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A novel finite element approximation of
anisotropic curve shortening flow

Klaus Deckelnick and Robert Niirnberg

Abstract. We extend the DeTurck trick from the classical isotropic curve shortening flow to the
anisotropic setting. Here, the anisotropic energy density is allowed to depend on space, which allows
an interpretation in the context of Finsler metrics, giving rise to, for instance, geodesic curvature
flow in Riemannian manifolds. Assuming that the density is strictly convex and smooth, we intro-
duce a novel weak formulation for anisotropic curve shortening flow. We then derive an optimal
H !-error bound for a continuous-in-time semidiscrete finite element approximation that uses piece-
wise linear elements. In addition, we consider some fully practical fully discrete schemes and prove
their unconditional stability. Finally, we present several numerical simulations, including some con-
vergence experiments that confirm the derived error bound, as well as applications to crystalline
curvature flow and geodesic curvature flow.

1. Introduction

The aim of this paper is to introduce and analyze a novel approach to approximate the
evolution of curves by anisotropic curve shortening flow. The evolution law that we con-
sider arises as a natural gradient flow for the anisotropic, spatially inhomogeneous energy

e) =/Fa(z)y(z,v) d#l(z) = /Fay(-, v) dFe! (1.1

for a closed curve T', with unit normal v, that is contained in the domain  C RZ2. In the
above, ¥ : © x R? — Rx¢ denotes the anisotropy function and a : 2 — R~ is a positive
weight function. In the spatially homogeneous case, that is,

y(z,p) =yo(p) and a(z) =1 VzeQ = ]Rz, (1.2)

the corresponding functional & frequently occurs as an interfacial energy, for example, in
models of crystal growth [31,44]. Our more general setting is motivated by the work [14]
of Bellettini and Paolini, who consider the gradient flow for a perimeter functional Pg
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that is associated with a Finsler metric ¢. Through [14, (2.5), (2.6)], it is shown that
& (I") = Py(T') if one chooses y as the dual of ¢ and a in terms of the two-dimensional
¢-volume. As an important special case, we mention that the choices

y(z,p) = VG Y z)p-p and a(z) = /detG(z) (1.3)

can be used to describe the length of a curve in a two-dimensional Riemannian mani-
fold (M, g). In this case, G(z) is the first fundamental form arising from a local para-
metrization of M (cf. Example 2.2(3) below). Apart from being of geometric interest, the
functional & also has applications in image processing [17].
The natural gradient flow for the energy & evolves a family of curves I'(¢) C €2 accord-
ing to the law
Vy =xy, (1.4)

where V), and x, are the anisotropic normal velocity and the anisotropic curvature, resp-
ectively. The precise definitions of these quantities are based on a formula for the first
variation of &, and they will be given in Section 2. In the isotropic case, that is, when

y(z,p) =|p| and a(z)=1 VzeQ=R? (L.5)

we have that (1.4) is just the well-known curve shortening flow, V = », with V
and x denoting the normal velocity and the curvature of I'(¢), respectively. For theoretical
aspects of the anisotropic evolution law in (1.4), we refer to [13, 30]. Further information
on (spatially homogeneous) anisotropic surface energies and the corresponding gradient
flow can be found in [21, 30] and the references therein.

In this paper, we are interested in the numerical solution of (1.4) based on a para-
metric description of the evolving curves, that is, I'(¢) = x(/, t) for some mapping x :
I x [0, T] — Q. Here, most of the existing literature has focused on the spatially homo-
geneous case given by (1.2). Then, the law in (1.4) reduces to ﬁv = xy, (see Section 2
for details), which can be viewed as a special case of the weighted anisotropic curvature
flow

Bo()V = xy,, (1.6)

for some mobility function ,’30; see, for example, [21, (8.20)]. In [24], a finite element
scheme is proposed and analyzed for (1.6) with 8o = 1. The method uses a variational
formulation of the parabolic system

Xt = Ay V. (1.7)

and is generalized to higher codimension in [38]. A drawback of this approach is that
the above system is degenerate in the tangential direction, so that the numerical ana-
lysis requires an additional equation for the length element. A way to circumvent this
difficulty consists in replacing (1.7) by a strictly parabolic system with the help of a suit-
able tangential motion, known as DeTurck’s trick in the literature. For the isotropic case,
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corresponding schemes have been suggested and analyzed in [19,26]. We mention that
alternative parametric approaches for (1.6) allow for some benign tangential motion; see,
for example, [5, 8,34, 36].

Since the choice of (1.3) allows to describe the length of a curve in a Riemannian
manifold (M, g), it is possible to use (1.4) in order to treat geodesic curvature flow in M
within our framework. Existing parametric approaches for this flow on a hypersurface
of R3 include the work [35] for the flow on a graph, as well as [6] for the case that
the hypersurface is given as a level set. Moreover, numerical schemes for the geodesic
curvature flow (and other flows) of curves in a locally flat two-dimensional Riemannian
manifold have been proposed in [12]. To the best of our knowledge, no error bounds have
been derived for a numerical approximation of geodesic curvature flow in Riemannian
manifolds in the literature so far.

In this paper, we propose and analyze a new method for solving (1.4), which is based
on DeTurck’s trick and which applies to general, spatially inhomogeneous anisotropies.
Let us outline the contents of the paper and describe the main results of our work. By tak-
ing advantage of the fact that the function (z, p) %az(z)yz(z, p) is strictly convex in p,
we derive in Section 3 a strictly parabolic system whose solution satisfies (1.4). It turns
out that this system can be written in a variational form, which makes it accessible to dis-
cretization by linear finite elements. In the isotropic case, the resulting numerical scheme
is precisely the method proposed and analyzed in [19], while in the anisotropic case we
obtain a novel scheme that can be considered as a generalization of the ideas in [19,26].
As one of the main results of this paper, we show in Section 4 an optimal H !-error bound
in the continuous-in-time semidiscrete case. Unlike in [24, 38], the corresponding proof
does not need an equation for the length element because of the strict parabolicity of the
underlying partial differential equation. In order to discretize in time, we use the backward
Euler method. In particular, in Section 5, as another important contribution of our work,
we introduce unconditionally stable fully discrete finite element approximations for the
following scenarios:

(a) a spatially homogeneous, smooth anisotropy function y(z, p) = yo(p);

(b) a spatially homogeneous anisotropy function

L
v(z.p) =) VA p,
{=1

where Ay are symmetric and positive definite matrices;

(c) aspatially inhomogeneous anisotropy function in the form of (1.3) to model geo-
desic curvature flow in a two-dimensional Riemannian manifold.

In particular, the functions in scenario (b) can be used to approximate the case of a crystal-
line anisotropy (cf. [5]). Using these three fully discrete schemes, we present in Section 6
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results of test calculations that confirm our error bound and show that the tangential motion
that is introduced in our approach has a positive effect on the distribution of grid points
along the discrete curve.

As our approach is based on a parametrization of the evolving curves, we only briefly
mention numerical methods that employ an implicit description such as the level-set
method or the phase field approach. The interested reader may consult [10,37] for aniso-
tropic curve shortening flow, as well as [15, 16,43] for the geodesic curvature flow. These
papers also provided additional references.

We end this section with a few comments about notation. Throughout the paper, we
let I = R/Z denote the periodic interval [0, 1]. We adopt the standard notation for Sobolev
spaces, denoting the norm of W2 (I) (£ € Ny, p € [1,00]) by ||-[|¢., and the seminorm
by |- |¢,p. For p = 2, WE2(I') will be denoted by H*(I) with the associated norm and
seminorm written as | - ||, and | - |¢, respectively. The above are naturally extended to
vector functions, and we will write [W 42 (I)]? for a vector function with two components.
For later use, we recall the well-known Sobolev embedding H (1) < C°(I), that is, there
exists C; > 0 such that

I fllowo < Crllfllh, YfeH\). (1.8)

Furthermore, throughout the paper C will denote a generic positive constant independent
of the mesh parameter 4, which will be introduced in Section 4. At times, & will play the
role of a (small) positive parameter, with C, > 0 depending on ¢, but independent of 4.
Finally, in this paper we make use of the Einstein summation convention.

2. Anisotropy and anisotropic curve shortening flow

Let Q C R? be adomain, and let a € C?(2,R~¢). Moreover, we assume that y € C%(Q x
R2, Rx0) N C3(Q x (R?\ {0}), R~p), as well as

y(z,Ap) = Ay(z,p), VzeQ, pe R2, X € R.y, 2.1

which means that y is positively one-homogeneous with respect to the second variable. It
is not difficult to verify that (2.1) implies that

Yp(z,Ap) = vp(z.p), Vp(z.p)-p =y(z, p),

R 2.2)
and ypp(z,p)p =0, YzeQ peR*\{0} 1eRs.

Here, yp, = (yp, )]2.=1 and ypp = (v, Pj)l-z’ ;=1 denote the first and second derivatives of y
with respect to the second argument. Similarly, we let y, = (., )]2.=1 denote the derivatives
of y with respect to the first argument. We note for later use that on differentiating (2.2)
with respect to z, we immediately obtain that the functions y;,(z,) and yp;;(z,-) are
positively one- and zero-homogeneous, respectively, for every z € Q. In addition, we
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assume that p + y(z, p) is strictly convex for every z € €2 in the sense that
Yop(2.P)q >0, VzeQ, pgeRwith|p|=1|g|=1p-g=0. (23

We are now in a position to define anisotropic curve shortening flow. To this end, with
the help of [22, Corollary 4.3], we first state the first variation of the functional & in (1.1),
the proof of which will be given in Appendix A.

Lemma 2.1. Let I' C Q2 be a smooth curve with unit normal v, unit tangent t, and scalar
curvature x. Let V be a smooth vector field defined in an open neighborhood of T'. Then,
the first variation of & at T in the direction V is given by

de(; V) = —/ %, Vovyay(-,v) diet, (2.4)
r

where

Va
vy and %y = xYpp(, V)T T — Yp,z; (-, V) — - Vp(, V) onT (2.5)

~ Y

denote the anisotropic normal and the anisotropic curvature of I', respectively.

We remark that the definitions in (2.5) correspond to [14, (3.5) and (4.1)]. Note also
that v, is a vector that is normal to I', but normalized in such a way that y(z, v, (z)) =1,
z € I'. We remark that although x,, clearly depends on both y and a, we prefer to use the
simpler notation that drops the dependence on a.

Following [14, (1.1)], we now consider a natural gradient flow induced by (2.4). In
particular, given a family of curves (I'(¢));¢[o,7] in £2, we say that I'(¢) evolves according
to anisotropic curve shortening flow provided that

V, =mx, onl(), (2.6)

where V, = (Vv) - v, = ﬁv, with 'V denoting the normal velocity of I'(¢), and
where x, is defined in (2.5). We remark that the name of the flow is inspired by the
fact that solutions of (2.6) satisfy the energy relation

4 ay(,v)dat + / [V, [2ay(,v)d#! =o. 2.7
dr Jra ()

We note that the higher-dimensional analogue of (2.6) is usually called anisotropic mean
curvature flow or anisotropic motion by mean curvature. Hence, alternative names for
evolution law (2.6) in the planar case treated in this paper are anisotropic curvature flow
and anisotropic motion by curvature.

Example 2.2. The following three cases fall within the framework of this paper:

(1) Isotropic case: We let y(z, p) = |p|and a(z) = 1 forall z € Q = R? (recall (1.5))
so that &(T") is the length of I'. In this case, (2.6) is just the well-known curve
shortening flow

V=x onl({).
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(2) Space-independent anisotropy: We let y(z, p) = yo(p) and a(z) = 1 forall z €
Q = R? (recall (1.2)) so that §(T") = fr Yo(v) dJ1 is the associated anisotropic
length. Then, (2.6) reduces to

1
Yo(v)

V=1, =xys(v)t-T onl(r) (2.8)

where, here and throughout, y; and y; denote the gradient and Hessian of yy,
respectively. We observe that (2.8) corresponds to [21, (8.20)] with B(v) = ﬁ;
see also [39] for a nice derivation of this law. Of course, for yo(p) = |p|, we
obtain the isotropic case described in Example 2.2(1) above.

(3) Riemannian manifolds: Suppose that (M, g) is a two-dimensional Riemannian
manifold. Let F : @ — M be a local parametrization of M, {d1, 02} be the
corresponding basis of the tangent space Tr(;) M, and g;;(z) = gr()(0;, 9;),
z € Q. Also, let G(z) = (g,-j(z))iz,jzl. We set y(z, p) = VG 1(z)p- p and
a(z) = /det G(z). Then, we have

a(2)y(z, p) = VdetG(z)G12)p - p = \/G(z)pt - pt, (29

where pt = (ﬁi)l = (_p’i 2) denotes an anti-clockwise rotation of p by 7. For a
curve I' C , the vector T = —v= is then a unit tangent and
&) :/a)/(-,v) dget =/ VGt -t dH! (2.10)
r r

is the Riemannian length of the curve r=r (') C M. We show in Appendix B
that the geodesic curvature of CatF (z) is equal to »x, at z € I', and also that
(I'(?))tefo,77 C K is a solution of (2.6) if and only if ['(1) = F(I'(1)) evolves
according to geodesic curvature flow in M.

3. DeTurck’s trick for anisotropic curve shortening flow

In what follows, we shall employ a parametric description of the evolving curves. Let
I'(t) =x(,t), where x : I x[0,T] — R and I = R/Z. In order to satisfy (2.6), we
require that |

y(x,vo0x)
From now on, we fix a normal on I'(¢) induced by the parametrization x, and since no
confusion can arise, we identify v o x with v, x,, o x with »,, and similarly, » o x with x.
In particular, we define the unit tangent, the unit normal, and the curvature of I'(¢) by

X;-(vox)=x,0x inl x(0,T]. 3.D

X 1 X X
r=—  v=r1t xz—(—p) ‘v = ppz-v. 3.2)
%o [xp] N xpl /o E7)
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In place of (3.1), we simply write

1
y(x,v)

X;v =1, inl x(0,T]. (3.3)

Clearly, (3.3) only prescribes the normal component of the velocity vector x;, and so there
is a certain freedom in the tangential direction. Our aim is to introduce a strictly parabolic
system of partial differential equations for the parametrization x, whose solution in the
normal direction still satisfies (3.3).

Let us briefly review the DeTurck trick in the isotropic setting; recall (1.5) and Exam-
ple 2.2(1). Then, (3.3) collapses to x; - v = x, and adjoining a zero tangential velo-
city leads to the formulation x; = »v = ﬁ(ﬁ_ﬁw) o as the isotropic equivalent to (1.7).
We recall that optimal error bounds for a semidiscrete continuous-in-time finite element
approximation of this formulation have been obtained in the seminal paper [23] by Gerd
Dziuk. One difficulty of Dziuk’s original approach is that the analyzed system is degen-
erate in the tangential direction. DeTurck’s trick addresses this problem by removing the
degeneracy through a suitable reparametrization. In fact, it is natural to consider the sys-
tem

X
x = (3.4)
E7Y

(recall (3.2)) for which a semidiscretization by linear finite elements was analyzed in [19].

The appeal of this approach is that the analysis is very elegant and simple. For example,
the weak formulation of (3.4) is given by

/1 o2 - 7 dp + /1 xp-npdp=0. Vye [H'(DP. 3.5)

and choosing n = x; immediately gives rise to the estimate

1d 2 20, 12
2dr IXpl"dp = | xp-x1pdp=— [ |xp[7|x¢]" dp =0, (3.6)
rJr I I

which can be mimicked on the discrete level.
Our starting point for extending DeTurck’s trick to the anisotropic setting is to define
the function @ : © x R? — R by setting

1
D(z, p) = Eaz(z)yz(z,pJ‘), VzeQ, peR2 3.7

‘We mention that the square of the anisotropy function plays an important role in the phase
field approach to anisotropic mean curvature flow (cf.[1, 10,27]).

On noting (3.2), (2.1), and (3.7) we compute, in a similar manner to the calculations
in (3.6), that

1d

d
33 [P @l 4 = 5 [ 065 do
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= /; D, (x,xp) - X1 + P2 (x,xp) - x; dp
—- /1 ([ (5, x)]y — Pa. ) - dp. (3.8)

The crucial idea is now to define positive definite matrices H(z, p) € R?*2, for (z, p) €
Q x (R?\ {0}), such that if a sufficiently smooth x satisfies

H(x,xp)x; = [®p(x, xp)]p — Pz (x,x,) inl x (0,T], (3.9)

then x is a solution to anisotropic curve shortening flow given by (3.3). For the construc-
tion of the matrices H, it is important to relate the right-hand side in (3.9) to the right-hand
side in (3.3). We begin by calculating
®,(z, p) = —a>(@)y(z. pH)yy (2. pP). VzeQ. peR?\ {0}
®(z, p) = a*(@)y(z, pH)y:z(z, pT) + a(2)y?(z, pH)Va(z), VzeQ, peR?,
where we use the notation y;- (z, p) = [yp(z, p)I*. Furthermore, we obtain with the help
of (2.1), (2.2), and (3.2) that
[©p(x, x0)]p = —[a(x)y(x, x7)a(x)yy (x, 5],
= —[a()y (e, x)]pa () vy (x, x5) — a>(X)y (X, X3)%; Vs, (%, X5)
—a()y(x.x;)Va(x) - xpyy (. x5) = a> )y (6, x) Vpp (¥ 3,)3,,)
= —[a()y(x, x7)]0a(X) 7y (x,v) +a> @)y (x, V)X > V1V, (X, 1) =v2yp7, (x, )
—a(x)|xp|ly(x,v)Va(x) -xpypl(x, V) + az(x)|x,,|2)/(x, V)i (Ypp (X, v)T - T)V.
Similarly,
. (x.xp) = @) xpPy (e V)yz (2. v) + a () xpl Py > (x, V) Va ),

and therefore,

[Cpp(x»xp)]p - CIDZ(x,xp)
= —[a()y(x, x)]pa(x)yy (x, v) + @ (@0)|xp Py (x, )2 (ypp (x, V)T - TV
+ a2 () (V)X P 0175z, (6, V) = V2¥ps, (1,0) = Y2 (x,v))
—a(x)[x, [y (x, v)(Va(x) - 7y (x,v) + y(x,v)Va(x)). (3.10)
Observing that y,, (x, V) = ypz (x,v) - v (recall (2.2)), we find

L €L —
[Ulypzz —V2Ypz, — Yzlt = =ViVpyzy + V2Vpazi = ViVpizi — V2Vpoz

= _(Vplzl + ypzzz)vlv
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and a similar argument for the second component yields
V1Ypz, (X, V) = v2Ypz, (X, 1) = Yz (X, 1) = —ypz (X, ). (3.11)
Next, since
pr(x, V)T =—=yp(x,v)-v=—y(x,v) and y;‘(x, V) v =1y,(x,v)- 7, (3.12)
we derive
Va - ry;‘ 4+ yVa = (Va-1) ((ylf‘ -T)T + (ylf‘ . v)v) +y((Va-t)t + (Va-v)v)
=Va-t)(yp - v+ (Va-v)(yp-v)v = (Va - yp)v. (3.13)
If we insert (3.11) and (3.13) into (3.10), recall (2.5), and use the abbreviation w(x) =
[a(x)y(x, le;)]p, we obtain
(@ (x, x0)]p = P2 (x, Xp) = —0(x)a(x)yy (x,v) + @ (V)5 y(x, V)0, (3.14)

Let us now assume that x is a solution of (3.9), where H(z, p) is an invertible matrix
of the form

Hz. p) = (;g:ﬁ; e f;>) . VzeQ. peR?\{o).

In order to determine «(z, p), B(z, p) € R such that x satisfies (3.3), we calculate
XtV = H_l(x,xp)([QDP(x,xp)]p —®(x,xp)) - v
1

- o?(x,x,) + B2(x,xp)

([Dp(x, xp)]p — D (x, X)) - H(x, xp)V.

If we multiply by a?(x, x,) + B2(x, x,) and insert (3.14) we obtain, on noting (;‘12) =
vt = —r and (3.12), that

(@®(x, xp) + B (x, X)Xz - v
= (—o(X)a(x)yy (x,v) + a?(0)|x Py (x, v)ry) - (@(x, xp)v = B(x, x,)7)
= w(x)a(x)(=a(x, xp)yp(x.v) - T = B(x. xp)y(x, )
+a(x, xp)a’ () |xo Py (x. v)ty
= a(x, xp)a’ (X)]xp 7y (x, )y,

provided that a(x, x,)yp (x,v) - T + B(x, x,)y(x,v) = 0. With this choice, we obtain that

(vp(x,v) - 7)?
B (x.xp) = oﬂ(x,xp)W
and so

1 a(x, xp)

2 2
XtV = a (x)|x X
e T P 1 Py el
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1 y2(x,v)
= W) PG + ey o e
1L y2(x, [xp|v)
= e |y,,(x,vp)|2 a®(x)xy,
where in the last step we have used the one-homogeneity of y (recall (2.2)). Clearly, (3.3)
will now hold if we choose
_ @@y ph)
N NN Ik
vz ph)-p @@y E pHyezph)-p
vz ph) lyp(z, p1)I2

In summary, we have shown the following result:

B(z.p) = —a(z.p)

Lemma 3.1. Let ®(z, p) = 1a*(2)y?(z. p*) and

_a?@y.pH (v ph) Vp(z,pL)-p) 2
Hez. p) = lyp(z, pH)I? (—Vp(z,pl)-p yz.ph) )’ vzeQ. peRI\ {04
(3.15)

If x : I x[0,T] — Q satisfies (3.9), then x is a solution to anisotropic curve shortening
flow given in (3.3). In addition, H is positive definite in Q x (R? \ {0}) with

az(Z)VZ(Z,pL)| 2
lvp(z. p1)I?

Furthermore, it can be shown that system (3.9) is strictly parabolic. The proof hinges
on the fact that H and ®,,, are positive definite matrices in 2 x (R? \ {0}). This property
of ®,, immediately follows from our convexity assumptions on y (recall (2.3)).

H(z, pw-w = . YzeQ, peR*\ {0}, weR> (3.16)

Lemma 3.2. Let K C Q x (R?\ {0}) be compact. Then, there exists ox > 0 such that
®,,(z, pw-w > ok|wl>, V(z,p) €K, weR: (3.17)
Furthermore,
1
®(z,9) = @z, p) = @p(z,p) - (4 = P) = 50klg — pI*,
Yi(z,p),(z,q9) € K with {z}x][p,q] CK.

(3.18)

Here, [p,q] C R? denotes the line segment connecting p and q.

Proof. Tt is shown in [30, Remark 1.7.5] that (2.3) implies that ®,,(z, p) is positive
definite for all z € 2 and p # 0. Bound (3.17) then follows with the help of a compactness
argument, while the elementary identity

®(z,q9) — P(z, p) = Dp(z,p) - (¢ — p)

1
=L(%mm+u—wm—%@m»@—mm
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= [ [ somtsg 400990 - p)- (g~ pr s as
together with (3.17), implies (3.18). [
Lemma 3.3. The system in (3.9) is parabolic in the sense of Petrovsky.
Proof. On inverting the matrix H(x, x,), we may write (3.9) in the form

X; = H_l(x,xp)fbpp(x,xp)xpp
+ H_l(x,xp)((bpz(x,xp)xp —®,(x,xp)) inl x(0,T].

Hence, by definition we need to show that the eigenvalues of H~!(z, p)®,,(z, p) have
positive real parts for every (z, p) € Q x (R? \ {0}); see, for example, [25, Definition 1.2].
Let us fix (z, p) and abbreviate H = H(z, p), A = ®,,(z, p). The two eigenvalues
A1 Ay € C of HT1A € R?*2 satisfy

t A w(HTA)  HyjtrA

de
MAr=det(H 'A)=——>0, A+Ai=tr(H '4)= = 0,
1Az = det( )= qeH 1+ Az = )= 4ol detH

since Hy; > 0 and det H > 0 (recall (3.15)) and since A is symmetric positive definite in

view of (3.17). Hence, either both eigenvalues are positive real numbers, or A, = Z with
2Re)&1 =)L1+Az>0. |

In view of Lemma 3.3, we expect that it is possible to prove the short-time existence
of a unique smooth solution to (3.9). Moreover, existence and uniqueness of classical
smooth solutions to PDEs of the form x; = b(x, v)v 4 art, arising from closely related
curvature-driven geometric evolution equations, have been obtained in [34].

The weak formulation of (3.9) now reads as follows: Given xq : I — €2, find
x : I x[0,T] — Q such that x(-,0) = x¢ and, for ¢t € (0, T7],

/IH(X’Xp)xt'Udp‘f‘/lq)p(x»xp)")p dp

+ f ®,(x,x,)-ndp=0, Vnel[H () (3.19)
1

Choosing n = x; in (3.19) yields, on recalling (3.8) and (3.16), that

d
d—t/ICD(x,xp) dp

T Iaz(x)yz(x,v)|xp|2 dp

/(Cbp(x,xp) “Xep + Dz(x,xp) - xs) dp
I

—f H(x,xp)x; - x; dp <0. (3.20)
1

Clearly, (3.20) is the desired anisotropic analogue to (3.6). So, together with the fact
that x is a solution of the gradient flow given in (3.3) (recall also (2.7)), we obtain that
both 1 [; a®(x)y2(x,v)|xp|> dp and [; a(x)y(x,v)|x,| dp are monotonically decreasing
in time.
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Example 3.4. For the following cases, we refer to the same numbering as in Example 2.2.

(1) Isotropic case: We have ®(z, p) = 1|p|? and H(z, p) = |p|*1d, so that (3.19)
collapses to (3.5), which is the same as [19, (12)].

(2) Space-independent anisotropy: We have ®(z, p) = Oo(p) = %yg (ph), so that

®p(z, p) = Po(p) = —yo(pH)ys(pHI* (3.21a)
Yo(ph) ( Yo(pt) Vé(pl)-p)
O \rh - b ) G

Hence, the weak formulation reads

and H(z, p) = Ho(p) =

/1 Ho(xp)x; - ndp + /1 dy(xp)-npdp =0, VnelH () (3.22)
(3) Riemannian manifolds: In view of (2.9), we have ®(z, p) = %G(z)p - p, while
H(z, p)
GG )t p)E (V@ e
- G @)ptP —are . JGTT@ptpt

_ (detG(2))G(2)p-p (G(Z)p p —G@)p- pl) (3.23)
- IG(2)pI? G@)p-p- G@p-p '

Hence, the weak formulation reads

/H(x,xp)xt-ndp-l—/G(X)xp"lp dp
I 1
1
+z/nicz,-<x>xp-xp dp =0, Vnel[H (D
I

Remark 3.5. It is a straightforward matter to extend our approach for (3.3) to the more
general flow

-~

Bx,v)x;-v=2x, inl x(0,T]; (3.24)

compare also with (1.6) in the space-independent case. In particular, it can be easily shown
that if x is a solution to

y(x, U)B(x, V)H (x,xp)x: = [®p(x,xp)]p — P2 (x,x,) inl x (0,T],

then it automatically solves (3.24). Extending our analysis in Section 4 to this more general
case is straightforward, upon making the necessary smoothness assumptions on j.

4. Finite element approximation

In order to define our finite element approximation, let0 =go < g1 <...<qj—1 <qj =1
be a decomposition of [0, 1] into intervals /; = [¢;—1.¢;]. Let h; = q; — qj—1 as well as



A novel FEA of anisotropic curve shortening flow 683

h = max;<;<y hj. We assume that there exists a positive constant ¢ such that

so that the resulting family of partitions of [0, 1] is quasiuniform. Within 7, we identify
qs = 1 with g9 = 0 and define the finite element spaces

Vh={yeC’U) | x| isaffine,j =1,....J} and V" =[V"

Let {y; }jJ=1 denote the standard basis of V", For later use, we let 7" : C°(I) — V" be
the standard interpolation operator at the nodes {g; } le, and we use the same notation for
the interpolation of vector-valued functions. It is well known that for k € {0, 1}, £ € {1,2},
and p € [2, o0], it holds that

1_1
e~ nnllor + Blnalip < Cllnallop,  Yun eV relp,ool; (4.12)
In—nm"nlkp < Ch¥nle . Ve whP(D). (4.1b)

Our semidiscrete approximation of (3.19) is now given as follows: Find x; : I x
[0, T] —  such that x5 (-,0) = "x¢ and, for 7 € (0, T], x(-,7) € V" such that

/IH(Xh,Xh,p)Xh,z~77h dp + /1 D, (X1, Xn,p) * Mh,p dp
+ / o, (xh,xh,p) ‘npdp =0, Ve Zh- 4.2)
1

Expanding xp(-, t) = Z}:l xp(qj,t)xj, we find that (4.2) gives rise to a system of
ordinary differential equations (ODEs) in R/ which has a unique solution on some inter-
val [0, Ty). By choosing 1, = xj,, one also immediately obtains a semidiscrete analogue
of (3.20).

In what follows, we assume that (3.9) has a smooth solution x : I x [0, T] — € satis-

fying
T
0<co < |Xp| <Cyp inl x[0,T] and / |x¢ 10,00 dt < Co. 4.3)
0
Let S = x({ x [0, T]). Then, there exists § > 0 such that Bs(S) C Q2 and we define the

compact set K = Bs(S) x (Bac,(0) \ B%o (0)) C 2 x (R?\ {0}). We may choose Mg >0
and c¢; > 0 such that

max max |Dﬂy(z,p)| < Mg, max max |Dﬁa(z)| < Mk, 4.4)
|B1=3 (z,p)eK IBI=2 zeBs (S)

and

vz p) Z e |yp(z, p)l Z e1, a(z) 1, Vz € Bs(S), p € Bacy(0) \ B (0).
(4.5)
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Theorem 4.1. Suppose that (3.9) has a smooth solution x : I x [0, T] — Q satisfy-
ing (4.3). Then, there exists hg > 0 such that for 0 < h < hy, semidiscrete problem (4.2)
has a unique solution xy, . I x [0, T] — , and the following error bounds hold:

T
max x(.1) = xx GO + [ e — x| df < CR2. “.6)
t€l0,T] 0

Proof. Let us define
?h = sup{t € [0, T] | xp solves (4.2) on [0, ¢], with /: 1% 110,00 ds < 2Co and
0= looo =8, 105 = 01,000 < 30, 05 <1).
Let (p,1) € I x [0, T). Since |(1 = 2)x(p,1) + 2x5(p, 1) = x(p, )] < [|(x = x4) (1) [l0,00

< § forall A € [0, 1], we find that [x(p, t), x5 (p, )] C Bs(S). Arguing in a similar way
for the first derivative, we deduce that

[x (0, 1), x5 (0, )] X [x(0, 1), Xnp(0, )] C K, ¥ (p,1) € I x [0,T). 4.7)

Comparing (3.19) and (4.2), we see that the error e = x — Xy, satisfies
[ HGnxnpen o+ [ @p0n50) = @ 0000 i 00
= [ 31 = HOr e 0o+ [ (@50 = 0y 550)) 1y

+ /1 (@2 (. Xhp) — Bo (. xp)) - mi dp. ¥y € VP .8)

Using the identity
e=x—nlx +nhe 4.9)

and choosing 7 = 7

e; in (4.8), we obtain
[ HGnxngenec aot [ (@p0n5) = 0plnxa)) i
= /; H(xp, xpp)er - (x; — nhx,) dp
[ @500 = 0y 5, - 0 = 5300, 0
+ /I‘(H(xh, Xpp) — H(X,Xxp))X; - nle, dp

+ /I (©) (x4 %) — Bp(x.5,)) - (Per) dp

5
+ /(cpz(xh, Xnp) = Pz(x.x,)) - whe, dp =1 ) S;. (4.10)
I

i=1
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Let us begin with the two terms on the left-hand side of (4.10). Clearly, (3.16), (4.4), (4.5),
and (4.7) imply that

a*(xp)y* (Xn, X ,)

’ h’ ~

/ H(xp, xpp)er - e dp = / > led? dp = Tollex |15, (4.11)
1 1 ypGen X))l

where Zg = Mg?ct. Next, we write

(q)p (Xp, xp) - qu (Xp, -xh,p)) *€rp
= cI)p(xh’ X,o) *Xtp + cI)p(xh’ Xh,p) *Xhitp — cI)p(xh’ X,o) *Xhitp — q>p(xh7 xh,p) *Xtp
= [@(xh, xh,p) - (Dp(xh’ xp) : xh,p]t + Cbp(xhv xp) *Xep — (bp(xha xh,p) *Xtp
— (X, Xnp) - Xnyp + [Pp(Xp, Xp)]r * X p-
Since p > ®(z, p) and p = P, (z, p) are positively homogeneous of degree 2, we have
@y (xp, xp) - Xp = 2®(xp, xp) and  Pp;; (xp, Xxp) - Xp = 2P, (xp, Xp),

and therefore,

(Pp (xp. Xp) = Pp (X, Xn,p)) - €1p
= [®(xp, Xp,0) — P(xXn, Xp) = Pp(xn, xp) - (Xp,p — Xp)]t — [P(xn, Xp)]s
+ Pp(Xn. xp) » X1p — Pp(Xp, Xp,p) * Xep — Pz (Xp, Xpp) » Xyt
+ [Pp(Xn, Xp)]t * Xn,p
= [P(xn. Xn,0) — P(xp, Xp) — Pp(Xn, Xp) - (X0 — Xp)]s
= (P2 (xn, Xn,p) + Pz (Xh, Xp)) - X
- Cpp(xhv xh,p) “Xtp + xh,j,tq)ij (xp, xp) *Xnp + q)pp(xhv xp)xtp *Xh,p
= [D®(xp, xp,p) — P(xp. xp) — Pp(xn, Xp) - (Xp,p — Xp)]s
- (q)p(xhv xh,p) - q)pp(xh’ xp)xh,p) *Xtp
—(Dz; (xp, Xn,p) — Pz (xp, Xp) — Ppz; (Xns Xp) * (Xnp — Xp))Xn,jt
= [®(xp, Xn,p) — P(xp, Xp) — Pp(xp, Xp) * (Xp,p — Xp)]s
- ((Dp(xhs xh,p) - CIDp(xhv xp) - q)pp(xhs xp)(xh,p - xp)) * Xtp
— (D, (xps Xp,p) — Pz (Xny Xp) — Ppz; (Xny Xp) * (Xnp — Xp))Xp,jp,  (4.12)
where the last equality follows from the relation ®,(z, p) = ®,,(z, p) p (recall (2.2)). If

we combine (4.12) with (4.11) and use a Taylor expansion together with (4.4) and (4.7),
we obtain for the left-hand side of (4.10) that

/1 Hxp xhp)er - er dp + /1 (@) (th %) — Bp(xh X)) - €1p dp

dr
— C(lIxzpllo,00 + xns llo,00) €13 (4.13)

- d
> Colledlly + — / D(xp, Xp,p) — P(xp, Xp) — Pp(xp, Xp) - (Xp,p — Xp) dp
I
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Let us next estimate the terms on the right-hand side of (4.10). To begin, we obtain from
(3.15), (4.4), (4.5), and (4.1D) that

S1 < Cllecllollxe — 7" x:llo < Chlixiollollerllo < ellecll§ + Ceh®llxspl5.  (4.14a)

The remaining terms involve differences between ®,,, H, and ®,, which will be estimated
with the help of (4.4) and (4.7). Using (4.1b), we have

Sz < Cllepllol(xr — 7"x0)pllo < Chllxsppliollesllo < lleplld + Ch?[xspplla.  (4.14b)
as well as

S3 < Cllell1llxcllo.collm*esllo < Cllellllesllo + llxe — 7" x:ll0)

< elles|lg + Cellell] + Ch? || x5 (4.14¢)
and similarly,
Ss < Cllelli[7"ecllo < ellec 13 + Cellel)? + Ch?[|x.,|I2. (4.14d)
Finally, noting once again identity (4.9) and estimate (4.1b), we have
d h
Ss= g7 | (@oConxo) = Bp(x.xp)) - ('), dp
- /I (@ (e xp) — B (x. 2] - (), dp
d
= 2 [[(@ ) = By ) -t dp
+ /I[sz(xh’ Xp)er + (Ppz (x, xp) — Ppz(xp, xp))x(] - (”he)p dp
+ fl [(Bpp (5. Xp) — ®pp (. X)) rp] - (), o
d
= 5 @ = @) e, 0o
+ Clletllo + llello,collxe 1) llepllo + 1xp — (2"x)0ll0)
d
< 5 [ @) = @) ey dp sl + Calel
+ Ceh?||x,pp13, (4.14e)

where in the last inequality we have also used embedding result (1.8). If we insert (4.13)
and (4.14) into (4.10), and choose ¢ sufficiently small, we obtain

1
S0olleclly + /(1) < Q1+ 1z llo.co) e} + Ch?, (4.15)
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where
0) = [ @031,) = @ 5) = Oy 5. 5) - G = 37) dp
— £(®p(xh, Xp) — Pp(x, xp)) - (nhe)p dp.
Clearly, we have from (3.18), on noting (4.9) and (4.1b), that

1
w(0) = Soxlleoly = Cllellol| (7" e)llo

v

1
Soxlell§ = Clello(lepllo + 10 = (x" ) llo)

> Joxleold = Cillel - CI,
and hence,
lell? = llel2 + lle, |1
< lel + = [u(0) + Calel} + CI)
5

4
—(Callell§ + n(0)) + Ch?, (4.16)
oK

where C, = Cy + “TK. Integrating (4.15) with respect to time, and observing (4.16) as
well as 1£(0) < Ch?, we derive

1~ t
300 [ lledl ds + (o) + Calle)
t t
=€ [+ Bnallosolllel ds +2C2 [ lellolleal ds + €I
0 0
t 1 t
<€ [+ Bnalloce) (006) + CallelB) ds + 570 [ lerl as
0 0

t
+c/ lel|? ds + Ch2.
0

and hence,

t
w(t) + Calle@3 < Ch? + C [ (14 Ixnelo.co) (1(s) + Callel3) ds. 0<1 < Ty
0

Since fOT” lxh.¢]l0,00 ds < 2Co by definition, we deduce with the help of Gronwall’s
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inequality and (4.16) that

~

Ty
/ ||et||% ds + sup ||e(s)||2 < Ch2. 4.17)
0 ~

0§S§Th

In particular, we have on recalling (1.8) that
~ ~ ~ ~ 1
IXC.Tn) = xnC. Tr)llo.oo = lleC. Thllo.co = ClleC. Tr)ll1 = Ch = 5.
provided that 0 < & < hg. Next, we have from (4.1b), (4.1a), (4.9), and (4.17) that

IGep = Xn.0) G Ti)llo,oo < 11(xp = (%)) Ti)llo,00 + 10" 2) p = X1.5) ¢, Ti)ll0,00
_1 =
<Ch+Ch™2||(xp, — (%)) . Th) o
< Ch? + Ch™2|le,(, Ta)llo < Ch?,

and similarly, by (4.3), that

T, T,
/ e llo.co ds < / (e llowo ds + fleslo.co) ds
0 0

~

Ty
<Co+Chz / lezllo ds < Co + Chz.
0

By choosing /¢ to be smaller if necessary, we may therefore assume that the inequalities
1 (xp — Xn,p) (-, 7"\;,)||0,Oc < %co and fOT" 1Xh.¢]l0.00 ds < 2 Cp hold. Suppose that Tn<T.

<4,

IGxp = x,0) (. D) ll0,00 < 3o for0 <7 < Ty +e and fOT"+€ x5t 110,00 ds < 2Co, which

contradicts the definition of ?h- Thus, T » = T and the theorem is proved. ]

Then, there exists an ¢ > 0 such that x, exists on [0, T+ g] with ||(x — x5) (-, 1)]l0,00

5. Fully discrete schemes

From now on, let the L2-inner product on / be denoted by (-, -). Due to the nonlinearities
present in (4.2), for a fully practical scheme we need to introduce numerical quadrature.
For our purposes, it is sufficient to consider classical mass lumping. Hence, for two piece-

wise continuous functions with possible jumps at the nodes {g; |54

j=1> We define the mass

lumped LZ-inner product (u, v)" via

J
1 _
(. 0)" = 23 hjlv)(g7) + (v)(g]y)). (5.1
j=1

where u(qji) = Sli\ljz) u(gj £ ). The definition in (5.1) naturally extends to vector-valued
functions.
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In particular, we will consider fully discrete approximations of

(H Xk Xh,p) X )" + (@p (hs Xnp), hp)
+ (P2 (xp, Xpn,p), mt=0, VYo, ev" (5.2)

in place of (4.2). Using this quadrature does not affect our derived error estimate in (4.6),
as can be shown with standard techniques.

In order to discretize (5.2) in time, let t,, = mAt, m = 0, ..., M, with the uniform
time step size At = % > 0. In the following, we let xg = x,(-.0) = 7'xg € Kh and
form=0,..., M —1, let xZH’l € Kh be the solution of a system of algebraic equations,
which we will specify. In general, we will attempt to define fully discrete approxima-
tions that are unconditionally stable, in the sense that they satisfy the following discrete

analogue of (3.20):

(D(xy. x5 ) — D(xp. xp ). D"

k—1 m—+1 m m+1 m
X —x" x — X' \h
<A1 (H m xm oy Th h Zh h) <0, 5.3
- P CEAEA At At - (>3)
m=0
fork = 1,..., M. Here, the second inequality is a consequence of (3.16).

5.1. Space-independent anisotropic curve shortening flow

Let y(z, p) = yo(p) be an anisotropy function and let ®o(p) = 3y2(p). Using Exam-

ple 3.4(2), we propose the scheme

1
2

1
A7 (Hoxii ) (o™t = X, )"+ (¥, =0, Y eVt (54

where H) is defined in (3.21b). We remark that in the isotropic case, scheme (5.4) is linear
and collapses to the fully discrete approximation in [19, p. 108].

Lemma 5.1. A solution (x;l")%:(, to (5.4) satisfies stability bound (5.3).
Proof. Choose nj, = xZ"H —x"in (5.4), use (3.18), and sum fromm = 0tok —1. =

A disadvantage of the scheme in (5.4) is that at each time level, a nonlinear system of
equations needs to be solved. Following the approach in [20] (see also [38]), one could
alternatively consider a linear scheme by introducing a suitable stabilization term and
treating the elliptic term in (5.4) fully explicitly.

If we restrict our attention to a special class of anisotropies, then a linear and uncondi-
tionally stable approximation can be introduced that does not rely on a stabilization term.
This idea goes back to [5], and was extended to the phase field context in [10]. In fact, a
wide class of anisotropies can either be modeled or at least very well approximated by

L
vo(p) =) VAep - p, (5.5)
=1



K. Deckelnick and R. Niirnberg 690
where Ay e R?*2 ¢ =1,...,L,are symmetric and positive definite; see [4,5]. Hence,

assumption (2.3) is satisfied. In order to be able to apply the ideas in [10, 11], we define

the auxiliary function ¢o(p) = yo(p=), so that ®¢(p) = 5 Vo 2(pt) = 2(;50 (p). Observe
that ¢ also falls within the class of densities of the form (5.5), that is,

L
do(p) = ]/o(pJ') = Z vV Kep /R where K( = det(A()Azl.
=1

Moreover, we recall from [10, 11] that &5 (p) = B(p) p, if we introduce the matrices

L ~
A
n(pH Y ———= p#0.
Bp={ , 7 VAP p (5.6)
LZK@ p = 0
=1

On recalling once again the definition of Hy from (3.21b), we then consider the scheme

<Ho<x,,,,><x'"+‘ ) (BOP ) ) = 0. Ve Vi (57)

which is inspired by the treatment of the anisotropy in [10, 11] and leads to a system of
linear equations. We note that for the case L = 1, the two schemes in (5.7) and (5.4) are
identical.

Lemma 5.2. Suppose that x; € Vh with xh #0in I Then, there exists a unique solu-

tion )c}'l"+1 € Vh to (5.7). Moreover, a solutlon (xh _o 1o (5.7) satisfies the stability

bound in (5.3).

Proof. Existence follows from uniqueness, and so we consider the following homogen-
eous system: Find X}, € V" such that

1
w7 (Ho( ) X )" + (B ) X, ) = 0, ¥y € V7.
Choosing 1, = X}, and observing that the matrices B(p) are positive definite, we obtain
0= (Ho(xj' ) Xp. Xp)" + At(B(< ) X p. Xnp) = (Ho(xp' ) Xp. Xp)".

which implies that X, = 0 in view of (3.16). This proves the existence of a unique solution.
In order to show the stability bound, we recall from [10, Corollary 2.3] that with B as
defined in (5.6), it holds that

B(q)p-(p—q) > ®o(p) — o(q). VY p.q € R
m—+1

Hence, choosing n, = x;""" — x3" in (5.7) and summing from m = 0 to k — 1
yields (5.3). ]
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5.2. Curve shortening flow in Riemannian manifolds

Let us denote by Sym(2, R) the set of symmetric 2 x 2 matrices over R. For 4, B €
Sym(2, R), we define A = B if and only if A — B is positive semidefinite. We say that a
differentiable function f : Q — Sym(2, R) is convex if

Jfw) = f(z) + (w; —z) fz;(z) forall z,w € Q such that [z, w] C Q.

We now consider the situation in Example 3.4(3). Let G : 2 — Sym(2, R), so that
®(z, p) = %G(z)p - p, where G(z) is positive definite for z € Q2. In order to obtain an
unconditionally stable scheme, we adapt an idea from [12] and assume that we can split G
into

G =G4+ G- suchthat + G4 : Q — Sym(2, R) are convex. (5.8)

Such a splitting exists if there exists a constant cg € R>¢ such that
1
EAiA,GZiZj (2)+cglAPId=0, VzeQ, AeR2

In that case, one may choose G (z) = G(z) + cg|z|*Id and G_(z) = —cg|z|*1d. It fol-
lows from (5.8) that

(Wi —zi)(G 4z (W) + G—7,(2)) = G(w) — G(2),

59
Y w,z € Q such that [z, w] C Q. ©9)
We now consider the scheme
(H(xh X=Xy )"+ (GO X )"
+ = (77h i Gy () + G, )t ot =0, Vo e VY, (5.10)

where H is as defined in (3.23). We note that in general (5.10) is a nonlinear scheme.

Lemma 5.3. Let (x;l”) o be a solution to equation (5.10), with [x}"(q;), xm+l(qj)] CQ
forj=1,....,J andm =0,..., M — 1. Then, stability bound (5.3) is satisfied.

Proof. Let us again choose 1 = x}’l"H x;" in (5.10) and calculate with the help of (5.9)
(G(x;,")xm+1 xZ”:l x;’f,p)h
+5 ((x'"“ =X Gop i G 4 Gy ()X
> (G(x;ln)xm-i-l ;lrf;)i-l)h _ (G(x;ln)xm-‘rl x}r:fp)h

+ 3 ((G(x ) = Gt



K. Deckelnick and R. Niirnberg 692

(G(le)(xm-i-l X! p) xm+1 _ x}rln’p)h
+ (@Ot D — (@O ), D

> (@O ), ) = (@G X ), DY,

since G(x;') is symmetric and positive definite. This yields the desired result in a similar
manner to the proof of Lemma 5.2. ]

In the special case that the Riemannian manifold is conformally equivalent to the Euc-
lidean plane, that is, when G(z) = g(z)Id for g : 2 — R+, several numerical schemes
have been proposed in [12, §3.1]. In this situation, our fully discrete approximation (5.10)
collapses to the new scheme

1
E(gz(x YO = malx " + @O )"
+ ((Vg+(x’"“)+Vg-(x,T)) gy P =0, Ve V' S

where ¢ = g4+ + g— and g4+ : 2 — R are convex. We observe that for the special case
a(z) = (z1)?, scheme (5.11) is in fact very close to approximation [3, (4.4)], modulo the
different time scaling factor that arises in the context of mean curvature flow for axisym-
metric hypersurfaces in R* considered there.

6. Numerical results

We implemented our fully discrete schemes within the finite element toolbox Alberta [41].
Where the systems of equations arising at each time level are nonlinear, they are solved
using a Newton method or a Picard-type iteration, while all linear (sub)problems are
solved with the help of the sparse factorization package UMFPACK; see [18]. For exam-
ple, for the solution of (5.4) we employ a Newton iteration, while the Picard iteration for
the solution of (5.10) is defined through xh mt10 _ = x}" and, fori > 0, by me Al ¢ Vh
such that

(H(x,, X G L ey )

1
5 i (G ()

+ Gz ()Xt ’,x,’z:l”') =0, VeVl 6.1)

+ (GO T )" +

In all our simulations, the Newton solver for (5.4) converged in at most one iteration, while
the Picard iteration in (6.1) always converged in at most three iterations.
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For all our numerical simulations, we use a uniform partitioning of [0, 1], so that g;
=jh,j=0,...,J,withh = } Unless otherwise stated, we use J = 128 and At = 107%.
On recalling (1.1), for yp € Zh we define the discrete energy

&"(xn) = @(w). vy Gn- xm )"
‘We also consider the ratio

max;— xM(g;) —x™(qi—
N : j=1,....J | f,n(‘b) f,n(% 1)| (6.2)
min;=1,...s [x;'(q;) — x;'(qj-1)|

between the longest and shortest element of I';' = x;(1); we are often interested in the
evolution of this ratio over time. We stress that no redistribution of vertices was necessary
during any of our numerical simulations. In the isotropic case, this can be explained by
the diffusive character of the tangential motion induced by (3.4), since the flow can be
rewritten as x; = xv — (ﬁ) o7, as has been pointed out in, for example, [34, p. 1477].
Our numerical experiments indicate that while the induced tangential motion from (3.9)
may not be diffusive in general, it is sufficiently well-behaved to avoid coalescence of
vertices in practice.

6.1. Space-independent anisotropic curve shortening flow

In this subsection, we consider the situation from Example 2.2(2); in addition, see Exam-
ple 3.4(2). Anisotropies of the form y(z, p) = yo(p) can be visualized by their Frank
diagram ¥ = {p € R? : yo(p) < 1} and their Wulff shape W = {g € R? : y5(q) < 1},
where y; is the dual of y, defined by

* _ p-q
Yo(q) = sup :
peR2\{0} Y0(P)
We recall from [28] that the boundary of the Wulff shape, W, is the solution of the
isoperimetric problem for &(I") = fr Yo(v) d#!. Moreover, it was shown in [42] that
self-similarly shrinking boundaries of Wulff shapes are a solution to anisotropic curve
shortening flow. In particular,

(@) ={q €R*|y5(q) = vV1—21} (6.3)

solves (2.8). We demonstrate this behavior in Figure 1 for the “elliptic” anisotropy

Yo(p) = \/pt +82p3. §=05. (6.4)

Observe that (6.4) is a special case of (5.5) with L = 1, so that the scheme in (5.4) col-
lapses to the linear scheme in (5.7). The evolution in Figure | nicely shows how the curve
shrinks self-similarly to a point. We can also see that the scheme in (5.4) induces a tan-
gential motion that moves the initially equidistributed vertices along the curve, so that
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Figure 1. Anisotropic curvature flow for (6.4) using scheme (5.4). The solution at times ¢ =
0,0.05,...,0.45,0.499, as well as the distribution of vertices on x;qu (I), are shown. Below we
show a plot of the discrete energy & h(x}’l") and of ratio (6.2) over time.

eventually a higher density of vertices can be observed in regions of larger curvature. We
note that this behavior is not dissimilar to the behavior observed in the numerical experi-
ments in [5].

We now use the exact solution given by (6.3) to perform a convergence experiment
for our proposed finite element approximation (see (4.2)). To this end, we choose the
particular parametrization

_ 1 cos(2mp)
x(p,t) = (1=21) (8 sin(27rp)) (6.5)
and define
J = Ho(xp)x; — [ é)(xp)]pv (6.6)

so that (6.5) is the exact solution of (3.22) with the additional right-hand side ( £, ). Upon
adding the right-hand side (f(tm41). n1)" to (5.4), we can thus use (6.5) as a reference
solution for a convergence experiment of our proposed finite element approximation. We
report on the observed H - and L2-errors for the scheme in (5.4) for a sequence of mesh
sizes in Table 1. Here we partition the time interval [0, T'], with 7" = 0.45, into uniform
time steps of size At = h?> forh = J~! = 27k k =5,...,9. The observed numerical
results confirm the optimal convergence rate for the H !-error from Theorem 4.1.
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J “tm) — XJ° EOC S tm) — X)) EOC
max xCotm) =370 max xCotm) =37

..........

32 1.2337e-02 — 2.8140e-01 —

64 3.1870e-03 1.95 1.4076e-01 1.00
128 8.0360e-04 1.99 7.0386e-02 1.00
256 2.0133e-04 2.00 3.5194e-02 1.00
512 5.0361e-05 2.00 1.7597e-02 1.00

Table 1. Errors for the convergence test for (6.5) over the time interval [0, 0.45] for scheme (5.4)
with the additional right-hand side ( f(ts+1), r/h)h from (6.6). We also display the experimental
orders of convergence (EOC).

O OO

Figure 2. Frank diagram (left) and Wulff shape (right) for (6.7) with (k, ) = (3,0.124) and
(6,0.028).

Next we consider smooth anisotropies as in [24, (7.1)] and [8, (4.4a)]. To this end, let

cosO(p)

Yo(p) = |p|(1 +cos(kO(p))). p =|pl (sine(p)

), keN, §eRso. (6.7

It is not difficult to verify that this anisotropy satisfies (2.3) if and only if § < kzl—_l; see
also [8, p. 27]. In order to visualize this family of anisotropies, we show a Frank diagram
and a Wulff shape for the cases k = 3 and k = 6, respectively, in Figure 2. We show
the evolutions for anisotropic curve shortening flow induced by these two anisotropies,
starting in each case from an equidistributed approximation of a unit circle, in Figure 3.
Here we use the fully discrete scheme in (5.4). We observe from the evolutions in Figure 3
that the shape of the curve quickly approaches the Wulff shape, while it continuously
shrinks towards a point. It is interesting to note that the ratio in (6.2) increases only slightly
and then appears to remain nearly constant for the remainder of the evolution.

One motivation for choosing a sixfold anisotropy, as in (6.7) with k = 6, is its rel-
evance for modeling ice crystal growth; see, for example, [7, 9]. Here it is desirable to
choose a (nearly) crystalline anisotropy, which means that the Wulff shape exhibits flat
sides and sharp corners. With the help of the class of anisotropies in (5.5), this is possible.
We immediately demonstrate how this can be achieved for a general k-fold symmetry, for
even k € N. On choosing L = k /2, we define the rotation matrix Q(6) = ( cos sin 9)

—sin€ cos @
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Figure 3. Anisotropic curvature flow for (6.7), with (k,§) = (3,0.124) (top) and (6, 0.028) (bottom),
using scheme (5.4). The solution at times ¢ = 0, 0.05, ..., 0.5 is shown. We also show plots of
ratio (6.2) over time.

and the diagonal matrix D(8) = diag(1, §2), and then let

L a\{1T T 4
wor =\ [@(®) ] po(e(X) r-r sera @)
{=1

We visualize some Wulff shapes of (6.8) for L = 2, 3, 4 in Figure 4 and observe that
these Wulff shapes, for § — 0, will approach a square, a regular hexagon and a regular
octagon, respectively. Of course, the associated crystalline anisotropic energy densities,
when § = 0, are no longer differentiable and so, the theory developed in this paper no
longer applies. Yet, for a fixed § > 0, all the assumptions in this paper are satisfied and
our scheme (see (5.7)) works extremely well. As an example, we repeat the simulations
in Figure 3 for anisotropy (6.8) with L = 2 and § = 1072, now using the scheme in (5.7).
From the evolution shown in Figure 5, it can be seen that the initial curve assumes the
shape of a smoothed square that then shrinks to a point. We also observe that after an
initial increase, the ratio in (6.2) decreases and eventually reaches a steady state. The final
distribution of mesh points is such that there is a slightly lower density of vertices on the
nearly flat parts of the curve.

Inspired by the computations in [37, Fig. 6.1], we now consider evolutions for an initial
curve that consists of a %n-segment of the unit circle merged with parts of a square of side
length 2. For our computations we employ the scheme in (5.7), with the discretization
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Figure 4. Wulff shapes (scaled) for (6.8) with L = 2,3,4and § = 1072,

1 e e 26
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Figure 5. Anisotropic curvature flow for (6.8) with L = 2 and § = 1072, using scheme (5.7). We
show the solution at times t = 0, 0.05, ..., 0.35 and the distribution of vertices on x;lu (1), as well
as the evolution of ratio (6.2) over time.

parameters J = 256 and At = 10™%. The evolutions for the three anisotropies visualized
in Figure 4 can be seen in Figure 6. We observe that the smooth part of the initial curve
transitions into a crystalline shape, while the initial facets of the curve that are aligned with
the Wulff shape simply shrink. The other facets disappear, some immediately and some
over time, as they are replaced by facets aligned with the Wulff shape. The evolution of
the left nonconvex corner in the initial curve is particularly interesting, as it shows three
qualitatively very different behaviors for the three chosen anisotropies.

For the final simulations in this subsection, we choose as initial data a polygon that is
very similar to the initial curve from [2, Fig. 0]. In their seminal work, Almgren and Taylor
consider motion by crystalline curvature, which is the natural generalization of anisotropic
curve shortening flow to purely crystalline anisotropies—that is, when the Wulff shape is a
polygon. For motion by crystalline curvature, a system of ODEs for the sizes and positions
of all the facets of an evolving polygonal curve has to be solved. Here the initial curve
needs to be admissible in the sense that it only exhibits facets that also appear in the Wulff
shape, and any two of its neighboring facets are also neighbors in the Wulff shape. Hence,
the initial curve for the computations shown in Figure 7, for which we employed the
scheme in (5.7) with J = 512 and At = 1074, is admissible for an eightfold anisotropy,
with a regular octagon as Wulff shape. Our simulation for the smoothed anisotropy in (6.8)
with L = 4 and § = 10~* agrees remarkably well with the evolution shown in [2, Fig. 0].
In fact, it is natural to conjecture that in the limit § — 0, anisotropic curve shortening flow
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Figure 6. Anisotropic curvature flow for (6.8) with L = 2,3,4 and § = 1072, using scheme (5.7).
We show the solution at times ¢t = 0,0.1,...,0.7,0.75 (left), t = 0,0.05, ..., 0.3 (middle), and
t =0,0.02,...,0.16 (right).
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Figure 7. Anisotropic curvature flow for (6.8) with L = 2,3,4 and § = 1074, using scheme (5.7).
We show the solution at times t = 0,2, ..., 16 (left), t = 0,0.5,...,6, 6.4 (middle) and ¢t =
0,04,...,3.2,3.4 (right).

for the anisotropies in (6.8) converges to flow by crystalline curvature with respect to the
crystalline surface energies in (6.8) with § = 0. We stress that for the cases L = 2 and
L = 3, when the Wulff shape is a square and a regular hexagon, respectively, the initial
curve in Figure 7 is no longer admissible in the sense described above. As we only deal
with the case § > 0, our scheme (see (5.7)) has no difficulties in computing the evolutions
shown in Figure 7 for L = 2 and L = 3. We observe once again that new facets appear
where the initial polygon is not aligned with the Wulff shape, while the admissible facets
simply shrink.

6.2. Curve shortening flow in Riemannian manifolds

In this subsection, we consider the setup from Example 2.2(3); see also Example 3.4(3).
At first we look at the simpler case of a manifold that is conformally flat, so that we can
employ the scheme in (5.11). As an example, we take G(z) = g(z)Id with g(z) = (z) 2
and note that with Q = {z € R? : z; > 0}, we obtain a model for the hyperbolic plane,
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Figure 8. Curvature flow in the hyperbolic plane, using scheme (5.11). The solution at times ¢ =
0,0.02,...,0.14 is shown. We also show plots of the discrete energy Sh(x}’l") and of ratio (6.2)
over time.

which is a two-dimensional manifold that cannot be embedded into R3, as was proved
by Hilbert [32]; see also [40, §11.1]. From [12, Appendix A], and on noting Lemma B.2,
we recall that a true solution for (2.6)—that is, geodesic curvature flow in the hyperbolic
plane—is given by a family of translating and shrinking circles in €2:

L) = (“O) +r@)S', a@) =e™a(0), r(t) = (3(0) —a>(O)[1 — e >])2, (6.9)

with a(0) > r(0) > 0and S! = {z € R? : |z| = 1}. In Figure 8 we show such an evolution,
starting from a unit circle centered at (g), computed with scheme (5.11) where, since g
is convex in 2, we choose g4+ = g. We observe that during the evolution the discrete
geodesic length is decreasing, while the approximation to the shrinking circle remains
nearly equidistributed throughout. At the final time 7" = 0.14, the maximum difference
between r(T') and |x (¢;) — (”(OT))|, for 1 < j < J,isless than 6 - 1073, indicating that
the polygonal curve Ffl” = x;l” (1) is a very good approximation of the true solution I'(7")
from (6.9).

For the remainder of this subsection, we consider general Riemannian manifolds that
are not necessarily conformally flat. An example application is the modeling of geodesic
curvature flow on a hypersurface in R that is given by a graph. In particular, we assume
that

F(2) = (z1.22.0(2)", ¢ € C3(Q). (6.10)

The induced matrix G is then given by G(z) = Id + V¢(z) ® Ve(z), and the split-
ting given by (5.8) for scheme (5.10) can be defined by G4 (z) = G(z) + ¢,|z|*1d and
G_(z) = —cy|z|*1d, with ¢, € Rs¢ chosen sufficiently large. In all our computations, we
observed a monotonically decreasing discrete energy when choosing ¢, = 0, and so we
always let G4 = G.

We begin with a convergence experiment on the right circular cone defined by
@(z)= b|z| and @ = R? \ {0} in (6.10), for some b € Rg. A simple calculation veri-
fies that the family of curves T'(¢) = r(¢)(S! x {b}), with r(t) = [r2(0) — —2.]2 and

1+b2
r(0) > 0, evolves under geodesic curvature flow on M = F(£2). In fact, it is not difficult
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J S tm) — X)) EOC “tm) — XJ° EOC
max xCotm) =370 max T Cotm) =27

..........

32 1.6096e-02 — 3.5595e-01 —
64 4.2080e-03 1.94 1.7805e-01 1.00
128 1.0635e-03 1.98 8.9032e-02 1.00
256 2.6656e-04 2.00 4.4517e-02 1.00
512 6.6685e-05 2.00 2.2259e-02 1.00
1024 1.6674e-05 2.00 1.1129e-02 1.00

Table 2. Errors for the convergence test for (6.11), with b = +/3 and r(0) = 1, over the time inter-
val [0, %] for scheme (5.10) with G4 = G.
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Figure 9. Geodesic curvature flow on the cone defined by (6.10) with ¢(z) = +/3|z|. We show the
evolution ofx;L" in , as well as of F(x;l”) on M, attimest =0,1,1.8 (leftyandz =0,0.2,0.6,1,1.1
(right).

to show that the particular parametrization

x(p,1) = [r?(0) — 2 Ik (Cos(znp)>, 6.11)

1+ b2 \sin(2np)

so that T'(¢) = F(x(I,1)), solves (3.9). In a similar manner to Table 1, we report on the
H'- and L?-errors between (6.11), for b = /3 and r(0) = 1, and the discrete solutions
for scheme (5.10) in Table 2. Here, for a sequence of mesh sizes we use uniform time steps
of size At = h?, forh=J"1=2% k=5,....9. Once again, the observed numerical
results confirm the optimal convergence rate from Theorem 4.1.

On the same cone M, we perform two computations for a curve evolving by geodesic
curvature flow. For the simulation on the left of Figure 9, it can be observed that as the
initial curve F (x?l(l )) is homotopic to a point on M, it shrinks to a point away from the
apex. On recalling [29, Conjecture 5.1], due to Charles M. Elliott, on the right of Figure 9
we also show a numerical experiment for a curve that is not homotopic to a point on M.
According to the conjecture, any such curve should shrink to a point at the apex in finite
time, and this is indeed what we observe.
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QOQOD®

Figure 10. Geodesic curvature flow on the graph defined by (6.12) with A} = A, = 1. We show the
evolution of F(xZ’) on M attimest =0,1,2,2.2.

QOO®

Figure 11. Geodesic curvature flow on the graph defined by (6.12) with (A1,A2) = (5, 1). We show
the evolution of F(x;l”) on M attimes ¢t =0, 1,2, 4.

For the final set of numerical simulations, we model a surface with two mountains.
Following [45], we define

p(2) = My (1zP) + A9 (12 — G)1?). A1 A2 € Rxo,
e s <1, 6.12)

where ¥ (s) = {0 o> 1,
and let Q = R?. We show three evolutions for geodesic curvature flow on such surfaces in
Figures 10, 11, and 12. In each case we start the evolution from an equidistributed approx-
imation of a circle of radius 2 in €2, centered at the origin. In the first two simulations,
the curve manages to continuously decrease its length in R3, until it shrinks to a point. To
achieve this in the second example, the curve needs to “climb up” the higher mountain.
However, in the final example the two mountains are too steep, and so the curve can no
longer decrease its length by climbing higher. In fact, the curve approaches a steady state
for the flow, that is, a geodesic on JM: a curve with vanishing geodesic curvature. The plot
of the discrete energy in Figure 12 confirms that the evolution is approaching a geodesic.

A. First variation of the anisotropic energy

Proof of Lemma 2.1. Abbreviating ¥(z, p) = a(z)y(z. p), (z, p) € Q x R2, we tempor-
arily write & in (1.1) as

&) = /Ff(., v) dH!.
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Figure 12. Geodesic curvature flow on the graph defined by (6.12) with A1 = A, = 5. We show the
evolution of F(x}’l") on M attimest = 0, 1,2, 4. Below we show a plot of F(x;i”) on M, as well as
a plot of the discrete energy eh (x}’l") over time.

Let us fix a curve I' C Q and a smooth vector field V' defined in an open neighborhood
of I'. We infer from [22, Corollary 4.3] and (2.2) that the first variation of &(T") in the
direction V is given by

48 (r: V)
= [ = Ty v+ 7o)+ i)
+ 771211(" v):Vry)V.v dget

= /(8,,)7(-, V) + divryp (-, v) + Ypp(v) 1 Vrv) V- v dget. (A1)
r

Here we note that the differential operators 0, f = fz,v; and +r f = fiz; — fi.z;vjvi
on I' only act on the first variable of functions defined in 2 x R2. In addition, we observe
that the Weingarten map Vrv is given by Vrv = —xt ® t. We then calculate, on not-
ing (2.2), that

Wy v) =dvay(,v) +ayz; (L v)vi,
divry, (-, v) = divr(ayp(-, v))
= a(Yp;z; (V) = Ypiz; (, V)Vivy) + (az; — 0vavi)yp, (+,v)
= a(Vp;z (V) = vz, (- v)v;) + Va - yp (L v) — dvay (- v),

Vop( V) 1 Vv = —ay,p (L v) 1 xT @ T = —axypp (-, V)T - T.
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If we insert the above relations into (A.1) and recall (2.5), we obtain

d8(1";V)=—/}ny-vadJ€1 =—/%yV-vyy(-,v)adJ€1,
r r

which is (2.4). [

B. Geodesic curve shortening flow in Riemannian manifolds

In this appendix we prove the claims formulated at the end of Example 2.2(3). Here we
will make use of standard concepts in Riemannian geometry, and we refer the reader to
the textbook [33] for further details.

Let F : 2 — M be a local parametrization of a two-dimensional Riemannian mani-
fold (M, g) and denote by {91, d»} the corresponding basis of the tangent space T )M,
for z € Q. We also let gi;(2) = g7 (0. ;). G(2) = (8722 (€7(NF -,
=G (2), y(z,p) = VG 1 (z)p- p, and a(z) = /detG(z), for z € Q and p € R?,
which induces energy equivalence (2.10). Let T be a smooth curve in M with unit tan-
gent 7z and a unit normal v, such that {zg, v, } is an orthonormal basis of the tangent
space T M, that is, g(t4, 7)) = g(vg, Vg) = 1 and g(tg, vy) = 0. Then, the geodesic
curvature xg of T is defined by

D
He = g<d_'s'rg’vg) onT, B.1)

where %‘L’g is the covariant derivative of 7.

Lemma B.1. Let I' C Q be a smooth curve. Then, the anisotropic curvature of I' and the
geodesic curvature of I' = F(I") coincide in the sense that xg o F = x,, onI'.

Proof. Let T' = x(I) for a parametrization x : I — €, so that ' = ¥(/) for ¥ = F o x.
Denoting by § the arc length of X, we see that t, = X7 and vy = mg’j (x)vj0; form
an orthonormal basis of T3 M. Using the formula in [33, Lemma 5.1.2], we may write

D D _
T = % = (s + T (0xi55,9) %, (B.2)
where (l"ikj (x))izj x—; are the Christoffel symbols of M at F(x). Since d5 = [G(x)x, -

xp]_%ap, (B.1), (B.2), and (3.2) imply

- D 1
XgOoX = gse(—fg, Vg) = gkr (0) (5 + T ()X 5%75) —— &' (X)vy

ds y(x,v)
k
1 1 Xpp v+ 5 (X)xipX),pVk
= — . rk V) = J
(X, 0) (55 v + ij (X)xz,sxj,svk) v () G(x)x, - x,
1 x+TE@)ntiv
_ R (B.3)

y(x,v) Gx)t-t
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On the other hand, on recalling y(z, p) = VG~ 1(z)p- p and a(z) = /detG(z), we

observe that

_ G ' ()p _ G GT'@p®GT'(@)p
P =Sy e = y3(z. p) - B
(G H;(p 1GH;@p-p,
.z, p) = ! — - / G , B.4b
Ypz; (2, D) Sz 7) > ) @p (B.4b)
az(z) = %tr(G_l(z)GZj (2)a(z). (B.4¢)

We infer from (B.4a) that

1

y3(x,v)
_ detG7!(x)
P

(G @ - (G ()T 1) = (G () -1)]

Ypp (X, V)T T =
(B.5)

For ease of notation, we drop the dependencies on x from now on. It is well known that
gkl,Zi =gkl‘Flr] +gll‘Flrks lvkvl = 172 (B6)
Combining (B.6) with the relation (G™!),;, = ~G~1G,,G™!, we find that

(G ™Hv]j = =& gr1 28" vm = =¥ ™ (g1, TF) + €1, T )0

1 i ik
=8 mFi][Vm -g’ [‘i';’{vm,

as well as
(Gil)ziv V= [(Gil)zi v]jvj = —(glmI'ijlvm + gjkl"i";cvm)vj = —2g'ikFl.';’€vmvj.
If we insert the above relations into (B.4b), we obtain

" Tvm + g/ Thivm &' T vmy)
)/(‘,l)) V3(" l))
Next we infer with the help of (B.4c) that

Vpjzj () =—

1 gklgjr(gkrrfl + glrF;k)Vr _ ger]IFkur

_ lgklgkl,z,'gjrvr
2 y(v) 2 ACRY) y(,v)

az.
ijpj ('7 U) -

As aresult,
gk T vy, . g g T Vv,
y(.v) Y3, v)

1 , ,
=50 1))(g”‘g” — g% e vy,

Va
yijj('» U) + 7 : Vp('a 1)) = -
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Clearly,
(detG)~! Lk, jr)=(1,1,2,2),(2,2,1,1),
glkgim —gikglm = 1 _(detG)™! (I.k,j,r)=(1,2,2,1),(2,1,1,2),
0 otherwise,
so that
Va detG™!
Vpjz; C.v) + 7 . J/p(', V) = —W(Fg’zvmvf + Fﬁvmvg — 2I‘{'§vmv1v2)
det G T vty
Y3, v)

since T = —v+. Combining this relation with (2.5), (B.5), (B.3), and the fact that y2(-,v) =
G ' -v = (detG~1)Gt - 7, we finally obtain that

detG™! 1 x+T"gnu,
wyox =—— -+, = ki
roX = agy Kt T = o TG

=xg0X = (xgoF)ox inl,

as claimed. [

A family of curves (f‘ (t))refo,77 in M is said to evolve by geodesic curvature flow if
Ve =xg onl(), (B.7)

where V; is the normal velocity in the direction of the unit normal vg from the definition
given in (B.1), thatis, V, = g(X; 0 X!, vg) with X : I x [0, T] — Q being a parametriz-
ation of (I'(£)) ¢ ¢[0,77-

Lemma B.2. Let (I'(t));¢[0,1] be a smooth family of curves in Q. Then, anisotropic curve
shortening flow for (I'(t)):e[o,7] in 2 (see (2.6)) is equivalent to geodesic curvature flow
Jor (F(I'(t)))zefo, 11 in M, (B.7).

Proof. In a similar manner to the proof of Lemma B.1, we assume that (I'(¢));¢[o,7] 1S
parametrized by x : [ x [0, T] — , so that X = F o x parametrizes (F(I'(¢))):e[o,1]-
Letvg = mg’j (x)v;0;. Then, it follows from X; = xj ,d that

g7 (x)vjxk, g7 (0, 0;)
1

y(x,v) o)
=V,ox inlx(0,T]. (B.8)

vV, F =V X = ~~,~:
(Veo F)ox = Vg o = ge(f.9) =

g7 (%) gi (X)vjxp, =

Combining (B.8) and Lemma B.1 yields the desired result. ]
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