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Existence and uniqueness of the motion by curvature
of regular networks

Michael GoBwein, Julia Menzel, and Alessandra Pluda

Abstract. We prove existence and uniqueness of the motion by curvature of networks with triple
junctions in R4 when the initial datum is of class sz /7 and the unit tangent vectors to the con-
curring curves form angles of 120 degrees. Moreover, we investigate the regularisation effect due
to the parabolic nature of the system. An application of the well-posedness is a new proof and a
generalisation of the long-time behaviour result derived by Mantegazza et al. in 2004. Our study is
motivated by an open question proposed in the 2016 survey from Mantegazza et al.: does there exist
a unique solution of the motion by curvature of networks with initial datum being a regular network
of class C2? We give a positive answer.

1. Introduction

The mean curvature flow of surfaces in Rd, and in Riemannian manifolds in general, is
one of the most significant examples of geometric evolution equations. This evolution can
be understood as the gradient flow of the area functional: a time-dependent surface evolves
with normal velocity equal to its mean curvature at any point and time.

Since the 1980s the curve shortening flow (mean curvature flow of one-dimensional
objects) has been widely studied by many authors both for closed curves [16—-18,23] and
for curves with fixed end-points [26,45,46]. Also, initial curves forming an angle or a cusp
have been studied, and in this case the singularity disappears immediately [3—5]. When
more than two curves meet at a junction, the description of the motion cannot be reduced
to the case of a single curve and the problem presents additional interesting features. The
simplest example of motion by mean curvature of a set which is essentially singular is the
motion by curvature of networks that are finite unions of curves that meet at junctions.

To find a good definition of the network flow in the framework of classical PDE is
tricky. Because of the variational nature of the flow, it is natural to expect that configura-
tions with multi-points of order greater than three or 3-points with angles different from
120 degrees — being unstable for the length functional — should be present only in the
initial network or that they should appear only at some discrete set of times, during the
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flow. In this paper we consider as initial data regular networks, that is, networks at least
of class C'! that possess only triple junctions with angles of 120 degrees.

The motion by curvature of regular networks can be expressed as a boundary value
problem (see Definition 2.18). Consider a time-dependent parametrisation of the evolving
network N; = (y},...,y™) with y! : [0, T] x [0, 1] — R?. Suppose that N, has ¢ triple
junctions @1, ..., @4 parametrised by

YNt 1) = vt y2) = vt y3) = @7 (r)  with yi,y2,¥3 €{0,1} (1.1

for j € {1,...,q}. Then the evolution of each curve is described at each point and time
by the second order quasilinear PDE

Vi(t,x) = k' (1, x), (1.2)

where V' is the normal velocity and k is the curvature. Apart from the concurrency condi-
tion at the junction (1.1), another condition appears in the system:

(1) + 7 y2) + TR y3) =0, (1.3)
with o)
; Yx i
(i) = (1) =
[vx (yi)]
for j € {1,...,q}. This second condition says that the curves form angles of 120 degrees

(at all times).

Since conditions (1.1), (1.2) and (1.3) are purely geometric, additional solutions can
be constructed simply by re-parametrisation. Hence uniqueness has to be understood in
a purely geometric sense, namely, up to re-parametrisations. Moreover, there is a tangen-
tial degree of freedom in the definition of the main equation: the motion by curvature
of networks is described by a parabolic system of degenerate PDEs where only the nor-
mal movements of the curves are prescribed. One can take advantage of this property
by specifying a suitable tangential component of the velocity and turn the problem into
a system of non-degenerate second order quasilinear PDEs, the so-called special flow
(Definition 2.22).

This approach has been proven successful to show existence of solutions. Indeed, the
first attempt to find strong solutions to the network flow was by Bronsard and Reitich [9],
who provided local existence and uniqueness of solutions to the special flow in R? for
admissible initial regular networks of class C2%% with the sum of the curvature at the
junctions equal to zero. Clearly, it is preferable to remove this additional regularity condi-
tion on the initial datum. When the initial datum is a regular network of class C? without
any restriction on the curvature at the junctions, existence has been established in [38].

Uniqueness for solution to the special flow and geometric uniqueness for the original
problem (1.1), (1.2), (1.3) remained open.

Another point that we want to address is the parabolic regularisation of the flow. Bron-
sard and Reitich [9] proved that (under suitable conditions) the regularity of the initial
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datum is preserved in time. However, it is natural to ask whether the regularity of the
evolving network increases, that is, whether the flow is smooth for positive times.
We state our first result:

Theorem 1.1 (Existence, uniqueness and smoothness of the motion by curvature). Let
p € (3,00) and Ny be a regular network in R of class sz_z/ P Then there exists a
maximal solution (N (1)) c[0,T,.,) 10 the motion by curvature with initial datum Ny in the
maximal time interval [0, T,y ) which is geometrically unique and parametrised by curves
of class

Wy (0, Tinax). Lp(0, 1)) N Ly ((0, Trnax), W5 (0. 1)).

Furthermore, up to re-parametrisation, the maps y* : [0, Tax) % [0, 1] = R? are smooth
for all positive times.

Theorem 3.7 improves the result by Bronsard and Reitich passing from initial data
in C27% to sz_z/ P Moreover, it shows geometric uniqueness of solutions. Combining
Theorem 1.1 with [38, Theorem 6.8] we get a fortiori uniqueness for initial regular net-
works of class C2. This answers in the positive a question asked in [38]. Finally, it also
shows that the flow is smooth for positive times.

Once the well-posedness of the flow is settled, we investigate what happens at the
maximal time of existence. The study of the long-time behaviour of the evolving networks
moving in the plane was undertaken in [39], completed in [37] for trees composed of three
curves and extended to more general cases in [27,38,41]. A key element of the analysis
are integral estimates which are quite intricate, due to the presence of the triple junctions.

Our short-time existence result allows us to give a new prove of the following:

Theorem 1.2 (Long-time behaviour). Let p € (3, 00), Ny be an admissible initial network
of class sz_z/ ? and (N (1) ¢ef0,T,,,) be @ maximal solution to the motion by curvature
with initial datum Ny in [0, Tinax) with Thax > 0. Then at least one of the following hap-
pens:

) Thax = 00;

(ii)  the inferior limit as t /" Twax Of the length of at least one curve of the network
N (¢) is zero;

(iii) the superior limit as t /' Tyax of the L?-norm of the curvature of the network
is +o0.

Theorem 1.2 was first proven in [39, Theorem 3.18] only for smooth initial data and in
dimension d = 2. Their proof is based on bounding the L2-norm of all derivatives of the
curvature with the L2-norm of the curvature itself, see [39, pages 257-273]. Our proof is
almost effortless compared to the one in [39] due to the fact that, thanks to our improved
short-time existence result, the estimates can be completely avoided.

Furthermore, we stress the fact that our results are valid for every dimension d.

Here is the strategy that allows us to prove Theorem 1.1 and Theorem 1.2. We con-
sider the special flow and linearise it around the initial datum. Then we prove existence



M. G6Bwein, J. Menzel, and A. Pluda 112

and uniqueness for the linearised problem in Section 3.1. Well-posedness of the lin-
ear system follows by Solonnikov’s theory [44] provided that the system is parabolic
and that the complementary conditions hold. Solutions to the special flow are obtained
by a contraction argument in Section 3.2. Notice that the choice of the solution space
Wpl((O, Timax), Lp(0,1)) N Ly ((0, Trax). sz (0, 1)) is crucial to define the boundary con-
ditions pointwise and to use the theory of [44] to solve the associated linear system.
Moreover, this regularity is needed in the contraction estimates because of the quasilinear
nature of the equations. Clearly the solution to the special flow induces a solution to the
motion by curvature of networks, so we get existence.

To get geometric uniqueness one has to prove that two solutions differ only by a re-
parametrisation as we show in Section 3.3. Existence and uniqueness of maximal solutions
can then be deduced by standard arguments.

In Section 4 we prove that the flow is smooth for all positive times (Theorem 4.8). The
idea of the proof is based on the so-called parameter trick due to Angenent [3]. Although
this strategy has been generalised to several situations [35, 36, 42], it should be pointed
out that our system is not among the cases treated above because of the fully non-linear
boundary condition

3

3 =1y &’2‘8% —0 withy € {0, 1).
=1 x

In [22] a strategy has been developed to prove smoothness for positive times of the surface
diffusion flow for triple junction clusters with the same non-linear boundary condition.
We follow that approach and adapt the arguments to our setting to complete the proof of
Theorem 1.1.

Thanks to Theorem 1.1 and the quantification of the existence time of solutions to the
special flow in terms of the initial values as given in Theorem 3.14, we are then also able
to prove Theorem 1.2 by contradiction.

In this last part of the introduction, we describe the existing literature related with the
motion by curvature of networks.

First of all, it is worth mentioning that the problem of the motion by curvature of
networks has been generalised to the anisotropic setting; see [6,31].

In this paper we describe the evolution until the first singularity and we do not invest-
igate what happens afterwards. Classical solutions “with restarting” have been considered
in [27, 34, 38]. Although uniqueness fails in this context, there exist only finitely many
solutions.

Moreover, apart from classical solutions (with or without restarting) defined in the
framework of classical PDEs, there are several generalised (weak) notions of the flow, see
for instance [2, 8, 14,24,28,32,47]. In principle the class of admissible solutions could
be much larger, so one may wonder if these weak solutions still resemble classical ones.
A possible answer comes from showing the regularity of weak solutions. An important
progress in this direction has been made by Kim and Tonegawa [28,29] for an improved
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notion of Brakke’s flow: the evolving varifold is coupled with a finite number of time-
dependent mutually disjoint open sets. In this setting, when the initial datum is a closed 1-
rectifiable set in R? with (locally) finite measure, then for almost every time the support of
the evolving varifolds consists of embedded W.* curves whose endpoints meet at junctions
forming angles of 0, 60 or 120 degrees.

Another way to better understand weak solutions are the so-called weak-strong uniqu-
eness results. The first result in this direction is due to Fischer, Hensel, Laux and
Simon [15] proving uniqueness of their “BV solutions” (see also [25]). If there exists a
classical solution to the evolution of networks that does not undergo topological changes,
then the BV solutions coincide with the classical solutions and in particular uniqueness
holds. To this end, they develop a gradient-flow analogue of the notion of calibrations (for
calibrations for minimal networks we refer to [7, 10, 11,33,40]). Just like the existence of
a calibration guarantees that one has reached a global minimum in the energy landscape,
the existence of a gradient flow calibration ensures that the route of steepest descent in the
energy landscape is unique and stable.

However, another question remains completely open: could there be more solutions in
the sense of [15], [28] or [47] than the classical solutions “with restarting” that by their
nature go through singularities and topological changes?

We finally describe the structure of the paper. In Section 2 we define the motion by
curvature of networks and we introduce the solution space together with useful properties.
Section 3 is devoted to proving existence of solutions to the motion by curvature and
their geometric uniqueness. Then in Section 4 we explore the regularisation effect of the
flow resulting in the proof of Theorem 1.1. We conclude with the proof of Theorem 1.2
in Section 5, giving a description of the behaviour of solutions at their maximal time of
existence.

2. Solutions to the motion by curvature of networks

2.1. Preliminaries on function spaces

This paper is devoted to show well-posedness of a second order evolution equation. One
natural solution space is given by

W2((0.T) x (0,1);R?) := W, ((0. T): Lp((0,1); RY)) N L, ((0. T): W2((0. 1): RY)),

where T represents the time of existence and d € N is any natural number. This space
should be understood as the intersection of two Bochner spaces that are Sobolev spaces
defined on a measure space with values in a Banach space. We give a brief summary in
the case that the measure space is an interval. A detailed introduction on Bochner spaces
can be found in [50].

Let / C R be an open interval and X be a Banach space. A function f : [ — X
is called strongly measurable if it is the pointwise limit a.e. of a sequence of piecewise
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constant functions. If f : I — X is strongly measurable, then || f ||y : I — R is Lebesgue
measurable. This justifies the following definition:

Definition 2.1 (L,-spaces). Let I C R be an open interval and X be a Banach space. For
1 < p < oo, we define the Lj-space

Ly(I;X):= {f : I — X strongly measurable : || f||L,:x) < oo}
where || £1l.,z.x) = I/ O)llx |l (z:gy- Furthermore, we let
Lioc(;X) :={f : I — X strongly measurable : for all K C I compact,
fik € Ll(K;X)}.

Let / C R be an open interval, X be a Banach space, f € L 10.({; X) and k € No.
The k-th distributional derivative 8’; f of f is the functional on C§°(/; R) given by

(6. 9 f) = (—1)F / F0)9 b (x)dx.
I

The distribution 8’; f is called regular if it is (represented by) a function in L1,

Definition 2.2 (Sobolev spaces). Let m € N, I C R be an open interval and X be a
Banach space. For 1 < p < oo the Sobolev space of order m € N is defined as

me(I;X) = {feLp(I;X):BI;feLp(I;X)foralll Skfm}.

The space W," (I; X) is a Banach space with the norm

1
(ZOfkfm”aiccf”ip(];X))p’ I <p<oo,

p 2.1
maxo<k <m0y f lLo (1), P = 00.

I/ lwyax) =

Elements in the solution space
E7 := W} ((0.T); Ly((0, 1); (RY)™) N L, ((0. T); W2((0,1); (RY)™))

are thus functions f € L,((0,T); L,((0,1); (R?)™))) possessing one distributional deriv-
ative with respect to time, d; f € L,((0,7); L,((0,1); (R4)™))). Furthermore, for almost
every t € (0, T), the function f(¢) lies in sz((O, 1); (R?)™)) and thus has two spacial
derivatives dx (£ (2)), 92(f(2)) € Ly((0,1); (R?)™)). One easily sees that the functions
t = 3K (f (1)) fork € {1,2} liein L, ((0, T); L,((0, 1); (RF)™))).

The space E 1 is often denoted by Wpl’z((O, T) x (0,1); (R?)™)). We also use the
notation ||-|| g, := ||'||Wp1,z where ”'”W;’z is defined in (2.1).

Definition 2.3 (Sobolev—Slobodeckij spaces). Givend € N, p € [1,00) and 0 € (0, 1),
the Slobodeckij semi-norm of an element f € L,((0,1); R9) is defined as

1 )4 1
o= ([ [ L0 )
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Let s € (0, 00) be non-integer. The Sobolev—Slobodeckij space Wy ((0, 1); R?) is defined
by
WE((0.1):RY) == {f € W0, 1):R?) : [0k f1—1s),p < 00}

Theorem 2.4. Let T be positive, p € (3,00) and « € (0,1 — 3/p]. We have continuous
embeddings

W,2((0.T) x (0, 1)) = C ([0, T]: W2~77((0. 1)) = C ([0, T]: ([0, 1])).

Proof. The first embedding follows from [12, Lemma 4.4] and the second is an immediate
consequence of the Sobolev Embedding Theorem [48, Theorem 4.6.1.(¢)]. ]

Similarly, we can specify the spaces of the boundary values.
Lemma 2.5. Let T be positive, d € N and p € [1, 00). Then the operator
W2 ((0.T) x (0, 1):R) — W,2727((0, T); RY),
S (f x)|x=0
is linear and continuous.
Proof. This follows from [44, Theorem 5.1]. [

Another important feature of Sobolev—Slobodeckij spaces is their Banach algebra
property.

Proposition 2.6. Let I C R be a bounded open interval, p € [1,00) and s € (0, 1) with
s —1/p > 0. Then for f, g € W; (I;R) the product fg lies in Wy (I;R) and satisfies

178 llwsmy = CG P f e Igllwsamy + gl 1S lwsa:m))-

Furthermore, given a smooth function F : R? — R, a natural number d, and a function
f € Wi(I:RY), the function t v F(f(t)) lies in WS (I;R).

Proof. As W, ((0,1);R) — C (I;R) due to the Sobolev Embedding Theorem [48, The-
orem 4.6.1.(e)], we obtain for f, g € W, (I;R) the estimate

/8l ar) = I e 1€l a:ry = CG. DI Ilwsary 18 lws (r:w)

and
r _ |(f9)(x) — (fe) )P
relg, = [ [ O E aray
<// |g(x)|p|f(x)—f(y)|”+|f(y)|p|g(x)—g(J’)|”dxdy
i |x — ysptl

< llgllgq 12, + 1L lea (88, = Cls. P flwsamy Iglws am) -
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Let F : R — R be smooth and f € Wy (I R9). As f lies in C(T;R%), there exists
R > O such that f(I) C Bg(0). Thus we obtain

VFOOIZ 1oy = /I [F(f)IPdxy < max |F(2)|?|1],

z€BR(0)

where |/ | denotes the length of the interval /. Using

1
|[F(f(x) = F(f()I VO (DF)Ef(x) + (1 =8 f(y))dé (f(x) = f(¥)

max_[DF(2)[|f(x) = f(¥)]

z€BR(0)

IA

we obtain

(F(NI2, = [ FUE) = FUODI" 4 4y <1417, max |DF)P.  m

1Jr [x — y|sp+1 2€BR(0)

To show well-posedness of evolution equations, it is important to have embeddings
with constants independent of the time interval one is working with. To this end, one
needs to change the norm on the solution space. In the following, we collect the results
that are needed in our specific case:

Lemma 2.7. Let p € (3,00). Forevery T > 0,
|||g|||W,,1'2((0,T)><(0,1)) = ”g”Wpl’z((o,T)x(O,l)) + ”g(o)”sz’z/”((O,l))

defines a norm on WI,I’2 ((0,T) x (0, 1)) that is equivalent to the usual one.
Proof. This is a consequence of Theorem 2.4. ]

Lemma 2.8 (Extension operator I). Let Ty be positive, T € (0, Ty) and p € (3,00). There
exists a linear operator

E : W,2((0.T) x (0, 1)) — W,*((0, To) x (0, 1))

such that for all g € W, ((0,T) x (0. 1)), (Eg) .7y = & and

”Eg”Wpl’z((O,To)x(O,l)) = C(||g||W,,1’2((0,T)x(0,1)) + ”g(o)”WPZ’Z/"(O,l))
= Clligll20,ryx 0,1
with a constant C = C(p, Ty) depending only on p and Ty.

Proof. In the case that g(0) = 0, the function g can be extended to (0, co) by reflecting
it with respect to the axis t = T'. The general statement can be deduced from this case by
solving a linear parabolic equation of second order and using results on maximal regularity
as given in [42, Proposition 3.4.3]. ]
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Given d € N, we obtain an extension operator on the space Wpl’z((O, T) x (0,1);R%)
by applying E to every component.
Lemma 2.9. Let p € (1,00) and o > 1/p. For every positive T,
16 llwe o0, 7):ry = I1Pllwe 0, 7):r) + [P(O)]
defines a norm on W ((0, T); R) that is equivalent to the usual one.

Proof. This is an immediate consequence of the Sobolev Embedding Theorem [48, The-
orem 4.6.1.(e)]. [

Lemma 2.10 (Extension operator II). Let T be positive, p € (1,00) and o« > 1/p. There
exists a linear operator

E:Wy (0, T);R) — Wy ((0,00);R)
such that for allb € W ((0,T);R), (Eb) o,y = b and
IEDlwa(o.00:r) = Collbllwgo.rymy + 16O)]) = Cplllblllwe o,7):r)

with a constant C,, depending only on p.

Proof. In the case b(0) = 0, the operator obtained by reflecting the function with respect
to the axis t = T has the desired properties. The general statement can be deduced from
this case using surjectivity of the temporal trace ;=0 : W' ((0, 00); R) — R. |

Theorem 2.11 (Uniform embedding 1). Let p € (3, o0) and Ty be a positive number.
There exist constants C(p) and C (Ty, p) such that for all T € (0, Ty] and all g €
Wy 2((0.T) x (0, 1)),

||g||C([0,T];C1([0,1])) = C(P)||g||C([07T];WP2—2/1)((051))) = C(To, p)|||g|||W;J(((),T)X(o,l))-

Proof. Let T € (0, Tp] be arbitrary, g € Wpl’2 ((0,T) x (0,1)) and E g be the extension
according to Lemma 2.8. Then E g lies in W,"* ((0, To) x (0, 1)) and Theorem 2.4 and
Lemma 2.8 imply
18l e o,rmz27 0.1 = WE &l o mytsmz =7 0.1
< C(To, p)”Eg”Wpl’z((O,To)x(O,l))
< C(To, )|||g|||Wpl’z((o,T)x(O,l))' u

Theorem 2.12 (Uniform embedding II). Let p € (3, 00), 60 € (1+Yr/2—2/p, 1) and let
8 € (0,1 —1/p). Let Ty be positive. There exists a constant C (Ty, p, 0,8) > 0 such that
forall T € (0, Ty there exists the embedding

W, 2((0.T) x (0.1) = CU=PU=r=0 (jo, T]: C* ([0, 1))
andall g € Wl,,l’2 ((0,T) x (0, 1)) satisfy the uniform estimate

”g”c(179)(1*1/p*8)([0,r];cl ([0,11)) < C (To, p.0,0) ”lg”lW;'Z((O,T)x(o,l))'
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Proof. By [43, Corollary 26] there holds for any § € (0, 1 — 1/p) the continuous embedding
W,2((0, To) x (0, 1)) = C'=775([0, Tol: Ly ((0, 1))
with operator norm depending on Ty. Furthermore, Theorem 2.4 gives
W, 2((0.To) x (0. 1)) = € (0. To]: W7 ™7((0. 1))).
The results in [48] yield that the real interpolation space satisfies

Wp9(2—2/1’)((0, 1)) = (Lp((0, 1)), sz—z/p((O, 1)))6’,17

with equivalent norms. In particular, for all f € Wpe(z—z/ ?) ((0, 1)) there holds the estimate

1-6 0
||f||Wp9(2*2/P)((0’1)) S C ||f||Lp((0,l)) ||f||Wp2_2/p((0,1)) °

A direct computation using the above estimate shows that for all ¢ € (0, 1),
C ([0. To]: W27 ((0.1)))NC* ([0. Tol: L,((0. 1)))
= CU70%([0, To); W, =7 ((0, 1))
which yields for all § € (0, 1 — 1/p) the continuous embedding
W, 2((0.To) x (0. 1)) = U210 (o, To): w77 ((0. 1))).
Since 6(2 —2/p) — 1/p > 1 the Sobolev Embedding Theorem yields
W, 2((0, To) x (0, 1)) = € A=OU=V2=8) ([0 Tp1: ([0, 1])).

The claim now follows using the extension operator E constructed in Lemma 2.8 with
similar arguments as in the proof of Theorem 2.11. ]

2.2. Motion by curvature of networks

Let d € N,d > 2. Consider a curve y : [0, 1] — R4 of class C!. A curve is said to be
regular if |yx (x)| # O for every x € [0, 1]. Let us denote by s the arclength parameter. We
recall that g = 9x/|y,|. If a curve y is of class C 1 and regular, its unit tangent vector is
given by T = y5 = ¥x/|y.|. The curvature vector of a regular C2-curve y is defined by

_ Vxx (Vaex» Vx)Vx
[vx|? lyxl*

K 1= Yss = Ts

The curvature is given by k = |7s].

Definition 2.13. A network N is a connected set in R consisting of a finite union of
regular curves N that meet at their endpoints in junctions. Each curve N admits a regular
C!-parametrisation, namely a map ' : [0, 1] — R¢ of class C' with |y.| # 0 on [0, 1]
and y* ([0,1]) = N'.
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Although a network is a set by definition, we will mainly deal with its parametrisa-
tions. It is then natural to speak about the regularity of these maps.

Definition 2.14. Letk € N,k > 2,and 1 < p < oo with p > 1/k—1. A network N is of
class C* (or ka, respectively) if it admits a regular parametrisation of class C¥ (or ka,
respectively).

In this paper we restrict to the class of regular networks.

Definition 2.15. A network is called regular if its curves meet at triple junctions forming
equal angles.

Notice that this notion is geometric in the sense that it does not depend on the choice
of the parametrisations of the curves of the network V.

Definition 2.16 (Geometrically admissible initial datum). Let p € (3, 00). We say that a
network Ny = U/~ o' ([0, 1]) is a geometrically admissible initial datum for the motion
by curvature if it is regular and each of its curves can be parametrised by a regular
curve oi € W2 2/7([0, 1], RY).

Remark 2.17. For p € (3, 0o) the Sobolev Embedding Theorem [48, Theorem 4.6.1.(e)]
implies
W27 ((0,1):RY) — C'*([o, 1]: RY)

for o € (0,1 — 3/p). In particular, any admissible initial network is of class C! and the
angle condition at the boundary is well-defined.

We define now the motion by curvature of regular networks: a time-dependent family
of regular networks evolves with normal velocity V' equal to the curvature vector at any
point and any time, namely

V=K'

To be more precise, given a time-dependent family of curves y*, we write P’ : R — R4
for the projection onto the normal space to y’, that is, P* := Id — y! ® yi. The motion
equation reads as

Piyf =«

To write the precise system of equations that describe the motion by curvature of a
time-dependent family of networks, it is convenient to describe more in detail the struc-
ture/topology of the initial datum, and thus the structure/topology of the evolving network.

Let m,{,q € N and suppose that we consider a regular network Ny composed of m
curves with £ endpoints P!, ..., P% and with ¢ triple junctions @', ..., 99. We para-
metrise the curves of the network in such a way that if P’ is an endpoint of order one
of a curve N and o’ is its parametrisation, then ¢’ (1) = P*. Consider now one of the
triple junctions, say 9/, where the curves Nj', Ny? and N® meet (with ji, /2, j3 not
all equal). If /1, 072 and 6/* are the parametrisations of N, Nj? and N;* we cannot
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Figure 1. A network composed of five curves and another composed of two.

impose that 671 (0) = ¢/2(0) = 0/3(0) = @/ whatever j is, because both endpoints of a
curve can be part of a triple junction (see, for instance, the networks composed of five or
two curves in Figure 1).

We will instead have that

o' (y1) = 0”2 (y2) =0 (y3) = O with j €{l,....q}. y1.y2.y3 € {0, 1}.

The fact that y;, y», y3 could be either O or 1 affects how the angle condition reads, that
is,
(=D 75" (1) + (D21 (v2) + (=D 55 (v3) = 0,

where 79 = o5.

Definition 2.18 (Solutions to the motion by curvature). Let m,{,q € N, p € (3, 00)
and T > 0. Let Ny be a geometrically admissible initial datum composed of m curves,
possibly with endpoints P, ..., P* and with triple junctions @', ..., 99, parametrised as
described above. A time-dependent family of networks (N (¢)) is a solution to the motion
by curvature in [0, T| with initial datum Ny if there exists a collection of time-dependent
parametrisations

Vi € Wy (In: Lpy((0,1):RY)) N Ly (In: W7 ((0, 1): RY)),

with n € {0,..., N} for some N € N, I,, := (an,b,) CR, a, < an+1, by < bpy1,
an < by and | J,(an, by) = (0, T) such that foralln € {0,..., N} and 1 € I, y,(t) =
(yX(t),...,y™(t)) is a regular parametrisation of .V (¢). Moreover, each y, needs to sat-
isfy the system

Ply}(t.x) = k' (1.x) motion by curvature,
yE@, 1) = Pk fixed endpoints,
Yt y1) = y2(t, y2) = y5 (8, y3) concurrency condition, (2.2)

0= (=)' t/1 (1, y1) 4+ (—1)72272(t, y,)
+ (=15 (1, y3) angle condition
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for almostevery ¢ € I,,x € (0, 1) and foralli € {1,...,m},k €{l,...,£},j €{l,...,q9}.
Finally, we ask that y, (a,, [0, 1]) parametrises Ny when a, = 0.

Remark 2.19. In the motion by curvature equation, only the normal component of the
velocity y! is prescribed. This does not mean that there is no tangential motion. Indeed, a
non-trivial tangential velocity is generally needed to allow for motion of the triple junc-
tions.

Remark 2.20. We are interested in finding a time-dependent family of networks (N (¢))
solving the motion by curvature. Our notion of solution allows the network to be paramet-
rised by different sets of functions in different (but overlapping) time intervals, namely, a
solution can be parametrised by y = (y!,...,y™) with ¥’ : (ao, bo) x [0, 1] = R¥ and
n="....0") with 5’ : (a1,b1) x [0,1] > R¥ ifag < ay < by < by and y*((a1, bo) x
[0, 1]) = n'((ay1. bo) x [0, 1]). Requiring that the family of networks (N (¢)) is paramet-
rised by one map y(t) = (y'(t),...,y™(t)) in the whole time interval of existence [0, T]
as in [38] gives a slightly stronger definition of the motion by curvature in comparison
to Definition 2.18. This difference does not affect the proof of the short-time existence
result, but in principle, using our definition, the maximal time interval of existence could
be longer.

The first step to find solutions to the motion by curvature is to turn system (2.2) into
a system of quasilinear parabolic PDEs by choosing a suitable tangential velocity T. We
choose 7" such that

v (t.x) = Pry}(t,x) + (v} (t,x), 7 (6, 0)) 7 (6, x) = ' (£, %) + T' (2, X)7° (1, )

_ Vax(t.Y)
YL, x)[?

Since the expression of the curvature reads as

: i 1, x i t,x : ;
lCl(t,.X) — y)lcx( )2 _< y)lcx( )2’ _L,t (t,x)>t’(t,x),
lyx(r. )] Iy (1. )]
we choose )
‘ Vax (%)
Ti(t, x) = (”— f'(z,x)>.
it x)?
The equation '

Vi — V)lcx
TP

is called special flow.

Definition 2.21 (Admissible initial parametrisation). Let p € (3, 00). An admissible ini-
tial parametrisation for a network Ny composed of m curves, possibly with endpoints
P!, ..., P%and with q triple junctions O,...,0%isa tuple

o= ...,c™
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where | J; o ([0, 1]) = Np, with o* regular and of class W,2~2/7((0, 1), R). The endpoints
are parametrised by 0% (t) = P¥ with k € {1,..., £}, and the triple junctions by o-/1 (y;) =
02(y2) = 03 (y3) with j € {1,....q}. y1.y2. 3 € {0, 1}. Moreover, at the junctions it
holds that (—1)*17" (y1) + (=1)*273*(y2) + (—l)y%({3 (y3) =0.

Notice that it follows by the very definition that a geometrically admissible network
admits an admissible parametrisation.

Definition 2.22 (Solution of the special flow). Let T > 0 and p € (3, o0). Consider an
admissible initial parametrisation 0 = (¢!, ..., ™) for a network Ny composed of m
curves in R? with £ endpoints P!, ..., Pt € R? parametrised by y*(1) = P¥ and ¢
triple junctions O, ..., ©9 parametrised by 671 (y;) = 6/2(y2) = 0/3(y3). Then we say
thaty = (y!,...,y™) is a solution of the special flow in the time interval [0, T] with initial
datum o if

y =0 y™ € Er = W) ((0,T): Ly((0, 1); (RD)™)
N Ly ((0, T); W2((0, 1); (RY)™)),

|yL(t,x)| # 0 forall (¢, x) € [0, T] x [0, 1], and the following system is satisfied for almost
every x € (0,1),t € (0,T), foreveryi € {1,...,m},k e {l,.... L}, j € {l,...,q}:

| V)lcx (t9 X) .
yi(t,x) = =F—— special flow,
' lyi(t, x)|?
yE@. 1) = P* fixed endpoints,
Y, y1) = vt y2) = (2. y3) concurrency condition,
0= (—1 vt 1) oy v (¢, y2) (2.3)
' (2, yi) [y (2, y2)]
J3
t’ o .
+ (=1)? M angle condition,
lyx’ (2, y3)l
Y (0,x) = o'(x) initial datum,

Remark 2.23. Both in [9] and in [39] the authors define the motion by curvature by
introducing directly the special flow. This is not restrictive to get a short-time existence
result because a solution of the special flow as defined in Definition 2.22 induces a solution
of the motion by curvature in the sense of Definition 2.18, as shown in Theorem 3.16
below. However, we will see that it is not easy to deduce geometric uniqueness of solutions
to the motion by curvature from uniqueness of solutions to the special flow.

For the sake of presentation, we will often restrict to the motion by curvature of a
Triod and we give the proofs in full details for this simple configuration. The adaptation
to more general situations is easy; nevertheless, we will carefully explain how to deal
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with it in Appendix A. To fix the precise notation we will now write Definition 2.18 and
Definitions 2.21-2.22 in the specific case of Triods.

Definition 2.24. A Triod T = Ui3:1 y' ([0, 1]) is a network composed of three regular
C'-curves y* : [0, 1] — R¥ that intersect each other at the triple junction O := y1(0) =
¥2(0) = y3(0). For example, see Figure 2. The other three endpoints of the curves y’ (1)
with i € {1,2, 3} coincide with three points P! ¢ RY, thatis, P! := yi(l). The Triod is
called regular if it is a regular network.

Figure 2. A regular Triod in R2.

Definition 2.25 (Solutions to the motion by curvature of a Triod). Let p € (3, 0o) and
T > 0. Let Ty be a geometrically admissible initial Triod with endpoints P!, P2, P3. A
time-dependent family of Triods (T (¢)) is a solution to the motion by curvature in [0, T']
with initial datum T if there exists a collection of time-dependent parametrisations

Vo € Wy (15 Lp((0, 1):R) 0 Ly (1;: W (0, 1);RY)),

with n € {0,..., N} for some N € N, [, := (an,by) CR, a, < ay+1, by < bpy1,
an < by and | J,(an, by) = (0,T) such that foralln € {0,..., N} and 1 € I, y,(t) =
(yX(t), y2(t), y3(¢)) is a regular parametrisation of T (¢). Moreover, each ¥, needs to
satisfy the system

P! yf (t,x) = P (t,x) motion by curvature,
yi(t, 1) = P! fixed endpoints,
y1(t,0) = y*(t,0) = y3(¢,0)  concurrency condition, (2.4)
3
Z 8(,0) =0 angle condition
i=1

for almost every ¢ € I, x € (0,1) and for i € {1,2, 3}. Finally, we ask that the condition
vn(ay, [0, 1]) = Ty is satisfied whenever a, = 0.
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Definition 2.26 (Admissible initial parametrisation). Let p € (3, 00). An admissible ini-
tial parametrisation for a Triod Ty is a triple 0 = (0!, 02,0%) where | J; 07 ([0, 1]) = T,

o1(0) = 6%(0) = ¢3(0) and
3

0;(0)
Z EAOT "

=1

with o/ regular and of class sz_z/p((O, 1), R9).

Definition 2.27 (Solution of the special flow). Let 7 > 0 and p € (3, o0). Consider an
admissible initial parametrisation ¢ = (0!, 02, 0'®) for a Triod Ty in R? with ¢%(1) =
P’ € R?. Then we say that y = (y!, y2, y3) is a solution of the special flow in the time
interval [0, T with initial datum o if

y=@'.y2y?) € Er = W) ((0.7): Ly ((0. 1): (RY)?))
N Ly ((0. T): W ((0, 1); (RD)?)),

lyL(t, x)| # 0 for all (¢, x) € [0, T] x [0, 1], and the following system is satisfied for
i €{1,2,3} and for almost every x € (0,1),¢ € (0,T):

] y)lcx (lv X) .

yi(t,x) = 2= special flow,
' lyi(e, x)2

Y, 1) = P! fixed endpoints,

y1(t,0) = y*(t,0) = y3(¢,0) concurrency condition, (2.5)

t,0
Z J/x( ) _ angle condition,
yi@o] ~
y 10,x) = o' (x) initial datum.

3. Existence and uniqueness of the motion by curvature

3.1. Existence and uniqueness of the linearised special flow

For the moment we restrict to Triods. We refer to Appendix A for the generalisations
needed in the case of more general networks.

We fix an admissible initial parametrisation 0 = (0!, 02, 03) of a triod. Linearising
the main equation of system (2.5) and the angle condition at x = 0 around the initial datum
and considering the principal part of the respective linearisation, we obtain

; 1 i _ 1 _ 1 ;
O e y“(”x)‘<|y;;(t,x>|2 la),.c(xnz)yxx(t,x) 3.1

and
igai i

vk obtvol) i, Ohlr o)
g(w ot )= 2}«% S e

X
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where in (3.2) we have omitted the dependence of o)"c and y)‘; on 0 and (¢, 0), respect-
ively. The concurrency and the fixed endpoints conditions are already linear and affine.
We obtain the following linearised system for a general right hand side ( £, 1, b, ¥):

fit,x) = yit, x) — |ai(1x)|2 yi(t,x), te€(0,T), xe(0,1),ie{l23},
y(e. 1) = n(). 1 €0, T].
0=yl(t,0) — y2(,0), telo,T],
0 = y2(t,0) — y3(t,0), tel0,T],
ARV G-
b0 = =2 (ot
0;1(0)(yi(1,0),0%(0))
S lop ) el
y(0,x) = ¥ (x), x €[0,1].

Definition 3.1 (Linear compatibility conditions). Let p € (3,00). Let v = (¥, ¥2,¥3)
be a function of class sz_z/ ?((0, 1); (R%)3). The function  satisfies the linear com-
patibility conditions for system (3.3) with respect to given functions 7 € Wpl_l/ *((0,7);
(R9)3), b e W,”"""27((0, T): R?) if for i, j € {1,2.,3} it holds that ¥ (0) = ¥/ (0),
¥ (1) = 7 (0) and
_ i( Vi) _ ai(O)(i(0).0L(0)
oy (0)] |0%.(0)?

) = b(0).

i=1

We want to show that system (3.3) admits a unique solution y = (y!,y2,y3)in E7.
The result follows from the classical theory for linear parabolic systems by Solonnikov
(see [44]) provided that the system is parabolic and that the complementary conditions
hold (see [44, page 11]). Both the parabolicity and the complementary (initial and bound-
ary) conditions have been proven in [9] when the ambient space is R2. Parabolicity does
not depend on the dimension of the ambient space. We underline the fact that to prove the
complementary conditions we follow a different and simpler strategy with respect to [9].
Our proof is based on the fact that the complementary conditions at the boundary follow
from the Lopatinskij—Shapiro condition (see for instance [13, pages 11-15]).

Definition 3.2 (Lopatinskij—Shapiro condition). Let A € C with R(A) > 0 be arbitrary.
The Lopatinskij—Shapiro condition for system (3.3) is satisfied at the triple junction if
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every solution o = (o', 0%, 0%) € C?([0, 00), (C?)3) to

Ao (x) — o ,(0)|2Qxx( x)=0, x€[0,00),ic¢€{l,2,3}
0'(0) — 0%(0) =0,
0%(0) — 0*(0) = 0, (3.4)

3 . . . .
0.(0)  oL(0){gh(0). 0t )
Ydo o) ="

which satisfies limy_, oo|0’ (x)| = 0 is the trivial solution.
Similarly, the Lopatinskij—Shapiro condition for system (3.3) is satisfied at the fixed
endpoints if every solution ¢ = (o', 0%, 0%) € C2([0, 00), (C?)3) to

Ae%x)—| ,«»Pexx() 0, xe[0,00), i €{l,2,3}

0'(0)=0, ie{l,23}
which satisfies limy_, o]0’ (x)| = 0 is the trivial solution.

Lemma 3.3. The Lopatinskij—Shapiro condition is satisfied.

Proof. We first check the condition at the triple junction. Let ¢ be a solution to (3.4)
satisfying limy_, |0’ (x)| = 0. Due to the specific exponential representation of solutions
to the linear system (3.4), one observes that also the derivatives of o' up to order two
decay to zero as x tends to infinity. We multiply

Ao’ (x) — (x) =0

1 i
o (O
by |0 (0)|P'g" (x) with P' := Id — 0/ (0) ® 0 (0), then we integrate and sum. Note that
in P' we only want to prOJect the real part of a function. So, P’ is the identity on the
complex part and as a consequence, we get that
Plg' = P'gl. Plol = Plgk,
and with the fact that o/ (0) - P'p' = 0 = 61 (0) - P'p", it follows that
o' PG =P P =P o P =P P =P

Using that the boundary conditions can be written as 0! (0) = 02(0) = 03(0) and

3 3 i i i i
Z P ( Qx(o) ) — Z |Qx(0) _ O-x(o)(Qx(O)’O-x(O)) — 07

ot ~ & oL )] oL O)?

i=1
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we obtain

(0% (x), P'Y' (x)) dx

3.0 o 5 1
0=3 | HekOIP P - oy

3

3 . .
o PGNP
— A 10 Pl i 2 -x
;/0 AOIP @ )P + 4= 3 (0)|

3 . .
_ oo i i |P1(Q§c(x))|2 Qx(())
=3, Herole @t + R e (o (O)Z (oion)]

: -
=S [Tt 1P @ o 4 PP
=Y [, HetOIP @ P + L a

0:(0),7'(0)

As a consequence, we get that P’ (o’ (x)) = 0 for all x € [0, 00) and i € {1,2,3} and in
particular P?(0'(0)) = 0 for all i € {I,2,3}. As the orthogonal complements of al(0)
withi € {1,2,3} span all R, we conclude that Q- (0) =0foralli €{1,2,3}. Repeating the
argument and testing the motion equation by |0 (0)| (o "(x),0 1(0))0i(0), we can conclude
that o' (x) = O for every x € [0, 00). Indeed, we obtain

3 ' o ' 3 | o '
3 210t 0)] /0 @t s+ Y o [ ek, ol )P ax
i=1 i=1 x
3

Z (0)| (2 (0).05(0)(05(0). 95 (0)) = 0. (35)

=1

This time the boundary condition vanishes, since we get o' (0) = 0 from the previous
step. Taking again the real part of (3.5), we can conclude that (o (x), 6% (0)) = 0 for all
x € [0, 00). Hence, o’ (x) = 0 for every x € [0, c0) as desired.

The condition at the fixed endpoints follows in exactly the same way using the bound-
ary condition o (0) = 0. |

Given T' > 0, we introduce the spaces

Er :={y € Er.y'(t,0) = y*(t.0) = y°(¢,0) fori € {1,2,3}.1 € [0, T]},

Fr = {(£:1.0.b.9): f € Lp((0.T): Lp((0. D: R)). n € W77 ((0.7): RY)?).
0€ W)= ((0.T):R*").b € W,”*"27((0, T): RY),
Ve sz—z/ p ((0, 1); (IRd)3 ) such that the linear compatibility
conditions in Definition 3.1 hold}.

Theorem 3.4. Let p € (3,00). For every T > 0 system (3.3) has a unique solution

y € Er provided that f € Ly((0, T); L,((0, 1); (R9)3)), n € W) ~"27((0, T): (R4)?),
b e W,>?7((0.T): RY) and y € WZ~/7((0, 1): (R?)3) fulfil the linear compatibility
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conditions given in Definition 3.1. Moreover, there exists a constant C = C(T) > 0 such
that the following estimate holds:

Iyler = CULS ey ryp.nm + 1l g1y + 10112120 1y
+ ”w || W,,Ziz/p((o,l))).
Proof. This follows from [44, Theorem 5.4]. [

As explained in Appendix A, repeating the previous arguments and applying again
[44, Theorem 5.4], one gets the following more general result:

Theorem 3.5. Let p € (3, 00). For every T > 0 system (A.3) has a unique solution
y € Er provided that f € L,y ((0, T); L,((0, 1); (RY)™)), n € W, ~*7((0, T); (R4)Y),
b e W, (0, T): RD)) and v € W2™/7((0, 1): (RY)™) fulfil the linear compatib-
ility conditions given in Definition A.1. Moreover, there exists a constant C = C(T) > 0
such that the following estimate holds:
+ ”w || sz_z/p(((),l))).
Theorem 3.5 implies in particular that the linear operator Lt : Er — Fr defined by

i vy
(7/; |0)i(|2)ie{1,2,3}

YVIx=1
1 2 2 3
Lr(y) = | Whzo = Vicor Vizo = Vix=o)
C S (- i)
Z’=1 (Iail lox |3 |x=0
Yit=0

is a continuous isomorphism.
Corollary 2.7 and Lemma 2.9 imply that for every positive T the spaces Er and Fr
endowed with the norms

lyllg, == ”ly”|W;’z((O,T)x(o,l);(Rd)f') = ”V”W,,l’z((O,T)x(O,l);(Rd)3)
+ ”y(O)||W1,2_2/”((0,1);(Rd)3)
and
WCAn, 0,0, 9)lr, == 1/, 0,7):L,(0.1);®R ) T |||77|||W;—l/zp((o,T);(Rd)s)
+ |||b|||Wp1/2*1/2P((0’T);Rd) + ”vf||Wp2*2/P((O’1);(Rd)3)’

respectively, are Banach spaces. Given a linear operator A : Fr — E7, we let

Al £ ) = sup{lAC£ 0. 0.6 W)l g2 (fn.0.b.¥) €Fr. (I(fon, 0.b.9)llg, <1}
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Lemma 3.6. Let p € (3, 00). For all Ty > 0 there exists a constant ¢(Ty, p) such that

sup |17l < c(Ty, p).
Te(0,To] T T £(Er.Er)

Proof. LetT € (0, To] be arbitrary, (f,1,0,b,¥) € Fr and E7,b := (Eb) |0, 1), ETo1 :=
(En)|(0,14) Where E is the extension operator defined in Lemma 2.10. Extending f by 0
to E1y f € Ly ((0,To); Lp((0,1); (R%)3)), we observe that (E1o f. ETyn, 0, ET b, ) lies
in Fr,. As Lt and L, are isomorphisms, there exist unique y € E7 and ¥ € E7, such
that L7y = (f,n,0,b,¥) and L7, ¥ = (E1, /> ET,1, 0, ET,b, V) satisfy

Lry = (fin,0,b,¥) = (E1y [, ETe1. 0, ETob, V) 0.7y = (LT6V) 0.7y = LT H|(0.1))
and thus y = ¥j¢,7). Using Theorem 3.5, Lemma 2.10 and the equivalence of norms
on E 7,, this implies

L7 (0.9l g, = L7 (Exy £ Ezyn. 0. Eyb. ¥ 01 | g,
< 117 (Bro £ B0, B ¥l
< ¢(To, p)IL7, (E1y f, ETy1, 0, ETyb, ) |
< c(To, p)I(ET, f. ETyn. 0, ETyb, Y1) ||y,
< c(To. pIICL7.0.5.9) g - u

3.2. Existence and uniqueness of the special flow

Given positive M, we introduce the notation

By :={y€Er:|lyllg, =M}
This section is devoted to the proof of the following:

Theorem 3.7. Let p € (3,00) and let o = (0, ...,0™) be an admissible initial paramet-
risation. There exists a positive radius M and a positive time T such that the system (2.3)
has a unique solution &o in E1T N Byy.

We prove the theorem for a Triod; in particular, we have an admissible parametrisation
o = (0',02,0%) and we consider system (2.5). See Appendix A for the generalisation to
networks with more complicated structure.

Given an admissible initial parametrisation o and 7 > 0, we consider the complete
metric spaces

E% := {y € Er such that y,—o = 0 and yjx=1 = o(1)},
FZ :=Fr 0 (Ly((0.T): Lp((0. 1); (RY)?)) x {o (1)} x {0}x
W22 ((0, T): RY) x {a}).
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Lemma3.8. Let p € 3,00), T >0ando = (01, o2, 03) be an admissible initial para-
metrisation. Then the space B, is non-empty.

Proof. As o is an admissible initial parametrisation, one easily checks that f = 0,
n=o(l),b=0and ¥ = o is an admissible right hand side for system (3.3). In other
words, (0,0(1),0,0,0) € Fr and hence Theorem 3.5 yields the existence of o € Er
with Lo = (0,0(1),0,0,0). In particular, gy—¢9 = 0 and gx=; = o (1), which gives
o € ET. L]

Lemma 3.9. Let p € (3,0) and

1 .
Cc = — min ol (x)|.
2ie{1,2,3},x€[0,1]| =)

Given Ty > 0 and M > 0, there exists a time T (c, M) € (0, To] such that for all y €
EJ N By with T € [0, T (¢, M)), it holds that

inf Lt x)| > c.
XE[O,I],tE[O,T],,'E{l’ZJ}le( =

In particular, the curves y* (t) are regular for all t € [0, T].

Proof. Let p € (3,00), 0 € (1+Yr/2—2/p,1) and § € (0,1 — 1/p). By Theorem 2.12, there
exists a constant C(Ty, p, 0, 8) > 0 such that for all 7 € (0, Tp] and all y € EF N By
witha := (1 — 0)(1 — 1/p — §), it holds that

||V||ca([o,T];c1([0,1];(Rd)3)) = C(To, p.0.0)llyllg, = C(To.p.0.6)M,

which implies in particular for all ¢ € [0, T']
ly(@) = olleiqo,;rayzy < T*C(To, p.0,8)M.

We let T(c, M) be so small that T(c, M)*C(Ty, p,0,6)M < c. Then it follows for all
y € EZ with T € (0, T (c, M)) that

inf it,x > inf ol(x)|— su it,x — iO,x >c. n
te[o’T],xe[o’l]lyx( )] xe[0,1]|x( )] IG[OJT],I;E[O’I]IJ@C( ) = ¥x(0,x)]

Let us now define the operator Nt that encodes the non-linearity of our problem. The
map N7 : E — Ff is given by y (NTI()/), Yix=1,0, N%()/), Ylz=0), Where the two
components N}, N% are defined as

- .{E‘; — Lp((0,7); Ly ((0, 1); (R)?)),
L
y = f),
. {E‘% — W ((0.7):RY),
|y~

=
N
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where we have

i 1 1 i
f(y) (I,X) = (|y}-c([’x)|2 - |U)ic(x)|2)yxx(t’x)7

_y 1 W L0 (4 (.0).01(0))
b0 = ((rear @) 0 T etor )

defined by the right hand side of (3.1) and (3.2), respectively.

)

Proposition 3.10. Lez p € (3, 00) and M be positive. Then for all T € (0, T (¢, M)] the
map
Nr:EZ N By —Ff. Nr(y) := (Ng(9). Vx=1.0. N2 (). Vir=o)

is well-defined.

Proof. LetT € (0,T(c, M) and y € EZ N By be given. Lemma 3.9 implies

(i~ ), /T/I)I | il
— s — T3 = —_— = — X
AEEAE Vax Lp((0,T);L,((0,1);R4)) lyi|2  |oi|? Vix

1
§C( sup —, T su / / |yl |? dx dt
xefo,1].re[0,7] |VE1?? xe[O 1 ot |2p

< C(e, M) < o0.

i
= C(c)”)’xx“L ((0,T);Lp((0,1);R)) =

We now show that N% () lies in Wpl/z_l/z”((O, T);:R%). Leth : R? — R be a smooth
function such that h(p) = »/|p| for all p € R? \ B./,(0). Then one observes that for all
t €0, 7],

3
b(y)(6) = Y h(yL(®) — (Dh)(o2)yi(0), 3.6)

i=1
where we omitted the evaluation in x = 0 to ease notation. Each term in the sum can be
expressed as

h(yx (@) = (Dh) (@) yx (1) = /Ol(Dh)(Eyi(t) + (1= §)03)dé (r3(t) —03)
— (DI (@) () = 03) + h(o}) = Dh(0})0y.
All terms that are constant in ¢ are smooth in ¢, and by Lemma 2.5 we have
t > yL(t.0) € W72 ((0, T); RY).

As Wpl/ 212w ((0, T); R) is a Banach algebra according to Proposition 2.6, it only remains
to show

1
t > /0 (Dh)(Ey4(t.0) + (1 = §)a4(0))dg € W, 77 ((0, T); R™"),
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which follows from the second assertion in Proposition 2.6. Observe that y|x—; = o (1)
and y|;=o = o by definition of E7.. As

. . o
> v 00~ 0k0)  04(0){0k(0). L(0)
NT(”'”"‘I.:ZIMJ’;(ON —0= i;(w;;(on EAOR )

and as 07 (0) = ¢/ (0) and 6’ (1) = y*(0, 1), we may conclude that

(NZI"(V)v V|x=1705 NTZ’(y)s )’|z=0) = (N}(y),o(l),O, NT%(V)’O—) € ]F% un

Corollary 3.11. Let p € (3,00) and M be positive. Then for all T € (0, T (¢, M)] the
map
Kr:E$NBy —ES, Kr:=L;'Nr

is well-defined.

Proof. LetT € (0, T(c. M)landy € EZ N By . By the previous proof, we have

Nr(y) = (NF (), Vix=1, 0, N2(¥), Vji=0) € F§ C Fr

and thus, in particular,
Kr(y) = L' (Nr(y)) € Er.

To verify that K7 (y) lies in EF,, we observe that

Kr(¥)ii=0 = N7(¥)5 = V|1=0 = 0,
Kr(Y)ix=1 = N1 (¥)2 = Yjx=1 = o(1). u

Proposition 3.12. Let p € (3,00) and M be positive. There exists T (¢, M) € (0, T (¢, M)]
such that for all T € (0, T (c, M)], the map Kt : EJ N By — ES. is a contraction.

Proof. LetT € (0, T(c, M) and y,7 € E7 N By be fixed. We begin by estimating
IN7-(7) = Nt DIz, 0.7):L, @, 0:®4yy) = 1S B = DL, 0,791, (0, 1:®)>)-

The i-th component of f(y) — f(¥) is given by

1 1N 1 1\
( - _)(y)lcx — V) (W — w5 )y)lcx

e jelP i P
1 1 . ) ; )
= (e + ) ok = ) 0k — 7
(e * o) (o1~ A0 O =

1 1 . o
+( SRR )I?’I—IV’|7’~
IYLPIPLL  lyillve|? (17 )7
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Lemma 3.9 implies

sup ’ + ‘ < C(c) < o0,
t€[0,T], x€[0,1] I)/x|2|0’| IJ/XIIU’ 2

and

< C(c) < 0.
t€fo, T],xE[Ol ‘|Vx|2|yx| |J/x||)/x|2)

Hence, we obtain

If ) = f&) ||Lp(o,T;Lp((o,l)-(le)3))
< Ce)(|dogl = lyih(vix — Vxx)”L,,((o T);Ly(0,1);R9)

+ (7L - |Vx|))’xx||L,,((o )Ly (0,1):R4))
<C@)( sup  |lot)]—lyit. Ol|llvee — Vax L, 0.1%:L,0,1);R4Y)
t€[0,T], x€[0,1]
+ osup 70 = RGO T 0,12 (0,1):R4))

t€[0,T1], x€[0,1]

<C() sup |ot(x)—yie.llly —7llg,
t€[0,T1], x€[0,1]

+Cle)  sup |7 x) =y 0Tl E -
t€[0,T1], x€[0,1]

Let 6 € (1+Yp/2—2/p, 1), § € (0,1 — 1/p) be fixed and define o := (1 — 6)(1 — 1/p — §).
Theorem 2.12 implies

sup  |ok(x) — yi(t.x)| = sup IIJ/x(O) il coagrad)

t€[0,T], x€[0,1] t€lo,
< sup ||V @) = V' Ol 1 qoay:rd)
t€[0,T]
< sup )Y | ceqo.r1:01 (f0.11:R )

t€l0,T]

IA

Ty |l ceo.1:01 (0.11:R D)
<T*C(To, p.0.&)llyllg, < C(M)T*.

Similarly, we obtain

sup 7R x) —yi@ )l = sup (7 — v (@ x) — (7 — 700, %)
t€[0,T], x€[0,1] t€[0,T], x€[0,1]
< sup (7' =¥)(O) = F =y Ol ciora
t€l0,T]

< sup 7 — ¥l ceqo.r1ct (0.11R )
t€l0,T]

=CTNY = vllg,-
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This allows us to conclude

1) = FDIL, 0,191, ©0,10):®e)3) = Cle, MIT|ly = Vllg,-
P 4

We proceed by estimating
”NYZ"()/) NT(V)” 1/2—1/2P((0 T) Rd) ”b(y) b(]/)” 1/2 1/2P((0 T) Rd)

Let T € (0, T(c, M)] be fixed and & : R — R4 be a smooth function such that
h(p) = »/ipl on R? \ B, (0). As forall ¢ € [0, T] and n € ES N By,

7%(2.0)] = e,

so we may conclude that for all y,y € ES N By, the function

1
fo gl () :=/ (D)(EYA(2.0) + (1 — £)7 (1. 0))dé

lies in Wpl/z_l/zp(O, T; R™™). To ease notation we let s := 1/2 — 1/2p. Observe that
g'(0) = (Dh)(0.(0)) and thus, using identity (3.6), we obtain

3
b)) —bF)(0) = Y (&' (1) — g (0)(yi(t,0) — 72 (2,0)).
i=1

Using the product estimate in Proposition 2.6, we obtain
Ib(y) — b()7)||WS((0 T);R9)

= Zli(g ~ 8 O)(7x (-0 = 72 (. 0) | s 0.7y,

i=1

3
< anl = & O llcqo,rirmm 175 (. 0) = VL ¢ Oz o,7:r4 1)
i=1

+ 18" = &' Ollwso.rmem 175 (. 0) = T2 (- 0l c o, r1:R0)-
Ass —1/p > 0due to p € (3, 00), there exists § € (0, 1) such that
W3 (0,T:RY) — CP ([0, T]:R?)
with embedding constant C(s, p). This implies, in particular,

sup 18°(1) = ")) < TPlg" I coqo.rymrny < TP C(s. I Iws(o,1):Rm ).
telo

Reading carefully through the estimates in Proposition 2.6, we observe that

Hgi ” W3 ((0.T):Rnxn) < C(Tyg,c,M).
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Furthermore, given 6 € (1+/2/2—2/5,1) and § € (0,1 — 1/p), Theorem 2.12 implies with
a:=(1-0)(1—-1p—35) > 0 the estimate

sup |yL(t,0) — 7L(£,0)| = sup |(¥ —FL)(,0) — (yL — 71)(0,0)|

tef0,T] t€l0,T]
< sup (' =70 — @' =) O erqoagrd)
t€l0,T]
<TIY =7 lceqoricrqonray < Ty = 7llg,-

This allows us to conclude
1b(y) — b(7)||Wp1/2—1/2p(0,T;Rd) =C@s.p.To.c. M)T*|ly = Vllg-

Finally, Lemma 3.6 implies for all T € (0, T'(c, M)],

KT () = Kr(Dllg, = IL7 Nz () = Nr@)ll g,
< (To. PIINT () = NeG)llg,
= c(To, pY(IF W) = FD L, 0,191, (0, 1:RD)
+160) = D@y -2 g 1)
< C(To. p.c. M)T™™ @B ly — F|| ...

This completes the proof. ]

To conclude the existence of a solution with the Banach Fixed Point Theorem, we have
to show that there exists a radius M > 0 such that K7 is a self-mapping of ES. N Byy.

Proposition 3.13. Let p € (3, 00). There exist a positive radius M depending on ¢ and
the norm of o in sz_z/”((O, 1): (R?)3) and a positive time T (¢, M) such that for all
T € (0,T(c, M)] the map

Kr :E$ N By —ESNBy
is well-defined.

Proof. We let Tp = 1 and define
M:=2 L7t 1
= max{ sup |IL7 |||$(FTJET)’ }
Te(0,1]
1 2
-max{[|£olllg,. Il (N{ (£0),0(1),0, N} (£0),0) Iz, }

where £0 := L7!(0,0(1),0,0,0) denotes the extension defined in Lemma 3.8 with
T = 1. In particular, £o lies in EF. N By forall T € (0, 1]. Moreover, for all T € (0, 1]
we have
-1 1 2 M
IK7 (£)llg, < swp LT Nzqer [l (N1 (£0).0 (). 0. NF(£0).0) 5, < -
€(0,1
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Let T (c, M) be the time as in Proposition 3.12. Let 7 € (0, T (¢, M)] and y € E N By
be given. We observe that for some § € (0, 1),

IKr(v) = K1 (L)l g, < Cle. M)TP|ly = Lol g, < Cle. M)TP2M.

We choose a time 7A"(c, M) € (0, T (¢, M)] so small that for all T € (0, T(c, M)] it holds
that C (¢, M) TP2M < M/>. Finally, we conclude for all T € (0, T (c, M)] and y € EZ N
Bu,

=M. |

M+M
2 2

KT (Wlle, < IKT(y) — Kr(£o)llg, + KT (Lo, <
Theorem 3.14. Let p € (3, 00) and o be an admissible initial parametrisation of a
Triod. There exists a positive time T (o) depending on min;e(1 2 3y,xef0,1] |0)ic (x)| and
||O||WI,2_2/IJ((0,1);(R’1)3) such that for all T € (0, T (0)], the system (2.3) has a solution &
in the space

Er =W, ((0.T): L,((0.1): (R?)*)) N L, ((0, T): W7 ((0. 1): (R?)?))
which is unique in E N ‘B with

M = Zmax{ sup ”IL;1|”$(FT5ET)’ 1}
Te(0,1]

~max{[|£olg, . [[(N{ (£0),0(1), 0, N{ (£0),0)llg, }-

where £o = L7'(0,0(1),0,0,0) denotes the extension defined in Lemma 3.8 with
T=1.

Proof. Let M and T (¢, M) be as in Proposition 3.13 and let T € (0, T (¢, M)]. The fixed
points of the mapping Kz in E% N By are precisely the solutions of the system (2.3)
in the space E1 N B . As K7 is a contraction of the complete metric space EZ N Bu,
existence and uniqueness of a solution follow from the Contraction Mapping Principle. m

Remark 3.15. If we replace 0 = (01, o2, 03), an admissible initial parametrisation of
a Triod, with 0 = (¢!, ..., 0™), an admissible initial parametrisation of a network com-

Iz 0,1t ymy

Proof of Theorem 3.7. This follows from Theorem 3.14 where the appropriate time T and
radius M are specified. ]
3.3. Existence and uniqueness of solutions to the motion by curvature

Now that we obtained existence and uniqueness of solutions to the special flow (2.3), we
can come back to our geometric problem.
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Theorem 3.16 (Local existence of the motion by curvature). Let p € (3, 00) and Ny
be a geometrically admissible initial network. Then there exists T > 0 such that there
exists a solution to the motion by curvature in [0, T] with initial datum Ny as defined
in Definition 2.18 which can be described by one parametrisation in the whole time
interval [0, T.

Proof. By Definition 2.16, the geometrically admissible initial datum Ny admits a para-
metrisation 0 = (01, ...,0™) that is an admissible initial parametrisation for the
special flow. Theorem 3.7 implies that there exist 7 > 0 and a solution &0 € E
to the special flow (2.3) in [0, T] with (§0)!(0) = o’. Then, by Definition 2.18,
N =L, (E0) ([0, T] x [0, 1]) is a solution to the motion by curvature in [0, T] with
initial datum TY. [

Lemma 3.17 (A composition property). Let p € (3,00), T be positive and

f.8 € Lp((0, T): W ((0, 1)) N W, ((0. T): Lp((0. 1))

be such that for every t € [0, T] the map g(t,-) : [0, 1] — [0, 1] is a C'-diffeomorphism.
Then the map h(t, x) := f(¢t, g(t, x)) lies in L,((0,T); sz((O, 1) N Wpl((O, T);
L,((0,1))) and all derivatives can be calculated by the chain rule.

Proof. This can be shown with similar arguments as in [21, Lemma 5.3] using the embed-
ding in Theorem 2.4. ]

Theorem 3.18 (Local uniqueness of the motion by curvature). Let p € (3,00), T > 0,
T >0, Ny be a geometrically admissible initial network and (N (1)), (ﬂ (t)) be two
solutions to the motion by curvature with initial datum Ng in [0, T] and [0, T, respectively,
as defined in Definition 2.18. Then there exists a positive time T < min{7, T} such that
N(t) = N(t)forallt €[0,T].

Proof. For the sake of notation we restrict to the case of Triods. Let Ty be a geomet-
rically admissible initial Triod with regular parametrisation o € sz_z/ 7((0,1); (R9)3).
Then o is an admissible initial value for the special flow (2.3) and Theorem 3.7 yields
that there exist T > 0 and a solution &0 = ((€0)!, (E0)?, (60)3) € Er of (2.3) with
initial datum o which is unique in E7 N ‘Bps with M as in Theorem 3.14. In particular,
T(t) := (€0) (¢,]0, 1]) defines a solution to the motion by curvature (2.4) in [0, T'] with
initial datum T,. Suppose that there is another solution (?T (1)) to the motion by curvature
in the sense of Definition 2.25 with initial datum T in a time interval [0, T] for some pos-
itive 7. By possibly decreasing the time of existence T, we may assume that there exists
one parametrisation y € E 7 for the evolution (T (¢)) in the whole time interval [0, 7.

We shall show that there exists a family of time-dependent diffeomorphisms *(¢) :
[0,1] — [0, 1] with ¢ € [0, f] for some 7' < min{7, T} such that the equality

7'ty (1, x) = (60) (1, x)
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holds in the space E 7. In order to make use of the uniqueness assertion in Theorem 3.7,
we construct the re-parametrisations ¥ = (¥, %2, ¥3) in such a way that the functions
(t,x) — P (¢, ¥ (¢, x)) are a solution to the special flow in E 7 with initial datum o.

One easily shows that there exist unique diffeomorphisms v : [0, 1] — [0, 1],
i €{1,2,3}, of regularity ¥ € W;2~7” ((0.1): R) such that ¥(0) = 0, (1) = 1 and
71(0,98(x)) = o’ (x). Taking into account the special tangential velocity in (2.3), (formal)
differentiation shows that the re-parametrisations ¥’ need to satisfy the following bound-
ary value problem:

i) = Y0 _ Ry 0) 7y X))
[PEC Yt )2 |YL(t, x)?] [PL(t, ¥t x)?
L ! <)Z§_cx(t,1/{"(t,X)) , )Z)’;(t,w’:(t,X)) >
VL, i (e, ) MPEE ¥, x) 12 L ¥, x))] (3.7)
¥'(t,0) =0,
Y1) =1,
Y (0, x) = Y (x).

Lemma 3.19 yields that there exists a solution
¥ =@y yR) € W, ((0,T): Lp((0, 1) R?) N Ly (0, T): W ((0, 1); RY))

to system (3.7) for some T < min{T, T} such that ¥ (¢) : [0, 1] — [0, 1] is a diffeo-
morphism for every ¢ € [0, YA“] Then Lemma 3.17 implies that the composition (¢, x)
Vit ¥i(t, x)) lies in E 7 and by construction, it is a solution to the special flow. We
may now argue as in the proof of [21, Theorem 5.4] to obtain that (¢, x) > (&o0)' (¢, x)
and (7, x) = 7' (¢, ¥ (¢, x)) coincide in E 5. In particular, the networks T (¢) and T (¢)
coincide for all ¢ € [0, 7’:] L]

Lemma 3.19. Let p € (3, 00) and let Yo = (Y. v2. v3) € W2 77((0. 1): R3) with
wi [0, 1] — [0, 1] a diffeomorphism with ¥i(0) = 0, ¥i(1) = 1. Also let T > 0 and
Y € E5 be such that Vi(x,t) > cf(ir some ¢ > 0, for all t € [0, T], all x € [0,1] and
i €{1,2,3}. Then there exist a time T € (0, T] and a solution

U= ) € W ((0.7): Lp((0. 1D:R%)) N Ly((0.7): W7((0. 1):R?))
to system (3.7) such that ¥ (t) : [0, 1] — [0, 1] is a diffeomorphism for every t € [0, T]

Proof. We observe that the right hand side of the motion equation in system (3.7) con-
tains terms of the form f%(t, ¥ (¢, x)) with f* € L,((0,T); L,((0, 1))). To remove this
dependence, it is convenient to consider the associated problem for the inverse diffeo-
morphisms £ = (£1, £2, £3) given by £/ (¢) := ¥ (¢)~'. Indeed, suppose that the function
¥ € W,2((0, T) x (0, 1); R?) is a solution to (3.7) with yi(r) : [0, 1] — [0,1] a C'-
diffeomorphism. Similar arguments as in [21, Lemma 5.3] show also that £ is of class
Wpl’z((O, T) x (0,1); R?). Moreover, the differentiation rules

EL(ty) = vL(t. £ty
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(6 y) = =56y Yi, (1,6 (1,y))

yield the evolution equation

ENty) ==y (. E (L y)EL(. y)
__w;icx(t’éi(t?y)) i 3 <j7;(t’y)7)7)lc(t’y)>
B A T
) ( Per(t.y)  Prlt.y) >
A AA A

£ y)

and in conclusion, the system for &

oo Sy G )

N T A T L
_ &y ( Vex(t.7) 72 y) >
AN A

(3.8)
£'(t,0) =0,

E, 1) =1,

E0.y) = Wd) ()

for all ¢ € [0, 7], y € [0, 1]. We observe that the boundary value problem (3.8) has a
very similar structure as the special flow. Analogous arguments as in the proof of The-
orem 3.7 allow us to conclude that there exists a solution £ € WPI’Z((O, YA") x (0,1); (R%)3)
to (3.8) with T e (0, T] such that for ¢ € [0, YA"] the map £ () : [0,1] — [0,1] is a
C!-diffeomorphism. Indeed, the resulting system for £ has a very similar structure as
Problem 2.3 studied before: one linearises system (3.8) and applies the linear theory
developed by Solonnikov [44] to get well-posedness. Contraction estimates similar to
our previous one allows to conclude the existence and uniqueness of solution with a
fixed point argument. Reversing the above argumentation yields that the inverse functions
Vi(t) := £ (t)7! solve (3.7) and possess the desired properties. |

Theorem 3.20 (Geometric uniqueness of the motion by curvature). Let p € (3, co) and
let Ny be a geometrically admissible initial network and T be positive. Solutions to the
motion by curvature in [0, T| with initial datum Ny are geometrically unique in the
sense that, given any two solutions (N (t)) and (ﬂ (1)) to the motion by curvature in
the time interval [0, T| with initial datum Ny, the networks N (t) and N () coincide for
allt €0, T].

Proof. Let (N (t)) and (4\7 (1)) be two solutions to the motion by curvature in [0, 7] with
initial datum V. Suppose by contradiction that the set

§:=1{tel0,T]: N(t) # N()}
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is non-empty and let t* := inf §. As § is an open subset of [0, 7], we have t* € [0, T') and
N (t*) = N (1*). The Triod N (1*) is geometrically admissible and both 7 > N (¢* + )
and 7 > N (t* + 1) are solutions to the motion by curvature in the time interval [0, T — ¢*]
with initial datum A (¢*). Theorem 3.18 yields that there exists a time Te (0,T —t*] such
that for all ¢ € [0, YA‘] we have N (t* + 1) = N (t* + t), which contradicts the definition
of t*. L]

Definition 3.21 (Maximal solutions to the motion by curvature). Let p € (3, c0) and Ny
be a geometrically admissible initial network. A time-dependent family of networks
(N () ¢efo, 7y With T € (0, 00) U {oo} is a maximal solution to the motion by curvature
in [0, T) with initial datum N if it is a solution (in the sense of Definition 2.18) in [0, 7]
for all T < T and if there does not exist a solution (N (7)) to the motion by curvature in
the sense of Definition 2.18 in [0, 7] with 7 > T and such that &' = N in [0, 7). In this
case, the time T is called a maximal time of existence and is denoted by Tx-

Proposition 3.22 (Existence and uniqueness of maximal solutions). Let p € (3, c0) and
No be a geometrically admissible initial network. There exists a maximal solution to the
motion by curvature with initial datum Ny which is geometrically unique.

Proof. Given an admissible network Ny, we let

Tax := sup{T > 0 : there exists a solution (N7 (¢)) to the motion by curvature

in [0, 7] with initial datum To}.

Theorem 3.16 yields T, € (0, 00) U {oo}. Given any ¢ € [0, Th.x), Wwe may consider a
solution N7 with T € (¢, Tpmax) to the motion by curvature in [0, 7] with initial datum Ny
and set

N(@) = NT(2).

We note that N is well-defined on [0, Tnay) as any two solutions N 7' and N T2 with T},
T, € [0, Thax) to the motion by curvature with initial datum Ny coincide on their common
interval of existence by Theorem 3.20. One easily verifies that (N (?));e[o,T,,,) Satisfies
the properties of a maximal solution stated in Definition 3.21. Indeed, if there existed a
solution N (1) to the motion by curvature in [0, T] for T > Tnax, Theorem 3.16 would
imply the existence of a solution with initial datum & (7') in a time interval [0, §], § > 0.
This would yield the existence of a solution in the time interval [0, T + §] with initial
datum Ny contradicting the definition of Ti,,x. The uniqueness assertion follows from
Theorem 3.20. ]

4. Smoothness of the special flow

This section is devoted to proving that solutions to the special flow are smooth for positive
times. Heuristically, this regularisation effect is due to the parabolic nature of the problem.
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The basic idea of the proof is based on the so-called parameter trick which is due to
Angenent [3] and has been generalised to several situations [35,36,42]. However, due to
the fully non-linear boundary condition

Z Vx (t O)
Ly o)
the special flow is not treated in the above mentioned results. An adaptation of the para-
meter trick that allows us to treat fully non-linear boundary terms is presented in [22].
We follow [22, Chapter 6.6], modifying the arguments for the application in our Sobolev
setting.

In the following, we let &6 € E 1 be a solution to the special flow on [0, T], T > 0,
with initial datum o € W;2~77((0, 1); (R9)3).

The key idea to apply Angenent’s parameter trick lies in an implicit function type
argument which itself relies on the invertibility of the linearisation of the special flow in
the solution &o. Thus, the linear analysis from Section 3.1 will not be enough to apply
this method. So, before we can actually start, we have to generalise Theorem 3.5.

Definition 4.1. We consider the full linearisation of system (2.3) around &0 which gives

D) = g o) |
€00, €y ~ T
€L
(. 1) = n(),
yi(t,0) —y%(t,0) = 0, (4.1)

Vz(l’o) - V3(t’0) = 0’

_i( yi.0)  (E0)L(t.0){yi(t.0). (E0)i(t.0))
(€)1, 0)] (60)i(t,0)]?

) = b,

(0. x) = ¥ (x).

Here ¥ is an admissible initial value with respect to the given right hand side 1 and b.
Fory € Er, we define Arg(y) € Lp((0,T); Lp((0,1); (R%)3)) by

(Arsr) = it - 2TV, 60,

1
[(E0)% (1. x) [(E0)i (1. x)[*
Definition 4.2 (Linearised boundary operator). Let 7 > 0 and

Bre : Er — W, 7"7((0.T): (RY)®) x W,/>""27((0. T): RY),
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where ET = Wpl’z((O, T) x (0, 1); (R9)3), be the linearised boundary operator induced
by the linearisation in &0, i.e.,

vy, 1)
1 2
Y (,0) —y<(-.0)
Bre(y) = y2(-,0) = (-, 0)
_y3 ( Yi(.,0) _(80);(-,o><y;;(_~,0),(8cr)§c(-,o)>)
[(€0)%(-,0)] [(€a)k(,0)[3

Moreover, we let
X1 = ker(!BT,g).

As Br.¢ is continuous, the space X 7 is a closed subspace of E r and thus a Banach
space.

Remark 4.3 (Existence analysis for (4.1)). Note that the compatibility conditions in
Definition 3.1 for system (3.3) are precisely the same as the ones for (4.1), due to the
fact that Brg|;—o equals the original linearisation. Also, with the same arguments as
in the proof of Lemma 3.3, we can derive the Lopatinskij—Shapiro conditions for Br¢.
Therefore, the result from Theorem 3.5 holds also for problem (4.1). For y € Er, we
write
yi — Arg(y)
Lrg(y):=| Bre®)
Yit=0

With the previous considerations we have the basics to start the work on the parameter
trick. As a first step we have to construct a parametrisation of the non-linear boundary
conditions over the linear boundary conditions. We need to do this as we cannot have the
non-linear boundary operator as part of the operator used in the parameter trick due to
technical reasons regarding the compatibility conditions.

In the following lemma, we shall construct a partition of the solution space E7 =
Xr®dZr:

Lemma 4.4. Let T > 0. There exists a closed subspace Z1 of ET such that ET =
XrdZr.

Proof. Firstly, we consider the space
=1 _ -
Zp = {b e W, 727 ((0,T); RY)®) x W,>~2((0, T); R?) : b= = 0}.

We notice that f =0, b € 71T, ¥ = 0 is a suitable right hand side for problem (4.1).
Hence, for every b € Z IT there exists a unique solution L7, (0 b,0) € E7 to (4.1) and
the space Z1 := LTS((O ZT, 0)) is a closed subspace of ET
Next, we define the space
7= (RY)S x RY.
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Given b € 72, the elliptic system Ln = (0, E) defined by

o (l)yznxx() 0, xe1),ie{l23
n'(1) =b",
(1) = b2,
(1) = b, 42)

n'(0) — n?(0) = b*,
72 (0) — n*(0) = b°,

10 oL O)ni(0).040)y _
_Z(w;;(on IO )=

6

S

has a unique solution 7 € W2((0, 1); (R¥)?) which we denote by L=1(0, b). This is
guaranteed due to the results in [1] and the fact that the boundary operator fulﬁls the
Lopatinskij—Shapiro conditions according to Lemma 3.3. The space L~ 10,72 ) is a
closed subspace of W2((0 1); (R9)3) due to continuity of the solution operator which
is guaranteed by the energy estimates 1n [1]. Extending every function in L- 10,7 ) con-
stantly in time, we can view L~ 10,Z ) as a closed subspace of E 7. This space will be
denoted by Z%. It is straightforward to check that Z } nz % = {0}, which allows us to
define Z 1 as the subspace of E 7 given by

Zr:=21®Z%.
Note that Z 7 is indeed a closed subspace, which one sees as follows: Suppose that

(Zn)nen = (Z} + 2 nen C Z 7T

is a convergent sequence in E 7.

Due to E7 < C([0, T]; C'*%([0, 1]; (R™)3)) for a € (0,1 — 3/p] according to The-
orem 2.4, we may conclude that the sequence (z,|;=0)neN = (z,2l|,=0),,€N converges in
C'*([0,1]; (R™)3). In particular, this yields the convergence of the boundary data needed
for the elliptic system we used to construct z2. Continuity of the elliptic solution operator
then implies that (z7];=0)nen converges in W2((0, 1); (R")?). Due to its constant exten-
sion in time we see that (z2),eN converges in E 7 to a limit z2 which is also in Z2, due to
the latter being a closed subspace of E 7. Then (Z,ll),,eN = (Zn)neN — (Z,Zl)neN converges
in E7 as sum of two convergent sequences to an element z! of the closed space Z }
We conclude that (z,),eNn converges to z! + 2% € Z 7, which shows that Z 7 is closed.
It remains to prove that X7 N Z7 = {0} and E7 = X7 + Z 7. To this end, let y €
X7 N Z7. By definition of X7 we have Br¢(y) = 0, which implies in particular
Bre(¥)=o = 0. As y lies 1n Z 7, there exist z; € ZT, Zy € Z with y = z1 + z5.
Using that 87, (z1) lies in ZT, we observe

0= Bre(z1 + z2))1=0 = Br,e(21) =0 + Br,6(22))1=0 = BT,6(22)|1=0-
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Due to the uniqueness of the elliptic system (4.2), this shows (z2);=o = 0. By definition
of Z2, we obtain z; = 0. This implies 0 = Brg(y) = Bre(z1), which gives z; =
Lilg (0,0,0) = 0.

To prove that Er = X7 + Z 1, welet y € E 1. We define

z2:= L71(0, Bre(y)y—o) € Z2.

viewing z, as an element of E 7 by extending it constantly in time. By definition of the
boundary operator in the elliptic system (4.2) and due to (§0);=9 = 0, we have

Bre(z2)11=0 = Br,6(¥))1=0-
In particular, Br,¢(y) — Br,6(22) lies in 71T and we may define

z1:= L7g(0. Bre(y) — Bre(22).0) € Z7.

It remains to show that y — z; — z5 lies in X 7, or equivalently Brg(y —z1 —z2) =0,
which follows by construction. ]

Lemma 4.5 (Parametrisation of the non-linear boundary conditions). Let T > 0. There
exist a neighbourhood U of 0 in X, a function o : U — Z 1 and a neighbourhood V
of &o in E T such that

{80+u+g(u) SuE U} = {ye V:ﬁ(y):O},
where § denotes the operator

Yy ) —ol(1)
Y2, 1) —o2(1)
Y 1) —a3(1)
y=>8(y) = y1(-,0) — y2(-,0)

y2(0) =y (-,0)
3 70
Li=1 o)
Furthermore, it holds that (Dg)jo = 0.

Proof. We let
Y7 =W, 77((0.T): RY)%) x W,/>7"27((0.T): RY)
and consider the operator

F:. XreoZr—->Yr,
(x,z2) > §(E0 +x + z).
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By definition of &0 we have that F(0,0) = 0. We observe that (02 F(0,0))z = Brg(z).
To apply the implicit function theorem, we have to show that

i))T,gZZT—>YT

is an isomorphism. The map is injective as ker Bre N Z1r = X7 N Z1 = {0}. Given
beYr, weletzy ;= L71(0,b;=9) € Z% and z; := L;lg(O,b — Bre(zz)) € Z} and
observe that z; + z, € Z T satisfies

Bre(z1 + 22) = Bre(z1) + Bre(z2) = b — Bre(z2) + Bre(zz) =b.

The implicit function theorem implies that there exist neighbourhoods U and W of 0
in X7 and Z 7, respectively, and a function ¢ : U — W with ¢(0) = 0 such that for a
neighbourhood V of 0 in E 7, it holds that

utow) :ueUy={x+zeEr:Fx,2)=0}nV.

To show that (Dg)jp = 0 we let u € X 1 be arbitrary. Since we have (D)o : X7 — Z T,
we obtain (Dg)ou € Z . Hence, it is enough to show that (Dg)|ou lies also in X 7. To
this end, we differentiate the identity

0 = F(Su,0(8u)) = §(Ec + Su + o(Su))

with respect to § and obtain
d
0= 59(E0 +bu+0(u))s=0 = (DF)(E0)(u + (Do)jou) = Bre(u + (Do)jon).

This implies u + (Dg)|ou € ker Br,e = X and thus, (Do)jou € X 1. |

With this result we can finally start the proof of the parabolic smoothing. We will first
derive higher time regularity of the solution (this is actually the classical parameter trick
argument by Angenent), and we will then get from this higher regularity in space using
the parabolic problem and finally start a bootstrap procedure.

Proposition 4.6 (Higher time regularity of solutions to the special flow). Let §0 € Er
be a solution to the special flow in [0, T with T > 0 and initial value o € WPZ_Z/P((O, 1);
(R%)3). Then, we have for all T € (0, T the increased time regularity

8t(80) (S ET|[T,T]~ (43)
Proof. We consider the space
1i={y e W (0.10:RI) sy () = 0,91 ©0) = ¥2(0) = v (0),

3 ; . . .
Yi0)  ol(0)(¥i(0).0L(0))\ _
l;<lo;;(0)| - loL(0)[3 ) - 0}'
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We let U, V and p be as in the previous lemma and define o(u) := &0 + u + o(u). For
some small ¢ € (0, 1), we consider the map

G:(1—e1+e)xIxXg—1IxLy((0,T)x(0,1); (RY)?),

_ @(u)xx
() > (w0 = i) = A ).

Notice that G(1,0,0) = 0. Due to (Dg)|o = 0, the Fréchet derivative

93G(1,0,0) : X7 — I x Lp((0,T) x (0, 1); (RY)?)

is given by
03G(1,0,0)u = (u|t:0, oru — AT,g(u)).

As explained in Remark 4.3, we have that (D G)|(1,0,0)(0, 0, -) is an isomorphism. Hence,
the implicit function theorem implies the existence of neighbourhoods U of (1, 0) in
(1—¢e1+¢e)xTIandVof0in X7 and a function ¢ : U — 'V with ¢((1,0)) = 0 and

{A,yu) e UxV:GA,yu) =0} ={(A, ¥, (A, ¥)) : (A, ¥) € U}.

Consider now the map P : Er — X givenby P(y) := Px,(y — &0) with Px,.(n) = u
for the unique partition n = u +u € X7 @ Z 7. Clearly, we have that o(P(y)) = y for
all y in the neighbourhood V constructed in Lemma 4.5. Given A close to 1, we consider
the time-scaled function

(80),(t,x) := (Eo)(At, x).

By definition, this satisfies for ¢ := P((E0)3)|:=0
G(A, ¥, P((E0))) = 0.

By uniqueness, we conclude that

P((€0)3) =LA ¥)

and therefore
(Eo)x = 0(C(A, ¥)).

As both ¢ and g are smooth, this shows that (§c), is a smooth function in A with values
in E 7. Now, this implies

10,(€0) = 0,((E0)x)la=1 € ET,
from which we directly conclude (4.3). [ ]

Next, we want to derive higher regularity in space for our solution. But, this follows
almost immediately from the associated ODE we have at a fixed time.
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Corollary 4.7 (Higher space regularity of solutions to the special flow). Let Eo € E T be
a solution to the special flow in [0, T| with T > 0 and initial value o € sz_z/P((O, 1);
(R%)3). Given T € (0, T, we have for all t € [f, T] that

(€o)(t) € C3([0, 1]; (R™)?).
Additionally, all derivatives in space up to order two are smooth in time.

Proof. Considering 9,((€0))(¢) as given functions f* € C1([0, 1]; R"), we see that
(E0)i(t,) solves

(80)ix(1.7)
(o) (2.9

As we already constructed &o, we may include independent boundary conditions at x = 0
for the values of &0 and 95 &o. On this problem one may again apply the implicit function
theorem together with standard well-posedness results for ODEs to get that &o is indeed
in C2 and depends smoothly on the data. Then the smoothness of the space derivatives in
time follows from the smoothness of d; &0 and the smooth dependence of the data. ]

= fl.

With the two previous results we are now able to start a bootstrap procedure.

Theorem 4.8 (Smoothness of solutions to the special flow). Let 0 € E T be a solution
to the special flow in [0, T] with T > 0 and initial value o € sz_z/”((O, 1); (R9)3).
Then &o is smooth on [t, T] x [0, 1] for all T € (0, T).

Proof. Due to Corollary 4.7 we can use (§0)(¢) for almost all 7 > 0 as initial data for a reg-
ularity result in parabolic Holder space, cf. [20] for such a result for the Willmore flow. As
we checked that the Lopatinskij—Shapiro conditions are still valid in higher co-dimensions,
the analysis works as in the planar case. Additionally, the needed compatibility conditions
due to the zero order boundary conditions are guaranteed by the fact that d,(&0) lies
in C([7, T]; C([0, 1]; (R™)3). With this new maximal regularity result, which is the key
argument in the proof of Proposition 4.6, we can repeat the whole procedure to derive
C3+0G+0)/2_reoylarity. Note that in this situation of higher regularity we have to include
compatibility conditions in X 7. But, this makes the construction of Z 7 in Lemma 4.4
very difficult. Thus, a modification is necessary: moving the boundary conditions in the
operator itself. For details we refer to [19, Section 4]. This now starts the bootstrapping,
yielding the desired smoothness result. Note that in every step, the needed compatibility
conditions are guaranteed by the fact that our flow already has the regularity related to
these compatibility conditions (see, for instance, [39, Theorem 3.1]). [

In analogy to [21], we may now use smoothness of the special flow to prove The-
orem 1.1.
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Proof of Theorem 1.1. The existence of maximal solutions and their geometric uniqu-
eness is shown in Proposition 3.22. Using smoothness of the special flow shown in The-
orem 4.8, one may argue analogously to [21, Section 5.2, Section 7.2] to show that
parametrising each curve T?(z) with constant speed equal to the length of T’ (¢) yields
a global parametrisation y : [0, Thax) X [0, 1] = (R4)™ of the evolution that is smooth for
positive times. ]

5. Long-time behaviour of the motion by curvature

Proof of Theorem 1.2. Let p € (3,00) and N (¢) be the maximal solution. Thanks to
uniqueness and regularity, we can consider p € (3, 6). Let ¢ € (0, Tmx/1000) be fixed.
Suppose that Ti,.x is finite and that the two assertions (i) and (ii) are not fulfilled. Let
Y= ™) [0, Thax) X [0, 1] = (R9)™ be the parametrisation of the evolution such
that each curve N () is parametrised with constant speed equal to its length L(N7(1)).
As y is smooth on [g, T] for all positive € and all T' € (e, Tnax), hypothesis (ii) yields

ICi € LOO((& Tmax); Lz((ov 1)’ Rd))

As E7 embeds continuously into C([0, T]; C1([0, 1]; (R?)™)), hypothesis (i) implies
that the lengths L(T") of all three curves composing the network are uniformly bounded
away from zero in [0, Ty,.x ). Moreover, thanks to the gradient flow structure of the motion
by curvature, the single lengths of the networks satisfy L(N?(t)) < L(Np) for all
t € [0, Thax). In particular, we obtain for all ¢ € [0, T.), x € [0, 1],

0<c<l|yl(t.x)| = LN (1)) < C < . 5.1
With our choice of parametrisation, the curvature can be expressed as

i
i __ Vxx

C T

from which we can infer for all ¢ € [0, Trax),
1 . .
/ [yi,l? dx = (L(N)) / lkk'|>ds < C < oo.
0 T

As the endpoints P!, ..., P¢ are fixed and as the single lengths L(N(¢)) are uniformly
bounded from above in [0, T.x), there exists a constant R > 0 such that for every
t € [0, Thax) it holds that N (¢) C Bg(0). With the above arguments we conclude that

y' € L®((e Ta)s WZ (0, 1):RY)).
The Sobolev Embedding Theorem implies for all p € (3, 6] the estimate

(<o) [ ®l wilronmdy = € (52)
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for a uniform constant C > 0. We note further that for all § € (0, Tmx/4), the paramet-
risation y(Tmax — 6) is an admissible initial value for the special flow (2.3). Due to (5.1)
and (5.2), Theorem 3.14 yields that there exists a uniform time T of existence of solutions
to the special flow (2.3) for all initial values y(Tj,.x — 6) depending on C and c. Let § :=
min {T/2, Tmsx/4}. Then Theorem 3.14 implies the existence of a solution n = (', ..., n%)
with ' regular and

0 € W) ((Tmax — 8. Tax + 6): Lp((0. 1);RY))
p((Tmax - Sa Tmax + 5), sz((O, 1)» Rd))

to system (2.3) with 1 (Tipax — 8) = ¥ (Tinax — 8)- The two parametrisations y and n defined
on (0, Tinax — 9/3) and (Tax — 8/2, Thnax + ), respectively, define a solution (N~ (1)) to the
motion by curvature on the time interval (0, Ty« + 8] with initial datum Ny coinciding
with N on (0, Tiax)- This contradicts the maximality of Ti- [ ]

A. Appendix

We explain here how to pass from the analysis of the evolution of a single Triod to
networks with more complicated topologies. Naturally, it is not the first time that this
generalisation has been considered, and there is more than one way to deal with it. We
will follow the method outlined in [30] that is extensively based on the work for linear
systems done in [49].

We consider an initial network composed of m curves, with £ endpoints where
yk(t,1) = P* for P* e R", k € {1,... .4}, and with g triple junctions 671 (y1) = /2(y»)
=0/3(y3) = @/ with j € {1,...,q}, y1.y2.y3 € {0, 1}.

Let us start from Section 3.1. The motion equations of the linearised special flow will
not differ too much from the version for three curves. Formula (3.1) holds for each curve
of the network:

1
Vi 0P loi(x)
Then one has to write formula (3.2) at each triple junction; /i is evaluated at (¢, y;) with

y; € {0, 1}, taking care of the fact that if y; = 1 there is a change of sign with respect
to (3.2). So, for j € {1,...,q},

Ji
-3 (e (- )y

i=1
] Ji (g, di i
- Z(( D" ((m - ﬁ)w + %)) (A2)

where we have omitted the dependence on ¢ and on y1, 5, y3 € {0, 1}.
In the system (3.3), instead of three evolution equations, m equations should appear,
together with the compatibility condition and the linearised angle condition for each junc-

1 i
) = s a0 = D) AD
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tion. Indeed, in place of (3.3) one gets
. 1 . .
i, x) — ——yL (t,x) = f'(t,x), t€(0,T), xe(0,1),
ALY |a),c(x)|2yxx( )= f'(t.x) 0,7) 0,1

Y@, 1) = %), t€[0,T], ke{l,... L}

yjl(t’yl)_yjz(t’yZ)zov IE[O»T]’J. E{l?"'»q}’
yjz(tvyZ)_yh(l’y?’):Ov ZE[O’T]’./. 6{1»'--,61}7
3 ji . (A3)
=Yy (B @, i)
= oIl i e T et ),
_ o )y’ (4, 3i), 0% (yi)))
o (vi)|?

y(0.x) =y (x),  x€][0,1]
fori € {1,...,m} and for a general right hand side ( f, 7, b,v¥) withn = (',...,7%) and
b= (b',....b9).

One needs to adapt also Definition 3.1.
Definition A.1. Let p € (3, 00). A function ¥ = (¥'!,..., ¢¥™) of class sz_z/” (0, 1);
(R4)™) satisfies the linear compatibility conditions for system (A.3) with respect to given
functions n € W, (0, T): (R9)¥), b € W,"*27((0, T): (R9)9) if for k € {1.....¢£}.
j €{l,...,q)} it holds that ¥ (1) = n*(0), Y71 (0) = ¥/2(0) = ¥/3(0), and

i W VEGD ol oW 0.0 0Ny
D .. ) =b/©.
=1 lox" (i) o’ (yi)I3

At this point, one wants to apply Solonnikov’s theory [44] to get Theorem 3.5. As
usual, the difficulty concerns the boundary conditions. The result [44, Theorem 5.4]
requires the fulfilment of the complementary conditions at the boundary: basically, the two
matrices 8(0,1,dy, d;) and B(1,1, 05, d;) must be invertible. However, we have paramet-
rised the curves in such a way that the conditions at x = 0 and x = 1 are entangled and we
cannot write two separate invertible matrices. One has to write a new system, equivalent
to (A.3), that has a suitable structure to directly use Solonnikov’s theory [44]. Namely,
one has to arrange that a given triple junction is the image of either x = 0 under the three
curves or x = | under the three curves. It is necessary to break some curves imposing
artificial Cauchy conditions at the intermediate breaking points, as explained in [30, Sec-
tion 5]. In [49] the author carries on with this procedure in full detail. The great advantage
is that von Below not only gets to separate matrices, but each one is a block matrix and
to show their invertibility, it is enough to prove that the determinant of each block is dif-
ferent from zero. Every block describes one single triple junction, and the invertibility
of the block is equivalent to the Lopatinskij—Shapiro condition, which we have already
shown in Lemma 3.3. Hence, thanks to [49] we have existence and uniqueness and suit-
able estimates for the new system and then for system (A.3) as well. So, Theorem 3.5 is
valid.
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Then, one will have new spaces E7 and F7 properly defined and as a consequence of
Theorem 3.5, the operator L7 (y) : Er — Fr given by

i_ Vi
(V’ |0§c|2)ie{1 ..... m)
k
(V|x=1)ke{1 ..... )
_ J1 J2 J2 J3
LT()’) = (V\x=0 - V|x=o’ V|x=o - V|x=o)je{1,...,q}
_y3 vl _0){"()/;{",0){")> )
( Z:’:1<|zr)ﬂ"| oyt |3 lx=0/je{1,...q}
Y|t=0

is still a continuous isomorphism. So, Section 3.1 does not need any other alteration and
one gets also Lemma 3.6.

It is straightforward to adapt the arguments of Section 3.2 to the case of general
networks. Indeed, this is just a matter of suitably redefining the operators and spaces
appearing in the proofs. With a careful look, one realises that no additional estimates
are needed.

In particular, the constant ¢ in Lemma 3.9 becomes

C = — min Ui X
2 ie{l,...,m},xe[0,1]| @)l

and the proof does not undergo changes. The two components N}, N% of the operator N7
are defined as

N {E“T — Lp((0,T); Ly ((0,1); (RY)™)),
Y= f(),

N2 {E‘% = W, (0.7): RY)1),
y = b(y)

with
i . 1 i
0= (e ~ o) Y
3
b(y) (1) := —1)% . - — it y;
7o ;( ) ((w;"(r,ym |o£(yj)|)y ¢.23)
ol ), ), od ()
+ j - '13 j )
|(7x (YJ)|

this time defined by the right hand side of (A.1) and (A.2), respectively.
As the estimates concerning NT1 are done foreachi € {1,...,m} instead of i € {1,2,3}
and the estimate related to N72" can be done component-wise, for j € {1,..., ¢}, it is
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possible to obtain again Proposition 3.10 and Proposition 3.12. Instead, Corollary 3.11
and Proposition 3.13 are more abstract and do not need to be modified.

In the same spirit, one also adapts the whole of Section 3.3. Indeed, the only case in

which we restricted our analysis to Triods is the proof of Theorem 3.18, which is entirely
based on the resolution with a very similar structure to the special flow.

Funding. The authors gratefully acknowledge the support from the Deutsche Forschung-
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