?/£8)) (log Qo.(8)) — L 5 log 8) ~ cloge.
e

So if I5 is bounded away from zero, ¢ vanishes as ¢ — 0, and since /s represents a variation in p,
this simple calculation suggests the following result. Before stating it we observe that, given B > 0,
the function wg € C(]0, 00)) defined by

wp(x) = max{B sinhx —coshx + 1,0} forx >0, 4.4

is a nonnegative steady state of the limit equation (1.5) in [0, c0) which satisfies wp(0) = 0,
wp(0) = B and
0<x<logtl ifo<B <1,

>0 if
wp(x) x>0 itB > 1.

Lemma 4.1. Let B and By be positive constants. Let wg € C([0, 00)) be the steady state defined

by (4.4). Let ¢ > 0 and set
_ B-—By

. 4.5)
loge
Let wp ¢ be the local solution of the shooting problem
—cW = (a + 452(w))w” + &, (w)(l - @2(w)),/s + ®2(w) forx >0,
w(0) = 0, w'(0) = By,
which can be continued as long as it stays bounded. Then
([0.log £B)) ifo< B <1,
WBe —> Wp in Cuo ) (4.6)

IOC([O oo)) if B> 1.

Proof. Since By > 0, w) B > Onearx = 0. As long as wp , remains increasing and bounded, we
argue as above and introduce pe(w), which locally is a solution of

d_p __ Ce _ q)a(w)(l - (paz(w)) forw > 0
dw e+ ®2w)  p.fe+ 2(w) ’ (4.7)
p(0) = By

To understand the behaviour of p, near w = 0 we change variable and set

ge(w) = pe(w) + /0 #;2(5‘) ds

2(B — Byp) B (w)+ e+ B2 (w)
0 log NG )
oge

= pe(w) +
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where we have used (4.3). The equation for ¢, is

dgs De(w) (1 — PZ(w))

dw _ [er 02 (w) ‘
’ (qs(w) — 20t log [d’s(“’” N “”D e+ Z(w)
Let wg > 0 be a small number to be chosen below. If 0 < w < wo, then

Do (w) + e+ P2(w) _ Pe(wo) + &+ P2(wo) 2/ /wo
1 < < =
NG NG NG

(1+o0(1)

as ¢ — 0, whence

|:<D€(w) + Ve + P2 (w)
log «/5

2
—1+o0(1) < 0 :|$O ase — 0.
loge

Since the factor @;(w)(1 — @2(w))/+/e + ®2(w) in the equation for g, is uniformly bounded, this
implies that g, can be made arbitrarily near to By > 0 in the interval (0, wg) by choosing wg and &
small enough.

If B = By this means that p, > ¢, is bounded away from 0 in (0, wg) if wy and & are chosen
small enough. If instead B < By, it is enough to slightly refine this argument and use that

_ 2(B — Bo) log [cpe(w) + e+ d2(w)
&

(B—Bo)(1+0(1) < loge NG

uniformly in (0, wg), which implies that we can choose wq and & so small that in (0, wg) the solution
Pe is contained in an interval which is only slightly larger than [B, By] (and in particular bounded
away from 0).

We check that p, changes by the “right” amount in the interval (0, wg), namely that p.(wg) can
be made arbitrarily close to B by choosing wg and & small enough. Since g, can be made arbitrarily
close to By in (0, wy), it is enough to observe that, as ¢ — 0,

wo _ 2
_/ gy 2B=BY |:Q>€(wo) + e + P2 (wo)] L B_B,
0 &

:|SO ase — 0

w =

e+ P2(w) log e JeE
Turning to the original variables wp ¢ (x), it follows that the slope w}  (x) changes in a small
right neighbourhood of the origin from By to approximately B. For larger values of x we then use

that wp . depends continuously on ¢ as long as it stays bounded and positive. This easily leads
to (4.6). O

The above result has its natural counterpart for nonpositive steady states w4 of the limit equation
with support in (—o0, 0],

W4 (x) = min{A sinhx + coshx — 1,0} forx <0. (4.8)

Corollary 4.2. Let A and Ag be positive constants. Let g € C((—00,0]) be the steady state

defined by (4.8). Let ¢ > 0 and set
A—Ag

loge

(4.9)

Ce
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Let W4 ¢ be the local solution of the shooting problem
—Gew' = (e + ®2(w))w” + Pe(w)(1 — PZ(w)) /e + PZ(w) forx <0,
w(0) =0, w(0) = Ay,
which can be continued as long as it stays bounded. Then

Coc((—log 4 0]) ifo<A <1,

4.10)
Cloc((_oo»o]) ifA> 1.

Wh,e = Wa N

We can easily merge the approximations of a nonnegative steady state in [0,00) and a
nonpositive one in (—oo, 0] to construct an approximation wy g . of the following steady state with
changing sign:

W4 (x) = min{A sinhx 4+ coshx — 1,0} if x <0,

4.11
wp(x) = max{B sinhx —coshx + 1,0} if x > 0. @11

wqp(x) = {
To do so we require that the two wave velocities coincide, ¢, = ¢,, as well as the two shooting
parameters, A9 = By. This means that

B—A
2loge’

Ay=Bo=3(A+B), c;=¢é=

Combining Lemma 4.1 and Corollary 4.2, we obtain the following result.

Theorem 4.3. Let A and B be positive constants and let ¢ € (0,1]. Let wgap € C(R) be the
steady state of the limit equation (1.5) defined by (4.11). Then there exists a travelling wave solution
WaB.c(X — cgt) of equation (1.4) with velocity

B—-A
2loge

Ce = (4.12)

such that wap,¢(0) = 0 and wap e — wap in Cioc(JaB) as € — 0, where

R ifA,B =1
(—lo g%lg T55) ifA.Be (0.,
Jap = .
(—oo,log 1 ) ifA=1,0<B <1,
(1 14, 00) fo<A<1,B=1.

For later use we observe that if 4 > 1, the steady state W4 € C!((—o0,0]), defined by (4.8),
has an inflection point at — log AH and

\V

W)y = Wy (—3log 4H) = VA2 — 1 in (—00,0]. (4.13)
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5. Convergence to the limit problem

In this section we prove Theorem 3.1. Let uq satisfy (2.2) and (2.3), let uq, satisfy (3.3), let u, €
C(Q)NC%1(Q) be the unique smooth solution of problem (3.1) and letu € C(Q)NC>'(Q\ M)
be the unique classical solution of the limit problem (2.1). We recall that Ty C (a, b) is the set
containing the k zeros x; of ug and that L = N x [0, T].

We choose one of the intervals (x;, x;41). We assume that

uog >0 in (X, Xj41).

The case that ug < 0in (x;, x;41) can be treated similarly, and also the intervals (@, x;) and (xg, b)
are treated in a similar way.
We claim that it is enough to prove the following:

Foralln € N, n > 2(xj+1 — x;) "\, there exists &, € (0, £,_1) such that

ue(x; + %,t) > 0and ug(xj4+1 — %,t) >0for0 <t <Tandforall0 <e <g,. (5.1
Indeed, (5.1) and the Comparison Principle in (x; + 1, xj41 — 1) x (0, 7) imply that
Ug Z V., In (xi + %,xiﬂ — %) x(0,7T)ife < gy,

where v, ,, is the unique smooth solution of the problem

ve = (& + P2(V))vxx + Ps(v)(1 — PZ(v)) /e + P2(v) in(xi + L, xip1 — 2) x (0, T,

v(xi—}—%,t) :v(xi+1—%,l) =0 fort € (0, T1],
v(x,0) = uge(x) forx € (xl- + %,Xi+1 - %),
v>0 in (x; + 2, xi41 — 2) x (0, T].

(5.2)
Since v, 41 = V., > 0in (x; + }L,xiﬂ — %) x (0, T, this implies that there exists
v (x.1) = lim v, (x.1) for (x,1) € (xi, ¥i41) x [0.T].

On the other hand we use the properties in the intervals (x;—1,x;) and (X;4+1, Xj+2) which are
analogous to (5.1) and which, put together, imply that

for all sufficiently large n € N there exists &, € (0, &,—1) such that

U (x; — %,t) < O0and ug(xj4+1 + %,t) <0forO<t <Tandforall0 < ¢ < &,.

Let v, , be the unique smooth solution of problem (5.2) with x; + % and xj4+1 — % replaced by,
respectively, x; — % and x; 41 + % Then

— . 1 1 . ~
U S Vg in (x; — 2. Xig1 + ) X (0, T) if & < &y,
and since Vg 41 < Vg in (x; — #, Xi+1 + ﬁ) x (0, T] we may define

Ve(x,t) = ,,li,nolom’"(x’t) for (x,1) € [x;, xi+1] X [0, T].
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Hence 0 < v, < Vg in (x;,x;41) % [0, T] and ve(x;,t) = Ve(xi41,¢) = 0. By local Schauder
type estimates (see [11, Chapter 5, Theorem 5.4]), in (x;, xj+1) X (0, T] we may pass to the limit
n — oo in the equation for v, ,, and v,,,, whence both v, and v, coincide with the unique solution

of the problem

ur = (& + @Z(u))uxx + Po(u)(1 — PZ(u)) /e + P2(u) in (x;,x;i11) x (0,71,

u(xi, 1) = u(xi+1,1) =0 fort € (0, T],
M(X,O) = MOE(X) for x € ()Ci,)Ci+1),
u>0 in (x;,x;41) X (0, T].

Now Theorem 3.1 would follow from a standard diagonal procedure if we could use again local
Schauder type estimates in order to pass to the limit &¢ — 0 and conclude that v, = v, converges to
the unique (by Theorem 2.3) solution of the problem

ur = utyx tu(l —u)  in(x;, x;41) X (0, 7],
u(x;,t) =u(xj+1,t) =0 fort € (0,T],
u(x,0) = ug(x) for x € (x;, xi+1),
u>0 in (x;, xj4+1) X (0, T].

To justify this, we only need to prove that locally in (x,- + ,ll»xz+1 - —) [0, T'] the solution v,

is uniformly bounded away from 0, which makes the equation for v, ,, locally uniformly parabohc
But establishing such uniform lower bound is easy: given xo € (x;j, x;4+1) there exists a “small”
steady state solution 1 (x) of the limit equation which is strictly positive in a “small” neighbourhood
W of x¢, where “small” means that i < %uo in W and supp @ C (x;, x;41). Arguing as in Section 4
it easily follows that # can be approximated by a family of steady state solutions of the equation
with & which can be used as subsolutions of the problem for v, ,, and since xy is arbitrary we obtain
the uniform lower bound for v, ,,, and thus for v,. We leave the details to the reader.

It remains to prove (5.1).

=&,n’

Proof of (5.1). Since ug; — ug uniformly in (a, b), for all n € N there exist m,, > 0 and g1, > 0
such that @2(y) < 1if y € (0, my,] and

Uge > My in (X; + %,xiﬂ — ﬁ) forall 0 < & < €15.

Let the steady state wqp be defined by (4.11). Observe that u, is uniformly bounded in Q: it
follows from the definition of 1, € R in (3.2) that the constant C;, = max{uy, SUP(4,p) Uge}
is a supersolution of problem (3.1) and, similarly, Co; = min{—u 1, inf(4 ) U0} a subsolution,
whence the result follows from the Comparison Principle for parabolic equations and the uniform
boundedness of the constants Cy, and C,,. Hence there exists M > 0 such that u, > —M in Q for
all & € (0, 1]. It follows from (4.13) that for all n € N there exists 4, > 1 such that, independently
of the choice of B > 0,
wy,(y) <—M —1 forally < —5-

On the other hand there exist y, € (ﬁ, %) and B, € (0, 1) such that

1+B,,

r—yn<slog T < (30 +xig) — %), wa,s,(3log {TBE) < m,
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(we recall that % log % is the point where wy,, ,, attains its maximal value). Finally, we choose
1+B, 1+B,

apoint z, € (% log ,log =B, ), which implies that wg,, g, > 0 and wl"lan < 0at z,.

1-B,

Let wa, B, s be defined by Theorem 4.3. By the choice of A,, B, and z, and by Theorem 4.3,
there exists €2, < &1, such that for all ¢ € (0, &2,,)

WA, Bye(¥) <=M fory < —5-. 0 <wa,B,e <mupin(0,z,], wjy p ,(2n) <O,

and

B, —A,)T 1
o7 = B AT 1
2loge n

We define u, , € C([x;, xi+1] x [0, T]) by

wAan,S(x_xi_yn_Cgt) ifx,- <x < xi+)’n+€gl+2n, 0<t< T7
Ug n(X,1) = W4, By e(Xit1—Yn—Cel —X) if Xjp1—yn—Cel—2zp S X < xi41,0<t < T,
wAan,S(Zn) otherwise.

By construction u, , is a (weak) subsolution of the parabolic equation for u, in (x;, x;+1) % (0, T'].

In addition u, , < —M < ue at {x;, x;41} X (0,T) and u, ,(x,0) < uge(x) for x € (X, xi+1).

Hence ug = u, , in [x;, x;+1] x (0, T]. Since
Xi+ Yn+ceT < Xx; +% and xi+1—% < Xit+1— Yn —CeT

and u,,(x,1) > 0if x; + yu + T < x < Xj41 — yu — ¢ T, this implies that u.(x,7) > 0 if
X=X+ 200X =Xiq4]— = O

6. Boundary regularity of the solution of the limit problem

In this section we prove Theorem 3.2, which exclusively concerns the unique solution u of the limit
problem (2.1).

6.1  Proof of Theorem 3.2 (i)

We show first that it is sufficient to prove the following lemma, which reminds the well-known
estimate by Aronson and Benilan [1] for nonnegative solutions of the porous medium equation
u; = A(u™) if m > 1 (see also [4] in the case of nonnegative solutions of u, = uAu — y|Vu|?).

Lemma 6.1. Let x;, x;+1 € T and let u; be the restriction of u to @i, where we have set Q; =
(xi,Xi+1) X (0, T). Then

U; 1
u; >0in Q; :>MitZ—Tl and u,-xxz—(l—u,-)—; in Qi,

Uj 1
u;i <0in Q; =>Mit§—71 and uixxs—(l—ui)—; in Q;.
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Consider for example the case that u; > 0. We recall that u;, is continuous in Q;. By
Lemma 6.1, u;xy is bounded from below in (x;, x;t+1) X [tg, T] for all ¢y € (0, T]. Since u; is
bounded, this implies that the following one-sided limits are well defined:

uix(xl-'",t) € [~00,00), Ujx(x;|q,t) € (—o0, +00].

Since the function x — u; (x, t) attains a minimum (=0) at x; and x; 41, we conclude that the limits
Ujx (xi+, t) and u;x (x;;,) are bounded in [to, T'] for o € (0, T'). If u; < 0 one argues similarly to
arrive at the same conclusion. To complete the proof of part (i) it remains to prove Lemma 6.1.

Proof of Lemma 6.1. The inequalities for u;; and u;xx in Lemma 6.1 are equivalent. Below we
prove the inequality for u;; in the case that u; > 0 in Q;.

As we shall see in Section 8, u; can be approximated from above by smooth solutions u; , > ,ll
of the uniformly parabolic problem
Uy = u(uxx +1—u) in 0,
u(x;, 1) = u(xiy1.1) = = forr € (0, T, (6.1)
u(x,0) = up(x) + % for x € (xj, xi+1),
where n € N. We set i)
”
-t g,
i,n
Then (4;n); = puin and p = (Ui p)xx + 1 —u; ,, whence
Pt = (ui,n)txx - (ui,n)t = (pui,n)xx — PUin = UinPxx + 2(ui,n)xpx + ((ui,n)xx - ui,n)p
= UjnPxx + 2Win)xpx +(p—Dp in Q;.
Let 70 € (0,7) Since p = 0 at x; and x;4; and since p = —(t — to)~! is a subsolution of

the equation in (x;, xjt+1) X (fo, T) which tends to —oo as t — t(f , it follows easily from the
Comparison Principle that p > p, ie., (t —t))(Uin)r = —U;yu, in (X5, X;41) X (o, T). Since

locl(Qi) as n — oo, this implies that (r — fo)u;; = —u; in (x;, x;41) X (to, T'). Since
to > 0 is arbitrary, we have proved that fu;; = —u; in Q;. O

. 2,
Uin — u;inC

6.2  Proof of Theorem 3.2 (ii)(ii)

Let u; and Q; be as above. We only consider the limit u; (xi+, t) in the case that u; > 0in Q;. We
define the difference quotient

wix, 1) —ui(xi, 1) _ wix,1)

X — Xj X — Xj

q(x,1) = fort € (to. T).

Since, by part (i), u;; = —u;/t in Q;, it follows at once that also ¢; = —¢ /¢t in Q;. Integration with
respect to ¢ yields that

t
q(x,t) = TOq(x,to) if0<ty<t<T, (6.2)

whence also ;
uix(xi“L,t) > TOuix(x;’,lo) fort € (19, T].
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In particular, u;y (xiJr 1) > 0if ujy (x;r, tp) > 0 and ¢ > 1y, and we have proved the existence of
ri+ € [0, oq].

The function ¢t +— u,-x(x;r, t) is continuous in (0, ri+) since u,-x(x;r,t) = 0ifr € (0, ‘L’i+). To
prove the continuity in (riJr, T] we shall show that

q:(xi,Xiy1) X (Ti+, T] — R can be extended by continuity to [x;, xj4+1) X (‘L’i+, T]. (6.3)

The function g satisfies
Uit

g = —— = quixx+q(1=1) = ¢((* %) gxx+2¢x) +(1=(x=x1)q) in (i, Xi41) X (7", T].
1

Setting y = /X — x; and h(y.t) = q(x; + y2,t), we obtain that
h h .
= (hyy + 37y) + h(1 —y?h) in (0, Xiz1 —x;) x (t;7, T].

Let B be the open ball in R* centered at the origin with radius /X;+1 — X;. Setting y = |z| for
z € Bandv(z,t) = h(|z|,t) for (z,t) € B % (‘L'i+, T], this means that

hy

v, = %Av +v(1 —|z]?v) in B x (rl-+, T].

It follows from (6.2) and the definition of ‘L’i+ that, locally in B x (ri+, T1], v is bounded away from
zero, whence locally in B X (ri+, T] the equation for v is uniformly parabolic. This implies the
continuity of v and we have proved (6.3). This completes the proof of Theorem 3.2.

Remark 6.2. It is not difficult to show that not only the functions 7 > u, (xl.i, t) are continuous in
0,71\ {rii}, but also the restriction of uy to (x;, xj+1) X (0, T'] can be extended with continuity

to the set [x;, x;+1] X (0, T\ {(x;, rl."'), (Xit+1, T )}

Remark 6.3. The number rii reminds the concept of waiting time for the interfaces of the porous
medium equation, which is always a finite number (see Theorem 15.15, equation (15.61) and
Corollary 15.23 in [13]). It is natural to ask whether also in our case Tl-i is always finite. The answer
is negative, as the following example shows.

Let ug be strictly increasing in (a, b), let ug(x;) = 0 and let logug & L'(x;.b). Let ¢ €

Cl([x1,b)) be such that ¥ (x;) = 1 and ¥’ < 0 in (x1, b) and set

0 ifx; Sx<x+ 1,
Ko@) = Yn(x—xi = 1) x4} <x<x 42,
1 ifx; +2<x<bh

Then uy, > 01in (x1,b) x (0, T) and

b
/ log (x. ) (x) u (x)dx

1

b
- / log 10 (X)) () 7 (x)dx + / (s (0 s + V2 + (L= W) 1)
x (x1,b)x(0,t)

1

b
< [ toguaCp(oatar + || (¥ s + (=00 1).

i (x1,6)x(0,1)
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Letting n — oo we obtain that
b
[ logu(x,t)Yy(x)dx = —oco forallt € (0, T],
X1

and since T is arbitrary this implies that T1+ = 00.

7. The interface condition

This section is devoted to the proof of Theorem 3.3 concerning the asymptotic formula for the
interface condition (1.6).

The fact that u., > 0in Q follows from the strong maximum principle applied to the equation
for ugy. Hence the interface x = {.(¢) is well-defined by u.(¢:(¢),) = 0 and, by the implicit
function theorem, ¢, € C([0, T]) N C((0, T]). By Theorem 3.1, in particular by (3.4),

e > x1 inC([0,T]) ase — 0.

For the limit function ¥ we have a similar positivity result of u,, but we must exclude the point x;
where the parabolic equation degenerates:

uy >0 in Q\ {(x1.1); ¢t € (0, T]}. (7.1)
We begin with some preliminary calculations. Let X, : [—u1e, U1¢] X [0, T] — [a, b] be defined by
ue(Xe(u,2),7) =u (andso {e(1) = X.(0,1)).
Differentiating x = X, (u, t) with respect to x and ¢ we find that

1 ust(XE(u7t)’t)

Xew(u,1) = m’ Xor (1) = _W’

and it follows from the equation for u, that X, satisfies the parabolic equation

X = —(e+ 92(w)) (XL) — @ (u) (1 — D2 (u)) /e + P2(u) X, (7.2)

We define Xy : [—1,1] x [0, T] — [a, b] by
u(XO(u,t),t) =u (and s0 Xo(0,1) = xl),

and one shows in a similar way that X satisfies

X, =—|u|(Xi) —u(l = [u)X, in([-1,0)U(0,1]) x (0, T]. (7.3)

It easily follows from Theorem 3.1 and (7.1) that

X: = Xo inC([~1,1]x[0,T]) N CZ'(([~1,0) U (0, 1]) x (0, ).
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Since, by Theorem 3.1, gy — uy locally in ([a, b] \ {x1}) x (0, T'], for all & € (0, 1] there exists
0 < yz — 0 such that

1 1
sup — — 0 in C((0,T]) as e — 0.
yelye.1] (Xsu(lyl,-) XOu(Iwa)) o )

In particular, since y, — 0, there exists 0 < y, < §; — 0 such that /6, — 0 as ¢ — 0 and

1
Xsu (ib’e, ) B XOu (igs’ )

— 0 in CIOC((O, T]) as e — 0.

Hence it follows from the continuity properties of u, (see Remark 6.2) that

1

— Uy (xft, -) pointwise in (0, 7] and in Cj,c ((O, T\ {rli}) ase — 0. 7.4
Xeu (:l:887 )

We fix t € (0, T]. The idea of the proof is to integrate the equation for X, with respect to u in a
neighbourhood of u = 0, but to do so we change variable and set

u 1
p=Asw) /o e+ @2(5)

Then the second order term in (7.2) becomes a partial derivative with respect to p and
integrating (7.2) with respect to p from —A.(8,) to A.(5.) we obtain that

As(se) -1 1 1
/A(S)XSI(AS (P)-0dp + 3 = s
e qjs(”)(1 — ¢£2(u))

e et B2

= _BE,Sg(t) =

Xey(u,t)du. (7.5)
Observe that, as € — 0,

8¢
|Bos, (1)] < /5 Xewt, 1) dtt = Xo(Se.1) — Xo(—8o.) — 0

uniformly with respect to ¢; here we have used the (uniform) continuity of the map [0, 1] x [—% %] X
[0,T] > (g,u,t) = Xe(u,t). In view of (7.4) and (7.5) this implies that
Ae(8e)
—/ Xet (A7 (p).1)dp = ux(x] . 1) —ux(xy.1) ase— 0. (7.6)
—Ag(8e)
We claim that
Ap(8e) = —loge(l +o(1)) if8; — Oand e = 0(8,) as & — 0. (7.7
By the definition of @,

D (u)

w=2 Ve+s2ds = 1=2/e+ P2u)P.(u),

0
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whence, setting ¢ = D, (s),

Y B L BN e () LACONS

Recall that @, = U with U, defined in (1.3):
¢ ¢ ¢2
U8(¢>)=2/ Ve+s2ds =¢e+ 92 tcelog| —=+4/1+—],
0 Je &
and observe that U, (v/£) = (v/2 + log(1 + +/2))e. Setting ¢ = ®D;(8,) and & = 3—%,

83 e\We ENSE
;:U(¢)=U(€8«/E):§s 1+E£2+10g(§8+,/l+$§),

&

and since 6. /& — oo as ¢ — 0 this implies that £, — oo as ¢ — 0. Hence
(pé‘(sé') — ¢8 — ES
Voo VBED e T e (5 VT R)
and we obtain (7.7): as e — 0

V8
NG

It follows from (7.6) and (7.7) that

o dau \T [ 2logeXelur)  loge [AGO
/ 2 / 2o U= Xet (A7 (p).1)dp
5. £+ D; (u) 5. &+ & (u) Ag(8e) —Ae(80)

— ux(xf',t) —ux(xy,t) ase—0.

—>lase—0

Ag(8s) = 2log ( (1+ 0(1))) = 21l0g(2+/8;) — loge + o(1) = —loge(1 + o(1)).

This completes the proof of Theorem 3.3.

Remark 7.1. The weak formulation of (1.6), which is given by Theorem 3.3 and proved in this
Section, is not the only possible weak version of the asymptotic formula for the velocity of the
interface, . (¢). For example, if

71 = max{rl"', 7y } < 00,

one can show that
2log & ¢, converges weakly in Lﬁ)c(tl, T)to ux(xfr, ) —ux(xy,)ase — 0. (7.8)

Indeed, in view of Theorem 3.3 we obtain (7.8) if we prove that, given ¢ € C°((z, T)),

8
, ’ Xer(u, Do(1)
32‘%210“(/56 s+q>2(u)) / /58 FET O

= lim 210g8/ Xer(0,8)(2)dr.
e—0 0
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Due to (7.7), this is equivalent to proving that

) Se 1 T
;E;I(l)/_ssm </(; (th(u,t)—X,s,((),t))qo(t)dt) du = 0.

By the definition of tli, there exists C > 0 which does not depend on ¢ such that | X, (x, )| < C
for x € (a,b) and ¢ € supp ¢. Hence

T
‘/85 &+ d2(u) (/ (Xer (. 1) = Xat(o’f))‘/’(f)df) du

‘/85 e+ D2 (u) (/T (/Ou Xeu(s. t)ds) (p/([)d[) du

B Ju|
<CT|¢' / ———du—-0 ase— 0,
N

since
ul

< 1 0.
ST o) S 2w) -1 ase—

Remark 7.2. We have imposed condition (3.5) to simplify the proof of Theorem 3.3 and it can
be relaxed considerably. For example, if u( satisfies the weaker condition (2.2), it is enough to
require that u¢ (and hence u() is strictly monotonic in a neighbourhood of each of its zero’s.
More precisely, it is possible to use the maximum principle to show that, for small enough ¢, this
monotonicity property persists for positive times ¢ € (0, 7], which makes it possible to “localize”
the proof of Theorem 3.3. To keep the proof as transparent as possible, we have preferred to avoid
technical complications and require the more restrictive condition (3.5).

8. The limit problem: Proof of Theorem 2.3

Consider the Dirichlet problem in (x;, xj+1) x (0, T]:
U = |uuxx +u(l —ul) in Q; := (xi, xi4+1) x (0, T,
u(x;,t) =u(xjy+1,t) =0 fort € (0,7T], 8.1

u(x,0) = ug(x) for x € (x;, xi+1).

We assume that ug > 0 in (x;, x;+1) (the case that ug < 0 is completely similar) and approximate
problem (8.1) by

U = u(Uyy +1—1u) in Q;,
u(xi, 1) = u(xip1.1) = = forr € (0,7, (8.2)
u(x,0) = up(x) + % for x € (x;, Xi+1),

where n € N. We collect various basic results on problems (8.1) and (8.2) in:
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Lemma 8.1. Let ug satisfy (2.2) and let ug > 0 in (x;, Xj+1). Then problem (8.2) has, foralln € N,
a unique solution u; , € C(Q;)NC?*([x;, X;+1]1x(0, T1), u; , is pointwise decreasing with respect
to n, and its pointwise limit u; is the unique solution in C(Q;) N C>Y(Q;) of problem (8.1) which
is positive in Q;.

Proof. By the Comparison Principle for uniformly parabolic equations, each smooth solution u
of (8.2) satisfies % < u < max{l, ||ugllco + %} whence, by standard theory of quasilinear parabolic
equations, problem (8.2) has a unique solution u; , in C(Q;) NC?!([x;, x;+1]x (0, T]). In addition
u; » 1s pointwise decreasing with respect to n and there exists

ui(x,t) = nll)n;o Uin(x,t) =0 for(x,1) € Q;.

It follows easily from the construction of explicit positive subsolutions (not depending on ¢ and n) in
subintervals of (x;, x; 1) thatu; ,(x,¢) = gi(x) > 0in Q; for some continuous function g, whence
also u;(x,t) = g(x) > 0. Hence, by standard a priori local Schauder type bounds ([11, Chapter 5,
Theorem 5.4]) for solutions of quasilinear parabolic equations,
uin —u; in C (00, (8.3)

and u; satisfies the PDE pointwise in Q;. Since u; , = % at x; and x; 41 and since u; , is decreasing
in n, u; vanishes and is continuous on the lateral boundary {x;, x;j+1} X [0, T] of Q;. In addition,
by local Holder estimates ([11, Chapter 5, Theorem 1.1]) in (x;, x;41) X [0, T] and the Lipschitz
continuity of ug, u; is continuous in (x;, x;+1) x {0}. Hence u; € C(Q;) N C%1(Q;) is a solution
of problem (8.1) which is strictly positive in Q;.

It remains to prove the uniqueness claim of Lemma 8.1. Let v be another classical solution such
that v > 0 in Q;. First we show that

O<v<wu; inQ;. (8.4)

Letn € Nand let §,, > 0 be so small that v(x; + §,,1) < ,ll and v(x;41 —6u,t) < % fort € [0, T].
Then it follows from the Comparison Principle for uniformly parabolic equations that v < u; , in
(x; + 6, Xit+1 — 8,) x [0, T]. Since n is arbitrary and §, — 0 as n — oo, this implies (8.4).

To show that v = u; in Q; we observe that, by the equations for u; and v,

(logu; —logv); = (u;j — v)xx — (u; —v)in Q;. (8.5)

We would like to test this equation with the first eigenfunction ¢ of the laplacian in (x;, X;j+1)
with homogeneous Dirichlet data such that max ¢9 = 1. But since (8.5) is singular at the lateral
boundaries we slightly shrink the interval: let § > 0 be sufficiently small and let @5 be the first
eigenfunction of the laplacian in (x; + 8, x;+1 — §) with homogeneous Dirichlet data such that
max ¢s = 1. We denote the first eigenvalue by Ag:

2 2

- PP —
(Xit1 —x; —268) e (xig1 — xi)?

s = asé | 0.

In addition @5 1 ¢ locally in (x;, xj+1) as é | 0.
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Lett € (0, T] and 6 > 0. Multiplying (8.5) by ¢s and integrating, we obtain

Xi+1—6 xl+l_8
/ (logu; (1) —logv(r))psdx + (1 — )k,g)/ / —v)@s dxdt
X

i+6
t
[As] (/ (ui(xig1 —8.1) —v(xj41 —8,1))ds +/
0 0

Since the integrals on the right-hand side vanish as § — 0, it follows from (8.4) and the monotone
convergence theorem that

t

(u,-(x,- +68,1) —v(x; + 6, t))dt) .

Xi41 t orXitd
0< / (logu; (1) — log v(t))podx = —(1 — ko)/ / (u; —v)po dxds < 0.
X; 0 Jx;

Hence, by (8.4), the continuity of u; and v and the arbitrariness of ¢, we conclude that ¥; = v in

0. O

Lemma 8.1 concerns the sets Q; fori = 1...,k — 1, but a similar result can be easily proved
in (a,x1) x (0, T] and (xg,b) x (0, T]. At this point the solutions in the (k 4 1) single intervals
can be “merged together” to define a function u in all of Q, i.e., the restriction of u to one of the
sets Q; coincides with the smooth solution of problem (8.1) in Q;. By construction, u is a classical
solution of problem (2.1).

Vice versa, the restriction of any classical solution of problem (2.1) to one of the sets Q; is
a smooth solution of problem (8.1) in Q;, so the uniqueness statement in Lemma 8.1 implies the
uniqueness of the classical solution of problem (8.1).

To complete the proof of Theorem 2.3 we must show that u is a weak solution of problem (2.1).
This is an immediate consequence of the integral equality (8.8) in the following result.

Lemma 8.2. Let u; , and u; be defined by Lemma 8.1 and let o« > —1. Then there exists a positive
constant K which does not depend on n such that

a+2

T
o f/ ( . ) dxde + / =D (i) (i1 0] + | )< (3,0 dE < K. (8.6)
0

at2
In additionu,; > € L>(0,T; H'((x;, Xi+1))),
(YLD () s
PP U —\a u; in L“(Q;) asn — oo, 8.7

and, for all y € CH' ([xi, xi41] x [0, T)),
Xi41
/ uo(x)y (x,0)dx +// (uiw, —UiUix Uy — ul-le/f +u;(1— ui)lﬂ) dxdt = 0. (8.8)

Proof. Let T € (0,T). Integration by parts over Q7 := (x;, x;+1) X (7, T) yields

at2 N T
?"512)12) /f ( in ) dxdr _[ ”_(aﬂ)((ui,n)x(xwh 1) — (Uin)x(xi, 1))de
f T

1

Xi41
= / (g o) —ud (6, T))dx +/f uH (1= ujp)ddr.
« + 1 Xi Qr,T
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Since u;, = % at x; and x;4; and u;, = % in Q;, we have that (4; »)x(xi4+1,7) < 0 and
(Uin)x(xi,t) = Ofort € (0,T]. Letting t — 0, the existence of the constant K follows from
the uniform boundedness of u; , in Q;.

It remains to prove (8.8). Let ¢ € Ccl’l([xi,xiH] x [0,T)) and let T € (0, T'). Integration by
parts over Q7 yields

Xi41 1 T (x +1 t)
/ u,",,(x, ‘L’)lﬁ(x, r)dx + ,—l/ (ui,n)xw|(xl 1) dr
x T

i

+ [/ (i Ve — L 42— (i )20 1t (1 —,) ) dxdt = 0. (8.9)

We first pass to the limit n — oo inside the integrals, for fixed t. By the Dominated Convergence
Theorem, the only nontrivial terms are those containing (¥; , ). In the term with (u . )x itis enough
to use (8.7) with & = 2 to pass to the limit. In addition, we obtain from (8.6) with o€ (—1,0) that
the integral

T
a/ n= O ()5 (i1 O] + i) x (X2, 1))

[ et 5] <

vanishes as n — oo. It remains to consider the term containing (u;,,)>. By (8.3), for each § > 0

// (u; n)xw dxdt — / (u,-))zcw dxdt asn — oo.
(x; +8,xi+1—8)X(r,T) (x;+68 SXi41— §)x(t,T)

On the other hand, by the pointwise monotonicity of u; , with respect to n and the lateral boundary
condition u; , = %, for all n > O there exist 8, > 0 and n,, € N such that u; ,(x,t) < nifn > ny,
and if x < x; + 8, or x > x;41 — §,. Hence, by (8.6) witha = —1/2,

Il (i) 29 dxdr
(xj,x; +8n)x(z,T)

s( sup )[f U2 (0 2 | vl
(xj,x; +8,,)><(‘r T) (x;,x; +8)%(z,T)

< C sup JUin £ Ci/n foralln > ny.
(x;,x; +85)x (7, T)

Since 7 is arbitrary this implies that we can let n — oo in (8.9):

/xurlui(x, )Y (x, 7)dx +// (i Ve —witix Vx —up ¥ +ui (1—u;) ) dxde = 0.

Since u;y € L?(Q;) we can let T — 0 and obtain (8.8). O
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