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Existence and regularity of source-type self-similar
solutions for stable thin-film equations

Mohamed Majdoub and Slim Tayachi

Abstract. We investigate the existence and the boundary regularity of source-type self-similar solu-
tions to the thin-film equation ht D�.hnhzzz/z C .hnC3/zz ; t > 0; z 2RI h.0; z/D !ı.z/where
n 2 .3=2; 3/; ! > 0 and ı is the Dirac mass at the origin. It is known that the leading order expan-
sion near the edge of the support coincides with that of a traveling-wave solution for the standard
thin-film equation: ht D �.hnhzzz/z . In this paper we sharpen this result, proving that the higher-
order corrections are analytic with respect to three variables: the first one is just the spatial variable,
whereas the second and the third (except for n D 2) are irrational powers of it. It is known that this
third variable does not appear for the thin-film equation without gravity.

1. Introduction

In this paper we study the existence and regularity of source-type self-similar solutions to
the thin-film equation

ht C .h
nhzzz/z D .h

nC3/zz for t > 0 and z 2 .Z�.t/; ZC.t//; (1.1a)

h D hz D 0 for t > 0 and at z D Z˙.t/; (1.1b)
PZ˙.t/ D lim

z!Z˙.t/
hn�1 hzzz for t > 0; (1.1c)

h.0; z/ D !ı.z/: (1.1d)

The function h D h.t; z/ > 0 describes the height or the thickness of a two-dimensional
viscous thin-film on a one-dimensional flat solid as a function of time t > 0 and the lat-
eral variable z. The parameter n > 0 stands for the mobility exponent, ! > 0 represents
the mass and ı is the Dirac distribution at the origin. Here we are concerned with the
range n 2 .3=2; 3/. The term .hnC3/zz represents the effect of the gravity. The plus sign
in front of .hnC3/zz leads to a stabilizing term (droplet on the ground) as opposed to
the droplet at the ceiling (destabilization). The functions Z˙.t/ define the boundary of
the droplet, which we refer to as contact lines due to their analog for three-dimensional
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films. Then condition (1.1b)1, that is, h D 0, merely defines the contact lines, whereas
condition (1.1b)2, that is, hz D 0, states that the contact angle between the liquid-gas and
liquid-solid interfaces vanishes (commonly referred to as the “complete wetting regime”).
Conditions (1.1c) are of kinematic character. They state that the (vertically averaged)
velocity of the film hn�1hzzz at the contact lines equals the contact line velocities. One
then easily verifies that the mass

R ZC.t/
Z�.t/

h.t; z/dz is a conserved quantity. See [37–39,43]
for a survey and more explanations. See also the references [4, 5, 7, 36, 38].

The source-type self-similar solutions of the standard thin-film equation

ht C .h
nhzzz/z D 0 (1.2)

has been studied by many authors; see [20] and references therein. In particular, the exis-
tence and the asymptotic behavior was established in [3]. Uniqueness in the class of
even solutions was proved in [3] and recently the unconditional uniqueness was obtained
in [34]. The asymptotic behavior given in [3] is refined in [20]. The result of [3] was
extended to the thin-film equation with gravity (1.1a) in [1], but without proving unique-
ness, and it is shown that the leading term is the same as for (1.2). Our aim, as in [20], is to
refine the asymptotic behavior obtained in [1]. Since no uniqueness results are known for
even source-type self-similar solutions of (1.1a), we will not necessarily expand the solu-
tions obtained in [1]. Specifically, we prove the existence of even source-type self-similar
solutions and give their refined asymptotics. In fact, only the first expansion is given
in [1].

A slightly more general version of the stable thin-film equation is given by

ht C .h
nhzzz/z D .h

m/zz ;

where n;m > 0: This equation is relevant to surface tension dominated motion of thin vis-
cous films and spreading droplets. The second-order term in the equation, .hm/zz , arises
as a cut off of van der Waals interactions [6, 27]. In the case m D nC 3, the last equation
enjoys a mass invariant scaling transformation [1, 33].

If h is a solution of (1.1a), then

h�.t; z/ D �h.�
nC4t; �z/; � > 0

is a solution of (1.1a) on .��1 Z�.�nC4t /; ��1 ZC.�nC4t //. Self-similar solutions are
such that h� � h for all � > 0: Taking � D t�

1
nC4 , we see that h is a self-similar solution

if and only if

h.t; z/ D t�
1
nC4H

�
t�

1
nC4 z

�
; Z˙.t/ D t

1
nC4 Z˙.1/; (1.3)

where H WD h.1; �/ is the profile of the self-similar solution. We look for regular profiles
H W R! Œ0;1/ that are even and have compact support Œ�a; a� for a > 0, and H > 0

on .�a; a/ such that Z˙.t/ D ˙at
1
nC4 . Since H is even, H 0.0/ D 0. By (1.1b), we have

H D H 0 D 0 at ˙ a:
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The conservation of mass, together with (1.3)–(1.1d), givesZ
R
h.t; z/dz D

Z a

�a

H .z/dz D !:

Since h satisfies equation (1.1a), H satisfies equation (1.4a) below, where we used (1.1c)
after integration.

Hence, we have to look for pairs .a;H / solving the problem

HnH 000 D
1

nC 4
yH C .nC 3/HnC2H 0 for y 2 .�a; a/; (1.4a)

H D H 0 D 0 at y D ˙a; (1.4b)

H .�y/ D H .y/ > 0 on .�a; a/; (1.4c)Z a

�a

H .y/dy D ! > 0: (1.4d)

Clearly, (1.4c) implies H 0.0/ D 0. Let

zH .y/ D .nC 4/
1
n a�

4
nH .ay/; y 2 .�1; 1/

and
� D .nC 3/.nC 4/�

2
n a2C

8
n : (1.5)

Then zH solves the problem

zHn zH 000 D y zH C � zHnC2 zH 0 for y 2 .�1; 1/; (1.6a)

zH 0.0/ D 0; zH D zH 0 D 0 at y D ˙1; (1.6b)

zH .�y/ D zH .y/ > 0 on .�1; 1/; (1.6c)Z 1

�1

zH .y/dy D
p
nC 3
p
�

! WD �.�/ > 0: (1.6d)

Let us apply the shift y D �1 C x and put H.x/ D zH .�1 C x/: Using the symmetry
of zH ; the problem reduces to finding a pair .�; H/ 2 .0;1/ � C 1.Œ0; 1�/ \ C 3..0; 1//
such that

Hn�1H 000 D �1C x C �HnC1H 0; x 2 .0; 1�; (1.7a)

H.0/ D H 0.0/ D 0; (1.7b)

H 0.1/ D 0; (1.7c)Z 1

0

H.y/dy D
1

2
�.�/ > 0: (1.7d)

As in [20], we denote by

HTW.x/ WD A
� �3 x� 8 x > 0 (1.8)
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a traveling-wave profile to (1.2), i.e., a solution of

Hn�1
TW H 000TW D �1; x > 0; (1.9a)

HTW.0/ D H
0
TW.0/ D 0; (1.9b)

where
� WD

3

n
; A D �.� � 1/.2 � �/: (1.10)

Clearly, n 2 .3=2; 3/ implies � 2 .1; 2/ and A > 0.
The traveling-wave profile HTW solves the leading order equation of (1.7a) for x � 1

(see Lemma 5.3). Therefore, the solution to (1.7) will have the same leading order asymp-
totic as x & 0. The existence of solutions to (1.7) which behave like HTW as x & 0 was
proved by Beretta; see [1, Theorem 5.1, p. 760].

Our aim is to prove the existence of solutions to (1.7) and give a more refined asymp-
totic than that of [1]. We now give the main result of this paper.

Theorem 1.1. Let 3=2 < n < 3. Then we have the following:

(i) There exists " > 0 such that for any�> 0 there exists a solutionH� 2C 1.Œ0;1�/
\ C 3..0; 1// of (1.7a)–(1.7c) satisfying

H�.x/ D A
� �3 x�

�
1C xu

�
x; b.�/xˇ ; �x


��
;

0 � x � min
°
"2;
� "

b.�/

� 1
ˇ
;
�"2
�

� 1


± (1.11)

for some b.�/ > 0, where xu.x1; x2; x3/ W Œ0; "2� � Œ0; "� � Œ0; "2� ! R is an
analytic function with

xu.0; 0; 0/ D 0; @2xu.0; 0; 0/ < 0;

and �, A are given by (1.10) and

ˇ WD

p
�3�2 C 12� � 8 � 3� C 4

2
; 
 WD 2.1C �/: (1.12)

(ii) There exists x� > 0 such that the solution Hx� satisfies also (1.7d).

The previous theorem proves that the higher-order corrections are analytic with respect
to three variables: the first one is just the spatial variable, whereas the second and the third
(except for n D 2) are irrational powers of it. It is known that this third variable does
not appear for the thin-film equation without gravity [20]. This shows the impact of the
gravity .hnC3/zz on the regularity. See (5.8) below, where we show that @1xu.0; 0; 0/ > 0
and @3xu.0; 0; 0/ > 0. The fractional power ˇ is obtained when linearizing (1.7a) around
the traveling-wave HTW and appears as a root of a polynomial p. See Section 2.

The proof of Theorem 1.1 mainly uses the method introduced in [20] and some ideas
in [1]. We first construct a local solution to (1.7a)–(1.7b) which is analytic in the three
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variables x; b xˇ and � x
 . To do this, we unfold the singular behavior and construct
a local solution for the resulting nonlinear partial differential equation; See (2.6)–(2.7)
and Proposition 4.1 below. Our approach in the rest of the proof is based on a shooting
argument with respect to two parameters. We shoot with respect to the parameter b > 0 to
fulfill the boundary condition (1.7c); See Proposition 5.5 below. Finally, by shooting with
respect to the parameter � > 0 we fulfill the mass condition (1.7d); See Proposition 5.8
below.

Let us mention that in [20], the shooting argument is done only with respect to one
parameter. Indeed, by a scaling argument we can reach any mass ! > 0 from any given
solution of (1.7a)–(1.7c) without gravity, which is not possible in our case. This justifies
why we need part (ii) in the previous theorem.

Remark 1.2. Our arguments are also valid to construct local regular solutions of
(1.7a)–(1.7b) with � replaced by ��; which holds when studying source-type self-similar
solutions for the unstable thin-film equation

ht D �.h
nhzzz/z � .h

nC3/zz

(this is the droplet at the ceiling); see the proof of Proposition 4.1 below. To construct
regular solutions satisfying the whole of problem (1.7), we think that the mass ! should
be less than the critical mass !c D 2�

p
2=3; see [44, p. 237], [44, Reference 6, p. 254],

[42, footnote, p. 1711] and [33] for this restriction on !. See also [8,9,17,18,37,41,42,44]
for the unstable thin-film equation. We mention also that self-similar solutions to stable
thin-film equations related to (1.1a) are found in [15, 16].

The rest of this paper is devoted to the proof of the main result, that is, Theo-
rem 1.1. Section 2 deals with the unfolding of the singularity in the three variables x; b xˇ

and �x
 . Section 3 is devoted to the study of the related linear problem. In Section 4, we
prove the local existence for the nonlinear problem. Section 5 is devoted to the shooting
arguments needed in order to obtain the desired existence and regularity. In what fol-
lows, C will be used to denote a constant which may vary from line to line. We also use
A . B to denote an estimate of the form A � CB for some absolute constant C , A � B
if A . B and B . A, and A� B if A is sufficiently small with respect to B . Finally, we
use the notation N0 D N [ ¹0º D ¹0; 1; 2; : : :º:

2. Unfolding of the singularity

As in [20], we factor off the leading order behavior HTW D A
� �3 x� , i.e.,

H.x/ DW A�
�
3 x�F.x/: (2.1)

Motivated by [1], we impose
F.0/ D 1: (2.2)
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Equation (1.7a) becomes

F n�1q.D/F D A.�1C x/C �A�
2�
3 x2�C2F nC1.D C �/F; (2.3)

where, as in [20], the scaling-invariant logarithmic derivative operator D is defined by

D WD x@x D
d
ds
; s WD ln x; (2.4)

and the polynomial q is given by

q.�/ D .� C �/.� C � � 1/.� C � � 2/: (2.5)

Put
F.x/ DW 1C u.x/:

Then, since q.D/1 D �A; we have

F n�1q.D/F D .1C u/n�1q.D/
�
1C u

�
D �A.1C u/n�1 C .1C u/n�1q.D/u

D �A � AŒ.1C u/n�1 � 1�C .1C u/n�1q.D/u

D �A � A
�
.1C u/n�1 � 1 � .n � 1/u

�
C
�
.1C u/n�1 � 1

�
q.D/u

C q.D/u � .n � 1/Au

D �A � A
�
.1C u/n�1 � 1 � .n � 1/u

�
C
�
.1C u/n�1 � 1

�
q.D/u

C p.D/u;

where
p.D/u D q.D/u � .n � 1/Au:

Hence, using (2.5), the polynomial p.�/ is given by

p.�/ D �3 C 3.� � 1/�2 C .3�2 � 6� C 2/� � 3.� � 1/.2 � �/

D .� C 1/.� � ˛/.� � ˇ/;

where ˇ is given by (1.12) and ˛ is given by

˛ WD
�
p
�3�2 C 12� � 8 � 3� C 4

2
:

Clearly, since n 2 .3=2; 3/; then ˛ 2 .�2; 0/ and ˇ 2 .0; 1/:
Problem (2.2)–(2.3) now becomes

p.D/u D Ax C A
�
.1C u/n�1 � 1 � .n � 1/u

�
�
�
.1C u/n�1 � 1

�
q.D/u

C �A�
2�
3 x
 .1C u/nC1.D C �/.1C u/; x 2 .0; 1�; (2.6)

u.0/ D 0: (2.7)
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We will study the corresponding linear problem

p.D/u D f; x 2 .0; 1�; (2.8)

u.0/ D 0: (2.9)

For that purpose, we introduce a second and third variable

y WD bxˇ ; z WD �x


for some b 2 R, with � > 0 to be fixed later. Let us explain the reason for that.
One cannot expect the solution u.x/ of (2.6) to be smooth in the single varia-

ble x, since this, together with boundary condition (2.7), rules out all homogeneous solut-
ions x�1; x˛ , and xˇ to the corresponding linear problem (2.8). Of these, the only one that
is compatible with boundary condition (2.9) is the solution xˇ . Note, however, that dk

dxk
xˇ

is singular at x D 0 for k � 1, and so, there can only be one solution u.x/ to (2.8) that is
smooth with respect to the single variable x for smooth right-hand sides f .x/. Hence, one
introduces the artificial variable y WD bxˇ , being the only solution of (2.8) with f � 0
that obeys (2.9).

One cannot expect the solution u.x/ to be a smooth function in the two variables x
and xˇ , since the right-hand side of equation (2.6) is, for n ¤ 2, not smooth in the two
variables x and y D bxˇ . This is why one introduces the artificial variable z WD �x
 .

If v.x/ and xv.x; bxˇ ; �x
 / are regular functions related via v.x/ D xv.x; bxˇ ; �x
 /,
we have by (2.4) that Dv.x/ D xDxv.x; bxˇ ; �x
 /; where

xD WD x@x C ˇy@y C 
z@z : (2.10)

In order to unfold the singular behavior, we introduce also

u.x/ D xu.x; bxˇ ; �x
 /:

Using the identification between D and xD, the conditions u.0/ D 0 and u.x/ � �bxˇ as
x & 0 combined with equation (2.8) translate to the linear problem

p.xD/xu D xf for x > 0; y > 0; z > 0; (2.11)

.xu; @yxu/.0; 0; 0/ D .0;�1/: (2.12)

In fact, equation (2.6) reads in the new variables as

p.xD/xu D Ax C A
�
.1C xu/n�1 � 1 � .n � 1/xu

�
�
�
.1C xu/n�1 � 1

�
q.xD/xu

C A�
2
3 �z.1C xu/nC1.xDC �/.1C xu/:

Then, the solution xu.x; y; z/ of (2.11)–(2.12) coincides with that of (2.6)–(2.7) in the case
y D bxˇ , z D �x
 , for fixed values .b; �/, chosen such that condition (1.7c) as well as
condition (1.7d) are fulfilled. The freedom to choose two real parameters b and � will
play a crucial role in fulfilling two additional conditions.
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3. Well-posedness for the linear problem

We introduce the notation .x; y; z/ DW .x1; x2; x3/, as well as @xi WD @i for i D 1; 2; 3.
Let us set

xu DW xu0 � x2:

We will construct a solution to the following linear problem with homogeneous boundary
condition:

p.xD/xu0 D xf for x1 > 0; x2 > 0; x3 > 0; (3.1)

.xu0; @2xu0/.0; 0; 0/ D .0; 0/: (3.2)

A key tool in our construction will be the following lemma:

Lemma 3.1. Let ƒ � ˇ, and consider the problem

.xD �ƒ/xu D xf ; (3.3a)

.xu; @2xu/.0; 0; 0/ D .0; 0/: (3.3b)

Then, for all smooth functions xf .x1; x2; x3/ with . xf ; @2 xf /.0; 0; 0/ D .0; 0/, the function

xu.x1; x2; x3/ D .Tƒ xf /.x1; x2; x3/ WD

Z 1

0

r�ƒ xf .rx1; r
ˇx2; r


x3/
dr
r

(3.4)

is a smooth solution of (3.3) such that

1X
jD0



@k1@`2@m3 xDj xu

 .


@k1@`2@m3 xf 

; .k; `;m/ 2 N3

0 ; (3.5)

with .k; `; m/ 62 ¹.0; 0; 0/; .0; 1; 0/º if ƒ D ˇ, where k�k denotes the sup-norm on an
arbitrary cuboid Œ0; `1� � Œ0; `2� � Œ0; `3�. Moreover, we have the commutation property

TƒxD D xDTƒ:

Proof. Although the proof is similar to that in [20, Lemma 1], we give it for completeness.
Let us first show that formula (3.4) defines a smooth function satisfying (3.3b). Writing

j.Tƒ xf /.x1; x2; x3/j � j xf j

Z 1

0

dr
r1Cƒ

;

we see that xu is well defined for ƒ < 0. Assume now that 0 � ƒ � ˇ. Expanding

xf .rx1; r
ˇx2; r


x3/ D rx1@1 xf .0; 0; 0/C r

x3@3 xf .0; 0; 0/CO.x1;x2;x3/.r

2ˇ /;

we end up withˇ̌�
Tƒ xf

�
.x1; x2; x3/

ˇ̌
� kx1@1 xf .0; 0; 0/k

Z 1

0

dr
rƒ
C kx3@3 xf .0; 0; 0/k

Z 1

0

dr
rƒ�


C C.x1; x2; x3/

Z 1

0

dr
rƒ�2ˇ

<1:
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The fact that @2 xf .0; 0; 0/ D 0 implies

@2 xf .rx1; r
ˇx2; r


x3/ D O .rx1 C r
ˇx2 C r


x3/:

It follows that

@2xu.x1; x2; x3/ D

Z 1

0

r�ƒCˇ @2 xf .rx1; r
ˇx2; r


x3/
dr
r

(3.6)

is well defined. The boundary conditions (3.3b) follow from (3.4) and (3.6). To prove the
smoothness, observe that

@k1@
`
2@
m
3 xu.x1; x2; x3/ D

Z 1

0

r�ƒCkC`ˇCm
 @k1@
`
2@
m
3
xf .rx1; r

ˇx2; r

x3/

dr
r
:

Sinceƒ � ˇ and the cases .k; `;m/ 2 ¹.0; 0; 0/; .0; 1; 0/º were handled, we conclude that
the integral converges and the derivatives up to any order are well defined.

Recalling that
xD D x1@1 C ˇx2@2 C 
x3@3;

we compute

xDxu D
Z 1

0

r�ƒ
�
rx1@1 xf C ˇr

ˇx2@2 xf C 
r

x3@3 xf

�
.rx1; r

ˇx2; r

x3/

dr
r

D

Z 1

0

r�ƒ
d
dr

�
xf .rx1; r

ˇx2; r

x3/

�
dr (3.7)

D
�
r�ƒ xf .rx1; r

ˇx2; r

x3/

�1
0
Cƒ

Z 1

0

r�ƒ xf .rx1; r
ˇx2; r


x3/
dr
r

D xf .x1; x2; x3/Cƒxu.x1; x2; x3/;

where we have used the fact that xf .0; 0; 0/ D @2 xf .0; 0; 0/ D 0 to deduce

r�ƒ xf .rx1; r
ˇx2; r


x3/jrD0 D 0:

We have by definition of Tƒ that

TƒxD xf D
Z 1

0

r�ƒ
�
rx1@1 xf C ˇr

ˇx2@2 xf C 
r

x3@3 xf

�
.rx1; r

ˇx2; r

x3/

dr
r
;

which is equivalent to xDxu D xDTƒ xf thanks to (3.7). Finally, (3.3b) is obvious and esti-
mate (3.5) follows from the equation

xDxu D ƒxuC xf

and the fact that
@k1@

`
2@
m
3 xu D Tƒ�k�`ˇ�m
 @

k
1@
`
2@
m
3
xf :
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A straightforward consequence of Lemma 3.1 is the following:

Proposition 3.2. There exists a linear operator T such that for all smooth functions
xf .x1; x2; x3/ with . xf ; @2 xf /.0; 0; 0/ D .0; 0/; the function

xu.x1; x2; x3/ WD .T xf /.x1; x2; x3/

is the unique smooth solution of (3.1)–(3.2). Furthermore, xu.x1; x2; x3/ satisfies the esti-
mates

3X
jD0



@k1@l2@m3 xDj xu

 .


@k1@l2@m3 xf 

 8 .k; l;m/ 2 N3

0 n ¹.0; 0; 0/; .0; 1; 0/º: (3.8)

Proof. As in [20], we set
T WD Tˇ T�1 T˛:

Hence, xu WD T xf is well defined, smooth and satisfies problem (3.1)–(3.2). Estimate (3.8)
follows from Lemma 3.1. The uniqueness follows from (3.8) and part (i) of Lemma 4.2
below.

4. Local existence

The unfolded function xu.x; bxˇ ; �x
 / (with u.x/ D xu.x; bxˇ ; �x
 /) shall satisfy the
following boundary value problem:

p.xD/xu D xfxu for x1; x2; x3 > 0; (4.1a)

.xu; @2xu/.0; 0; 0/ D .0;�1/; (4.1b)

where

xfxu D Ax1 � ..1C xu/
n�1
� 1/q.xD/xu

C A
�
.1C xu/n�1 � 1 � .n � 1/xu

�
C A�

2
3 �x3.1C xu/

nC1
�
xDC �

�
.1C xu/: (4.2)

The main result of this section is the following:

Proposition 4.1. There exist " 2 .0; 1/ and xu.x1; x2; x3/ analytic in Œ0; "2� � Œ0; "� �
Œ0; "2� WD Q" such that xu solves (4.1) in Q".

The proof uses a fixed point argument. In order to establish the contraction property,
we need the following lemma:

Lemma 4.2. Let xf .x1; x2; x3/ and xg.x1; x2; x3/ be smooth. Then, we have

(i) if . xf ; @2 xf /.0; 0; 0/ D .0; 0/, then

k xf k C "k@2 xf k . "2
�
k@1 xf k C k@

2
2
xf k C k@3 xf k

�
:
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(ii) j xf xgj0 � j xf j0jxgj0, where, for K;L;M 2 N,

jxhj0 D

KX
kD0

LX
`D0

MX
mD0

"2kC`C2m

kŠ`ŠmŠ
k@k1@

`
2@
m
3
xhk;

where k�k denotes the sup-norm on Q".

Proof. Part (i) of the lemma follows immediately from the following representations:

xf .x1; x2; x3/ D

Z x2

0

Z s

0

@22
xf .0; �; 0/ d� ds C

Z x1

0

@1 xf .s; x2; 0/ ds

C

Z x3

0

@3 xf .x1; x2; s/ ds;

and

"@2 xf .x1; x2; x3/ D xf .x1; "; x3/ � xf .x1; 0; x3/C

Z x2

0

�@22
xf .x1; �; x3/ d�

�

Z "

x2

." � �/@22
xf .x1; �; x3/ d�:

We now turn to the proof of part (ii). By Leibniz’ rule, we have

@k1@
`
2@
m
3

�
xf xg
�
D

kX
k0D0

X̀
`0D0

mX
m0D0

kŠ`ŠmŠ Œ@k
0

1 @
`0

2 @
m0

3
xf � Œ@k�k

0

1 @`�`
0

2 @m�m
0

3 xg�

.k � k0/Š.` � `0/Š.m �m0/Šk0Š`0Šm0Š
:

Using the fact that kuvk � kukkvk, we deduce

ˇ̌
xf xg
ˇ̌
0
�

KX
kD0

LX
`D0

MX
mD0

KX
k0D0

LX
`0D0

MX
m0D0

ak0;`0;m0 bk�k0;`�`0;m�m0 ;

where

ak0;`0;m0 D
"2k

0C`0C2m0

k0Š`0Šm0Š
k@k

0

1 @
`0

2 @
m0

3
xf k;

bk�k0;`�`0;m�m0 D
"2.k�k

0/C.`�`0/C2.m�m0/

.k � k0/Š.` � `0/Š.m �m0/Š
k@k�k

0

1 @`�`
0

2 @m�m
0

3 xgk:

Hence, ˇ̌
xf xg
ˇ̌
0
�

� KX
kD0

LX
`D0

MX
mD0

ak;`;m

�� KX
kD0

LX
`D0

MX
mD0

bk;`;m

�
:

This concludes the proof of the lemma.

We will need the following result for the fixed point argument:
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Lemma 4.3. Let xf be a smooth function satisfying . xf ;@2 xf /.0;0;0/D .0;0/: Let xuD T xf
be the solution of

p.xD/xu D xf ;
.xu; @2xu/.0; 0; 0/ D .0; 0/

given by Proposition 3.2. Then, we have

jxuj1 D jT xf j1 . j xf j0;

where j � j0 is as in Lemma 4.2 and j � j1 is defined by

jxhj1 D

3X
jD0

jxDj xhj0;

and both of them are restricted to Q".

Proof. Since .xDj xu; @2xDj xu/.0; 0; 0/ D .0; 0/, we obtain by part (i) of Lemma 4.2 and
Proposition 3.2

jxuj1 .
X

.k;`;m/ 62¹.0;0;0/;.0;1;0/º

"2kC`C2m

kŠ`ŠmŠ

� 3X
jD0

k@k1@
`
2@
m
3
xDj xuk

�
.

KX
kD0

LX
`D0

MX
mD0

"2kC`C2m

kŠ`ŠmŠ
k@k1@

`
2@
m
3
xf k D j xf j0:

We now turn to the proof of Proposition 4.1.

Proof of Proposition 4.1. We write xu.x1; x2; x3/ DW �x2 C xu0.x1; x2; x3/, and rewrite
(4.1a)–(4.1b) in the equivalent formulation

p.xD/ xu0 D xfxu for x1; x1; x3 > 0; (4.3a)

. xu0; @2 xu0/.0; 0; 0/ D .0; 0/; (4.3b)

where xfxu is given by (4.2). For fixed integers K;L;M , let

SK;L;M WD
®
xv 2 CKCLCMC3.Q"/ W .xv; @2xv/.0; 0; 0/ D .0; 0/ and jxvQj1 � "

¯
;

where

jxvQj1 WD jxvj1 C
X

˛D.˛1;˛2;˛3/
j˛jDKCLCMC3

"2˛1C˛2C2˛3

˛1Š˛2Š˛3Š
k@˛xvk: (4.4)

Since .CKCLCMC3.Q"/; j � Qj1/ is a Banach space, it follows that SK;L;M is a complete
metric space as it is closed in CKCLCMC3.Q"/. Note that if xu 2 SK;L;M then (see [20])

. xfxu; @2 xfxu/.0; 0; 0/ D .0; 0/:
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Hence, the operator T given by Proposition 3.2 is well defined, and we obtain a fixed point
equation:

xu D �x2 C T xfxu WD T .xu/:

To conclude, we will show that T is a contraction from SK;L;M into itself. Therefore, one
has to prove the estimates

jT .xu/ � T .xv/Qj1 . "jxu � xvQj1 for all xu; xv 2 SK;L;M (4.5a)

and
jT .xu/Qj1 . "2 for all xu 2 SK;L;M (4.5b)

and then choose " > 0 sufficiently small. The proof is the same as in [20] by using
Lemmas 4.2–4.3 and [20, Lemma 4] (for smooth functions with three variables), namely,
we have:

Lemma 4.4. Let xf .x1; x2; x3/, xg.x1; x2; x3/ be smooth functions with j xf Qj0; jxgQj0 � 1=2:
Then we have, for any m 2 R,

j.1C xf /m � 1Qj0 .m j xf Qj0;

j.1C xf /m � .1C xg/mQj0 .m j xf � xgQj0;

j.1C xf /m �m xf � .1C xg/m CmxgQj0 .m max¹j xf Qj0; jxgQj0ºj xf � xgQj0;

where

jxvQj0 WD jxvj0 C
X

˛D.˛1;˛2;˛3/
j˛jDKCLCMC3

"2˛1C˛2C2˛3

˛1Š˛2Š˛3Š
k@˛xvk;

and k�k denotes the sup-norm on Q".

The proof of this lemma is the same as in [20], i.e., it uses the series expansion of
the fractional power and the sub-multiplicativity of the norm j � Qj0. We use Lemma 4.3 to
conclude that jT .xu/� T .xv/Qj1 . j xfxu � xfxvQj0, as well as jT .xu/Qj1 . j xfxuQj0 and that (4.5) can
now be established by using Lemma 4.4. This has been mainly done in [20] and we only
treat the additional appearing terms in xfxu. We have

jA�
2
3 �x3.1C xu/

nC1.xDC �/.1C xu/Qj0 . jx3Qj0j.1C xu/nC1Qj0
�
jxDxuQj0 C jxuQj0 C 1

�
. "2;

and ˇ̌
A�

2
3 �x3

�
.1C xu/nC1.xDC �/.1C xu/ � .1C xv/nC1.xDC �/.1C xv/

�
Q̌̌
0

. "2
�
j.1C xu/nC1.xDC �/.xu � xv/Qj0
C j..1C xu/nC1 � .1C xv/nC1/.xDC �/.1C xv/Qj0

�
. "2

�
j.1C xu/nC1Qj0jxu � xvQj1 C j.1C xu/

nC1
� .1C xv/nC1Qj0

�
. "2jxu � xvQj1:
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Since the sets SK;L;M are nested as K;L;M increase, the fixed point xu0 is C1 and the
Taylor series

1X
kD0

1X
`D0

1X
mD0

@k1@
`
2@
m
3 xu0.0; 0; 0/

kŠ`ŠmŠ
xk1x

`
2x
m
3

converges absolutely in Q". Moreover, the corresponding error terms converge uniformly
to zero; then the Taylor series also represents the solution, i.e., the solution is analytic.
This concludes the proof of Proposition 4.1.

Remark 4.5. The result of Proposition 4.1 is still valid if we replaceQ" by zQ"D Œ�"2; "2�
� Œ�"; "� � Œ�"2; "2� for .b; �/ 2 R2.

5. Regularity

In this section we give the proof of Theorem 1.1. Until now, we have constructed a solution
of (1.7a) and (1.7b), given by

Hb;�.x/ D A
� �3 x�.1C ub;�.x//; (5.1)

with
� D

3

n
; A D �.� � 1/.2 � �/; and ub;�.x/ D xu.x; bx

ˇ ; �x
 /;

where xu.x1; x2; x3/ is given by Proposition 4.1. In particular, xu.x1; x2; x3/ is analytic in
Q" D Œ0; "

2� � Œ0; "� � Œ0; "2�: Then, ub;� and hence, Hb;� are defined for

0 � x � Oxb;�."/ WD min
°
"2;
� "
b

� 1
ˇ
;
�"2
�

� 1


±
: (5.2)

We first give the following existence and uniqueness result:

Lemma 5.1. Consider the initial value problem

U 000 D .x � 1/U 1�n C �U 2U 0; (5.3a)

U.x0/ D U0 > 0; U 0.x0/ D U1 2 R; U 00.x0/ D U2 2 R; (5.3b)

where n > 1; � > 0; x0 2R: Then, there exists a unique maximal solution U D U.x/ > 0
of (5.3) defined on some interval .x�; x�/ with �1 � x� < x0 < x� � 1.

The proof of this lemma is postponed to Appendix A. As an application of Lemma 5.1
we have the following:

Proposition 5.2. The function Hb;� given in (5.1) can be extended to a smooth solution
of (1.7a)–(1.7b) on a maximal interval .0; x�

b;�
/ with

Hb;� > 0 in .0; x�b;�/ and x�b;� � 1: (5.4)
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Proof. Let U D Hb;� and x0 D 1
2
Oxb;� where Hb;� is given by (5.1) and Oxb;� is given

by (5.2). Since Hb;� satisfies (5.3a) on .0; Oxb;�/ and Hb;�.0/ D 0, U then satisfies
(5.3a)–(5.3b) with U.x0/ D Hb;�.x0/ > 0; U 0.x0/ D H 0

b;�
.x0/; U

00.x0/ D H 00
b;�
.x0/:

By Lemma 5.1, U D Hb;� can be extended to a smooth solution of (1.7a)–(1.7b) on a
maximal interval .0; x�

b;�
/.

Our goal is to show the existence of a solution satisfying (1.7c) and (1.7d) as well. To
fulfill condition (1.7c), we shoot with the parameter b. Thus, we obtain a solutionHb.�/;�
of (1.7a) which satisfies (1.7b) and (1.7c). We conclude by a shooting argument with � to
fulfill condition (1.7d). For both, the following expansions are essential:

Lemma 5.3. Let HTW be the traveling-wave solution of (1.9) given by (1.8), and Hb;�
the function defined by equation (5.1). There exists "0 > 0 such that the following holds:

@kx.Hb;� �HTW/.x/ D
A1��=3

p.1/
.1CO."//@kxx

�C1
� bA��=3.1CO."//@kxx

�Cˇ

C
��A��

p.
/
.1CO."//@kxx

�C
 ; (5.5)

@kx@bHb;�.x/ D �A
��=3.1CO."//@kxx

�Cˇ ; (5.6)

and

@kx@�Hb;�.x/ D
�A��

p.
/
.1CO."//@kxx

�C
 ; (5.7)

for k 2 ¹0; 1; 2; 3º, 0 � " � "0 and 0 � x � Oxb;�."/:

We point out that O."/ means a generic function f .x; "/ with jf .x; "/j . " for x
near 0.

Proof. We have that .Hb;� �HTW/.x/ D A
��=3x�ub;�.x/, where

ub;�.x/ D xu.x; bx
ˇ ; �x
 /:

Since xu satisfies the equations (4.1a)–(4.1b)–(4.2), and using the fact that @1p.xD/xu D
p.xDC 1/@1xu and @3p.xD/xu D p.xDC 
/@3xu, we get

@1xu.0; 0; 0/ D
A

p.1/
> 0; @3xu.0; 0; 0/ D

�A�
2
3 �

p.
/
> 0:

Hence,

xu.x1; x2; x3/ D
A

p.1/
.1CO."//x1 � .1CO."//x2 C

�A�
2
3 �

p.
/
.1CO."//x3: (5.8)

By the definition of xD, we have that

@kx
�
x�ub;�.x/

�
D x��k

k�1Y
jD0

�
xDC � � j

�
xu.x; bxˇ ; �x
 /: (5.9)
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We also have

@bub;�.x/ D
1

b
x2@2xu.x; bx

ˇ ; �x
 /; (5.10a)

@�ub;�.x/ D
1

�
x3@3xu.x; bx

ˇ ; �x
 /: (5.10b)

The analyticity of xu and (5.8) imply

xDkxu D
A

p.1/
..1CO."//x1 � ˇ

k..1CO."//x2 C 

k �A

� 23 �

p.
/
..1CO."//x3;

x2@2.xDkxu/ D �ˇk..1CO."//x2;

x3@3.xDkxu/ D 
k
�A�

2
3 �

p.
/
..1CO."//x3:

It follows from (5.8)–(5.9) and Dub;�.x/ D xDxu.x; bxˇ ; �x
 / that

@kx.Hb;� �HTW/.x/ D @
k
xA
��=3x�ub;�.x/

D A��=3x��k
k�1Y
jD0

.xDC � � j /xu.x; bxˇ ; �x
 /

D A��=3x��k
k�1Y
jD0

.DC � � j /
� A

p.1/
.1CO."//x

� b..1CO."//xˇ C
��A�

2
3 �

p.
/
.1CO."//x


�
D A��=3@kxx

�
� A

p.1/
.1CO."//x � b.1CO."//xˇ

C
��A�

2
3 �

p.
/
..1CO."//x


�
D
A1��=3

p.1/
.1CO."//@kxx

�C1
� bA��=3.1CO."//@kxx

�Cˇ

C
��A��

p.
/
.1CO."//@kxx

�C
 :

This proves (5.5). We can easily deduce from (5.5) the formulas (5.6) and (5.7).

In the lemma and proposition which follow, � is assumed to be a fixed positive real
number. A key lemma is the following:

Lemma 5.4. Let � > 0 be fixed and HTW be the traveling-wave solution of (1.9) given
by (1.8). The function Hb;� defined by equation (5.1) satisfies:
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(i) @kxH0;�.x/ > @
k
xHTW.x/ for k D 0; 1; 2; 3 and x 2 .0; x�0;�/. In particular,H0;�

does not reach 0.

(ii) @b@
k
xHb;�.x/ � 0 for k D 0; 1; 2; 3 and x 2 Œ0; Oxb;�/.

(iii) x�
b;�
! 0 as b !1.

Proof. From (5.5) we have, for " > 0 sufficiently small, that

@kxH0;� > @
k
xHTW on .0; Ox0;�."/� for k D 0; 1; 2: (5.11)

From equations (1.7a)–(1.9a) and the fact that � > 0; we have

.H0;� �HTW/
000
D
Hn�1
0;� �H

n�1
TW

Hn�1
0;� H

n�1
TW

C
x

Hn�1
0;�

C �H 2
0;�H

0
0;�

>
Hn�1
0;� �H

n�1
TW

Hn�1
0;� H

n�1
TW

C �H 2
0;�H

0
0;�

>
Hn�1
0;� �H

n�1
TW

Hn�1
0;� H

n�1
TW .H0;� �HTW/

.H0;� �HTW/

C �H 2
0;�.H0;� �HTW/

0: (5.12)

The first assertion follows from (5.11), (5.12) and Corollary B.4.
We now turn to the proof of (ii). From (5.6) we have, for " > 0 sufficiently small, that

@b@
k
xHb;� < 0 on .0; Oxb;�."/� for k D 0; 1; 2: (5.13)

Differentiating equation (1.7a) with respect to b yields

G000 D
.n � 1/.1 � x/

Hn
G C 2�HH 0G C �H 2G0; (5.14)

where G D @bH and H D Hb;�. By (5.5), the coefficients in the previous equation on
G are positive. Assertion (ii) follows by the ordering (5.13), equation (5.14) and Coroll-
ary B.5, in Appendix B.

Finally, we turn to prove (iii). For b � max."1�2ˇ ; �ˇ=
"1�2ˇ=
 /, we have that
Oxb;�."/ D ."=b/1=ˇ : Hence, it follows from the expansion in (5.5) with b sufficiently
large and the fact that ˇ < 1 that

Hb;� �HTW � 0;

.Hb;� �HTW/
0
� 0; (5.15)

.Hb;� �HTW/
00 . �b

2��
ˇ "

1C ��2
ˇ
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at x D ."=b/1=ˇ . Also, using the monotonicity in b, we obtain for x � 1

.Hb;� �HTW/
000
D
�1C x

Hn�1
b;�

C
1

Hn�1
TW
C �H 2

b;�H
0
b;�

�
�1C x

Hn�1
0;�

C
1

Hn�1
TW
C �H 2

b;�H
0
b;�

� .1 � x/
Hn�1
0;� �H

n�1
TW

Hn�1
0;� H

n�1
TW

C
x

Hn�1
TW
C �H 2

b;�H
0
b;�

� .n � 1/.1 � x/
H0;� �HTW

Hn
TW

C
x

Hn�1
TW
C �H 2

b;�H
0
b;�;

where we have used (i) with k D 0 and the inequality

X˛ � Y ˛

.XY /˛
�

˛

Y ˛C1
.X � Y /; ˛ > 0 and 0 < Y < X:

By (1.8), (5.1) and (5.8), we have that

.1 � x/
H0;� �HTW

Hn
TW

�
x�C1

xn�
D x��2 as x & 0;

x

Hn�1
TW
�

x

x.n�1/�
D x��2 as x & 0;

H 2
b;�H

0
b;� � x

3��1
D o.x��2/ as x & 0;

and since .Hb;� �HTW/
000 is regular for x > 0, we conclude that

.Hb;� �HTW/
000 . x��2 (5.16)

for x 2 .."=b/1=ˇ ; min¹1; x�
b;�
º/ and b � max."1�2ˇ ; �ˇ=
"1�2ˇ=
 /:

The Taylor expansion of Hb;� �HTW around Oxb;�."/ reads

.Hb;� �HTW/.x/ D .Hb;� �HTW/. Oxb;�."//

C .x � Oxb;�."//.Hb;� �HTW/
0. Oxb;�."//

C
1

2
.x � Oxb;�."//

2.Hb;� �HTW/
00. Oxb;�."//

C
1

2

Z x

Oxb;�."/

.x � y/2.Hb;� �HTW/
000.y/ dy:

Using (5.15) and (5.16) for x � Oxb;� close to Oxb;�; we get

Hb;�.x/ � HTW.x/ � c1b
2��
ˇ "

1C ��2
ˇ .x � Oxb;�."//

2
C c2x

�C1:

It follows, since � < 2, that for b sufficiently large, the right-hand side of the previous
inequality is negative. This completes the proof of part (iii). This finishes the proof of the
lemma.
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We now present a consequence of the previous lemma.

Proposition 5.5. Let � > 0 be fixed. Then there exists xb.�/ > 0 such that the funct-
ion Hxb.�/;� satisfies (1.7a)–(1.7c). Moreover, H 0

xb.�/;�
> 0 on .0; 1/.

Proof. We have H 0
b;�
.x/ > 0 for x near 0 by (5.5), and, for b sufficiently large, H 0

b;�

is negative somewhere by part (iii) of Lemma 5.4. Hence, there exists xxb;� such that
H 0
b;�
.xxb;�/ D 0. Define

B D
®
b > 0 W H 0b;�.x/ D 0 for some x 2 .0; 1� \ .0; x�b;�/

¯
:

Let xb.�/ D inf B which is well defined. Part (i) of Lemma 5.4 ensures that xb.�/ > 0.
Moreover, by continuous dependence on the parameter b, xb.�/ 2 B.

To conclude, we will prove that xxxxb.�/ D 1; where for b 2 B, xxxb stands for the first
zero of H 0

b;�
. Assume by contradiction that xxxxb.�/ < 1: Then, since H 0

xb.�/;�
.xxxxb.�// D 0;

we get
H 000xb.�/;�

.xxxxb.�// D .�1C
xxxxb.�//H

1�n
xb.�/;�

.xxxxb.�// < 0:

Hence,H 000
xb.�/;�

< 0 in some neighborhood of xxxxb.�/ andH 00
xb.�/;�

is decreasing. Moreover,

the fact that H 0
xb.�/;�

.xxxxb.�// D 0 and H 0
xb.�/;�

> 0 on .0; xxxxb.�// implies that

H 00xb.�/;�
.xxxxb.�// � 0:

Using the fact that H 00
xb.�/;�

is decreasing, we deduce that

H 00xb.�/;�
< 0 on .xxxxb.�/; xxxxb.�/ C �/;

for some � > 0: Then

H 0xb.�/;�
< 0 on .xxxxb.�/; xxxxb.�/ C �/:

This contradicts the definition of xb.�/ and proves that xxxxb.�/ D 1: It follows that Hxb.�/;�
is the desired solution satisfying (1.7a)–(1.7c).

In the remainder of the paper, we will write

H� WD Hxb.�/;�; (5.17)

where for any � > 0, Hxb.�/;� is given by Proposition 5.5.

Proposition 5.6. There exist two positive constants Cn andDn depending only on n such
that for all � > 0, we have

max.H�.1/n=4;
p
�H�.1/

1Cn=2/ � Dn; (5.18)

�H 00�.1/ D jH
00
�.1/j � Cn

p
nC 4H�.1/

1�n=2; (5.19)

where H� is given by (5.17).
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Proof. Let � > 0 and a > 0 be defined by (1.5). Then

H�.y/ D .nC 4/
�1=n a4=nH�

�
1 �

y

a

�
(5.20)

defined for y 2 Œ0; a/ and extended to .�a; a/ by evenness solves (1.4a)–(1.4c). Using
[1, Lemma 3.3, p. 750] and [1, (3.32), p. 754] together with the fact that

H�.0/ D .nC 4/
�1=n a4=nH�.1/; H 00�.0/ D .nC 4/

�1=n a�2C4=nH 00�.1/;

we obtain (5.18) and (5.19). This finishes the proof of Proposition 5.6.

Remark 5.7. The constant Cn appearing in (5.19) is as in [1, (3.32), p. 754], while the
constant Dn can be taken as

Dn D
.nC 3/�1=2.nC 4/�1=4

p
48

:

To satisfy (1.7d) it suffices to prove the following:

Proposition 5.8. There exists x� > 0 such that Hx� satisfies (1.7d), namely,Z 1

0

Hx�.x/ dx D
p
nC 3

2
p
x�
!; (5.21)

where ! > 0 is fixed by (1.1d).

Proof. It suffices to show that the map

M W 0 � � 7!M.�/ WD
2
p
�

p
nC 3

Z 1

0

H�.x/ dx

satisfies M.Œ0;1//D Œ0;1/. Note that M is continuous with respect to � and M.0/D 0.
To conclude the proof, we will show that there exists a sequence .�j / such that

M.�j /!1 as j !1: (5.22)

The proof of (5.22) will be done in two steps.
Step 1. Define

˛.�/ D .nC 4/�
1
nC4 .nC 3/�

2
nC4 �

2
nC4 H�.1/: (5.23)

We claim that
sup
�>0

˛.�/ D1: (5.24)

To obtain a contradiction, assume that ˛.�/ . 1. Then

H�.1/ . ��
2
nC4 :
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Therefore,

H�.1/
n=4 . �

� n
2.nC4/ ;

p
�H�.1/

1Cn=2 . �
� n
2.nC4/ :

Using (5.18), we should have 1 . �
� n
2.nC4/ for all � > 0. This leads to a contradiction for

large �, and the proof of the claim follows.
From (5.24), we deduce that there exists a sequence .�j / such that

j̨ WD ˛.�j /!1 as j !1: (5.25)

Step 2. Let vj D vj .y/ be the solution of´
v00j D �2Cn ˛

1�n=2
j C ˛2j .nC 3/.vj � j̨ / for y > 0;

vj .0/ D j̨ ; v0j .0/ D 0;
(5.26)

where Cn is as in (5.19). The solution of (5.26) is given explicitly by

vj .y/ D
1

.nC 3/˛
1Cn=2
j

�
2Cn C .nC 3/˛

2Cn=2
j � 2Cn cosh. j̨

p
nC 3 y/

�
:

Using the same arguments as in the proof of [1, Lemma 3.7, p. 754], we have that

H�j .y/ � vj .y/ for y > 0;

where H�j , given by (5.20), is extended by zero outside its support. Let zyj be such that
vj .zyj / D j̨

2
. ThenZ aj

0

H�j .y/ dy �
Z zyj
0

vj .y/ dy

�
j̨

2
zyj D

1

2
p
nC 3

arg cosh
�
1C

nC 3

4Cn
˛
2Cn=2
j

�
:

Using (5.25), we deduce thatZ aj

0

H�j .y/ dy !1 as j !1:

Now we can conclude the proof of (5.22). Indeed, we have that

M.�j / D 2

Z aj

0

H�j .y/ dy:

It follows that, for ! > 0 given by (1.1d), there exists x� > 0 such that M.x�/ D !. This
finishes the proof of Proposition 5.8.

Proof of Theorem 1.1. The proof of part (i) follows from Proposition 4.1, (5.1) and Propo-
sition 5.5. The proof of part (ii) follows from Proposition 5.8 with Hx� D Hxb.x�/;x�: This
completes the proof of Theorem 1.1.
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6. Conclusions

We consider self-similar source-type solutions H for the thin-film equation with a regu-
larizing second-order term and with mobility exponent n 2 .3

2
; 3/ in dimension one. We

show the existence of a solution having the behaviorH.x/DHTW.x/.1C v.x; x
ˇ ; x
 //,

where HTW is the traveling-wave, ˇ 2 .0; 1/, 
 D 2 C 6
n

, and v.x1; x2; x3/ is analytic
near .0; 0; 0/ with v.0; 0; 0/ D 0, @2v.0; 0; 0/ < 0. This improves the previously pub-
lished results [1] about qualitative behavior of the solution near the interface. The previous
asymptotic shows that the source-type solution for the thin-film equation with gravity is
an analytic function in the three spatial variables .x1; x2; x3/where x1 WD x, x2 WD xˇ and
x3 WD x


 . The third variable is new, unless n D 2, with respect to the known expansion
for the standard thin-film equation.

This shows the effect of the gravity on the expansion of source-type solutions. We
expect this to be the generic behavior of solutions of the thin-film equation with
gravity (1.1a) and to be helpful for the well-posedness for (1.1a). In fact, it is shown
in [19] that the expansion, given in [20], of the source-type solution for the standard thin-
film equation (1.2) has an effect on the behavior of the solutions. Also, this expansion was
useful in [19] to obtain a well-posedness result for (1.2). See also [2, 24, 26, 30–32] for
well-posedness for (1.2).

Source-type self-similar solutions are useful to describe the long time behavior of a
large class of solutions to thin-film equations. We expect that the source-type self-similar
solutions we construct here will attract, for long time, some global solutions. This has
been done for (1.2) in [10–13, 21–24]; see also [25, 35, 40] for other asymptotic behavior.

A. Existence and uniqueness for ODEs

Consider the ordinary differential equation

y0 D f .x; y/ (A.1)

where f W E � R�Rd ! Rd , with E an open set. We recall the following existence and
uniqueness results for (A.1):

Theorem A.1 ([28, Theorem 3.1, p. 18]). If f .x; y/ is continuous in E and locally Lips-
chitz with respect to y in E; then for any .x0; y0/ 2 E; there exists a unique solution y.x/
of (A.1) satisfying y.x0/ D y0:

We also recall the following extension result:

Theorem A.2 ([29, Theorem 3.1, p. 12]). Let f .x; y/ be continuous on an open set E
and let y.x/ be a solution of (A.1) on some interval. Then y.x/ can be extended (as a
solution) over a maximal interval of existence .x�; x�/: Also, if .x�; x�/ is a maximal
interval of existence, then y.x/ tends to the boundary @E of E as x ! x� and x ! x�:
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We now give the proof of Lemma 5.1.

Proof of Lemma 5.1. Let E D R � ..0;1/ �R2/ and f W E ! R3 be given by

f .x; y/ D
�
y2; y3; .x � 1/y

1�n
1 C �y21y2

�
; y D .y1; y2; y3/:

Clearly, f is continuous in E and locally Lipschitz with respect to y: The problem given
by (5.3a)–(5.3b) is equivalent to

y0 D f .x; y/;

y.x0/ D .U0; U1; U2/ 2 .0;1/ �R2;

where y.x/D .U.x/; U 0.x/; U 00.x//: Using Theorems A.1–A.2, we obtain the existence
of a unique maximal solution on .x�; x�/ with �1 � x� < x0 < x� � 1:

B. Useful tools

In this appendix, we recall some known facts for ordinary differential equations. We have
the following comparison result:

Proposition B.1. Assume that the function y W Œa;b�!R satisfies the ordinary differential
inequality

y000.x/ � A.x/y.x/C B.x/y0.x/C C.x/y00.x/; a � x � b; (B.1)

where A;B;C are nonnegative continuous functions. If y.k/.a/ � 0; k D 0; 1; 2 then

y000.x/ � 0; a � x � b: (B.2)

To prove Proposition B.1, we need to introduce the type K function.

Definition B.2 ([14, p. 27]). Let Y D .y1; y2; y3/; Z D .z1; z2; z3/ be two vectors in R3:
We say that Y � Z if yi � zi for all i D 1; 2; 3.

Definition B.3 ([14, p. 27]). A vector function f D .f1; f2; f3/ of a vector variable
Y D .y1; y2; y3/ will be said to be of type K in a set S if for each i D 1; 2; 3 we have
fi .Y / � fi .Z/ for any two vectors Y D .y1; y2; y3/; Z D .z1; z2; z3/ in S with yi D zi
and yj � zj (j D 1; 2; 3I j ¤ i ).

Proof of Proposition B.1. Let Y D .y1; y2; y3/ and f .x;Y /D .y2; y3;A.x/y1CB.x/y2
C C.x/y3/. Then using Definition B.2, the differential inequality reads

Y 0.x/ � f .x; Y.x//; a � x � b;

where Y D .y;y0;y00/: SinceA;B;C are nonnegative, then by Definition B.3, f is type K.
Using [14, Theorem 10, p. 29] and the fact that Y.a/ � 0 D .0; 0; 0/, we get Y.x/ D
.y.x/; y0.x/; y00.x// � .0; 0; 0/; a � x � b: Using the differential inequality and the fact
thatA;B;C are nonnegative, we get (B.2). This completes the proof of the proposition.
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From Proposition B.1 we deduce the following results:

Corollary B.4. Assume that the function y W Œa; b�! R satisfies the ordinary differential
inequality

y000.x/ > A.x/y.x/C B.x/y0.x/C C.x/y00.x/; a � x � b; (B.3)

where A; B; C are positive continuous functions. If y.k/.a/ > 0; k D 0; 1; 2 then

y000.x/ > 0; a � x � b: (B.4)

Proof. Using Proposition B.1, we deduce that y.k/.x/ � 0; a � x � b; k D 0; 1; 2; 3:

Then the desired inequality (B.4) follows immediately from (B.3).

Corollary B.5. Assume that the function y W Œa; b�! R satisfies the ordinary differential
equation

y000.x/ D A.x/y.x/C B.x/y0.x/C C.x/y00.x/; a � x � b; (B.5)

where A;B;C are positive continuous functions. If y.k/.a/ < 0; k D 0; 1; 2, then

y000.x/ � 0; a � x � b: (B.6)

Proof. Put z D �y. Then z satisfies the assumptions in Proposition B.1. Hence, we
obtain (B.6).
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