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On the Rayleigh—Taylor instability for the two-phase
Navier-Stokes equations in cylindrical domains

Mathias Wilke

Abstract. We are considering the two-phase Navier—Stokes equations with surface tension, mod-
elling the dynamic behaviour of two immiscible and incompressible fluids in a cylindrical domain,
which are separated by a sharp interface forming a contact angle with the fixed boundary. In the case
that the heavy fluid is situated on top of the light fluid, one expects the effect which is known as
Rayleigh—Taylor instability. Our main result implies the existence of a critical surface tension with
the following property: In the case that the surface tension of the interface separating the two fluids
is smaller than the critical surface tension, Rayleigh—Taylor instability occurs. On the contrary, if the
surface tension of the interface is larger than the critical value, one has exponential stability of the
flat interfaces. The last part of this article is concerned with the bifurcation of nontrivial equilibria
in multiple eigenvalues. The invariance of the corresponding bifurcation equation with respect to
rotations and reflections yields the existence of bifurcating subcritical equilibria.

1. Introduction

Let v = u(¢, x) and @ = 7 (¢, x) denote the velocity field and the pressure field of a
single incompressible fluid in a domain €2, respectively. By saying that the fluid is incom-
pressible, we mean that its density p > 0 is constant. Then the dynamics of the fluid are
described by the Navier—Stokes equations

d¢(pu) — uAu + p(u - VYu + Vi = pf, t>0,xe,

(1.1)
divu =0, t>0 xeQ,

where > 0 represents the viscosity of the fluid and f is some external force (e.g., grav-
ity). The first equation reflects the balance of momentum, while the second equation states
the conservation of mass.

Let us consider a more comprehensive situation, where the domain €2 is occupied
by an incompressible and an immiscible fluid, fluid 1 and fluid 2, respectively, which
are separated by a sharp interface I'(¢) for each r > 0. We denote by 2;(¢) the subset
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of Q which is filled with fluid j, j € {1, 2} with p;, u; being the density and viscosity,
respectively, of fluid j. If u/ and 7/ are the velocity fields and the pressure fields of
fluid j, respectively, then, for # > 0 one sets

al(t,x), xeQi),

u(t,x) = ul(t.x), x &),
,X) = 72 (1, x), x € Qa(1).

u?(t,x), x € Q(),

w(t,x):= {

Assuming that (u”/, /) satisfies the Navier—Stokes equations in each of the phases €2, (),
then we may conclude that (u, &) satisfies (1.1) for all # > 0 and x € Q\I'(¢), where p
and p are defined by

P11, X E Ql(t),
P2, X € Qs(1),

M1, XGQ](Z),

p(x) = { P2, x € Q(1).

p(x) = {

Clearly, one expects that the two fluids should affect each other in their dynamics. There-
fore, it is natural to ask for relations that describe the coupling of the two fluids across
the interface I"(¢). If one neglects effects of phase transitions between the phases €21 (¢)
and Q,(¢) (e.g., the exchange of mass), then the motion of the moving boundary I'(¢)
should only be caused by the velocity fields of both fluids. Therefore, it is natural to pro-
pose that u?|r() = u'|r(). Then, the normal velocity Vi of T'(t) is given by

VF =u-vr, (12)

where vr denotes the unit normal field on I'(¢) pointing from 21 (¢) to €2, (¢). We call the
quantity [u] := u?|r«) — ul|r(,) the jump of u across T'(t). Note that [u] = 0 if and only
if the velocity field u is continuous across the interface I'(z). Another condition on I'(¢)
reads

— [w(Vu + Vu")Jvr + [x]vr = oHrvr, (1.3)

where o > 0 denotes the (constant) surface tension of I'(t) and Hr := — divr vr is the
mean curvature of T'(t) with divp being the surface divergence on I'(¢). Condition (1.3)
describes the balance of forces on the interface. To be precise, there is no contribution to
the rate of change of the momentum coming from the interface I'(¢).

If the fixed boundary 92 of 2 is not empty, then system (1.1)—(1.3) with [u] = 0 has to
be equipped with appropriate boundary conditions on d€2 as well as some initial conditions
on u(0) = ug and I'(0) = T'y. There is a vast literature concerning the mathematical
treatment of free boundary problems for the Navier—Stokes equations with or without
surface tension. To this end, we can only give a subjective selection and refer the reader to
[2,5,6,8-13,23,24,27-30,32,33, 35, 36,38-50]. For a derivation of (1.1)—(1.3) we refer
to[18] or [31].

To describe the effect of what is called Rayleigh—Taylor instability, let us consider
the case that 2 = R” consists of two phases 21 (¢) and €2, (¢) which are separated by an
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interface I'(¢), given by the graph of a height function / over R""!, i.e.,
(@) :={x= " x)€Q:x, =h(t,x), X' eR"}.
Assume further that €, (¢) is the upper phase, that is,
Q) ={x = (. xn) €Q:xp > h(1.x'), X e R*"}.

Both phases are filled with two fluids with possibly different densities which are acceler-
ated in the direction of —e,, by the gravitational force.

Taking a close look at system (1.1)—(1.3), it turns out that the vanishing velocity fields,
constant pressure fields and the flat interfaces belong to the set of equilibria, i.e., the set of
all solutions which are constant with respect to ¢. Henceforth, we will speak of the trivial
equilibrium whenever ¥ = 0, p is constant and 7 = 0. Heuristically, one expects that the
stability behaviour of the trivial equilibrium is being influenced by the densities p, > 0
and p; > 0 of the fluids. Indeed, if [p] = p» — p1 > 0, i.e., if the heavier fluid is placed
above the lighter fluid, then one expects that the trivial equilibrium is unstable, while in
the case that [p]] < 0, the trivial equilibrium should be stable. In fact, if [p] > O then the
upper phase, which is the heavier one, should sack down into the lower phase; see Fig-
ure 1. This effect is called Rayleigh—Taylor instability and it goes back to the pioneering
works of Rayleigh [33] and Taylor [50]. For more information concerning Rayleigh—
Taylor instability, we refer the interested reader to Chandrasekhar [7] and Kull [24] and
the references cited therein. A rigorous proof of Rayleigh—Taylor instability for the two-
phase Navier—Stokes equations in the above setting has been given by Priiss and Simon-
ett [28]. The basic strategy is to consider the full linearisation of the quasilinear problem
(1.1)—(1.3) at the trivial equilibrium and to compute the spectrum of the linearisation. Due
to the lack of compactness, there is a portion of approximate eigenvalues in the spectrum
of the linearisation. In addition, there is no spectral gap which would allow us to apply
classical tools to carry over the linear stability properties to the nonlinear case. To this
end, the authors in [28] apply Henry’s instability theorem [17, Theorem 5.1.5] which does
not require a spectral gap.

In the periodic framework, i.e., with Q = T2 xR where T =R /7 is the 1-torus, a
rigorous proof of Rayleigh—Taylor instability has been given by Tice and Wang in [53].
Note that if [p] > 0, then the result in [28] states that the trivial equilibrium is always
unstable, no matter what the remaining parameters 1 > 0 and o > 0 are. However, in the
periodic setting considered in [53], the stability properties of the trivial equilibrium also
depend on the surface tension. To be more precise, there exists a critical surface tension
o, > 0 such that if 0 > o, then the trivial equilibrium is stable, while if 0 < 0 < o, itis
unstable. In other words, even if [p] > 0, a sufficiently large surface tension o > 0 of T'(¢)
prevents the heavier phase from sacking down into the lower phase.

An advantage of the approach via maximal regularity of type L, which has been used
in [28] is that one obtains a semi-flow for the free boundary problem in a natural phase
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space. In particular, there is no loss of regularity. With the help of functional calculus
for sectorial operators and harmonic analysis, it is then shown that there exists Ao, > 0
such that the interval [0, 1] is the unstable part of the spectrum of the linearisation. The
functional-analytic setting used in [28] then allows us to apply Henry’s instability theorem
[17, Theorem 5.1.5] to conclude instability for the nonlinear problem. In contrast to the
result in [28], the authors in [53] construct so-called growing mode solutions (horizontal
Fourier modes growing exponentially in time) for the linearised problem and use several
energy estimates to study the spectrum of the full linearisation. The passage from linear
to nonlinear (in-)stability follows from a Guo—Strauss bootstrap procedure, which has
been introduced by Guo and Strauss in [15]. Due to the higher-order energy estimates,
the regularity of the initial values is considerably high and therefore not optimal, when
one compares with the assumptions in [28]. However, the authors in [53] obtain a clear
picture of the stability properties of the trivial equilibrium, which depend on [p] and o > 0.
Concerning further results on Rayleigh—Taylor instability for different problems, we refer
the reader to the selection [3, 14, 16, 19-21,52].

It is one purpose of this article to extend the results obtained in [28] to the framework
of bounded cylindrical domains. To be precise, we assume that 2 = G x (H;, H;), where
G C R* ! n € {2,3} is a bounded domain with smooth boundary and H; < 0 < H,.
Suppose further that there is a family of hypersurfaces {I'(t)};>0 given by the graph of
some height function 4 over G, i.e.,

(1) ={(x'.xn) € Q:xp = h(t,x"), x' € G}, >0,

such that for each ¢ > 0 the interface I (¢) divides €2 into two subdomains €21 (¢) and 2, ()
which are filled with two fluids, respectively. We adopt the convention that Q25 (¢) is the
upper phase. Assuming that equations (1.1)—(1.3) together with the condition [u] = 0 are
satisfied, we are led in a natural way to the problem of finding suitable boundary con-
ditions on the vertical part S := dG x (Hy, H,) and the horizontal part S, := (G x
{H1}) U (G x {H>}) of the boundary 02 of €2. This turns out to be a delicate question,
since within the above setting we are on the one hand concerned with two parts Sy and S,
of the boundary such that dS; = 8S5. Therefore, the boundary conditions on S; and S,
have to be chosen in such a way that they are compatible with each other. On the other
hand, we have to deal with a contact angle problem, as 0T'(¢) is a moving contact line
on S;. At this point we want to emphasise that the choice of the periodic setting in [53]
allows us to circumvent the formation of a contact angle. The theory of contact angle
problems, in particular with a dynamic contact angle which depends on ¢, is not well
understood yet. In fact, there exist different points of view about how to model such a prob-
lem. One party supposes that the dynamic contact angle is determined by an additional
equation, while the other party assumes that the contact angle will be determined by the
dynamic equations for the interface and the fluid, hence the equation for the contact angle
should be redundant. We refer the reader to [4,37] and to the references given therein for
more details.
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S1

Figure 1. A cylindrical domain

Therefore, in order to avoid this lack of clarity, we assume throughout this article that
the contact angle is constant and equal to 90 degrees. One can interpret this ansatz as
a kind of idealisation. It is possible to translate the condition on the contact angle to a
condition on the height function / from above. Indeed, if / is sufficiently smooth, then the
unit normal on I'(#) with respect to €21 (¢) is given by

e e ()
r= —F/——— .
T+ Vehp \ 1

Since the outer unit normal on S is given by vs, = (vyg,0), the condition on the contact
angle reads vr - vs, = 0, or equivalently, d,,./ = 0 at the contact line. Concerning Sj,
it is not possible to propose Dirichlet boundary conditions, the so-called no-slip bound-
ary conditions, since this leads to a paradox for the moving contact line (see, e.g., [32]).
The next canonical choices are the so-called Navier boundary conditions or partial-slip
boundary conditions

u-vs, =0, Ps (u(Vu+ VuT)vSI) + au =0,

where Ps, := I — vs, ® vs, denotes the projection to the tangent space on S;. The
parameter & > 0 has the physical meaning of a friction coefficient. However, as long
as o > 0, it turns out that this kind of boundary condition does not allow the interface
to move along S;, which is not very reasonable, as numerical simulations show. For a
two-dimensional analytical explanation of this pathology, see [55, Section 1].

In order to circumvent this problem, we will consider the case « = 0, which character-
ises the so-called pure-slip boundary conditions. From a physical point of view this means
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that there is no friction on the boundary S;. Having fixed the boundary conditions on S,
we may choose suitable boundary conditions on S», having in mind that these conditions
have to match those on S;. It turns out that homogeneous Dirichlet boundary conditions
are a good choice, since they are compatible with the pure-slip boundary conditions on S;
and furthermore, they allow us to apply Korn’s inequality for Du := Vu + Vu"; see The-
orem A.4. Note that the no-slip boundary conditions on S, do not cause any problems
with the moving interface, since we will always have I'(¢) N S, = @ for all ¢ > 0. We are
thus led to the problem

d;(pu) — uAu + p(u - VYu + Vo = —pygze,, in Q\I'(2),

divu =0, in Q\I'(¢),
—[u(Vu + Vu")]vr + [x]vr = cHrvr, on (1),
[u] =0, on I'(?),
Vr =u-vr, on I'(¢),
Ps, (u(Vu + Vu")vs,) =0, on S;\T'(¢), (1.4)
u-vs, =0, on S1\dI'(¢),
u =0, on Sy,
vr - vs, =0, on dI'(¢),
u(0) = uy, in Q\T'(0),
I'(0) = T,

where we denote by y, > 0 the acceleration constant due to gravity.

With this article, we present a rather complete stability analysis of (1.4). In Section 2
we will transform the time-dependent domain Q\I'(¢) to a fixed domain by means of a
Hanzawa transformation. For the transformed problem, we have already proven the exist-
ence and uniqueness of a strong L,-solution in [55, Theorem 4.2]. Section 3 is devoted
to the investigation of the stability properties of the trivial equilibrium, i.e., when u = 0,
h = 0 and 7 is constant. It turns out that if [p] > 0, then there exists a critical surface

tension o]
PlYa
0 = —— >0,

c A,l
where A; > 0 denotes the first nontrivial eigenvalue of the Neumann Laplacian in L,(G).
If 0 > o, then the trivial equilibrium is exponentially stable in the natural phase space,
while in case o € (0, o.) it will be unstable. If [p] < 0, then the trivial equilibrium is
always exponentially stable. Specialising to the case G = Bg(0), we obtain as a corollary

that for fixed surface tension o > 0 and if [p]] > 0, there exists a critical radius

AF N 1/2
Re= (40)
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such that if R < R, then the trivial equilibrium is exponentially stable, while for R > R,
it will be unstable. Here A7 > 0 denotes the first nontrivial eigenvalue of the Neumann
Laplacian in L(B;(0)), given by AT = (jl”l)z, where jj ; is the first zero of the deriv-
ative J| of the Bessel function J; (see, e.g., [1]). The proof of the stability result requires
some effort, since after the transformation to a fixed domain one has to pay the price that
in particular the (transformed) velocity field is no longer divergence free. Therefore, one
has to split the solution into two parts in a suitable way such that one part is divergence
free while the other part, whose divergence does not vanish, satisfies a nonlinear problem
which can be handled by the implicit function theorem.

The results in Section 3 suggest that if o decreases from o > o, to 0 < o, then an
eigenvalue of the full linearisation will cross the imaginary axis. Therefore, it is natural to
ask for possible bifurcations from the trivial equilibrium. In Section 4 we will see that the
eigenvalue which crosses the imaginary axis through zero is, unfortunately, not simple if
n = 3. Therefore, it is not possible to apply the bifurcation results of Crandall-Rabinowitz
directly. By the choice of the boundary conditions, the equilibria of the transformed prob-
lem are such that u = 0, p is constant and the height function 4 satisfies the capillary
equation

Vyh

V1 + [Voh]2

adivxr( ) + [plyah =0, x" € Bgr(0), 0s)

9, h=0, x'edBr(0).

VBRrO)'" —

This equation for /& exhibits certain symmetry properties; in particular, we will show that
it is invariant under the group action of the orthogonal group O(2). This fact enables us
to reduce the bifurcation equation to a one-dimensional equation and to apply the implicit
function theorem which yields the existence of subcritical bifurcating branches from the
trivial solution.

Finally, we collect all technical results which are needed for the execution of the above
program in Appendix A.

Notation. The symbols H If , WPS , 8 > 0 refer to the Bessel potential spaces and Sobolev—
Slobodeckij spaces, respectively (Sobolev spaces for s € N with H = W). If J = [0, T]
is some interval and X a suitable Banach space, then ¢ WPS (J; X) denotes the subspace of
W5 (J; X) consisting of all functions having a vanishing trace at 7 = 0, whenever it exists.
Finally, we denote by ka (Q)=H 1],‘ (£2) the homogeneous Sobolev space of order k € N,
where Q C R” is a sufficiently smooth domain. The symbol (:|-) denotes the standard
inner product in R” and we will sometimes also make use of the notation u - v = (u|v)
foru,v € R”.

Remark 1.1. The results in this paper are partially taken from the author’s habilitation
thesis [54].
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2. Preliminaries

For the sake of readability we will assume throughout this article that the space dimension
n is equal to 3. This is the most important case from a viewpoint of applications. Further-
more, we will assume from now on that p > 5. In [55], an article about the well-posedness
of the nonlinear model, this condition on p is needed for an application of some Sobolev
embeddings. For arbitrary n one may work with the restriction p > n + 2.

It is convenient to introduce the modified pressure

7T =7+ pYaXs

in (1.4). Then, we obtain the following problem:

d:(pu) — wAu + p(u - V)u + Vz =0, in Q\T'(¢),
divu =0, in Q\I'(¢),

~[u(Vu + Vu)]vr + [7]vr = oHrvr + [p]yax3vr., on(2),

[u] = o0, on I'(z),

Vo =u-vr, on I'(¢),

Ps, (u(Vu + Vu")vs,) =0, on S;\al'(z), (2.1
u-vs, =0, on S1\al'(¢),
u =0, on S,
vr - vs, =0, on dT'(?),
u(0) = uy, in Q\T'(0),
') = Ty.

Here Q = G x (Hy, Hy), H; <0 < H,, is a cylindrical domain where G C R? is an open
bounded domain with a smooth boundary dG . The compact free boundary I'(¢) divides 2
into two unbounded disjoint phases 2;(¢), j = 1,2,sothat Q = Q1 () UT'(t) U Q,(¢).
The convention is that 5(¢) is the upper phase while €21(¢) is the lower one, with the
unit normal vr at x € I'(¢) pointing from €2 () to Q2(¢). We denote by vg, the outer unit
normal at the fixed boundary S; := 0G x (H;, H»). The operator Ps, := [ —vg, ® vs,
stands for the projection to the tangential space on S;. Finally, S, := U]2'=1 G x {H;}.

2.1. Reduction to a flat interface

In this section we transform the time-dependent domain Q\I'(¢) to a fixed domain by
means of a Hanzawa tranformation. To this end, we assume that

@) = {x €Gx(Hy,Hy) :x3=h(t,x"), x' =(x1,x2) € G, t > O}.

Let ¢ € C°°(R; [0, 1])) be such that ¢(s) = 1if |s| < §/2 and ¢(s) = 0if |s| > §, where
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we have § < min{—H;, H,}/2. Define a mapping
On(t,X) ;==X + @(x3)h(t,X)es =: X + 05(¢, %)
where X := (X', X3), and for fixed r > 0 we set x = Oy (z, X). An easy computation shows

0 0 81h(p
Q/T =10 O 82hcp
0 0 hy

It follows that @), is invertible if ||/1]|oo,00 < 1/(2]¢|c0), and

1 1+ /’lQD/ 0 —81h(/)
@Oy =+ '=——] 0 1+hg' —02he
1+ he 0 0 1

In what follows, let ||/]|co,00 < 7 With 0 < 7 < 1/(2]¢’|oo) being sufficiently small. Then,
the inverse @;1 : Q — Q is well-defined and it transforms the free interface I'(¢) to the
flat and fixed interface ¥ := G x {0}. Now we define the transformed quantities

u(t,x) = u(t, 04, X)),
7(t,X) 1= 7(t,04(1, X))

and compute vr = (—=Vyh, 1)7/y/1 + |V h|?, where
V7 =Vx — My(h)Vr,
divu = divu — (Mo(h)V]|u),
Au = At — My (h) : VU — My (h) Vi,
atu = 3,17 — (p3,h(1 + (p/h)713317,
with

Mo(h) := 0,7 (I +6;)7",
Mi(h) : Vi = [2 sym(@,’f[l + 9,’1]4) -1+ 9;’,]_19,29}7[1 + 9,’!]4] 1 V2,
and
M, (h)Vi := ([AG} '] 0 O] V).
Furthermore, it holds that
d:h

VI+Veh?

Vr = (0;Op|vr) = d;h(eszlvr) =
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This yields the following transformed problem for # and 7 (for convenience, we drop the
bars in what follows):

d;(pu) — uAu + Vo = F(u,m,h), in Q\X,
divu = Fy(u,h), inQ\X,
—[pdsv] — [uVyw] = Gy(u,h), onX,
=2[pdsw] + [z] — cAxh — [p]yah = Gyw(u,h), onX,
[u] =0, ony,
0th—w = Hy(u,h), onX,

(2.2)
Ps, (w(Vu + Vu")vs,) = Ha(u,h),  on S1\9%,
u-vs, =0, on S1\0%,
u=0, on 53,
Ov,ch =0, onodx,
u(0) = ug, in Q\X,
h(0) = hy, on X.

Here,

F(u,m, h) = ppdh(1 + ¢'h) " d3u — w(Mi(h) : V>u + My(h)Vu) + Mo(h)Vr,
Fa(u,h) := (Mo(h)V|u),
Gy(u, h) := —[u(Vv + Vu)]Vh + |Vh[*[1193v]
+ (1 + [VAP) [udsw] — (VA|[uVw])) Vi,
Gu (. h) := —(Vh|[uVw]) — (Vh|[udsv]) + [VAP[pdsw] + 0 Ge(h),
) Vh
Ge(h) := dw(W) — AL,
Hi(u,h) == —(|Vh),
Hy(u, h) := Ps, (1t(Mo(h)Vu + VuT Mo (h)")vs,),

where we have set

vi=(up,uz), w:=us,
Vw =Vyw, Vv=Vyv, Vh=Vyh

for the sake of readability. Note that H»(u,h) =0on S; \ 0¥ sinceu - vs, =0on S; \ 0%
and 0,,,1 = 0 on dG; see [55, Section 4.1].

The following result on the existence and uniqueness of strong L ,-solutions having
optimal regularity has been published in [55, Theorem 4.2]:

Theorem 2.1. Letn =3, p > 5. For each given T > O there exists a number n =n(T) > 0
such that for all initial values (ug, ho) € sz—z/p (R\X)3 x Wp3_2/p(E) satisfying the
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compatibility conditions

divug = Fy(ug, ho),
—[ro3ve] — [ Vrwo] = Gy(vo, ho),

[uo] =0,

up-vs, =0,

Ps, (u(Vuo + Vug)vs,) = 0,
uols, =0,

By ho = 0.

as well as the smallness condition
||u0||Wp2_2/p(Q\E) + ||h0||W;_2/p(E) S 777
there exists a unique solution (u, 7, [7]), h) of (2.2) with regularity
u € Hy((0.T); Lpy(2)%) N Ly((0.T): HX(Q\X)?), 7 € Lp((0.T): Hy(Q)),
[x] € W,)/2712P((0, T): Ly (2)) N Ly ((0. T): W, "7 (%))
and

he WEY2P((0,T); Lp(2)) N HY((0,T); W2 YP(£)) N Lp((0, T): W™7 (%))

3. Rayleigh-Taylor instability

3.1. Equilibria and spectrum of the linearisation

In this section we compute the equilibria of (2.1) as well as the spectrum of the full lin-
earisation of (2.1) in the trivial equilibrium.

Assume that we have a time-independent solution of (2.1). Then multiplying (2.1);
by u and integrating by parts yields the identity

||ﬂ1/2D“||%2(Q) =0,

hence u = 0 on 92 and therefore ¥ = 0 in all of 2, by Korn’s inequality (Theorem A.4). If
u = 0, then = must be constant, with possibly different values in different phases. Hence,
condition (2.1)5 yields that

oHr + [p]yaxs = const.

on I'. In particular, if Hr = 0 then x3 must be constant, hence flat interfaces belong to the
set of equilibria. Assume that T is given by the graph of a height function £, that is,

I = {x € Q:x3 = h(x1,x32), (x1,x2) € G}.
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Then the normal v on I" pointing from €7 (x3 < h(x1, x2)) into Q5 (x3 > h(x1, x2)) is
given by

1
vr(x', h(x")) = [~Veh(x'),1]",  x" = (x1,x2) € Bgr(0).
VTF VbR b
Since Hr = —divr vr, we obtain the quasilinear elliptic problem
Vyrh
odivy(——————) + [p]yvah =¢, x' €G,
g <\/1 + IVx/hIZ) ! G.1)
dvah =0, x' €0G,

where ¢ 1= H'l'ﬂ%’l'“ [ hdx'. All admissible height functions which solve (3.1) belong to the
set of equilibria.

We are interested in the stability properties of the flat interface ¥ = G x {0} in Q =
G x (Hy, H). After transformation of (2.1) to the fixed domain 2\ X, we consider the
full linearisation around the equilibrium (0, X):

d;(pu) — uAu + Vi =0, in Q\X,
divu =0, in Q\ %,
—[u(Vu + Vu"]es + [r]es = o (Axh)es + [p]yahes, onX,
[u] =0, on Yy,
0th —u3 =0, on X,
Ps, (w(Vu 4+ Vu")vg,) =0, on S;\0%, 3.2)
(ulvs,) =0, on S1\0%,
u =0, on Ss,
Ov,ch =0, ondx,
1(0) = uo, inQ\Z,
h(0) = hy, on X.

Observe that by conservation of mass, it holds that

/h(t) dx':/ ho dx'
G G

for ¢ > 0. Indeed, this follows from an integration of (3.2)5 over ¥ = G x {0} and the fact

that
/u3dx/=/ divudx =0
G Q1

by (3.2)5 4,7, and the divergence theorem for Lipschitz domains. Therefore, if ¢ is mean
value free, the solution /(¢) inherits this property for ¢ > 0.
Define a linear operator L : X; — Xy by

L(u,h) := [(n/p)Au —(1/p)V7.u-es], (3.3)
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where Xo 1= Ly, 5(Q) x {h € W ™P(2) : [o hdx' =0, 8y, = O},

I _
Lpo(R):={u e CRQ)? divu=0) ~, X;=HXQ\T)’xW}"1/7(3),
and

X1 :=D(L) = {(u.h) € Xo N X1 : Ps([u(Vu + Vu")]es) =0, [u] =0, uls, =0,
Pg, (;L(Vu + VuT)vSI) =0, (ulvs,) =0,0,,,h = O}. (3.4)

VoG

The function 7 € H }} (2\X) in the definition of L is determined as the solution of the
weak transmission problem

1 _ (K
(;Vﬂ|v¢)L2(sz) - (;AM|V¢)L2(Q),
[7] = oAxh + [p]lyah + ([u(Vu + Vu')]esles) on X,

where ¢ € le,(Q) and p’ = p/(p — 1), which we know is well-defined thanks to [55,
Lemma 5.7]. We will sometimes make use of the notation via solution operators, i.e.,

%Vn = T1[(n/p) Au] + TaloAxh + [p]yah + ([u(Vu + Vu")]esles)], (3.5)

where 71 : L,(R)? — L,(R)%and T : Wplfl/p(E) — L,(2)? are bounded linear oper-
ators.

In what follows, we will analyse the spectrum of the operator L. Note that L has a
compact resolvent. This implies that the spectrum of L is discrete and it consists solely of
eigenvalues with finite multiplicity. Consider the eigenvalue problem A(u, h) = L(u, h),
that is,

Apu — puAu + Vi =0, in Q\ X,
divu =0, in Q\X,
—[u(Vu + Vul]es + [r]es = o (Axh)es + [p]yahes, onX,
[u] =0, on X,
Ah —usz; =0, on X, 3.6)
Ps, (u(Vu + Vu")vyg) = 0, on S;\0%,
(u]vs,) =0, on §1\0%,
u =20, on S,,
Ov,ch =0, ondX.

We test the first equation with u and integrate by parts to obtain

1 —
MPl/zuﬁz(Q) + §|M1/2D”|22(Q) + X[0|Vx/h|]%2(G) - [[PHVHM%Z(G)] =0. B7
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The above identity for A = 0 implies ¥ = 0, by Korn’s inequality (Theorem A.4), hence p
as well as [ p] are constant. Therefore, / is a solution of the linear elliptic problem

Axh +

[[p]]yah_o Y eG.
o

(3.8)

dv,ch =0, x' €0G,

VoG

since & is mean value free. Let 0 (—Ay) C (0, o) denote the spectrum of the negative
Neumann Laplacian in the space

X = {h e WP (G) : / hdx' = 0}
G

and let E£(7n) denote the eigenspace corresponding to the eigenvalue n € o (—Ay). It fol-
lows that & = 0 is the unique solution of (3.8) if and only if

lelya ¢ o(—AN),
g

and there exists 0 # h € E(n) if and only if

[[p]b/a o(—An).

This shows that
[p]ya

0 €o(L) ifandonlyif e o(—Ap).

Suppose that 0 # A € (L) with Re A = 0. Taking real parts in (3.7), it follows that u = 0
by Korn’s inequality (Theorem A.4), hence # must be nontrivial. By equation (3.6)s, it
follows that A = 0. This shows that A = 0 is the only eigenvalue of L on the imaginary
axis.
In particular, if
[elye <A1,
o
with A; > 0 being the first nontrivial eigenvalue of —A y in X, then

0(L)C{A€C:Re)k§—w<0}

for some w > 0, since

2 HP]] Ya
IVarhlL,6) =

by the Poincaré inequality for functions /2 with mean value zero. To see this, observe that

(by a bootstrap argument) e; is an eigenfunction of —Ay with eigenvalue A; in X if and

only if e; is an eigenfunction of —A y with eigenvalue A; in

—=hl7,6) 20

LYG) = {h € Ly(G) : /Gh dx' = o}.
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As —Ay is self-adjoint in Lgo) (G) with compact resolvent, the spectral mapping theorem
yields
|Vx/h|]%2(6) > A1|h|22(c)

forall h € H}(G) N L(G).

Note that there exists k > 0 such that x — L is a sectorial operator, since L has
maximal L,-regularity. In particular, it holds that o(L — k) C X244, or equivalently,
o(L) C X245 + k for some § € (0, /2). This concludes the proof of existence of the
number w > 0 above.

Now, we aim to show that o (L) N C; # @ whenever I ]] > Ay. To this end, for
A > 0and given g € W1 1/p (G), p > 2, we solve the elliptic two -phase Stokes problem

Apu — pAu + Vo =0, in Q\X%,
divu =0, in Q\ %,
—[u(Vu + Vu")]es + [r]les = ges, on X,
[u] =0, on XY, 3.9)
Ps, (;,L(Vu + VuT)vSl) =0, on S;\0%,
(ulvs,) =0, on S1\0%,
u =0, on S,
by Theorem A.3 to obtain a unique solution u € H 2(Q\E) n H (R2). Define the (reduced)

Neumann-to-Dirichlet operator Ny : 1 1 p(G) — W2 v p(G) by N)g = (ules).
With the compact operator N, at hand, we may rewrite the eigenvalue problem (3.6) as

Al + Ny(Axh) = 0, (3.10)

where Ayh := —0Anh — [p]yah is the shifted Neumann Laplacian with domain
D(Ax) = {h e WP (G) / hdx' =0, dy,,h =0on aG}.
G

We remark that for A > 0 problems (3.6) and (3.10) are equivalent. Therefore, it suffices

to show that for [['0 1a

solution /1 € D(A*)
Concerning Nj, we have the following result (see also [31, Section 10.5] for the case

of a bounded smooth domain with I'(z) N dR2 = 0):

> A there exists A > 0 such that equation (3.10) has a nontrivial

Proposition 3.1. The Neumann-to-Dirichlet operator Ny of the Stokes problem (3.9)
admits a compact self-adjoint extension to L,(G) which has the following properties:

(1) If u denotes the solution of (3.9), then
1
(N2gl2)2 = Alp'2ulf, ) + 5112 Dulf (g,

forall g € Wpl_l/p(G) and A > 0.
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(2) Foreach a € (0,1/2) there is a constant C > 0 such that

(1421~ 5
—Cc |N)Lg|L2(G)

forall g € Lr(G) and A > 0. In particular,

(Na1glg)2 =

C
N <=
INAlB(L(6)) = T

forall A > 0.
(3) N, g has mean value zero for all A > 0 and each g € L,(G).

Proof. The first assertion follows from integration by parts, while for the proof of the
second assertion one uses trace theory, interpolation theory and Korn’s inequality (The-
orem A.4). To show the third assertion, observe that for each A > 0 we have

[N;Lg dx’:/(u|e3) dx’:/ divu; dx =0
G G Q1

by the divergence theorem, where u; := ulq,. ]

Proposition 3.1 combined with Korn’s inequality (Theorem A.4) implies that when-
ever N; g = 0, then u = 0, hence g must be constant. Therefore, the restriction of N to
functions with mean value zero is injective. Therefore, we may rewrite equation (3.10) as

ANT'h+ Ash =0 (3.11)

for each h € D(Ax). Let us consider (3.11) in L;O)(G), the subspace of L,(G) consisting
of functions with vanishing mean value. Define B, := )LN)T1 + Ay with

D(B;) = D(Ay) = {h € WAHG) N LY (G) : dy,sh = 0 on 3G},

VoG

since N, ! is a relatively compact perturbation of A,. We will show that the operator B,
is positive definite provided A > 0 is large enough. Let u; > 0 be an eigenvalue of N, 1
in Lgo) (G) with corresponding eigenfunction e;. Then

1 C
—lejlr = [Nsejla < ————Tlejla,
Ha] |ej|2 | Ae]|2—(l+l)a|e]|2

hence p; > é > 0 for each A > 0. It follows that
(Bahlh)2 = A(N; *hlh)2 + (Axh|h)2 = (A/C = [plya) |h[3 > 0

foreach h € D(Ay), if A > 0 is sufficiently large.
On the other hand, let 0 # &, € D(Ax) be an eigenfunction of —A y to the first non-
trivial eigenvalue A1 > 0 of —Ay, i.e., —Anh« = A1hs. This yields

(Bahalhe)s = AON; halhe)s —o (072 3, )
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Since limy .o )&(N;lh*|h*) = 0, it follows that (B h«|h«)2 < 0 provided A > 0 is suf-
ficiently small and m% > A;. Let w% > A and define

Ay 1= sup{)t > 0 : B, is not positive semi-definite for each p € (0, )&]}

Then, A, > 0 by what we have shown above and B) has a negative eigenvalue for each
A < Ay, since the resolvent of Bj is compact. It follows that 0 € o (B}, ), hence there exists
asolution 0 # h € D(A4) in L;O) (G) of (3.11). A bootstrap argument finally shows that
heD(AN Wp3_1/p(G). This in turn yields that o (L) N C4 # @ whenever [[p(ﬂry" > A1,
We have proven the following result:

Proposition 3.2. The operator L defined above has the following spectral properties:
(1) o(L)NiR C {0} and 0 € o(L) if and only if [p]lya/o € o(—AN).
(2) If[p] <0theno(L) C C_.
3) If[o] > 0 and L < 3, then o(L) C C_.
@ If[p] > 0 and e > 3 then o (L) N C4 # 0.

3.2. Parametrisation of the nonlinear phase manifold

We have already seen that after a Hanzawa transformation, the transformed velocity field
is no longer divergence free. Moreover, the jump condition of the stress tensor as well as
the divergence condition are transformed into some nonlinear terms. It is the aim of this
section to parametrise the nonlinear phase manifold

PM:={(u,h) € WZP(Q\Z)® x W27 ()N X]:
uls, =0, uls, -vs, =0, Ps,(u(Vu + Vu"vg,) =0, [u] =0,
Ps(u(Vu + Vu)es) = (Gy(u, h),0), dyyoh =0, divu = Fy(u, h)}

as a subset of the set X, := sz—z/ P(Q\X)3 x WPB_Z/ P(%), near the trivial equilibrium
(ux, hx) = (0,0) over the linear phase manifold

Xy = {(u.h) € 7722 (@Q\E)? x W22 (2)] N Xo 2 uls, = 0, uls, - vs, =0,
Ps, (u(Vu + Vul)vg,) =0, [u] =0, Ps(u(Vu + Vu')es) =0, dy,sh = O}.
LetE, := W, 2?(Q\%), E, := W, Y7 (%),

E, := {u € Wp272/p(9\2)3 ([ul =0, uls, -vs, =0, uls, =0,
Pg, (u(Vu + VMT)VSl) = 0}7

E:={(u.7,q) €eE,xE; xE; :q = [x]}, and

F = {(f1. f2) € W) 2/2(Q\Z) N H, ()] x W) 73/P(2) : (Ps f2) -vs, = 0at 0%},
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We will need the following auxiliary result for the Stokes problem:

pwu — uAu + Vi =0, in Q\X%,
divu = f;, inQ\X,
—[undzv] — [uVyw] = gy, on X,
=2[pdsw] + [7] = gw, onX,
[u] =0, on Y,
Ps, (u(Vu + Vu')vg,) = 0, on S1\0%,
u-vs, =0, on S1\0X%,

u=0, on S>.

(3.12)

Proposition 3.3. Let n = 3, p > 5 and p;, uj > 0. If > 0 is sufficiently large, then
there exists a unique solution (u, w, []) € E of (3.12) if and only if (f4.,(gv, guw)) € F.
Moreover, there exists a constant M, > 0 such that

[, 7, [7Dle < Moll(fa. (v, §w))lF-

Proof. For the proof of this result one may apply the same strategy which was used in the
proof of Theorem A.3. We omit the details. ]

Let us consider the elliptic problem

pou — puAu + Vg =0, in Q\ %,
divit = PoFy(ii + i, h), in Q\Z,
—[wds0] — [uVe ] = Gyt + i1, h), on X,

—2[udsw) + [7] = G (@ +ii.h), onX,

(3.13)
[u] =0, on X,
Ps, (u(Vu + Vii")vg,) = 0, on S1\0%,
u-vs, =0, on S1\0%,
u=0, on Sy

for (u, 7w, [7]), where @ > 0 and (i1, }7) € erg (0) are given. Here we have set

1
Pof:=f—|9—|/gfdx

for f € L1(R).
Define a nonlinear mapping N : E,, x X ;,’ — [ via
N7 = B P‘LF’.{(M —i—u;h) )
(Gv(u + uvh)v Gw (u + Msh))
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Let S, denote the solution operator which is induced by Proposition 3.3 and define a
mapping H := E x X — E by

H((@,7,q), (@, h)) = @,7,9) — SeN(@, i, h),

where g is a dummy variable representing [7]. Since N (0) = 0, it follows that the equation
H(0,0) = 0 holds. Since N € C?2, it holds that H € C?, too. Differentiating H with
respect to (i, T, g), we obtain

D@79 H(0,0) = Ig,

where we used the fact that Dy N(0) = 0. The implicit function theorem implies the
existence of a C2-function ¢ : rBXo — E with ¢9(0) = 0 and ¢;(0) = 0, such that
H(¢po(u, h) (u, h)) = 0 whenever (u h) € rBXo (0). In other words, this means that
(u,7,q) = ¢po(u, h) is the unique solution of (3. 13) for a given (u, h) € rBXo (0). Fur-
thermore, it can be shown that Py F; (u + i, h) Fy(u+u, h) (see proof of [55 Theo-
rem 4.2]).

Let P(u,7,q) := u and define ¢ (&, h) = Poo(Hd, h) as well as

(@i, h) := (i, h) + (¢(i, h),0).

It follows that <I>(rBX3 (0)) C PM and that ® is injective. We will now show that P is
locally surjective near 0. To this end, we assume that (u, 1) € M is given and close to 0
in X,,. Then we solve the linear problem

poil — uAll + V7 = 0, in Q\2,
divu = PoFy(u,h), inQ\X,
—[pn03v] — [uVew] = Gy(u, h), on X,
=2[udsw] + [7] = Gw(u,h), onX,

_ (3.14)
[u] = 0, on X,
Ps, (u(Vi + Vii")vg,) = 0, on S1\9%,
u-vs, =0, on S1\0%,
u=020, on S,

by Proposition 3.3 to obtain u € EE,,. Define (i, h) := (u — u, h) and observe that
1
divii = Fy(u,h) — PoFg(u,h) = @/ Fy(u,h)dx.
Q

Since if € H, () with s, - vs, = 0, 1|5, = 0 and [ii] = 0, it follows that the equation
PoFy(u,h) = Fy(u, h) holds, hence divii = 0.

This in turn yields (i, h) € X, 9 and ¢ (ii, h) = u, showing that ® is locally surjective
near 0.
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3.3. Main result on Rayleigh-Taylor instability
In this section we are going to prove the following main result:

Theorem 3.4. Letn =3, p > 5and p;, j4j, yj,0 > 0. Denote by (ux, hs) = (0,0) the
trivial equilibrium and let s(L) denote the spectral bound of the linearisation L (see
equation (3.3)). Furthermore, let Ay > 0 be the first eigenvalue of —Ay in

{h e WP (G) : /Gh dx' = o}.

Then, the following assertions hold:

(1) Iflplya/o < A1, then (ux, hy) is exponentially stable in the sense that there exist
constants n € [0, —s(L)) and § > 0 such that whenever (ug, ho) € P M with

[ (uo, ho)llx, < 3.

the solution (u, h) of (2.2) exists globally and satisfies the estimate

(@), h()x, < e [[(uo, ho)llx,

forallt > 0.

(2) If [p] > 0 and [p]ya/o > A1, then (ux, hy) is unstable in the sense that there is a
constant g9 > 0 such that for each § > 0 there are initial values (ug, ho) € P M
with

[ (o, ho)llx, <3

such that the solution (u, h) of (2.2) satisfies
[ (u(t0), h(10))llx, = €0
for some ty > 0.
Proof. Forn >0, let
e "Ey(Ry) = {u € e "[H)(R1:Ly(R)°) N Ly(Ry: HY(Q\Z)?)] : [u] =0,
u-vs, =0, Ps, (u(Vu + VuT)vg,) =0, ulg, = 0},
e "Ex(Ry) 1= e Ly(Ry: Hy (2\X)),
¢TME(Ry) = e TW,PTIPP (R Ly (D) N LRy W, ~HP(R))),
e TEp(Ry) i= {h € e MWET2P (R Ly(3))
N Hy (R W2 YP(2) N LR W)YP(E))] 2 9,50 = 0},

and

¢"ERy) 1= {(u, 7,9, h) € e "[Ey(R4) X Ex(R1) x Eq(Ry) x E4(R4)] : ¢ = [x]}.
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Moreover, we define the data spaces as follows:
eT"F1(R4) i= e "Ly (R Ly(R)%),
¢ TMF2(Ry) 1= e TM[Hy (Ry: Hy'(Q) N LR Hy (Q\E))],
eTF3(Ry) 1= {f3 € "W, 2T (R Lp()°) N LyRy: W, TP (2))]
Ps(f3)-vs, = O}v
eTMFARy) = { fa € MW, TP (R4 Lp(E))
N LyR: Wy P (2] : vy fa = 0}
and e7"F(R4) := X}‘Zle_”IFj (R 4+). We can now prove each of the assertions.

(1) Let (ug, ho) € PM be fixed such that ||u0||sz_2/p + ||ho||Wps_2/,, < § for some
sufficiently small § > O to be determined later. It follows from the results of Section 3.2
that (g, ho) = (ifo, ho) + (¢ (o, 9), 0), i.e., we have hig = ho, where (ifo, hig) € r By (0).
For h € L1(X), we define

1
PEh:=h— —/ hdx',
1% Jx
and consider the linear evolution equation
0u(@, h) — LT, h) = o((I = T, Ph), (@, 7)]i=0 = (fo, ho) (3.15)

in the space
Xo 1= L, (R) X {h e W2r(x): / hdx' =0, 0,,,h = 0},
G

where L has been defined in Section 3.1 and (it, ) € e "[E, (R) x E;(R )] are given
functions. Here n € [0, —s(L)), where s(L) denotes the spectral bound of L.

By [55, Corollary 3.3] and Proposition 3.2, it follows that the operator L has the
property of L,-maximal regularity on R provided that [p]y,/o < A;. Since (f; g) :=
w((I —Ty)u, POEE) € e "Ly(Ry; Xo) and (i, ﬁo) € X0, we obtain a unique solution

(@.7) € e "[H}(Ry: Xo) N Lp(Ry: X1)] =t e "E(Ry)
for each n € [0, —s(L)), where X1 = D(L) is given by (3.4). We denote by
E:= (0, — L.tr|=0) " : e "Lp(R4: Xo) x XJ — e "E(R4)
the corresponding solution operator which satisfies the estimate
IS &) (@0, o) o rgm.) < ML 8): (o ho))l=n i, s sx0)x X0
In particular, by (3.5), we obtain on the one hand that V# is given in terms of (i, ) and

IV enL, @452, = CMI((f.8). (o, ho))lle-nr, m 4 x0)xx2-



M. Wilke 508

At this point, we remark that the function h possesses some more regularity. Indeed, it
holds that B
0h = T3]z + wPTh € e "W, V2P (R Ly (X)),

hence /i € e "Wz /?P (R ; L,(£)) holds in addition.
Next, we consider the problem

wpil + 3, pil — AU + VT = F(i+u, 7% + 7. h+h), inQ\Z,

divit = PoFy(ii + 1, h + h), in Q\X,
—[uds0] — [uVeid] = Gy (i + i, h + h). on X,
—2[udsw] + [7] — oAk — [p]yah = Gy (i + i1, h + h), on X,
[#] = 0, on X,
wh + 8;E—u-e3=H1(L7+17,}7+l7), on X, (3.16)
Ps, (,u(VL_t + VﬁT)vsl) =0, on S;\0%,
u-vs, =0, on S;\0%,
u =20, on Sy,
Duygh = 0, ondx,
i#(0) = ¢ (ilo, ho), in Q\3,
}7(0) =0, on X,

where @, Z) =wZ((I —Ty)u, POEE) and V7 is given by (3.5), with (u, 1) being replaced
by (i, h).
Define an operator L, : e 7"E(R4) — e "F(R4) by

wpd + 0;pit — pAu + Vi
T divu
Lol @1 =1y vz + Vi")[es + ges — oA hes — [p]yahes
wh + 0:h—u-e3

where g = [7]. Set
Xy = {(u.h) € W2P(Q\Z)? x W 72/P(2) 1 uls, =0,
uls, -vs; =0, Ps, (n(Vu + VMT)VS1) =0, [[M]] =0, avggh = 0}

and denote by
ext, : X = ¢ "[E,(Ry) x Ef(R4)]

a linear extension operator such that ext, (%, /:l\)|t=0 = (u, h). The existence of such an
extension operator can be seen in [55, Section 4.2], by solving the corresponding auxiliary
problems in exponentially weighted spaces.
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Furthermore, we define a nonlinear mapping
N e "MEu(Ry) X Ex(R4) X Ef(R4)] x X)) — e 7"F(R+)

by ~ B
F(u,m,h)
PoF4 (i1, h) + exty [(¢ (ifo. hip). 0)
 —@©),hO))
(Go(@@. 1) + exty[($ (ilo. ho). 0)
—((0). h(0))]). Gu (i1 b))’
H(u,h)

N((, 7, ), (G, ho)) :=

Here the functions (F, F4, G;, Hy) result from (F, Fy, G;, Hy) by replacing (i, h)
and V7 by wE((I — Ty)u, POEh) and (3.5), respectively.
Consider the equation

Lo (i, 7.4, ) = N((, 7, h), (i, ho)),

subject to the initial condition (u, )|i=0 = (¢ (i, ﬁo), 0). If we can show that this prob-
lem has a unique solution (i, 7, 7, 1) € e "E(R.), then, by construction, (i, 7, g, h) is
a solution of (3.16). Here, we have set ¢ = [7].

Let (f, fa, 8v, 8w, &n) € e "F(Ry) and (ug, ho) € Y,, be given in such a way that
divug = fgli=0 and —[uVywo] — [1d3v0] = guvlr=0, Where ug = (vo, wo). Consider
the linear problem to find a unique w = (u, 7, ¢, h) € e "E(R4), g = [r], such that

Leow = F, z(0)=z¢ = (up,hop),

for a sufficiently large w > 0, where F := (f, f4, gv, 8w, &r) and z := (u, h). Indeed, by
Corollary A.2 we may assume without loss of generality that f = ug =0, f; = gy =0
and g, = 0. The remaining problem with F= (0,0,0,0, g) (g has been modified but
not relabelled) and Zy = (0, ko) can be written in the abstract form

wz+z+4+Lz=(0,g,), t>0, z(0) = Zp,

where the operator L has been defined in Section 3.1. If @ > 0 is chosen sufficiently large,
then there exists a unique solution z € e~?[E, (R4+) x E; (R4 )], since L has the property
of maximal regularity of type L, on R in

Lpo(Q) x {h e WVP(2) : 0y,.h = 0},

by [55, Corollary 3.3].
Therefore, it makes sense to define a function H : e 7"E(R4) x X ](,’ — e "E(R4) by

H((ﬁ’ 7_t’ 677 ]/7)7 (1,70, ]/70)) = (17» 7T[, 677 E)
— (L tr |=0) "' [N((@, 7, ), (o, ho)), (¢ (#o. o), 0)].
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Note that H is well-defined, since all compatibility conditions at 1 = 0 as well as at 9%
and 0, are satisfied by construction. It follows from [55, Proposition 4.1] and the results
in Section 3.2 that H is a C2-mapping with H(0,0) = 0 and

DG zamH0.0) = legr,)-

Therefore, applying the implicit function theorem yields the existence of a C2-function
¥ X0 — e E(R ) with ¥ (0) = 0 and ¥'(0) = 0 such that H (y(ily. o). (ifo. 10)) = 0.
whenever (idg, ho) € rBX3 (0) for some sufficiently small > 0.
Let B 3
(w,m,q,h):= W, 7,q,h)+ (u,7w,q,h).

As in the proof of [55, Theorem 4.2], one can show that Py F;(u, h) = F;(u, h), since
divu = div(¥ + u) = divu. Integrating 0 = U - e3 over X yields

/ﬁdx’z/ divii; dx = 0.
b o

This in turn implies that

(o+ %)/Eﬁdx/z /E[w—(vwh)] dx’

_ [ [w — (V| V)] d’
X
= /;(u|v1"(t))\/1 + |Vh|2 dx’
:/ (w0 O3 ) vrey) dT ()
re

= / div(u o ®;1) d21(t)
Q1(2)
=0,
since
div(u 0 ®;") = (divu — Fg(u,h)) 0 ©;' = (divit — Fz(u,h)) o ;' = 0.

Since h |t=0 = 0, this readily yields that I is mean value free, hence POE}_z =} and there-
fore (u, m, ¢, h) is a solution of (2.2) which is unique, by Theorem 2.1. The compon-
ent (u, 1) of the solution has the representation

(u, h) = ¥ (ilo, ho) + E(ilo, o),

where ¥ (i, EO) := (i1, h) and Z results by replacing (i1, h) by ¥ (iio, Zo) in the definition
of E. This yields the estimate

||(M, h)”e_"[]Eux]Eh] S M||(770, ]/10)”)()97
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where M > 0 does not depend on (i, Eo) € rBX;) (0) as long as r > 0 is sufficiently small.
This follows from smoothness of the function . Since (g, ho) = (1o, ho) — ¢ (Uo, ho),
¢(0) = 0 and ¢’(0) = 0, we find for each ¢ > 0 a number r(¢) > 0 such that the estimate

o, ho)llx, < Il(uo, ho)lx, + ¢ (Ho, ho)llx,

< (o, ho)llx, + €l (fo. ho)lx,

is valid. This implies the final estimate

[, B)lle=n[E, xE,] < Mell(uo, ho)lx, »
proving the first assertion.

(2) Denote by ot the collection of the eigenvalues of L with positive real parts and
let P+ be the spectral projection related to o0 ™. Define P~ :=1 — PT and X := PEX,.
Since ot is finite, it follows that X J is finite-dimensional and the decompositions

Xo=X®X,, L=LToL"

hold, where L is a bounded linear operator from X 0+ to X 0+ . Note further that the spaces
D(L*) and X, coincide and that

Izl := 1P zllxy + 1P 2lx,

defines an equivalent norm in X, since P* are bounded linear operators. By spectral
theory, it holds that oF = O'(L:t) ando~ C C_. Let A« € 0T denote the eigenvalue with
the smallest real part and choose numbers «, n > 0 such that [k — 1,k + 1] C (0,Re A,).
It follows that the strip

{AeC:Reld€k—n«+n]}

L

. . . . + .
does not contain any eigenvalues of L. Therefore, the restricted semigroups e 7277 satisfy

the estimates
leX 0| < Me® ™t e kT < Me~UHM 1 >0 (3.17)

for some constant M > 0.

Our aim is to prove the second assertion by a contradiction argument. To this end,
we assume that (44, h«) = (0, 0) is stable. Then there exists a global solution (u(z), 7 (t),
q(t),h(t)) of (2.2) such that (u, ,q, h) € E(T) for each finite interval J = [0, T] C [0, c0),
q = [x]. Also, for each & > 0 there exists () > 0 such that whenever ||(uo, ho)|lx, <&

then | (u(z), h(?))|x, < e forallz > 0. Note that the solution admits the decomposition
(w.7.q.h) = @.7.9.h) + @ 7..h),

where (L'Z,_g) solves (3.15) with 77, § = [&] given in terms of (i, h) (see (3.5)) and
(u, 7, q, h) solves (3.16) with a given right hand side (u, 7, ¢, ). Observe that in this
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case, POEI; =h by integration of (3.16)¢ over X, since

/(men)dz:/ divﬁldxzf Fd(ul,h)dxzf divuldx
= Ql Q] Ql

/ Hi(u,h)dx =/(8th—(u|e3))d2 =—/ divu'dx,
= = Q

and

where u! := u|g, and where we made use of the fact that PZh = h.
To shorten the notation we introduce the new functions z := (i, h),z = (u, h), W =
(,7%.q.h) and w = (it, 7, g, h). The functions P*Z solve the evolutionary problem

d
EP*’Z"— LEPEZ = wP*Qz, P*Z|,—g = P2, (3.18)

where Q% := ((I — Ty)it, h) and Zo := (i, Eo). In the first step, we show that P 7% is
given by the formula

PYZ(r) = —/oo L 9Pt 07 (s) ds. (3.19)

t

Since P is bounded and X 3 — Xy, it follows from the assumption that
||P+5(I)IIX0+ < ||P+Z(t)llxo+ + ||P+7(I)IIX0+ =Cle+ 1120 x,)

for all # > 0. This implies the estimate

—Kkpt l/p —Kt=
e dr) "+ e L 0rx0)
0

< Clk, p) (e + e Zlg 1) (3.20)

T
”e—lcl‘ P+Z"LP(O,T;XJ—) < C (8(/

where
E(T) := Eu(T) x E4(T),

and E(T ) = L,(0,T; Xo), with an embedding constant being independent of 7" > 0.
Employing the relation

%(e_’“PJ“E(t)) = (—«I + LY)e ™ PTZ(t) + e PTQZ(1), (3.21)

we obtain that
le™ P*Zlzery < Cile + e ™ Zllger) (3.22)

where the constant C; > 0 does not depend on 7" > 0. Here we have set

Z(T) := H)(0.T: Xo) N L, (0. T; D(L)).
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For the function e %" P~Z(z), the identity

g;@f“’P_ZU))::(—KI4—L_)é*”P_EO)—Fe_“IT‘QEU) (3.23)

holds. Since by (3.17) the semigroup generated by (—«x/ 4+ L7) is exponentially stable
in X, we obtain from L ,-maximal regularity theory that the estimate

le™ P Zllzry < M(IP Zollxp + le™ P~ 0%l 0.7:x0))
= M(IP Zollys + le™Zlgr)) (3.24)

is valid for some constant M > 0 that does not depend on 7 > 0. A combination of (3.22)
and (3.24) implies

le™Zllzer) < Cale + 1P Zollxo + lle™Zllg(r))- (3.25)

with C, > 0 being independent of 7' > 0. In what follows, we want to reproduce the norm
of e7*'Z in IE(T) on the left hand side of (3.25). To this end, we have to estimate e th
and e 19,71 in W, 727 (0, T: L,(5)).

To estimate e ™'} in Wpl_l/ 2p (0, T; Lp(X)), we cannot simply use interpolation of
le (0,T; Lp(%)) with L, (0, T; L,(X)), since the interpolation constant would depend
on T > 0. The following proposition takes care of this problem:

Proposition 3.5. Let T € (0,00), k > 0 and let Z € Z.(T') be the unique solution to (3.15).
Then there exists Z € Z(R ) with Z|jo,r] = Z such that the estimate

le™Z|z®y) < M(||50||X3 + le™ 2L, 0.1:x0) + lle ™" ZllL,0.7:x0))
is valid, with a constant M > 0 being independent of T > 0.

Proof. We fix a > 0 large enough such that the operator L — al has the property of L,-
maximal regularity on R . Define a function f : Ry — Xy by

wQZ(t) +aZ(t), ift €[0,T),

fo = {0, ift > T.

Then f € L,(R4; Xo) and we may solve the problem
0,Z2—(L—al)z=f, Z|l;=0 =720 (3.26)

to obtain a unique solution Z € Z(R ). Observe that by the uniqueness of the solution
of (3.15), it holds that Z|jo, 7] = Z.
Multiplying (3.26) by e ¥, it follows that the function e *?Z(¢) solves the initial value
problem
(e ™) —(L—(a+r)De ™ z2=eXFf Z|i=0 = Zo.

Since the operator L — (a + «)I has L,-maximal regularity on R as well, we obtain
the desired estimate. The independence of the constant M > 0 from ¢ follows from the
exponential stability of the analytic semigroup which is generatedby L — (@ +«)I. =
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Since “f:f;f”W,}*”z"(o,T;Xo) = lle”
norm in W, ?), it follows by the real interpolation method and Proposition 3.5 that

the estimate

Kt 5 . .
Z||Wplfl/2p(R+;Xo) (here we use the intrinsic

_KZ'ZH||WI,171/2p(O’T;XO) < M(IZollxo + lle™Zllz, 0.7:%0) + lle™Zllz,0,7:%0))

< M(|Zollxo + lle™Zllg(r) + le™ Zllzcr)) (3.27)

lle

is valid. The second equation in (3.15) and Proposition 3.5 together with trace theory
imply

—Kktq I
||€ ath”Wpl_l/zP(O,T;Lp(E))

< Cs(fle” + lle™ Rl

TN =12 “1)2 )
Wy 2(0,T;Lp(2) 2(0,T;L,(X))

< Ca(lZollxg + e ™ Zlig ry + le™ Zlzary)- (3.28)
Observe that for the estimate of e *? ﬁ we have used the fact that
En(T) <= W, 727(0,T: Lp(X))

with an embedding constant being independent of 7' > 0, since the norm in the last space
is a part of the norm in Ez (7). Combining (3.25) with (3.27) and (3.28), we obtain

le™ g ry < Cs(e + WZollxe + 1P Zollys + e Zlg).  (3:29)

with a constant Cs > 0 being independent of 7' > 0.

We are now turning our attention to system (3.16) for w = (u, 7, ¢, E), which we
write shortly as L,w = N(W + w) with initial condition Z|;=¢ = (¢(Zp), 0). It will be
convenient to write N(w) = N1(z) + Na(z, ), where all components of N,(z, ) are
zero except for the first one, which is given by My (h)Vr.

Proposition 3.6. Let k > 0. There exists a nondecreasing function @ : Ry — Ry with
a(e) = 0as e — 0 such that

(1) ifz € Z(Ry), then
le ™ N12)llpr,) < a@)lle™ zllzwr,).
whenever ||z(1)|x, < & forallt > 0;
(ii) ifZ €9Z(T) and zx € Z(R), then
le™ N1 + z)llrr) < a@)C(le™Zllzer) + le™ 2l z®y))

whenever
IZ()]x, < Ce

forallt €10,T] and
lz«@)llx, = Ce

forallt > 0. The constant C > 0 does not depend on T > 0.
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Proof. The proof of the first assertion follows by similar arguments as in [25, Proposi-
tion 9]. Therefore, we concentrate on the proof of the second assertion. For Z € ¢E(T') we
define a bounded linear extension operator E :oZ(T) — ¢Z(R4) by

Z(1), tel0,T],
(E2)(1) := { 22T —1), t € [T,2T],
0, t >2T.

For the norm of e %’ (EZ) in Z(R ), we then obtain

2T

T
e 213 ., = /0 2012 di + /T e |27 — 1|2, dt

T 2T
+ / e 2015, d1 + / e 2T —1)||},d1
0 T
T T
= / TP |Z(1))15, dt + / e CT=I2|2(0) 1§, d v
0 0

T T
+ / e P |Z(0) ||k, dt + / e *CT=DP)2(7) |4 dt
0 0
< lle™Zlz).

since 2T —t > t fort € [0, T].
In addition, there holds ||(E2)(t)||Wz_2/pXW3_2/p < Ce for all ¢t > 0. Then, the first
assertion yields ! !

||e—'€fN1 G+ Z*)”]F(T) < ||e_KtN1(E2 + Z*)||]F(R+)
<a(e)Clle™(EZ + zo)llz®.)

<a@C(le™Zlzm) + le ™ zxlz®y))- L]

In order to apply this proposition to the system L, w = N(w + W), let z, be an exten-
sion of zo such that e %'z, € E(R,) and lz«llz@®y) =< Cllzollx, - The existence of such
an extension can be seen as in the proof of the first assertion. Then we use the repres-
entation N(w) = N1(z) + Na(z, ) as well as the identity N1(z) = N1(z — zx + z4) =
N1(Z + zx), where Z := (z — zx) €9Z(T). Finally, note that

—Kt —Kt
lle™ Na(z, m) L, 0.1:L,@) < Céelle™ mllg, 7).
Therefore, the second assertion of Proposition 3.6 implies the estimate

le™ N@ + @) |rery < a@C(le™Zlzay + le ™ Zllz + le ™ zellzwry))

+eC(lle™ 7,y + lle ™ T llg, ()

—Ktﬁ

< ar@(le™ Eligey +le ™ Zlg ) +le™ Tle.m +z0lx, ).
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where a1 (¢) := a(e) + ¢ — 0 as ¢ — 0. Here we have used the estimates

le™ zllz®s) < Clizollx,

and
le ™ F e, r) < Cle ™ Zliger, + le ™ Zlg )
which hold for some constant C > 0 that does not depend on 7" > 0. Note also that
E(T) < Z(T) with a universal embedding constant being independent of 7" > 0 and
IZ(®)llx, < (1 + C)eforallt € [0,T], ||z«(t)|lx, < Ceforallz > 0.
By the invertibility of LL,,, we obtain

le™ @ lcry < Cs (Il Go)llx, + le™ N(@ + @) v (r)
< Cs(llgGo)llx, + 1 (e)(le™ Zllgry + le ™ Zlgr
+ le™ 7, ) + l20llx,))- (3.30)
Choose ¢ > 0 sufficiently small such that Cear; (¢) < 1/2 and note that
le™ @lr) = lle™ Zlgqy + le ™ Tlr, ) + le ™ [7]llE, -
This implies the estimate
le™ iz < 2Ce(I$Collx, +a1@(le ™ Zlzp + I20lx,). (331
If ¢ > 0 is sufficiently small, we obtain from (3.29) and (3.31) that
le™ Zlz .7, + le™ligry < Cale + [Zollys + 1P Zollys + 16 Gollx,)  (3:32)

with C; > 0 being independent of 7 > 0 and where we made use of the fact that
zo = Zo + ¢(Zp). In particular, this shows that

eE e e E(RS).

This in turn yields that
o +
e_“/ let I P00z (s)|x, ds
t

o0 , 1/p

< M(/ P (t—s) ds) ||€_Ktw7||Lp(]R+;Xo)
t

<C, pHlle™oZgg, ) < o

For the projection of the solution Z of (3.15) to X", we have the variation of parameters
formula

t
PTE(t) = Ptel iz + / eLT =) pt,07(s)ds
0

o o0
= ptel™3, +/ LT pt 07 (s)ds —/ LT Pt 07 (s)ds
0 t



Rayleigh—Taylor instability for the two-phase Navier—Stokes equations 517

Lt

at our disposal. Since e ! extends to a Cy-group, we obtain the identity

00 o0
e_L+’<P+'z"(t) +/ eL+(’_S)P+a)QE(s)ds) = P*3, +/ LT PrwQz(s)ds,
t 0

which holds for all # > 0. The left hand side of this equation may be estimated in X as
follows:

He*m(w'z‘(z) + /t ” e“(f*S)P*sz(s)ds) on

o0

< M (120, + / e+ PFwQZ(5)x, ds)
t

< Me™" ([le™Z(1) |1x, + C).

Here we made use of the fact that the integral does not grow faster than e*’ by the com-
putations above. Since the function [¢ — [|e™**Z(¢)]x,] is bounded (see above), it follows
that

e " (le™Z(M)x, +C) — 0

as t — oo. This shows in particular that P*Zo + [;° e"L"s P+ wQZ(s)ds = 0, hence the
relation (3.19) holds.
From (3.19) and Young’s inequality, we obtain the estimate

||€_KtP+Z||Lp(]R+;X0) = M('?)||€_KtP+E||Lp(R+?X0)‘
By (3.21), this yields
e P*Z |2,y < MGDlle™ P¥ 25z, G339

One may now mimic the above estimates with the interval [0, T'] being replaced by R to
obtain the relation

le ™ Zlgm., + le ™ Zlz@m,, < CUIP Zolx, + I6CGo)lx,).  (334)

At this point, we want to emphasise that the term ||Zp || X0 does not appear on the right hand
side of (3.34), since on R there is no need to apply Proposition 3.5. Furthermore, since
we estimate norms on the half-line R, we may use the first assertion of Proposition 3.6
instead of the second one.

Then, formula (3.19) for t = 0 and (3.34) imply

1P *Zollxp < M(@.m e 2], @sxp) < Mil.nlle™ 25,

< C(IP Zollxs + ll9Go)llx, ).

since ]E(RJr) — BUC(Ry4; X)(,’). Due to the fact that ¢(0) = 0 and ¢’(0) = 0, we may
decrease 6 > 0 (if necessary) to obtain

~ 1 . ~
l¢(Zo)lx, < §(||P Zollye + P Zollxe).
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whenever Z, € SBXQ (0). Finally, this yields the relation
I1P*Zollxe = ClIP ™ Zollxo-

Choosing Zg € SBX3 (0) in such a way that P~Zy = 0 and P*Z, # 0, we have a contra-
diction. The proof is complete. ]

We complete this section by considering the special case G = Bg(0) and give a result
on stability which is dependent on the radius R > 0.

Corollary 3.7. Let the conditions of Theorem 3.4 be satisfied and let the surface tension
o > 0 be fixed. Denote by A} > 0 the first nontrivial eigenvalue of the negative Neumann
Laplacian in L,(B1(0)). Then the following assertions hold:

(1) If R?[p]lya/o < A%, then (ux, hi) = (0,0) is exponentially stable in the sense of
Theorem 3.4.

() If[pl > 0 and R?*[plya/o > A}, then (ux, hy) = (0,0) is unstable in the sense of
Theorem 3.4.

Proof. The assertions follow from Theorem 3.4. Indeed, denoting by A;(R) > O the first
nontrivial eigenvalue of the Neumann Laplacian on Bg(0), Theorem 3.4 yields that (0, 0)
is exponentially stable if [p]y,/0 < A;(R) and unstable if [p]ys/0 > A{(R) and
[p] > 0. An easy computation yields that A; (R) = A}/R?. This concludes the proof of
the corollary. ]

4. Bifurcation at a multiple eigenvalue

In this section we consider the special case G = Bg := Bgr(0) C R? for some radius
R > 0. Proposition 3.2 implies that an eigenvalue of the linearisation L crosses the ima-
ginary axis through zero if [p]y, /0 = A1, where A; > 0 is the first nontrivial eigenvalue of
the negative Neumann Laplacian in L, (G). This suggests that (11, 0) is a bifurcation point
for the nonlinear Navier—Stokes system (2.2). Unfortunately, the eigenvalue A; > 0 is not
simple. Indeed, it is a double eigenvalue, being semi-simple. Therefore, we cannot dir-
ectly apply the results of Crandall and Rabinowitz. Instead, we will use certain symmetry
properties of the bifurcation equation to reduce it to a purely one-dimensional bifurcation
equation which then can be solved by the implicit function theorem. For a general theory
concerning bifurcation at multiple eigenvalues, we refer the reader to [22,34,51].

We recall that the set of equilibria & for height functions 4 with vanishing mean value
is given by

& = {(u*,n*,q*,h*) SuUyx =0, T = const., g« = [m4] =0, Ay solves (4.1)}.
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Note that if there exist nontrivial equilibria, i.e., 4 7# 0, then these equilibria are determ-
ined by the nontrivial solutions of the quasilinear elliptic boundary value problem

Vih

\/1 + |Vx’h|2

o divy ( )+ [elyah =0, ¥’ € Br(0). )

v, o h =0, x'edBr(0).

VBR(O)'" T

Here the differential operators V. and div, act only in the variables x’ € G. We intend
to show that if [p]y,/0 = A1, then there exist bifurcating nontrivial solutions /. of (4.1)
from the trivial solution # = 0. To this end, let

X = {h e W VP(BR): | hdx' = o},

Bpg “4.2)
Y i={h e WP (BR) N X : By h = 0
and define F : R4y x Y — X by
Vyh
Flo,h) 1= dive (——2—) 43)
V14 |Vx/h|2

For h € W, (BRr), s > 0, define (I, 1)(X') := h(OpX'), where

Oy = (cosd) —sinqb)

singg  cos¢

describes a two-dimensional rotation of X’ € Bg through the angle ¢. Note that Oy is an
orthogonal matrix, i.e., (9; = (9;1. Furthermore, we define (Cgh)(X') := h(RX'), where
RX' := (X1, —X)". Itis easily seen that I'; leaves both spaces X and Y invariant and one
readily computes Vz (Fog,h) = (9; (Co,Vxh), Az (To,h) = To,Axh and V%,(F(9¢h) =
04(To, V2,h)O4, where X' = O 4x'. Therefore, the identity

div ( Vyh ) Axh (V2,hVyh|Vyh)
x/ = —
VIV T+IVeh2 ST FVoh]E

implies that g, F(a, h) = F(a,T'g,h). Similarly, it holds that T'g F(a, h) = F(a, Trh).
This shows that F is invariant with respect to the group operations of the orthogonal
group O(2).

4.1. Lyapunov-Schmidt reduction
By smoothness of the mapping [R 3 s — (1 + s2)~1/2], it holds that F € C®°(R4 x Y; X)

and the first Fréchet derivative of F is given by
! i’l\ V / h V / h v ’ h ~
Vix ) fiv ( xh(Vy | xh) )

V1+ [Vah]? NS P

[Dy F(a, h)]h = divx,(
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Therefore, it holds that Dy, F(11,0) = Ax + A1I, where Ay denotes the Neumann
Laplacian and A > 0 is the first eigenvalue of —Ay in X (note that 0 ¢ o (—Ay ), since all
functions in X have a vanishing mean value). For convenience, we set A := Dy, F (11, 0).
We claim that 0 € o(A) is a semi-simple eigenvalue. Since the operator A has a com-
pact resolvent, it follows that the spectrum consists only of discrete eigenvalues having
finite multiplicity. Therefore, it suffices to show that N(4) = N(A?). To this end, let
0# v e N(A?) and u := Av. Then u € N(A) and we compute

1l7 By = (AV[)1,(Br) = (V1AW L, (BR) = O,

since A is self-adjoint in L, (Bg). This shows that u = 0, hence v € N(4A) and 0 € 6 (A) is
semi-simple. We note here that this implies X = N(A) & R(A). Rewriting the eigenvalue
problem —A /& = Ak in polar coordinates (7, ¢), it follows that the kernel N(A) of A is
spanned by the two linearly independent functions

ui(x’) == J1(j{ r/R)cos @, u5(x) := Ji(j{r/R)sing, (4.4)

for r € [0, R], ¢ € [0,27), where J; is a Bessel function of first order and jj ; denotes
the first zero of the derivative J| of J;. Hence, dim N(A4) = 2 (notably, A is a Fred-
holm operator of index zero). In particular, each 7 € X can be written in a unique way as
h =u 4+ v, where u € N(A) and v € R(A). Defining Ph := u, it follows that the map-
ping P : X — N(A) is a projection onto N(A). With Q := I — P we also have that the
mapping Q : X — R(A) is onto and Qh = v. Moreover, it holds that Y = U @ V, where
U:=N)andV := R(A)NY.

Let us now split the equation F(«, h) = 0 into two parts: PF(«,u + v) = 0 and
QF(a,u + v) = 0. Since the operator D, QF(A1,0) = QD F(11,0):V — R(A)isan
isomorphism, we may solve the equation Q F (&, u + v) = 0 in a neighbourhood of (11, 0),
by making use of the implicit function theorem, to obtain a unique smooth function
Vs : Ry x U — V such that QF (&, u + v« (o, u)) = 0 for all (o, u) close to (11, 0).
The function v, = v«(a, u) has the following properties:

(1) v(a,0) =0ifa > Oiscloseto Ay;
(2) Dav*(klvo) = 07 Duv*(klso) = 07
(3) Tjvs(a,u) = ve(a, Tju) for j € {R, Oy} if (a, u) is close to (A1, 0).

The first two properties follow directly from the equation Q F(c, u + vy, o, u)) = O after
differentiation, and the fact that F'(«, 0) = 0 for each & € R.;. The last property follows
from the uniqueness of v, and the fact that I'; O F (o, u + v) = QF («, I';u + T';v) for
J €{R.04}. To see this, we differentiate the identity I'; F (a, u) = F(«, I'ju) with respect
to u and evaluate the result at (o, u) = (A1, 0) to obtain the relation

TjA = AT}

In other words, I'; commutes with the operator A. It follows readily that I'; leaves N(A)
as well as R(A) invariant, hence we have I'; P = PT'j aswellas I'; O = OT;.
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4.2. Reduction to a one-dimensional bifurcation equation

It remains to study the equation 0 = G(«, u) for (o, u) € R4 x U in some neighbourhood
of (11,0), where G(a,u) := PF(a,u + v«(c, u)). Let us remark that this equation is
purely two-dimensional. Similar to the above, it holds that I'; G(«, u) = G(a, I';u) for
JE{R,Op}. Let W : U — R2 be defined by W(u) := (b1,b3)" foru = byu; + bous € U,
by := (uluk)r,(Bg) € R, where u; :=uj/[|u7||L,. It follows that W is an isomorphism
with inverse W1 given by W~ (b, by) = byu; + bu,. Consider now the equation

g(a,b) == WG(a, ¥ 1h) =0, beR?

and define T'; 9= wI; W ! on R? for j € {R, Oy}. With these definitions, it holds that
Fog(ot b) = g(a Fob) for j € {R, Oy}. A short computation also shows that the iden-
tities
. 0 5 — .

F%b = Oyb;
« I'Yb=2Rb
hold for each b € R2. We will use these two properties to reduce g(a, b) = 0 to a purely
one-dimensional equation. Choose ¢ in such a way that Ogb = se; = (s,0)" for some

s € R close to 0. Then g(«, b) = 0 if and only if g(«, se;) = 0, by the first property.
Furthermore, Re; = e;, hence

g(a,ser) = g(a, sRey) = Rg(a, ser).

This in turn yields that g, («, se;) = 0 is always satisfied and therefore, we have reduced
the equation g(c«, b) = 0to g1 (e, se;) = 0 for (o, s) € R4 x R close to (41, 0).

Since Dyg1(A1,0) = 0, we cannot simply solve the equation g;(c, se;) = 0 for «
in a neighbourhood of (41, 0) by the implicit function theorem. Instead, we define a new
function
gi1(a,ser)/s, s#0,

7(a,s) ;=
8(@.5) {Dbgl(a,O)el, s =0.

Since Dpg1(A1,0) = 0, we have g(A1,0) = 0. Moreover, we compute
Dag(A1,0) = Do Dpgi(A1,0)ey.
Since Dy Dy F(A1,0) = I and
Do Dpg(h1,0)e; = UPDa Dy F(A1,0) 0 ey = ey,

it follows that Dy Dpg1(A1,0)e; = 1 # 0. Hence, the implicit function theorem yields the
existence of a smooth function « : (—7, n) — R with «(0) = Ay such that g(x(s),s) =0
for all s € (—n, n) and some (small) 7 > 0. This in turn yields the following result:
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Theorem 4.1. Modulo the action in O(2), all solutions of F(«, h) = 0 in a neighbourhood
U of (A1,0) in Ry x Y are given by

F7H0) N U = {(a(s). sur + y(s)) : |s| < n} U {(,0) : (@, 0) € U},

where o € C*°((—n,n); R) with x(0) = Ay > 0and y € C®((—n,n); R(A) NY) with
y(0) = y'(0) = 0 are uniquely determined.

Proof. Define y(s) := v«(c(s), su1). Then the assertions for y follow from the properties
of the function v. |

Let us now show that the bifurcation in (A1, 0) is of subcritical type, i.e., sa’(s) < 0
for 0 < |s| < & and some § > 0. We first prove that ’(0) = 0. To this end, we differentiate
the expression F(a(s), su; + y(s)) = 0 with respect to s twice and evaluate at s = 0 to
obtain

0=Any"(0) + A1y"(0) 4 2'(O)u;.
By multiplying this identity by u; in L,(Bg) and integrating by parts, we obtain
o’ (0)]|uq ||22(BR) = 0, since u; € N(A). This implies that &’(0) = 0, since u; # 0. Dif-
ferentiating F(c(s), suq1 + y(s)) = 0 a third time yields at s = 0

0= Any"(0) + 21" (0) = 3div(Vus Va1 [) + 3" (O)uy,
where we have used the fact that o’(0) = 0. We test the latter equation by uy in L, (BRg)
and integrate by parts to obtain
0= a"(0)[lu; ||1%2(BR) + [lus ||24(BR)’
hence «”(0) < 0, since u; # 0.

Corollary 4.2. The bifurcation in Theorem 4.1 at (A1, 0) is of subcritical type, i.e.,
sa’(s) < 0for0 < |s| < 8 and some § > 0.

Remark 4.3. One can prove that the bifurcating equilibria induced by Theorem 4.1 are
unstable with respect to the flow that is generated by problem (2.2). To this end, one
defines an operator £(s), |s| < §, as an analogue of the operator L from Section 3.1, rep-
resenting the full linearisation of (2.2) in one of the bifurcating equilibria. For sufficiently
small § > 0, the operator £(s) possesses a positive eigenvalue, implying the instability of
the bifurcating equilibria. We refrain from giving the details and refer the interested reader
to [54, Section 5.3] for the proof.

A. Appendix

A.1. The two-phase Stokes problem on the half-line

Let G C R? be open and bounded with 3G € C*. Define Q := G x (Hy, H) and let
Y =G x{0}. Let S; := 0G x (Hy, Hy) and S, := (G x {H1}) U (G x {H3}). In this
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section we consider the two-phase Stokes problem

wpu + 3¢ (pu) — pAu + Vr = f, in Q\X,
divu = f4, in Q\X,
—[nd3v] = [uVew] = go. on X,
=2[udzw] + [7] = gw. on X,
[u] = usx, on X, (A.1)
Ps, (u(Vu + Vu')vs,) = Ps,g1. on S1\9%,
u-vs, = g2, on S1\0X,
u=gs, on S5,
u(0) = uy, in Q\X

on the half-line R for @ > 0. Define the function spaces

Fy = Lp(Ry; Ly(R)),

Fa := Lp(Ry: Hy (2\X)).

Fs = W, 272 (RS L, ()2 N Ly (R W, 7P (D)),

Fy i= W27 2P R Ly (2) N Ly R Wy ~/7(2)),

Fs := Wpl—l/Zp(RJr; LP(E)3) NLy(Ry: sz—l/p(z)3)’

Fo := W)/271 2P (R 13 L,y (S1)3) N Ly(Roy; W)~ ($1\05)?),
Fy = W22 (Rys Ly(S1)) N Ly (R W21/2(851\05)).

Fs 1= W) ~12P (R 45 Ly(S2)) N Lp(Rys W2TV7(S2),

and F := X8_ F;, as well as

Fi={(fi..... /&) €F : (fo. fs. fr. fo) € Hy (R HyH(Q))).

Furthermore, we set X, := sz—z/ P(Q\X)3. Then we have the following result:
Theorem A.l. Let jij,p;j, Hj,0 >0, p > 2, p # 3. Then there exists wo > 0 such that
for each w > wy, problem (A.1) has a unique solution
ue Hy(Ry:Ly(2)*) N LRy HX(Q\D)?), 7€ L,(Ry: HY(Q\X)).
and
[7] € Wy/27 V2P (R4 Ly(2) N Ly(Ry: WP ()
if and only if the data are subject to the following regularity and compatibility conditions:

) (f fa-8v.8w.ux.81.82,83) €F,
(2) Ug € ny
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(3) divuo = falr=0, —[tVrwo] — [1d3v0] = guli=o0, [uo] = uz|i=o,

) Ps,(u(Vug + Vul)vs,) = Ps, g1lr=0 (p > 3), ug - vs, = g2|¢=0, uo = &3|¢=0,
S) [g2] =us-vs,,

©6) [(g1-e3)/p —0382] = dug, (ux - €3),

(1) Pys[(D'vs)v'] = [Posgy /1],

®) (gvlvs,) = —[g1-e3], (g3]vs,) = g2,

) Pyglu(D'gy)v'l = (Psg&))

(10) pdyg, (g3 - €3) + ndzg2 = g1 - €3.

Here we have set g; = (g},gjz,g;) =: (g},gf)forj € {1,3}, D’k = Vyk + Vyuk for
k € {vs, g4} and V' := vyg.

Proof. The proof may be based on a localisation procedure. Making use of reflection
arguments as in [55], shifted quarter-space problems and two-phase half-space problems
are traced to shifted half-space problems and two-phase full-space problems, which may
then be solved by [31, Theorem 7.2.1] and [31, Theorem 8.2.2], respectively.

Note that in contrast to the proof of [55, Theorem 3.2], we are able to control all
commutator terms which appear during the localisation procedure by C/w? for some
uniform a > 0 and some C > 0 being independent of w, by means of interpolation and
trace theory. Choosing w > 0 large enough, the norms of the lower order terms will become
small. This yields the linear well-posedness of (A.1) on the half-line R for sufficiently
large w > 0. Since the strategy of the proof parallels the one used in the proof of [55,
Theorem 3.2] to a large extent, we refrain from giving the details. [

As an immediate consequence of the last theorem, one obtains maximal regularity of
type L, of (A.1) in exponentially weighted spaces. To see this, we define

e = {f €T, [t e f(1)] €Ty},

where § € R. We define e *F and e F similarly.
We write w = @ — § + § in (A.1), multiply each equation by e®? and use the formula
9; (€% u(r)) = €% (8u(t) + d,u(t)) to obtain the following result:

Corollary A.2. Let the conditions of Theorem A.l be satisfied. Suppose that 6 € R and
let > max{wg, wo + 8}. Then there exists a unique solution

ue e SR (@) N LyRy; HAQ\D?), 7€ e P [Ly(Ry; HH@\D)],

and

[7] € e 5[, 271 2P (R Ly()) N Ly Ry W) P (2))]

of (A.1) if and only if the data are subject to the conditions in Theorem A.1 with F being
replaced by e F.
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A.2. Elliptic two-phase Stokes problems

Let /€ Lp(@)°, fa € HY(Q\T), @v. ) € W, /7 (2), g € W™ 17(2)%, 81 €
l 1/p(Sl\BE) and g g2 € sz 1 P(Sl\az) as well as g3 € W /p(Sz) be given such
that ( fd Ux, 82, 83) € H 1(Q) and such that the compatibility conditions (5)—(10) in
Theorem A.1 are satisfied at dS1 NaS, and S NIx.
Define f(¢t) := te_’f and in the same way define f;(¢),ux(t) and g;(¢) for j €
{v,w, 1,2, 3}. Then it holds that

(f, fi 8vr u- Uz, 81,82, 83) € e °F

for each § € (0, 1) and the compatibility conditions (3)—(10) in Theorem A.1 are satisfied
with ug = 0. By Corollary A.2, there exists a unique solution (u, 7, []) of (A.1) with
w > wg + 6 such that

u € e [oHy (R Lp()N) N LyRy: HY(Q\D))]. 7 € e [Lp(Rys Hy(\X)).
and

[7] € e P [oW, > PP (R4 Ly(R)) N Ly (R W, V2 (D).
Therefore, the Laplace transform &£ of each term in (A.1) is well-defined. Observe that

(&£ f)) = [o YoMy di = /0 et gy

~

1
arnz’

for Re A > —1, hence (£ f)(0) = f Doing the same for all the other data and defining
7, [7]) := £(u, 7, [7]), we obtain that (i, 7, [7]) solves the elliptic problem

wpil — uAfi + V7 = f, in Q\X,
divii = fy, in Q\3,
—[rd30] — [uVe D] = &0, on X,
—2[pnds 0] + [7] = 8w, on X, (A2)
[u] = ux, onY,
Ps, (/L(Vﬁ + VﬁT)vsl) = Ps, g1, on S1\0X,
u-vs, = g2, on S1\0%,
=g, on S5

whenever w > wg + 6. Let Au := (u/p)Au — (1/p)Va with domain
D(A) = {u € H}(Q\2)’ N Lo (Q) : [ud3v] + [uVew] =0, [u] =0,
Ps, (u(Du)vg,) =0, u-vs, =0, uls, =0},
and € Wpl (2\X) be the unique solution of the weak transmission problem

(%anw)h @ (%A”|V¢)L2<m’ ¢ € Wy(Q).

[7] = 2[pdsw], onX,
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which we know exists, thanks to [55, Lemma 5.7]. Since A has a compact resolvent,
the spectrum o (A) of A consists solely of isolated eigenvalues having a finite multipli-
city. Furthermore, it holds that Re 0(A) = 0(A) C (—o0, 0) by Korn’s inequality (The-
orem A.4). Indeed, multiplying the eigenvalue problem Au = Au by u and integrating by
parts, we obtain the identity

MullZ, @ =~ DulZ,q).
This yields the following result:

Theorem A.3. Let w > 0, uj,pj,0 >0, p>2, p# 3andlet Q and X be as in Theo-
rem A.1. Then there exists a unique solution (i, 7, [7]) with

e HXQ\D)?, #eH)Q\D). [7]ew, V()
of (A.2) if and only if the data are subject to the following regularity and compatibility
conditions:

() feLy@)P facHyQ\D),

@ (@ 8u) €Wy P (D) s e WP (D)?,
B) &1 e W) TVP(8\0%), &, € WEVP(8,\0%),
@ g e W, VP(82), (fa.fiz.22.83) € H, (),
(5) [&] =1s-vs,,

©) [(81-e3)/pn—0382] = dug, (iis - €3).

() Pas[(D'Us)V'] = [Posgy /1l

®) (&vlvs,) = —[&1-e3], (g3]vs,) = &2,

©)  Pygln(D'gy)V'] = (Pyg&)),

(10) pdvg, (83 e€3) + (1d382 = g1 -e3,

where v/ = vyg.

A.3. A Korn inequality

Foru € H} ()", let Du := Vu + Vu'. The following result is well known: There exists
a constant C > 0 such that

lull gy @) = CllDullL,@)

for all u € H)(2)" such that u = 0 on 0L (in the sense of traces). The proof of this
inequality relies on integration by parts. We will show that the estimate remains true if
u = 0 on some subset of d2 having a positive (n — 1)-dimensional Hausdorff measure.

Theorem A.4 (Korn’s inequality). Let 2 C R", n = 2,3, be a connected, bounded
Lipschitz domain. Then there exists C > 0 which depends only on Q2 such that the estimate

VullL,@) < CllDullL,@) (A.3)
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holds for each u € H}(2)" with u = 0 on some subset dp Q2 of the boundary 9Q of Q
such that "1 (dp Q) > 0, where H? denotes the d-dimensional Hausdorff measure.

Proof. Let us first show that we have some kind of Poincaré type estimate, that is, there
exists a constant C > 0 such that the estimate

[ullzo@) = CllDullLy@)

holds for all u € H.} (2)" with u = 0 on some subset dp Q2 of the boundary 32 of € such
that #"~1(0p2) > 0.

Assume on the contrary that for each m € N there exists u,, € H} ()" with u,, = 0
on dp 2 and U, L, (@) = 1 such that

lumllLo) = Ml DumlliL,@)-

It follows that Du,, — 0 in L,(2) as m — oo. By Korn’s inequality for functions in
H) (Q)" (see [26]), we obtain

lumll @) < ColllDumllLo@) + lumllLy@) (A4)

for some constant Co > 0. It follows that (u,,) C H,)(2)" is bounded. By Rellich’s the-
orem, there exists a subsequence (u,, ) such that u,, — us in Ly(£2). Then we have
lu«llL,(@) = 1 and by trace theory it holds that u4(x) = 0 for a.e. x € dp Q2. We make
use of (A.4) one more time to conclude that (1, ) is a Cauchy sequence in H., (2)", since
Dy, — 0in Lo (2). Therefore, we obtain u,, — ux even in H.) (). Since

||Dumk — Du*||L2(Q) < C||Vumk — VU*HLZ(Q) -0

as k — oo, it follows readily that Du, = 0.

Therefore, there exists a skew-symmetric matrix A € R"*" and some b € R” such that
Ux(x) = Ax + b for a.e. x € Q (see [26]). Define U := {x € R” : Ax + b = 0}. Then
U # @ is an affine subspace of R”, since dp 2 C U. Fix any xo € U and define

Up:=U—xo:={x—x9:x €U}.

Observe that dim Uy = n — 1 (by the assumption on the surface measure of dp€2) and
Ax = 0 for each x € Uy. Let UOJ- be the orthogonal complement of Uy and let y € UOJ-.
Then (x|Ay) = —(Ax|y) = 0 for each x € Uy, since A is skew-symmetric, wherefore
Ay € UOJ-. Furthermore, we have (Ay|y) = 0, since A4 is skew-symmetric. It follows from
dim UOJ' = 1 that Ay € (UOJ')L = Uy and therefore Ay = 0 for each y € UOJ'. But, this
means that Ax = 0 for each x € R”, since R" = Uy & UOJ'. Thus, we have shown that
A = 0, hence ux(x) = b for some b € R". Since |[u«||z,@) = 1 and u«(x) = 0 for a.e.
x € dp 2, we have a contradiction.

Finally, the assertion of the proposition follows from the Poincaré type estimate com-
bined with Korn’s inequality for functions in H, ()". |
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