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The multiphase Muskat problem with equal viscosities
in two dimensions

Jonas Bierler and Bogdan-Vasile Matioc

Abstract. We study the two-dimensional multiphase Muskat problem describing the motion of
three immiscible fluids with equal viscosities in a vertical homogeneous porous medium identified
with R2 under the effect of gravity. We first formulate the governing equations as a strongly cou-
pled evolution problem for the functions that parameterize the sharp interfaces between the fluids.
Afterwards we prove that the problem is of parabolic type and establish its well-posedness together
with two parabolic smoothing properties. For solutions that are not global we exclude, in a certain
regime, that the interfaces come into contact along a curve segment.

1. Introduction and the main results

The mathematical model

In this paper we study the two-dimensional multiphase Muskat problem describing the
motion of three incompressible fluids with positive constant densities

p3 > p2 > p1

in a vertical porous medium identified with R2. Such three-phase flows are of great interest
not only from a mathematical point of view, but also in many other areas of science and
technology, such as petroleum extraction and environmental engineering, cf., e.g., [4, 8].
In this paper, we restrict our attention to the particular case when the three fluids have
equal viscosities, which we denote by u > 0. We further assume that the fluid phases are
separated at each time instant t > 0 by sharp interfaces which we describe as being the
graphs

F}“(z) ={(x,c0 + f(t,x)): x €R} and Ty(t) = {(x,h(t,x)): x € R}.

Here, ¢ is a fixed positive constant and the functions f(¢), h(¢) : R — R are unknown
and are assumed to satisfy f(¢) + coo > k() during the motion. The fluid with density p;
occupies the domain Q; () C R? for 1 <i < 3, where Q5(t) := R?\ Q(¢) U Q3(¢) and

Q1) ={(x,y) 1y > f(t,X) + coo},  Q3() ={(x,y) 1y <h(t,x)}.
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In the fluid layers, the dynamic is governed by the equations

k
vi(t) = —C;(Vpi(t) + (0. pi8)).

divv;(t) =0

inQ;(),1<i <3, (1.1a)

where p; (¢) is the pressure and v; (¢) := (v} (¢), v?(t)) denotes the velocity field of the fluid
located at €2; (¢). The positive constant k is the permeability of the homogeneous porous
medium and g is the Earth’s gravity. The equation (1.1a); is Darcy’s law which is often
used to model flows in porous media, cf., e.g., [7], and (1.1a), describes the conservation
of mass in all phases.

We supplement (1.1a) with the following boundary conditions at the free interfaces:

pi(t) = pi+1(2),
(i@)|vi () = (Vi+1(@)|vi (1))

Here, v; (¢) denotes the unit normal at d€2; (t) N 9€2;41(¢) pointing into 2; (¢) and (-|-) is
the inner scalar product in R%. Additionally, we impose the far-field boundary conditions

} on 3 (1) N Qi 11(1), i = 1,2. (1.1b)

vi(t,x,y) =0 forl|(x,y)| = o00,1<i <3,
(1.1¢)

F2(t,x)+ h%(t,x) = 0 for |x| = oo
which state that far away, the flow is nearly stationary.

Finally, in order to describe the motion of the free interfaces, we set their normal
velocity equal to the normal component of the velocity field at the free boundary, that is,

9 f(1) = (i (D|(=0x f (1), 1)) on F}""’(t),} A.1d)
3:h(1) = (2(1)|(=0xh (1), 1)) onTy(r) .
and we impose the initial condition
(£:1)(0,°) = (fo. ho). (1.1e)

We call the closed system (1.1) the multiphase Muskat problem.

Summary of results and outline of the paper

The classical Muskat problem describing the dynamics of two fluid phases under the influ-
ence of gravity has recently received much attention in the mathematics community. The
numerous studies addressed the well-posedness issue [2,3,14,18,20,31,37,38,40], ques-
tions related to global existence of solutions [10, 15-17,24,32,38,41] and to singularity
formation [11,13], but also the modeling and dynamics of such flows in an inhomogeneous
porous medium [9, 34,42].

For the multiphase Muskat problem (1.1) considered herein, much less is known. This
setting has been studied before in three dimensions in [21], where the authors established a
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local existence and uniqueness result in H k (]Rz) with k > 4. Moreover, it is shown in [21]
that for solutions which are not global but bounded in C'*7 (R?), where y € (0, 1), the
fluid interfaces cannot touch along a curve segment when the time approaches the maximal
existence time, thus excluding the occurrence of so-called squirt singularities. Moreover,
in the context of the two-dimensional multiphase Muskat problem (1.1), it has been shown
in [33] that control of the curvature of the interfaces prevents also the formation of so-
called splash singularities, that is, single point collisions of the interfaces.

It is worth pointing out that in the framework of the one-phase Muskat problem,
splash singularities are one of the blow-up mechanisms, see [12, 23], where different
initial geometries that lead to finite time splash singularities are presented, whereas self-
intersection of the interface along a curve segment cannot occur in finite time, see [22].
A related scenario has been considered in two dimensions, but in a periodic setting, and
with one of the fluids being air at uniform pressure. An example of this can be found in
[27,28], where the well-posedness and the stability of equilibria are investigated.

Similarly as in the three-dimensional case [21], we show herein that problem (1.1)
can be expressed as a nonlinear, nonlocal, and strongly coupled evolution problem with
nonlinearities described by contour integrals, cf. (1.10) below. The equivalence of the for-
mulations (1.1) and (1.10) is rigorously established in Theorem 1.1 below, by making
use of the results from Appendix A. The analysis in Appendix A, where in particular
we extend Privalov’s theorem to contour integrals over unbounded graphs (see Theo-
rem A.3), also motivates the choice of homogeneous Sobolev spaces in the study of the
Muskat problem [2]. Our second main result stated in Theorem 1.2 establishes the well-
posedness of the problem in the subcritical Sobolev spaces H*(R)? with s € (3/2,2). It
also provides two parabolic smoothing properties. Finally, in Proposition 1.3 we show for
bounded solutions with finite existence time that the fluid interfaces intersect when the
time approaches the maximal existence time at least in one point, but we exclude also in
this two-dimensional scenario the formation of squirt singularities.

Compared to the two-phase Muskat problem, cf. [20], new difficulties arise from the
fact that the coupling terms in (1.10) are of highest order. However, based on the map-
ping properties established in Section 2, we prove that the linearized operator, which is
represented as a 2 x 2 matrix (see Section 3), has lower order off-diagonal entries. A sim-
ilar feature has been evinced for the Muskat problem investigated in [28]. The benefit of
this weak coupling at the level of the linearization is that only the diagonal terms need to
be considered when establishing parabolicity for the problem. Once this is done, we can
make use of the abstract parabolic theory from [36] in the study of this multiphase Muskat
problem.

Notation

Given k,n € N and an open set @ C R”, we denote by C¥($2) the space consisting of
real-valued k-time continuously differentiable functions on €2, and uck (R2) is the sub-
space of ck(Q) having functions with uniformly continuous derivatives up to order k as
elements. Moreover, BUCK (€2) is the Banach space of functions with bounded and uni-
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formly continuous derivatives up to order k. Finally, given o € (0, 1), we set

B rix)— 9B
BUCK+(Q) = { £ eBUCK(Q) : [ fla = sup 12D =TSO
X#y |X - y|a

<ooV|;3|=k}.

Given Banach spaces X and Y, the space C' (X, Y) consists of all locally Lipschitz maps
from X to Y. Moreover, we write A € éﬁ’s‘ym(X JY)ifA: X k _ Y is k-linear, bounded,
and symmetric.

Solving the fixed time problem

A remarkable property of problem (1.1) is the fact that equations (1.1a)—(1.1c) are linear
and have constant coefficients. This property enables us to identify the velocity field in
terms of the a priori unknown functions f and / by means of contour integrals. Such an
approach has been followed in the context of the Muskat problem already in the 1980s, at
least at a formal level, cf. [25]. For the clarity of the exposition, we omit in this part the
time-dependence and write (-)’ for the x-derivative of functions that depend only on x. In
Theorem 1.1 below we provide, under suitable regularity constraints, an explicit formula
for the velocity field in terms of X := (f, h). Our approach generalizes the one followed
in [38] in the context of the two-phase Muskat problem and strongly relies on results from
Appendix A.

Theorem 1.1. Letr € (3/2,2), coo > 0, and f,h € H"(R) with coo + f > h be given.
The boundary value problem

k
v = —;(Vpi +(0,pig)) inQy,1<i <3,
divv; =0 inQ;,1<i<3,
Di = Pi+1 on dQ; N4y, i =1, 2, (1.2)
(vilvi) = (vigr[vi) on 32 N9Qi41,1 =1,2
vi(x,y) >0 for|(x,y)] > 00,1 <i <3

has a unique solution' (vy,va,v3, p1, pa. p3) with
v; € BUC(Q;) NC®(Q;) and p; € UCH(Q;) NC™(Q)). 1<i<3.

Moreover; setting v .= vilq, +v2lq, +v3lq,, it holds forz == (x,y) € R2 \ (TpU ch"")
that

f'(s)ds

v(z):&/ (o + f(s) =y, x —5)
7 Jr (x =952+ (¥ —Coo — f(5))2
G} (h(s) —y,x —5) )
Eal N TEn e i (13)

The pressures (p1, p2, p3) are unique only up to the same additive constant.
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with constants

_ kg(p1 — p2) and O, — kg(p2 — p3)
20 2 2u '

Proof. We devise the proof into two steps.

@1 . (]4)

Existence. Let v : R?\ (I', U F;‘X‘) — R? be given by (1.3) and set v; = v|g,, where
1 <i < 3. In the notation from Appendix A, see (A.1), it holds that

v(2) = 2010( /)1 = (0, cc0)) + 2020 (W) [A)(2),  z € R*\ (T} UT5™).

Then v € C*°(R?\ (I, UT ;‘”)) and, according to Theorem A.3, we also have that

vi € BUCT™3/2(Q;) for 1 <i < 3. Moreover, Lemma A.4 yields that (1.2), and (1.2)s
hold true. In view of Lemma A.1, we further get

@ _8 xX,8|J» /
v,-(x,coo—i-f(x)):?lPV/R%f (x —s)ds
O2 [ e i gy

T JR 52 + (S[x,s]X)2
io S .
+ (=1 @1—1 T x), i=1,2, (1.5)

and

-8 X,
vi (x, h(x)) = % A Mf/(x —s)ds

52 4+ (5[)C,S]X)2
D) (_8[x S]hs s) ’
+—=pPv [ —" pl(x—s)d
7 Jr 5Z+ Bpesgh)? (x —s)ds
| h/(lvh,) .
i+1
+(=D)'"le, s (x), i=2,3, (1.6)

where PV is the principal value and, setting X := (f, &), we defined
Spes1f = f(x) = flx =),
Sx,s1X = Coo + f(X) —h(x —5), (1.7)
fx,s]X =h(x) —coo — f(x —5).

The formulas (1.5) and (1.6) now show the validity of (1.2),.
We next define pressures p; : 2; — R, 1 <i < 3, by the formula

_ M . ) / g . .
pi(x,y) = — —</0 (Vi (s, di(s)(1,d;(s))) ds + Li(x) v7(x,s) dS) —pi&y + ¢,

k
(1.8)
where v; == (v}, v?) and ¢; € R are constants, and with

1
di = flloo + oo +1. dai= Sleoo + [+ 1), dzi= —llhfoo — 1.
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Taking advantage of d,v! = 9,v? in R? \ (I, U Fjﬁ“’), cf. Lemma A.4, we deduce
that p; € C1(2;) and that (1.2); is satisfied. The regularity properties established for v;
now imply that indeed p; € UC!(2;) N C*°(;), 1 <i <3.Then, (1.2); and (1.5)—(1.6),
it immediately follows that (p; — p2)|1-/¢'_oo and (p2 — p3)|r, are constants. Hence, for a
suitable choice of ¢;, we may achieve that (1.2)5 is satisfied. Therewith, we established
the existence of at least one solution to system (1.2).

Uniqueness. It remains to show that the system (1.2) has, when setting the gravity con-
stant g equal to zero, only the trivial solutions defined by v = (v!,v?) =0and p = ¢ € R.
To begin, we note that (1.2); implies 9, v} — 9,v? = 0in ;,, where 1 <i < 3. Moreover,
combining (1.2);, (1.2)5 and (1.2),, we obtain that v € BUC(R?). Stokes’ theorem then
yields

dyv! — 950> =0 (1.9)

in D'(R?). We next set ¥ := 1 1g- + Y2l + ¥3lg;, where ¥; : Q; — R are given
by

y X
Yi(x,y) = /h( )vl(x,s) ds _./o (v(s, h()|(=H'(s), D)) ds, i=2,3,

and

y
Yi(x,y) = / oo vl(x,s) ds + Ya(x, oo + f(X)).

It follows immediately that ¥ € C(R?). Additionally, using Stokes’s theorem and
(1.2),, we may show that Vy; = (—v2,v!) in D'(RQ;), where 1 < i < 3. As a direct con-
sequence, we get ; € UC!(;) where 1 <i < 3. Additionally, V¥ € D’(R?) belongs
to BUC(R?), hence W € UC'(R?2). Therefore, given ¢ € C3°(R?), we have

(AW, @) =/ VApdz = —/ (VU |Vp)dz =/ (w2, —vYH| Vo) dz
R2 R2 R2
= (Byv1 — 0,02, 9),

and (1.9) then yields A¥ = 0 in D’(R?). Consequently, W is the real part of a holomorphic
function u : C — C. Since ¥’ is also holomorphic and u’ = (3, V¥, -9, ¥) = —(v2, v})
is bounded, cf. (1.2)5, Liouville’s theorem yields u’ = 0, hence v = 0. Moreover, in view
of (1.2);, we now obtain that Vp = 0 in R?, meaning that p is constant in R2. This
completes our arguments. L]

The contour integral formulation and the main results

Concerning the multiphase Muskat problem (1.1), Theorem 1.1 implies that if, at any
giventimet >0, f(¢) and h(¢) belong to H” (R), withr € (3/2,2), and co + f(¢) > h(?),
then vy (l)|1’~;oo ) and v2(1)|r, (1) are given by (1.5) and (1.6). Recalling also (1.1d), we can
thus formulate the moving boundary problem (1.1) as an autonomous evolution problem
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for the pair X := (f, h) which reads as

dX(t)
dt

= ®(X()), =0, X(0,:) = Xo = (fo.ho). (1.10)

where the nonlinear operator ® = (®;, ®,) is defined by

@1 (X) = O1B(f)[f] + %((coo + Nf'CLXOI] = f'CL(X)[hh'] + D1 (X)[1'])
(1.11D)
and

®2(X) = O,B(h)[A'] + %((h — o) C{X)f 1 = ' C{XOLf T+ DYX)f).
(1.12)
The constants ®;, i = 1, 2, are introduced in (1.4) and, givenu € H" (R), withr € (3/2,2)
which is fixed in the remaining part, we denote by B(u) the linear operator

1
B(u) := ;(Bg,l(u) +u'BY  (w)), (1.13)
where the operators Br?;,v m =20, 1, as well as Cy, Cl’, D1, and Di are defined in (2.1)—

(2.2) and (2.3) below. We shall treat (1.10) as a fully nonlinear evolution problem in
H"™ 1(R)2. To this end, we prove in Corollary 2.7 below that ® is smooth, that is,

® € C®(0,, H ' (R)?), (1.14)

where
O, :={(f.h)e H' (R)? : coo + f > h}. (1.15)

Moreover, our analysis (see Proposition 3.2 below) will disclose that (1.10) is of parabolic
type in the phase space ,; the Fréchet derivative d®(X) at any X € O,, viewed as an
unbounded operator in H”~!(R)? with domain H" (R)?2, is the generator of an analytic
semigroup in £(H"~!(R)?). In the notation introduced in [5], the latter property writes
as

—3P(X) € H(H"(R)?, HY(R)?). (1.16)

Properties (1.14) and (1.16) enable us to use the parabolic theory presented in [36] to
establish the following results for (1.10), the proofs of which are postponed to the very
end of Section 3.

Theorem 1.2. Let r € (3/2,2). Given Xg € O, the multiphase Muskat problem (1.10)
has a unique maximal solution X = X(-, X¢) such that

X €C([0,T),0,)nCH([0,T*), H ' (R)?),

with TT = T (Xy) € (0, 00| denoting the maximal time of existence. Moreover, we have:
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(i)  The solution depends continuously on the initial data;
(i) Givenk € N, we have X € C®((0,TT) x R,R?) N C®((0, T1), H*(R)?);
(iii) IfT™ < oo, then

sup || X(0)|ry =00 or liminfdist(I'{ (1), T4 (1)) = 0.
tel0,T+) t—>T+

The next result shows, for bounded solutions with Tt < oo, that the fluid interfaces
intersect in at least one point along a sequence ¢, — T . Moreover, using the same strat-
egy as in [19,21], we exclude for such solutions that the two fluid interfaces collapse along
a curve segment.

Proposition 1.3. Let X € C([0,T1), 0,) N CL([0, Tt), H " (R)?) be a maximal solu-
tion to (1.10) with Tt < 0o and such that, for some M > 0, | X(#)|gr < M, for all
t € [0, TT). Then there exists xo € R with the property that

liminf(ceo + /(2. x0) = h(t. x0)) = 0. (1.17)
t—>T+

Moreover, for each xq satisfying (1.17) and for each § > 0, we have

liminf sup (coo + f(¢,x) — h(t,x)) > 0.

1=>TF |x—xq|<8

2. Mapping properties

In this section we introduce the operators B,?,,l, m=20,1, and Cq, Cl/, Dy, D’1 which
appear in (1.11) and (1.12) in a more general context, and study the properties of these
operators. The main goal is to establish the smoothness property (1.14), see Corollary 2.7
below.

Motivated by formulas (1.5) and (1.6), we introduce the family By, (n,m € N)
of singular integral operators on the real line, where, given Lipschitz continuous maps

Uly.ooyUm,V1,..., U : R > R and w € L,(R), the operator B, p, is defined by

[Tioi Gsui/s)  @(x —s) ds
"+ Gpesui/s)’] S

Bymi, ..., um)v1,..., 00, @](x) == PV/ ¢
R[]
2.1
Here, we use the notation introduced in (1.7). Furthermore, we define

B,?Jn(u)[w] =Bum, ..., W)u,...,u,0. 2.2)

The operators B, ,, were introduced in [38], but they are also important in the study of the
Stokes problem, cf. [39]. It is important to point out that Bg,o = 7w H, where H denotes
the Hilbert transform. We now recall some important properties of these operators.
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Lemma 2.1. Letr € (3/2,2) be fixed.

(i) Givenuy,...,uy, € H" (R), there exists a constant C that depends only onn,m,r,
and maxi<j<m |Uillgr such that

n
| Bnm i, ... um)[Vi, ..., 0n,@)|gr—1 < Clo|gra l_[ llvill -
i=1

forallvy,...,v, € H" (R)andw € H™"'(R).

(ii) The mapping [u — B,?,m w)] : H (R) — L£(H""1(R)) is smooth.

Proof. Claim (i) is established in [1, Lemma 5], and claim (ii) is proven in [39, Corollary
C.5]. [

The evolution equation (1.10) actually consists of one equation for f and one for &
which are coupled. The coupling terms contain highest (first) order derivatives of both
variables and they are expressed using the aforementioned operators Cy, C{, D1, D}. We
now introduce these operators as elements of a larger family of operators enjoying similar
properties.

Givenl <m e N and X; = (fi,h;) € O, 1 <i <m, we set

. o(x —s)
Cn(X1,..., Xm)[0](x) = /]R H?:l [52 + (S[x,s]Xi)2] ’
) . . w(x —s)
C,,(X1,.... Xm)[o](x) = /]R T [s2 n (5fx,s]Xi)2] ds,
. ) sw(x —s) @3)
Dm(Xl, cee Xm)[w](x) = /]R I—[:n=1 [52 + (S[x,s]Xi)z] ’
D} (X1, X ) [@](x) = /R - [f(f (_SES) S

forw € L,(R) and x € R, where we used the notation introduced in (1.7). Since X; € O,
for 1 <i < m, these operators are no longer singular. However, for large values of the
integration variable s, the kernels of D and D/ behave similarly to that of the truncated
Hilbert transform Hg : L, (R) — L,(R), with § > 0, which is defined by

Hs[@](x) = %/{l - wd& x eR. (2.4)

We recall that, given § > 0, Hy is a Fourier multiplier with symbol [§ — ms(£)] given by
2. . * sin(r)
mg(§) == — —i s1gn(§)/ —=dt.
7 slgl 1

Since ||mg]loo < 2 forall § > 0, it follows that

| Hsll2,m®y =< 2. (2.5)

We next study the mapping properties of the operators Cy,, C,,, Dy, D;,.
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Lemma 2.2. Given1 <m € N and X; = (fi,hi) € Or, 1 <i <m, we set

co = min dist(FCi"",Fhi). (2.6)

1<i<m

Then, there exists a constant C that depends only on m, co, and maxi<j<m ||} |lco such
that

ICm (X1, Xm)[@]ll2 + [Cry (X1, ..., Xm)[@]l]2 < Cl@]l2, @ € L2(R).  (2.7)
Proof. Let

5= =
© 2(maxi<i<m 1A 1loo + )}

(2.8)
Given x € R and |s| < §, the following holds:
min{ |8y 5 Xi |, |8/x,s]Xi|} > dist(F}’i"", Ty,) = 8, s1hil = co/2, 1<i<m. (29)

Therefore, when considering C,, (the case C,, is similar), we can make use of
Minkowski’s integral inequality to obtain

leacts. il = (| [ o g @ )

D(x — ) 2 1/2
< L omm @) @

R
2 \2m D
= (=) f @]l ds +/ ”‘2”2 ds
Co {Is|<8} {Is|>8) s

< Cl@]l2,

and (2.7) follows. [

It is not difficult to extend the proof of Lemma 2.2 in the context of the operators D,
and D;,, with m > 2. The case m = 1 is more subtle, however, and requires a different
strategy which uses the estimate (2.5).

Lemma 2.3. Given 1 <m € N and X; := (fi,h;) € O, 1 <i <m, let co > 0 be the
constant defined in (2.6). Then, there exists a constant C that depends only on r, m, ¢y,
and maxi<j<m | Xi ||gr such that

IDm(X1,.... Xm)[@]2 + | Dy (X1, . ... Xm)[@]]l2 < Cll@ll2, @ € L2(R), (2.10)

Proof. The proof in the case m > 2 follows along the lines of the proof of Lemma 2.2.
We now consider the operator D, (the estimate for D] follows similarly). Let § > 0 be as
defined in (2.8) (with m = 1) and set

I(x,s):= , x,seR,s #0.

so(x —s) _ (1 3 (Orx,s1X1/5)? )5(3‘ —5)
52 + (S[X,S]Xl)z I+ (8[x,s]X1/s)2 s
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With Hg denoting the truncated Hilbert transform, see (2.4), we have for x € R that

D1 (X)) @] ()| s/ x5 ds + | Hy[@]()|

{Is|<é}
/ (S[Jc,s]Xl/S)2 ‘5()6 - S) ‘ ds
6<lsh 1+ Ox,51X1/5)?

Given |s| < 8, (2.9) implies |8[x sjX1| > co/2 and Minkowski’s integral inequality then

yields
12 8P
H[ [1¢.5) ds| 5/ (/ |I(x,s)|2dx> ds < - @]».
{Isl<8} 2 Hisl<sy MR cd

0

Moreover, taking into account that |8} 51 X1| < oo + || f1lloo + [|/1]lc0, Minkowski’s inte-
gral inequality leads us to

2 (- —
|y ot e,

< (oo + 1 filoo + ||h1||oo>[

1212 4, - cyap,.

{§<|s|}

Recalling (2.5), we conclude that (2.10) is satisfied. [

As a consequence of Lemma 2.2 and Lemma 2.3 we obtain the following result.

Corollary 2.4. Given 1 < m € N, it holds that
Cm, D, Cp, Dy, € C' (O, £(La(R))). (2.11)

Proof. Let X; = (f;, hi), 35,- = (f: i;i) € Oy, for1 <i <m,w € Ly(R), and choose
E., € {Cy, Dy, }. It then follows that

En(X1..... Xp)[@] — Emn(X1..... Xm)[@]

=Y (Cew+ i + Uy = ) Emi1 Koo K X X @)

Jj=1
—(fi = [V Em (X1 X5 X X)) [(B + hj)o)
—(2¢00 + J}; + fj)Em+1()~(1,~--,fj»Xj»~~-»Xm)[(gj — hj)o]
+ Eni X1 X X X2 = B3], (2.12)

respectively

Ep(X1..... Xm)[@] — Ep(X1..... X m)[@]

m
=3 ((h_f —IE (R XX X))
j=1
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—(gj —hj)E;n_’_l(Yl,...,Yj,Xj,...,Xm)[(ZCoo +];; +fj)5]
—(hj +h)Ep (X1, X X X[ — £)@)]
FE Ky X X X)) [Qeoo + +ﬁ)(ﬁ—f,~)a]). (2.13)

Combining equations (2.12) and (2.13), Lemma 2.2, and Lemma 2.3, we conclude that
(2.11) holds true. [

We prove next that the operators Cy,, C,,, Dy, D}, map, for given X; € 0,1 <i <m,
the definition domain L, (R) actually into H ! (R).

Lemma 2.5. Given 1 <m € N and X; := (fi, h;) € O, 1 <i <m, let co > 0 be the
constant defined in (2.6). Given E,, € {Cy,, Dy,,}, there exists a positive constant C that
depends only on r, m, co, and maxi<j<m || Xi | gr such that

[Em(X1,.... X;) @l g1 + | Ep (X1, ... Xm)[@] | g1 < Cll@]l2, @ € La(R). (2.14)
Moreover, Cpy, Dy, CJ,, D)y € C'7(O™, £(L2(R), H'(R))).

Proof. Let {t¢}zer denote the group of right translations, and assume that @ € C3°(R).
Given 0 # £ € R, the formula (2.12) leads us to

Em(X1s9Xm)[5] _TE(Em(XlssXm)[w])

3
‘L'(l)
— Epn(X1, ... Xm)[ sf ]
/i — _
+Z((2coo+r§f,+f,) e Bt (X X X X (260
e fi f, _ _ 3
—%Emﬂ(xl,...,X,,Xj,...,xm)[(rghj + hy)Tew)
tehj —hj
—(2Coo +Tg>:f} +f}')Em+l(T§'X17~-vté‘Xj»Xja-'-aXm)[Tfé'w]

(tehj)®> —h7
+ Bt (e Xie .o e X X Xm)[Trga)]).

Recalling (2.11), we may pass to the limit & — O on the right of the latter equation and
conclude that E,, (X1, ..., Xm)[®@] € H'(R), with

(Em(le .. ,Xm)[w])/ = Em(le-- . va)[a/]
=2) (oo + /) S Emir (X1, X X)[@) = f] Emi1(X1..... X X;)[h; @]

j=1
— (Coo + S Em+1(X1, ..o Xon, X)W;@] + Emir1 (X1, ., Xon, Xj) [ 1 @)).
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Except for Ep (X1, ..., Xm)[@], all the terms in the latter expression are well-defined
and belong to L,(R) as long as w € L,(R). However, using integration by parts, we can
rewrite this term as

Cn(X1,.... X0 = —ZZ (Dmy1(X1, ..., X, X)) [@]
=1

+ (coo + f}')cm+1(X1, . ,Xm,X,-)[h}E]
— et (X1, Xon X))

respectively

Dm(X1.. ... X)[@] = (1 —2m)Co(X1. . ... Xm)[®]

—2) ((coo + f)Dmr1(X1. ... Xou, X)) [H;@) = D1 (X1, ... X X)) [ 1)
j=1

— (coo + [1)?Cmr1(X1. .o, Xon. X))[@) = Cong1 (X1, . ... X, X)) [hF0)
+ 2(Coo + [)Cmr1(X1. ... X, X)) [h;@)).
Combining the last three identities, Lemma 2.2, Lemma 2.3, and using a standard density

argument we get that (2.14) holds for E,,. The claim for the operator E/, follows similarly.
Finally, the Lipschitz continuity property is obtained from (2.14) and (2.12)—(2.13). ]

Since our goal is to establish the smoothness of @, cf. (1.14), we next prove that
operators E, and E,, with E,, € {Cy,, Dy,} depend smoothly on the variable X € O,.
This requires some additional notation. Given Y := (u,v) € H" (R)?, we set

g[x,s]Y =u(x)—v(x—s) and SEX,S]Y =v(x)—u(x —ys), x,s e R. (2.15)

Givenn,m,peN,m>1,X;,€0,,1<i<m+p Yie HR)? 1<i<n,
w € Ly(R),and E € {C, D}, we set
En,m,p(Xl,...,Xm+p)[Y1,...,Y,,,E](x)

=/ sT@(x — ) (TS 1 St Xi) TTiy St i
R T2 [2 + (Bpesy Xi)?]

ds,

and

Er/l,m,p(Xl’ ey Xm+p)[Y1, ey Yn,a](x)
L + —
L / SJC()()C - S)(H:n=nf+l SEx,s]Xi) H?:l 8[x,s] Yi
R

ds
1—[;":1 [Sz + (afx,s]Xi)z]

for x e R, where j =0 if E =C and j = 1 for E = D. It is worth pointing out
that, given £ € {C, D} and m > 1, we have E¢; 0(X,...,X) = En(X,...,X) and
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E(’,’m’O(X, ..., X)=E, (X,...,X). Hence, the latter formulas extend our previous nota-
tion introduced in (2.3). Setting Y; = (u;, v;) for 1 <i < n, it holds that

En,m,p(le---7Xm+p)[Ylv~~~aYn75]
= 3 (—1)‘3”'(]_[u,)Eo,m,p(Xl,...,Xm+p)[5]‘[v,-],
Sc{1,...,n} jEeS jese
E oy X1o o Xy p) Y1, Yo, @]

_ (—l)‘SCl(Hvj)E(/),m,p(Xl,...,Xm+p)|:51_[uj],

Sc{1,...,n} JjeS jeSe

where foreach S C {1,...,n} weset S¢ :={1,...,n}\ S.
Moreover, letting X; := (fj,h;),m +1 < j <m + p, it holds that

Eom,p(X1,.... Xmyp)[o]
= Y EOS(JTteo + ) EnXr o X |@ [T 4y,
Sc{m+1,...m+p} jeS jeSe
E(/),m,p(Xl’ ey Xm-i—p)[a]

_ ) (_1)|SC|(]_[(hj—coo))E,;,(Xl,...,Xm)[a I1 f,-].

Sc{m+1,...,.m+p} jeS jeSse

Recalling Lemma 2.5, we deduce for E € {C,C’, D, D'}, that

n
1 Enmp(X1s s Xt p) Y1 Yo ey < C [ [ 1 Yillar, (2.16)

i=1

where C is independent from Y;, for 1 <i <n.
Finally, given E € {C,C',D, D'}, n,m,pe N,m>1,Y; e H(R)?2, 1 <i <n,
and X € O,, we define

EL (O Yali= Ennp(X.o . X)[Y1s ... Yo ] € L(La(R), H'(R)). (2.17)

The estimate (2.16) shows that Ej, , : O, — L4 (H"(R)?, £(L2(R), H'(R))) (if

n = 0 we identify éﬁ;’ym(H’(R)z, E(L>(R), H'(R))) with £(L,(R), H'(R))). In the
next lemma, we establish the Fréchet differentiability of E;’n p

Lemma 2.6. Given n,m,p € N, m > 1, and X € O,, the operator E;’n,p is Fréchet
differentiable in X and its Fréchet derivative is given by

IEy (XYY, ... Yal = pEpt . (X)[Y1, ..., Yy, Y]

—2mEpty (Y. Y, Y]

forY,Yy,...,Y, € H (R)%. Consequently, for each n,m, p € N with m > 1, we have
E}L € C®(0, L1, (H"(R)?, £(L2(R), H'(R)))).

sym
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Proof. Setting
RX.VY.,.... Y] == Ep (X +Y)[Y1.....Y,]— Epp ,(X)[Y1.....Y,]
— pE™L (X)[Yy,....Y,. Y]

m,p—1
+2mER, (XY, Y Y

elementary algebraic manipulations lead us to the identity

RX.V)[Y1.....%] =) (p—j—DRy[V1.....Y%.Y.Y]
j=0

_ZRg,j[Yla"‘aYn,Y,Y]

S Ry M... Ya Y. YY]

m—1m—j—1

+2 Y Rl vy
Jj=0

—1m—j—1

+Z Z RS]l[Yl""’Y"’Y’Y’Y]’
j=0

where
Rij:i=EntompaX+Y, .. X+Y,X+Y,.... X+Y,X,....X),
m J p—2—j
RS ;:==(1+42p)Epiomi1p(X+Y.... . X+Y.X....X.X.....X),
m—j Jj+1 p
RE = pEnismitp 1 (X +Y,.. X +Y, X, X, X,..., X),
—— ——
m—j Jj+1 p—1
RS 1= 4Enromizpr2X Y, X+ VX XX, X),
m—j—I jHi+2 p+2
RS :=2Enismizpi (X +Y... X +Y.X.... X X... X).
m—j—lI JHI+2 p+1

Hence, for all Y sufficiently close to X in H" (R)?2, it follows from Lemma 2.5, by arguing
as in the derivation of (2.16), that

n
IRX. VY1, Yalllz@ay, ey < CIY I3 [ ] 1Yillzr
i=1

and the claim follows. [
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We complete this section by establishing (1.14).
Corollary 2.7. It holds that ® € C*(O,, H" ' (R)?).

Proof. The claim follows from (1.11)—(1.12), Lemma 2.1 (ii) and Lemma 2.6, by using
the algebra property of H”~!(R) and the embedding H'(R) < H"~!(R). ]

3. The generator property and the proof of the main results

In the first part of this section, we show that the evolution problem (1.10) is parabolic in
O, by establishing the generator property (1.16). In the second part, we prove our main
results. With respect to the first task, let X = (f, h) € O, be fixed. We can represent the
Fréchet derivative d®(X) as the matrix operator

I P1(X)  9pP1(X)

0D(X) = (8f<1>z(X) ahq)z(X)) e £(H"(R)?, H "1 (R)?).

Although the coupling terms in (1.11)—(1.12) involve highest order derivatives of both
unknowns, Lemma 2.6 and (2.16) show that the off-diagonal entry d; @, (X') can be treated
as being a perturbation. Indeed, recalling Lemma 2.6, we obtain for £ € {C, D} that

IE\(X)[Y] = —2E} (X)[Y] = 2Eo2,1(X. X. X)[v] —2uEo21(X. X, X)  (3.1)

forall Y = (u,v) € H"(R)2. Using this formula, it follows from (1.11) that

W O] = 2 (o0 + 1)1 (CLOOW] + 201X, X, X)[uh)
— F(CL(X) A + vh') + 2Co.2,1 (X, X, X)[vhh'])
+ Dy (X)[V] + 2Do 21 (X, X, X)[vh’])
and (2.16) yields
10,21 (X)[]lgr—1 < Cllvllgr forallv € H'(R).

In view of [5, Theorem 1.1.6.1] and of the property ||v| g1 < v|v||gr + C(V)||v|gr-1,
v € H"(R), which holds for any given arbitrary small v > 0, we conclude that (1.16) is
satisfied provided the diagonal entries are analytic generators, that is,

~0r®1(X) € H(H" (R). H'(R)).

» (3.2)
—0p®2(X) € H(H"(R), H ™" (R)).

To establish the generator property for 0y ®(X), we follow the strategy from [1, Sec-
tion 4] (see also [26,30], where similar arguments are used in other contexts). To this end,
we first deduce from Lemma 2.1 (ii) that the mapping

[u—Bw)]: H (R) - £(H "' (R))



The multiphase Muskat problem with equal viscosities in 2D 179

is smooth. In view of this property, of (3.1), and of (2.16) we infer from (1.11) that

A1 (X)[u] = O1 (B[] + IB(If']) + a(X)u’ + Tiolul,
where, according to Lemma 2.5,
a(X) = %((coo + )CIX)[H] = C1(X)[hA']) € H'(R).
Moreover, Tiy is a lower order operator. More precisely,
| Tiot[ulllgr-1 < Cllullg:  forallu € H"(R). (3.3)
We next consider the continuous path [t — W(7)] : [0, 1] - £(H" (R), H"'(R)) with
W(0)[u] = O1(B(zf)[u'] + cdB(N[f]) + ra(X)u' + tTiot[u].

Observe that W(1) = dy P (X), and W(0) is the Fourier multiplier

d d d? \1/2
W(0) = O;B(0)o — =0,Ho — =0 <__)
(0) 1B(0) o -~ 1H o i~ 7
with symbol [§ > ©1|&|]. The next step is to approximate W(t) locally by certain Fourier
multipliers, see Lemma 3.1 below. Therefore, we choose for each ¢ € (0, 1), a finite -
localization family, that is, a family

{m;: =N +1=<j <N} CC*R,I0,1]),

with N = N(¢) € N sufficiently large, such that
* suppr; is aninterval of length  for all [ j| < N — 1,supp i, C {|x| = 1/¢};
o wj-mp =0if[[j =1 =2, max{|j|.|[[} =N —1Jor [l <N =2,j = NJ;

N
o YNt = liand

o [(@)P|oo < Ce forallk e N,—N +1<j < N.

To each finite e-localization family we associate a family { )(]'9- :—=N+1<j <N}
with 7 € C*®[R,[0,1]), =N + 1 < j < N, such that
. ng = 1 on supp 7{, supp x% C {|x| > 1/& — &}; and
e supp Xf is an interval of length 3¢ and with the same midpoint as supp 71]‘?" for

ljl<N-1L
Lemma 3.1. Let X € O, be fixed and choose 1’ € (3/2,r). Given v > 0, there exist
¢ € (0,1), afinite e-localization family {njs =N +1<j <N} aconstant K = K(e, X),
and bounded operators Aj . € £(H"(R), H'"'(R)), j €{—N +1,...,N}and t €[0,1],
such that

Il WO ] = Ajelmfulll g < viimfullar + Kllullgr (34
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forall =N +1<j <N,te€[0,1],andu € H"(R). The operators Aj ; are defined by

d? \1/2 d ,
e =) (=) B =N -1,
and
d? \1/2
Ay = 61(— W) )

where x{ € supp 7, |j| < N — 1, and with functions -, B given by

1+(0—-17)f"? ©)
= e = TR B+ v,

Proof. As shown in the proof of [1, Theorem 7] (in a more general context), if ¢ is chosen
sufficiently small, then for all T € [0, 1] and u € H” (R) we have

o (xf d2\1/
[ (B2 /)0 + w0BONH AL — - (;?) ( ) g

-~ B (NI < 2|@ il + Kl
for |j| < N —1,and
d?\1/
)nfv(B(rf)[u'] + rBIB%(f)[M][f/]) - (_ W)l ’ NM]HH,_1

< wiullgr + K|ullzr.
< sl + Kl

We next recall, see e.g., [1, Eq. 2.1], there exists a constant C > 0 such that
labllgr—1 < Clallgr111blloo + lallcollbll 1) foralla, b e H™'(R).

Using this estimate together with the identity )( n]‘?, —N+1<j<N,wegetin
view of the relation a(X) € cY 2(R) that

l7fa(X)u’ — a(X)(x;)(wfu) || gr-t
< Ixj(a(X) = a(X)(x})) (rfu) | -1 + K lJull e
= Cllx5(a(X) = a(X) () loollrfullar + Kllullgr
v .
= glmjular + Klulgr. 1= N -1,
if € is sufficiently small, respectively, in view of the fact that a(X') vanishes at infinity,
gy a(Xu' g < lxya(X) g g1 + Klull gr-
= CllxvaX) a1 lmyullar + Klullgr
v &

= Z””N“”Hr + Kllull g

for allu € H"(R). These estimates together with (3.3) lead us to (3.4). [ ]
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Let us observe that there exists 1 € (0, 1) such that the symbols of the Fourier multi-
pliers identified in Lemma 3.1 satisfy

1
n<-—-o; < and ||Brlloeo < — forall T € [0, 1].

= | =
=

Classical Fourier analysis arguments then show there exists kg = k¢(7) > 1 such that

A—Aqp € L(H"(R), H™1(R)) is an isomorphism for all Re A > 1, and 3.5)
koll(A — Ag,p)ulllgr—1 = [A] - lullgr—1 + lullar. Yu € H'(R),ReA =1, (3.6)

uniformly for A, g := a(—d?/dx?)"/? + B(d/dx), where —a € [, 1/n], |f| < 1/1. The
properties (3.5)—(3.6) combined with Lemma 3.1 enable us to obtain the desired generator
property for d7 P (X).

Proposition 3.2. Given X € O,, it holds that —0®(X) € H(H" (R)?, H'"1(R)?).

Proof. According to our discussion above it remains to establish (3.2). To prove the gen-
erator property for dr®;(X), we may argue as in [1, Theorem 6] to find, in view of
(3.5)—(3.6) and of Lemma 3.1, constants k = k(X) > 1 and w = w(X) > 0 such that

kA = V@) ullgr— = [A]- lull g1 + [ullar (3.7

for all T € [0,1], ReA > w, and u € H"(R). Choosing @ > 1, it follows from (3.5),
in view of W(0) = Ag, o, that  — W(0) is, as an element of £(H"(R), H""!(R)), an
isomorphism. The method of continuity, cf. [5, Proposition 1.1.1.1], and (3.7) then imply
thatw — 3y ®1(X) € £L(H"(R), H"~!(R)) is an isomorphism too. From this property and
(3.7) (with T = 1) we deduce that indeed —3 1 (X) belongs to H (H" (R), H""(R)).
Since the generator property for d; ®,(X) follows by using similar arguments (which we
therefore omit), this proves our claim. [

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. The properties (1.14) and (1.16) enable us to use the abstract
parabolic theory from [36, Chapter 8] in the context of the evolution problem (1.10).
More precisely, given Xy € O, [36, Theorem 8.1.1] implies there exists a time 7 > 0 and
a solution X = X(-, Xo) to (1.10) such that’

X € C([0,T],0,) N C ([0, T], H "' (R)*) N C%((0, T], H" (R)?)

2Given a € (0,1), T > 0, and a Banach space X, let B((0, T], X) denote the Banach space of all
bounded functions from (0, 7] into X. The Banach space Cg ((0, T'], X) is then defined as

0= @l _ )

Ca(O.T).X) 1= { f € BUO.TL.X) ¢ [ flleg = 11/ oo + sup £
s#t It _SI
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for some o € (0, 1) (actually, since (1.10) is autonomous, for all € (0, 1)). Moreover,
the solution is unique within the class

| cgo.71. H"(®)*) nC([0.T].0,) N C'([0.T], H' " (R)?).
ae(0,1)

To prove that the solution is unique in C([0, 7], @,) N C([0, T], H"~!(R)?), we assume
by contradiction there exist two solutions X; : [0, T] — O, i = 1,2, to (1.10) with the
property that X;(0) = X,(0) and X;(z) # X,(¢) forallt € (0,T]. Let ¥’ € (3/2,r) be
arbitrary and set & := r — r’ € (0, 1). The mean value theorem together with the inequal-
ity [lall g < llall%,-illa |}7:%, a € H"(R), imply that there exists a constant C > 0 such
that

1Xi(t) — Xi()|l g <Clti —12|*, s,0€[0.T],i =1,2. (3.8)

Hence, X; € C*([0, T], H" (R)?) < C%((0, T], H" (R)?), and [36, Theorem 8.1.1]
applied in the context of (1.10) with r replaced by r’ ensures that X; = X5 in [0, T'], which
contradicts our assumption. This unique local solution can be extended up to a maximal
existence time T = T+ (X)), see [36, Section 8.2].

The continuous dependence of the solution on the initial data stated in part (i) of
Theorem 1.2 follows from [36, Proposition 8.2.3]. The proof of part (ii) uses a parameter
trick which was successfully applied also to other problems, cf., e.g., [1, 6,29, 38, 43].
Since the details are very similar to those in [1, Theorem 2 (ii)], we omit them.

To prove part (iii), we assume there exists a maximal solution X = X(-, Xp) to (1.10)
with TF < oo and such that

sup || X(®)||lgr < oo and liminfdist(F;""(t), Tx(2)) = co > 0.
tef0,T+) =T+

Arguing as above, we deduce for some fixed ' € (3/2,r), that X : [0, TT) — O
is Holder continuous. Applying [36, Theorem 8.1.1] to (1.10) (with r replaced by r’) we
may extend the solution X to an existence interval [0, T’) with T+ < T’ and such that
X € C([0,T),0,) N CL([0,T"), H"~'(R)?). Moreover, the parabolic smoothing prop-
erty established in part (ii) (with r replaced by r’) implies that X € C'((0,T"), H" (R)?),
and this contradicts the maximality property of X. This completes the proof. ]

We conclude this section with the proof of Proposition 1.3.

Proof of Proposition 1.3. Since || X (¢)||zr < M forallt € [0,TT), (1.1d) and Lemma A.2
imply there exists C > 0 such that

H dX(t)

H <C(l+ M%), te0,Th),
dt 0o

therefore X2 := (f2,h?) € C1([0, TT), L>(R)?) has a bounded derivative. Moreover,
X2:[0,T) — H"(R)? is bounded. Since |||z < lla|i”""lalltyt . a € H™(R), the
mean value theorem yields X2 € BUC'™"/7([0, T*), O,), where r' € (3/2.r) is fixed.
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Hence, there exists Xy € H” (R)? such that X2(t) — X« = (fx, h«) in H" (R)? when
letting t — T+,
Since
liminfdist(I‘j‘iOo ®),Tpt) =0,
t—>T+

cf. Theorem 1.2 (iii), there exist sequences t, ,/ T and (x,) C R with
(coo + f)tn, Xn) — h(tn, xn) — 0 forn — oo. (3.9)

We next show that (x,) is bounded. To this end, we infer from the convergence
X2(1) - X, in H"' (R)? that there exists ng € N such that | f (t4, X)| 4 [h(tn. X)| < Coo/2
for all n > ng and |x| > ng. The latter inequality together with (3.9) imply that (x;) is
indeed bounded.

We may thus assume (after eventually subtracting a subsequence), that x;,, — x¢ in R.
Since X, is a continuous function and X2(z,) — X, in H" (R)? when letting n — oo,
we obtain that X(t,, x,) — (v/ f«(x0). v/« (x0)). The relation (3.9) now leads us to the
equation coo + \/ﬁ (x0) = v/« (xp). Finally, since X2(t,, xo) — X« (Xo), together with
the latter identity we conclude that coo + f (2, xo) — h(ty, x9) — 0, and therefore that

liminf (coo + f(t, x0) — h(t, x0)) = 0.
t—>T+

In order to prove the second claim, we argue by contradiction and assume there exists
xo € R and § > 0 such that

liminf sup (coo + f(¢,x)—h(t,x)) =0.

1T+ {|x—xo|<8}

Since (1.10) is invariant under horizontal translations, we may assume without loss of
generality that xo = 0. Hence, there exists a sequence (f,) with #, /' TT and

Coo + f(ty) —h(ty) > 0 in L ([—6,8]). (3.10)

Recalling Lemma A.2, we find a constant ¢; = ¢;(M) such that the velocity
va (1) = (V3 (1), v3(1)) satisfies

”UZ(Z)”LOO(SZz(t)) <cp;, te]o, T+). (3.11
Givent € (TT —8/cy,TT),let R(t) :== 8§ + ¢1(t — T ™). Then R is a positive increasing
function with R(¢) — 8 fort — T*. We further define the surface area

R()
S(t) = /_R()(coo + f(t.x) —h(t.x))dx, te (Tt —8/ci.T).

Letng € N be fixed such that z, > T+ —§/c; for all n > ng. On the one hand, S(z,) > 0
for all n > no. Moreover, the dominated convergence theorem together with (3.10) imme-
diately imply that S(z,) — 0 for n — oo.
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On the other hand, given ¢ € (T+ —8/cy, T+), Stokes’ theorem together with
divva () = 01in Q5(¢) yields

, coot f(t,—R(2)) )
S'(1) = /h vy (el RO. )y
t,—R(¢

coot f(t,R(1))
+ / (c1 = vh(t.—R(1). y)) dy
h(t,R(t))

Hence, in view of the bound (3.11), we have S’(t) > 0 for all t € (T —§/cy, TT).
Consequently, S(t,) > S(tn,) > 0 for n > ny, in contradiction to S(¢,) — 0 for n — oo.
Therefore, our assumption was false and the argument is complete. ]

A. An extension of Privalov’s theorem

In this section, we fix p € (1,00), @ € (0,1), w € BUC*(R) N L,(R), and a differentiable
function f : R — R with f” € BUC*(R). We study the map v := v(f)[@] : R?\ Iy — R?
given by the formula

v(x.y) = v()@](x.y) = %/ ( )=y x—5) (s) ds, (A1)

R (x =5+ (y— f(5)?
where
Iy ={(x, f(x)): x e R}.

Let us first note that v is the complex conjugate of a holomorphic function, see (A.3), so
that v is smooth, that is, v := (v!,v?) € C*°(R? \ T'y). For this function we establish sev-
eral additional properties below. In particular, we extend Privalov’s theorem, cf., e.g., [35],
and prove that v is «-Holder continuous in the domains above and below the graph I', cf.
Theorem A.3.

As a first step, we show in Lemma A.1 that the one-sided limits of v when approaching
a point on I'y from below or from above exist. This is a consequence of the classical
Plemelj formula, cf., e.g., [35], and of the observation that

1
v(x,y) = 5 /Ff g)(_g) dg, z=(x,y) € R2 \ Iy, (A2)

where the function ¢ : I'r — C in the contour integral (A.2) is defined by

_ o, —f")
1+ f7

We note that ¢ € BUC*(I'y), that is, ¢ is bounded and

o lp(§) — @(§)]
W= S0 =g -

) =————(@), §=(sf(s) €Ty.



The multiphase Muskat problem with equal viscosities in 2D 185

It is suitable to introduce the function F : ¢ \ I'y — ¢ defined by

Fo =G =5 [ 2
f

dg. (A.3)

It is not difficult to prove that this function is holomorphic.
Lemma A.1. Let
Qi = {(x,y) eR? 1 £(y - f(x)) > 0}

The restrictions vy = v|g, : Q+ — R? of the function v defined in (A.1) extend contin-
uously up to Iy and, given x € R, we have

() = f(x).x = 5) 1@, /)
x =3P+ (f0) = f(5)? 21+ /7

Proof. Let zg := (X9, f(xo0)) € I'y. In order to prove that v can be extended continuously
in zg, we consider the polygonal path T'; C Q. defined by the segments

ve(x, f(x)) = %PV]}R ( w(s)ds F (x). (A4)

[(X() + 1’ f(XO + 1))7 (X() + 1» D)]’ [(X() + la D)» (-XO - 1» D)],
[(xo — 1, D), (xo — 1, f(xo — 1))]
and oriented counterclockwise. Here we set
D =142 f'lloo + max{ f(xo — 1). f(xo + 1)}

Moreover, we let

Lo == {(x, f(x)) : |x — xo[ = 1}
and define the closed curve I' := I'g + I'; which is again oriented counterclockwise. Addi-
tionally, we define the function @ € BUC*(T") by setting

gp(“;‘), EE FO»
5(E) = o+, E=(xo+1,y), fxo+ 1)<y <D,
@ = C(1+x0—x)<0_—§(l+x—xo)go+’ E _ (x’ D), |x _x0| <1,

P E=(xo—1y), f(xo—1) <y =D,

where @1 = ¢(x9 £ 1, f(xo £ 1)). It is not difficult to check that

18lloo < l@lloos  [Pla < 2l@lleo + [@las  IT1 <701 f Nloo + 1). (A.5)
Given z € Q4 which is sufficiently close to z, it then holds that

p(§) p(§) p(é) 43
d¢ = d d§ —
r, §—z ¢ /rf—FOE—Z ot ré—z : ré—z

dE.

Since zy € I'g, Lebesgue’s dominated convergence shows that

/ 06 4o [ 76 dg_>/ 0©) 4o [ PO .
T's—To Z7Z0 JTy-T,

£z rné—z §—zo r; §—2o
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Additionally, according to the Plemelj formula, cf., e.g., [35], it holds that
1 163) dt 1 / 263)
r

— PV —=d
2ni JrE—z z:;o 2mi £—2zp £+ go(ZO)

These two convergences imply that vy can indeed be extended continuously in zg, with
the value of the extension in zg being as given in formula (A.4). Finally, the corresponding
claim for v_ follows from a similar argument. ]

We next prove in Lemma A.2 that v is bounded in R2 \ I's. In fact, in Lemma A .2,
we bound the L,-norm of v by a constant that depends explicitly on the norms of the
functions f and .

Lemma A.2. There exists a constant C, which is independent of f and o, such that

[vlleo < C(@lp + l@llBUce)(1 + [/ |BUCE)?. (A.6)
Proof. We devise the proof in several steps.

Step 1. In this step, we provide bounds for the restrictions of v+ to I'r. Given x € R, it
follows from (A.4) and Holder’s inequality that

e )] < [@oo + /M [P g

U (fx—s) = fx)s)
+| PV/_1 2+ () — fx—9)?
< [@lloo + Cl@ly + I + I,

w(x —s) ds‘

where

_ ’/1 (f(x—9) = f(x).9)
1824+ (f(x=9) = f(9))?

1
< [@la / 151t ds < Clal

o U (=) — fx).s)
= ”‘””‘”’PV/_l ey ey e

(w(x —s) —o(x) ds‘

Concerning I, we have
I < 1@l / O R (O ) [ s W

I e R Ea v B e
1
s3||a||oo/0 G +9)=2/) = fx=9)]

S2
1
< 6[@ ool Ta /0 1511 ds

< Cl@lloo[f ]a-
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Gathering these estimates, we conclude that
lvtlr, lleo < C[@]p + [@lBuce) (1 + [[.f'IBUc*)- (A7)
Step 2. Given z = (x, y) € R?, we set d(z) := dist(z, 'y). We next prove that

sup  |vx(2)] = Cll@]p. (A.8)
(1/4=d(2)}

Indeed, if 1/4 < d(z), then /s2 + (y — f(x —s))? > max{1/4, |s|} for all s € R, and
together with Holder’s inequality we conclude from (A.1) that

1 _ _
9@ = [ e 5l ds = Clal.

Step 3. In this final step we prove that

sup  |v+(2)| < C(|@]p + @ lBuce) (1 + |.f BUuce)?. (A.9)
{0<d(z)<1/4}

We first consider the case when z € . We associate to z a point zp = (xo, f(xo)) € I'r
such that
d(z) =|z—zr| € (0,1/4).

LetI' = Iy + I'; and @ be as defined in the proof of Lemma A.1 (with zr instead of zy).
Recalling (A.7), we have

v (2)] < [v4+(2) —v4(zp)| + [v4+(zr)|
ST+ T+ T+ C(al, + @llsuce) (1 + || £ lBuce).
where

T, = ‘/Ff N qo(é-‘) gso_(%‘z)r) _ ‘/p, 90(5) w_(EZ)F)dS)’

_1 5(6) 5(6)
E/rs—z E_EPV/FS—ZF‘Z

Given & € 'y, we have min{|§ — z|, |§ — zr|} > |§ — zr| — 1/4 > 3/4 and (A.5) yields

T < 2|¢lleo|T1] - [z = zr| = Cl@lloo (1 + [ flloo)-

Moreover, since min{|§ — z|, |§ — zrp|} > max{3/4, |s — xo|/2} for all £ = (s, f(s))
€ I'y — I'y, Holder’s inequality leads us to

/

1= Sl el ([ ) < cla
P=3l@lp 2 =2 L axizy2, sy @) =1l

—1

where p’ € (1, 00) is the adjoint exponent to p, thatis p~! + p’~" = 1. In order to estimate

T5 we first note that

1 1 1 1 1
— dé¢ =1 and —.PV/ d¢ = —. (A.10)
2ni JrE—z 2mi ré&—zr 2
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The first relation follows from Cauchy’s integral formula. The second identity is a direct
consequence of Plemelj’s formula, cf., e.g., [35]. Using these two identities we get

1 1 ¢(&) —¢(zr) 1 ) —oCr) | _
T3—‘%/F—E_Z df—m/r—é_ﬁ dé‘_Taa+T3b,
where
| [ E=mEO - Fer)
Tl E-2E—2n)
(z —zr)(p(§) — ¢(z1))
(¢—-2)¢—zr)

The arguments used to estimate 75 lead us to

Ts dé§

’

dg).

T3b = ‘
To

T3a = |l9lloo|T1] = Cl@lloo(1 + [ f'lloo)-

In order to estimate 755, we note that |§ — z| > d(z) = |z — zr| and |€ — zp| > |s — X0
forall £ = (s, f(s)) € [y, and therefore

Tsp < (1+ [ f o) 0] /{l ‘ 1}8"‘_1 ds = C(1 + | f'lloo)[¢la-

Observing that
[¢le < Cl@llsuce (1 + [1.f'Buce),

the latter arguments show that (A.9) holds for z € 2. Arguing along the same lines,
it is easy to see that (A.9) is satisfied also for z € Q2_. The claim (A.6) follows now
from (A.7)-(A.9). [

Now, in Theorem A.3, we extend Privalov’s theorem to the setting considered herein,
where the contour integral in (A.1) is defined over an unbounded graph.

Theorem A.3. The restrictions vy = v|q, of the function v defined in (A.1) satisfy
V4 € BUC“(Qi).

Proof. We only establish the Holder continuity of vy =: (v}, v3) (that of v_ follows
from similar arguments). We devise the proof in several steps.

Step 1. Let z, z’ € Q satisfy |z — 2’| > 1/8. Then, according to Lemma A.1 and Lemma
A.2, we have

[v4(2) = v4 ()] = 2lvlle0 = 16][V]l0]z = 2|* = Clz = 2%

Step 2. Given z € R?, we set again d(z) := dist(z, I'r). Assume now that z,z’ € Q. are
chosen such that |z — z’| < 1/8. Then, letting S,, := {(1 —t)z + ¢z’ : ¢t € [0, 1]} denote
the segment that connects z and z’, there exists at least a point { € S,/ such that

d(¢) = [{ = {p| = dist(Szz, Ty).
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We distinguish two cases.

Step 2a. If |z — 2’| < |¢ — ¢p|, then S,,» C Q. Then we have
[v4(2) —v4(2)| = |F(z) = F(z')]

- ]/S P

©
-/ (57 fr, o7 8¢

where F' is the holomorphic function defined in (A.3). Given { € S/, it holds that

1
/r,,m"ézo’

and therewith we get

|v+(z)—v+(z)|—][ (5t /. YOO 1) a)
f

E—0)
- 0(6) — g(ér)
sle=zl s /rf ot
, £ = ¢rl®
<lz—-21"[¢]a = |d§|.
<lz—21 gl ;Zléi,/rf il

Recalling the definition of ¢, we have |§ — ¢p| < |§ — | + | — ¢r| < 2|& — | for all
teS;;and & € Ty, hence |€ —{r| + | — ¢r| < 3]§ — ¢|. Noticing that |z — 2’| < |{ —{p|
for ¢ € S;,, we obtain in view of these inequalities that

&~ ¢rfe s
d d
/Ff ] < /(|s el + 1€ — o)™ |dE]
<o(l + ||f’||oo)/ (Is] + 1€ — &e)e2 ds
R
<Clt— ¢t < Clz — =,
and therefore |v4(2) — v4(2)] < Clz — Z/|*.

Step 2b. We now consider the second case when |z — z'| > |¢ — {|. Since ¢ € S, we
have

max{|z = ¢pl, |2 = Cply < max{|z = ¢, |2 = 1} + 1§ = Epl < 21z = 2'| < 1/4.
Assuming there exists a constant C > 0 such that

vy (z) —v4(z0)| S Clz —20|* VzpeTlrandze Q. with |z — zo| < 1/4, (A.11)
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we then have

[v4(2) = v4(2")| < [v4(2) — v (Cp)| + [v4(2)) — v ()]

<C(lz=Cr* + 12/ = ¢pl%)
<Cl|z-Z]%,

and the claim then follows.

Step 3. It remains to establish (A.11). Let zo € I'r and z € Q4 satisfy |z — z9| < 1/4. Also
let I' =Ty + I'1, and @ be as defined in the proof of Lemma A.1. Recalling Lemma A.1,
it follows similarly as in Step 3 of the proof of Lemma A.2 that

e — s = f (29 - 20 )y [ (78 w_(sz)o )at
\% [ [ 3

with
T+ T < C|Z—Zo| < C|Z—Zo|‘x.

It remains to estimate the term 75 which, in view of (A.10), can be written as

L[ PO 1 [ 6
1@ = |5 [ Forde— soev [ Fde— i) < Zsl,

where, letting z be defined by the relation d(z) = |z — zr|, we set

1= lpter) —pteo)l. - Soo= | [ (HEEER - SELER)

Sy = ‘/FO <p(é) _Z(Zr) e — (ZO))ds‘.

§—zo

Noticing that |zr — zo| < |zr — z| + |z — zo| < 2|z — z¢|, we obtain
S1 < [@lalzr — z0]|* < Clz — zo|*.

Moreover, given £ € I';, we have min{|§ — z|, |€ — z¢|} > 3/4 and together with (A.5)
we get

Sz<—/ (19(€) —@(zr)l - 1z — 2ol + le(20) — ¢(zr)]) |d§]

< CITil(l@lloslz = zol + [@lalzo — zr|*) = Clz — zo*.
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In order to estimate S3, we let  := |z — zgo| € (0, 1/4], we set zo =: (xo, f(x0)), and we
introduce the curve I'y, := {(s, f(s)) : |s — xo| < 2n}. It then holds that

83 < S35 + S3p + Sae,

where

S3a _‘/ sﬂ(é) <P(ZF) <P(E)—¢(Zo))

5— Z0
._ 9 —e(zr)
Sab =12 - Ur o E- DG -z 5k
§0(Zo) o(zr)
Sae = ]/FO e dé‘.

The relation |z — zr| < |z — z9| = n implies that zr € I';). Taking also into account the
inequality |§ —zr| < |§ —z| 4+ |z — zr| < 2§ — z| for £ € 'y, we have

Ssa < 2[¢la /r (6 — 20" + |6 — z0*") |d]

< Clpla(1 + [ f'llso)n™ < Clz — zo|*.

Given £ € I'g — I'y, the relation |§ — zo| > 21 = 2|z — z¢| leads us to

§ =z = [§ = zol = |z = z0[ = n = [z — 20],
21§ —zo| = € — zo| + |20 — 2| = |§ — 2],
3[ —z| = [§ — 20| = |z — 20| + 2|z — 20| = [§ = 20] + |z — 20].

Recalling also that |§ — zr| < 2|€ — z|, we then obtain

Ssp < 4z — 20 - ma/ & — 212 |ag|

To—T,

sC|z—zO|-[so1a/ (16 — 20| + |2 — zo)* "2 |d€]

To—Ty
< Clgla(1 + [ /" lloo)|z = 20120 + |2 = 20)*™" < Clz = 2o|*
Finally, since |z9 — zr| < 2|z — zo|, we have
1

O_Fn %‘ — 20

S3e < [pla dé§

)

dg‘

To-Ty S—Z

and, after identifying the real and imaginary parts of the integral, we obtain the following:

)/ 1 dt <‘/ S+f/(xo_s)(f(x0)_f(x0_s))
To-T, § ~ Han<isi<yy + (f(x0) = f(x0 —9)?

. ‘_ / . sf (xo =9 = (S = [0 =) |
2n<ls|<1} + (f(x0) = f(x0 —5)?

ds‘
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- ‘lln ((271)2 + (f(x0) — f(xo +21)* 14 (f(x0) — f(x0 — 1))2)‘
12 82?4 (f(xo) — f(xo—2m)* 14 (f(x0) — f(x0 + 1))?

Iy / 51V ds < In(1+ [£1%) + CLf T
{2n<|s|<1}

Hence, we have shown that Sz, < C|z¢ — z|* and the proof is completed. |

We conclude this section with the following result.

Lemma A.4. It holds that
vt + 0,07 =0 =0dyv' — 9,0 InR*\ Ty (A.12)
and
ve(z) > 0 forz € Qi with |z| — oo. (A.13)

Proof. The relations (A.12) follow by direct computation. We next prove that v vanishes
at infinity (the claim for v_ follows by arguing along the same lines). We divide the proof
in two steps.

Step 1. We first show that v4 (x, f(x)) — O for |x| = co. Recalling Lemma A.1 and (2.2),
we write
lo(l, f")

a5, f0) = 5 (= BRI B (D) ) = 3 95

(x), xeR.

Because @ € BUC*(R) N L,(R), the last term on the right vanishes at infinity. We next
prove that, given n, m € N, we also have

B ())@](x) > 0 for |x| — oco. (A.14)

Thus, let ¢ > 0 be given and choose N > 0 such that

2 1/p ¢
nn |- - - < _
1@l () =3

where p’ is the adjoint exponent to p. This choice together with Holder’s inequality then
yields

2 /p’

1
B (NEION = T+ 1 1@l (=) ST+ 5,

where

s|, xeR.

(S[X,s]f/s)n w(x —s)
T = | PV d
) ’ /{SISN} [1 + (S[X,s]f/s)z]m s
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In order to estimate 7 (x) we note that

T(x)fC/0

+ |o(x + 9)| -

N ‘E(X—s)—w(x—i-s)
s

[+ 9 2@+ [,

§2

with C depending only on n, m, and || f’|ec. Taking into account that w vanishes at
infinity, we obtain for |x| > M, where M > N is chosen to be sufficiently large, that

_ —1/2 _
T(x) < C([w]j/z||a)||L{>o({|x|>M7N}) + @ Lo (x> m-NY) <

N ™

This establishes (A.14).

Step 2. We now prove that vy (z) — 0 for |z| — oo. Let ¢ > 0 be given. From Step 1 we
find xo > 0 such that |vy(x, f(x))| < &/2 for all |x| > xo. Given z = (x,y) € Q, let
again d(z) := dist(z,'y) = |z — zp| withzp € T".

Assume first that d(z) < §, where § := min{l,&/(2(1 + [v4+]a))}. If z = (x,y) € Q4
satisfies d(z) <4, and |x| > x1, we deduce for the corresponding point zr := (xr, f(xr))
that | x| > x¢. Hence, for all such z € @, Theorem A.3 leads us to

v+ (2)] = [v4(2) = v4-(zr)| + [v4+ Gzr)| < [v+]ad(2) +€/2 <.

Assume now that d(z) > §. Let 59 > 0 be chosen such that

2 1/p ¢
[@lp\ ————= <.
<@un$1) 2
It then holds that
[w(x —s)
vy (2)] <
’ RS2+ — [(x—9)?
<T@)+ / [o(x — )| ds
{Is|>s0} |s|
_ 2 1/p
<T(z)+ ”C‘)HP(W>
<T(z)+ £
=T@)+ 5
where
T(z) = / [@(x = 9)] ds, z=(x,y)eQy,d(z)>6.
{Isl<so} V52 + (y — f(x —9))2

Let N > 0 be chosen such that

4sollolloo | 250D Lo (flx=N})
N §

=

N ™
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set My := N + 59, My ;= N + 2| f | Loolx|<Mi+s0})» and M = 2max{M;, M>}.

Given |z| > M, we distinguish two cases.

(1) If |x| = My, then

280, S0 |\ — €
T(2) = —loledixiza-son = 5 l@lLeiixzmy = 5
(2) If |x1] < My and |y| = M», then |y — f(x —s)| > |y/2|, and therefore
4so _ 50— €
T(z) = @l = —@]loo = 5

=y N -2

Hence |vy(z)| < e forall z € Q that satisfy d(z) > § and |z| > M.

To summarize, for all z € Q4 with |z| > max{M, x1 + || fllLodlx|<x1+1}) + 1}, we

have established that |vy (z)| < &, and this completes the proof. L]
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