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The average-distance problem with an
Euler elastica penalization

Qiang Du, Xin Yang Lu, and Chong Wang

Abstract. We consider the minimization of an average-distance functional defined on a two-
dimensional domain € with an Euler elastica penalization associated with d<2, the boundary of €.
The average distance is given by

/ dist? (x, 02) dx,
Q

where p > 1 is a given parameter and dist(x, d€2) is the Hausdorff distance between {x} and 0€2.
The penalty term is a multiple of the Euler elastica (i.e., the Helfrich bending energy or the Willmore
energy) of the boundary curve d€2, which is proportional to the integrated squared curvature defined
on d€2, as given by

A /m K3 A sq.
where kg denotes the (signed) curvature of d€2 and A > 0 denotes a penalty constant. The domain 2
is allowed to vary among compact, convex sets of R? with Hausdorff dimension equal to two. Under
no a priori assumptions on the regularity of the boundary 92, we prove the existence of minimizers

of E, ;. Moreover, we establish the C L1_regularity of its minimizers. An original construction of
a suitable family of competitors plays a decisive role in proving the regularity.

1. Introduction

The curvature of boundaries plays an important role in many physical and biological mod-
els. For instance, the elasticity of cell membranes is strongly correlated to its bending, and
thus to its curvature. One way to quantify the bending energy per unit area of closed lipid
bilayers was proposed by Helfrich in [11], and is now commonly referred to as “Helfrich
bending energy”. A related notion, from differential geometry, is the “Willmore energy”,
which measures how much a surface differs from the sphere [10]. In 2D, the Willmore
energy simplifies to be a multiple of the integrated squared curvature, which is also com-
monly referred as the Euler elastica.

Easy access to the boundary is also relevant in nature: many processes such as heat
dissipation, waste disposal, and nutrient absorption are more efficient when the whole
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body has “easy access” to its boundary. One way to quantify the “average accessibility”
for points of a set 2 C R? to the boundary <2 is an energy functional of the form

Qr—)/ dist? (x, 0Q) dx (1.1
Q

for a given parameter p > 1.

There are other energy functionals sharing similar geometric features with (1.1). For
example, (1.1) is formally similar to the average-distance functional associated with a
given domain Q C R?,

2»—>/ dist? (x, T) dx, (1.2)
Q

where the unknown X varies among compact subsets of Q. In many existing studies,
¥ is assumed to be a connected set with its Hausdorff dimension equal to one, and its
one-dimensional Hausdorff measure is to be bounded from above by a specified constant.
Problems of this type are used in many modeling applications, such as urban planning and
optimal pricing. For a (non-exhaustive) list of references on the average-distance problem
we refer to the works by Buttazzo et al. [2, 3,5, 6] and [4, Chapter 3.3]. Also related are
the papers by Paolini and Stepanov [14], Santambrogio and Tilli [15], Tilli [18], Lemenant
and Mainini [13], Slepcev [16], and the review paper by Lemenant [12]. Alternatively, if
¥ is assumed to vary among sets €2 consisting of discrete points with a fixed cardinality,
say k, then the minimization of the functional in (1.2), often named the quantization error
in this case, is related to the centroidal Voronoi tessellations [8] and k-means, which are
widely studied in subjects such as vector quantization, signal compression, sensor and
resource placement, geometric meshing, and so on [9].

In this work, we consider the average-distance energy functional as a functional of the
domain Q with ¥ = 92 penalized by the Euler elastica of 92, as given by

Ep,k(sz)zf dist? (x, 9Q2) dx+A/ Khad H e,
Q i

where p > 1,4 > 0 are given parameters, with A proportional to a bending constant,
and ‘%._1852 denotes the Hausdorff measure restricted on 02. For further properties of the
Hausdorff measure, we refer to [1]. We consider a free boundary problem associated with
the minimization of £, ; among domains €2 in the admissible set

A= {Q " Q CR?is compact, convex, and Hausdorff two-dimensional}.
For any 1, 2, € 4, define the metric in #4 as
d(Q1, Q) 1= H?(21AQ2), (1.3)

where A denotes the symmetric difference of the two sets and #? denotes the two-
dimensional Hausdorff measure.
The term

2 1
/ Kyo 4K 5o
a0
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is the integrated squared curvature [7]. Since we do not make any a priori assumptions on
the regularity of the boundary d€2, we need to make sense of the integrand «3g. For future
reference, we define it as follows: let y be an arc-length parameterization of d2 and define
J1 (0% .
/ T {fo Py 2as ity € H2(0. 9 (02): R?),
Kyq 4ot aq =

(1.4)
+00 otherwise.

Here, #1(9R2) denotes the total length of d€2. That is, we are reducing our minimization
problem to quite regular sets, i.e., domains  whose boundaries admit an H? regular
arc-length parameterization. Therefore, we are considering the minimization problem

F1Q)
inf{/ dist? (x, ) dx + )L[ ly"12ds : H1(3Q) > 0,
Q 0

ly'| = 1, y([0, #1(02)]) is the boundary of a compact convex set}.

We note first a simple rescaling analysis where the domain €2 is stretched by a factor
¢ > 0. Given the two-dimensional nature, if ¢ > 1, then the average-distance functional is
scaled by no more than &21P but no less than £2. Meanwhile, the Euler elastica gets scaled
by 1/e. This shows that the optimal €2, if it exists, must have a suitable and finite size for
any prescribed A > 0. Indeed, the energy considered might be viewed as a competition
between access to the boundary and the elastic stiffness of the boundary.

The main result of this paper is the following:

Theorem 1.1. Given p > 1 and A > 0, any minimizer Q of E,, 3 is C Y regular with a
Lipschitz constant of at most

C = C(p.2) i= /A1 p(Cy + P17 CE + 20,

where
24\ p+1
=G =+ +2)(T) eu+mpr )
Co=Ca(p.A) =327 + 71)2 +32/2C e (A7 + 7)3/2 (1.6)

are constants independent of Q. That is, the boundary 02 admits a CY-regular arc-
length parameterization y : [0, #1(0R2)] — R? such that

ly'(t1) =y’ (t2)] < Clty — 12
forany ty, .

The rest of the paper is organized as follows: Section 2 is dedicated to proving some
auxiliary estimates on elements of minimizing sequences. Existence of minimizers is
shown in Section 3, while C!*!-regularity is established in Section 4. Finally, in Sec-
tion 5, we explore several future directions to further our understanding of the penalized
average-distance problem. Technical results concerning properties of convex sets used in
this paper will be presented in Appendix A.
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2. Estimates

This section is dedicated to establishing quantitative bounds on the diameter and the area
of any domain associated with the minimizing sequences of £, ». In particular, the main
result is Lemma 2.3, which provides a uniform upper bound on the diameter, crucial to
the proof of the existence of minimizers.

Remark. Itis worth noting that, due to (1.4), any set Q whose boundary is not C ! -regular
will have infinite energy, since a corner on d<2 with a discontinuous tangent corresponds
to the Dirac measure in the curvature measure xyq. Thus, we can restrict ourselves to
C !-regular sets.

Lemma 2.1. Given p > 1 and A > 0, for any Q2 € 4 it holds that

4 A

2.7)

Then, for any minimizing sequence Q, C A (that is, E, ; (2,) — inf 4 Ep 2), it holds that

27 A

diam(2,) > ———
iam(2,) > T h

2.8)

for all sufficiently large n.

Proof. Consider an arbitrary 2 € 4. Choose x, y € dQ2 such that |[x — y| = diam(S2).
Note that 2 € B(x, diam(£2)) and hence, due to the convexity of Q2 (see Lemma A.1), it
follows that

H1(0Q) < 7 diam(Q).
As 02 is a closed convex curve with winding number equal to one and our restriction on
the curvature term ensures that the boundary is H ? regular, it follows that

/BQ |/c3gz|d3€|_1m = 27,

and by Holder’s inequality we have

Epi(Q) > A / Kag dI g
aQ
472 )
>~
— H1(0RQ)
4 A
>_ 7
— diam(2)
and hence, equation (2.7).

To prove (2.8), we show first that infy E, ) < +oo. Consider the unit ball B :=
B((0,0), 1), and note that

inf £, < Epa(B) = / dist? (x, 0B) dx + /\/ Ky dH g < % +27A. (29)
B 0B
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Let €2, C »A be an arbitrary minimizing sequence. Clearly, since £, 5 (2,) — infy Ep 2,
for all sufficiently large 7 it holds that

2.9)
E,,,A(Q,,)giqup,AJrz—% < 2427, (2.10)

A

and (2.7) gives
2 A
diam(£2,) >

iam(2,) > T

and hence, (2.8). [

In the following, we will use the total variation of a function u, which we now define.
Let @ C R” be an open set and let u € L'(S2). Then,

l[ul|7v:=sup { /Q u divg dx : ¢ € CHQ:R"), |9l L) < 1}!

and
lullsv = llullzr + [lull7v.

Lemma 2.2. Given p > 1, A > 0, and Q2 € A, it holds that

2
#2(Q) >
= 2E,

T @2.11)

Moreover, given a minimizing sequence 2, C A (that is, E, 3 (2,) — infy Ep3), we

have
A2

2
H(R,) > m

(2.12)
for all sufficiently large n.

To simplify notations, given a point z € R?, we let z, (resp. zy) denote the x (resp. y)
coordinate of z, and given points x, y € R2, we denote by

[x. ] == {(1 —s)x + sy : 5 € [0, 1]}
the line segment between x and y.

Proof. Consider an arbitrary 2 € 4. Choose arbitrary points X, y € 92 such that
|¥ — y| = diam(2). Endow R? with a Cartesian coordinate system, with the origin at
the midpoint (X + y)/2 (see Figure 1), such that

X = (—diam(£2)/2,0), y = (diam(£2)/2,0).

Let y : [0, #1(32)] — 9 be an arc-length parameterization, and without loss of gener-
ality, we impose y(0) = X. We make and prove the following claim:
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a2 y(11)

Figure 1. Schematic representation of the construction.

7’(0)x = 0. Assume the opposite, i.e., ¥’ (0)x # 0. For |¢| < 1, since y is C !-regular,
it holds that y(g) = X + €)y’(0) + v, for some vector v, with |v,| = o(¢) as ¢ — 0. Since
¥y — X is parallel to the x-axis, it follows that

|y =G+ ey (0) =y =%+ 0(e) _

d _ ,
5ol _ = lim . =7'(0)x #0.

hence, ¢t = 0 is not a maximum for ¢ + |y — y(¢)|. This contradicts
|y — X| = diam(2) = max |y — x|,
x€d2

and the claim is proven.
Without loss of generality, we can further impose y’(0) = (0, 1). Consider the region
QN {y > 0}. Set
ty :=inf{r : y' (1), = 1/2},

where y(?), denotes the y-coordinate of y(¢). By Holder’s inequality, it follows that

1 1 1Zven 5 Ep (92 A
— < ——=< dal,, < =22 > —. 2.13
4t — 51 - /39 “o0 Lo = A ——h=z 4E , ( )
Since 1/2 < y; (t) <1 for any ¢t € [0, #;], it holds that y(¢1), > t;/2. Due to the con-
vexity of Q2 N {y > 0}, both line segments [y(¢1), X] and [y(#1), y] are contained in €2,
hence, Axy(t1)y € Q2. By construction, the triangle AXxy(¢1)y has base [[x, y] and height

[y(t1), (y(t1)x, 0)]. Therefore,

diam(2)1y

4 (2.14)

1
FH(LFY(1)F) = 5|E = 51 y(i)y] 2

By repeating the same construction for 2 N {y < 0}, we get the existence of

Ip 2 ————
4E, 1 (R2)
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such that the triangle Axy(t,)y satisfies

1,_  _ diam(2)1;
—Ix—yl‘ly(tz)ylz—4 )

HABFY(L)F) = 5

(2.15)

Combining (2.14) and (2.15) gives

H*(Q) >

diam(2)# N diam(Q)tp @-7.2.19 A2
4 4 T 2E, ()%
and hence, (2.11).
We conclude the proof that (2.12) holds by noting that the above arguments give

#2(Q )<2;1> A2 @10) A2
T 2B 0(R0)2 T 8(1+wA)?

for any sufficiently large n. ]
Lemma 2.3. Given p > 1 and A > 0, for any Q2 € A it holds that

diam(@) < (p + D(p + (%) By 2.16)

Moreover, for any minimizing sequence 2, C A (that is, Ep A (Q2,) — infy Ep 3) it holds
that

diam(2,) < C; (2.17)
for all sufficiently large n, with C; defined in (1.5).

Proof. Similar to the proof of Lemma 2.2, consider an arbitrary 2 € # and choose arbi-
trary points X, y € dS2 such that |X — y| = diam(2). Endow R? again with a Cartesian
coordinate system, with the origin at the midpoint (X + y)/2 (see Figure 2), such that

% = (—diam(Q)/2,0), 7 = (diam()/2,0).

In the proof of Lemma 2.2 we have shown the existence of a point ¢ € 92 (e.g., the
point y (1)) such that

A
AXxqy €, lgy| = s5—=. (2.18)
YT 8E, A (Q)

Let g, be the incenter of AXxqy, and note that for any z € Axq.y we have
dist(z, d(AXxqy)) = dist(z, [x, ¥]).
Denote by ¢;- € [, 7] the projection of g, on [¥, 7] and set

Dy:=|¥—g:l,  Dy=y—qil. ri=lgc—qzl.
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X

;

Figure 2. Schematic representation of the construction. Only the region 2 N {y > 0} is represented.
Notice that the sides of Axqy are tangents of the incircle.

Clearly, D1 + D, = diam(€2), and direct computation gives

/ dist? (z, 0Q2) dz > / dist? (z, 0Q2) dz
Q AXqcy

> / dist? (z, [x, y]) dz
AXqcy
= zP dz
/qucy‘ g
D Dle Dy DLZX
=/ / ypdydx+/ / yPdydx
0 0 0 0

_ rPtYD, + Dy)

S (p+D(P+2)
_ rPTldiam(Q) (2.19)
S+ D(p+2) '

To estimate r, note that the sides [x, g.] and [y, g.] satisfy
|¥ — y| = diam(£2) > max{|X —qc[, [y — gcl}-

Since ¢, is the incenter of Axgy and the sides of Axqy are tangents of the incircle, we
have

I 1 - _
HA(B7gF) = 3 diam(Q)lqy | = 3 (diam(R) + % = gcl + 15 — el

Thus, we infer
(2.18) A
r> gy S

3 24E, ()
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Substituting into (2.19) gives

( A )P+1 diam($2)

_ < [ dist?(z,0Q)dz < E, ;(Q),
S /Q (2.09) dz < Ey1(2)

r+Dp+2
and hence, (2.16).

To prove (2.17), note that for any minimizing sequence it holds that

(2.10)
E, (2, < 201 +7A)
(2.16) 24 p+1
— diam(2,) = (p+D(p+2(T) U+T =0

for all sufficiently large n. ]

3. Proof of existence

Set
A := completion of # with respect to the metric d,

where d is defined in (1.3).
Lemma 3.1. Given a compact set ¥ C R? and a sequence of curves {yi} : [0,1] — =

satisfying
sup [lyxllsy < 400, sup H' (v ([0, 1) < +o0,
k k

where || - ||py denotes the BV norm, there exists a curve y : [0, 1] — X such that (upon
subsequence) it holds that:

(1) yx > yin C% forany a € [0, 1),
() y; — y'in L? forany p € [1,00), and
3) v A y" in the space of signed Borel measures.

This is a classical result (see for instance [16], to which we refer for the proof).

Lemma 3.2. If a minimizing sequence 2, A converges to some 2 € E\A, then 2
must be either be a point or a line segment.

Proof. The compactness of  can be guaranteed by Lemma 2.3. To see that € A\ 4 is
convex, consider an arbitrary pair of points P, Q € Q and ¢ € (0, 1). We now show that
(1—=1)P 4+ tQ € Q. Consider sequences P,, Q, € 2, such that P, - P, O, — Q.
Since each €2, is convex, (1 —¢) P, +tQ, € 2,. By Lemma 3.1, we know

lvn = vllcoqo,1;R2) = O.

Asa consequence,
dge (0Qn, 9Q) — 0.
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This allows us to choose, for each n, another point z, € Q such that |z,, — (1 — )P, +
t0n)| < dw (02, 02). By construction, now the sequences (1 —¢)P, + tQ, and z,
have the same limit. As (1 —¢t)P, +tQ, — (1 —t)P +tQ and z, — z, hence z =
(1 —t)P + tQ, using the compactness of 2 finally gives z € Q. Then, if € contains
non-collinear points x, y, z, by convexity we have Axyz C €, which would give the
contradiction 2 € A. ]

Lemma 3.3. Given a sequence Q2, C 4 such that E, ;(2,) is bounded, there exists

Q € A such that a subsequence of 2, (still denoted by 2,,) converges to Q2 with respect
to the metric d defined in (1.3).

Proof. By (2.7) and (2.16), we have

24\ p+1 .
P+ D(P+D(T) Epa(@n)”*? = diam(2,)
4 A
Z =
DA (Qn)
hence, sup,, diam(£2,) < +o0, that is, 2,, has uniform bounded diameters. Note also that

sup, £, ,(2,) < +oo implies

2 1
sup/ Kyq, dH g, < +0o0,
n Jo,

i.e., the curvatures of 2, are uniformly square integrable. Then, by letting y,, : [0, 27] —
R? be constant speed parameterizations of d$2,,, we have that a subsequence y,, satisfies
all the hypotheses of Lemma 3.1, thus concluding the proof. ]

Based on Lemmas 2.1, 2.2, 2.3, and 3.3 we get the following corollary:

Corollary 3.4. Any minimizer (if they exist at all) satisfies estimates (2.8), (2.12), and
(2.17).

Lemma 3.5. Forany p > 1 and A > 0, the functional E, ; admits a minimizer in .

Proof. Consider a minimizing sequence €2, C #. Since E, ; is invariant under rigid
movements, we can assume that (0,0) € @, for any n. In view of (2.10), without loss
of generality, we can also impose

sup Ep 1 (Qn) < 2(1 + 7A).
n

Then, by Lemma 2.3 we get sup,, diam(£2,) < C;, and hence
Q, € B((0,0),Cy) foranyn.

Thus, €2, is a sequence of uniformly bounded, compact sets and there exists (upon sub-
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sequence, which we do not relabel) a limit set 2 € A such that Q, — Q in the metric d
(defined in (1.3)).

We claim
/ dist? (z,092)dz = lim / dist? (z, 0Q2,) dz, (3.20)
Q n—+o0o Qn
2 1 . 2 1
d# <l f d#H . 3.21
/asz Kyg A7t pg = ImInf /mn Kaa, 49t aq, (321

Inequality (3.21) follows rather straightforwardly from the lower semicontinuity of the
H? norm.

We need to prove (3.20). In the following, it is useful to recall Lemma A.l, which
states that the diameter is continuous with respect to the convergence in 4. We split the
sums

/ dist? (z,0Q,) dz =f dist? (z, 0Q2,,) dz +[ dist? (z, 0Q2,) dz,
Q, Qu\Q

Q,NQ

/ dist? (z,0Q2) dz = / dist? (z,0Q2) dz + / dist? (z, 0Q2) dz,
Q Q\Q2y

Q,NQ

and note that
‘/ dist? (z, 992,) dz — f dist? (2, 992) dz)
n Q
< / dist? (z, 0Q2,) dz + / dist? (z,0Q) dz (3.22)
Qu\Q Q\Q,
+/ | dist? (z, 02,,) — dist? (z, 0R2)| dz. (3.23)
Q,NQ
Moreover,

/ dist? (z, 0Q,) dz < H*(Q,\Q) diam(2,)? < H*(Q,\Q)CT — 0,
Q,\Q

/ dist? (z,9Q) dz < H*(Q\Q,) diam(Q)? < H*(Q\Q,)CF — 0,
Q\Q,

and hence,
lim dist? (z,0Q2,)dz = lim dist?(z,0Q2)dz = 0.
n—+o00 Q. \Q n—>+o00 Q\Q,
To prove
lim | dist? (z, 02,) — dist? (z, 02)|dz = 0,

n—+o00 Q,NQ

denote by d the Hausdorff distance, and by the mean value theorem, it holds that

/ | dist? (z, 02,) — dist? (z, 0Q2)| dz
Q,NQ
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< / | dist(z, 0€2,,) — dist(z, 02)|
Q,NQ

.p sup (max{dist(z, 0R2,), dist(z, 0R)})” " dz
z€QR,NQ

< J(Qn N Q) (9. 09) - pCP™"
< nCldgp(02,.0Q) - pCP~' — 0.

Thus, both terms (3.22) and (3.23) converge to zero, and (3.20) is proven.
Combining with (3.20) gives

i .
Epa(R2) < i@f&f Ep 2(S2n) lgf Epa,

hence, Q2 is effectively a minimizer of E, ;. Since €2 is the limit of Q,, C +, based on
Lemma 3.2 and Corollary 3.4, we have Q € A. [

4. Proof of regularity

This section completes the proof of Theorem 1.1 by establishing the desired regularity of
the minimizers. A few technical estimates used in the proof are left as separate lemmas
proved at the end of the section.

Proof of Theorem 1.1. Let Q be a minimizer of £, » and let y be an arc-length parame-
terization of 0€2. Assume there exist M, ¢, t; < t, such that

ly'(12) — ¥/ (11)| = Me, Ip—t = e (4.24)

The quantity ¢ is assumed to be vanishingly small, and estimates involving ¢ will be in
general valid for sufficiently small ¢, rather than all €. The goal is to find an upper bound
for M.

Without loss of generality, upon rigid movements, we can assume 71 = 0, #, = ¢.
Endow R? with a Cartesian coordinate system with

y(0) €fx=0.y =0}, y(e{y=0x=0} y(0)=(0.1. (429
We first give an estimate of y(¢),. Using Holder’s inequality and recalling the fact that
dK;)Q

kg K Hlaq: g1 € L2O.IOQ:R),
LIQ

for any ¢ € [0, g] it holds that

Ep () ! ') =y'OF _ ly'()y =1
pT 2/ Ko Ao = / ly"|?ds = = >
y([0,¢]) 0 € e

= Y ()y =1 =1-y'(t), < \[eEp(Q)/A
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= Y (t)y = 1= /eEpa(Q)/A,

and hence,

y(e)y = /0 Y1)y dt > /0 [1—\/eEpa(Q)/A]dt = e[l — \JeEp 2 (R)/A].

On the other hand, as we imposed y(¢), > 0, we have

ven =yl = | [ v, = [ o, ler<e

e =/ Epa(Q)/1e*? < y(e)y <,

y(e)y =&+ 0(3?). (4.26)

In particular,

and therefore

Construct the competitor €2, in the following way:

(1) Denote by ¢4 the two times such that y'(r1) = (%1, 0) and by 7, the time such
that y’(¢1) = (0,—1). Since we imposed y’(0) = (0, 1), without loss of generality we can
assume that the tangent direction turns counterclockwise, i.e.,

e<t_ <ty <ty <H'OQ).

Note that
2 (1) —y' (0)|? Ep A (Q
e ly'(1) _7/( )] E/ Kgszd*%,_lagz < p,/;( )
L=t L=t ()]
Q9
< 207 + 27
1
— -z .
+ T A4
Similarly, we get
. 1 1
mln{]{’ (89) — t+, t+ -1, t_} > m (427)
(2) Define the vector field v : [t—, 7] — R? as
(cos( (1+ ,i__t;_)),sin(%(l + ti__t;_))), ifs eft_,t1],

v(s) :=

T
2
(cos(3(1 + H50)). ~(5) sin(3 (1 + £52))). ifs € lru.]
(4.28)



Q. Du, X. Y. Lu, and C. Wang 150

Note first that v is continuous (smooth outside 7, ), and direct computation gives

/2

2D cos(§ (14 £22). s €t

t—1_ 2
Vs (n/z,,fln(%,(lf =)l »
e (t:_u) cos(%(1+757))
+2(t+ u)z s1n( (1 + ”_s ))), ifs e (tyL,ty].
In particular,
lim v'(0) = —2 (0. 1), lim v/(r) = /2 0.-1),
>ty rp—1- 1t} Iy —11

that is, the left and right limit differ just by a multiplicative constant. This observation is
crucial, since it implies that the tangent derivative of the arc-length reparameterization of
v does not jump at t = t; (recall also that ¢’ does not jump at ¢ = ¢, , hence, the tangent
derivative of the arc-length reparameterization of y + cv does not jump at ¢ = ¢, , for any
¢ > 0). We claim:

2 4
[V ]|Loo < max{ 7/ , } <47+ 1) < oo, (4.29)
tp—1- ty—11
[v"llzee < 16(A7" + 7)? < +o0. (4.30)
The proofs of both claims are presented in Lemma 4.1 below.
(3) Let y, be the curve such that
Q2y()x. 2y(1)y) if 7 €0, €],
y(@) + (0, y()y) ifr € [e,1_],
Ve(t) := g _ (4.31)
y(1) + y(e)yv(t) ifr e[t t4],

y(0)x _ y(t4+)xy(0)x
(O (1 + 555y — yoran:)

ifr € [ty, H1(Q)].

Note that y, defined in (4.31) is injective. Let €2, be the image of y,, and Q2 be the
bounded region of the plane delimited by d€2.. This will be our competitor. Observe first
that, as y'(t4+) = (1,0),

2
Jlim Yet) = (1 + v(e)y tfi u)(l’ 0),
. / _ ]/(O)x
zl_lglj elt) = (1 * y(0)x — y(t+)x)(1’0)’

that is, the left and right limit differ just by a multiplicative constant. This observation is
again crucial, since it implies that the tangent derivative of the arc-length reparameteriza-
tion of y 4 y(e),v does not jump at t = .
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y-axis ) y(H1(32)
X-axis =y(0)

< (H1(IR))
=y¢(0)

y(t4)
=ye(t+)

0 7(0)  ye(0) x-axis {x =y(t4)x)

Figure 3. Representation of the construction of the competitor yg, for ¢ € [0, €] (left) and ¢ €
[t4, #1(0Q)] (right).

Intuitively, for ¢ € [0, #1(9Q)] the competitor y, is constructed from y (see Figure 3)
by:

(1) a homothety of center (0, 0) and ratio 2 for ¢ € [0, ],

(2) atranslation of the vector (0, y(¢),) fort € [g,1_],

(3) adding the smooth vector field y(¢),v(¢) for ¢ € [t_, t4],

(4) ascaling of factor

0
Y(0)x — y(t+)x
and then translation to the right by

Y (t4+)xy(0)x
Y(0)x — y(t4)x
in the x direction for ¢ € [, #1(0Q)].

It is straightforward to check compactness and convexity for £2.. Moreover, denoting by y.
the arc-length reparameterization of y,, the curvature of y, is still a function (instead of
a more generic measure), as Y, is always constructed from y via translation, scaling, or
summing with smooth vector fields, and the tangent derivative 7, never jumps at “junction
points” (i.e., fort = e,7_,¢, ,t4+, and H1OQ), respectively).

Next, to estimate £, 3 (2¢) — E, 2 (£2), we claim

/ dist? (z, 02,) dz —[ dist? (z, 02) dz
Q. Q
<e-p(Cy+DP'nCE/2+ 2e)P T n(Cr + 1) (4.32)

and
2

M
/ K(%QE dJé’LlaQS —/ K(%Q dJ(’I_laQ < s(Cz -5 ) + 0(83/2)7 (4.33)
9% Q
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with
C, =320 + 1) +322C, 7 (A7 + 71)%/2,
as defined in (1.6).

Step 1. Proof of (4.33). Using the notation from (4.31), we make the following claims:

/ Kaq dI o = / Kiq, 471 (4.34)
y([e,2-]) ve(le,t-])

and

K2q dH o < 0(3/?), (4.35)

IA

2 1
Kyq, deLBQS -

/ys([t+,e7€1 3D /V([t+,e7€‘(39)])

/ kg, dH )0 — / K2 dH o < eCr + 0(e¥?),  (4.36)
ve([t—.t+]) y([t—.t4])
M2
/ K2 Ao — / G, Ay = . (4.37)
Z() 7e([0,6]) 2

The proof of all four assertions are quite technical, and for the reader’s convenience, will
be done in Lemmas 4.2 and 4.3 below. Combining (4.34), (4.35), (4.36), and (4.37) gives

2
/ K2, de! </x2 dJel +e(c —M—)+0(e3/2)
Q¢ LR — Q2 LR 2 2 ’
Q. Q

and hence, (4.33).

Step 2. Proof of (4.32). Recall that the construction of the competitor 2, in (4.31) also
gives

(1) y(e)y > y(0)x > 0.

(2) Fort € [g, #1(092)] the competitor y,(t) is obtained by translating y(¢) by a vector
of length at most 2¢. Moreover, it holds that

y(O)x —y(t)x
Y(0)x — y(t+)x

since by construction we have y(0), < 2¢, and y(0) is the point with the most
positive x coordinate, which ensures that

y(0)y <2¢, Vte [8,5‘(’1(89)],

y(@x —y(t)x _
V(O)x - V(Z+)x -

(3) Fort € [0, €], the competitor y.(t) is obtained by scaling y(¢) by a factor of two.
One readily checks for all ¢ that |y, () — y(¢)| < 2¢ holds, and

dye (392, 9) < 2e.
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Thus, by the mean value theorem, for each point x € Q, N Q we have
dist? (x, 0Q,) — dist? (x, 0Q) < (dist(x, 0R2;) — dist(x, R))

-p( sup max{dist(x,BQS),dist(x,E)Q)})p_1
z€QNQ

< 2¢- p(diam(Q) + 2¢)?~!
.17) )

< e 2p(Ci+ )P,

with C; defined in (1.5). Thus, by convexity of €2,
H2(Qe N Q) < H2(Q) < n(diam(R)/2)%.
It follows that
/ dist? (x, 092,) dx —[ dist? (x,0Q)dx < &-2p(C; + NP1 H2(Q: N Q)
Q.NQ Q

<e-p(C; + )P 'nC?/2. (4.38)
Then note that, since by construction we have dg (02, 0Q2) < 2¢, it follows that
/Q @ dist? (x, 02,) dx < (26)P H2(Q:\Q) < (26)P - 2eH 1 (0R2,)
8 < (26)? Tl x(diam(Q) + 4¢)
< Qe)PTx(Cy +1). (4.39)

The inequality #2(Q.\Q) < 2eH#!(dS2) is due to the convexity of 2, the fact that
dg(0Q2s,0Q) < 2¢, and Lemma A.3. Combining (4.38) and (4.39) gives

/ distp(x,aﬂg)dx—/ dist? (x, 0Q2) dx
Q. Q
<e-p(Cr+ )P 'nCE/2+ (2e)P T (Cy + 1). (4.40)

Thus, (4.32) is proven.
Combining (4.32) and (4.33) we finally infer

Ep 2 (Q¢) — Ep 2 (R2) =[ dist? (x, 0Q,) dx —/ dist? (x, 0Q) dx
Q. Q

+)‘(/ Ka, 4950 _/ K3q d%fasz)
9% £ € IQ

<e-p(Cy+DP'nCE/2+ 2e)P T n(Cy + 1)
M? 3/2
+A(8(C2—7)+0(8 ))

Note also that the term (2¢)?T17(C; + 1) can be absorbed into O(¢3/2) due to the con-
dition p > 1, therefore,

M2
Epa(@e) = Epa(@) < A(s(A7 p(Cr+ DPT'nCR/2 4+ Co = 52 ) + 0(7)).
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The minimality assumption on 2 and the arbitrariness of & > 0 then imply

M2
A7'p(Cr + 1)p717TC12/2+C2—7 >0

— M < /A" p(C1 + )P-1aCE +2C, = C.
and the proof is complete. ]
Lemma 4.1. Under the hypotheses of Theorem 1.1, assertions (4.29) and (4.30) hold.

Proof. We use the same notations from the proof of Theorem 1.1. Since

2L (—sin (3(1+ 22)),
cos (%( + £ tL_t )) ifset_,t1),
v'(s) = (tf/z sin (£(1 + tt:__tsl ).
L (E2) cos (5 (14 £52))
+2(Zi+ ;j)z sin (Z(1 + t’:_ti))) ifs € (r1,14],
it follows that
[v'(s)] < forany s € [t—,11),

and
, /2 )2,2 n( ty —s )
= —(1
[v'(s)] |:<l+—lJ_ sin (2 +l+—lJ_)
2 2/t — 4 o —
(TR ) e Gl )
Iy —1) ty—1) 2 ty—1)
ty —s)? ty —
4—(+ ) sin2<z<l+ hs S))
(ty —t1)* 2 Iy —11
2 (14 —s5)3 ty — ty — 12
4 7/ (tr = 5) cos<£<1+ hs S))sin(—(l—i— hs S))
ty —1ty (ty —11)* 2 fy—1t) 2 fy—1t)

<|:( m/2 >2+ 447 }1/2

T LMy (t4 —11)?
4

Tl -ty

for any s € (¢1,4+]. Thus, (4.29) is proven.
To prove (4.30), note that for s € [t_, ¢, ) we have

0 =G (o GO =) GO +0))

and hence,

n/2 )2.

[

o)< (5
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Similarly, for s € (7., ¢+] it holds that

V'(s) = (_ (Ijﬁl)zcos (%(1 + Zt:__:l))
/2 [—2(t+ —5) cos (z(l n ty —s ))

th =t | (14 —11)? 2 ty —ty1
Ip —s\2 72 1y —
) T GO )]
ty—t)/ ty—1) 2 ty —1)

ty —s /2 big ty — s
— cos (—(1 + ))
(ty —t1)? 14 — 11 2 I+ — 11

B ﬁ sin (%(1 + tt:—_ti)))

Therefore, using (4.27) we have

4 2
el = (=) =160 + w2
L

ty —
hence, (4.30) is proven. [

The rest of the section contains the proofs of the technical estimates needed in the
above proof.

Lemma 4.2. Under the hypotheses of Theorem 1.1, assertions (4.34), (4.35), and (4.37)
hold.

Proof. We use the same notations from the proof of Theorem 1.1.

Proof of (4.34). By construction, for any ¢ € [e,1_], y(t) differ from y(¢) by a trans-
lation. Thus, the curvature of these two segments are always equal, hence (4.34).

Proof of (4.35). Fort € [ty, #'(0Q2)] we have

Y (0)x ) V)X y(0)x
YO x —y(t)x/  y(0)x —y(ty)x’

0 = (s (1 + )y 0,)

0 = (10 (1~ ) 0.

7o) = (v (14 y()y)-

We claim

& , A
y(0)x < [o YOt =B @y Ox =y 2 g @4

In view of (4.25), and noting that for any ¢ € [0, £] it holds that

t ’ o 2 4 2
Epi(®) _ 2oagt = [yrpas s VOV OP O
A = Q LR v = =
y([0,¢]) 0 g &
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= Y/ (x| = JeEpa(Q)/A,

it follows that

YO -yl = 1y(O)] < /0 Y ()] dt < &2 [Ep 1 @)/,

Now, recall that by construction y’(t4) = (1,0), y'(#1(0RQ)) = y'(0) = (0. 1), |y'| =1
fora.e. t,and let T € (t1, #'(dS2)) be the time for which y'(t) = (1/2, +/3/2). Then,

M >/ /<§ d}gla _ /t|y”|2ds - ly'(t) —y'(t+)|? _ 1
A V() ¢ L02 t - T—1I4 T—14

— T—1 > A Ep(Q),

and since y, > 0 on [t4, #1(0Q)] and y, > 1/2 for all ¢ € [t4, 7], it follows that
Y0y —y(t+)x = v(0)x — y(ty)x = ﬁ hence (4.41) is proven. Consequently,
B

) y(0)x

o — | S 3/2 _ (32
O — ) = 2B (/AT = 0T,

Therefore,

il = (P (14 P )

2y(0). rO0x  \H7?
—(1 r2__ =rAvx P

( + |7l 7 (Or — 7 +17xl (y(o)x —y(t+)x) )
=1+ 0(¥?).

Observe that for ¢ € [t4, #1(32)] we have

ve . vive)
e = vzl e lyel3
N T

y(0)x 2 3
//, " — "1 [ /’ ” 0 /2y — 0 3/2 )
(Ve Ve) mx( +—y(0)x_y(t+)x) + vy = (V. y") + 0(77) (e”%)

Here, we use the fact that

1d
'y =54 VP =0 (4.42)

since y is parameterized by arc-length. We also have

HLOR) [,,12 H1(3Q) 2v(0
[ = [T (e e
14+ |yg| 14+ V(O)x - y(t-i-)x

2y(0)x
Y(O0)x — v(t4)x

+ vy 2( )2)(1 + 0(¥?)) dt
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A GIY))]
=/ ' 2dr + 0@,
t

+

hence (4.35).

Proof of (4.37). In the time interval [0, £], the competitor is obtained by scaling by a
factor of two, and direct computations give that the integrated squared curvature scales by
a factor of 1/2. Thus, based on (4.24) we get

(5a)
dr \ [yl

el g / 2 1 &
[lat) -3
o | dr\ |yl 2 Jo
1 el dq ’ 2 1 &
:_/ a V_/ dt:—/ |V//}2
2 Jo [dr\]y'] 2 Jo

M2

78, (443)

hence (4.37). [

2
dt

%

Lemma 4.3. Under the hypotheses of Theorem 1.1, assertion (4.36) holds.

Proof. We use the same notations from the proof of Theorem 1.1. In the time interval
[t—, t4], ye is given by

Ye(t) = y(t) + y(e)yv(t), 1€t 14].

Note first that since €2 is a minimizer of E), ;, it must be that

/ Kog A yq < +o0.
y([—t4])

and recalling our definition of integrated squared curvature in (1.4), it follows that the

Radon—Nikodym derivative
dx IQ

4 s

is square integrable. In terms of the parameterization y,, this gives

] d / ] 4 //’ /
_/_(V_f) - L (”_e/ _ e ,’;8)) € L2(0, ' (9Q): R).
vel deXlvel ) lvel \ Iyl el

Recall (4.26), that is, y(e), = ¢ + O(£%/?). This together with the facts that y is param-
eterized by arc-length (i.e., |y’| = 1 for a.e. t), and v was defined in (4.28) (in particular,
|v’| was uniformly bounded from above), it follows that

Vil =1+ 26007, 0) + 0(e2).
Then, for any o € R and sufficiently small ¢, we have

Vi* = 1+ aely’ v) + OE2). (4.44)
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Routine calculation shows that

1 d ( Ve ) v (Ve s Ve)

T = -7
lvel de Xyl ) lvel> 7% gl
//+8v// /
= y |V,|2 _ |)3//s|4 ((y//7y/) +82(UN,U/) +8('}///, v/) +8<yl, v//))
& &

+ higher order terms.

Based on (4.42), we observe:
(1) Asboth |[v’| and |v”| are uniformly bounded from above, the term £2(v”, v’} is of
order O(g?).
(2) The norm of ey/(y’,v")/|yL|* is estimated by
'] - "

Yely' v")
€ 713
A

|vel*

< e||v” ||z + O(2). (4.45)

(3) The norm of ey (y”,v")/|yL|* is estimated by

/A 1] 1y
. Ve(yl’;)) ly I/ I3v| (4.46)
VA VA
Thus, combining (4.42), (4.45), and (4.46) gives
ty "oy |2 1y / 2
/ Vé ()/8 ;1?) dr = / y/s4 ((V”, )//) 4 82(1)”, v/) 4 8(]/”, U,) + E(V/9 U”)) dr
t_ |J/a| . |V8|

+ higher order terms

I+
_ 2
s/|Mﬂmﬂw+aﬂwwm+mﬂ
1_

I+
52[|m*wwwmﬂwwwm%w+m&

I+
=ﬂ¥/|m*mwwW+wwm%m+mﬁ
1_

I+
s%%ﬂ@/ WAy R di + O().

t

In view of (4.44), we get

1+ I+
/t lye|~Sly" > dt < 2/t ly"|?dt < 2/aQ Kiq dF 'y < 400,

hence ;
+
23Wﬁg/|m*W?wsOW)

I+
[l
-

Thus,
2

"oa
/(ya’ys> dr < 0(82)

AN
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and

2
Ye Ve ve)

ty 1 d V/ 2 ty
2 1 &
K2 dJe =/ ——(—) dt:/ - dt
AmﬂpmsLms IARTANA P P R T
1y " o2
:/ Ye | dr 4 0(e?).
t— |Vs|

Again, in view of (4.44), it follows that

ty Vé, 2 1 y// + ev” 2
= dt = —— dr
i 1Vl ‘" [vel
I+
= / (" +ev",y" +ev”)) (1 —4e(y’ V') + 0(83/2)) dr
1
+ higher order terms
I+
— / (17" + 2e(y”,v") + ") (1 — de(y' V') + 0(83/2)) de
1—
+ higher order terms
[ I+
<@ +4s||v’||Loo)/ ly”|? dt +2s||v”||m/ ly"|dt + O(£*/?)
1— T—
I+
§U+%Wh@/ " dr
1
t 1/2
+ 2¢||v” || Lo (Jel(asz)f |7/”|2dt) + 0(£%?)
1
I+
< [P at  ael e Epa@)/2
1
+ 260" [l /1 (0Q) Ep 4 (Q)/A + O(¥2). (4.47)
Note that

40 |20 Ep a(R)/A + 20" [0/ H1 (0Q) Ep 2 (2)/A
<R2A '+ 1) +322C (A + 1) =,

in view of (1.6), (2.17), (4.29), (4.30), and Lemma A.l. Hence, inequality (4.36) follows
from (4.47). [ ]
5. Conclusion

In this paper we investigated the minimization problem for the average-distance functional
defined for a two-dimensional domain with respect to its boundary, subject to a penalty
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proportional to the Euler elastica of the boundary. We proved the existence and C!:!-
regularity of minimizers, mainly relying on the method of contradictions by constructing
suitable competitors. Echoing the large amount of existing studies that have exclusively
focused on either the 1D average-distance problem or the 2D Willmore energy question,
by considering variational problems associated with combined energy functional, this
study enriches and deepens our understanding of the penalized average-distance prob-
lem. Questions on the exact shape of a minimizer are still open and worth investigating in
future. Limiting behaviors of the minimizers, properly scaled with respect to A, as A — 0
and A — oo may also shed light on this class of free boundary problems.

A. Technical results concerning properties of convex sets

In this appendix, we collect some results about convex sets, convergence in +, and their
effect on geometric quantities such as perimeter and diameter. One elementary yet crucial
observation is that, given a two-dimensional convex set € #, every point x € 4 has a
set U € Q of positive area containing x.

Lemma A.1 ([17,p. 1]). Letn >2andlet A, B C R" be two convex bodies (i.e., compact
convex sets with non-empty interior). If A C B, then the monotonicity of perimeters holds,
iLe.,

H"L(0A) < H"1(OB). (1.48)

As a consequence, since any set with diameter d is contained in a ball of diameter d, we
have
HLOQ) < 7w diam(Q), forall Q € A.

Lemma A.2. Consider a sequence 2, C A converging to Q2 € A in the topology of A
such that | J,, Qn < K for some compact set K. Then, diam(Q2,) — diam(£2).

Proof. Consider a sequence $2,, C +4 converging to €2 in the topology of #. As each
is compact, there exist x,, y, € Q5 such that |x, — y,| = diam(£2;,). By our assumption
that 2, C # are all contained in a given compact set K, we have, up to a subsequence,
Xn — X, yp — y for some x, y € Q. Thus, it is clear that

diam(2,) = |xn, — yn| = |x — y| < diam(R2).

We need to exclude the strict inequality case. This is achieved by a contradiction argument.
Assume the opposite, i.e., there exist v, w € Q such that [v — w| > |x — y|. Then, we claim
that there exist sequences v,, w, of points in £2,, such that, up to a subsequence, v, — v,
wy, — w. This, because of our assumption, would leave the existence of some set U C 2
of positive area, containing either v or w, such that there are no sequence of points in €2,
that enter into U. This contradicts the fact that €2, is converging to €2 in the topology of
. Thus, the proof is complete. |
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Lemma A.3. Given convex sets Q2, Q such that dg (092, 0Q2) < 6, it holds that
H(2:\Q) < 28K (9). (1.49)
Proof. Clearly, 2.\ is entirely contained in
{x € Q, : dist(x, Q) < 5},

that is, the part of the tubular neighborhood of 92, with thickness § that lies inside 2.

We now use an approximation argument. We approximate 9€2, with convex polygons
P, € Q,,e.g., by choosing n points x1 5, ..., Xn,n € 02, such that sup; |x; 41, — Xin| <
231 (0Q¢)/n, and then connecting x; 11 , to X; , with line segments.

Note that the area of the difference is continuous with respect to such an approxima-
tion, i.e., H2(P,\Q) /" #H2(Q:\Q). It is then a straightforward computation to check
that

H2({x € P, : dist(x, P,) < §)) < 28H#1(9P,),

for all sufficiently large 7. |
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