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The Ginzburg-Landau energy with a pinning term
oscillating faster than the coherence length

Mickaél Dos Santos, Rémy Rodiac, and Etienne Sandier

Abstract. The aim of this article is to study the magnetic Ginzburg-Landau functional with an
oscillating pinning term. We consider here oscillations of the pinning term that are much faster than
the coherence length ¢ > 0, which is also the inverse of the Ginzburg—Landau parameter. We study
both the case of a periodic potential and of a random stationary ergodic one. We prove that we can
reduce the study of the problem to the case where the pinning term is replaced by its average in
the periodic case and by its expectation with respect to the random parameter in the random case.
In order to do that, we use a decoupling of the energy (detailed in Lassoued and Mironescu’s 1999
paper) that leads us to the study of the convergence of a scalar positive minimizer of the Ginzburg—
Landau energy with pinning term and with homogeneous Neumann boundary conditions. We prove
uniform convergence of this minimizer towards the mean value of the pinning term by using a blow-
up argument and a Liouville-type result for non-vanishing entire solutions of the real Ginzburg—
Landau/ Allen—Cahn equation, due to the results of Farina (2003).

1. Introduction

Let G C R? be a smooth bounded domain. The main goal of this article is to study the
following pinned Ginzburg-Landau energy:

. 1 . 1
GLY"(u, A) = E/G [(V —lA)u|2 + 152 /G(ae(x) - |u|2)2
1
+ _/ curl A — hey |2, (d.D
2 Jg

where ¢ > 0, hex > 0 are parameters (here, ¢ is a small parameter: ¢ — 0), u € H 1(G, C),
Ae HY(G,R?), curl A = 914> — 9,41, (V —iA)u is the covariant gradient of u (i.e.,
the vector with complex components (0,u —iAju, dyu — iAzu)T), and a, is a func-
tion oscillating at a rate § = §, < &. More precisely, we will study the case where a,(x)
=ao(§), withag : R? — R a 1-periodic function and the case where a.(x) = a; (T(3)w),
where a; : © — R is a random variable defined on a probability space 2 and T denotes
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an action of R? on Q which is stationary and ergodic. Although we do not specify it in
our notation, the parameter § depends on &, hence the notation a,. The functional GLgin
is used to describe the behavior of type-II superconductors in presence of impurities. In
this model u is the complex order parameter, with |u|? representing a normalized density
of Cooper pairs of electrons in the sample G, and / := curl A represents the magnetic
field inside the sample. When the sample is a homogeneous material (i.e., a, = 1), and
in the absence of magnetic field (i.e., when A = h.x = 0), functional (1.1) has been stud-
ied in the pioneering work of Bethuel-Brezis—Hélein [10]. For the study of the functional
with magnetic field, we refer to [25] and references therein. In order to describe hetero-
geneous materials, various authors have considered a modified Ginzburg—Landau energy
where various fixed weights appear [3-5, 8,22]. Oscillating pinning terms were also stud-
ied in [1, 15, 16]. Here, our setting is close to the one in [1], except that the assumptions
on a, are different: in [1] the pinning term a, oscillates slower than ¢ (with our notation,
their assumption would correspond to §>>|log ¢|™1). The study of (1.1) combines the dif-
ficulties of concentration phenomena in phase transition theory and of homogenization
effects due to oscillations. This is also the case in the recent paper [2] where the authors
study the homogenization of an oscillating Ginzburg—Landau energy where the oscillating
term occurs in the gradient. Oscillations in phase transition problems were also studied in
the context of the Allen—Cahn/ Modica—Mortola functional. On this subject, we refer to
[6,12—-14,19]. We note that the oscillating weight in the energies studied in those works is
different from the one studied here. Of particular interest for us in this article are [6, 19],
where the case when the oscillations are much faster than the phase transition parameter &
is considered. We note that, in these references, the hypothesis that § = 0,(1) is not suffi-
cient to obtain a homogenization result and the authors assume instead that § = 0, (£3/2)
in both papers, even though the techniques used in these papers are different.

We will describe the asymptotic behavior of minimizers of (1.1), but also of a sim-
ilar pinned Ginzburg-Landau functional in three dimensions and a pinned Allen—Cahn
functional in d dimensions, for arbitrary d.

Let Q = (0,1)? be the unit cube in R¢. We consider a function ag € L>(Q,R) which
satisfies the following condition:

there exist 0 < m < M such that m < ag(x) < M a.e.in Q. (1.2)

Without loss of generality, we can assume that

/ao(y)dyzl and m<1<M,
Q

and we will indicate how to adapt the arguments to the case M = /|, 0 40 # 1.

We can see ag as a l-periodic function (still denoted by a¢) in R¥ by setting

ap(x) =ao(xy — |x1],.... x4 — |xq]) forx = (x1,...,x4) € RY,
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where |-] denotes the integer part of a real number. We first consider the case where the
pinning term is defined by

a.(x) := ao(%) with § = 6, < ¢. (1.3)

We also consider the case where the pinning term oscillates randomly. Let (2, X, u)
be a probability space. We assume that R? acts on Q by measurable isomorphisms and
we denote this action by 7. More precisely, this means that for every x € R?, we have
an application T(x) : Q — Q such that u[T(x)(A)] = u(A) for every set A in the o-
algebra X, and we have that T'(x + y) = T(x) o T(y) for every x, y in R¢.

We recall that a function a : Q x R¢ — R is said to be stationary with respect to the
action T if a(w, x + y) = a(T(y)w, x) for every x, y € R? and for almost every w € Q.
A typical example of a stationary process is given by

do(w,x) = a1 (T(x)w) witha; : 2 — R a measurable function. (1.4)

We also recall that a function f : Q@ — R is T-invariant if f(7T(x)w) = f(w) for every
x € R? and a.e. w € Q. The action T is ergodic if every function that is invariant with
respect to 7' on €2 is constant almost everywhere on 2.

When considering a stationary-ergodic pinning term, we will assume that dj is given
by (1.4) with a; € L°°(2, R) which satisfies

m<a, <M forsomeO<m< M. (1.5)
Without loss of generality, we will assume that
E(a;) =1 and O<m<l1<M,

and we will indicate briefly how to adapt the argument to the case E(a;) # 1.
Then, the pinning term will take the form

de(w, x) = ao(a), ;—‘) - a1<T(§)w) with § = 6, < ¢. (1.6)

Given a smooth bounded domain G in R?, we define the (unpinned) Ginzburg—Landau
energy of (u, A) € # := H'(G,C) x H'(G,R?) by

1 1 1
GLg(u, A) = —/ |Vu —iAul?® + —/ (1 —Jul®)? + -/ |curl A — hey |2, (1.7)
2 G 4¢2 G 2 G
For functions v in H'(G, C) we also define the pinned energy without magnetic field:
- 1 1
£ =5 [ 19l + o5 [ @ - ey, 18

We define the denoised energy as

Z;‘Zpin(u’ A) := GLP™(u, A)— min EP"(U). (1.9)
& € UeH\(G) °
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We will see in Corollary 2.3 and Definition 2.4 below that Egm has a unique positive
minimizer U, in H'(G, R) and that U is still a minimizer of E}" in H!(G, C).
Our main result is the following:

Theorem 1.1. Assume that § = 0.(¢) and that ae is given by (1.3) (respectively (1.6)).
Then, Us, the unique positive minimizer of EE" in H'(G, C), satisfies (respectively satis-
fies almost surely)

lim [|Us = Hzee(G) = 0

Also, given (ug, Ag), we have
GLY" (us. As) = GLe(ve. A)(1 + Oc(1Us — Ul(6)): (1.10)

where vy 1= ug/ Us. A '

In particular, (ug, Ag) is a family of quasi-minimizers of GLY" and ETE‘“ in H if and
only if (ve, Ag) is a family of quasi-minimizers of the unpinned energy GL. in H. This
equivalence holds only almost surely in the stationary ergodic case.

By a family (x;) of quasi-minimizers for some family of functionals (F;) we mean a
family which satisfies Fg(x¢) = (1 4 0¢(1)) inf(F) as e — 0.

Theorem 1.1 allows us to describe the behavior of u, as ¢ — 0, and in particular the
behavior of the vortices of u,, by using the literature concerning the minimizers of G L.
We refer to Theorems 5.1, 5.3, 5.5, and 5.8 for precise statements.

Remark 1.2. If we do not assume that M := | /fQ ag(y)dy =1 in the periodic case,

or that M := /E(a) = 1 in the random case, then Theorem 1.1 has to be modified as
follows: with the same assumptions and notations, we have that (v,, A.) is a family of
quasi-minimizers of GLY (instead of GL,), where for (v, A) € #

GLM (v, A) = GL;“h . A)

f|Vv—lAv| +—/(1 [v]?)? + /|cur1A—hex|2
G

= Vo' zA’v’|2+ (1 [v'1*)? + | curl A’ — hey/ M?|?
2 Jumc

= M>GL, p, jm2 .6 (v, A),

where A'(:) = A(/M)/M, v'(-) = v(-/M) and expansion (1.10) holds. The study
of GL;A,{heX,G reduces to the study of GL,_ /m2,m.G in the dilated domain M - G by
a change of variable and a dilation of the unknowns. This is similar to the operations
made in the non-dimensionalizing process of the Ginzburg—Landau functional (see, e.g.,
[25, Section 2.1.1]).

This article is organized as follows: in Section 2 we recall the decomposition lemma
from [22] and show how it reduces the study of the problem to the convergence of a min-
imizer of ES" in H!(G,R), with E}" being defined in (1.8). In particular, we show that



Rapidly oscillating GL energy 495
there exists a unique positive minimizer U, of EF™ in H1(G, C). In Section 3 we prove
the convergence, in the L° norm, of this minimizer to the square root of the average of ag
in the periodic case and to the square root of the expectation of a; in the random case.
The proofs of both results make use of a blow-up argument. This convergence is suffi-
cient to prove Theorem 1.1. We also give another proof of the convergence of U, which
has the advantage of working in Lipschitz bounded domains and giving explicit rates of
convergence and the disadvantage of requiring § = O(e?). Then, we use Theorem 1.1
and known results in the literature to describe the behavior of minimizers of GL2" in the
two-dimensional case in Section 5. We also use analogous results to Theorem 1.1 in three
dimensions in Section 6 and also for the Allen—Cahn problem with prescribed mass in
Section 7.

2. The decomposition lemma

In the framework of pinned Ginzburg-Landau-type energies, a useful decomposition
method is described in [22]. This can be expressed by the following lemma:

Lemma 2.1 (Decomposition lemma). Let G be a Lipschitz domain of R? with d > 1. Let
p € L®(G,R™") and let us assume that U € H'(G,R) is a solution of

1
—AU = =U(p—-|UP) inG,
2 (p—=IUI") in @1

LU =0 on G,
which satisfies U > m > 0in G for some m > 0. We consider
E2G) =5 [ 1VuP + o [ (o= Py
& 2 G 4g2 G ’
and for d = 2 we define
GL?(u, A) = 1/ |Vu—iAu|2+L/(p(x)—|u|2)2+l/ [curl A — hey|?
€ ’ 2 G 482 G 2 G et
Then, for every d > 1, if we set u = Uv, we obtain
1 1
B2 = B2+ 5 [ UPVoP & o [ Ut Py, 2.2)
2 G 482 G
Ford =2, withu = Uv we find
1 1
GLP(u,A) = EP(U) + -/ U?|Vv —iAv|® + —/ U*(1 — v|?)?
2 G 42 G

1
+—/ |curl A — hey|%. (2.3)
2 Je
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Remark 2.2. In [22] the decomposition lemma was proved in the context of a planar
pinned Ginzburg—Landau-type energy without magnetic field (given by (1.8), where a,
is independent of ¢). In this context, the Ginzburg-Landau-type energy studied is mini-
mized under a Dirichlet boundary condition g € €*°(dG, Sl), with G a smooth bounded
domain. The authors of [22] proved the decoupling given in (2.2) with Up;, € H I(G,R™)
instead of U, where Up;; is the unique minimizer of E P submitted to the boundary con-
dition Up;; = 1 on dG (they also need that p = 1 on dG in the sense of traces and
p = m > 0in G). If we look at their proof, we can see that the minimality of Up;; is only
used through the validity of the Euler-Lagrange equation —AUpi; = ¢ *Upir(p — U2,),
while the boundary condition Up;; = 1 on dG makes the boundary terms vanish since
Upir — p = 0 on dG. These boundary terms may also be canceled with a homogeneous
Neumann boundary condition as in (2.1). Hence, one may follow (in arbitrary dimension)
the argument of [22] to prove (2.2) and also (2.3).

Corollary 2.3. Let G be a Lipschitz domain of R¢ withd > 1, p € L®(G,R) and ¢ > 0.
Assume that p > m > 0. Then, there exists a unique minimizer Uy of EE in H'(G, C)
which is non-negative. It satisfies

IpllLe@) = U = m.

Any other minimizer is of the form aUs for some a € S'. Moreover, Uy, is the only positive
solution of (2.1).

Proof. Lete >0, p e L°°(G,R) be such that p > m for some m > 0. Let U be a minimizer
of Ef in H'(G, C). It is clear that EZ (|U|) < Ef(U). Moreover, V = max(|U|, v/m)
satisfies EZ (V) < EF(|U]). Thus, by minimality of |U |, EZ (V) = EZ(|U ). This implies

1
IVIU|]? = (p—m*?—(p—|UP? =0,

/{Uwﬁ} 4e? Jyu < ymy

since in {|U| < /m} we have p — |U|* > p —m > 0. This implies that {|{U| < m} = 0.
By considering V' = min(|U|, y/TpllLe()). we find |U| < /Tplz=c)-

Assume U’ is another minimizer of EZ in H'(G, C). Then, by definition Ef (U’) =
EZ(U), but from Lemma 2.1, letting v = U’/ U we have

0= EP(U) - EP(U) = 1/ wRIvel + 2 -y,
2 G 2¢2

Hence, v is a constant and v € S!.

To prove the last statement, we consider V' a positive solution of (2.1); by the mini-
mizing property of U, we can say that Ef (U) — EF (V) < 0. There exists m’ > 0 such
that V' > m’. Using Lemma 2.1 again, letting v = U/ V we have

1 V4
0= E2U) = EZV) = 5 [ VAVOP 4 S0 - PP,

Since v > 0and V > m’ on G, we deduce v = 1, thatis, V = |U| =U. [
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From Corollary 2.3, one may state the following definition:

Definition 2.4. Let G C R¢ be a Lipschitz bounded domain. For p € L*°(G,R) such that
p > m for some m > 0 and for ¢ > 0, we let UZ be the unique positive minimizer of EZ
in H'(G, C). It satisfies m < |U|?> < | p|lL~ in G. Moreover, if G is a €2 bounded
domain, then by elliptic regularity, Uf € W24(G,R) forevery 1 < g < 4+o00.If p = a,
is given by (1.3) or (1.6), we simply write Us,.

Next, we give a Lipschitz estimate on U/ in the case where G is a €! domain. The
proof follows the argument of [9, Lemma A.2].

Lemma 2.5. Let us assume that G is a €' bounded domain. Let ¢ > 0 and let p €
L>®(G,R) be such that p > m for some m > 0. Let UY € H'(G,R) be the unique posi-
tive minimizer of EF in H'(G, C) from the previous definition. There is C > 1 depending
only on G and || p||pe such that

a

IVUZ | Loy < 2.4)

&
Proof. Following step by step the proof of [9, Lemma A.2], we obtain thatif u € H' (G, C)
and f € L*®(G,C) with [ f(x)dx = 0 satisfy

—Au=f ingG,
dyu=0 ondG,

then there exists C > 0 which depends only on G such that
VullLe@y = Cll f L) lullLe=(6)-

The only modification with respect to the proof of [9, Lemma A.2] is the use of the fol-
lowing Neumann elliptic estimate in place of its Dirichlet counterpart: let A € €!(B;,
M4 (R)), which is bounded and uniformly elliptic, with B1+ ={x € B1(0) | x4 > 0};
g € L®(B; R); and v € H' (B, R) satisfy
—div(A(x)Vv) =g in Bl+,
dyv =0 onBlﬂ{xeBi" | xg = 0};

then ||Vv||Loo(Bl+/2) < C(||g”L°°(B1+) + ||v||Loo(Bl+)) for some C > 0 depending on the
ellipticity constant of A and on || 4 ”t’l( BY): |

3. Convergence of the free minimizer

3.1. The periodic case

Let EP™ be defined by (1.8) with a, being defined by (1.3).
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Theorem 3.1. Let G C R? be a €' bounded domain. Let U, be the minimizer of E¢
in H'(G, C) given by Definition 2.4. Then,

lim [|Us — MllLe(G) = 0. (3.1

We recall that, for simplicity, we assumed that M =,/ f 0 ap(x)dx = 1.

Proof. By contradiction, we assume that (3.1) is not true. Then, there exist 7 > 0 and a
sequence of points (xg)e>¢ such that |Ug(x,) — 1| > n for all £ > 0 small enough.

We first assume that p, := dist(x., dG) > &. We then consider the blow-up function
Ve(y) = Ug(xe + €y) defined for y € B(0, ps/¢). This function satisfies

—AVy = Ve(be — V2)  in B(0, pe/¢), (3.2)

with bg(y) := a.(x; + &y) = ao(x“gsy) for y € B(0, ps/¢).

Claim: After extraction, the functions {b.} converge to 1 as ¢ — 0 in the L*°-weak star
topology. Indeed, since {b.}. is bounded in L°°, it converges after extraction to some bg
in the L°°-weak star topology. But, since the function b, is periodic with period §/¢
tending to 0 as & — 0, the function by is constant and equal to the average of b, over a
period, that is, by = fQ ao = 1. This can be seen by observing that [ps b (x)1p (x)dx —
[ ao(x)dx| D], where D is any measurable set in R4, This latter fact can be proved by
dividing D into small cubes of size ¢ and using the periodicity of b, as in the proof of
Proposition 3.3 below.

Therefore, after extraction and for any {f;}, converging strongly to f in L!, and
supported in a fixed compact set, we have

/ fube > / V; (3.3)
Rd ]Rd

Besides, m < V; < ||Ug|lL(c) < M and, by Lipschitz estimate (2.4), we have that V;
satisfies ||V Ve|lLoo(B(0,0./6)) < C. This implies by the Arzela—Ascoli theorem that, up to
passing to a subsequence, V; — Vy locally uniformly in R? for some continuous Vj :
R? — [m, M]. It then follows from (3.3), choosing f; = Vy¢ for any € compactly
supported ¢, that Vyby — Vy in D’(R?). On the other hand, V2 — V§ locally uniformly
in R4, and hence in the sense of distributions as well.
Passing to the limit in the sense of distributions in (3.2), we find that the limit Vj
satisfies
—AVp = Vo(1-V2) inRY. (3.4)

But, since m < Vy < M, by using [18, Theorem 2.1] we conclude that Vo = 1. Thus,
Ve(0) = Ug(xs) — 1, which is a contradiction.

Now we assume that, up to passing to a subsequence, dist(x,, dG) = O(g). Thus,
we may define y, := Iy (x,), the orthogonal projection of x, on dG. We then have
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|xe — ¥e| = O(e). Up to passing to a further subsequence, we may assume that y, —
Yo € 3G. We let p, := 2max(]ye — yo|, »/¢) and we set V,(y) := Ug(ye + €y) for

B(yo — ye, pe) N (G — ye)
I

y€B =

By using that G is €1, up to passing to a subsequence and up to considering a vectorial
rotation, we may assume that for all x € ]Rd there exists 9 > 0 such that x € B} for all
& < g¢. Then, as in the first case, we can obtam the existence of Vj : ]Rd — R such that,
up to a subsequence, V, — Vj locally uniformly in Ri. Passing to the 11m1t in (3.2), we
find that V} satisfies

{—AVO =To(1-V@) inRZ, 55)

Vo =0 on 8Ri.

We can consider a new function defined for y = (3, y4) € R4~! x R by

170()/) _ Vo(y) if yg >0,
Vo(y'.—ya) if ya <O.

We can check that Vo satisfies —AVO = Vo(l — 172) in R? and we conclude as before that
Vo = 1. On the other hand, since |x; — y€| = O(e), up to passing to a subsequence, there

— e
and |V0(y*) — 1| =lime—o [Ve(ye) — 1| >
n > 0. This is a contradiction and this concludes the proof of the theorem. ]

Remark 3.2. We recall that, for simplicity, we assumed that M = |/ |—é‘ f 0 aop(x)dx = 1.
If M # 1, then we change the definitions of V; and b, by letting

. . . Xe
exists y, in Rj"_ such that y, :=1lim,—

Usg(xe + ey / M?) /M if dist(xe, Q) > e,

= { Us (e + ey/M?) /M if dist(xe, 02) = O ()

and
ba(y) = ag(xg +ey/M?)/M? if dist(x,, 0Q) > e,
TN (e + ey [ MD)ME i dist(xe, 0Q) = O(e).
Convergence (3.3) reads as by — 1 in LlloC (Rd) and thus (3.4) and (3.5) still hold. The rest
of the proof is unchanged.

We can now give a proof of Theorem 1.1 in the periodic case.

Proof of Theorem 1.1 in the periodic case. Let (u, A) € # and ¢ > 0. Letting v = u/ U,
with (2.2) we have

—_ 1 1
GLY"(u, A) = 2[ UZ|Vv —iAdv|* + 1 /U 1—1v»?*+ /|curlA hex|?
€

=: GL}**(v, A).
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By using that 0 < m <1 < M, we obtain:
m* x GLg(v, A) < GLY" (v, A) < M* x GL¢(v, A).
Therefore,
m* x inf GL, <inf GLY"#" < M* x inf GL,.
H I I
Moreover, if (v, A) € H is such that GL,(v, A) < 2M* x infg GL,, then
|GLY " (v, A) — GL¢(v, A)| <2M* x max(|U? — 1|, U — 1| 1) ig{fGLs. (3.6)

In particular, with Theorem 3.1, we get

igngLa = (1 4 0£(1)) igff GLY<i (3.7)

when ¢ — 0. Now let ¢ — 0, let (u,, A;) € # be a family of configuration, and write
Ve = U/ Us. We have
(ug, Ag) is a family of quasi-minimizers of E;Tg"‘
= GLE" (e, A4) = (1 + 05(1)) x inf GLE"
& GLY M (v, A;) = (1 + 0.(1)) x igngL?’eight

L A.) = (1 1 inf GL
<  GLg(vg, Ag) = (1 4 0g( ))><1;1€G .
with (3.6)&(3.7)

<= (vg, Ag) is a family of quasi-minimizers of GL,. |

3.2. Rate of convergence in special cases

Although Theorem 3.1 has the advantage of working in every dimension and its proof
can be extended to a random stationary ergodic pinning term, it has the disadvantage of
requiring €! regularity for 3G and of not giving a rate of convergence, which could be
useful in some regime of applied magnetic fields /.

In what follows, we give rates of convergence under additional assumptions. We work
in dimension 2 and the assumptions take two forms: either an assumption on § = §(¢) or
a symmetry assumption on dy.

Proposition 3.3. Let G C R2 be a Lipschitz bounded domain. Let U, be the minimizer
of EX" given by Definition 2.4. There exists C > 0 (independent of § and &) such that
8
1Us = 2y = € (5 + V8)- (3.8)

If we assume furthermore that
§ = 0:(2), (3.9)

then 5 1
[Ue — ULy = 03[(8—2) ] (3.10)
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Note that if we assume that § = O, (&?), then (3.8) becomes || U, — 1| 12(g) = 0:(V$).
Before proving Proposition 3.3, we present an estimate which may be obtained with a
weaker assumption.

Remark 3.4. We may get an explicit speed of convergence with assumptions weaker than
8 = O,(£?). Specifically, let y := §/& and consider the assumption

LV/8 sl (3.11)

It is clear that § = O, (¢?) (which reads as y = O,(¢)) implies (3.11). One may prove that
if (3.11) holds we have

S\ 1/8
1Us — 1 Loo(a) < 438 = 4(8—2) . (3.12)

The proof of (3.12) is quite long and thus it is omitted here.

Proof of Proposition 3.3. Welet y := %. For 0 < ¢ < 1, we consider the energy
E _ 1 2, X 2\2
s) =5 [ [Vul”+ = [ (a0 —|u[) (3.13)
2Jo 4 Jo

defined for u € H'(Q, C). Recall that Q = (0, 1)? is the unit square. We write H'(Q)
=H'Y(Q,C).

From Corollary 2.3, there exists a unique positive minimizer U, of Egin H! (Q) and
m < U, < M. This minimizer satisfies

—AU, = y2U.(ag — U> in Q,
{ & X 8( 0 g) Q (314)

3,Us =0 on d0.

We set £, = £ := [, 0 U.. By using the homogeneous Neumann boundary condition to
extend Us in the square (—1,2)2, we can use interior elliptic estimates in Q and obtain
that, for all 2 < p < 400,

10e = Llwrrg) = Os(x)- (3.15)
By multiplying (3.14) by U., integrating by parts, and using (3.15), we find
2 [ Oa-02= [ V0.2 = 0.6 (3.16)
Q Qo

We infer that
[Q (€ + 0, a0 — 2 + 0(%) = 0s ().

Since £ > m > 0, we obtain that {2 = Jo ao(x)dx + O:(x%) = 1 + O(x?). Thus, we
can reformulate (3.15) as: forall 2 < p < 400,

10: — 1lwrrco) = Oc(2?). (3.17)
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We thus obtain from (3.16) that

Ec(Ue, Q) = Ec(1, Q) + O0:(x™. (3.18)

Now let U, be the positive minimizer of E. in H'!(G, C) given by Definition 2.4. For
k,l € Z such that Qg ; := 8(k,[) + Q C G, we define ng’l :Q —> R by Uek’l(y) =
U (8(y + (k,I))). By minimality of Uy in H'(Q), we have

E(UF!, Q) > Eo(U., Q) = Ec(1, Q) + 0:(x*). (3.19)

We can then decompose G in cells Q ;. We denote by Ns the number of cells Qx ;
included in G. We have G| :
We also denote Gg := G \ UlecG Or.; and we can see that |Gs| = O¢(§). We have

EP"Us,G)= Y EPUs, Qui) = Y, E(UF. Q)

0k, 1CG OriCG

- ¥ (Rn.o+o(h))

Ok1CG
82 .
_ 08<g_4>+ 3 EP(LL Qi)
OkiCG

But, we observe that

> EPM(1.Qry) = 08(£>-

2
O, 1NGs#0 €
Hence, we obtain
A ‘ ‘ 52
EP(U.G) = EF(LG) — Y EP(1.0wn) + 0c(5)
Ok NG5 #0

‘ 2 s
> EP™(1,G) + 02,;(8—4 + 8—2)

Thus, since Egi"(l, G) > Egin(Us, G), we find that

: . 52 8
ER"(1) = EP"(Us) = O 55 + 5 )- (3.20)

Now we use Lemma 2.1, writing 1 = U,v, to get

‘ . 1 1
EP"(1) = EP™Uy) + —/ UZVv)* + — | U1 —v?)2 (3.21)
2 G 4¢2 G
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We deduce from (3.21), (3.20), and the fact that Uy > m > 0 that

1 , 2§
5fG|vu| + /(l—v (5 +5). (3.22)

Hence, we find that [ (1 —v?)* = 08(‘2—2 + §), which implies (3.8). Now we assume that
8 = 04(£?). This implies || U, — Uz = 0,(¥/5). To prove the L™ estimate, we argue
by contradiction. We assume that there exist two sequences &, — 0 and (x,), C G such
that

I —v(x)? > (n + 1)(?—3)1/4. (3.23)

n

We set p, 1= 8,/&2. Since ||Vv| LGy < %HVUEHLoo(G) = 08(%), we find that there
exists ¢ > 0 independent of € such that

1—v2(x) > n,o,l/4 for every x € B(x,,,csnpn/4) NnG. (3.24)

By Lipschitz regularity of G, we can assume that ¢ > 0 is small enough (independent

of &,) so that | B(x,, ce,,,o,,/ YNG|>c¢ sf,p,l,/z We then have

/ —v%)? > c3n28ipn.
B(xn.cenpn/ NG

By using that fG(l —v2)2 = 0,(8) (from (3.22) and (3.9)), we arrive at §,, > cnzeﬁ(i—%)
= cn?$8, for some ¢ > 0 sufficiently small (independent of ¢) and for all n € N. This is
a contradiction; and then we find that ||1 — v|e(G) = Ok, ((5—2)1/4), which implies the
second part of (3.10). [ ]

In some cases we can improve the L* bound obtained in the previous proposition.
For example, we make the following symmetry assumption on ag : @ — R:

{Clo(% — xl,xg) = Clo(X],Xz), A (xl,xz) S (0, %) X (0, 1), (325)

ao(x1. 5 — x2) = ap(x1x2). YV (x1.x2) € (0. 1) x (0. 3).

Proposition 3.5. Assume that G is a square in R? of size L. Let §,, 1= % —0and e, — 0
be such that 8, = o, (¢n). Let ag, be defined by (1.3) on a 8, x 8, grid matching with G
and assume that (3.25) holds. ‘

Let U, be the positive minimizer of EL," given by Definition 2.4. Then, there exists

C > 0 such that 5

8
1Ue, = V@) = € 5 (3.26)
n
Remark 3.6. Proposition 3.5 is still valid for a polygonal domain G such that G matches
with the union of cells of 8, x &, grids with §, — 0.
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Proof of Proposition 3.5. We drop the subscript n for simplicity. We decompose the
domain G in small regular cells of size § which we denote by Q. ; fork,/ € Z. Let U, be
the positive minimizer of Eq(u) = %fQ [Vu|? + % fQ (ao(x) —|u|?)?in H'(Q). Note
that U, satisfies (3.14). We claim that

tr|{0}x(0,1) ﬁs=tr|{1}x(o,1) U, and tr)(0,1)x{0} 0s:tr|(0,l)x{1} Us. (3.27)

Indeed, we can check that, thanks to the symmetry assumption on ay,

~ /1 N 1
Us(l) : (xl,xz) = U8<§ —XI,X2> and Ua(z) : (xl,)C2) = Ug(xl, 5 —X2)
satisfy the same equation as ﬁa in Q with the same boundary condition. By the uniqueness
result given in Corollary 2.3, we obtain Us(l) = Us(z) = U, and hence the equality of the
traces on opposite faces of the square Q.

Now we set
Ue(x) = Ug(X1, X2) (3.28)

if x € G can be written as x = (k§ + X16, 18 + X»8) for (X1, X2) € Q. Thanks to the
homogeneous Neumann boundary condition satisfied by U, on Q and because the traces
of U, are equal on opposite faces, we can prove that U, satisfies

_ U, 2y s
—AU, = 2 (ao(X/S) Us) in G, (3.29)

U, =0 on 0G.

We can then apply the uniqueness result of Corollary 2.3 to obtain that Uy is the positive
minimizer of E}" in H'(G). We then obtain that

1Ue = 12006y = 10 = Ulzoogoy,  IVUellLooe)y = 81|V UellLo(0)-

The conclusion follows from the bound on the L® norm of U, and of its gradient which
satisfies (3.14). Note that the estimate on Vl’f\s can be obtained as an interior estimate
after extending U, in a bigger square thanks to the homogeneous Neumann boundary
condition. |

3.3. The stationary ergodic case

In this section we consider the case of a random stationary ergodic pinning term. More
precisely, we assume that a, is given by (1.6). We will use the Birkhoff ergodic theorem:

Theorem 3.7 ([21, Theorem 7.2] and [17, Section VIIL.7]). Let (2, X, i) be a prob-
ability space and T = (T(x)),cra be an action of R? on Q by measurable isomor-
phisms. Assume that a; € LP(Q) for some 1 < p < 4o00. Then, for a.e. w € Q, the
function al(T(;)a)) :R? — R weakly converges in L?(R¢) when 1 — 0. We denote

by N (a1 (T (x)w)) its weak limit in L? (R?). Then, as a function of , N (a1(T (x)w)) is
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invariant under T and we have
| ¥ T@wni = 2.
Besides, if T is ergodic, then N (a1(T (x)w)) = E(ay) for a.e. w € Q.
From this theorem we obtain, writing M := m, the following result:

Theorem 3.8. Let G be a bounded €' domain of R?. Let U, be the minimizer of ES“‘
in H'(G, C) given by Definition 2.4, where a, is defined by (1.6). Then,

lim |[Ug — M||pog) =0 forae w e Q. (3.30)
e—>0

Proof. Recall that, without loss of generality, we can assume that E(a;) = 1. By contra-
diction, we assume that (3.30) is not true. Then, there exists a set O C Q with u(0) > 0
such that for every @ € O, there exist 7 > 0 and a sequence of points (x2)¢>0=(X¢)e>0
such that |U,(x,, w) — 1| > n for all & > 0 small enough. In what follows, we fix @ and
drop the subscript w. We first assume that p, := dist(x,, dG) > e. We then consider the
blow-up function V,(y, w) = Ug(x¢ + €y, w) defined for y € B(0, p./¢) C G. This func-
tion satisfies

~AVy = Ve(be — V) in B(0, pe/¢), (3.31)
with be(y) 1= ag(xe + ey, w) = a1 (T(EF%)w).

Claim: Almost surely, after extraction the functions {b¢}. converge to 1 as ¢ — 0 in
the L™®-weak star topology. Consider the random variable X, = |B,|! /, B, (x0) b, for
an arbitrarily chosen xo € G and r > 0. From the definition of b,, we have that X, =
|Baor| ™' [ao(T(y — ye)®) dy, where y, = azxo and ;g = §/¢ — +00 as € — 0. Then,
from the hypothesis of stationarity, X, has the same law as Y, = |Bq, ™! ['ao(T(y)w) dy
which, from the ergodic theorem above, converges to 1 almost surely. Therefore, for
any Xxg, r, the random variable X, converges in law to the constant 1, hence in proba-
bility as well (since the limit is constant).

It follows that after extraction, X, converges almost surely to 1. By a diagonal extrac-
tion process, we deduce that there exists a subsequence of {b, }, such that | B,|™! [ B, (x0) be
converges to 1 almost surely for any x( in a countable dense set in G and r belonging to,
for instance, the set {1/n | n € N*}. This implies that, almost surely, this subsequence
of {b¢}, converges to 1 in the L°°-weak star topology, thus proving the claim.

As in the proof of Theorem 3.1, it follows from the claim that after extraction and
almost surely, V; — 1 locally uniformly, which contradicts the fact that |Ug(x¢) — 1| > n
with positive probability if ¢ is small enough, since U, (x;) = V¢(0).

The case where dist(xg, dG) = O(¢) also follows from the claim using the same argu-
ments as in the proof of Theorem 3.1. ]

Theorem 1.1 in the random case follows from Lemma 2.1 and Theorem 3.8.

Remark 3.9. As in Remark 1.2, we may adapt the proof to prove U, — M in L*°(G)
fora.e. w € Q when M = /E(a;) # 1.
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4. T'-convergence and quasi-minimizers

In this section we recall the definition of I'-convergence of functionals and show that it
allows us to describe the asymptotic behavior of quasi-minimizers of a family of function-
als.

Definition 4.1. For ¢ € (0, 1], we consider a family of functionals
F.: I, — (—o0,+o00] fora topological space I,

and
F : I — (—o0,400] for a topological space I.

We define
Io:={xeI|F(x)<+oo}.

We say that F, I"-converges to F as ¢ — 0 if for every ¢ € (0, 1] there exists P, : I, —> T
such that:

Lower bound: 1If x € Iy and x, € I, is a sequence such that P,(x.) — x (for the topology
of I)as & — 0, then
liminf F;(x;) > F(x).
e—>0

Upper bound: For every x € Iy, for every ¢ € (0, 1], there exists x, € I, such that
P.(x;) —> xin I and
limsup F¢(x;) < F(x).
e—0

The first two properties (Lower and Upper bounds) in the above definition are taken
from [20, Section 3.1] and are adapted from the original definition given by De Giorgi.
The adaptation comes from the fact that in Ginzburg—Landau theory, the limiting space on
which the I'-limit is defined is not the same as the original space on which the Ginzburg—
Landau functional is defined.

In addition to these two properties, the supplementary compactness property is added:

Compactness: If, for some ¢y € (0, 1], SUPze(0,60] F.(x;) < 400, then
for a sequence ¢ = ¢, | 0, there exist x € Iy and a subsequence (still 4.1)
denoted by x,) such that P;(x;) — x in I.

The notion of I'-convergence has been conceived so that the infima of F, converge to
the infimum of F and a family of minimizers of F, converges to a minimizer of F. This
property remains true for a family of quasi-minimizers. Indeed, we have the following
proposition:

Proposition 4.2. Let F, : I, — (—00, +00] be a family of functionals defined on topolog-
ical spaces I, and F : I — (—00, +o0] be a functional defined on a topological space I.
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Assume that F, I'-converges towards F as ¢ — 0 and that compactness property (4.1)
holds. Let (x¢)e be a family of quasi-minimizers of Fg.

If F # 400, then there exists x € I such that, up to a subsequence, P¢(x;) — x in I
and

F(x) = inf F(y).
yel

In other words, a family of quasi-minimizers also converges (up to a subsequence)
towards a minimizer of the I'-limit. The proof of this proposition is an adaptation of [11,
Theorem 1.21].

Hence, using Proposition 4.2 and Theorem 3.1, we are able to understand the asymp-
totic behavior of minimizers of GLE" thanks to existing I"-convergence results on G L.
These asymptotics are the subject of the remaining sections.

5. Asymptotics for the pinned 2D Ginzburg-Landau energy

In this section we deduce from Theorem 1.1 results on the asymptotic behavior of min-
imizers of GLY" given by (1.1) with a, either given by (1.3) or by (1.6). The main
ingredient to pass from Theorem 1.1 to the description of minimizers of GLEin is Propo-
sition 4.2. In this section G is a smooth bounded domain of R2.

We first introduce some notations. For (v, 4) € H'(G, C) x H'(G,R?), we recall
that Vqu = (V — i A)u and we define

j) = (iu,Vqu), u(u, A) = curl j(u) + curl A. (5.1)

Here, (iu, Vqu) = %(uVAu —uV4u). We let M(G) be the set of Radon measures. For
A > 0, we define E; : M(G) — (—o0, +0o0] in the following way: for u € M(G)
N H~'(G), we consider the solution /,, of

—Ahy, +h, = in G,
H uw =M (5.2)
h,=1 ondG.
‘We then set
||l/«|| 2 2 1
+ Vhu|* +|h, =1 if u e M(G)NH™' (G
El(m={ 3 o (Vhal® + hu = 1P) ifp eM@ONHTNG). (o
+00 otherwise.

Theorem 5. 1 Assume that G C R? is a smooth simply connected bounded domain.
Assume that i A > 0 when ¢ — 0. We consider {(ug, A¢)}e, a family of minimizers
prm Ifwe wrlte Uy, = Ugve where U, is given by Definition 2.4, then as ¢ — 0,

/’L(vé‘v Ag)

o e i (E%Y(G))* for every y € (0, 1), (5.4)

— — hy,  weakly in H11 (G) and strongly in WP (G), Vp < 2, (5.5)
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where Ly is the unique minimizer of E, given by (5.3), and

GLY™(ug., A,) — EF"(U,)

i — Ej (). (.6)
Moreover,
ga(l/)f; s bl 4 5 (VP s, — 1) (5.7
and h 1
VG| = e i

in the weak sense of measures.
Here,

V —iA)ul? 1—ul?)? 1A — hey|?
(V= idpf | (=2 Jeul A=l
2 42 2
Remark 5.2. We have that j(u.) = U2j(ve) and that wu(ue, As) = U2 pu(ve, A) +
2U VLU - j(ve) + curl A(1 —U2).

ge(u, A) =

Proof. We use Theorem 1.1, Proposition 4.2, and the I'-convergence result on GL./h2
in this regime of the applied magnetic field (cf. [25, Theorem 7.1]) to deduce (5.4), (5.5),
and (5.6). Note that in [25, Theorem 7.1], the I"-convergence result is obtained with

I.:= HYG.C)x HY(G,R?), I := (€% (G))* xL*(G,R?)

for any y € (0, 1) where I is endowed with the product topology, (€% (G))* is endowed
with the weak-# topology, and L?(G, R?) with the weak topology. Furthermore, with the
notations of Definition 4.1, we have

P, : HY(G,C) x HY(G,R?) — (€%7(G))* x L*(G,R?),
(ue, Ae) > (u(ue, Ag), curl A,).
Statements (5.7) and (5.8) follow exactly as in the proof of [25, Theorem 7.2]. ]

Theorem 5.3. Assume that |loge| < hex K 1/e2 as & — 0. Let {(ug, Ag)}e be a family
of minimizers of GLY" in H. We set u, = Ugv, where Uy is given by Definition 2.4. Then,

28(ve, Ag)
hex

in the weak sense of measures and

|logevhex| ~dx ase —0

(ul%lel}e Ge(u,A) ~ |—2|hex| logevhe| ase— 0.

Besides,

,U«(U,;, Ag)
hex

h
— 51 inHYG) and

™ —dx in HY(G).
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Proof. This follows from [25, Theorem 8.1 and Corollary 8.1] along with Theorem 1.1
and Proposition 4.2. ]

Unfortunately, Theorem 1.1 is not sufficient to describe the behavior of minimizers
of G2 near the so-called first critical field, or more generally, when there is a number
of vortices much smaller than the applied magnetic field /.. This is because the leading-
order term in the asymptotic expansion of GL(v,, A,) is independent of the position of
the vortices. In the so-called intermediate regime it is also independent of the number of
vortices and is of order /.. However, with an explicit rate of convergence of U, the posi-
tive minimizer of Egin in H!(G, C), we can give a condition on this rate such that results
of [25, Chapters 9-11] can be applied to describe the asymptotic behavior of minimizers
near the first critical field.

We first introduce some notations: We define /¢ to be the solution of

—Ahg+hy=0 inG,
ho=1 ondG

and
SO = I’lo—l and S_OZIIIGiHSO.

We suppose that &y has a unique minimizer p in G. We set
Q(x) := D?(£0)(p)(x, x)

and we assume that Q is a positive definite quadratic form. We set

1 2 2 1 2
Jo =5 [ 19kl +1ho = 112 = 5 Bl o

We also set
0. 1

H? =
20k

We denote by § the modified Green function, solution to

|log €.

—A§(x,y)+8(x,y) =46, inG,
G(x,y)=0 onadG,

and we set
Sg(x,y) =278(x,y) + log|x — y|.

Forn € N, we set £ := | /;~. We denote by ¢ the blow-up centered at p for the scale £

defined by
X—p
px) = ——
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If u is a measure, we will denote by [ its push-forward by the mapping ¢ (i.e., Z(U) =
w(ep~1(U)) for every U measurable subset of R?). If x is a point, then we let ¥ = ¢(x).
Now, we define a functional on the space of probability measures on R? denoted by #:

1w = - /R 2 /R log [ — yldu()d(y) + 71 /R 0 forp e 2.

It is known that the infimum inf, e (1) is uniquely achieved (see, e.g., [24]). We denote
by wo the minimizer and we let

lo := I(po) = inf I(u).
HEP
For n € N, we define

1
ge(n) := h% Jo + mn|loge| — 2 nhex|o| + 7(n* —n)log 7
+ 7n*Sc(p, p) + n’ly. (5.9)
We recall the following from [25, Lemma 9.5]:

Lemma 5.4. There exist constants «, &g > 0 and for each 0 < ¢ < g an increasing
sequence (Hy), defined for integers 0 < n < a|loge|, such that if hex > Hf] /2, then n
minimizes g¢ over the integers in the interval [0, o|log ¢|] if and only if

hex € [Hp, Hy41].
We can now state the following result:

Theorem 5.5. Assume that hey is such that
|log |loge|| K hex(e) — HY < |loge]

and let N¢ be a corresponding minimizer of ge(-) over [0, a|log e|]. Also let (ue, A;) be a
minimizer of GLY". We write u, = Ugv, where U, is given by Definition 2.4. Assume that

|Us — 1||L°°(G) X g¢(Ng) :08(N32)~ (5.10)
Then, for any y € (0, 1),

il A | :
e iy in (27 (RY)",

where g is the unique minimizer of I and
GLe(ve, Ae) = ge(Ne) + 06‘(N32)’ GL[g)in(uav Ag) = Eﬁi“(Ue) + 8e(Ne) + Os(Ngz)'

Proof. Again, we deduce this theorem from Theorem 1.1, Proposition 4.2, and existing
results in the literature. Here, the results used are [25, Theorems 9.1 and 9.2]. Assump-
tion (5.10) is used to guarantee that gz (N;) % ||Us — 1| (g) is negligible compared to
all the terms of g. ]
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Remark 5.6. From Proposition 3.3, assumption (5.10) is satisfied, for example, when §

= 0,(?) and g2 — 0¢(1). This means § = 08(;—5).

egl/2""ex

Finally, it remains to examine the case of a bounded number of vortices. We let

{ 1
fe(n) = hZ Jo + mnlog o 2rnhe|§o| + an?Sg(p, p) + nn?log 7 (5.11)
We recall the following from [25, Lemma 12.1]:

Lemma 5.7. For every ¢ > 0, there exists an increasing sequence (Hy(g)),, Hy = 0, such
that the following holds: Given n > 0 independent of ¢, if hex(€) > 1 is such that

ge(n) = min(ge(n — 1), ge(n + 1)) + 0e(1),

then
Hy —0:(1) < hex < Hyqq + 0g(1).

Moreover, the following asymptotic expansion holds as ¢ — 0:

1 |log &|
H, = —[|log8| 4+ (n—1)log——— + K, ] 4+ 0:(1),
TN 2|l " ’
where
1 2.3 2 -1
an(n—l)log—+n "t logn
n 2 n
1
+ —(min w, — min wy—1 +y+ 2n—DHnS , .
o (min wn, — min wn g +y +( )7S6(p. p))
Here, y is a universal constant and
n
Wy(X1,...,x,) = —7 Zlog |xi —xj|+ 7n Z 0 (x;). (5.12)
ij i=1

We can now state the following result:

Theorem 5.8. Assume that N € N. There exists c; — 0 as ¢ — 0 such that if ¢ < g9(N)
and
Hy +ce < he < Hy1—ce,

and if(us, Ag) is a minimizer ofGLgin, then writing uy = Uzv, where Uy is the minimizer
of EX" given by Definition 2.4, then the following holds. If

”Us - 1||L°°(G) X fs(N) = 0.(1), (5.13)

then ve has N vortices af, ... ,a% and, possibly after extraction and letting a; := (aj
—p)/4L, the N-tuple (a5, ... a5 ) converges as e — 0 to a minimizer of wy given by (5.12)
and
GL:(ve, As) = fe(N) + 11121111v wy + Ny + 0.(1) as e — 0.
®R?)
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Remark 5.9. Assumption (5.13) is satisfied for example when § = O,(¢?) and
1/4

72 hZ, = 0.(1),

leading to § = 08(2—;).

Proof of Theorem 5.8. Here, we use Theorem 1.1, Proposition 4.2, and [25, Theo-
rem 12.1]. Hypothesis (5.13) is here to guarantee that GL,(vs, Ag) X ||Us — 1||Loo(g) is
much smaller than all the terms in the asymptotic expansion of inf(y, 4,) GLs(ve, Ag). m

6. Asymptotics for the pinned 3D Ginzburg-Landau energy

Let G C R3 be a smooth bounded domain. In this section we consider a 3D variant of
energy (1.1). Here, we use differential forms formalism. We define

: 1 1 1
g ) = 3 [ ldu—iau? + o [ o -2+ 3 [ Jaa-hal 6
2 G 4e G 2 R3

here, u € H'(G, C), du is a 1-form, hey € L2 (A*R3)isa2-form, 4 € H'(A'R3) isa

1-form, and a, is defined by (1.3) or by (1.6). We define
HYN AR ={4e HY(A'R?) | d*4A =0} (6.2)
and we endow this space with the inner product
(A, B) g1 (a1r3) = (dA,dB)L2(r2R3), (6.3)
for which H!(A'R?) is a Hilbert space. For u € H'(G, C), we define (writing u =
ul +iu, ul,u? € H(G,R))
ju = (iu,du) = utdu® —udu', Ju =du' Adu® = %d(ju). (6.4)

Theorem 6.1. Assume that hex = dAex e and that there exists Aex,0 € Hléc (A'R3) such

that
Aex,s

[loge|
Let (ug, Ag) € H'(G,C) X [Aex.0 + H)] (A'R?)] be a family of minimizers of F We
write uy = Ugv, where Uy is the minimizer of EL" given by Definition 2.4. Then, up to a
subsequence, we have

Aexo — 0 in HI(A'R?).

Ag
|log &l

— As in HY(A'R?)
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for some Ay € Aexo + HN(A'R?), and

IV, in LE(A'G),
| log ]
_JV% o, in LA(A'G),
|ve || log €]
J d(j
Ve _ dGve) in W™LP(A2G)Vp < 3/2
|loge|  2|loge|
for some (Jx, wy) € A¢ := {(J, w) | J is an exact measure-valued 2-formin G, v €

L2(A'G)) and J, = d—;’* € H™Y(A2G). Besides, (w«, Ax) is a minimizer of the func-
tional defined for (v, A) € L*(A'G) X [Aex.0 + HL(A'R?)] by

vl + 4o — Al a6,
F.A) =1 +4dA = dAexolZapogs, i lldv] = |dV](Q) < +oo.

+00 otherwise.

Proof. 1t is easy to check that an analog of Lemma 2.1 holds for the 3D magnetic Ginz-
burg—Landau energy. With Propositions 3.1 and 3.8, we find that the analog of Theo-
rem 1.1 is true for the 3D Ginzburg—Landau energy. We conclude by using Proposition 4.2
and [7, Theorem 4]. ]

7. Asymptotics for the pinned Allen—-Cahn energy

In this section G is a €! bounded open set of R, d > 1. By taking A = 0 and e = 0,
we are able to describe the asymptotic behavior of a pinned Allen—Cahn functional. For
u € H'(G,R), we define

ACP" () = & / Vuf + 1 [ (as(x) —u?)?, .1
G ¢ Je

where a; is given by (1.3) or (1.6).

Theorem 7.1. Let 0 < B < 1 and (u;), C H'(G,R) be a family of minimizers of the
pinned Allen—Cahn energy given in (7.1) under the constraint ﬁ fG U = f. Then, we
can write u, = Ugv, with U, given by Definition 2.4, and we have that there exists v €
BV(G,{x1}) such that

ve > v in LY(G)

and v minimizes

4
Aw) = 5/G|Dw|

for w € BV(G,{=%1}) under the constraint ﬁ Jow =8
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Remark 7.2. Recall that we normalized the average of a¢ and a; such that these quanti-
ties are equal to 1.

Proof of Theorem 7.1. This follows from an analog of Theorem 1.1 which we know to be
true thanks to Lemma 2.1 and Theorems 3.1 and 3.8. We conclude with Proposition 4.2
and the I'-convergence results in [23]. [

Acknowledgments. We would like to warmly thank Alberto Farina for providing refer-
ence [18].
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