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Existence and regularity of source-type self-similar
solutions for stable thin-film equations

Mohamed Majdoub and Slim Tayachi

Abstract. We investigate the existence and the boundary regularity of source-type self-similar solu-
tions to the thin-film equation /iy = —(h"hzz2)7 + (W T3);2,1 >0, z € R; h(0,2z) = wd(z) where
n € (3/2,3), w > 0 and § is the Dirac mass at the origin. It is known that the leading order expan-
sion near the edge of the support coincides with that of a traveling-wave solution for the standard
thin-film equation: 7y = —(h"h;;;);. In this paper we sharpen this result, proving that the higher-
order corrections are analytic with respect to three variables: the first one is just the spatial variable,
whereas the second and the third (except for n = 2) are irrational powers of it. It is known that this
third variable does not appear for the thin-film equation without gravity.

1. Introduction

In this paper we study the existence and regularity of source-type self-similar solutions to
the thin-film equation

hy + (Whyzz), = (W3, fort >0andz € (Z_(t). Z+(t)), (l.1a)
h=h,=0 fort >0andatz = Z4(t), (1.1b)
Zi(t)= lim h"Vh,,, fort>0, (1.1¢)

2>Z4(0)
h(0,z) = wé(z). (1.1d)

The function & = h(¢t, z) > 0 describes the height or the thickness of a two-dimensional
viscous thin-film on a one-dimensional flat solid as a function of time ¢ > 0 and the lat-
eral variable z. The parameter n > 0 stands for the mobility exponent, @ > 0 represents
the mass and § is the Dirac distribution at the origin. Here we are concerned with the
range n € (3/2,3). The term (h"3),, represents the effect of the gravity. The plus sign
in front of (h"*3),, leads to a stabilizing term (droplet on the ground) as opposed to
the droplet at the ceiling (destabilization). The functions Z4(¢) define the boundary of
the droplet, which we refer to as contact lines due to their analog for three-dimensional
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films. Then condition (1.1b)y, that is, & = 0, merely defines the contact lines, whereas
condition (1.1b),, that is, i, = 0, states that the contact angle between the liquid-gas and
liquid-solid interfaces vanishes (commonly referred to as the “complete wetting regime”).
Conditions (1.1c) are of kinematic character. They state that the (vertically averaged)
velocity of the film h"1h,,, at the contact lines equals the contact line velocities. One
then easily verifies that the mass . sz(y)) h(t,z)dz is a conserved quantity. See [37-39,43]
for a survey and more explanations. See also the references [4,5,7,36,38].
The source-type self-similar solutions of the standard thin-film equation

ht + (hnhzzz)z =0 (1.2)

has been studied by many authors; see [20] and references therein. In particular, the exis-
tence and the asymptotic behavior was established in [3]. Uniqueness in the class of
even solutions was proved in [3] and recently the unconditional uniqueness was obtained
in [34]. The asymptotic behavior given in [3] is refined in [20]. The result of [3] was
extended to the thin-film equation with gravity (1.1a) in [1], but without proving unique-
ness, and it is shown that the leading term is the same as for (1.2). Our aim, as in [20], is to
refine the asymptotic behavior obtained in [1]. Since no uniqueness results are known for
even source-type self-similar solutions of (1.1a), we will not necessarily expand the solu-
tions obtained in [1]. Specifically, we prove the existence of even source-type self-similar
solutions and give their refined asymptotics. In fact, only the first expansion is given
in [1].
A slightly more general version of the stable thin-film equation is given by

ht + (hnhzzz)z = (hm)zz’

where n,m > 0. This equation is relevant to surface tension dominated motion of thin vis-
cous films and spreading droplets. The second-order term in the equation, (h™),, arises
as a cut off of van der Waals interactions [6,27]. In the case m = n + 3, the last equation
enjoys a mass invariant scaling transformation [1,33].

If & is a solution of (1.1a), then

hp(t,z) = Ah(A" T4, Az2), A >0

is a solution of (1.1a) on (A~! Z_(A"*41), A= Z (A"T#1)). Self-similar solutions are
1

such that i = h for all A > 0. Taking A = ¢~ n+4, we see that / is a self-similar solution

if and only if

h(t,z) = t7ma g (17w z),  Za(r) = 1 Za(1), (1.3)

where J := h(1,-) is the profile of the self-similar solution. We look for regular profiles

H : R — [0, co) that are even and have compact support [—a, a] for a > 0, and # > 0
1

on (—a,a) such that Z4 (¢) = +at+4. Since # is even, #’(0) = 0. By (1.1b), we have

H=H =0 at +a.
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The conservation of mass, together with (1.3)—(1.1d), gives

/ h(t,z)dz = ’ H(z)dz = w.
R —a

Since A satisfies equation (1.1a), J satisfies equation (1.4a) below, where we used (1.1c)
after integration.
Hence, we have to look for pairs (a, #) solving the problem

1
HH" = ﬁy&’{’ +(n+3)H"T2H fory € (—a,a), (1.4a)
n
H=H =0 aty = *a, (1.4b)
H(=y)= () >0 on (—a,a), (1.4¢)
H(y)dy = w > 0. (1.4d)

—a

Clearly, (1.4¢) implies #’(0) = 0. Let

F(y) = (n+4ra~rH(ay), ye(=11)

and , .
w=m+3)(n+4)"na>n, (1.5)
Then J# solves the problem
HH" = yH + uH"2H for y € (—1,1), (1.6a)
F'(0)=0 H=H =0 aty = =£1, (1.6b)
H(—y)=JH(y)>0 on (—1, 1), (1.6¢)
1
~ Vn+3
/ H(y)dy = nt o= k(p) > 0. (1.6d)
-1 VI

Let us apply the shift y = —1 + x and put H(x) = J (—1 + x). Using the symmetry
of J, the problem reduces to finding a pair (1, H) € (0, 00) x C1([0, 1]) N C3((0, 1))
such that

H'" 'H"” = 1+ x+pH" T H',  x€(0,1], (1.7a)
H(0) = H'(0) =0, (1.7b)
H'(1) =0, (1.7¢)
! 1
/ H(y)dy = EK(,U,) > 0. (1.7d)
0

As in [20], we denote by

Hrw(x) = A"3x" ¥Yx>0 (1.8)
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a traveling-wave profile to (1.2), i.e., a solution of

HIEVHY, = —1, x>0, (1.9a)
Hrw(0) = Hpy(0) = 0, (1.9b)

where 3
vi=—, A=vlv—-1)Q2-v). (1.10)

n

Clearly, n € (3/2,3) implies v € (1,2) and 4 > 0.

The traveling-wave profile Hrw solves the leading order equation of (1.7a) for x < 1
(see Lemma 5.3). Therefore, the solution to (1.7) will have the same leading order asymp-
totic as x \( 0. The existence of solutions to (1.7) which behave like Hrw as x \( 0 was
proved by Beretta; see [1, Theorem 5.1, p. 760].

Our aim is to prove the existence of solutions to (1.7) and give a more refined asymp-
totic than that of [1]. We now give the main result of this paper.

Theorem 1.1. Let 3/2 < n < 3. Then we have the following:
(i) There exists ¢ > 0 such that for any ju > 0 there exists a solution H,, € C'([0,1])
N C3((0,1)) of (1.7a)—(1.7¢) satisfying

Hy(x) = A75x" (14 u(x, b(w)xP, ux?)),
2,1 (1.11)

0<x < minfe. (b&))é, (=)'}

for some b(j) > 0, where u(xy, X2, x3) : [0,&2] x [0, €] x [0,2] — R is an
analytic function with

1#(0,0,0) =0, 0,u(0,0,0) <0,
and v, A are given by (1.10) and

_ V=312 4+ 12v—-8—-3v +4
= 5 ,

B y=2(1+v). (1.12)

(i1)  There exists (L > 0 such that the solution Hy satisfies also (1.7d).

The previous theorem proves that the higher-order corrections are analytic with respect
to three variables: the first one is just the spatial variable, whereas the second and the third
(except for n = 2) are irrational powers of it. It is known that this third variable does
not appear for the thin-film equation without gravity [20]. This shows the impact of the
gravity (h"*3),, on the regularity. See (5.8) below, where we show that 9,i(0,0,0) > 0
and 03u(0, 0,0) > 0. The fractional power § is obtained when linearizing (1.7a) around
the traveling-wave Hrw and appears as a root of a polynomial p. See Section 2.

The proof of Theorem 1.1 mainly uses the method introduced in [20] and some ideas
in [1]. We first construct a local solution to (1.7a)—(1.7b) which is analytic in the three
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variables x, b x# and p x?. To do this, we unfold the singular behavior and construct
a local solution for the resulting nonlinear partial differential equation; See (2.6)—(2.7)
and Proposition 4.1 below. Our approach in the rest of the proof is based on a shooting
argument with respect to two parameters. We shoot with respect to the parameter b > 0 to
fulfill the boundary condition (1.7c); See Proposition 5.5 below. Finally, by shooting with
respect to the parameter 1 > 0 we fulfill the mass condition (1.7d); See Proposition 5.8
below.

Let us mention that in [20], the shooting argument is done only with respect to one
parameter. Indeed, by a scaling argument we can reach any mass @ > 0 from any given
solution of (1.7a)—(1.7c) without gravity, which is not possible in our case. This justifies
why we need part (ii) in the previous theorem.

Remark 1.2. Our arguments are also valid to construct local regular solutions of
(1.72)—(1.7b) with p replaced by —u, which holds when studying source-type self-similar
solutions for the unstable thin-film equation

ht = _(hnhzzz)z - (hn+3)zz

(this is the droplet at the ceiling); see the proof of Proposition 4.1 below. To construct
regular solutions satisfying the whole of problem (1.7), we think that the mass @ should
be less than the critical mass w, = 2w \/m; see [44, p. 237], [44, Reference 6, p. 254],
[42, footnote, p. 1711] and [33] for this restriction on w. See also [8,9,17,18,37,41,42,44]
for the unstable thin-film equation. We mention also that self-similar solutions to stable
thin-film equations related to (1.1a) are found in [15, 16].

The rest of this paper is devoted to the proof of the main result, that is, Theo-
rem 1.1. Section 2 deals with the unfolding of the singularity in the three variables x, b x?
and p x?. Section 3 is devoted to the study of the related linear problem. In Section 4, we
prove the local existence for the nonlinear problem. Section 5 is devoted to the shooting
arguments needed in order to obtain the desired existence and regularity. In what fol-
lows, C will be used to denote a constant which may vary from line to line. We also use
A < B to denote an estimate of the form 4 < CB for some absolute constant C, A ~ B
if A< Band B < A,and A < B if A is sufficiently small with respect to B. Finally, we
use the notation Ny = N U {0} = {0, 1,2,...}.

2. Unfolding of the singularity
As in [20], we factor off the leading order behavior Hry = A73xY, e,
H(x) =: A73x"F(x). 2.1)

Motivated by [1], we impose
F(0) = 1. (2.2)
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Equation (1.7a) becomes
F"1q(D)F = A(=1 + x) + pA~ 3 x2 21D 4 ) F, 2.3)

where, as in [20], the scaling-invariant logarithmic derivative operator D is defined by

d
D :=x0y =—, s:=Inx, 2.4)
ds
and the polynomial ¢ is given by
g€ =E+v)E+v-DE+v-2). (2.5)

Put
F(x)=:1+u(x).

Then, since ¢(D)1 = — A, we have

F" 'q(D)F = (1 +u)" 'q(D)(1 + u)
=—A(1+w)" + (14w q(D)u
=—A—-A[1+w)" =11+ 1 +uw)"1q(D)u
=—A—A[(1+w)" ' —1—@n—Du]+ [0 +uw)"" = 1]g(D)u
+g(D)u —(n—1)Au
=—A-A[(1+w)" " —1—n—Du]+ [0 +uw)"" = 1]g(D)u
+ p(D)u,
where
p(D)u = q(D)u — (n — 1)Au.
Hence, using (2.5), the polynomial p(§) is given by

p(E) =€ +3(v—DE> + B2 — 6v +2) —3(v — D2 —1)
=E+DE-—a)E-p).
where f is given by (1.12) and « is given by
—/=3v2+12v—-8—-3v+4
o= > .

Clearly, since n € (3/2,3), then« € (—2,0) and 8 € (0, 1).
Problem (2.2)—(2.3) now becomes

p(D)u = Ax + A[(] + u)”_l —1—(n- l)u]
—[A+uw" = 1]g(D)u
LA E A+ u) (D + )1 +u), xeO1], (2.6)
u(0) = 0. @D
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We will study the corresponding linear problem

p(Dyu = f, xe(0,1], (2.8)
u(0) = 0. (2.9)

For that purpose, we introduce a second and third variable
yi=bxP, z:=pux”

for some b € R, with u > 0 to be fixed later. Let us explain the reason for that.

One cannot expect the solution u(x) of (2.6) to be smooth in the single varia-
ble x, since this, together with boundary condition (2.7), rules out all homogeneous solut-
ions x !, x, and x# to the corresponding linear problem (2.8). Of these, the only one that
is compatible with boundary condition (2.9) is the solution xB. Note, however, that d‘;—kkxﬂ
is singular at x = O for k > 1, and so, there can only be one solution u(x) to (2.8) that is
smooth with respect to the single variable x for smooth right-hand sides f(x). Hence, one
introduces the artificial variable y := bx#, being the only solution of (2.8) with f = 0
that obeys (2.9).

One cannot expect the solution u(x) to be a smooth function in the two variables x
and x?# , since the right-hand side of equation (2.6) is, for n # 2, not smooth in the two
variables x and y = bx?. This is why one introduces the artificial variable z := pux?.

If v(x) and v(x, bx#, ux?) are regular functions related via v(x) = v(x, bx?, ux?),
we have by (2.4) that Dv(x) = Dv(x, bx?, ux?), where

D := x0y + Byd, + yz0;. (2.10)
In order to unfold the singular behavior, we introduce also
u(x) = u(x, bx®, ux?).

Using the identification between D and D, the conditions u(0) = 0 and u(x) ~ —bx? as
x \\ 0 combined with equation (2.8) translate to the linear problem

pMD)it=f forx>0,y>0, z>0, (2.11)
(i, 3,1)(0, 0,0) = (0, —1). (2.12)
In fact, equation (2.6) reads in the new variables as
pD)i = Ax + A[(1 + )" "' —1— (n — )]
-[a+w" ' - 1]qD)u
F AT Z(1L+ )" TND + v)(1 + ).

Then, the solution #(x, y, z) of (2.11)—(2.12) coincides with that of (2.6)—(2.7) in the case
y = bxP, z = fix?, for fixed values (b, It), chosen such that condition (1.7¢) as well as
condition (1.7d) are fulfilled. The freedom to choose two real parameters b and p will
play a crucial role in fulfilling two additional conditions.
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3. Well-posedness for the linear problem

We introduce the notation (x, y, z) =: (x1, X2, x3), as well as dy;, := 9; fori =1, 2, 3.
Let us set

u=: 170 — X2.
We will construct a solution to the following linear problem with homogeneous boundary
condition:

pD)iig = f forx; >0, x, >0, x3 >0, 3.DH
(10, 02110)(0, 0,0) = (0, 0). (3.2)

A key tool in our construction will be the following lemma:
Lemma 3.1. Let A < BB, and consider the problem

OEYNTENS (3.32)
(i1, 9,1)(0,0,0) = (0,0). (3.3b)

Then, for all smooth functions f(x1,x2,x3) with (f, 32 f)(0,0,0) = (0, 0), the function

_ — o dr
u(xy, x2,x3) = (Tp f)(x1,x2,x3) 1= / A f(rxy, rﬂxz,r”)@) - (3.4)
0

is a smooth solution of (3.3) such that

. (k,£,m) e Ng, (3.3)

1
Y |okasorD/u| < ||okasas S
Jj=0

with (k, €, m) € {(0,0,0), (0,1,0)} if A = B, where ||-| denotes the sup-norm on an
arbitrary cuboid [0, £1] x [0, £3] x [0, £3]. Moreover, we have the commutation property

TAD = DT,.

Proof. Although the proof is similar to that in [20, Lemma 1], we give it for completeness.
Let us first show that formula (3.4) defines a smooth function satisfying (3.3b). Writing

_ _rl q
(T D)l =171 [

we see that # is well defined for A < 0. Assume now that 0 < A < . Expanding
Frx1rPxa,r¥xs) = rx101 £(0,0,0) + r7x393 £(0,0,0) + Oy, s x0) (),

we end up with

dr
-y

— _ 1 d _ 1
(74 ) G| < [0 F0.0.0)1 [ 75+ bsafo.0.000 [ 3

C Uodr
+ (X],)Cz,Xg,) . M<OO.
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The fact that 9, £ (0, 0,0) = 0 implies

aZf(rX], X2, 1 VX3) =0 (rxl + rﬁxz +r X3)

It follows that

1
— d
0211 (x1, X2, X3) =/ pA+B 82f(rx1,rﬂxz,r”x3)7r 3.6)
0

is well defined. The boundary conditions (3.3b) follow from (3.4) and (3.6). To prove the
smoothness, observe that

! d
_ _ _ r
KDL U (X1, X2, X3) = / pmAFkELBEmy GkaCom £ (rx, rﬂxz,r"X3)T.
0

Since A < f and the cases (k, £, m) € {(0,0,0), (0, 1,0)} were handled, we conclude that
the integral converges and the derivatives up to any order are well defined.
Recalling that
D = x19; + fx202 + yx33,

we compute
T R T BBy, T 7 8 dr
Du = re8rxid1 f + Brixada f + yr¥xsds f|(rxy, rPxz, 1V x3)—
0 r

1
d. . —
= / r_A—[f(rxl, rPx,, r¥xz)|dr 3.7
0 dr
1

dr
=[r A frxrPxor x3)] —i—A/ A Frxn, B X3)—
0
= f(x1,X2,X3) + Al(x1, X2, X3),
where we have used the fact that f(O, 0,0) = 32]7(0, 0,0) = 0 to deduce

r*Af(rxl,rﬁxz, rYx3)|r=0 = 0.

We have by definition of 7Ty that

TADf [ rx1 1f +ﬂr xzazf + yr X383f](rx1 rPxo,r x3)—

which is equivalent to Dt = DT f_ thanks to (3.7). Finally, (3.3b) is obvious and esti-
mate (3.5) follows from the equation

Dit = Aii + f

and the fact that B
OO = Tp—k—tp—my 050507 f. .
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A straightforward consequence of Lemma 3.1 is the following:
Proposition 3.2. There exists a linear operator T such that for all smooth functions
f(x1,x2,x3) with (f,02f)(0,0,0) = (0,0), the function
i(x1,x2,x3) == (T f)(x1, %2, x3)

is the unique smooth solution of (3.1)—(3.2). Furthermore, u(x1, x2, x3) satisfies the esti-
mates

3
> Jokaborp/u| < (050507 £ V¥ (k.l.m) € N3\ {(0.0.0).(0.1,0)}.  (3.8)

j=0

Proof. Asin [20], we set
T :=TgT_1Tq.

Hence,u :=T f is well defined, smooth and satisfies problem (3.1)—(3.2). Estimate (3.8)
follows from Lemma 3.1. The uniqueness follows from (3.8) and part (i) of Lemma 4.2
below. ]

4. Local existence
The unfolded function #(x, bx?, ux?) (with u(x) = #(x, bx#, 7ix?)) shall satisfy the
following boundary value problem:
p(D)i = ]7,7 for xy, x2,x3 > 0, (4.1a)
where
fa=Axi — (1 +0)"" = gD

+A[A+0)" ' = 1—(n— )]

FA (L + )" (D +v) (1 + 7). 4.2)
The main result of this section is the following:

Proposition 4.1. There exist ¢ € (0, 1) and u(xy, X2, x3) analytic in [0, 2] x [0, €] x
[0, 2] := Qg such that u solves (4.1) in Q.

The proof uses a fixed point argument. In order to establish the contraction property,
we need the following lemma:

Lemma 4.2. Let _]T(xl, X2,x3) and g(x1, X2, x3) be smooth. Then, we have

() if(f,02/)(0,0,0) = (0,0), then
11+ eld2f1 < (100 F1 -+ 1821 + 1185 711).
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(i) 1fglo <1flolglo, where, for K,L,M € N,
K L M g2k+t+2m Cot
m
o= 303 3° S o,

k=0{=0m=0

where ||-|| denotes the sup-norm on Q..

Proof. Part (i) of the lemma follows immediately from the following representations:

_ X2 S _ X1 _
f(x1,x2,x3) =/ / 8§f(0,r,0)d7:ds~|—/ d1 f (s, x2,0)ds
o Jo 0

X3 _
+/ 03 f (x1,x2,5)ds,
0

and
—_ _ _ X2 _
€0z f(x1,x2,x3) = f(x1,6,x3) — f(x1,0,x3) +/ 193 f (x1, 7, x3) dt
0
—/ (e — 1) f (x1, 7, x3) dr.
X2

We now turn to the proof of part (ii). By Leibniz’ rule, we have

oka597 (f3) Z Z Z ketlim! [0 05 03 F1 (0579505 "'g).
2 2 2 (= kI = O))m — )R

Using the fact that ||uv|| < ||u]||v||, we deduce

_ K L M K L M
1£3, < Z Z Z Z Z Z ag' o' m' bk—k' 4~/ m—m»
k=0 =0 m=0 k'=0 {'=0

m’'=0
where
2K+ +2m’ R
ar' v'.m = W||31 a2 3r3n S
2(k—k")+(—E)+2(m—m')
£
bkt gt = 1950505~ 2.
R k= kN =) (m —m")!
Hence,

_ K L M K L M
|fgl, < (Z > Z k,e,m) (Z > bk,e,m)-
k=0{=0m=0 k=04{=0m=0

This concludes the proof of the lemma.

We will need the following result for the fixed point argument:

441
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Lemma4.3. Let f be a smooth function satisfying (f,92 £)(0,0,0) = (0,0). Letu =T f
be the solution of
pD)ii = [,
(u, 92u)(0,0,0) = (0,0)

given by Proposition 3.2. Then, we have
il = 1T f11 < | flo.

where | - |o is as in Lemma 4.2 and | - |1 is defined by

3
fly =3 1D Rlo.
j=0
and both of them are restricted to Q.

Proof. Since (D’1, 3,D7)(0, 0,0) = (0, 0), we obtain by part (i) of Lemma 4.2 and
Proposition 3.2

2k+€+2m

3
i < 3 i (Z |okasorn/a)
(k,€,m)¢{(0,0,0),(0,1,0)} J=0
K L M

+{+2m
<ZZZ i 1010505 1l =1 Flo. =

k=04{=0m=0
We now turn to the proof of Proposition 4.1.
Proof of Proposition 4.1. We write u(x1, X2, Xx3) =: —Xx2 + (X1, X2, X3), and rewrite
(4.1a)—(4.1b) in the equivalent formulation
pDyiy = fi forxy,x1,x3 >0, (4.3a)
(19, 0219)(0,0,0) = (0,0), (4.3b)

where f,; is given by (4.2). For fixed integers K, L, M, let
Sk.zm = {v € CKFLAMI3(0) (3, 3,9)(0,0,0) = (0,0) and 7], < &},

where
201 tor+203

~ P
vl := vl + E — 197 (4.4)
~ o los!
o=(a1,02,03)
le|=K+L+M+3
Since (CX+TL+M+3(0 ) |-]) is a Banach space, it follows that Sg.z r is a complete

metric space as it is closed in CK+L+M+3(0 ) Note that if & € Sk 1. ps then (see [20])

(fa, 92£2)(0,0,0) = (0,0).
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Hence, the operator T' given by Proposition 3.2 is well defined, and we obtain a fixed point
equation:
U=—x+Tfz:=7T ).

To conclude, we will show that 7 is a contraction from Sk, ., »s into itself. Therefore, one
has to prove the estimates

|7 (1) — T (@)1 Seli—v]; forallit,v € Sk.p.m (4.52)

and
|7 ()|y <& forallit € Sk 1 m (4.5b)

~

and then choose ¢ > 0 sufficiently small. The proof is the same as in [20] by using
Lemmas 4.2—4.3 and [20, Lemma 4] (for smooth functions with three variables), namely,
we have:

Lemma 4.4. Let f(x1,x2,X3), 2(x1, X2, x3) be smooth functions with |fTo, |§To <1/2.
Then we have, for any m € R,

1L+ )™ =10 Sm | o
A+ ™ = A+ )"0 Sm |f —&lo,
|1+ )™ —mf — A+ 2™ +mglo <m max{|f lo, 1glo}|.f — &lo,

where
820{1 +az+2a3

[vlo := [v]o + ) — 3%,
Oll!Olz!Ol?,!
a=(a1,02,03)
lo|=K+L+M+3

and ||| denotes the sup-norm on Q.

The proof of this lemma is the same as in [20], i.e., it uses the series expansion of
the fractional power and the sub-multiplicativity of the norm | - TO- We use Lemma 4.3 to
conclude that |7 (%) — ’J'(T))Tl <|fi-— fﬂo, as well as |T(17)Tl < |]7,7T0 and that (4.5) can
now be established by using Lemma 4.4. This has been mainly done in [20] and we only
treat the additional appearing terms in ]7,7 We have

1473 x3(1 + )" D + v)(1 + Do S Jx3lol (1 + i) o (1Ditlo + []o + 1)
< e
and
A7 [+ @D+ )1+ = (1 + 5 D+ )1+ D],
< (10 + "D + )@ - Do
+ 1+ D™ = (14D HD + v)(1+ Do)
< 82“(1 + ﬁ)nHTOW— ﬂl + |(1 + L—l)n—s-l _ (1 + U)n—s-lTO]

< &%l — 1l
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Since the sets Sk, 7, m are nested as K, L, M increase, the fixed point iy is C*° and the

Taylor series
oo o0 o

Z Z Z a’fagag”%(0,0,0)kalxm
k10im! 17273

k=0{=0m=0

converges absolutely in Q.. Moreover, the corresponding error terms converge uniformly
to zero; then the Taylor series also represents the solution, i.e., the solution is analytic.
This concludes the proof of Proposition 4.1. |

Remark 4.5. The result of Proposition 4.1 is still valid if we replace O, by Q e =[—€2,6?]
x [—e, €] x [—€2, 2] for (b, ) € R2.

5. Regularity

In this section we give the proof of Theorem 1.1. Until now, we have constructed a solution
of (1.7a) and (1.7b), given by

Hp . (x) = A75xV (1 + up, . (%)), (5.1)
with 3
v=—, A=v(v-1)Q2-v), and up,(x)= i(x,bxP, ux?),
n

where #(x1, X2, X3) is given by Proposition 4.1. In particular, % (x1, X2, x3) is analytic in
0. = [0,6?] x [0, ¢] x [0, £?]. Then, up,,, and hence, Hp,,, are defined for

82

1 1

0<x<Rpule) = min{sz, (f)ﬂ : (—) ” } (5.2)

b %

We first give the following existence and uniqueness result:

Lemma 5.1. Consider the initial value problem

U" =@x-1)U""+pUU’, (5.3a)
U(X()) =Uy > 0, U/()C()) =U; e R, U”(Xo) =U, eR, (53b)
wheren > 1, >0, xg € R. Then, there exists a unique maximal solution U = U(x) > 0

of (5.3) defined on some interval (x«, x*) with —00 < x4 < x9 < X* < o0.

The proof of this lemma is postponed to Appendix A. As an application of Lemma 5.1
we have the following:

Proposition 5.2. The function Hy, ,, given in (5.1) can be extended to a smooth solution
of (1.7a)=(1.7b) on a maximal interval (0, x, M) with

Hp, >0 in(0, x;,u) and xl’;’ﬂ < 00. (5.4)
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Proof. Let U = Hp;, and xo = %fcb,u where Hp ,, is given by (5.1) and X, is given
by (5.2). Since Hp, satisfies (5.3a) on (0, X ) and Hp ,(0) = 0, U then satisfies
(5.32)—~(5.3b) with U(x9) = Hp ,(x0) > 0, U'(xg) = Hl;,u(x(’)’ U (xo) = Hb//,u(x())'
By Lemma 5.1, U = Hp , can be extended to a smooth solution of (1.7a)—(1.7b) on a
maximal interval (0, x;, M). m

Our goal is to show the existence of a solution satisfying (1.7c) and (1.7d) as well. To
fulfill condition (1.7¢), we shoot with the parameter b. Thus, we obtain a solution Hg( n
of (1.7a) which satisfies (1.7b) and (1.7c). We conclude by a shooting argument with p to
fulfill condition (1.7d). For both, the following expansions are essential:

Lemma 5.3. Let Hrw be the traveling-wave solution of (1.9) given by (1.8), and Hp
the function defined by equation (5.1). There exists g9 > 0 such that the following holds:

1-v/3
9K (Hy,,, — Hrw)(x) = pa)(L+0@»$x”4—urwﬂl+0@»&x”ﬂ
A—v
+ “;ky) (1 4 0(e))dx"+7, (5.5)
30y Hy i (x) = —A7"3(1 + 0(e))d*xV T4, (5.6)
and -
V

350, Hp . (x) = W(l + 0(e) ¥k xV 7, (5.7)

fork €{0,1,2,3},0<e<eggand0 < x < Xp,(¢).

We point out that O(g) means a generic function f(x,¢) with | f(x,¢)| < ¢ for x
near 0.

Proof. We have that (Hyp, , — Hrw)(x) = A7/3x"uy, ,(x), where
up,(x) = a(x,bxP ux?).

Since u satisfies the equations (4.1a)—(4.1b)—(4.2), and using the fact that 9, p(]_))L_t =
p(D+ 1)0,u and 03 p(D)u = p(D + y)d3u, we get

_ A _ VA3V
Blu(0,0,0) = m > 0, 83%(0,0, 0) = p(y) >
Hence,
_ A vA—3Y
u(xy, x2,x3) = ——(1 + 0(e))x1 — (1 + O(e))x2 + (1+ 0(e))x3. (5.8)
p(l) ry)

By the definition of ]_), we have that

k—1

ai(x”ub,u(x)) = x"k l_[(l_) +v— j)ﬁ(x,bxﬂ, ux?). (5.9)
j=0
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We also have
Opup,u(x) = %xzazﬁ(x,bxﬁ,ux”), (5.10a)
0pup (x) = ﬁx383ﬁ(x,bx‘3,ux”). (5.10b)

The analyticity of & and (5.8) imply

Dkt = — (1 + 0(e)x1 — BE((1 + 0(e)xs + ¥* 2" ((1 4+ 0(e))xs.
p(1) ()
x20,(DFiT) = —*((1 + 0(e))x2,
vA_%”

x303(DFin) = yk

() (1 + O(e))xs.

It follows from (5.8)—(5.9) and Duy, ,, (x) = Dit(x, bx?, ux?) that

0% (Hp,po — Hrw)(x) = % A7 xVup . (x)
k—1
= A7V l_[(]_) + v — j)ia(x,bx?, ux?)
j=0
k—1 A
=A7B IO +v - ) (——(1 + 0(e))x
H (p(l)
/LUA_%U
()

_ A_u/saixv<%(1 + 0()x — b(1 + O(6))xP

v

j=0

—b((1+ 0(e))x* + (1+ 0(e)x”)

MVA_%
r)
Al—v/3
=50 (14 0(e)F*x"T1 —bA™3(1 + O(e))dkx"+P
P

UVA~
P(¥)

This proves (5.5). We can easily deduce from (5.5) the formulas (5.6) and (5.7). ]

+

((1+ 0@)x")

v

+ (14 0(e))dkx"*7.

In the lemma and proposition which follow, p is assumed to be a fixed positive real
number. A key lemma is the following:

Lemma 5.4. Let 1 > 0 be fixed and Hrw be the traveling-wave solution of (1.9) given
by (1.8). The function Hy, ;, defined by equation (5.1) satisfies:
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()  0%Hou(x) > 0% Hrw(x) fork =0,1,2,3 and x € (0.x§ ). In particular, Ho ;.
does not reach 0.

(i) 9p0KHp,(x) <O0fork =0,1,2,3and x € [0, %p,,,).

(iii) x;M —0asbh — oo.
Proof. From (5.5) we have, for ¢ > 0 sufficiently small, that
O Hy, > 8% Hrw on (0,%,(e)] fork =0,1,2. (5.11)
From equations (1.72)—(1.9a) and the fact that & > 0, we have

Hg,' — Hiy'
(Ho,u — Hrw)" = H(l;t,/_l,lHl’“lVTll +
_ Hy' - HE
Hy  HEy!
. Hy' — Hiy'!
H HEy' (Ho,u — Hrw)
+ wH§ , (Ho, — Hrw)'. (5.12)

2 /
g, oo

+ wHg  Hy

(Ho,,, — Hw)

The first assertion follows from (5.11), (5.12) and Corollary B.4.
We now turn to the proof of (ii). From (5.6) we have, for ¢ > 0 sufficiently small, that

dpd* Hy, <0 on (0,%p,(e)] fork =0,1,2. (5.13)

Differentiating equation (1.7a) with respect to b yields

n—11-x)
H"

G" = G +2uHH' G + nH?* G, (5.14)
where G = 0, H and H = Hp ;. By (5.5), the coefficients in the previous equation on
G are positive. Assertion (ii) follows by the ordering (5.13), equation (5.14) and Coroll-
ary B.5, in Appendix B.

Finally, we turn to prove (iii). For b > max(e' =28, uB/7e'=28/7) we have that
Xppu(e) = (s/b)l/ P . Hence, it follows from the expansion in (5.5) with b sufficiently
large and the fact that 8 < 1 that

Hyp,;,, — Htw <0,
(Hp,,, — Hrw) <0, (5.15)

2—v 1+V;2
(Hpy — Hrw)' S —bF e P
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at x = (g/b)'/P. Also, using the monotonicity in b, we obtain for x < 1

—1+x 1 5

(Hp,p — Hrw)" = el M “Hb,qug,u
Hb,pb HTW

- —1+x n 1
T OHGD O HE!

(1-x) Mo — My +—
Hy MHYy' HEy!
HO,/L — HTW X

+
Hiy Hiy'

+ uHy , Hy

IA

+ MHbz,MHl;,,u

= -1 -x)

where we have used (i) with k = 0 and the inequality
X¢—Yy“* a
<
(XY)x — yoetl

(X-Y), >0 and 0<Y < X.

By (1.8), (5.1) and (5.8), we have that

H() — HTW XU+1 _
(1—x)—£ ~ =x""2 as x \ 0,
HfY X"
™
X X v—=2

X as x \( 0,
Hliu«ng,u ~xT=0(x"2) asx \(0,
and since (Hp ,, — Hrw)"” is regular for x > 0, we conclude that
(Hp,,, — Hrw)" < X2

for x € ((¢/b)"/#, min{l,x;M}) and b > max(e' 728, uB/vel=28/7),
The Taylor expansion of Hp ,, — Hrw around X, (¢) reads

(Hp, — Hrw)(x) = (Hp,,, — Hrw)(%,,(¢))
+ (X — Xp,,,(8)) (Hp, ;o — Hrw)' (Xp,1.(€))

5 0= 8,000 (Hyg — Hrw) (,06))

1 P
L1 / (x — ¥)2(Hp, — Hrw)" () dy.

2 J3 60

Using (5.15) and (5.16) for x > %3, close to Xp, ,,, we get

Hypu(6) < Hrw(x) —c1b 7 €% (x = £,0())% + cax™.

+ 'quz,qu/?,u’

448

(5.16)

It follows, since v < 2, that for b sufficiently large, the right-hand side of the previous
inequality is negative. This completes the proof of part (iii). This finishes the proof of the

lemma.
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We now present a consequence of the previous lemma.

Proposition 5.5. Let 1 > 0 be fixed. Then there exists b(i) > 0 such that the funct-

ion HE(M),,U« satisfies (1.7a)—(1.7¢c). Moreover, Hé(u),u > 0on (0,1).

Proof. We have Hl; M(x) > 0 for x near 0 by (5.5), and, for b sufficiently large, H ,; M
is negative somewhere by part (iii) of Lemma 5.4. Hence, there exists Xp , such that
H, . (¥b,.) = 0. Define

B=1{b>0:H, ,(x)=0forsome x € (0,11 N (0, x5 ,)}.

Let b(u) = inf B which is well defined. Part (i) of Lemma 5.4 ensures that b(u) > 0.
Moreover, by continuous dependence on the parameter b, b() € B.

To conclude, we will prove that )?17( W = 1, where for b € 8, fb stands for the first
zero of H l;, w Assume by contradiction that ?g( W < 1. Then, since Hl%(u),u« ()?E(M)) =0,
we get

= _ :_ 1_ :_
HY (XE(M)) =1+ xb(M))H— " (xb(M)) < 0.

b(1L), i b(), 1
Hence, Hliy’(’ﬂ),u <0 ill some neighborhood of )?17(#) and IL_Ili)/ i is decreasing. Moreover,
; = _ , = .
the fact that Hl;(u«),u (xb(u)) = 0 and HE(/L),;L > 0 on (0, Xp(,)) implies that
” =
Hy .1 o) =0

Using the fact that Hé’ GO is decreasing, we deduce that

" = o
Hl;(u«),u <0 on (xb(u),xb(m + 1),

for some 1 > 0. Then
/ :_ :_
HE(M),M <0 on (xb(u),xb(m + ).

This contradicts the definition of b. (u) and proves that )?g( W= 1. It follows that H b
is the desired solution satisfying (1.7a)-(1.7c). [

In the remainder of the paper, we will write
Hy := Hy,) 0 (5.17)
where for any p > 0, Hy . is given by Proposition 5.5.

Proposition 5.6. There exist two positive constants C, and D,, depending only on n such
that for all u > 0, we have

max(H,(1)"*, /iH,(1)'7?) = Dy, (5.18)
— H|(1) = [H|()| < Co v/n + 4 Hyu (1) ™2, (5.19)

where H,, is given by (5.17).
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Proof. Let u > 0 and a > 0 be defined by (1.5). Then

Hu(y) = (n+4)"man H,L(l —~ g) (5.20)

defined for y € [0, @) and extended to (—a, a) by evenness solves (1.4a)—(1.4c). Using
[1, Lemma 3.3, p. 750] and [, (3.32), p. 754] together with the fact that

Hu(0) = (n+ 47V a* ™ Hy (1), H/(0) = (n+ 47" a2 51,
we obtain (5.18) and (5.19). This finishes the proof of Proposition 5.6. ]

Remark 5.7. The constant C,, appearing in (5.19) is as in [1, (3.32), p. 754], while the
constant D, can be taken as

43244y
n \/4_8 .

To satisfy (1.7d) it suffices to prove the following:

Proposition 5.8. There exists L > 0 such that Hy satisfies (1.7d), namely,

1 Vn+3
/0 Hp(x)dx = Wi w, 5.21)

where w > 0 is fixed by (1.1d).

Proof. 1t suffices to show that the map

27 !
M:0< > Mp):= \/’;/_? | Hy(x)dx

satisfies M ([0, 0c0)) = [0, 00). Note that M is continuous with respect to  and M (0) = 0.
To conclude the proof, we will show that there exists a sequence (j4;) such that

M(pj) = o0 asj — oo. (5.22)

The proof of (5.22) will be done in two steps.
Step 1. Define

a(i) = (n + 4)" 7 (n + 3)"ws s Hy(1). (5.23)
We claim that
sup a(u) = oo. (5.24)
w>0

To obtain a contradiction, assume that «(¢) < 1. Then

H, (1) S p~mis,
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Therefore,
Hy ()" 5 p~ 205,
VI H (D)2 <

Using (5.18), we should have 1 < ,LL_Z("L) for all i > 0. This leads to a contradiction for
large p, and the proof of the claim follows.
From (5.24), we deduce that there exists a sequence (jt;) such that

aj ;=a(u;) > o0 asj — oo. (5.25)

Step 2. Let v; = v; () be the solution of

vV = -2C a!_"/z +a?(n +3)(v; —a;) fory >0,
{ f nQ; j( ) (V) ) y (5.26)

Vj(O) = qy, V}(O) =0,

where C,, is as in (5.19). The solution of (5.26) is given explicitly by

vi(y) = [2C, + (n + 3)oc;+n/2 —2C, cosh(ajvn +3y)].

(n + 3)0511 +n/2
Using the same arguments as in the proof of [1, Lemma 3.7, p. 754], we have that
Hy (y) = vi(y) fory >0,
where J,,;, given by (5.20), is extended by zero outside its support. Let J; be such that
Vj(}7j) = az—j. Then
aj Vi
[" #,0a = [T wora
0 0

Ol,' ~ 1
> =y, = ———— ar cosh<1+
2y, 2vn +3 &

Using (5.25), we deduce that

n+ 3a2+n/2).
4C, 7

aj
/ Hy; (y)dy — o0 as j — oo.
0

Now we can conclude the proof of (5.22). Indeed, we have that

M(pj) = 2/0 ] FHy; (y)dy.

It follows that, for @ > 0 given by (1.1d), there exists ;& > 0 such that M(it) = w. This
finishes the proof of Proposition 5.8. ]

Proof of Theorem 1.1. The proof of part (i) follows from Proposition 4.1, (5.1) and Propo-
sition 5.5. The proof of part (ii) follows from Proposition 5.8 with Hz = Hl?(;i),ﬁ' This
completes the proof of Theorem 1.1. ]
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6. Conclusions

We consider self-similar source-type solutions H for the thin-film equation with a regu-
larizing second-order term and with mobility exponent n € ( % 3) in dimension one. We
show the existence of a solution having the behavior H(x) = Hrw(x)(1 + v(x, x#, x?)),
where Hry is the traveling-wave, 8 € (0,1), y =2 + %, and v(xy, xp, x3) is analytic
near (0, 0, 0) with v(0,0,0) = 0, d,v(0, 0,0) < 0. This improves the previously pub-
lished results [1] about qualitative behavior of the solution near the interface. The previous
asymptotic shows that the source-type solution for the thin-film equation with gravity is
an analytic function in the three spatial variables (x, x5, x3) where x1 1= x, x5 1= xP and
x3 := x”. The third variable is new, unless n = 2, with respect to the known expansion
for the standard thin-film equation.

This shows the effect of the gravity on the expansion of source-type solutions. We
expect this to be the generic behavior of solutions of the thin-film equation with
gravity (1.1a) and to be helpful for the well-posedness for (1.1a). In fact, it is shown
in [19] that the expansion, given in [20], of the source-type solution for the standard thin-
film equation (1.2) has an effect on the behavior of the solutions. Also, this expansion was
useful in [19] to obtain a well-posedness result for (1.2). See also [2, 24,26, 30-32] for
well-posedness for (1.2).

Source-type self-similar solutions are useful to describe the long time behavior of a
large class of solutions to thin-film equations. We expect that the source-type self-similar
solutions we construct here will attract, for long time, some global solutions. This has
been done for (1.2) in [10-13,21-24]; see also [25, 35,40] for other asymptotic behavior.

A. Existence and uniqueness for ODEs

Consider the ordinary differential equation

y' = f(x.y) (A1)

where f : E C R x R — R¥, with E an open set. We recall the following existence and
uniqueness results for (A.1):

Theorem A.1 ([28, Theorem 3.1, p. 18]). If f(x, y) is continuous in E and locally Lips-
chitz with respect to y in E, then for any (xq, yo) € E, there exists a unique solution y(x)

of (A.1) satisfying y(x¢) = yo.
We also recall the following extension result:

Theorem A.2 ([29, Theorem 3.1, p. 12]). Let f(x,y) be continuous on an open set E
and let y(x) be a solution of (A.1) on some interval. Then y(x) can be extended (as a
solution) over a maximal interval of existence (xx, x*). Also, if (x4, x*) is a maximal
interval of existence, then y(x) tends to the boundary OE of E as x — X« and x — x*.



Source-type self-similar solutions for stable thin-film equations 453

We now give the proof of Lemma 5.1.
Proof of Lemma 5.1. Let E = R x ((0,00) x R?) and f : E — R3 be given by

fxy) = (2. y3. x =Dy + uyiya). ¥ = (1. y2.y3)-

Clearly, f is continuous in £ and locally Lipschitz with respect to y. The problem given
by (5.32)—(5.3b) is equivalent to

v = fx, ),
y(x0) = (Up, Uy, Uz) € (0,00) x R?,

where y(x) = (U(x), U’(x), U”(x)). Using Theorems A.1-A.2, we obtain the existence
of a unique maximal solution on (X, x*) with —0o0 < xx < x¢ < x* < o0. ]

B. Useful tools

In this appendix, we recall some known facts for ordinary differential equations. We have
the following comparison result:

Proposition B.1. Assume that the function y : [a,b] — R satisfies the ordinary differential
inequality

y"(x) = A(x)y(x) + B(x)y'(x) + C(x)y"(x), a=<x=<b, (B.1)
where A, B, C are nonnegative continuous functions. If y(k) (a) >0, k=0,1,2 then
y"(x) =0, a<x<bh. (B.2)

To prove Proposition B.1, we need to introduce the type K function.

Definition B.2 ([14, p. 27]). LetY = (y1,y2,y3), Z = (21,22, z3) be two vectors in R3.
WesaythatY > Zif y; > z; foralli = 1,2, 3.

Definition B.3 ([14, p. 27]). A vector function f = (fi, f2, f3) of a vector variable
Y = (y1, y2, y3) will be said to be of type K in a set S if for each i = 1,2, 3 we have
Ji(Y) = fi(Z) for any two vectors Y = (y1, y2,y3). Z = (21, 22,23) In S with y; = z;
and y; <z; (j = 1.2.3:] # ).
Proof of Proposition B.1. LetY = (y1,y2,y3) and f(x,Y) = (y2, y3, A(x)y1 + B(x)y,
+ C(x)y3). Then using Definition B.2, the differential inequality reads

Y'(x) = f(x.Y(x)), a=<x=b,

where Y = (y,y’,y”). Since A, B, C are nonnegative, then by Definition B.3, f is type K.
Using [14, Theorem 10, p. 29] and the fact that Y(a) > 0 = (0, 0,0), we get Y(x) =
(y(x),y'(x),y"(x)) > (0,0,0), a < x < b. Using the differential inequality and the fact
that A, B, C are nonnegative, we get (B.2). This completes the proof of the proposition. m
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From Proposition B.1 we deduce the following results:

Corollary B.4. Assume that the function y : [a, b] — R satisfies the ordinary differential
inequality

¥"(x) > A(x)y(x) + B(x)y'(x) + C(x)y"(x), a <x<b, (B.3)
where A, B, C are positive continuous functions. Ify(k) (a) >0, k=0,1,2 then
y"(x) >0, a<x<bh. (B.4)

Proof. Using Proposition B.1, we deduce that y(k)(x) >0,a<x<b,k=0,1,2,3.
Then the desired inequality (B.4) follows immediately from (B.3). ]

Corollary B.5. Assume that the function y : [a, b] — R satisfies the ordinary differential
equation

y"(x) = A(x)y(x) + B(x)y'(x) + C(x)y"(x). a=<x=b, (B.5)

where A, B, C are positive continuous functions. Ify(k) (a) <0, k=0,1,2, then

y"(x) <0, a=<x<bh. (B.6)
Proof. Put z = —y. Then z satisfies the assumptions in Proposition B.1. Hence, we
obtain (B.6). ]
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