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Linear stability implies nonlinear stability
for Faber-Krahn-type inequalities

Mark Allen, Dennis Kriventsov, and Robin Neumayer

Abstract. For a domain 2 € R” and a small number T > 0, let

2
80(Q) = A1(Q) + T tor(Q) = inf J vl
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be a modification of the first Dirichlet eigenvalue of 2. It is well known that over all 2 with a given
volume, the only sets attaining the infimum of &g are balls Bg; this is the Faber—Krahn inequality.
The main result of this paper is that, if for all 2 with the same volume and barycenter as Bg whose
boundaries are parametrized as small C2 normal graphs over dBg with bounded C2 norm

/|m —up, 2+ QABRP < CIE(Q) — Eo(BR)]

(i.e., the Faber—Krahn inequality is linearly stable), then the same is true for any Q with the same
volume and barycenter as Bg without any smoothness assumptions (i.e., it is nonlinearly stable).
Here ug stands for an L2 normalized first Dirichlet eigenfunction of Q. Related results are shown
for Riemannian manifolds. The proof is based on a detailed analysis of some critical perturbations
of Bernoulli-type free boundary problems. The topic of when linear stability is valid, as well as
some applications, are considered in a companion paper.

1. Introduction

For a domain 2 € R”, let

\V/ 2
@ = it IVUE
ueH (@) Ju

be the first Dirichlet eigenvalue, and let ug be a nonnegative function with f ué =1
attaining the infimum. The Faber—Krahn inequality asserts that

A1(2) = A1(BR), (1.D
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where Bp is a ball with |Bg| = |Q2|; and moreover, this inequality is strict unless 2
is equal to a translation of Bg, up to a set of zero capacity. In recent years, the topic
of stability for this inequality has received considerable attention: if 1;(2) — A;(Bg) is
small, how closely must 2 resemble Br? For a survey of the recent literature on this
question, see [9]. In particular, quantitative stability refers to inequalities of the form

d*(Br(x@), Q) = C[A1(2) — A11(Br)], (1.2)

where d is some notion of distance between sets, @ > 0 is a positive number, and
xXQ = fg x is the barycenter. Here it is desirable to find the strongest d, as well as the
smallest number «, for which such an inequality may hold.

The best result of this type in the literature is due to Brasco, De Philippis, and
Velichkov [10], which establishes (1.2) with

d =do(E,E') = |EAE| (1.3)

and « = 2. This theorem is sharp, in the sense that (1.2) is false with d = dgp and & < 2.
However, it does not fully resolve the issue of quantitative stability, as it seems unlikely
that dy is the “strongest” distance for which (1.2) holds. To understand why, it is useful
to separate the stability question into two “regimes” where it may be studied: we say
that (1.1) is linearly stable with respect to d, « if (1.2) holds for any €2 whose boundary
may be expressed as a C2 normal graph over dBg, and we say (1.1) is nonlinearly stable
with respect to d, « if (1.2) holds for any €2, unconditionally. For example, the result
of [10] is a nonlinear stability result.

It is not difficult to see that dy is not the strongest norm for which linear stability
is valid. Indeed, if dQ is given by a normal graph g, then dg is comparable to the L2
norm of &, while, as shown in [10], the right-hand side of (1.2) controls a term of the
form [ 9BR ELE, where L is a first-order differential operator. In particular, Sobolev norms
of & up to [|]|gr1/2(9q) appear to be controllable. Unfortunately, this kind of observation
does not easily lead to improved nonlinear stability statements, as it is unclear how to
define a stronger Sobolev-type distance for arbitrary sets €2.

In the nonlinear context, dy has a different sort of drawback, which is discussed in
[9, Open Problem 3]: it is possible to modify 2 by removing a set of measure 0 in a way
which strictly increases its eigenvalue (consider, for example, By vs. By \ {te; :t > 0}, a
slit domain in R?). Any change to © which modifies the local capacity of its compliment
should be reflected in A1(£2). On the other hand, dj is clearly insensitive to any such

changes.
a(EE) = | [lug e

We propose a distance
where u g, ugs are the normalized first eigenfunctions as above extended by zero to be
defined on all of R”, partially in an attempt to formulate nonlinear stability statements
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for (1.1) which address these issues. This has advantages and disadvantages in comparison
to dy. In the nonlinear context, it is sensitive to capacity-zero perturbations of Q. It also
turns out to be specifically relevant to some applications to monotonicity formulas in free
boundary theory, which we discuss in [3]. On the other hand, d; is a kind of indirect
measure of set difference and may be difficult to use in practice; we also do not know
whether dy (E, BR) controls do(E, Bg) for all sets.

The results of this paper, in conjunction with our companion paper [3], establish sharp
quantitative stability for the Faber—Krahn inequality with respect to the distance d;. The
result is proven on the round sphere and hyperbolic space as well as in Euclidean space:
we prove in [3, Theorem 1.1] that (1.2) holds with d = dy + d» and « = 2 on simply con-
nected space forms. The proof is based on a selection principle. This scheme, introduced
by Cicalese and Leonardi in [20] in the context of the isoperimetric inequality, has been
implemented in various settings in recent years (including [10]) to establish quantitative
forms of geometric inequalities. A selection principle has two main steps:

(1) The reduction step to show that linear stability implies nonlinear stability, based
on regularity theory for a penalized functional.

(2) The local step to prove that linear stability holds.

This paper is dedicated to carrying out Step (1): if (1.1) is linearly stable with d = d;
and o = 2, then it is also nonlinearly stable. Step (2) on simply connected space forms
is established in [3]. Let us describe how the classical selection principle argument for
Step (1) might go in this context, and where the significant challenges arise in this setting.
Suppose by way of contradiction that (1.2) fails. We may thus find a sequence of sets 2
with |Qy| = |Br| and 11(R%) — A1 (Br) — 0, while

ck 1= di (BR(xg,), @) = k[A1(Qk) — A1 (BR)]- (1.4)

The goal, then, is to replace each Q2 with a set Uy that also satisfies (1.4), but such
that dUy is a smooth normal graph over dBg, in this way contradicting the linear stability
assumption. Such a set is obtained by choosing Uy to be a minimizer of a functional that
roughly takes the form

FIU) = 21 (U) + 1/} + (ex — di (U. Br(x0))?)?

for a small parameter t > 0 and establishing regularity estimates for such minimizers. The
second term in this functional forces d;(Uy, Br(xy,)) to be close to d1(2x, Br(xg,))
so that (1.4) will be satisfied by Uy, while the first term is hopefully regularizing the
boundary of Uy.

The Euler-Lagrange equation for minimizers of .0 leads to a free boundary condition
along dUy of Bernoulli-type, similar to the one studied in [5]. When working with dj
or other weaker distances, the second term in 3*}0 is of lower order, and can easily be
seen to be a minor perturbation of the functional. In particular, the regularity theory of
Alt and Caffarelli [5] applies more or less directly (at least in conjunction with more
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recent literature, such as [21,23]). In the case of d;, however, this is no longer a sufficient
heuristic: the second term of %0 is now a critical, or same-order, perturbation of A1 (U).
The key to establish regularity becomes controlling the distance d;(U’, U) between a
minimizing set U and various competitors U’. This amounts to needing estimates like

/|uU—uU/| < C|AMU)—= A (U], (1.5)

at least for the competitors U’ necessary to obtain estimates on U. These competitors
were essentially laid out in [5], and closely follow minimal surface theory; they consist of
U U B, (x), U \ B(x), and ¢;(U) for smooth diffeomorphisms ¢;.

We do not know if (1.5) is valid for these competitors, and believe this is an interesting
problem. This means that we are unable establish the necessary regularity theory for .
to carry out Step (1) of the selection principle as described above. In order to overcome
this challenge, we modify the functional: let

FIXU) = 21(Q) + Ttor(Q) + ‘L'\/C]% + (cx — d1(U, Br(xv))?)?, (1.6)

where T > 0 is a small parameter and

tor(Q) = inf{/ %|Vw|2 —w:iwe H(}(Q)}

is the torsional rigidity of €2. The torsional rigidity has a long history of appearing when
considering spectral optimization problems (see [10, 12]), and shares with A; the ball
as the unique volume-constrained minimizer. Functional (1.6) corresponds to a vectorial
free boundary problem. The crucial benefit of introducing this torsion term is that we can
establish the analogue of key estimate (1.5) corresponding to this functional:

/ luy —ugr] < C(1A1(U) = 41 (U] + | or(U) — tor(U]) (1.7)

for all the relevant competitors U’. This is shown in Proposition 3.9 and is the starting
point toward establishing an existence and regularity theory for ¥ * and its generalizations,
which constitutes the core analysis of this paper.

Theorem 1.1. There exists Ty > 0 such that for each T < Ty, there exists 1o(T) > 0
such that if T < 1o, then:

(i) There exists a minimizer U of ¥ over the class of all open sets U with
|U| = |BRl.

(i) This U has C** boundary for any a < 1, and U may be expressed as a normal
graph & over dBg with ||&]c2 = 0:(1) (i.e., for every ¢ > 0, there is t(¢) such
that if T < t(g), then ||€|c2« < &).

Beyond establishing key estimate (1.7), further difficulties arise in proving Theo-
rem 1.1, which we discuss below. Theorem 1.1 holds for a more general class of critical
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perturbations of the Alt—Caffarelli functional that is introduced in Section 2.2. One gen-
eralization is that Theorem 1.1 holds for functional (1.6) with d; replaced by 670 + d,
where 670 is an essentially equivalent regularization of dy in (1.3) above.

Returning to the discussion of the selection principle, we use the functional ¥.* to
establish Step (1) of the selection principle corresponding to the inequality A;(€2) +
T tor(2) > A1(BRr) + T tor(Bp) instead of (1.1). This linear-implies-nonlinear stability
result takes the following form:

Corollary 1.2. Assume that, for some 0 < T < Ty and € > 0, the inequality
di(Br(xg), Q) + dg(Br(xg), Q) < C[A1(R) — A1(Bg) + T(tor() — tor(BR))]

holds for all Q with |Q| = |BRr| whose boundaries may be expressed as a C** normal
graph over 0Bg with norm bounded by ¢. Then, it also holds for all open sets Q with
|2| = | Br| (and with a possibly larger constant).

Although it may appear that we have departed from the central aim of establishing
Step (1) of the selection principle for the Faber—Krahn inequality, we show in the com-
panion paper [3] that the statement of Corollary 1.2 actually implies that the same is valid
with T = 0 after combining with the Kohler-Jobin inequality ([33, 34]; see also [8, 35]),
an inequality that relates tor(£2) — tor(BR) to A1(2) — A1(Bg). It is also shown in [3]
that (1.1) is linearly stable with d = d; 4+ d> and @ = 2, which when combined with
Corollary 1.2 gives nonlinear stability as well. We remark that the constant C in Corol-
lary 1.2 is obtained through a compactness argument and is not explicit. It remains an
open problem to establish a sharp quantitative form of the Faber—Krahn inequality, with
any distance (see [9, Open Problem 2]); a nonsharp quantitative estimate with an explicit
constant was shown in dimension 2 in [29] and in general dimension in [9, Theorem 2.10].
In a related direction, let us mention paper [7], in which the authors show that the deficit
in the Faber—Krahn inequality controls the L*° distance between symmetrized first eigen-
functions.

The idea of using the torsional rigidity to prove a quantitative form of the Faber—Krahn
inequality was already present in [10], though it plays a different role there. In [10], the
authors prove a quantitative version of the Saint-Venant inequality (the minimality of balls
for the torsional rigidity), and then using the Kohler-Jobin inequality they immediately
obtain quantitative versions of the Faber—Krahn inequality and a whole family of shape
optimization problems for the Poincaré—Sobolev constant (for which balls are always opti-
mal). The introduction of the torsional rigidity in [10] simplifies some aspects of the proof
and allows the authors to kill many birds with one stone, but does not appear essential
to the argument for the stability of the Faber—Krahn inequality in particular. The role of
the torsional rigidity in our context plays a more pivotal role, and we do not know how to
proceed without it.

In view of the results in [10], one is naturally led to ask whether the results of the
present paper can be extended to a more general family of inequalities for the optimization
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of the sharp Poincaré—Sobolev constant. There is, however, a major difference between the
stability result of Corollary 1.2 and the result in [10]: in our case the eigenfunction of the
domain appears on left-hand side of the inequality. When considering stability statements
like these for generalized inequalities, one must then carefully select which functions are
reasonable to use in the distance, and see to what extent they can be controlled by the
inequality deficit.

As such, we leave the question of which exact generalizations of distance or Poincaré—
Sobolev inequalities admit stability statements like Corollary 1.2 as an interesting and
possibly challenging open problem, and believe that the methods developed here are appli-
cable to treating it systematically. Perhaps of particular interest is the distance

dy,p(U» V)= llwy —wyl|Le,

where wy is the torsion function associated with U (see below; Section 3), both for the
Faber—Krahn and Saint-Venant inequalities, and p € [1, ,fT”z). These distances metrize
the notion of y-convergence of sets frequently used in shape optimization (see [13, Cha-
pter 4] for a discussion of known relations between such distances).

While the preceding discussion was carried out in R” to more clearly illustrate the
concepts in play, the results proved here also apply to Riemannian manifolds, and are
stated accordingly (see Theorems 2.13 and 2.14 for the general forms of Theorem 1.1
and Corollary 1.2, respectively). In particular, Corollary 1.2 is also valid for any manifold
for which balls are the isoperimetric sets (i.e., they are the unique sets which attain the
minimum in the isoperimetric inequality), or with suitable modifications to the statement,
on any manifold on which minimizers to (1.1) are unique up to isometry. The former
condition is restrictive and only known for a handful of manifolds (see [40] for a survey
of the known results), but includes the round sphere and hyperbolic space with standard
metrics, which will be studied in [3] in greater detail.

Remark 1.3. Corollary 1.2 holds on hyperbolic space and the round sphere, with the
barycenter xq replaced by the set centers defined in Examples 2.8 and 2.9, respectively.

The outline of our approach and the structure of the rest of the paper is as follows:
In Section 2 we give careful definitions of the quantities discussed here on manifolds
and set up notation for everything to follow. In Section 2.4, we discuss how to pass from
Theorem 1.1 to Corollary 1.2 (and state it more carefully and in greater generality). In
Section 3 we establish basic properties of the first eigenvalue and the torsional rigidity and
discuss Faber—Krahn inequalities on manifolds to the extent needed. The introduction of
the torsional rigidity is the first key idea in the paper, and in Section 3 we also prove (1.7).
As previously discussed, this inequality will be necessary to prove even basic estimates.

Typical approaches to Bernoulli free boundary problems involve first proving exis-
tence of minimizers, usually via the direct method, and then proving nondegeneracy and
growth estimates at the free boundary. Due to the presence of the eigenfunction penaliza-
tion term, which is of the same order as the other terms in the functional, a direct approach
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to the existence of minimizers fails, as the functional is not lower semicontinuous with
respect to topologies for which compactness is available. For this reason, we must intro-
duce a new approach to proving existence. In Section 4 we prove a priori nondegeneracy
estimates for the free boundary for inward minimizers. In Section 5 we prove a priori
Lipschitz growth estimates at the free boundary for outward minimizers. In Section 6 we
construct a minimizing sequence of outward minimizers and utilize the Lipschitz estimate
to prove the limit €2 is a minimizer. This minimizer will then have both nondegeneracy
and Lipschitz estimates, since it is also both an inward and outward minimizer. One ben-
efit of this approach is that the entire argument takes place in the class of open sets; the a
priori estimates allow us to avoid relaxing the problem to the class of quasi-open sets, as
is common in the literature [14].

From here, we would like to follow the recent approaches of [16,38] to establish reg-
ularity for vectorial free boundary problems. The first step in doing so is to apply the
boundary Harnack principle in order to establish a scalar form of the free boundary condi-
tion. Substantial difficulties arise here due to the nonlinear term, because the contribution
from d; to the Euler-Lagrange equation along d<2 is of the same order as that from A (£2)
or tor(£2): it may be expressed as |Vv|? for some function v satisfying an elliptic PDE
on 2. In particular, there is no favorable sign appearing in this term (it is not elliptic, in
some sense), and so it must be controlled by the other contributions. The key tool for con-
trolling this term is a careful analysis of the Green’s function Gg of €2, which we carry
out in Section 7. This involves utilizing an inhomogeneous boundary Harnack principle
recently shown in [4].

We begin Section 8 by considering more carefully how d; and ug change under
smooth deformations of domains. Applying the estimates from the previous section, we
obtain several forms of the free boundary condition satisfied along 02 and arrive at a
pointwise version. The final fundamental point in the paper is to again apply the inho-
mogeneous boundary Harnack principle to rewrite the free boundary condition in a form
suitable to known methods.

In Section 9 we apply recent free boundary theory to conclude that 2 is C 1. In
Section 10 we apply a higher-order inhomogeneous boundary Harnack principle [25] to
prove Theorem 1.1 (that 92 may be parametrized as a C >* normal graph over the sphere).
Appendix A gives further examples of functionals to which our results apply. Finally,
Appendix B shows that domains supporting solutions to elliptic PDEs with linear growth
away from dU are nontangentially accessible, a result which is known in the literature
but, to the best of our knowledge, not in the generality required here. This is a technical
point relevant in Section 7.

2. Setup and definitions

Throughout this paper, we let (M, g) be a complete, n-dimensional smooth Riemannian
manifold without boundary that is connected and oriented. We also assume that (M, g) has
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bounded geometry, that is, inj,, := infxecps inj, > 0 and sup,.¢,, |[Rm(x)| < co. Here inj,
is the injectivity radius of (M, g) at x, that is, the largest radius r such that the exponential
map exp, : TxM — M is a diffeomorphism from B(0, r) to the geodesic ball Bg(x,r);
and |[Rm(x)| denotes the norm of the Riemann curvature tensor at x with respect to g.
All constants will depend on the metric g; it is likely that these constants are uniform
for Riemannian manifolds with uniformly bounded geometry, but we do not track this
dependence.

Unless otherwise specified, all integrals are taken with respect to the volume mea-
sure m associated with g. We use the notation || for the volume of a measurable set
Q C M and #"! for the (n — 1)-dimensional Hausdorff measure. We let d(x, y) denote
the geodesic distance between x, y € M and let

Br(x)={yeM :d(y.x)<r}

denote a geodesic ball centered at x of radius r. Given a set 2 and a point x € M, we let
d(x,Q) =inf{d(x,y):y € Q}. Welet V and div denote the gradient and divergence with
respect to g and let Au = div Vu be the Laplace—Beltrami operator with respect to g.

Let G denote the (possibly trivial) group of isometries of (M, g). Several global exis-
tence results in the remainder of the paper will hold for Riemannian manifolds such that
either M is compact or M/G is compact; examples of the latter to keep in mind are
Euclidean space, hyperbolic space, cylinders S”~* x R¥ equipped with the standard prod-
uct metric, and more generally, products of space forms.

2.1. Base energy

Given a bounded open set 2 C M, we may define the rorsional rigidity of Q:

tor(Q) = inf / l|vu|2—u. 2.1)
ueHN(Q) Ja 2
We note that the definition of the torsional rigidity given here differs by a sign from the
typical definition. This is a negative quantity, and it is straightforward to check (using the
Sobolev inequality and the Lax—Milgram theorem) that the infimum is finite and uniquely
attained for any open bounded 2 # M by a function wg > 0. We will refer to wg as the
torsion function. Note also that tor(€2) is decreasing with respect to set inclusion.
The first (Dirichlet) eigenvalue of Q2 is defined as

\v/ 2
AM(Q) = inf fSZ'_’”

2.2)
ueH @\0} [q u?

This infimum is also attained by a nonnegative function ug, the first eigenfunction,
and A;(S2) is also a decreasing function with respect to set inclusion. The first eigen-
function is unique up to scalar multiples so long as A1 (£2) < A,(2), which in particular is
true if €2 is connected. The notation u g will be used for the unique first eigenfunction with
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ug > 0 and f ”%z = 1, whenever it exists and is unique. We will frequently extend ugq
and wg by zero to be defined on all of M, using the same notation to indicate the funct-
ionsug,wq : M — R.

In principle, we are interested in minimizing energy functionals of the type shown
in (1.6) among sets 2 C M of a fixed volume |2| = v. In practice, it is more convenient
to replace the volume constraint with a volume penalization term. Following [1, 10], we
define the volume penalization

n(t—v), t<w,

Jon(@) = { 2.3)

S —=v), 1>

The idea of volume penalization (2.3) is that by choosing the parameter 7 to be sufficiently
small, a set 2 whose volume exceeds the prescribed volume v will have a large energy
contribution coming from the term f, ,(|2]). We define the base energy of Q as

€(2) = A1(2) + T tor(Q) + fo, (12D, 24

where T € [0, 1]. The principal goal of this paper is to study certain critical perturbations
of the base energy introduced in the next subsection. In order to do so, we need to first
consider the minimization problem of the base energy itself. We discuss the problem of
minimizing & (2) over sets briefly here and in more detail in Section 3. Many of the
existence and regularity results in later sections will apply to this base energy problem as
well. Let us begin with two observations regarding the existence theory for this problem:

Remark 2.1 (A hard volume constraint is needed). If we attempt to minimize the base
energy & among all bounded open subsets of M, then the energy may fail to be bounded
from below and minimizers may fail to exist or 2 = M may be a minimizer. For instance,
on Euclidean space, a simple scaling computation shows that &(Bg) — —oo as R — 0o
for any fixed triple of parameters v, 7, T > 0. Similarly, if M is compact without boundary,
then H'(M) = H} (M), and so the minimizing sequence wy = —k for tor(M) tells us
that tor(M) = —oo. Since the other quantities in the energy are finite, this implies that
E(M) = —o0.

To remedy this issue, we will introduce a “hard volume constraint” that is much
larger than v. Given the desired volume constraint v € (0, |[M ), we fix a larger number
Umax € (v, |M|) and minimize with respect to competitors  with || < v.x. Ultimately,
this hard constraint will never be saturated: in Proposition 9.5 we show that for small
values of 7 (depending on v and v,,x) and T (depending on v, vy, and 1), any mini-
mizer over this class actually satisfies the original desired volume constraint |Q2| = v. In
particular, this means the volume-constrained problem (minimizing only over |Q2| = v) is
equivalent to the volume-penalized problem where || < Vpax.

Remark 2.2 (Compactness issues on noncompact manifolds). On noncompact manifolds,
a minimizing sequence Q for the base energy & can “drift to infinity” in the sense that
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d(x9, Qp) — oo for any reference point x¢. In view of this issue, we first minimize over
the class of © contained in (smoothed-out) balls of large radius R. Depending on the
geometry of the manifold at infinity, global minimizers may simply fail to exist when
R — oo. However, when M /G is compact, the compactness issues are solely caused by
the symmetries of the metric and we may send the radius R to infinity using concentration
compactness techniques (see [37]). This will be addressed in Section 3.4 for the base
energy and then more completely in Theorem 6.3.

Since geodesic balls need not have smooth boundary on an arbitrary Riemannian man-
ifold, it is more convenient from a technical standpoint to work with an exhaustion Q g of
smooth bounded open sets that play the role of smoothed-out balls. More specifically, we
let O r be a fixed 1-parameter family of open sets which have the following properties:

(i) Ogr C Qs forany S > R.
(ii) diam(QRr) < 2R.

(iii) 0Q R is either smooth (a finite union of disjoint C 2 codimension-1 submanifolds)
or empty.

(iv) M =Jgr Or.

In view of Remarks 2.1 and 2.2, we will fix parameters R > 0 and v, € (0, |M|) and
minimize the base energy (as well as the main energy) over open sets in Q g of volume at
most vnax. We use the notation

H = HR,vm = {2 S M open : || < viax, 2 € Or} (2.5)

to denote this collection of sets. We will assume throughout the paper, without further note,
that R is chosen to be large enough so that |Q g| > vpnax. In this way, the container Q g
does not obstruct the hard volume constraint and the collection J is nonempty. Moreover,
we will always assume that vy, < |M| when the volume of M is finite.

Given parameters 0 < v < vyx < |[M|,n >0, T € (0,1] and R > 0, we consider the
following minimization problem for the base energy:

Emin = Emin(V, Vmax. 1, T, R) = inf{€(Q) : Q C H}; (2.6)

we will drop the parameters, unless there is ambiguity. The collection of minimizers for
this problem will be denoted by

M = MV, Vax, 7. T, R) = {Q C H : E(Q) = Enin}, 2.7

which we will show in Lemma 3.10 is always nonempty. While several of our interme-
diate results will hold for larger parameter ranges, the reader should typically think of
first fixing the desired and hard volume constraints v, vy.x and the radius R, then fixing
the volume penalization parameter 7, and finally fixing the coefficient T in front of the
torsional rigidity.
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In the following example, we consider minimization problem (2.6) on simply con-
nected space forms; generally speaking, these are important motivating examples to keep
in mind throughout the paper. Since these spaces are compact after modding out by the
isometry group, we may send the parameter R to infinity and so, the following example
has no R parameter:

Example 2.3. Let (M, g) be Euclidean space, hyperbolic space, or the round sphere. Fix
parameters v, Uyax With 0 < v < Vg, choosing vy, < | M| in the case of the round sphere.
For n < no(v, Vmax) and T < Ty (v, Vmax, 1), geodesic balls of volume v are the unique
minimizers of the base energy & among all open bounded subsets of M with volume at
most Vmax-

For general Riemannian manifolds, we cannot hope to explicitly characterize mini-
mizers as in the example above. However, the next proposition summarizes the basic facts
that will be proven about minimizers of the base energy in this paper: The proof follows
from combining Lemma 3.10 and Theorem 6.3 (local and global existence, respectively),
Lemma 3.13 (connectedness), and Lemma 9.5 (volume constraint satisfied).

Proposition 2.4 (Minimizers of the base energy). Fix R > 0 and v € (0, |M|). Fix any
Umax € (v, |[M|). There exists ng = (R, v, Vmax) such that for n < no, there exists To =
To(R, v, Umax, 1) such that the following holds: If T < Ty, then Enin > —oc0 and a
minimizer of the base energy & exists among sets in H, that is, the set M is nonempty.
Moreover, any minimizer in M is connected and has volume equal to v.

If M is compact or M/G is compact, then the constants above may be taken to be
independent of R and the minimization of & may be taken among all open bounded subsets
of M with volume at most Vpax.

2.2. Main energy functional

Let us now introduce the class of energy functionals whose existence and regularity theory
constitute the heart of this paper and using which we can carry out a selection principle
as described in the introduction (in Section 2.4 below). Following the discussions in the
introduction and in the previous subsection, we are interested in functionals of the type
shown in (1.6), though as in the previous subsection we relax the volume constraint. So,
the general form of the functionals we consider is

Fo(Q) = E(Q) + TH(Q). 2.8)

Here H(£2) is a functional mapping open bounded sets to R and t < 7y is a parameter that
will be chosen sufficiently small depending on the parameters of the base energy &. The
existence and regularity results of this paper will hold whenever 1y is an admissible nonlin-
earity as defined in Definition 2.11 below. Before defining this general class of admissible
nonlinearities, we motivate the definition with some important concrete examples that will
be used for our selection principle applications. In these examples, the relevant nonlinear-
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ities take the form

HQ) = Ve + (¢ — du(R)?)? — ¢ 2.9

for a constant ¢ € (0, 1], where d«(£2) is a suitably defined distance of €2 to the class of
minimizers M of the base energy. Note that (1.6) takes this form with d,(R2) =
d1(2, Br(xgq)) on Euclidean space; the subtraction of the constant ¢ in (2.9) is imma-
terial for the minimization problem but conveniently normalizes the functional. We are
interested in generalizing this in two directions: (i) we want a distance d, that measures
the size of the symmetric difference as well as the eigenfunction difference, and (ii) we
wish to suitably generalize this to certain Riemannian manifolds.

In order to establish Step (1) of the selection principle (and ultimately quantitative
stability) in the form of Corollary 1.2 in which both the eigenfunction distance d; and the
asymmetry distance dy are controlled (say on Euclidean space), a first approach might be
tolet d« () = d1(2, Br(xq)) + do(2, BR(xg)) in (2.9), where dj is the symmetric dif-
ference defined in (1.3). The issue here, already understood in [10], is that the distance d
is not sufficiently smooth (as the integral of a characteristic function), and consequently,
minimizers of such a functional will not be smooth.

To deal with this, we follow the approach of [10] and consider a smoothed-out ver-
sion of the asymmetry term dy. More specifically, consider a bounded open set U with
smooth boundary (say dU is a disjoint union of C2-embedded submanifolds); in the rel-
evant applications U will be a minimizer of the base energy &, so in Euclidean space,
hyperbolic space, or the round sphere, take U to be a geodesic ball. Take f to be a smooth
nondecreasing function with f(t) = ¢ for |[t| < ¢g and f(¢) locally constant for || > 2c¢,
where ¢ is selected so that d(x, dU) is a C? function on {d(x, dU) < 4cp}. One can
always find such a ¢ (see [28, Lemma 14.16]). Now, let Yy be given by

f(d(x,00)), xeU,

X) =
v () {—f(d(x, aU)), xeM\U.
The essential point of the function ¥y is that fQ vu — |, v Yu is comparable to |U AQ?
for  whose boundary is a (small) normal graph over dU, and controls |U AQ|? in all
cases. More precisely, for any €2 we have

— — 1 2
-/QWU /UWU /QAUWU| z/QAUmln{Id(x,BU)Lco}dx > c|QAU|,

where the last step can be seen from the fact that the integral is minimized by tubular
neighborhoods of U, and then by changing variables and using the smoothness of U . On
the other hand, if the boundary of  is a C? normal graph £ over dU with |£| < ¢, we
may change variables and integrate

1363] lEG12/2
/ |1ﬂU|§C/ / tdth(’”‘lzc/ / ldtd "' <C|lUAQ|?.
QAU au Jo au Jo
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So, given any two bounded open sets €2 and U with U smooth as above, we let

d*(sz,U)z=/Qw—/UwU+/|ug—uU|2, 2.10)

where ug denotes the first eigenfunction of €2, normalized so that ¥ > 0 and ||ug|;2 =1
and extended by zero to be defined on all of M. In each of the examples which follow,
we will use d« (€2, U) to define a distance d.(£2) to the collection M of minimizers of the
base energy and consider functional (2.8) with nonlinearity (2.9) for this suitable definition
of d.(R2).

Remark 2.5 (Unique first eigenfunction). Lemma 3.14 below guarantees that if & (2) <
Emin + To Whenever 1y is sufficiently small, then €2 has a unique first eigenfunction and
s0 d«(S2, U) is well-defined for such a set. This means that by choosing the parameter t
in (2.8) accordingly, ug and d« (€2, U) will be well-defined for any minimizing sequence
or minimizer of (2.8). As such, we will generally only define §y for sets with &(2) <
Emin + 7o. There is no loss of generality, at least when considering minimizers, to define
H(RQ) =1if E(RQ) > Enin + To-

The simplest example is the case where only one minimizer of the base energy exists.

Example 2.6 (Unique minimizer). Suppose that the collection of minimizers M of the
base energy consists of a single set U, and U has boundary of class C2. Then, the dis-
tance d«(2) of © to the collection of minimizers of the base energy with v = || is
defined by d«(R2) = d«(2,U).

In the case where minimizers of the base energy are not unique, to define a distance
of a given set Q2 to the collection of minimizers, we must select the nearest minimizer
to 2. On Euclidean space, where translation invariance gives rise to nonuniqueness of
minimizers, we do this by choosing the ball with the same barycenter as 2.

Example 2.7 (Euclidean space). Let (M, g) be Euclidean space. Given a bounded open
set €2, let R be the unique radius so that |2| = | Bg| and let xg = fg x dx be the barycenter
of Q. Then, the distance d«(£2) of 2 to the collection of balls By (i.e., the minimizers of
the base energy with v = |2|) is defined by d«(2) = d« (2, Br(xg)).

We saw in Example 2.3 that the situation on hyperbolic space and the round sphere
is similar to Euclidean space: the collection of minimizers of the base energy comprises
geodesic balls of suitable radius centered at any point. In these cases, we define an appro-
priate “set center” in analogy to the Euclidean barycenter.

Example 2.8 (Hyperbolic space). Let (M, g) be hyperbolic space. Given a set bounded
open set @ C M, define the set center xg of Q by xg = argmin, [, d%(x,y)dm(y),
which is well-defined. Then, the distance d.(£2) of Q2 to the collection of balls Br (i.e.,
the minimizers of the base energy with v = |2|) is defined by d«(R2) = d« (2, Br(xg)).
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On the round sphere, we cannot define the notion of set center in analogy to Exam-
ple 2.8, as the minimum may not be uniquely achieved. We instead consider the following:

Example 2.9 (The round sphere). Let (M, g) be the round sphere. Consider its stan-
dard embedding in R”"*1. Given any open Q@ C M, let yo = fg ydH"(y), where y,
ya € R**1; this is a (vector-valued) surface integral. If yq # 0, then define the set center
of Q as xg = ya/|yal. The distance d.(£2) of 2 to the collection of balls Bg (i.e., the
minimizers of the base energy with v = |2|) is defined by d«(2) = d« (2, Br(xg)).

In all three of the preceding examples, uniqueness of minimizers of the base energy
fails solely due to the isometries of the space, and modulo the isometry group G, there is
a unique minimizer U with boundary of class C2. In more general situations of this type,
we define a suitable notion of set center, which is a mapping Q2 +— xgq for which there is a
unique minimizer Ug of the base energy with the same set center as 2. Because the def-
inition is somewhat technical, we postpone it until Definition A.2 in Appendix A. In this
situation, we define d.(£2) in analogy with the examples above; the Euclidean barycenter
and the set centers for hyperbolic space and the round sphere above are examples of set
centers in the sense of Definition A.2.

Example 2.10 (Minimizer is unique modulo isometries). Assume that M consists of a
single set U up to the action of the isometry group G. Also assume that it has smooth
boundary, and that there exists a set center {2 > xgq adapted to U. We define

d«(R2) = d«(. Ug), 2.11)

where Ug is the unique set in M with the same set center as 2.

It may be tempting to give generic constructions of d«(£2), independent of set centers,
by solving minimization problems along the lines of Uy = argmin{d.(2,U) : U € M}
and letting d.(R2) = d« (2, Ug). However, such variational problems have issues with
uniqueness and regularity of the solution map: these are closely related to the convexity
and smoothness of the “distance” functional being minimized, as well as the structure of
the family M.

All of the examples given above fall into the general class of admissible nonlin-
earities ) for which our main existence and regularity results are valid. Below, uq is
used to denote the normalized, nonnegative first eigenfunction of 2 (see (2.2)); recalling
Remark 2.5, this function exists and is unique when & () < Enin + To.

Definition 2.11 (Admissible nonlinearities). Fix a (possibly trivial) closed subgroup
Gy < G of the isometry group of (M, g). A function ) mapping bounded open subsets
of M to R is said to be an admissible nonlinearity with respect to G if the following
properties hold:

(N1) b € [0, 1].

(N2) b is invariant under isometries in Gy.
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(N3) If Q, Q' are bounded open sets with & () < Epin + To, then
5() ~ H(@)] = |28+ [ lug ~ual.

(N4) For any xo € M and r < r¢, take a 1-parameter family ¢, of diffeomorphisms
with ¢o(x) = x and |0;¢;| < 1 such that |{x : ¢;(x) # x}| € B,(xg). Assume
that ¢, (€2) is a set with & (¢;(2)) < Emin + To and H"~1(IQ) < oo; then,

imsup 68, () = 0 - [ o ~uaaa ~[ [ b [ bal]
>0 1] ¢ (@) Q
< Cyr",

where agq, bg are continuous functions M — R with |ag|, |ba| < 1. Moreover,
lballcrigy < 1 and [lagllcorg) < 1.

Assumption (N 1) simply says that fj is nonnegative and uniformly bounded on bound-
ed open sets, and it is convenient to normalize any such functional so that the upper
bound is 1. Assumption (N2) should be understood with Example 2.10 in mind; when
the base energy & has a nonunique minimizer due only to a subgroup of isometries Gy,
then Assumption (N2) is used to compare a set €2 to the nearest minimizer of the base
energy. Assumption (N3) heuristically states that ) is a Lipschitz function 2 — R, where
the topology placed on the space of sets is either the L' distance |QAQ'| or a dis-
tance governed by the L! difference of their eigenfunctions. Assumption (N4) should be
viewed as a higher regularity assumption on b; it is asking that Jj is not only Lipschitz but
also C!, with derivative represented by the functions aq and bg.

Only the first three assumptions ((N1), (N2), and (N3)) are needed for the existence
theory and core estimates up through Section 7. Assumption (N4) is used to derive the
Euler-Lagrange equation in Section 8 (indeed, the functions ag and bg appear in the first
variation) and for the regularity of minimizers in Sections 9 and 10. In particular, the extra
regularity of aq, bq is only needed in Section 10 to obtain better smoothness of d<2 for
minimizers.

In Appendix A, we verify that the examples given above are admissible nonlineari-
ties. Given an admissible nonlinearity, it is easy to construct others via composition with
functions of one variable:

Remark 2.12. Given any admissible nonlinearity b, and any C! function ¢ : [0, 1] — [0, 1]
with |¢’| < 1, the composition ¢ o } is again an admissible nonlinearity. No monotonicity
or structure of ¢ is required here.

2.3. Minimizers of the main energy

As we did for the base energy, we will fix R > 0 and vy, and minimize the main energy
over the set # = HR y,,, definedin (2.5). We say that a bounded open set 2 is a minimizer
if Q € # and for any Q' € H#,

F(Q) < Fo(2). (2.12)
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We say that  is an inward minimizer if (2.12) holds for any Q' € # with Q" C Q. We
say that 2 is an outward minimizer if (2.12) holds for any Q' € J with Q' D Q.

The next theorem summarizes the main existence and regularity properties for %
that are established in this paper. The proof follows by combining Theorems 6.2 and 6.3
(existence), Proposition 9.5 (volume constraint), Theorem 8.1 (free boundary condition),
Theorem 9.4 (C 1"*-regularity), and Corollary 10.5 (higher regularity).

We say that a collection € of bounded open subsets of M is uniformly C* if there
is a constant C > 2/inj,, such that for every U € € and every x € dU, the set
oU N By;c(x) may be expressed as a graph with C k norm at most C over a hyperplane
in normal coordinates.

Theorem 2.13. Fix R > 0and v € (0, |M|). Fix any v € (v, |M|). There exist positive
constants 1, T 19 > 0 depending on R, v, vnay such that the following holds: Let §) be
an admissible nonlinearity with respect to the isometry group G of (M, g), and for fixed
T < 19 consider the energy functional ¥ defined in (2.8) with the parameters v, n, and T
in the base energy & of (2.8). Then:

(1) There exists an open set §2 that minimizes ¥, among sets in H = HR y,,.. Any
such minimizer satisfies the volume constraint |Q2| = v, is a set of finite perimeter,
and has a unique first eigenfunction ug up to scaling.

(ii) There exist C > 0 and a € (0, 1) depending only on v, vy, R; a function
p > —Ct with ||pllcoepq) < C; and a constant Ag € [1/C, C] such that the
normalized first eigenfunction ugq satisfies the free boundary condition

[Vug (x)(1 + p(x)) = Ao

for H" la.e. x € *Q N Qpg.

(iii) Assume further that the collection M of minimizers of the base energy is uni-
formly C*. Foreverya € (0,1) and ri > O thereisa vy = 11 (V, Vmax, 0, 71, @) > 0
such that the following holds: If T < 11, then for any minimizer Q2 of ¥, the set
QN {x € Qg :d(x,00R) > r1} may be parametrized as a C** normal graph
(with C%* norm bounded by r1) over U for some U € M.

If M/G is compact, then all constants may be taken to be independent of R; the
minimization of ¥, may be taken among all bounded open subsets of M with volume at
most Vmax,; and in (iii), the entire boundary of any minimizer Q may be written as a C%*
graph over oU for some U € M.

Theorem 2.13(i) implies that the minimization of ¥; among sets in J is equivalent to
the minimization problem

inf{F(Q) : Q € #*,|Q| = v},

where we let #* denote either the collection of open bounded subsets of Qg or, in the
case that M/ G is compact, the collection of open bounded subsets of M.



From linear to nonlinear stability for Faber—Krahn 233

In order to better track the dependence of constants in various estimates in the sections
which follow, we define two quantities which measure growth properties of the eigenfunc-
tion and torsion function of . Let € be an open subset of Qg with 11(R2) < 1,(2),
and ug be the first eigenfunction (normalized so that f ué =1 and ug > 0 as usual),
while wgq is the torsion function. Then,

UP(Q) = sup{ug(x)d—(i_xﬁ;vg(x) X €Q.d(x.09) € (0.1)) (2.13)
and
DO(R2) = inf{% Sll},l[Z )ug(x) + \/§WQ(X) 1y eQ,re(0, 1)}. (2.14)
xenr(y

In general, UP($2) € (0, oo] while DO(£2) € [0, oo], though we will show in Section 3.1
that DO(2) < oo by showing that ug and wg are bounded. We also always have
DO(£2) < UP(L2). The core nonlinear estimates for this type of variational problem, fol-
lowing [5], are that outward minimizers have UP(2) < C < oo, while inward minimizers
have DO(2) > ¢ > 0.

2.4. Selection Principle

In this section, we establish the main linear-implies-nonlinear stability result of this paper,
which is Theorem 2.14 below. This is a generalization of Corollary 1.2. As we noted in
the introduction and as will be apparent in the proof, the constant ¢ in Theorem 2.14
below is not explicit. The proof is essentially self-contained assuming Proposition 2.4 and
Theorem 2.13, with the exception of some continuity statements of Lemmas 3.10 and 3.16.
We operate under one of the following sets of assumptions:

Case 1: M/ G is compact.

Case 2: M is arbitrary and R > 0 is fixed.

Let #* = {Q open, bounded} in Case I and #* = {Q open : Q C Qr} in Case 2.
Fix 0 < v < Upax < |M |, with vy < |QR| in Case 2. Let n = (v, vmax, R) be chosen
small enough according to Proposition 2.4, as well as Lemma 3.16 and Lemma 3.10 in
Case I and Case 2, respectively. Then, choose Ty = T (v, Umax, R, 7) > 0 small enough
according to Proposition 2.4. Fix any 0 < T < T. All constants and parameters below
depend on these fixed values.

We are interested in looking at the quantitative stability of minimizers of the base
energy & with a volume constraint:

inf{A,(Q) + Ttor(Q) : Q € #*,|Q| = v). (2.15)

By Proposition 2.4, the infimum in (2.15) is equal to the infimum &,;,(v) of the uncon-
strained problem (see (2.6)), and the two minimization problems are equivalent in the
sense that if a set Q € J* attains the infimum in (2.6), then |2| = v and it attains the infi-
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mum in (2.15), and the converse also holds. Let M™* denote the collection of minimizers
of this variational problem, which is nonempty by Proposition 2.4. In Theorem 2.14, we
make the following assumptions about M*:

In Case 1, assume that M* may be represented as {e(U)}ceg for a set U € M*,
the boundary dU is smooth, and there exists a set center adapted to U defined for sets
in {Q2:8(RQ) < Enin(v) + 8} for § small enough. Recall that set centers are defined in
Definition A.2 and that examples to keep in mind are those on simply connected space
forms in Examples 2.7-2.9.

In Case 2, assume that M* contains only one element U and U CC Qg and that dU
is smooth.

More general situations, such as finitely many minimizers (modulo isometries in
Case 1) may be considered with suitable modifications to the arguments here. Given an
open bounded set €2, let d4(€2) be the distance to the collection of minimizers as defined
in Example 2.10. In Case 1, we let Ug denote the unique minimizer with the same set
center as 2.

Theorem 2.14. For M and M™* as above and ¢ > 0 small, assume that the inequality
21(Q) + Ttor(Q) — Emin = cdx(Q)? (2.16)

holds for all Q € H* with |Q| = v and 0 expressible as a C? normal graph over dUg
with C%% norm bounded by s. Then, up to possibly replacing ¢ with a smaller con-
stant, (2.16) holds for all Q € JH* with |2| = v.

Proof. Suppose by way of contradiction that the theorem is false. We may find a sequence
of sets {Q2;} with Q; € #* and |Q2;| = v such that
d2

E(2) = M () + T tor(Q)) < Emin + L, (2.17)
j

where here and in the remainder of the proof, we let d; = d.(£2;). The quantity d.(£2) is
bounded above uniformly for any 2 € #*, so (2.17) implies that

lim €(Q)) = Emin(v).
Jj—o00

Applying Lemma 3.16 in Case I or Lemma 3.10 in Case 2, we see that d; — 0, and
so there exists U € M™* such that, after passing to a subsequence, |2; Ae; (U)| — 0 as
Jj — oo forsomee; € G.

For each j € N, consider the minimization problem

inf{F(Q) = E(Q) + TH(Q) : Q € H*), (2.18)

where we let

B(R) = \d* + (du(@)? - d?) - d?,
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where T < 7 is a small parameter, and 79 = 79(V, Umax, R, 77, T) is chosen so that Theo-
rem 2.13 holds. By Theorem 2.13, a minimizer V; of this variational problem exists and
satisfies |V;| = v. Let us take 2; as a competitor in (2.18) in order to relate the deficits
and distances of €2; and V;. We find that

ey +t(Vd} + (V)2 - a?) — @?) < €(@) (2.19)
a2
5&m+#. (2.20)

In (2.20) we have applied equation (2.17). Subtracting & (U) = &Epin(v) throughout (2.19)
and (2.20) (and recalling that &pin(v) < &(V;) by definition), we directly see that

8(V]) - 8min(v) = 8(91) - 8min — 0. (221)

Furthermore, (2.20) tells us that

Vi + @2 =) < (14 = )d.

After squaring both sides of this inequality, we find that (dx(V;)* — d?)> < 3d}/zj. This
guarantees, first of all, that V; ¢ M™ for j sufficiently large. Moreover, taking the square
root of both sides, we find that for sufficiently large j,

1
54 < (V). (2.22)

Therefore, combining contradiction hypothesis (2.17) with deficit and distance compar-
isons (2.21) and (2.22), we see that

42 \2
E(V)) — Euin(v) < E(Q)) — Emin(v) < L < @ (2.23)

J

According to Theorem 2.13, V; may be represented as a C** normal graph over dU;
for some U; € M, with C** norm controlled by 0;(1). Moreover, the set centers of U;
and V; converge, since d (xy;, xy;) < C|U; AV;| = 0; (1), which immediately implies that
|U; AUy, | = 0;(1) from the properties of set centers. Here Uy; is the unique minimizer
with the same set center as V;. Using the smoothness of the minimizers U and the tubular
neighborhood theorem, this means for large j, dU; (and then also dV;) may be written as
a C?“ normal graph over dUy; with small C 2% norm. Applying hypothesis (2.16) to V;,
we see that
Cd*(Vj)z =< S(VJ) — Emins

which for large j is a contradiction. This completes the proof. ]



M. Allen, D. Kriventsov, and R. Neumayer 236

Recall from the discussion in Section 2.2 that d«(2)? is comparable to
di(Q)? == |QAUg|* + / lug —uyg)?

for  whose boundary is a (small) normal graph over dU, and controls d,(2)? in all
cases. This leads to the following corollary, which in particular proves Corollary 1.2:

Corollary 2.15. Theorem 2.14 remains valid with dy in place of d.

3. Eigenfunctions, torsion functions, and the base energy

This section collects some useful facts about eigenfunctions and torsion functions of
bounded open subsets of M, as well some initial properties about the base energy & and
its optimizers. Section 3.1 is devoted to general properties of eigenfunctions and torsion
functions.

Section 3.2 contains Proposition 3.9—the key estimate that will allow us to control the
nonlinear perturbation in the main energy in the remainder of the paper. This proposition
estimates the difference of eigenfunctions on nested domains in terms of their eigenvalue
and torsional rigidity differences. Fundamentally, this proposition highlights why we are
able to establish existence and regularity of minimizers of the main energy when the coef-
ficient T in front of the torsional rigidity is positive (and suitably small), but not when
T = 0 and the leading term in the base energy is only the first eigenvalue.

In Section 3.3, we establish the existence and initial properties of minimizers of the
base energy in Q g, while Section 3.4 extends some of these properties of minimizers of
the base energy globally.

We recall the set #H = Hp y,, defined in (2.5). Recall that we always implicitly
assume that vy, and R are chosen so that vy,,x < |QRr| and, when |M | is finite, so that
Umax < |M |. Finally, we remind the reader that, in addition to the dependencies stated in
each theorem, all constants will depend on (M, g).

3.1. Eigenfunctions and torsion functions

Our first lemma collects some basic facts about eigenfunctions and torsion functions. The
proof is elementary, so we omit it.
Lemma 3.1. Let Q@ C M be a bounded open set. Then, the following properties hold:
(i) wgq is nonnegative and satisfies Awg > —lg on M in the sense of distributions.
(i) Awg =—10nQ.
(i) [ [Vweal* = [q we = —2tor(Q).
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@iv) If A1(R2) < A2(R2), the normalized eigenfunction ug, up to replacing with —ug,
is nonnegative and Aug > —A1(Q)ug on M in the sense of distributions.

) Ifugisasin(iv), Aug = —A1(Q)ug on Q.

Next, we show that eigenfunctions of a domain 2 C M are bounded uniformly in
terms of an eigenvalue upper bound.

Lemma 3.2 (Eigenfunction upper bound). For each Ao > O, there exists a constant
C1 = C1(Ag) such that the following holds: Let Q2 be an open bounded set and fix A < Ay.
For any function u € H} (Q) with ||lu||z2 = 1 satisfying Alu| > —Au| on L,

lu| < Cy.
In particular, this applies to any eigenfunction of 2.

Proof. Let K(x, y,t) be the heat kernel on M (see [22]), and set

Cy = e sup v/ K(x, x,2).
xeM
Since (M, g) has bounded geometry, C; is finite. Extending u by zero to be defined on
all of M, the function e ~**|u(x)| is a subsolution to the heat equation on M. Using the
comparison principle,

/
e_M|M(X)| < /K(x,y,t)|u(y)|dy < (/ Kz(x,y,t)dy)1 2||u||Lz = Vv K(x,x,2t).

Set t = 1 to conclude. [

Next, the torsion function of an open bounded set is bounded in terms of its torsional
rigidity:
Lemma 3.3 (Torsion function upper bound). For each T > 0, there exists a constant
Cy = C,(T) such that the following holds: Let Q2 be an open bounded set such that
tor(2) > —T. Then,
wo < C,.

Proof. Inlocal coordinates on a ball B, (x) around any point x € M, we have that wg > 0
and Awg > —1, so applying the local maximum principle ([28], Theorem 8.17) gives

sup wé < C(r, x)[/ |Vu)gz|2 + 1] < C(r,x)[—tor(2) + 1].
B, /5(x) By (x)

In the second inequality we used Lemma 3.1(iii). Since (M, g) has bounded geometry,
the values of r and the constant C(r, x) = C may be taken uniformly for all x € M. We
conclude by letting C, = C[T + 1]. |

The next lemma shows that the eigenfunction is controlled by the torsion function.
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Lemma 3.4 (Torsion function controls eigenfunction). Let 2 be an open bounded set with
|2 < |M| such that A1(2) < A2(K2). Then, there is a constant C3 depending only on Cy
of Lemma 3.2 and X1(2) such that

ug < Ciwg.

Proof. This follows directly from the maximum principle and Lemma 3.2: We know that
—Aug < A1(Q)Cy = —AL1(RQ)Crwg on 2, and both ug and wg are in H(} (R2), there-

fore ug < C1A1(Q)wg on 2. ]
As a consequence of this lemma, if we write Aug = —A1(Q)ug + p in the sense of
distributions, with y a nonnegative measure, and similarly, Awg = —1g + v where v is

a nonnegative measure, then ;¢ < Cv. The opposite inequality wg < Cug is much more
subtle, and will be discussed for minimizing 2 in Proposition 7.8.

We now establish two forms of a Poincaré inequality on the sets Q g defined at the
beginning of Section 2; the key point here is that they depend only on the parameters R
and Vpax.

Lemma 3.5 (Poincaré inequality). Fix v, < |M|and R > 0, and let X be the completion
of the space {u € Cg°(QR) : [{|u] > 0}| < vmax} with respect to the seminorm |Vu||12(g )-
Then, the embedding

X — L*(Or)

is continuous for p € [1, nzT”z] and compact for p < ,,2Tn2 If Vmax < |OR|, then the same

is also true, letting X be the completion of the space {u € C*°(QR):|{|u| > 0} < Vmax,
[Vull2(gg) < +00} with respect to the seminorm | Vul|p2(g p)-

Proof. Let H'(QR) be the completion of the space {u € C*®°(QR) : lullgri(og) < +00}
with respect to the norm [[u|| 10 ) = ullL2(0z) + IVUllL2(0)- It is well known (see
for instance [30, Theorem 10.2] or [6, Theorems 2.30 and 2.34]) that on Q g (or more gen-
erally, any compact Riemannian manifold with boundary), H'(Q r) embeds continuously
into L?(QpR) for p € [1, nz_"z] and the embedding is compact for p < nzTnz

Suppose by way of contradiction that the second embedding stated in the lemma
fails for p = 2n/(n — 2). Take a sequence of functions {uy} with ||ug||zr(0z) = 1 and
Hux > 0} < vmax such that [[Vugl|z2(g,) — 0. We see from Holder’s inequality that
luillz20p) < C(QR). So, from the continuous embedding H'(Qg) < L?(QRr) we
find that uy — ¢ in H'(QRr), L?(QR) and pointwise a.e. in Qg for some constant
¢ € R. On one hand, |[c||zr(gz) = 1, while on the other hand, Fatou’s lemma implies
that [{|c| > 0}] < vmax and so ¢ = 0. We reach a contradiction.

Now, for p <2n/(n —2), the continuous embedding then follows by Holder’s inequal-
ity, while the compactness of the embedding follows from the compact embedding
of H(QR) into L?(Q ) and the continuous embedding of {u € H'(QRr) : |{|u| > 0}|
< Umax} into L2(Q g) that we have just established.
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We prove the first embedding of the lemma analogously. If M is compact, then the
argument above carries over directly. If M is noncompact, we again argue by way of con-
tradiction and take a sequence of functions with |lug||zr(0z) = 1 and [|Vug||r2(0,) — 0.
Extend each uy by zero to be defined on Q5. By Holder’s inequality, [[uk|lz2(g,z) < C
and so from the continuous embedding H'!(Q,r) <> L?(Q2r) we see that u; — c
in H'(Q2Rr), L?(Q2r) and pointwise a.e. in Q»g. On one hand, ||c||Lr(0,z) = 1, while
on the other hand, uy = 0 on Qsr \ Qg and so we see that ¢ = 0. We reach a contra-
diction. Again, the continuous embedding for p < 2n/(n — 2) then follows by Holder’s
inequality, while the compactness of the embedding follows from the compact embedding
of Hj (QRr) which embeds continuously into L?(Q g) and the continuous embedding of
H{}(QR) into L2(Q g) that we have just established. "

As an immediate consequence of Lemma 3.5, we may bound the torsional rigid-
ity tor(§2) from below uniformly for all domains in # = Hg,,,,, (that is, the class of
admissible domains defined in (2.5)). Naturally, if M has bounded diameter, then the
lower bound is independent of R.

Corollary 3.6 (Torsional rigidity lower bound). Fix R > 0 and vyax < |M|. There is a
constant C(R, vmax) < 00 such that for any Q € K,

tor(2) > —C(R, Umax)-

Proof. Fix Q € # and let wg be the corresponding torsion function, so that tor(2) =
Jo %leQ|2 — wg. Then, for any & > 0,

/ wal < C(R, v Vivalls < & / Vwal + Ce. R. V).

where the first inequality used Lemma 3.5 on wgq extended by 0 and the fact that
Hwg > 0}] < || < vma. Take & = % and reabsorb to get

1 1
tOr(Q)=/Q§|VLUQ|2—LUQ z—C(R,vmaX)+/QZ|VwQ|2.

This concludes the proof. |

Remark 3.7. Notice that from Corollary 3.6, for any Q2 € H = H#Rg y,,,, the constant C;
in Lemma 3.3 depends only on R and vp,x.

The final lemma of this section is an elementary fact about the energy of the difference
between any normalized nonnegative function and the first eigenfunction.

Lemma 3.8. Let Q be an open bounded set with L1(2) + a < A,(R2) for some a > 0,
and v € HJ (Q) with [v?> =1 and v > 0. Then,

/|V<ug—v)|2 <(1+ @)[/w-xl(m].
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Proof. Let us use the shorthand A; = A1(2) and A, = A,(R2), and write v = fug + v
where § = f uqv. Because f uqv, = 0 by definition, we observe that

b= =22 [12 = [IVosP = [190P =282 = [I901 =21+ 111 = 2

In particular, (1 — B)? < [|Vv|? — A1 and [|Vui|? < (1 + A1/e)([|Vv|* = A1). So,
sinceug —v = (1 — Bug + vy and 0 < B < 1, we see that

/|V<ug CwP = (- pAr + / wou = (14 28 /|w|2

This concludes the proof. ]

3.2. The key estimate on the nonlinear perturbation

In order to study the existence and regularity of minimizers of the main energy ¥;, we
require some sharp estimates on how an admissible nonlinearity fy changes under a change
in domain from Q to Q’. From Assumption (N3) in Definition 2.11, this is controlled
by the sum of the symmetric difference |Q2AQ’|, which is easy to estimate; and the L!
difference of eigenfunctions | |ug — ugq|, which is not significantly more difficult to
estimate. In fact, we do not know how to control this quantity in terms of the eigenvalue
difference |11 (R2") — A1(2)| alone, at least in the case of outward perturbations. The next
proposition does bound [ |ug — ug|, but the difference | tor(€2) — tor(€2’)| appears on
the right-hand side of the estimate as well. This is the fundamental reason for introducing
the torsional rigidity term into the main energy functional ¥~.

This proposition will be the crucial ingredient in proving the main estimates of Sec-
tions 4 and 5 and establishing our main existence result in Section 6. At least for the
estimates, the proposition’s specific form, with linear dependence on | tor(2) — tor(2")|
and |A1(2") — A1(2)|, is essential; the (much) simpler sublinear versions of this inequal-
ity are insufficient.

Proposition 3.9. Fix 0 < vy < [M|], @ > 0 and Ly > 0. Let Q@ C Q' be bounded open
sets with || < Vmax, A2(R7) = A1(RQ) + o, and A1(R) < Ag. Let f: M — R be a
bounded function. Then, there exists a constant C4 = C4(0, Vmax, Ag) such that

| [ Fus = um)| = Call = () — @) + (@) = Ma(@)). G

In the case that the first eigenvalue of €2 is not simple, Proposition 3.9 holds trivially
for any first eigenfunction ug. To see this, note that A1 (2) > A1 (') and 1,(R) > 1,(Q’)
from Q C Q'. So, if A1(2) is not simple, then A1 (2) = 1,(R) and so A1(2) — 11(R')
> «, meaning the estimate here holds automatically for every normalized first eigenfunc-
tion ug (using Lemma 3.2). So, in the proof below, we will assume that A1 (2) < A,($2),
in which case ug is uniquely defined.
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Proof. We first consider the case of  compactly contained inside ' and having smooth
boundary, but all constants will be independent of the nature or regularity of d<2. Let
B = [ fug and write f = Bug + f1. We estimate the contributions of Bugs and f1
on the left-hand side of (3.1) separately. To estimate the contribution from the first term,
use the normalization of the eigenfunctions uq, ug:

B
/ﬂuszf(uszf —ug) = ,3/14?2, —ugug = —/ué, +ud —2ugug

2
_ ﬁ/ 2
=3 lug —uqr|”.

Applying Lemma 3.8 and assuming without loss of generality that & < A;(2’), we have

[ ua—val = 1= [ 1V —uq) < 2| [ 19ual - 21@)]

= 3@ - @),
(07

and therefore,
3
| [ usrtue —ue| = 21fluelhi @) - 1)) (32

Now, for the remainder f) we have that || f1|l;2 < | fllz2 < /Vmaxllf|lL~ and
| fLug = 0. This means we may solve for the potential

{ ~Ag—M(2)g=f1L ong, 53

qg=0 on 0§/,

which has a unique solution g € HO1 (Q') with [ qug = 0, and enjoys the estimate
gl z L@y = C(a)|| fL||z2 (this follows from the Fredholm alternative). From Lemma 3.2
we have that ||ug/ |z~ < C, so

Ifillzee < 1 f 2 llugrllzoe + 1 f e < ClLf flzoe.

So, from (3.3), we see that —Ag — A1(R)g € L°, and we have from applying [28, The-
orem 8.17] in charts that

lgllzee < C[Il fellzee + llgllz2] < CILf L.

Now rewriting the PDE as —Ag = 11(R')q + f1L € L, applying the comparison prin-
ciple with a multiple of the torsion function wg’ gives

lgl = C|l fllLewg.
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This is the key fact about g; note also that from standard elliptic regularity ¢ lies in
C(V)N W22(V) for any V compactly contained in Q.
We proceed in our estimate:

/fJ_(MQ/ - MQ) = /fJ_MQ = /(—Aq - )Ll(Q,)q)uQ. 34

From Lemma 3.1, we have Aug = —11(R2)ugq + u in the sense of distributions, where
is a nonnegative measure supported on d<2: that is, for any function ¢ € C°(M ), we have
that

/ (Mg + 11 (Qphug = / b du. (3.5)

Take an open set V' such that @ CC V CC Q' and a sequence ¢ € C°(M) with
¢k — qllw220)ncvy — 0; then, passing to the limit in (3.5) leads to

J@a+m@aua = [qdp.

Continuing on and applying this to (3.4), we have

[ a(-sua - 21@wa) = [ g+ (a(@ - 2@) [ qua.
The second term is controlled by
(1@ = (@) [ qua] = (1109~ 11 @) lglzs Iualss
< C(A1(2) = A (NN f e,

so we need only focus on the first. Recall from Lemma 3.4 that writing Awg = —1g + Vv
on Q' for a nonnegative measure v, we have & < Cv. As such,

| [adn| = [1aldn = st [waraw=clflis [ +ua)dv
in the final identity, using that wg vanishes on the support of v.
Let ¥ be a C2(M) function with ¥ = wg + wg on © CC Q/; this exists as Q is

smooth and so wg is smooth up to the boundary d2’, and then we may apply, for example,
Whitney’s extension theorem. Applying the distributional definition of v, we have that

/(wsz/ +wq)dv = /de = /wQAl/f + loy = /—Zwsz + lo(we + wer),

using that Ay = A(wgq + wgr) = —2 on the support of wg in the last step. Using the
positivity of wg/, we have

/—Zwsz + lg(wg + we) < /wsz/ - wg.
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Recalling that tor(2) = —% [ Vwg|* = —% [ wg and the analogous result for €/,
we have shown that

| [ fru —ue| = €I lm 1)~ 21(@) +10r(@) - tor(@)].

This together with (3.2) gives the conclusion.

For the case of a general Q without restrictions on the smoothness or location of 9€2,
let Qx € Qg4 CC 2 be an exhaustion of Q by smooth sets (i.e., 2 = [, Q; see,
e.g., [26, Chapter 5, Theorem 4.20]). Then, apply (3.1) to Q. We have that A;(2g)
> A1(2) and tor(2;) > tor(2) from set inclusion. Take first eigenfunctions ug, —
u € H}(Q) weakly (and therefore strongly in L?(2)) and locally in C? topology for
some u € HJ (Q) along a subsequence; similarly, wg, — w € Hg (2). Passing the PDEs
satisfied by these to the limit, we see that —Au = Au and —Aw = 1 on all of 2, where
A = limg A(R2%) > A1(£2) is some number; moreover, u#, w > 0 on 2 and fu2 = 1. This
implies that u is an eigenfunction of € and A is an eigenvalue; however, as [ uug > 0
it must be the case that u = ug and A = A;(2) (recall we are assuming that A;(S2) is
simple). Similarly, wg = w as the solutions to the corresponding PDE are unique. This

means that : :
tor(Qg) = —E/wgk — —z/wg = tor(2)
while
[ tuan [ yum
by using convergence in L2. In particular, both sides of (3.1) pass to the limit. ]

3.3. Base energy minimizers in Q g

We now move toward minimizing the base energy & among subsets of a fixed Q g. In this
section we establish existence, volume bounds and connectedness properties of minimiz-
ers in the class # = HR v, -

We start with an existence and compactness theorem for minimizers. The statement
is formulated in a way to give information on wg if and only if T > 0. We recall that
the base energy &, the collection of sets over which we minimize #, and the collection
of minimizers M are defined in (2.4), (2.5), and (2.7), respectively. Recall from (2.6) that
Emin = Emin(V, Vmax, 1, T, R) denotes the infimum of the base energy.

Lemma 3.10. Fix R > 0 and v, Vimax with 0 < v < Vmax, as well as the parameters n > 0
and T > 0 in the base energy. Then:
(l) gmin > —0Q.

(i) Let Qi € H and uy, wi € Hy(Q) with [ui = 1 and

. 1
tim [V +% [ SVl =k + fon(12D = G G6)
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Then, there is a subsequence 2 kj and a set Q € H such that

||Mk,- - MQ”HQI(QR) + V(i””wk,- - wQHHOl(QR) + |QAij| — 0,

where ug is a normalized first eigenfunction of 2 and wq is the torsion function
of Q.

(iii) M is nonempty, and for any 2 € M, the functions ug and ~/ T wgq are continuous
on M after extension by 0 to be defined on all of M (for any choice of normalized
first eigenfunction ug).

Proof. Notice that [ [Vug|> > 0 and f, ,(|Q|) > —nv by definition. Moreover, tor(2)
is bounded from below uniformly in 2 € J¢ by Corollary 3.6. Summing these terms and
taking the infimum shows that &,,;;, > —o0, thus establishing (i).

Step 1: Basic compactness. Let Qp be a minimizing sequence as in claim (ii) of
the lemma. As we noted above, each of the terms [ [Vug|?, T [ %|Vwk|2 — wg, and
Ju.n(|Q2k[) in the energy are bounded from below individually. Because &, is also
bounded from above, these three terms are bounded above individually as well. This
immediately gives that |Ju|| HL(QR) is uniformly bounded, while applying Lemma 3.5
as in the proof of Corollary 3.6 gives that

1 1
C> %/5|Vwk|2 = T[CR ) / V]

giving «/§||Vwk||Lz(QR) < C and so \/?”U)k”HOI(QR) < C from Lemma 3.5 again.
Passing to subsequences, we have that uxy — u weakly in H} (QR), strongly in L2,

and a.e., and similarly for wxy — w when T > 0. This implies that 1,42 w|>0p <

liminfy 1y, |+ |w,|>0}» S0 by Fatou’s lemma |{|u| + T|w| > 0}| < liminfy [Q2x| and

Sl + To] > 0})) < liminf £, ().
Using the lower semicontinuity of the norm under weak convergence, we have that
J1vul 4% [ SIV0l <0t foallal + Tl > ) < 6w G
and [u? = 1. From Lemmas 3.2 and 3.3, we have |ug| < C; and |wi| < Cy; these pass

to the limit to give |u| + VT |w| < C.

Step 2: Continuous representatives. We will now show that u, w admit continuous
representatives; this will imply that the set  := {|u| + T|w| > 0} is open (and hence
in #), u is a first eigenfunction of 2, w = wg, and the inequality in (3.7) is an equality.
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Step 2a. To this end, we first claim that ¥ and w have the following “almost minimal-
ity” property: Fix a small ball B,,(x), x € Q r. We claim that

2 2 f| a|2 2
[Vul 4+ T |Vw| f + T |Vb| -b+Cr" (3.8)

for any pair of functions a, b with a = u and b = w on B, (x)¢ and such that ¥ — a and
w — b arein Hy (By(x) N Qg).

Indeed, let ¥ be a smooth cutoff function which is 1 on B,(x) and supported
on By, (x). Let Q) = Qi U B, (x) and define the functions ay, by € H{ (2}) by

ar = Ya+ (1 —Y)ug,
b =yb+ (1 —y)w.
Note that ax — a and b — b in L. Moreover, fy ,(|12,]) < fu.n(1Qk]) + Cr". So, we

may use ay/||ak||z2 as a competitor for ug and by, for we! inside of (2.2) and (2.1) to
give

2

1

b < 6@ = L0 v [Lwn - fg00en +om
k

Recalling that uy, wi were chosen to satisfy (3.6), this gives that

2 1 1
Ofliminf k| /|Vu >+ /§|ka|2—bk—/§|Vwk|2—wk]+Cr”,

k—o00
3.9)
We first focus on the term in brackets. We have

1 1
/§|ka|2—/§|Vwk|2
= %/|Vwk|2[(1_¢)2—1]+w2|Vb|2+2w(l—w)Vb-Vwk+0k(1),

where the oy (1) term contains all error terms containing Vi and can be seen to converge
to 0 using the weak convergence of Vwy — Vw, the strong convergence of wy — w, and
the fact that » = w on the support of V. Therefore, taking limits in the term in brackets
in (3.9), since w = b when 1 — v is nonzero, we have

1 1
limsup/§|ka|2—bk—/§|Vwk|2—wk

k—o00

IA

%/'W'z[(l —Y)? = 1]+ Y2IVEP + 29 (1 = y)| Vol + / w—b

1
_ 5/w2[|Vb|2—|Vw|2]+/w—b
1 1
=/—|Vb|2—b—/—|Vw|2—
2 2
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In the inequality we have used that [ ¢|Vw|? < liminfx_, s [ ¢|Vwg|? for ¢ > 0 from
weak convergence (and setting ¢ = 1 — (1 — ¥2)). A similar computation for the a; terms

gives
2 2
1imsup "' /|v L2 < f' “' /|v 2.

k—o00

Substituting these conclusmns into (3.9), we arrive at (3.8), thus proving the claim.

Step 2b. Now let a be the harmonic replacement of ¥ on B, (x) N Qg (i.e., the mini-
mizer of fB,(x)nQR |Va|? with data v on [ B, (x) N QRr]), and b the harmonic replacement
of w. Then,

1 1
/ |Vu|2+'%:-|Vw|25Cr"+/ |Val? + T=|Vb|?,
B, (x) 2 B, (x) 2

which we obtain by estimating the nongradient terms using |u|, |w|, |a|, |b| < C and
absorbing them into the Cr" term. Rewriting and using that [(Va, V(u —a)) = 0 from
the equation on @ (and similarly with b),

1
/ IVu—a)* +T=|V(w—-b)|> <Cr".
B, (x) 2

This is valid for any B, (x), and implies that u, /T w are CO’“(QR) (see [17]).

Step 3: Conclusion. Finally, as Q is open, Q € # and &, < &(RQ) < f |Vu|2 +
Ik %|Vw|2 —w + f,7(|R2]) < Emin. This implies that w = wg, u is a first eigenfunction
of 2, and

lim /|Vui| =/|Vu|2, lim /|Vw,%| =/|Vw|2, lim |Q| = |].
k—00 k—>o0 k—o00

This gives the strong convergence of u; and wg in HOI(QR). To see the convergence
of Q, recall that 1g < liminfy 1g, ; integrating over $2 and applying Fatou’s lemma gives
|| < liminfg |2 N Qgl, or |2\ Qx| — 0. Together with |Q2| — |€2| this guarantees
|2 \ 2| — 0 as well.

For (iii), properties (i) and (ii) immediately give that M is nonempty by applying
them with ux = ugq, (an eigenfunction of Q) and wy = wg, , where Qj is any sequence
in # with (k) — Emin. Choosing Q = Q and any first eigenfunction ug, = ug and
applying the continuity argument above gives that ug and /T wg are continuous. |

Recall that the volume penalization term f, , in the base energy does not immedi-
ately guarantee that a minimizer 2 € M satisfies the desired volume constraint |Q2| < v.
However, the next lemma provides an initial upper bound on the volume of a minimizer,
provided that the parameter 7 in the volume penalization term is taken to be sufficiently
small. We will eventually show this in Proposition 9.5, as well as that Q2 € M actually
satisfies the desired volume constraint |Q2| = v.
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Lemma 3.11. Fix R > 0 and v, Vyax with 0 < v < Vpax, and 0 < T < 1. There exists an
no = No(V, Vmax, R) > 0 so that for n < ng, if 2 € M then

vmax + v
2

Proof. We have already verified in the proof of Lemma 3.10 that £(2) > —C + f, ,(|R2])
for any 2 € #; this estimate is uniform for any T < 1. By choosing some smooth €2 such
that |2| = v, we see that & (2) < C with C independent of 5 (and T°). We therefore have,
for Q € M,

2] <

2] —v

< fun(IR2]) = C.

VUmax —V

Choosing n < =% gives the conclusion. ]

Remark 3.12. In the remainder of the paper, we will always assume, without further
comment, that the parameter in the base energy & and the main energy F7 is taken such
that n < ng, where 179 = 19(v, Vmax, R) is the constant obtained in Lemma 3.11.

In the next lemma, we show that the coefficient T in front of the torsional rigidity
in the base energy can be taken to be sufficiently small to guarantee that a minimizer
Q € M is connected and its first eigenvalue is simple. Although the simplicity of the first
eigenvalue follows from the connectedness, we prove these two properties separately so
that the proof can be immediately generalized to prove Lemma 3.14 below.

Lemma 3.13. Fix R > 0, v < Unax, and n > 0. There exists a To(v, Umax, 1, R) > 0 such
that if 2 € M with T < Ty, then Q is connected, ug > 0 on Q (up to changing sign),
and

A2(82) > A1(R).

Proof. We first prove that these three properties hold when T = 0.

Spectral gap when T = 0: First, suppose by way of contradiction that A, (2) = 1 ().
Then, there are two functions w1, up with [ |Vu;|?> = 11(Q), [u? = 1,and [ujus = 0.
By Lemma 3.10, they are both continuous, and we may assume without loss of generality
that u; > 0 by replacing u; with |u;| in the Rayleigh quotient characterization of eigen-
functions. So, the orthogonality shows that {u#; > 0} and {u, > 0} are disjoint open sets.
Now let Q" = {u; > 0}, noting that A;(’) < [ |Vu;|> = A1(Q). On the other hand,
|] < |22, 80 fo,,(IQ]) < fon(IR2]) and E(R’) < E(2) = Emin. This is a contradiction
which shows that A, (2) > A1(R2).

Connectedness and positivity of the eigenfunction when T = 0: Next, suppose by way
of contradiction that €2 is not connected. Then, there is some connected component £’ on
which the first eigenfunction ugq of 2 (which is unique by the previous step) is positive.
Then, ug|q is a first eigenfunction of @, so A11(2) = A1(’), and |Q’| < |R2]. So, just
as in the previous step, we take Q' as a competitor and find that & (') < &(2). This is a
contradiction, showing that €2 is connected. Then, the strong maximum principle implies
that ug > 0in Q.
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Setup for T > 0: Now we prove these three properties when T > 0 is sufficiently
small. We prove the spectral gap and the connectedness again arguing by contradiction.
As in the previous part of the proof, the positivity of the first eigenfunction follows
immediately from connectedness and the maximum principle. Suppose by way of con-
tradiction that there is a sequence of numbers T} — 0 and a corresponding sequence of
sets Qr € M, such that either A5 (Qy) = A1(Qy) or Q is disconnected.

Let us begin by making some general convergence and compactness observations
about this sequence. By minimality, for any fixed competitor 2 € J, we have

A1(Qp) + Ty tor(Qp) + fon(Qx) = A1(2) + Ty tor(2) + fo,n(2)
= A1(R) + fo.n().

From Corollary 3.6 we know that tor(2) > —C, and so each of A1(€2y), tor(2;), and
Jo,n(82) are bounded uniformly in &, so the middle term T tor(2x) — 0. This means

Emin(Th) = A1(Rk) + fo,n (k) + 0k (1)
< inf{A1 () + foq(R) : @ € H} + 0k (1) = Enin(0) + 0k (1).

In particular, &in(Tk) = Emin(0) and limg A1 (k) + fo,n(Qk) = Emin(0). For each k,
fix a first eigenfunction ug, for Qj; as above we may take them nonnegative. Applying
the compactness claim of Lemma 3.10, there is an Q € Mo with [|ug, —ug ||H01(QR) —0
and | AQ| — 0. Since Q € My, that is, 2 is a minimizer for T = 0, it satisfies the
three properties of the lemma shown above in the case T = 0.

Spectral gap for T > 0 sufficiently small: Returning to our main contradiction argu-
ment, first suppose that A,(2;) = A1(2;) along some subsequence (that we do not
relabel). So, for each k we have a first eigenfunction vy € HO1 (%) with v > 0 and
J vZ =1 that is orthogonal to the previously selected first eigenfunction: [ vxug, =0,
and [ |Vug|* = 11(2%) — A1(2). We may apply Lemma 3.10 to vy instead of ug,
to obtain another set Q' € My and a continuous first eigenfunction ug: of Q' such that
lvg — MQ’”HOI(QR) — 0 and |Q; AQ’| — 0. In particular, this tells us that [ AQ'| = 0.
So the set Q" := Q U Q' is in the competitor class #, and satisfies 11(2”) < A11(f2), and
|7 = |2]. In particular, Q" € My and A1(R”) = A1(R2). In turn, this means both ug,
and ugq are first eigenfunctions of Q”. Moreover, they are orthogonal because

/ugugr = lim ug, vk = 0.
k—o00

Thus, A, (22”) = A1 (2”), which contradicts the previously established spectral gap for the
case where T = 0.

Connectedness for T > 0 sufficiently small: Next, let us assume that along some
(unrelabeled) subsequence, the sets 2 are disconnected. For each k, denote by E ]’c the
connected components of 2.

As a first step, we notice that | E ,il converges either to |Q2| or to 0. Indeed, let uz > 0
be the first eigenfunction of g, and E ,i be the (unique) connected component of 23 on
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which it is nonzero. We know that u;, — ugq a.e. Since Q € My, that is, 2 is a minimizer
for T = 0, we know from the first part of the proof that ug is strictly positive on 2. This
gives that |E,1| — |Q2] while |E,’€| — 0 for any other i.

Next, we claim that for k sufficiently large, that is, T} sufficiently small, we have
Eli = Qy , and thus, Q is connected. Set |Q| = |E,1| + t; we have shown that f;, — 0.
Assume by way of contradiction that #; > 0 for all k along some subsequence. The basic
idea of the argument is that the torsional rigidity is additive on connected components,
and a component of small nonzero volume contributes too much torsional rigidity for a
set to be minimizing.

More specifically, take E ,i as a competitor for Q2 in the minimization of &, . Since
A(Qp) = /Xl(E,:), we find

Ty tor(Q) + fon (%)) < Tk tor(EL) + fon(|ELD.

Moreover, tor(A U B) = tor(A) + tor(B) for any disjoint sets A, B. Applying this fact to
A=E!and B = Q; \ E/, we find that

T 0r(Q \ EY) + fon(12%]) < fon (ERD. (3.10)
Consequently, if we define the quantity
a(t) := inf{tor(E) : E € X, |E| < t},
then rearranging (3.10) gives us an upper bound for a(#x):

Trate) < fon(ELD) — fon(1Qk]) < —nt. (3.11)

On the other hand, we establish a lower bound for a(¢) that will ultimately give us a
contradiction.

Indeed, from Lemma 3.1(iii), we have [ |Vwg|? = [wg = —2tor(E) (using wg as
a test function for itself). Therefore, we have

1
—tor(E) = E/wE <|E|"|we L2 < CIE[V|VwE |2 < C|E'? Y= tor(E),

where the constant C = C(R, vp,y) introduced in the second-to-last inequality comes
from the Poincaré inequality of Lemma 3.5. Dividing and squaring, tor(£) > —C|E|, so

a(r) = —Ct. (3.12)

Together, (3.11) and (3.12) tell us that ntxy < —Tp a(ty) < C Tk tx, and thus, 0 < p
< CTk. For large k, this is a contradiction. We conclude that Q2 is connected. [

The same compactness argument can be applied to “approximate” minimizers instead,
except for the full connectedness conclusion. We omit the proof.
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Lemma 3.14. Fix R > 0,0 < v < vy, 1 > 0and & > 0. There exist To=To(V, Vinax, 1, R)
and § = §(v, Vmax, R, 1, €) both greater than 0 such that if T < Ty, Q € H and

8(9) = 8min + 55

then:
(1) There exists Q' € M such that |QAQ| < &, |lug —uglg1 < & and also
VT lwe — wellg < e
(i) A2(R2) > 11(R2) + ¢ (v, Vmax, R).
(iii) One connected component E of Q is such that |E| > |Q2| — €, while every other
(if any) is such that |E| < e.

Note that under the assumptions of this lemma, it is simply false that £ must be con-
nected: one may always add a ball of small measure to €2, which perturbs & continuously.

3.4. Global minimizers of the base energy

In general, the constants in the previous section necessarily depend on R, and there is no
reason to expect, for instance, existence of global minimizers on noncompact Riemannian
manifolds with arbitrary (bounded geometry) behavior at infinity. In this section, we turn
our attention to Riemannian manifolds (M, g) where M/ G is compact. In this case, most
of the above estimates remain valid with constants independent of R, and minimizers
of the base energy & among all open bounded sets exist and have bounded diameter. In
the present section, we focus only on estimates which will be relevant in later sections;
in particular, the existence of minimizers is not treated here (but does follow later, from
Theorem 6.3).

Of course, in the case where (M, g) is compact, then M C Q g for sufficiently large R,
and thus the constants in the previous section may be taken as independent of R trivially.
So, to simplify statements, in this section we will assume that (M, g) is noncompact but
(M/G, g) is compact. Note in this case that M has infinite volume.

For our first estimate, we show some initial bounds on the infimum of the energy
and on the torsion function of any open bounded set in terms of its volume. Observe
that &, (R) is a nonincreasing function of R, as the class # is increasing in R. Set
Emin(00) = limp—s00 Emin(R).

Lemma 3.15. Assume M/G is compact and fix v < Upax < 00. Then, there exists
C = C(vmax) < 00 such that for any bounded open set Q with || < Vnax, we have
Emin(00) > —C and wg < C.

Proof. First, we claim there exists a large S >> 0 such that

Je(@s)=m.

eeG
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If not, for every k there is an x; € M such that e(xi) ¢ Qy for any e € G. There exists,
however, a subsequence xj, and isometries e; with e;(xg,) > x € M. If x € QO for
some J, then as Q is open, ¢; (xg;) € Qs for j large enough; this is impossible if k; > J,
sox ¢ Q. This contradicts M = | J, O r. Using the Vitali covering lemma and possibly
taking S larger, there exists a countable collection L € G such that | J,¢; e(QOs) = M
and {e(Qs)}eer have finite overlap. Up to possibly increasing S depending on vp,, we
also assume that |Q 5| > viax-

Now, fix any open, bounded 2 with |Q2| < vy.«. For any e € L, we apply the Poincaré
inequality of Lemma 3.5 to e(Q s) to obtain that

lwallL2@neos) < ClIVwallLz@neos)) (3.13)

for a constant C = C(S, Vinax) = C(Vmax), using that |2 N e(Qs)| < Vmax < |Qs|. Sum-
ming over all e € L and using the finite overlapping property gives [, wg < C [q [Vwg/|*.
Then,

/Q we < C |22 Vugll2) < C |Vwalli ).

so tor(Q2) = [ %|ng|2 — wgq > —C. On the other hand, we have A;(2) > 0, while
Jo.n(§2) = —Umax, 80 () = —C(Umax)- Taking the infimum over all Q gives the first
conclusion.

To see that wg < C, we now have from (3.13), elliptic estimates [28, Theorem 8.17],
and a basic covering argument that

[wallL=@nes) < CllilwallLz(,s) + 11 < C.
Applying to every e gives the estimate. ]

We now establish an analogue of Lemma 3.14 that is independent of R: that any low
energy set can be well approximated by a minimizer (on some Qg for S uniform) and
has one “large” connected component. We use a concentration compactness argument to
handle the loss of compactness coming from the isometries of the space.

Lemma 3.16. Assume M/G is compact. Fix v < Upax < 00, € > 0, and 1 > 0. There
exist To = To(V, Vmax, ) > 0 and § = 8(v, Viax, 1, &) > 0 such that if T < Ty, then
the following holds: For any open bounded set Q@ C M with |Q2| < v and () <
8min(oo) + 8;

(1) thereisan S = S(v, Vmax, 0, €) and a U € M(S) (i.e., a minimizer of & over
open Q C Qg with |2| < vmax) such that (U AQ| < ¢, |luy —ugq|g <& and
ﬁ”wy - wQ||H1 <e¢&

(i) A2(82) > A1(82) + (v, Vmax);

(iii) one connected component E of Q2 is such that |E| > |Q2| — &, while every other
(if any) is such that |E| < e.
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Proof. Let L C G and S be as in the proof of Lemma 3.15. We use the shorthand
0 = Q5. Let {¥,}ecr be a partition of unity subordinate to the cover of M by {e(Q)}ecr
with functions ¥, = Y oe™! € CC"°(Q_) which are translates of each other. Throughout
this proof, C and ¢ denote constants depending only on vy (and, as usual, on g) whose
values change from line to line. Let § < 1 be a fixed number to be specified in the proof
and let 2 be as above. Applying Lemma 3.15, we know that

/ |Vug|?> + u3 + [Vwg|® + w3 < C. (3.14)
Q

The first step of the proof is a concentration compactness argument that allows us to
replace €2 by a uniformly bounded set, losing only a small amount of mass and increasing
the base energy only a small amount.

Step 1: There exist T and J=1J (Vmax, ) € N such that we may choose x¢g € M and
j < J depending on 2 such that

E(Q2 N Bgs;j =< 8min 287
{ (2 N Bss; (x0)) < Emin + a15)

€2\ Bgs; (xo)| =< 413.

Because this step is rather involved, we divide it into several substeps.

Step 1a: Selection of xo. We show that €2 has a (uniformly) nontrivial amount of mass
in eo(Q) for some eg € L, and choose xy in this set. More specifically, for any e € L, we
apply Lemma 3.5 to N e(Q) to find

n—2

— 2 2n_ n —. 2
[ ubsiene@i([ ug®)" =clene@l [ [vual
e(Q) e(Q)

e(Q)

Summing over e € L, recalling the finite overlap property of L and (3.14), we have

1= /Qué = C (swl2ne@l?) /Q [Vugl? < € (sup|2 0 e(O)]7 ).
Consequently, |2 N eg(Q)| > ¢ for some ey. We let xq be any fixed point in eg(Q).

Step 1b: Selecting j for each J € N. Next, we show how, for each J € N, to suitably
choose j < J that will ultimately lead to estimates of the form (3.15) but with a C/J
error; we will later choose J depending on § to absorb this term. For any k € N, we denote
by Ly the finite collection of isometries such that e(Q) lies in the annulus Byers (xo) \
Bgrs(xo), that is,

Li ={e € L:e(Q)N[Bsks(xo) U(M \ Bisks(x0))] = 9.

Since diam Q < 2S by assumption, the collections Lj are pairwise disjoint, and so
from (3.14) we find that

o0
> /(Q)rm Vugl® + v} + [Vwal + w} < C.
k=1 ecL; ”¢
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Since this sum is finite, it follows that for every J > 0, we may find some j < J such that

C
E /_ |Vu9|2+u522+|Vw9|2+w?2_7.
eeL; 7 e(QNQ

J

In other words, the functions ug and wg have most of their mass and energy outside of
the annulus corresponding to L. Let this j = j(J) be fixed.

Step Ic: Truncation and intermediate bounds. In this step, we consider J € N fixed
and j = j(J) as determined in the previous step. Let us now define two smooth trunca-
tions of the eigenfunction ug, the “inner part” u; in the ball Bg;s and the “outer part” u o
in the complement of Bjgs;, by setting

uy = Z Yeug, Ly ={eeL : e(Q)N Bgjs(xo) # 0},

ecLy

uo = Y Yeuq, Lo={eeL :e(Q)N(M)\ Bigjs(xo) # 0}.

eclo

Notice that the functions vy, u o have disjoint support and the remaining “annular part”
of ug is given by ug —uy +up = ZeeLk Yeugq. The truncations u; and up capture
most of the energy of ug in the following sense:

‘/ |Vug|? — |Vuol? — |Vu,|2’ — ’/(V[MQ —up —ug), Viug + uo + usl)

=y /(Q_) (IV¥ellug| + Vel Vugl) - C|Vugl

e
e€L;

C
<C ugl® + [Vug|* < —.
Z/@m Vual < <

Je
ecL;

In particular, this together with the Poincaré inequality applied to u o provide the follow-
ing upper bound for the energy of uy:

C C
/|Vul|2 < A1(R) - / |Vuol? + 7 < kl(Q)(l —/u%)) + 7 (3.16)
In a similar fashion, we find that
C
/u?z—uzo—u%f 7 3.17)
The first main estimate of this substep is the following: there exists C such that
5 C
if uj > —, then A1(N Bgs;j(x0)) < A1(Q) + —:
J (3.18)

_
e
1N
QN
v
P

. then  A;(Q\ Bssj(x0)) <A1(Q) + 7
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Note that (3.17) guarantees that one of the two alternatives in (3.18) must hold provided J
is sufficiently large. If ['u? > 1/4, then (3.17) implies that (1 — [u%)/ [u? <14+ C/J.
So, if we multiply (3.16) by (1 — [u%)/ [u? and divide both sides by 1 — [ uj, we

arrive at f )

|Vup| C

<1 (Q) + —.

= 1(€2) 7
Here we have also used the fact that A;(£2) is uniformly bounded; recall (3.14). So, the
first estimate of (3.18) follows by taking u; as a test function for A, (2 N Bgs;(xo)). The
proof of the second estimate of (3.18) is the same, using the analogous estimate to (3.16)
forup.

The second main estimate of this substep is the following:

C
tor($2 N Bgsj (x0)) < tor(2) + 7 + C|Q \ Bgsj (x0)|,
C (3.19)
tor(€2 \ Bss;(x9)) < tor(Q) + 7 + C|Q N Bssj(xo)].

Estimate (3.19) follows in a similar manner to (3.18). Splitting the torsion function wgq
into an “inner part” wy, “outer part” wo, and an “annular part” wg — wy — wo exactly

as above leads to
__1 / + <t (gg) + —
w w or )
) 1 0= 7

we omit the details. Recalling that wg < C from Lemma 3.15, we find that

I c o1
tor(S2 N Bys; (x0)) < —E/w, <tor@) + 5 + E/wo

C
< tor(Q) + 5 + CI2\ Bgsj (xo);

thus proving the first estimate in (3.19). The second estimate in (3.19) is proven in the
same way.

Step 1d: Energy comparison and selection of J and To. Fix any J € N and let
J = j(J) be as determined in Step 1b. Let us first consider the case that [ u% > %.
In this case, we may use the first estimates in (3.18) and (3.19) to compare &(£2) with

& (2 N Bgg;j(xo)), which gives
E(Q) < Euin + 5 < E(Q N By (x0)) + 8
< D(@) + TOr@) + 5+ fun(191 Bas (o)) + 5+ CTIR\ By (xo)
< 6@+ 5+ fun(1901 Bssy (o)D) — fon(12D) + 5+ CTIR\ By (o)

<E@)+ 5 +5- - CRIIR\ Bys; (o)l
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At this point, we can fix our remaining parameters. Choosing Ty < %, the last term is
negative and this leads to

&(Q N Bgs; < Emn+ & +8 <26,
( 8Sj (XO)) = + 7 +0= (320)
|2\ Bgs;(xo)| < 4né.
Finally, we choose J = J large enough in terms of § so that % < 4, and (3.15) follows.
This concludes the proof of Step I in the case where f u% > %. holds. Now, assume instead
1

that [ u20 > 4. We may argue in the analogous fashion to find that

3.21
|2 N Bgsj(xo)| < 4nd. G20

{8(9 \ Bss; (x0)) < Emin + G +8 < 28,
This contradicts Step Ia for § chosen sufficiently small. We conclude that [u? > 1 holds
and thus, have completed the proof of Step 1.

Step 2: Conclusion. We are now in a position to prove the first conclusion of the
lemma. Let Q' = € N Bsgs;(xo) be the truncation of Q obtained in Step 1. Let S’ be
chosen large enough that e;’ 1(Bgss(x0)) € Qs; note that this depends only on J and S,
and so only on v, and §. Applying Lemma 3.10 to eo_1 (") on Qg, thereis U € M(S”)
with |[ug — uz ||l g1, VT |lwy — w1 < €/2. On the other hand, from the Caccioppoli
inequality and letting L' = {e € L : e(Qs) N Bsjs(xo) = @}, we get

[ Ve - =¢ Y [ 1ViPiual + v2vual < | ugl? < C8,

ecl’ Q\BSSj (x0)

where we used that |ug| < C and the volume estimate in (3.15) at the end. Similarly,
[ IV(wg — wy)|*> < C§, and we obtain conclusion (i) from the triangle inequality.

To prove (ii), note that applying Lemma 3.14 gives that A,(R") > A,(R2) + ¢
for co = co(S’, v, Umax), and so it remains to show that A,(Q") < A,(R2) + ¢co/2. To
this end, let u, be a second eigenfunction for 2. From Lemma 3.2, we have that
[uz] < C(A1(R2)) < C unless A2(R2) > 1 + A1(R) (in which case we would be done).
Then, set uy ; = ZeELI Yeun to be the “inner part,” that is, the analogue of u; for u5.
As Aluz| = —A,(R2)|uz] in the sense of distributions, the same Caccioppoli inequality
argument gives that

/|V(u2 —uy )| < c/ lus|? < C8.
Q\Bgs; (x0)

V 2
J1Vio P ”j”' <A2(Q) +CS and ol <
us g lluz,rllp2llurllL2

Hence,

)

implying that A, (") < A,(2) + C§. Taking § small enough completes the proof of (ii).
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To check the third and final conclusion of the lemma, note that from Lemma 3.14,
we know that one connected component A of ' is such that |A] > |Q'| — /2, while
every other is such that |A] < &/2 (choosing § small enough in terms of ¢). Since we have
|2\ Bgs;(x0)| < C$, we may conclude by choosing C§ < /2. L]

4. The lower bound

In this section we consider inward minimizers of the main functional ¥ defined in (2.8).
The main result of this section is Theorem 4.1, which provides a linear lower bound for the
growth of the function ug + /T wgq away from the boundary of an inward minimizer Q.
The theorem is phrased in terms of a lower bound on the quantity DO(2) defined in (2.14).
One important consequence of this theorem is a lower volume density estimate for inward
minimizers shown in Corollary 4.4. Throughout this section, we fix R > 0,0 < v < Upax,
and 0 < n < ng (recall Remark 3.12).

Theorem 4.1. There are constants 8, T, ¢ > 0 depending only on R, v, vyax, and 1
and a constant Ty (R, v, VUmax, 1, T) > 0 such that if we fix T < T, and then t < 1, the
following holds: Let Q be an inward minimizer of ¥ on Q g satisfying &(2) < Enin + 0.
Then, we have

DO(2) = cm,

where DO(R2) is defined in (2.14). If M/ G is compact, all constants may be taken as
independent of R.

It is worth noting that Theorem 4.1 and Lemma 3.4 show that the torsion function wg
grows at least linearly away from the boundary, but we cannot immediately deduce an
analogous lower bound for the growth of the eigenfunction ugq. It will require some del-
icate Green’s function estimates to eventually show in Section 7 that, for minimizers, the
first eigenfunction also satisfies this type of linear lower bound.

The core arguments in the proof of Theorem 4.1 below are from David and Toro [21].
We present the details to show how to apply the key estimate of Proposition 3.9 in order to
handle the nonlinear term [, as well as to verify the dependence on all of the parameters.
The proof will be established by iteratively applying the following lemma:

Lemma 4.2. There exist constants 8y, T, Cm > 0 depending only on R, v, Uy, and 1
and a constant Ty, (R, v, Vmax, 1, T) > 0 such that if we fix T < T, and then t < 1, the
following holds: Let Q be an inward minimizer on Q g satisfying & () < Ewin + 8m. For
any x € QR, and /7 < cp, if

sup ug + vVTwg < cpr, “.1)
B, (x)
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then

1
sup ug + vVZTwg < —cpr
By/2(x) 4

If M/ G is compact, all constants may be taken as independent of R.

Proof. The basic idea of the proof is make use of the inward minimality property of €2
using an energy competitor 2’ obtained by removing a small ball from Q.

Step 1: The competitor Q'. Let ¢;, < min{inj,,, 1} be a fixed number to be specified
later in the proof. For r < ¢2, and x € Q g, we consider the competitor Q' = Q2 \ B3, J4(x).
Choose 8, and T, according to Lemma 3.14, so that Q has a spectral gap A,(Q2) >
A1(R2) + ¢(R, Umax, v) of a definite size. This allows us to apply the key estimate of
Proposition 3.9 to Q' € €, which yields

lug: —ugllLr = C[tor(2) — tor(2) + A1(Q) — 21 ()],

where the constant depends only on R, v, v. (Note that the constant a priori also
depends on an upper bound for A;(2’); a basic cutoff function argument like the one
in Step 3 below and the assumption on & (2) show that A1 (") < C(R, vax, v).) If M/ G
is compact, we may take the constants here as independent of R by using Lemma 3.16 in
place of Lemma 3.14. This leads to

B(R) - H(Q)] < |2AL| +/|ug/ g
<2\ Q'] + Cltor(Q') — tor(R) + A1 (R) — A1(R)],

using assumption (N3) on §. From the inward minimality of 2, we have %7 (Q2) < #;(Q),
and so,

0 < F(Q) — F(Q)
< 21(Q) = 21(Q) + Ttor(Q') — tor(R)] + fo,5(2") — fu.n(R)
+ 7(2\ '] + Ctor() — tor(Q) + 11 (') — 11(R)])
< 2[T(tor(R) — tor(R)) + A1(R) — 41 (Q)] + ( — )2\ '],

where the final inequality holds provided 7, is chosen small enough in terms of C and ¥T.
So long as 7 < 1/2, we may rewrite this as

QN Byrja(x)| = |2\ Q] = C[T(tor(Q) — tor(R)) + A1 () = 21 (D)].  (4.2)

Step 2: Estimates for the eigenfunction and torsion function. First, note Aug,
Awg > —C on M for a constant C depending only on R, v, U, and 7. Indeed, the
lower bound for Awg comes directly from Lemma 3.1. For Aug, the assumed upper
bound on the energy of 2 paired with the torsional rigidity lower bound of Corollary 3.6
and the fact that f;, ,(|€2|) > —v n implies that A;(2) < Ao(R, v, Umax. 7). Then, applying
Lemma 3.1 and the bounds from Lemma 3.2, we deduce the statement for Aug.
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Fix a cutoff function ¢ which is 1 on B £ (x), compactly supported on By, and such
that |[V¢| < C/r. Applying the Caccioppoli inequality to wg (i.e., using ¢p?wgq as a test
function for wg and rearranging terms) and assumption (4.1), we get

’3:/¢>2|ng|2 =TC /(|V¢>|2w§2 + ¢*wq) < C[r"2car® +r" VT epr] < Cr'cl,.

In the final inequality we have used that » < /r < c,,. We may estimate ug in a similar
manner:

/¢2|Vug|2 <C /(|V¢|2u§2 + ¢%ugq) < Cric2,. 4.3)

Altogether, this implies
/ [Vug|? + T|Vwgl|? < Cr"c,i, / u%z + ?wé < Cr"+2c,2,,.
B7,/5(x) B7,/5(x)

Step 3: Estimates for the eigenvalue and torsional rigidity of '. Now take another
cutoff function ¢y which is 1 on M \ B7,/3(x), vanishes on Bs,/4(x), and is such that
V1| < C/r. We use ¢prug as a competitor for 11(2’) to find

(@) < / Vigrug)?/ / (b1ug)?.

Estimating the denominator, we have

/¢12uf22/uf2—/ uézl—Cr"c,zn.
Q\B7,/5(x)

For the numerator, we use the Caccioppoli inequality (see (4.3)) with ¢; in place of ¢ and
the Cauchy—Schwarz inequality to find

/ V(rug)l® = / VugPe? + / Ve P + 2 / (Vug. V) uad:
< A(Q) + z/ Vug2¢? + V1 Pud < A1 (Q) + Crc2,

SO
A (Q) < A1(Q) + Crrc2.

An identical estimate on wg gives
T tor(Q') < Ttor(Q) + Crcl.
Step 4: Conclusion. Substituting the estimates of Step 3 into (4.2), we arrive at

|2 N Bsy/a(x)| < Crcy,. (4.4)
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We now apply the local maximum principle for subsolutions (see [28, Theorem 8.17]) to

uq + «/?wg:

sup ug + vVZTwg < C[r_”/2||ug + «/ng||Lz(B3r/4(x)) + r2]
By 2(x)

< C[cmrr_"/2|52 N B3,/4(x)|1/2 +reg] < Crel,

where we used (4.4), (4.1), and that r < c,zn by assumption. Finally, we choose c¢;, small
enough so that Cc,, < % to conclude the proof. ]

Theorem 4.1 now follows by iteratively applying Lemma 4.2:

Proof of Theorem 4.1. Set all constants as in Lemma 4.2. Take any y € Q and any r <
ro := c2/16. We claim that

sup ug + VTwg > cpr.
B:(y)
Indeed, if this is not the case, we apply Lemma 4.2 to obtain

Cm T
sup ug + v3wg < L
B, () 22

Then, take any x € Br/4(y); we have

,
sup ug + vVTwg < cm—,
By/s(x) 4

so repeatedly applying Lemma 4.2 gives

sup  uq + «/?wgz < c—m£2_k.
B, 4ok () 24
In particular, x is a Lebesgue point of ug and of wg, and ug(x) = wg(x) = 0. This is
true of all points in B, /4(y), so ug = wgq = 0 there. Using Q2 \ B,/4(y) as a competitor
for © implies that |2 N B,,4(y)| = 0, contradicting that y € Q and that € is open.
For r € [rg, 1], we simply use supg, (y) Ue + «/?wg > cmro = cmror. This gives
DO(R2) > cpyro. |

Note that while for an absolute minimizer (should one exist) & (2) < &, + 8 follows
from t being small (see Section 6), there is no reason for that to be the case for an inward
minimizer in general.

Remark 4.3. The careful reader may observe that it is possible to modify the argument
in this section to give SUPp, (y) WQ = Cml as long as 7 < 7, (R, v, Vmay) is independent
of T (by using Lemma 3.4 to estimate ug < Cwg). Estimates in this spirit were used
by Bucur [12] for other problems. We do not pursue this point further here because the
opposite estimate on UP(£2), discussed in the next section, cannot be altered in this way
without a version of Proposition 3.9 which omits the torsional rigidity terms on the right-
hand side.
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The following corollary will help us bound the diameter of minimizers when tak-
ing R — oo. We will discuss much sharper estimates in Section 7.1, using the upper
bound UP(2) as well.

Corollary 4.4. Let Q be as in Theorem 4.1. Then, for any x € Q and r < cjp,
2N Br(x)| = c(r, v, Vmax, 0, R).
If M/ G is compact, c may be taken as independent of R.

Proof. As in the proof of Lemma 4.2, apply the local maximum principle on B,(x) to
obtain

sup upy + Twd < Cr_”/ (ud +Twd) + Crt
Byj2(x) B, (x)NQ

< C|QN By (x)|r " sup(ug + Twj) + cr*
Q
<CIQN B, (x)[r™ +Cr*,

with the last step using Lemmas 3.2 and 3.3. The quantities | tor(£2)| and A (£2) are con-
trolled by &(2), which is bounded from the assumption &y < E(Q) < Enin + 8 and
Lemmas 3.10 or 3.15. The constant C can be taken to depend only on M, v, Vyax, 1
if M/G is compact, and otherwise also depends on R. Then, applying Theorem 4.1 to
the left-hand side, ¢2,r2/2 < C|Q2 N B,(x)|r™" + Cr*, so reabsorbing r* implies the
conclusion. ]

5. The upper bound

In this section we consider outward minimizers of the main functional ¥, defined in (2.8).
The main result of the section is Theorem 5.1 below, which shows that the function
ug + /T wg grows at most linearly away from the boundary of an outer minimizer .
The result is phrased in terms of the quantity UP(€2) defined in (2.13). Throughout this
section, we fix R > 0,0 < v < vyax, and 0 < n < ng (recall Remark 3.12).

Theorem 5.1. There are constants Spr, Tar, Car > 0 depending only on R, v, vnax, and 1
and a constant Ty (T, R, v, Umax, ) > 0 such that if we fix T < Ty and then t < Ty, the
Jfollowing holds: Let Q be an outward minimizer on Q gr and suppose &(2) < Enin + 0p.
Then, we have

UP(Q) < Cpu,

where UP(R2) is defined in (2.13).

The proof of Theorem 5.1 will require a few initial lemmas. We start by checking
that, for an outward minimizer Q, uq and wg are close to their harmonic replacements



From linear to nonlinear stability for Faber—Krahn 261

in small balls. By the harmonic replacement of ug on B, (x) N Q g, we mean the unique
function ¥ with u —ugq € HO1 (By(x) N Qr) and Au = 0 on B,(x) N Qp in the weak
sense, extended so that u = ug on Qg \ Br(x).

Lemma 5.2. There are constants Spr, T, Car, ro > 0 depending only on R, v, vyax,
and 1 and a constant Ty (T, R, v, Umax) > 0 such that if we fix T < Ty and then t < 1y,
the following holds: Let Q be an outward minimizer on Q g satisfying &(2) < Ewin + Sm-
Then, forany x € Qr andr < ry,

/IV(usz — )P+ T|V(wg —w)* < Cy[| By ()\ Q| +r" sup (ug + Twg)] < Cyr”,

By (x)
where u, w are the harmonic replacements of ug, wg on By (x) N Qg.

Proof. The basic idea of the proof is make use of the outward minimality property of €2
using an energy competitor 2’ obtained by adding a small ball to 2.

Step 1: The competitor Q'. Let us set Q' = Q U (B,(x) N Qr) and also set
A = supp () ug + Tw. First, we may use that 11(22) < A;(R) and tor(R') < tor()
to deduce that

c C
E(Q)<E6(Q)+—r" <éu+ —rf <28m
] n

if rg is small enough. Choosing s and T sufficiently small and applying Lemmas 3.11
and 3.14 shows that Q' € J and 1,(Q) > A1(') + ¢ (v, Vmax,» R). The latter fact allows
us to apply the key proposition, Proposition 3.9, to , Q' to find that

/ lug —ug| < ClA1(R) — A1(2') + tor(2) — tor(R')],
where C depends only on R and v, vyax. So, from Assumption (N3) on §j, we know that
5@~ b(@)| < 282 + [ lug ~ g
< |Br(x) \ | + C[A1(R2) — A1 (") + tor(Q) — tor(Q)].

Now, we use ' as an energy competitor for ’; the outward minimizing property gives
that

0 < F:(Q) — 72(Q)
< 21(R) = 21(R) + T(tor(Q') — tor(R)) + %IQ’ \ Q[+ 7[h(Q) — H(R2|

< [M(Q) = 21(Q) + T(tor(Q) — tor(Q))](l - C%) + %|Br(x) \ Q).

Select tas small enough that 1 — C ITM < %; then,

A1(R) — A1(R) + T(tor(RQ) — tor(Q)) < C|Br(x) \ Q. (5.1)
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Step 2: Estimates for the eigenvalue and torsional rigidity of Q'. Next, we use u as a
competitor for 11(’) to find A1(Q’) < [|Vul|?/ [ u?. To estimate this quantity further,
from the maximum principle we know that u? + Tw? < CT on B, (x) as well. This can
be used to bound the denominator:

/u2=/u§2+/ W2 —ud = 1 — CA|B,(x)| = | — CAr™.
r(x)mQR

For the energy term,

/|Vu|2=A1<sz)+/ g IVUP = Vugl
B,(x)NQRg

— (@) + /B g BT =), Vi ug)

— (@) - / g(V(u —ug). V(u — ug))
B (x)NQR

— (@) —/ IV — ug)P2.
B, (x)NQr

where the second-to-last step used that [ g(Vu, V(u — ug)) = 0 since Au = 0 and
u —ug € HL(By(x) N QR). Putting these together leads to

M@) =@ - [ Ve -ug)P + Car.
A similar computation (using Lemma 3.3) gives
T tor(Q') < T tor(Q) — % / IV(w —wgq)|* + CAr".
Step 3: Conclusion. Plugging these into (5.1), we get
JIVG—ua)P + % [ 1V - wa)P < C[ar" + €150\ 2]

Recalling from Lemmas 3.2 and 3.3 that A < C(R, vmax) and |Br(x) \ | < |Br(x)|
< Cr" concludes the proof. [

Lemma 5.2 immediately gives that ug, wg are Holder continuous functions from [17],
and also satisfy a Morrey-type estimate:

Corollary 5.3. Let Q be as in Lemma 5.2. Then, ug, Twgq € C%*(0QR) for any a < 1,
with
[uglcoe + ﬁ[wg]co,a

<C sup r—"/2+1—“[||w9||L2(B,(x))+%||ng||L2(Br(x))]gc (5.2)

X€EQR,r<ro

fOi’C = C(R, U, Umax 7’],0[).
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Below we show how to instead obtain the more precise estimate ug, wo € C 0.1 which
will follow easily from the growth estimate of Theorem 5.1. Before proving Theorem 5.1,
let us recall some basic facts about Green’s functions and prove a mean value-type inequal-
ity. Consider the (positive) Green’s function G(x, -) for B, (x) (with the pole at the center
of the ball). For any continuous function ¢ which is smooth on a neighborhood of x and
has A¢ represented by a finite Borel measure, we have that

$() + /B Gl )dag0) = / §(VG(x. ). vy)$ (1)d I (7).

B, (x)

where v, is the outward unit normal to 0B, (x). From, say, [32, Theorem 1.2.8], we have
the following standard bounds on G:

—Cr'™ < g(VG(x,y).vy) < —cr'™, y € 0B,(x) (5.3)
and
c(ly=xP"=r*") <Gx,y) < C(ly —x|"" =r*™), yeB(x)\{x} (54
if n > 3, while
c(logly — x| —logr) < G(x,y) = C(log|y — x| —logr)

instead when n = 2, with constants depending only on R (i.e., they are uniform in x
and r).

Lemma 5.4 (Mean value-type inequality). Let ¢ be a nonnegative continuous function
which is either (1) smooth in a neighborhood of x, or (i) satisfies the Morrey-type estimate
(see (5.2)), is such that ¢(x) = 0, and whose distributional Laplacian A¢ is a Radon
measure with locally finite total variation. Then,

= LP=Clow / 1A (B (5))ds . (5.5)

Proof. Let us first assume that ¢ > 0 is smooth in a neighborhood of x. When n > 3,
making use of the upper bound in (5.4), we have

/ G(x.y) dAB(y) 5/ G(x.y) d|AGl(y)
Br(x) Br(x)
< C/ / [s*>7" —r*>7"]d|A¢| ds
0 0B (x)
= C/ [szfn—rzf”]/ d|A|ds
9B,(x)

0
.
=C(n—2)/ sl—"/ d|A¢|ds.
0 Bs(x)
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The last step was an integration by parts in one variable, using that s>~ f By(x) |A¢p| — 0
as s — 0 (recall that A¢ is smooth near 0). From (5.3), we have

1 e
rwié&m¢—‘W@>fCP¢@%—A & (VGED).0)e() d ‘)]

r

=C G(x,y)dA .
Am)uw $()

Together these two estimates give (5.5) for n > 3. A similar computation gives an identical
estimate whenn = 2.

Now, suppose that instead of ¢ being smooth in a neighborhood of x, we simply know
that ¢ satisfies (5.2) and ¢ (x) = 0. For fixed ¢ € (0, r/2), let n; be a cutoff function which
vanishes on B;(x), is 1 outside of B,;(x), and is such that | V| < Ccr 1, |D2r)t| <Ct2,
In this way, ¢n; is smooth in a neighborhood of x and we may apply (5.5) to ¢n;. We
have

A(pny) = n:A¢ +2g(Vp, Vne) + dpAn,

in the sense of distributions (with the second two terms absolutely continuous), so

|A@n)|(Bs(x)) < |A¢[(Bs(x) \ Bi(x)) +/ 2g(V9p. V) + ¢pAn;

By (x)
< |A¢|(BS(X)) + Ctn/2+a—1tn/2—1 + Ctatn—z
< |AB|(Bs(x)) 4 C1" 72+

for s > t, and 0 otherwise. Then, (5.5) applies to ;¢ to give

1

yn—1

/ ¢ < c[n,¢(x) + /rsl_”|A¢>|(Bs(x)) 4 Cglnn—2te ds]
aBr(x) t
< c[o + /rsl_”|A¢|(Bs(x))ds + Ct"‘].
t

Sending ¢t — 0 completes the proof. ]
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Step 1: Setup. Fix a point x € 0Q2 and r < rg, with ro < inj,, /4 to
be chosen below. We will show that

S = S(x,r):=sup{u(y) : y € 9B,(x), d(y.9Q) =r} < Cyr,

where u is either ug or VT wgq. As we know that uq, wg are bounded, the same inequal-
ity is automatic for r € [rg, 1] with constant C/rgy. This will imply the conclusion, as for
every y € Q withd(y,0R) < 1, thereisan x € dQ2 and r withr = d(y,dQ2) = d(y, x),
sou < S(x,r).
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If B,(x) is not fully contained in Q g, we have that ug < Cwg < Cwg, on
(using Lemma 3.4), and from elliptic regularity and the smoothness of Qr, wo,(y) <
C(R)d(y,00QR). This gives

§ <C sup wg, <Cr,
0By (x)

and we are done. Assume, then, that B,,(x) € Qr.

Step 2: Initial S bound. In this step, we bound S from above in terms of the integral
of u over spheres dB;(x) for s € (0, 1) using a multiple of the Green’s function as a barrier.
More specifically, let z € 9B, (x) N{y : d(y,d2) = r} be a point such that u(z) = S. By
definition B, (z) € €2, and so from Lemma 3.1 we have |Au| < C on this ball. Applying
the Harnack inequality [28, Theorems 8.17 and 8.18],

S < sup u<C inf u+ Cr2.
By/2(2) Br)2(2)

If S <r, we are done; if not, choose r( small enough in terms of C so that C r2< %r < %S s
and we thus obtain

inf uz o (5.6)
By2(2) C

In order to propagate this bound to balls centered at x (at least in an integral sense), con-
sider the barrier v(y) = C%r”*zG(z, ¥), where G(z, y) is the Green’s function for B, (z).
On 0B, (z), we have v = 0 < u, while v < u on 9B, /5(z) so long as Cyx is chosen
to be large, relative to the constants in (5.6) and (5.4). On the annular region between
them, Av = 0 and Au < 0. It follows from the comparison principle that v < u on
B;(2) \ By/2(2). In particular, in conjunction with (5.6), this means that for any 7 € (5,7)

we have
n—2 r—t

inf uch(

- 1) >cS
B:(z)

tn—2 r

Forany s € (0,r), choose ¢ € (r/2,r) so that r —¢ = 5/2. One may check that the measure
of the set B;(z) N dB,(x) is bounded from below by c¢s™~!. So, integrating over this set
and applying the previous estimate, we have

N
/ u > / u>es" 12 (5.7
3B (x) B, (x)NB,(2) r

for all s € (0, r). This is the first of two estimates which will be combined to bound §'.
Ultimately, in Step 4, we will use the mean value-type inequality of Lemma 5.4 in
order to bound the left-hand side of (5.7). So, it is essential to estimate the | A| measure of
balls Bg(x).
Step 3: Estimate for |A|. The second estimate involves computing the total variation
of Au when viewed as a measure, using Lemma 5.2. From Lemma 3.1, we know that
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Au = p — f in the sense of distributions, where u is a nonnegative Borel measure sup-
ported on 92 and f is either A1 (R2)ugq or Tlg, and in each case is uniformly bounded.
Fix s < r and let & be the harmonic replacement of u on By (x): from Lemma 5.2, we have

/ |V(u —h)|* < Cs".
B;(x)
Using that Ah = 0 on Bs(x) and u = & on dB;, we get
/ (h—u)dAu = —/ g(Vu,V(h —u)) = /|V(u —h)|* < Cs".
Bs(x) Bs(x)

The left-most identity used that Au represents the Laplacian of u in the sense of distribu-
tions. Decomposing this further, we have

/ (h—u)dAuz/ (h—u)du—/ (h—u)f.
By(x) B, (x)NIQ B (x)NQ

The second term is controlled by Cs™, as both &, u are bounded. In the first term, u = 0,

SO
/ hdu < Cs". (5.8)
Bs(x)NoQ

We thus need to bound /4 from below on this set. Applying the Harnack inequality followed
by (5.5) to h gives that

C inf h>h(x)> csl_"/ h.
0Bs(x)

B (x)
Since h = u on 0Bs(x), we find from (5.7) that infg, ,(x) h > ¢2S. Combining this
with (5.8), we get

¢ Su(Byys) < ju(Byjy) inf h < / hdp < Cs".
r By/x(x) By (x)NIK

So, we arrive at our second main estimate:
C C
|Au|(Bs/2) < ?rs"‘l + Cs" < Trs"‘l, (5.9)

where the very last step used that s < r and § < C is bounded.
Step 4: Conclusion. By Corollary 5.3, and the fact that u(x) = 0, we may apply
Lemma 5.4 to u. So, using (5.9), Lemma 5.4 tells us that

1 r/4 2
— / u < C/ r ds = Cr—.
P70 J0B,4(x) o S S

Applying (5.7) to the left-hand side gives S? < Cr2. This bounds S, thus completing
the proof. ]
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By applying standard elliptic estimates on B;(x) for any x € Q and using that
d = min{rg, d(x,02)/2} and ug + vTwq < CAUP(R2) on this ball, we obtain the
following gradient estimate as well:

Corollary 5.5. Under the assumptions of Theorem 5.1,

Vug| + VT |Vwg| < C(UP(R), R, U, Vmay)-

6. Existence of minimizers

We are now in a position to show that minimizers to the main functional ¥, defined
in (2.8) exist. Theorem 6.2 below establishes the existence of minimizers of #; among
sets in JCR v, for any Riemannian manifold. In the case where M /G is compact for
a subgroup Gy of the isometry group for which the functional is invariant, Theorem 6.3
shows that the parameter R may be taken to co and global minimizers exist. Through-
out the section, we fix R > 0 and 0 < v < V%, and assume that 7 < 79(R, v, Vyax) and
T < To(R, v, vax, 1) are fixed to be small enough that all results in Sections 3, 4, and 5
apply.

In the following lemma, we show that any set 2 with low base energy is contained in
an outward minimizer whose energy does not exceed the energy of Q:

Lemma 6.1. There are § = §(R, v, Vimax, 1) > 0 and 19 = 19(R, v, Vimax, T, ) such that
if t <19 and Q2 € H with §(Q) < Enin + 6, then there exists U € J which is an outward
minimizer such that @ C U and F;(U) < F:(Q).

Proof. Given any bounded open set E, let
mg =inf{F(V):V e H,ECV}

Clearly mgo < #:(2), and as mg > &y > —o0, from Lemma 3.10, this is bounded from
below. If mg = F7(2), then Q is itself an outward minimizer and we are done by letting
U = Q. If not, we construct the set U in the following way: Let U; € J be a set with
Q C U; which has 7 (Uy) < (mg + F:(2))/2. Now repeat this construction with U; in
place of €2, producing a nested sequence (finite or infinite) Uy € # with Q C Uy C Ug41,
and F7(Uy) < (my,_, + F2(Ux-1))/2.

The sequence is finite if my, = ¥ (Uy) for the final k, meaning it is also an outward
minimizer. In this case, Uy satisfies the conclusions of this lemma and we are done by
taking U = Uy. Now assume the sequence is infinite. Observe that my, > my,_, from
the fact that Ug_; C Ug. Set m = limg my, . On the other hand, ¥ (Uy) is decreasing and

my,_, + F(Ur-1) F(Ug—1) — my,_,
> —my,._, = ) P

F2(Ux) —my, <

meaning m = limg F7(Uy).
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Let U = | J;, Ug; this is an open set. Note that Q C U € Qg and |U| = lim |Ug | < Upax
from the monotone convergence theorem. We also have my > my, foreachk,somy > m.
Our goal is to show that ¥ (U) = m; if we do so, then clearly U is an outward minimizer
and satisfies the assumptions.

First, &(U) < liminfy & (Uy). Indeed, this follows by extracting a subsequence of first
eigenfunctions uy, and torsion functions wy, for Uy which converge weakly in H/} (U)
to some u, w which may be used as competitors for the eigenvalue and torsional rigidity
problems on U (together with the previously observed fact that |U \ Uy | — 0):

Vul? Yug, 2
)Ll(U)f—fl 7’;' §1iminf—f| ”ZU"|
k Jug

k

Ju

and similarly, tor(U) < liminfy tor(Uy) and f, ,(U) = limg fy,,(Ug). This implies that

= lirr}cinf)tl(Uk),

E(U) < lim F(Uyg) < F2(R) < E(Q) + 70 < Emin + 8 + 0. (6.1
Set @ = liminfy &(Uy) — &(U) > 0, noting that
lim inf(31 (Ux) + tor(Ug) = 41 (U) = tor(U)) = %

Consider now the remaining term, H(U). From Proposition 3.9 applied to U and Uy
(using Lemma 3.14 and (6.1), choosing § and 7o small enough), we have that

[t =y = CatorWi) = 01V + 21 (U) = 11 O)).
Therefore, from property (N3) of ), we have that
15(U) = H(Ui)| = |U \ Uk| + Ca(tor(Uy) —tor(U) + A1 (Uy) — 11 (U)) =< % + ox ().
In particular, if 7oC4q < T /2, this leads to
m<my < ¥ (U) = &(U) + th(Ux) + t[b(U) — h(Up)|
<&W)+th(Uy) + t% + 0k (1)
= E(U) —a + Th(U) + 5 + o (1)
= Fo(UQ) —a + 3 +op() = m =2 + (1),
Taking the limit, we see that o« = 0, #7(U) = m, and the conclusion follows. ]

We now show that a minimizer of ¥ exists among sets in # = Hpg .. The proof
makes use of Lemma 6.1 to replace any minimizing sequence with a minimizing sequence
of outer minimizers, whose eigenfunctions and torsion functions we know to be uniformly
Lipschitz from the results of Section 5.
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Theorem 6.2. There is 19 = 19(R, V, Vmax, <, 1) such that if T < 19, then there exists
Q C K that is a minimizer of ¥ among sets in H = Hpr

>Umax *

Proof. Leta = inf{¥F7(E) : E € J} and let ; be a minimizing sequence for F. Note
that &(2) < F7(R2) < () + 7 for any set 2, so & < Eyin + 7 and E(2;) < Enmin + 27
for all j large enough. Apply Lemma 6.1 to replace each §2; with an outward minimizer
with smaller ¥:(£2;), choosing 279 < & there. Let ug;, wg; be the first eigenfunc-
tions and torsion functions respectively, and pass to subsequences with ug;, — u and
wg; — w weakly in HJ (Qr) and strongly in L2(Qg). Our approach here is different
from the previous lemma: we show that u is the unique first eigenfunction on its positivity
set, U = Ufy>0}-

Apply Corollary 5.5 to see that the ug; and wg; are equicontinuous, and so con-
verge uniformly to u and w (which are Lipschitz functions) on Qg. This also implies
that Q = {u > 0} is, by definition, an open set. Let us show that 2 is a minimizer.

Let A =lim A, (£2;) (pass to a subsequence if needed). From the uniform convergence
of ug, — u, we have that for every x € €, there is a ball B, (x) such that B,(x) C Q;
for every j large enough. On this ball, the ugq; converge in the smooth topology to u from
standard elliptic estimates, and so —Au(x) = Au(x) passes to the limit. In particular, this
implies that ug is an eigenfunction for 2 with eigenvalue A.

From the weak convergence of ug ;> U and wg ;W in HOI, we have that

[ IVul?

Jw?

From Fatou’s lemma, |Q2| < liminf; |Q;|, so §(2) < liminf; &(2;). We also have that
Q C Qg and |2 < vyax, SO0 2 € J is an admissible competitor.

Using that &(2) < liminf &(R2;) < Eyin + 27, we may apply Lemma 3.14 to deduce
that A2(2) > A1(R2) + ¢(R, v, Vmax). AS Emin < () as well, we must have that

\V/ 2
A (R) + T tor(Q) < +%/% —w < liminf A1 () + T tor($2)).
J

0 <1limA;(£2;) — A1(2) < 270,

and so |A1(2) — A| < 21¢. Ensuring that 7 is small enough in terms of R, v, v, guar-
antees that A < A,(£2). In particular, this means there is a unique eigenfunction on Q with
eigenvalue at most A, and so ug = u. In particular, this means that uq > UQ uniformly.
Set B = liminf; &(2;) — &(2) > 0, which is such that 8 > n[liminf; |Q2;] — |Q]].
From Fatou’s lemma, |2| < liminf; |2; N €2, so liminf; |2 \ €| = 0. This gives

liminf|QAQ;| = liminf |Q; \ Q| = liminf |Q;]| — || < E
Jj J J n

It follows from assumption (N3) from Definition 2.11 on § that [H(2) — h(R2;)| <
0;(DN+ |QAQ;| <0;(1) + % We can now estimate the energy of Q in the follow-
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ing way:
« 5 F(R) £ EE@)+ TH®) +o,(1) + TE
< E(Q)) — B+ tH(R)) + 0, (1) + r%
—F@) - p o)+ el —a= o)k
If T < n, this implies that 8 = 0, F(2) = «, and 2 is a minimizer. ]

Next, we prove that when M/Gg is compact, a minimizer of %; among all open
bounded sets with || < vyax exists. The main idea is to show that the minimizers Qg
from the previous theorem have uniformly bounded diameter, and thus, Qg is a global
minimizer for sufficiently large R.

Theorem 6.3. Assume M/Gy is compact. There exist constants S = S(V, Uax, T, 1) > 0
and 19 = 19V, Vmax, T, 1) such that if T < 1y, there exists an open, bounded Q2 with
|2] < Vmax Which minimizes 7 over all such sets. For every such minimizer Q of ¥z,
there is an e € Gg such that e(2) C QOs.

Recall that Gy is a (possibly empty) subgroup of isometries under which §, and
hence ¥, is invariant. The assumption here implies that M/ G is compact.

Proof. For each R > 1, consider the minimizer Qg of ¥ over K g obtained from Theo-
rem 6.2. Set

R = F:(QR) = inf{?,(Q) Qe J(’R};
note that ag is nonincreasing in R and from Lemma 3.15, we have that g > &(QQg) >
Emin(00) > —o0. We claim that so long as 7y and Ty are chosen small enough, Qg has
bounded diameter uniformly in R. Indeed, fix r small and apply the lower density estimate
of Corollary 4.4 to Qg: for every x € QRp,

|Qr N Br(x)| > c.

As |QR| < Umax, this implies that Qz may be covered by a bounded number K of
balls B, (xg), with x; € Qg. Assume that the union of these balls is disconnected: this
implies that €2 itself cannot have a connected component of measure greater than |Q2| — c.
Apply Lemma 3.16 with ¢ = ¢/2: this gives a contradiction to the lemma’s third conclu-
sion. We infer that all the balls B, (xz) have a connected union of diameter at most 2Kr,
as promised.

It follows that there is an S and eg € Gy such that eg(R2gr) € Qg for all R (this
uses only the diameter bound and that | J ., €(Qs) = M for some S, as in the proof
of Lemma 3.15). Since #; is invariant under isometries in Go, F7(Qr) = F;(er(QR))
and er(2R) is also a minimizer. This implies that for R > S,

as > ap = F(Qr) = Fr(er(Qr)) > as.
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In particular, ag is independent of R for R > S, and Q¢ minimizes ¥; over all open
bounded sets with |©2| < vpa.. The second conclusion follows from the fact that any open,
bounded set 2 with 7(2) = as lies in Q g for a sufficiently large R, and so the above
argument applies to 2. ]

A consequence of Theorem 6.3 is that all constants pertaining to minimizers of ¥, may
be taken to be independent of R if M/ Gy is compact. This allows us to avoid tracking the
dependence on R below, instead fixing a sufficiently large R and looking at minimizers

in QR~

7. Measure-theoretic estimates

Having now established the existence of minimizers of the main energy, we move toward
understanding some initial measure-theoretic properties of these minimizers. Ultimately,
the results of this section will be used in Section 8 to derive the Euler—Lagrange equation
satisfied by €.

In Section 7.1, we first prove that €2 is a nontangentially accessible (NTA) domain.
This allows us to utilize an inhomogeneous boundary Harnack principle for NTA domains
recently shown in [4] in Section 7.2 in order to prove some fine estimates for the Green’s
function. This allows us to show that the first eigenfunction of a minimizer grows at least
linearly from the boundary in Proposition 7.8. Proposition 7.9 contains some finer Green’s
function estimates that will be crucial in deriving a useful form of the Euler-Lagrange
equation in the section which follows. With these results in hand, in Section 7.3 we can
recover some basic measure-theoretic properties of €2 and understand the nontangential
limits of |Vug| and |Vwg| on the reduced boundary 9*€2, in a similar manner to other
recent approaches in vectorial free boundary problems [16, 38].

We assume throughout the section that R and v < vy are fixed, as well as that n <
No(R, v, Vmax), T < To(R, v, Umax, 1), and T < 1o(R, v, Vmax, T, 1) are small enough that
all results in earlier sections apply. We recall that the growth quantities DO(£2) and UP($2)
are defined in (2.14) and (2.13), respectively.

7.1. Density estimates and the NTA property

Let us summarize some consequences of the upper and lower bounds of Sections 4 and 5.
The proofs are mostly standard and may be carried out in local coordinates, so we provide
only brief sketches and references. First, we have uniform upper and lower bounds on the
volume density of 2 and perimeter density of 9€2.

Lemma 7.1. Let Q € H be a minimizer of ;. Then, there are ro, C > 0 depending only
on R, v, vyax, ) such that for any x € Q2 and r < ry,
1 B N Q 1

< BO c 7D
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and

1 H1OQNB

1. ( r (X)) -C
C rnfl

Sketch of the proof. First, from Theorem 4.1 and Theorem 5.1, we have that c < DO(R2) <

UP(2) < C. To prove the lower bound in (7.1), let y € B,/2(x) N © be a point with

ug(y) + vVTwg(y) = DO(Q)r/2. By Corollary 5.5, we have |V(ug(y) + vTwg)|

< C(UP(R2)), and so we must have that d(y, 0Q2) > % > cr. So long as ry is

small enough, | B¢ ()| > ¢'r", |Br(x)| < Cr", and so

| B (x) N 2| . |Ber (1) < l
|B,(x)] T [B,(x)] T C’

(7.2)

For the upper bound in (7.1), first note that if B,/,(x) N (M \ Q) is nonempty, then
|Br(x) \ QORr| = c(R)r" using the smoothness of dQ g, and this implies the estimate. If
this is not the case, then B,/>(x) € Qg. We apply Lemma 5.2 to learn that if u, w are
harmonic replacements for ugq, wg respectively on B, /> (x), then

/|V(ug —u)]? + T|V(we —w)> < C[|B,/2(x) N Q| + r" su%) )’t(wé +ug)].
B, /r(x
Now, as x € 92, we have that SUPB, ,(x) ?wé + u?z < C(UP(R2))r2. On the other hand,
there must be a point y € B,/4(x) with VT wa(y) + ug(y) = DO(Q)r/4. Recalling that
AWVTwa(y) +ug(y)) = —C(R, vmax), applying [28, Theorem 8.16] to ug — u, wg — w
gives
sup v Twe —w] + [ug(y) —u] < Cr,
By/2(x)

At y then, u(y) + v/Tw(y) > cr — Cr? > cr as long as r is taken small enough. Using
the Harnack inequality on B,/ (x), this implies u + VTw=>cronB, /4(x). By contrast,
we know that on B, (x), ug + VT wgq < erUP(Q) < < as long as we choose & small

2
enough. Integrating and using the Poincaré inequality, we obtain

cr"+2§/ lug —ul* + Twg —w|?
Ber(x)
<[ lna-uP+Tlwa - uf?
Br/2(x)
< Crz/ IV(ug —u)|* + T|V(wg — w)|* < Cr?[|B,2(x) N Q| + r"T2].
B, j2(x)

As long as ro is small enough, the last term may be reabsorbed on the left, giving
|Br(x) N Q| > cr™ > c|Br(x)].

For (7.2), the upper bound may be obtained as in [36, Lemma 2.4] or [38]. The lower
bound follows from applying the relative isoperimetric inequality [27, 4.5.2(2)]. ]

The volume density bounds may be automatically improved slightly to give clean
balls, or corkscrew points, instead.
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Definition 7.2. Let 2 € M be an open set. We say that 2 satisfies the inner (resp. outer)
clean ball condition with constant K at x € d<2 if for any r < 1, there is a point y such that
B, x(y) € Br(x) N Q (resp. Bk (y) S Br(x) \ ). We say that Q satisfies the inner
(resp. outer) clean ball condition with constant K if it satisfies it at every x € 0€2.

Corollary 7.3. Let Q2 be as in Lemma 7.1. Then, there exists an ¢ = (R, v, Uax, 1) > 0
such that for any x € 0Q2 and r < rg, there are two balls By, (y) € B,(x) N Q and
Byr(2) € Br(x) \ Q. In particular, Q satisfies the inner and outer clean ball condition
with constant depending only on ry, «.

Proof. For small «, take the collection {By,(y) : ¥ € By/2(x) \ 2} and from it pick a
finite-overlapping subcover { By (yk)}f=1 of B;/2(x) \ Q. Then, if every one of the balls
Byr/2(yk) intersects 92 at a point xi, we have from Lemma 7.1 that

H" " (Bar (yk) N 9R) = H" ™ (Byr/a(xx) N 3Q) = clar)" ™"

As [By/2(x) \ Q] = ¢|Brj2(x)| = cr™ and the By, (yx) cover this set, we must have that
K(ar)" = cr”,or K > ca™. Summing over k and using the finite-overlapping property
and the upper bound in (7.2), we get

Cr" > #"10Q N B, (x))

K
> ¢ 37 9" (Bar (i) N 09) = cK(ar)"™" = <",
k=1 o

If & is taken to be small enough, this is a contradiction, so for at least one By,/2(Vk), we
have By, /2(yk) € Br(x) \ Q. The inner clean ball may be found similarly. L]

Definition 7.4. Let 2 € M be an open set. We say that 2 satisfies the Harnack chain
condition with constant K at x, y € Q if there is a curve y : [0, 1] — Q with y(0) = x,

y(y) =y, 1(y([0,1])) < Kd(x, y), and
d(y(1),0Q) > %min{l(y([O,t])), I(y([t. 1)}

Here [(y([a, b)) = [, f |y| dt denotes length. We say Q2 satisfies the Harnack chain condi-
tion with constant K if it satisfies it at every x, y € Q2. We say 2 is NTA with constant K
if it satisfies the inner and outer clean ball conditions and the Harnack chain condition
with constant K.

The next lemma follows from known results on Bernoulli-type free boundary prob-
lems [2], but we present a proof in Appendix B, as we are unaware of a version with
coefficients and nonzero right-hand side treated in the literature.

Lemma 7.5. Let Q € J be a minimizer of ;. Then. there are ro, K > 0 depending only
on R, v, Vmax, and n such that for any z € Q2 and any x,y € Q N By, (2), Q2 satisfies the
Harnack chain condition at x and y with constant K.
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From Lemma 7.5, we find that a minimizer €2 is an NTA domain.

Corollary 7.6. Let Q € H be a minimizer of ¥;. Then, Q is an NTA domain, with con-
stants depending only on R, v, Umax, and n.

Proof. First, observe that €2 is connected so long as 719, T, tg, r are taken to be small
enough. Indeed, we have from Lemma 3.14 that each connected component U of 2
besides one must have |U| < &. On the other hand, Lemma 7.5 implies that B, (z) N
lies within a single connected component of 2 for every z € 02, which when combined
with Lemma 7.1 gives that |[U| > |Q N By, (z)| > cr§; if & is small enough, then  has
only one connected component.

Consider the set U, = {x € Q : d(x,dR2) > r} for r small and fixed. We claim that
any two points x, y € U, may be connected by a path y which has length bounded by
C(R, v, vmax, 1, 1) and stays a distance 1/C away from 92. To see this, cover 2 with
a finitely-overlapping collection { B, (Zk)}1€(=1 with z; € Q. As || < C, we have that
K < C from the finite-overlapping property and Lemma 7.1. For any two balls B, (zx)
and B,(z;) with nontrivial intersection, we have two possibilities: either both B, (zx),
B,(zj) € Uy, or at least one of them (say B,(z)) intersects dU,. In the first case, any
pair of points x € B,(zx), y € B,(z;) may be connected by a curve of length 2r which
keeps r away from 02 as it stays inside B,(zx) U B, (z;). In the second case, we have
that as long as r is small enough, B, (zx) U B,(z;) C By, (x) for some x € 9. Applying
Lemma 7.5 gives that for any x € B, (zx) N U, and any y € B,(z;) N U,, x and y may
be connected by a curve of length Cr staying r/C away from 9<2.

Take a graph with vertices {zz} and with an edge between z; and z; if and only if
By (zx), Br(z;) have nontrivial intersection. As these balls cover €2 and € is connected,
the graph must also be connected, and so any two balls may be connected by a chain of
distinct, pairwise overlapping balls. For any x € B, (zx) and y € B, (z;) withx,y € U,,
find such a path of pairwise intersecting balls B,(z;,), m = 1,...,J, with k = i; and
J = iy. We have shown that z;, and z;,,,, as well as x and z;, z;; and y, may be
connected by curves of length Cr and stay at a distance C/r from 2. By concatenating
these curves (and using that J < K is bounded), we see that x and y may be connected
by a curve of uniformly bounded length remaining at a distance /C from the boundary,
as promised.

This, together with Lemma 7.5, shows that 2 satisfies the Harnack chain condition.
Combining with Corollary 7.3 implies €2 is an NTA domain. ]

7.2. Estimates on the Green’s function

In Lemma 3.4, we saw from a basic maximum principle argument that ug < Cwg for
essentially arbitrary domains. The opposite inequality is far more subtle, and will in gen-
eral fail even on polygonal domains in R” (in particular, it does not follow from the NTA
property of Corollary 7.6). Nonetheless, we show in Proposition 7.8 below that it is, in
fact, valid for minimizing 2.
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Let Gq(x, y) be the positive Green’s function for 2 with the pole at x. From [32,
Theorem 1.2.8], we have that

Ga(x,y) = Cd*™(x,y), Vx,y € Qg

I (7.3)
Ga(x.y) z cd®™(x.p). Vx.ypeQ.  d(x.y) < 3d(x.09).

where the constants depend only on R. If n = 2 the same is valid with —log d(x, y) in
place of d 2-n (x, ¥); we will only consider the case of n > 2 below, but all estimates
remain valid if n = 2 after similar modification. We remark that similar estimates for the
Green’s function were obtained in [18].

Lemma 7.7. Let Q@ € #H be a minimizer of ;. Then, for every co > 0 there is a Cy
depending only on R, v, v, 1, ¢o such that wo(y) < CoGa(x, y) for any y € Q and
any x € Q with d(x,92) > co.

Proof. Choose 3r¢g < min{co, inj}. Let K be the NTA constant of €2 from Corollary 7.6.
Let us first consider the case that y is such that d(y, dQ2) > ro/K. From the Harnack
chain property of Corollary 7.6, we may find a sequence of finitely many balls (the num-
ber depending only on ro and K) Ber, (i) € €2 so that Beyy/2(Vi) N Berg/2(Vi+1) is
nonempty and y; = y and y; = x. Applying the Harnack inequality to Gg(x, -) on each
ball, we get
sup  Gg(x,z)<C inf Gg(x,z)
ZEBcrO/z(Yk) ZEBcrO/z(Yk)

for k < J, while the assumption that d(x$2) > ¢y guarantees that Gg(x,z) > crg_” for
z € B¢ry/2(x) from the Green’s function lower bound in (7.3). Together, these guarantee
that for any such point y we have

Ga(x,y) = c(ro). (7.4)

On the other hand, from Lemma 3.3, we have wg(y) < C at y, while for any z € Q,
applying Theorem 4.1 and Lemma 3.4 gives

wa(z) > clua(z) + VT wea(2)] = cDO(Q)d(z, IQ). (7.5)

Now apply [4, Theorem 2.2] on By (z) for any z € 92, with u; = wg/wq(y) and
uy = Gq(x, )/Ga(x,y), where y € B, (z) is a point with d(y, dQ2) > ro/K (such a
point y exists from the inner clean ball property). In the theorem, we set U = €2, Q to
be the collection of NTA domains, 8 =1, =2,x" =y, V ={u € C(Q) N C*(Q) :
u > 0,]|Au| < C} and H to be the solution to the Dirichlet problem for A. Assumptions
(P1-P7) from [4, Theorem 2.2] follow from standard elliptic estimates and (P8) from
[32, Lemma 1.3.7]. Using [4, Remark 2.4], we only need to verify growth bound (2.1) in
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[4, Theorem 2.2] for wg, which follows from (7.5). We conclude that
wa(a) < CGa(x,a) (7.6)

for all a € B,,(z). Applying at any z, (7.6) remains valid for each a € Q with
d(a,d2) < rg. For a with d(y, 0R2) > rg, (7.6) follows from (7.4) and that |wg| < C
instead. ]

We use the Green’s function as a barrier for u from below and apply Lemma 7.7 to
show that the torsion function bounds the eigenfunction from below:

Proposition 7.8. Let Q € H be a minimizer of ;. Then, wg < C(R, v, Umax, N)UQ 0N 2,
and in particular,

1
sup ug > —DO(Q)r
B (x) ¢

forall x € 02 and r € (0, 1).

Proof. We have that |Q| < Umax and [ u% = 1. This means there must be a point x €
with ug(x) > ¢, and by Theorem 5.1, we have d(x, dQ2) > ¢/UP(2) > c¢. From the
Lipschitz estimate of Corollary 5.5, we still have ¥ > ¢/2 on a ball B,(x) € 2, where
r > 0 depends on ¢ and UP(£2), and thus on R, v, Uy, and 7. Using the Green’s function
upper bound in (7.3), we have G (x, y) < cr?™™ < c on B, (x). As Aug < 0 on Q, we
may use ¢ G (x, ) as a barrier from below for ug on the set Q \ B, (x); the comparison
principle implies that
ug(y) = cGalx,y) = cwa(y).

with the last inequality coming from Lemma 7.7. On B, (x), on the other hand, ug > ¢/2
while wg < C, so the same inequality follows. This completes the proof. ]

Next, we prove sharp bounds on Gg near 2. To state these in a more useful fashion,
recall that the harmonic measure on 2, which we denote by wy, is defined as follows: for
any f € C(dR), let f € C(Q) be the unique classical solution to the Dirichlet problem

A f_ =0 on¢2,

f=f ondQ.
Such a solution ]7 may be obtained using Perron’s method or by approximation schemes,
noting that Lemma 7.1 guarantees that Q satisfies the Wiener criterion (see [28, Theo-
rem 8.31]). Then, f — f(x) is a linear functional from C(92) to R, and from | the maxi-
mum principle it has norm bounded by 1 which is positive (i.e., f >0 = f(x) > 0).

From the Riesz representation theorem, there is a positive Borel measure w, on d<2 such
that

/ fdoy = F(x).
Q2

This is the harmonic measure; we clearly also have w, (92) = 1.
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Proposition 7.9. Let Q2 € K be a minimizer of 7. Then, the Green’s function Gg satisfies

dx, 00d (. 99) _ ooy 04000, 09) a7

d"(x.y) d"(x.y)

Moreover, for any x € 02, and any y € Q with d(y, x) > 4r, we have

0.0 oy (Br(x)) _ d(y.9Q)

ey ST =y 7o

All constants depend only on v, Vmax, R, and 1.

Proof. For any point a € W, set d, = d(a, 0S2). Take two points x, y € Q. If we have
d(x,y) < %d , then (7.7) follows directly from (7.3) (using the diameter bound for
in the lower bound) and there is nothing more to show. We now consider the case of
d(x,y) > max{dx, dy}, breaking up the estimate into several cases depending on the
locations of x and y. The notation s & ¢ below stands for c¢s < ¢ < Cs with constants
depending only on v, Vmax, R, 1.

Case 1: 2d(x,y) = dy > ry. First, assume that d,, > r( for some fixed ry to be chosen
below. We have from Lemma 7.7 that

cdy < wq(x) < C(ro)Ga(y, x)

for any x € Q. On the other hand, from (7.3) we have Go(y,x) < C(ro) for x € 9B,,/2(y),
while u g (x) > cd, from Proposition 7.8. So, we may use a multiple of G (y,-) as a lower
barrier for ug on the set Q \ By, /2(y): as Aug < 0, from the comparison principle this
leads to

Ga(y,x) < Cugq(x) < CUP(Q)dy

for x ¢ By, /z(y) Together, these two estimates show that in the case where d, > ro and
d(x,y) > d > %, we have

dx dxd
G X)) R dy & ~—2)
Q(y ) X r(};_l d”(x,y)
Case 2: dy > d(x,y)/4K. Now fix ro small enough that By, (yo) € €2 for some
reference point yg, using the interior clean ball condition from Lemma 7.6. The next
two cases we treat are when d, > —d (x, y), with K the NTA constant of Q. Take a
point a € dBg,/4(y). The basic estimates in (7.3) apply to this point to give Go(y, a) ~
d*"(y.a) ~d}".1f dy > Jpdy. thendy ~ dy ~d(x,y) are all comparable and we may
use the Harnack chain condition to find a uniformly bounded chain of balls B, (x;) € Q
with r &~ d,, connecting a and x; applying the Harnack inequality finitely many times
gives

(7.9)

_ d,d
Ga(y.x) ~ Go(y.a) ~ d) " ~ ny)' (7.10)
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We may therefore assume that d, < &dy. In this case, let z € Q2 be a point with
dx = d(x,z), and find an a" with By, 4k (a’) € Bg,/4(z) N Q2 using the interior clean
ball property. Since dyr > d, /4K, we have Gq(y,d’) ~ dyz_" from (7.10). On the other
hand, from (7.9) we have Gq(yo.a’) ~ dy. Applying the boundary Harnack principle
[32, Lemma 1.3.7] to Ga(y,-) and Ga(yo,-) on Bg,/2(z) (note that this excludes the pole
at y), we have that

Ga(y.x) _ Ga(y.a) _dj™" 4,
Ga(o.x")  Gal(yo.a’) dy dn(x,y)

for any x" € By, /4(z) (with the last step using dy, &~ d(x, y)). In particular, this is valid at
x" = x, leading to

dy _ dyd,
dr(x,y) d"(x,y)’

Ga(y.x) ~ Ga(yo. X) (7.11)
by again using (7.9).

Case 3: max{dy,dy} < d(x,y)/4K. The only case remaining is when max{dy, dx} <
&d (x,y). Assume without loss of generality that dy, > dx and choose z, € 02 with
d(zx, x) = dx. Now use the clean ball property to find a point a, with B, /x(ax) C
B, (zx) N Q for r = min{d(x, y)/4,ro}. Construct z, and ay similarly. At a,, we have
from (7.11) that

dyd,, dy
d"(ay.y) = on-1
Applying the Harnack inequality along a Harnack chain connecting a, and ay, this also
gives Ga(y,ax) ~ dy/r"~'. We now use the boundary Harnack principle on Gg(y, -)
and Ggq (o, -) on the region B;,(zx) N € (which contains x) to give

Ga(y.x) = Ga(y.ax)  dy 1
Ga(yo.x)  Ga(yo,ax) " lr

Ga(y,ay) ~

In other words,
dxd,

rn

d
Ga(y,x) ~ Gsz(yo,X)r—,f A

Noting that r ~ d(x, y) leads us to conclude with (7.7), which we have now established
in all cases.

For (7.8), [32, Corollary 1.3.6] gives that at any x € 92, r < rg,and y € Q \ By, (x),
if z is a point with B, g (z) C B,(x) N 2, then

wy (By(x)) & Ga(z, y)r" 2.

Applying (7.7) leads to

dedy _ dy
d*(z,y)  d*(x,y)’

Ga(z,y) ~

from which (7.8) follows. ]
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Note that we used the upper and lower bounds UP(2), DO(f2) in a crucial way to
get (7.9) and then (7.10) and the remaining estimates. For general NTA domains, the
conclusions of this lemma need not hold.

A direct consequence of these estimates and Lemma 7.1 is that w, is absolutely con-
tinuous with respect to the Hausdorff measure restricted to €2, and the Radon-Nikodym

derivative
dwy N d(y,092)

2192 )~ dn(x.y)

known as the Poisson kernel, is a bounded function of x satisfying similar estimates.

K(x,y) = (7.12)

7.3. Blow-up analysis and the reduced boundary
Given a point x € 92 and vector v € T,y M with |v| = 1, let

B,y (x) =exp {v € TeM : |v| <1, g(v,v) <0} € Br(x)
be a half-ball. For r < inj,,, define the function /, , : B,(x) — R by

Ix,v(exp,(v)) = g(v,—v) 4+, (7.13)
that is, [, , is a truncated linear function in normal coordinates.

Lemma 7.10. Let Q2 be a minimizer of F;. For each s € (0, sg), there are constants
e(R, s, U, Umax, 1) > 0 and ¢ = c¢(R, v, Umax, ) such that for x € 02 we have that
[(B(x) N QYA B, (x)| < er” for some v and r < ¢, then

(1) Ber(x)No2 Cexp, {veTuM :|v| <r|g(v,v)| <sr},
() |ug(y) —alxy(¥)| < sr forsomea € [c,1/c] and forall y € B, /5, (x),
(i) |lwa(y) — Blxw(¥)| < sr for some B € [c,1/c] and forall y € B, /5, (x).

Proof. Conclusion (i) follows from standard geometric measure theory arguments using
only Lemma 7.1: if there is a y € 0Q2 N B¢ (x) with y = exp, v, |g(v,v)| > sr, then
we may find clean balls B, (y1) € 2 N By, /2(y) and Begr(y2) € Bgrj2(y) \ 2, which
are either both inside or both outside B, (x). This implies that |(B,(x) N Q)A B, (x)|
> ¢s"r" (one of these two balls must be in this symmetric difference), and this is a con-
tradiction if ¢ < s".

The other two conclusions follow from a compactness argument: assume, say, (ii) is
false for a given s < s¢ and take a sequence Q2 of minimizers, points xi in 02, ry — 0,
vk € Ty, M with norm 1, and B;, (xg) with

By, (x) N0y € expx{v €Ty M :|v| <rg, g, v)| < skrk}

with s — 0 (after applying (i) with si rather than with s, using that ¢ — 0 to do so).
Identify T, M with R" using an orthonormal basis with e,, = v, and define iy : B{(0) C
R"” — R by

U (ri expy, e)

Tk

ug(e) =
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Using Corollary 5.5, the functions #} are uniformly Lipschitz functions defined on B;(0)
and {iiy > 0} converges to Bj,,(0) :={y € B; : y - e, < 0} in the Hausdorff topol-
ogy. After passing to a subsequence, il — U, uniformly on By (0). Moreover, letting gx
denote the pullback of the metric g on B, (xx) under the rescaled exponential map
e € B1(0) — exp,, (rxe), we get gx — goo in the C? topology, where goo (e, €j) = 8;;
is the Euclidean metric.

Let A denote the Laplacian with respect to the metric g on B1(0). We have A iy =
—r A1 ()i on {iiy > 0}; from elliptic estimates this means iy — ilo, in C? locally
on Bj ¢, (0). Passing to the limit at any point in By ¢, (0) gives Axotio = 0. Therefore, U
is harmonic on Bj ¢, (0) and vanishes on the rest of B;(0) (using uniform convergence
again). In particular, using elliptic estimates means i, is a piecewise smooth function
on B;(0) with |Viiee| + | D?fis| < C on Bz, (0).

We also have that cDO(S2x)r < supp_ (g) ik < CUP(Q)r for r € (0, 1) from Propo-
sition 7.8, and the constants here are uniform in k. Passing to the limit, we obtain that
cr < supg (o) loo < Cr, which implies that |Viio(0)| > ¢ (from the —e,, direction) and
SO oo (x) = a(x - —ey)+ + O(|x|?) for some ¢ <a < C.On B, /5(0), this implies that

[tk (x) = a(x - —en) 4| < |ioo(x) — or(x - —€) 4| + [k (x) — Uoo (x)]
1
< Clx* 4+ ox(1) < Csk? + 0x(1) < 75
In the last step we took k small, and then k large. Changing back to the original variables,

we have

sup  |ug, —aly | < srk,
By ssr, (k)

which contradicts (ii), failing for Q24 at xg. The argument for (iii) is similar. ]
We say x € 0*Q2, where 0*2 is the reduced boundary, if

li |(Br(x) N Q)A By, (x)] _
1m =
N0 | Br(x)]

for some v € T,y M with |v| = 1; we will use the notation v, for this v. Lemma 7.1 implies
that #"~1(0Q \ 0*Q) = 0 (see [27, 4.5.11 and 4.5.6]).

Corollary 7.11. Let Q be a minimizer of ¥, and x € 0*Q. Then, we have for constants
0 < ¢ < C < oodepending only on R, v, Vmax, and n:

(1) 0L N By(x) converges to the approximate tangent plane 0B, , (x) N B.(x) in
the following Hausdorff sense:

1
lim -  sup d(y,0B,,, (x) N By(x)) =0.
IO ¥ ,edQNB, (x)

(i) H" 1O N By (x)) = wp1r" ' + 0(r"Y), where w,— is the measure of the
unit ball in R*~1,
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(i) uQ(y) = [Vue(x)|lx v, (y) + o(d(x, y)) for some number |Vug(x)| € [c, C].
(iv) wa(y) = [Vwa(x)|lxv, () + o(d(x, y)) for some number [Vwg (x)| € [c, C].
The second conclusion can be found in [27, 4.5.6(2)]; the others follow directly from

Lemma 7.10.
We say that a function u € C(2) converges nontangentially to @ at x € 92 if

li\in sup{|u(y) —«a| 1y € Br(x),d(y, i) > er}

r\0

for all £ > 0. While the numbers |Vug(x)| in this corollary were abstract (not directly
connected to Vug proper), they may be reinterpreted as nontangential limits of |Vug|:

Corollary 7.12. Let Q2 be a minimizer of ¥, x € 0*Q, and |Vug(x)|, |[Vwg (x)| be as
defined in Corollary 7.11. Then,
(1) —|Vug(x)|vx is the nontangential limit of Vug at x,

(ii) —|Vwg(x)|vy is the nontangential limit of Vwg at x.
Proof. We only prove (i), setting &« = |Vu(x)|. Using Corollary 7.11,

lim SUPyeB, (x) lua(y) —alxv, ()| _

r\0 r

0.

Working in normal coordinates, at any y € B, (x) the function I, , () is such that

ALy v, (V)] = Cllgx — geucllcr = Cry |Vikw, (y) = Vig, (x)] < Cr,

where ge,. denotes the Euclidean metric. Fix ¢ > 0 and take y € B, (x) such that d(x, y)
> er. Then, applying elliptic estimates on B,.(y) in the first inequality and the fact that
|Aug| < C in the second inequality, we have

IV(ug — alxp)|Lo(B,, /2 (x))

1
< C[rllA(Usz —alx v ) LB (x) + ;llusz —alyy, ||L°°(B€,(x))]
<Cr +o,(1) =o0,(1).

The constant here depends only on ¢. It follows that

[Vuq(y) +avx| < o,(1) + |a||[vx + Vi, (V)]
=0, (1) + ||| Vixv, (x) = Vi, ()] < 0r(1). L]

8. The Euler-Lagrange equation

Our next goal is to derive the Euler—Lagrange equation satisfied by minimizers by differ-
entiating 7 with respect to smooth families of diffeomorphisms applied to €2. There will
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essentially be three main steps to do this. First, in Section 8.1, we derive the distributional
form of the Euler Lagrange equation. Computing the derivatives of the terms appearing
in & is more or less routine for smooth sets in Euclidean space, though we must take some
care because minimizers are not necessarily smooth and we are working on a Riemannian
manifold. For the distributional form of the Euler—Lagrange equation, the derivatives of
the nonlinear term are essentially given in condition (N4) in the definition of admissible
nonlinearity (Definition 2.11).

Next, in Section 8.2, we derive a pointwise form of the distributional Euler-Lagrange
equation from Section 8.1. The basic idea is to plug into the distributional Euler-Lagrange
equation a sequence of vector fields that approximate the outer unit normal to €2 at each
point in the reduced boundary. Carrying this out for the terms coming from the base energy
is not difficult, but it turns out to be fairly delicate for the term §) for reasons discussed
below. This will require the optimal Green’s function estimates from Proposition 7.9 of
the previous section. Ultimately, we are able to arrive at the following pointwise form of
the free boundary condition (see Corollary 8.10 in Section 8.2): there is a constant Ag
such that for almost every x € 0*Q N Q r, we have the identity

T
_|Vug(x)|2 _ ?|Vw9(x)|2 + t[bg(x) + /sz agvé:l = —Ap. 8.1)

If [Q2] # v, then Ag = f, ,(|2|). Here, for each x € 32 N Qg, the function vg is the
solution of an auxiliary PDE.

It is not clear that the Euler—Lagrange equation (see (8.1)) behaves as a Bernoulli-type
problem, or that it should yield any regularity. The most important part of this section,
which is the content of Section 8.3, is to rewrite the Euler—Lagrange equation in a way
which involves only |Vug|, up to “lower-order” terms. In doing so, the term bg(x) is
more or less innocuous and will be controlled by simply choosing the parameter 7 to
be sufficiently small. The |Vwg| term is a priori problematic, but can be handled in a
similar manner to [16,38]. The most challenging term to control is fQ aqvg, because the
function v§ solves an auxiliary PDE that does not immediately lend itself to comparison
with ug. We will discuss how to overcome this difficulty at the beginning of Section 8.3
once we have seen introduced the equation for vg,. The main result of this section is the
following free boundary condition:

Theorem 8.1. There is a function p > —Ct with ||p||coe3q) < C, with C,a depending
only on v, vy, 11, R, such that

[Vug(x)[*(1 + p(x)) = Ao
for H" l.a.e. x € 3*Q N QRg. For the constant Ag, we have Ag € [1/C, C].

As always, we assume that R is fixed and n < n9(R, v, Vmax)> T < To(R, U, Umax» 1)>
and t < 19(R, v, Vmax, T, 17) are small enough that all results in earlier sections apply. We
recall that ag and bg are functions given in the definition of admissible nonlinearity in
Definition 2.11.
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8.1. The first variation along a vector field

The main goal of this subsection is to derive the distributional form of the Euler—Lagrange
equation in Lemma 8.5. We start with some auxiliary lemmas quantifying how eigenvalues
and eigenfunctions vary under change of domains. We let v = vg denote the outer unit
normal of Q2. If we knew that €2 had smooth boundary, then the next lemma would follow
easily from the standard Hadamard variational formula; see [31]. Since thus far we only
know that 2 satisfies some very basic measure-theoretic properties, the proof requires
some more care.

Lemma 8.2. Let Q be a minimizer of ¥7. Let ¢ : M — M be a 1-parameter family of
smooth diffeomorphisms with ¢o(x) = x and 9;¢¢|r=0 = T for a vector field T on M.
Set 2; = ¢4(2). Then,

@ limsup, o 7(A1(R0) = A1(Q) +1 [pug [VuaPg(T.v)dH"™') <0,
(i) limsup, o 7 (tor(Q,) —tor(R) + 15 f3eq [Vwe?g(T,v) dH"™") <0,
(iii) lim;o T(1Q¢] — 2| = [5uq g(T.v)dH™™) =0,

@1v) A2(2;) = A1(R2) + c(R, v, Vmuy) for all |t| small enough,

() iy 57 120(Q0) = A1(R0) + (0 = 5) 7] = 0, where £+ (—c.c) — (0.00)
is a continuous function of s.

In particular, Ay (S2;) is differentiable and
i @limo == [ |VuaPe(T.v)d .
*Q

Proof. Step 1: Some general expressions. Take any v € L?(R2), and let v, = v o ¢!
€ L?(82;). Then, we may compute

/ vfz/ v2|detd¢,|=/ V(1 +tdivT 4+ O(?)), (8.2)
Q Q Q
where O depends only on ||¢;||c1. If instead we consider a v € H (), we have
/ |Vv,|2=/ |dp; ! (Vv)|?| det dep, |
Q, Q
:/[|vU|2(1 +tdivT) —21g(Vv, Vv, T)] + O(ﬂ)/ |Vvl|?.
Q Q

If v is smooth on , bounded, and such that —Av = f € L?(R), this may be further
rewritten using the identity

div(|Vv|*T —2g(Vv, T)Vv) = |Vo|*divT + 2g(Vv,T) f —2g(Vv, Vy,T) € L*(Q)
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to give
/ Vv, |? = / |Vv|? + z/ —2g(Vv,T) f + div(|Vv|*T —2g(Vv, T)Vv)
Q Q Q
+ 0(r2)/ |Vvl2.
Q

Applying the divergence theorem of [19] to the second term and assuming Vv has non-
tangential limits at J"~!-a.e. point of 2 lets us rewrite this as

/ |Vvt|2:/ |Vv|2—t/ 2¢(Vv,T) f
Qy Q Q

—I—t/ |Vv|2g(T,v)—2g(Vv,T)g(Vv,v)dJ{’"_1~|—0(t2)/ [Vvl2.
*Q Q

Step 2: Proofs of (1)—(iv). We now verify the conclusions of the lemma. For (i), take
v = ug, and use v; as a competitor for the definition of A (£2;). Then, v, € HO1 (£2), and

/ vf:/ ug(1+1divT + 0(1?)) =1—2z/ uag(Vug,T) + O(t?),
Q Q Q

by integrating by parts as ug € HO1 (£2). On the other hand, Vug has nontangential limits
a.e. (from Corollary 7.12), and so

/sz V0P = A (@) — ¢ /Q 24(Vug. )i (Qug
+z/ |Vug?g(T,v) —2g(Vug. T)g(Vug, v)d H" 1 + O(t?).
*Q

Using the formula from Corollary 7.12 on the boundary gives g(Vug, T)g(Vug,v) =
|[Vug|?g(T, v), so this leads to

f IVU;|2
Juz
as the terms of the form ¢ fQ uog(Vug, T) cancel to order ¢. This proves (i).

The proof of (ii) is given analogously: proceeding in the same way using v = wgq, the
terms ¢ [o g(Vug, T) in the expansion of tor(2;) again cancel and we find that

A(R) < <Ai1(R)— t/ |Vug|?g(T, v)d #" ™' + 0(t?),
9*Q

1 t
tor(Q;) < /§|Vv,|2—v, ftor(Q)—E/ |Vwe|?g(T, v)d "t + 0(t?).
*Q

To prove (iii), we use the constant function v = 1 in (8.2) and the divergence theorem
to obtain

Q] = |9 +r/ ¢(T)dI™ + 0(t?),
0*Q
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Using (i), (ii), and (iii), we see that §(R2;) < &(RQ) + C|t| < Emin + 8 if |¢] is small
enough. From Lemma 3.14, this implies that 1,(2;) > A1(2) + ¢, giving (iv).

Step 3: Proof of (v). Finally, for (v) we proceed as for (i), except with 2 in place of €2,
using Us; = ug, o Ps o ¢t_1 1 Q; — R as a competitor. These are nonnegative, and

/ uz, =1+ O(r —sl), (8.3)
Q

which we obtain from (8.2). We do not try to justify the application of the divergence
theorem in this case, instead only using

fgzt st|

fsz ”?z

—AI(QS)—i—(t—s)/ |Vug, |* div Ty —2g(Vugq,, Vvug, T;)
+2uqg, g(Vug,, Ts)

A1(R2) <

+ O((t — 5)%)
= A1) + (1 —9) £ + Ot — 9)%),

where Ts = 0;¢;|;=5. Clearly, fs¢ is bounded in terms of ¢ and A;(€2;), and we
know A1 (€2;) is bounded from (i). Applying this with ¢ and s reversed shows that

M(Q) < Q) + (s =0 £ + 0t —5)), (8.4)

and so |A1(R25) — A1(24)| < C|s — ¢|. Together with (iv), Lemma 3.8, and (8.3), this
implies that

s - mm”m_Hf__

[fﬂjszt ::|

On the other hand, as u,, are defined by ug, composed with smooth diffeomorphisms
approaching the identity, lim, g |us; — ugq,||g1 ) = O from the Vitali convergence
theorem. Together, these give that ug, — ug, strongly in H'! as t — s, and it follows
that ftd’ is a continuous function of ¢. Combining with (8.4) leads to

() <A (Q20) + (s —1) f2 + ot — ).

+ C|t —s|
Hl(Qt)

AI(Q,)] +Clt—s|<C|t —s].

This completes the proof of (v). The final statement of the lemma is immediate from (i)
and (v). [

We now turn to a finer analysis of how the eigenfunctions ug, vary under domain
variation. We already saw in the proof of (v) that they vary continuously in 7, in the H!
norm; however, we will need a much more careful estimate to handle the term ). Our first
goal is a kind of C! L2 estimate, which we break into two parts.
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Lemma 8.3. Let Q be a minimizer of ¥;. Let g; be a smooth (in both x and t, uni-
formly on Q), 1-parameter family of metrics with gg = g, the original metric on M, and
let Ay and m; respectively be the Laplace—Beltrami operator and volume measure for the
metric g;. Let f; be a C' function of t that is constant in x with fy = A1(Q). Assume
that u; € H(} () is the unique nonnegative function with [ u?dm; = 1 and

—Anuy = fruy,
and assume that no solutions v € HO1 () to
—Av =Afiv

exist for any A € (0,1 + ¢) (for some ¢ > 0) apart from scalar multiples of uy. Then, u;
is continuously differentiable in t for |t| < ¢ and any x € 2, the derivative v att = 0 lies
in C(Q) N H} (Q), and

1
lim —||u; —ug —tv =0.
1501 L2 0 ||H(}(sz)

Note that the existence of u; is part of the lemma’s hypotheses; we do not claim such
a uy exists.

Proof. Observe that ||u;|| HI@) is uniformly bounded in ¢, using u, as a test function for
itself:

/|Vu,|?dmt = f,/u%dml < ﬁ (85)

For a ¢ € H™'(Q2) consider the problem of finding a p € H(2) which solves
—A¢p = fip+q. with [ pu; = 0. Such a p exists if and only if g[u,] = 0; if it exists it
is unique and

IPlla @) = Cllglla-1(@)- (8.6)

Indeed, the operator —A; — f; 1 : Hy (2) — H~!() is bounded and, by our assumptions,
has a one-dimensional kernel spanned by u;. From the Fredholm alternative and open
mapping theorem (see [11]), the range consists of all ¢ € H~!(Q) with g[u,] = 0, and

[[¥[p - [ &[] ame = Clati-.

Then, (8.6) follows, as [ g;(Vu;, Vp) = [ fiu;p = 0 from the definition of u;.
Insert u, into the equation for ug, to get (in weak form with ¢ € HJ () a test function)

/ ¢5(Vuur. V)dm, = / ¢5(Vur. Vg)dm, + / g5(Vuur. V)d(ms — my)
-/ / wipdm, + / 45 (Vs V) — go(Vur, Vg)dm,

4 / ¢5(Vuur. V) d(my — my)
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— £ [wgdm+ [ (fi= fonued + 5oV V)
—&:(Vu,, Vop)ydm,
b [ = o+ g (T, V$)dme = mo)

— fv [wgdm + giigl.
where for ¢! € H™!(2), we have

lasloll < [ILfe = fille + € sup g — gsl]lluellz2llgll 22

+ Sgp lgr — &sllluell @ 1Pl ;@)

and in particular, ||g||g-1(q) < C|t — s|. Here |g; — gs| = |g: — gslg is with respect to
the original metric. Subtracting us, we have (in weak form)

_As(ut - us) = f:Y(ut - us) + q; 8.7
By applying (8.6) to u; — us — uy fus(u, —ug)dmg = u; — aug, we see that
llue — ausllgy < Cliggllg-1 < Clt —s|.

The constant a need not be 1, but we do know that as u;, uy > 0 by assumption,
a = [u;ugdmg > 0. Using the Poincaré and triangle inequalities and the normalization
on uS’ ut’

11 —al = |lluellL2@am,) — lavsllzz@mg)

< [luell2@mgy = lavsliz@mg| + [elL2@mgy — el L2amy|
< llur — ausllL2@my) + Clt —s| < Clt —s].

Therefore, we see that
flur — Us||1-1(}(§z) < |lu: _aus”H(}(Q) + 1 —a|||ux||H(}(sz) <Clt —s|. (3.8)

Set
q;l¢] := —/(8tft)“z¢ —(0:80)(Vu,, Vo) + m/t[flut¢ - gt(Vut,th)]dm,,

where m/ stands for the derivative of the volume form (that is, m,(E) — m(E) =
fst [ m,dm,dr). Then,
41811 < Cllbll gy el

s0 ||¢;]lg-1 < C. On the other hand, directly estimating each term using the assumptions
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on f; and g; leads to

lgs[w] — (s — 1)g;[w]|
< C[sgplft — fs+ (s =03 fe| + Slslzp|gt —gs+ (s —1)g}

+ Sup | fo = fsl> + |g: _gs|2]||ul‘||H(}(Q)||¢||H(}(Q)
<ot = sDlluell g @) 191 @)

so ||t — (s — Dqilla-1@) = o(|t — s]). Using (8.8), llg; — gsllg-1(@) = Oast — s, s0
this may be rewritten as

lgs — (s = Ogellz-1) = o(t — ).

We also claim that g} [us] = 0. Indeed, as —Asu; = fsu; + ¢* is a nontrivial solution,
from the Fredholm alternative we must have ¢’ [u] = 0, but then

|t = sllgy[us]l = o(lt — 1),
so taking ¢ — s implies ¢} [us] = 0. Let v? € H/(S2) be the unique solution to —Av? =
fsv? + ¢l with [uzv? = 0, using the Fredholm alternative from (8.6). Then, together
with (8.7), we have that

e —ares — s = 00y < Cllgt = (s = DLl 1) = 0(lt = s]),

where a = fu,usdms as before. Now set vs1 = us% fufm/sdms, and estimate a again:

‘/u?dmt—/u?dms—(t—s)/u?m;dms
< ‘/ufdm,—/ufdms—(z—s)/ufm;dms

<Clt —s|?.

+Clt —s?

So, taking square roots and recalling that [ u?dm, = 1, we have

1
ez = Ve lzzamy = € =903 [ wmam,

2—1—||u
<Clt—sP+ | ez, It — s /u?|m’s|dms <Clt -2
1+ luell2(amg)

This may be used to estimate 1 — a up to a correction:

1
l—a—(t—s)z/ufm’sdms +Clt —s?

<|luellz2@mg) — alles L2 @my)

+Clt —s|?

0
<|luellr2(@my —llavs—(s — v}l L2am,)
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<ty —ars — (s = 2 gy + Cli s> = o(lt — s)).
The second step used that [ u;v0dms = 0. Thus,
_ _ _ 0 1 _ _ _ _ 0
”ut us — (s — vy + vs]”]-](} = |ur —aus — (s — vy ”HOl
1 2./
+|1—a—{(t —S)E ugmgdmy

= o(|t = s]).

Set vy = v? + v}. This establishes the main conclusion of the lemma. It remains to verify
that vo € C() and that 1, is continuously differentiable on .

These claims can be seen from the PDE for v?. As u, is smooth on the interior of 2, as
long as ¢ € H}(U) for U CC Q, we have (integrating by parts as needed) that |g%[#]| <
C(U)||¢|lz1- In other words, ¢, (and similarly, ¢%) may be represented by a bounded
function. Applying elliptic regularity estimates to (8.7) gives that for U’ cC U,

s —us — (s — [)US”CI,Q(U/)
< CWU.UNllus —us — (s = )osllgiwy + llgs — (s — gl Lo ]
=o(t —s).
In particular, this implies that u;(x), Vu, are continuously differentiable in ¢, locally uni-
formly on 2.
As for checking that vy € C(2), note that q¢ only depends on ug, Vuo, which are

bounded uniformly on €2 (as ¥y = ug, and using Corollary 5.5). Thus, from elliptic esti-
mates on NTA domains (see, e.g., [32, Theorem 1.2.8]), we have that for some o > 0,

lvgllcoacgy < C [Ilvglly(}(sz) + llgollze@] < C.
On the other hand, v(l, is a bounded multiple of u¢, and therefore Lipschitz continuous. =

Lemma 8.4. Let Q be a minimizer of ¥7, ¢, : M — M a I-parameter family of smooth
diffeomorphisms with ¢o(x) = x, 0;¢¢|r=0 = T a vector field on M, and such that
Q; = ¢1(Q). Then, ug, : (—c,c) — HY(Q) is differentiable int at t = 0 with derivative
ug = 1257; € L (M) vanishing outside 2, in the following sense:

1 .
lim ~llug, —ug —tuel2mn = 0.
The function ugq satisfies

—Aiig = A (Qig —ugq [q |Vual>g(T, v)d K"t on Q,

ug =—g(Vugq,T) on 0*Q, (8.9)

fQ uqug = 0.

The boundary condition holds in the sense of nontangential limits at a.e. point on 0*Q.
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We will write ug to denote the derivative found in Lemma 8.4 when we wish to
emphasize its dependence on the vector field 7', and will simply write ug otherwise in
order to alleviate notation. We will discuss the specifics of the PDE satisfied by 1 ¢ below,
but note for now that from the absolute continuity of the harmonic and Hausdorff mea-
sures from Proposition 7.9, the boundary condition is given on a sufficiently large portion
of d€2 (i.e., there is a unique solution to this problem; see [32, Theorem 1.4.4]).

Proof. Set u; = ugq, o ¢y : 2 — [0, 00) to be the pullback of ug,. Then, u, satisfies a
PDE on ; namely, —A,u; = f;u;, where A; is the Laplace-Beltrami operator asso-
ciated with the metric g; = ¢/ g and f; = A1(R;). From Lemma 8.2, part (v), f; is
a C! function. Moreover, u, is the unique nonnegative solution to this equation in HO1 ()
with [[u]|z2(@,dam,) = 1. while the same equation with f; replaced by Af;, A € [0,1 + ¢]
admits no nontrivial solutions (this follows from Lemma 8.2, part (iv)). Apply Lemma 8.3
to this to learn that u, is continuously differentiable in # and to obtain a function v €
H}(Q) N C(Q) with
tli_r)r(l) ;Hu, —ug — tv||H(}(Q) =0.

In particular, we have that

leg, —ug o ¢; g, < Cllur —ugllgy ) < Clil- (8.10)

Our goal now is to estimate ug, — u;. Consider, with # fixed, the function ¥ o ¢s(x) :
M x [0,¢] — [0, 00) for any ¥ € H'(M). This function lies in H'(M x [0, ¢]), with

distributional derivative d (¥ © ¢5)(v, 1) = (dg, () ¥ (dx s (X)V), dg, () ¥ (3595 (x));
this may be verified by approximating by smooth functions. Plugging in ug, for ¥ leads
to the identity

t t
ug, (x) —u(x) = —/ ds[ug, o ¢sl(x)ds = —/ g(Vug, (¢s(x)). ds¢s(x))ds,
0 0
which is valid for almost every x € M. Now, for |s| < |t],

IV(ug, o ¢s) — Vuallrzan < IV(ug, o ¢s) — V(ug o ¢; " o ds)llr2an
+ |Vug — Vug o ¢; ' o ¢9)ll2any
< Clt]| + 0:(1).

We used (8.10) to bound the first term (after changing variables), while the second goes
to 0 by the dominated convergence theorem (Vug is bounded while ¢, Lo gs(x) = x
pointwise). We also have that

[0s¢s(x) = T| < Cls| < Clt],

as ¢ is smooth. Applying both of these, we have

1
0 lug, —ur +1g(Vug, T) 2

1 t
=< W/o g (Vug, (@s(). 055 () — g (Va. T)llL2ards
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< Clt] + 0:(1) = 0, (1).

Now, set g = v — g(Vug, T') (extending it by 0 outside of €2). We have shown that

1 )
mllum —ug —tugllL2n
1

=<
lt]

[l —ug —tvl2) + lug, —ur +tg(Vug, T)llL2y] — O.
As both v and Vug are bounded, so is uq. It only remains to verify that 1g solves the
stated PDE.

First, recall that from Lemma 8.3 we know u, (and its spatial derivatives) are contin-
uously differentiable in # on € for small |¢|. It follows that ug, is continuously differen-
tiable in ¢ on 2, as well, and d;ugq, |;=o = g on Q. Therefore, we may differentiate the
PDE —Aug, = A1(Q;)ug, pointwise on 2 att = 0 to give

—Aug=A«9mg+w&mamngwug=xu9mg—ugﬂ;Jvaﬁxnwd%”*

on €2, where in the second equality we used the final statement of Lemma 8.2. The orthog-
onality condition may be inferred from the normalization of ug, : indeed,

1= /ufz[ = /(ug +tug)? +o(t) =1 +2t/ugit9 +o(t).

Rearranging and sending 7 to 0 gives [ ugqiig = 0. Finally, we have that —g(Vug, T) has
nontangential limits a.e. on 92 from Corollary 7.12, while v — 0 on 92 uniformly; this
gives the boundary condition. ]

We are now in a position to prove the main result of this subsection, which is a “dis-
tributional” Euler—Lagrange equation for 2.

Lemma 8.5 (Distributional Euler—Lagrange equation). Let Q2 be a minimizer of ¥. Fix
B, (x0) € Qr and let L := |B;(x¢)|. Let T be a smooth vector field on M with |T| < 1
that is compactly supported on B, (x¢).

If T is volume preserving to first-order in the sense that [y.o g(T,vy)d H n=1 —,
then

T
- [ VuaPe(rov) + 5 [Vuale(rvyd s
0*Q
+ r[/ nqag +/ bag(T, v)de}f”_l]‘ <CL,
Q 0*Q

where ag, bq are the functions from property (N4) of h and g = uz; is as in Lemma 8.4.
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If1Q| # v, L < ||| — v, and we do not assume [y, g(T, v )d H" =0, we instead
have

T
= [ 1Vuale(n) + S IVwaleud s + 02D [ g maser
*Q 0*Q
+ r[/ uQaq +/ bag(T, v)d%"_l]‘ <CL.
Q *Q
The term containing 1q may first appear to be of lower order, since it is integrated

on € rather than the boundary 9*2. This is not the case: due to how g = L'tg depends
on T, it will end up being of the same order as the others.

Proof of Lemma 8.5. Let ¢;(x) be the flow associated with T: 9,¢,(x) = T (¢;(x));
then, ¢, is a smooth family of diffeomorphisms for all |¢| < ¢ small, with ¢;(x) = x
outside of B, (x¢). Setting 2; = ¢;(2), apply Lemma 8.2 to 2 and ¢;; this implies that
Az(Qt) > /\1(9[) + ¢ and
2 T 2 n—1
E(Q) < 6(Q)—1 [Vual“g(T.v) + —|Vwa|"g(T.v)d #"™" + o(1).
9*Q
Let us now consider §(€2;): using property (N4), we have that

b(2) — H(Q) =/(th —ug)am/ bg—/ bo + ot) + O(r™).
Q Q
The second term here may be estimated as in Lemma 8.2 using (8.2) to give
/ bQ-/bQZ[/deiVT+0(I)
op Q Q
:t/ bag(T,v)d H" ! —l/ g(Vbg,T) + o(t)
*Q Q
=z/ bag(T.v)d K"~ + O@tr") + o(1),
*Q

using that ||bg||cor < C by assumption. For the first term, we see that |ug, — ug —
tugl|lL2 = o(t) by Lemma 8.4, and so

/(usz, —uglag = t/itsz aq + o(t).
Putting everything together and using that 7, (2) < F:(Q2;),
2 T 2 n—1
0<-—t |Vugl|“g(T,v) + 7|ng| g(T,v)d ¥
0*Q
n f[z/ bag(T, v)d #"! +z/ugag] +o(t) + O(tr™).
0*Q

The conclusion follows from dividing by # and letting t — 0.
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If |2] # v and ||R2] — |2;]] < ||2] — v| (which always holds if ¢ is small enough),
then f, 5 is linear and we may estimate

Fon(Q4D) = fon(QD + £, (12DI| — 2]
= fon(12D) + 1£L, (12 / g(Tv)d I + o(0).
0*Q

We then proceed as we did previously. ]

8.2. The first variation at a point

Next, we wish to derive a pointwise form of the distributional Euler—Lagrange equation of
Lemma 8.5 by sending T to xvx — 8, vy at points x, y € 0*Q. Here and in the remainder
of the paper, we let vy = vg(x) be the outer unit normal of 2 at x. Passing to this limit is
actually quite delicate, with the main challenge arising from making sure that the functions
ug = uST2 behave well under such an approximation procedure. Heuristically speaking,
recalling equation (8.9) satisfied by u{z, the limit of the uST2 should solve an equation with
a Dirac delta as boundary data. On the other hand, the boundary data in (8.9) is achieved
only #"!-a.e. and in a nontangential limit sense. To rigorously derive this limit, we will
use PDE (8.9) solved by g by writing g in terms of the Green’s function and Poisson
kernel.

It will be convenient to decouple the Poisson kernel part and the Green’s function part,
or in other words, the harmonic part and its remainder part, of g in the following way:
For any smooth vector field as in Lemma 8.5, let the harmonic part 27 of ug be given by

hT (x) = /m ul doy,

where w, is the harmonic measure; that is, it solves the PDE

—ART =0 on 2,

hT =ul, = —g(Vug.T) ondQ
with the boundary condition in the sense of nontangential limits at a.e. point. Then, let
g7 = ug — hT be the remainder part. Using the equation for ug from Lemma 8.4, we see

that g7 solves the PDE

—AqT = 21(Q2)(q" + 1) —ugq [yuq |Vuel?g(T.v)d K™™' onQ,
¢ =0 ond2, (8.1
[@T +hTug =o0.

We construct our approximating vector fields in the following way: Given a point

x € 0*Q and a sufficiently small scale r, let Ty, be a vector field chosen such that
|Tx,r| E 17 supp Tx,r g Bc(n)r (x), and fa*sz g(Tx,r, V)d]fn_l = U)n_lrn_l, where Wn—1
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is the volume of the unit ball in R”~1; this may always be found by starting with the
vector field vk, in normal coordinates near x, with k, a smooth cutoff function approxi-
mating 1, (x), and then multiplying by a constant.
Recall the notation 4
@y
K(x,y) = m( x)
for the Poisson kernel, that is, the Radon—Nikodym derivative of the harmonic and surface
measures, from (7.12).
First, in the next lemma we will show that the harmonic parts hTxr  after suitable
renormalization, converge to a multiple of the Poission kernel as r — 0. The main tool in
the proof is the sharp estimates for the harmonic measure established in Proposition 7.9.

Lemma 8.6. For every x € 0*Q, ifsupp T C B, (x), then the function hT satisfies

C
nT < —/ T\dJ"!
WO = G ST

whenever d(x,y) > Cr.
For 3" -almost every x € 3*Q, if h*(y) = |Vuq(x)|K(x, y) is a multiple of the
Poisson kernel, then h* is well-defined emsand satisfies

C
h* <—
WO = G
and r
h x,r
lim sup |A*(y)— —(y_)l d" (y,x)=0. (8.12)
N0 yeQ\Bc, (x) @p—y 1"

Proof. The first conclusion follows from harmonic measure estimate (7.8) in Proposi-
tion 7.9, along with the fact that |[Vug| < C from Lemma 5.5. For the others, select x
with the following properties: (i) x € 0*€2, (ii) x is a Lebesgue point of |Vu| with respect
to #"~!, and (iii) x is a Lebesgue point of K(x, y) with respect to #" ! for a fixed y € Q
with B, (y) € Q. Then, the Poisson kernel estimates of (7.12) following Proposition 7.9
directly give that for any z € Q,

C
h* =|V K(x,z) < ——.
)] = [Vu)|K (.2) =
As a first step toward proving (8.12), we have that for this one fixed y,

”(y)

17‘” o -1

thr
m0) = 20| = | K. ) -

—=/ VU)K (6 08T (), v2) d K" () = hT (7)
Wp—1T 0*QNBer(x)

n—1 )/ [Vu(x)|K(x, y)g(Tx,r(Z)a Vz)
WOn—17 3*QN B, (x)

—uQ "(2)K(z,y)dH" ()
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C
< / V()| K (x 1)g (T (), v2)
r 0*QNB.r(x)

+ ¢(Vug (). T, (2)K(E. )| dH"(2)

C
- / VU@ K(x. )8 (Ter (2). v2)
r 0*QNBcr(x)

+ ¢(Vug(2), T, (DK, )| 4377 (2) + 0, (1)

C
- / K. )8(Ter (). Vug(2))
r 0*QNBcr(x)

~ g(Vug(®). Tey (K |dH" ™ ()] + 0, (1)

=o0,(1),

by using the definitions and both of the Lebesgue point assumptions, and the fact
that K(z, y), |Vuq(2)|, |Tx,(z)] are all bounded.

Now, let us estimate the same quantity replacing y with any z € Q \ B¢, (x). To this
end, we use the triangle inequality and the definitions of #* and AT+ to write

K(x,z) hTxr (z)

= |h* - <I+4+1
(y)K(x,y) Wy r* 1T i

thr(z)

lrn 1

h*(z) —

where we set

I =

ey M) | K(2)
() - Few
c K(x.2)

= /mﬂ%) i @) K(g.2) = Kig. g s [ @),

Wp—1r"1

Since d(x, y) > cg, from (7.12) and Proposition 7.9 we have

K(x,z) C
Koy = N0 = ey

and therefore, we see that I < 0,(1)/d"~!(z, x), using the first step above. Next, from
[32, Corollary 1.3.20],

dw,
dw,

d®(x,q)
d"1(z,x)

dw; dw,
() - =@)|=c| d*(x.q) < C
wy dw,

for some « € (0, 1), giving

K(x.2)| _ . d*x.q) d(x.q)
Kooy = a0 M4 = C o

‘K(q,Z)—K(q,y)

for any ¢ € 3S2. We therefore see that Il < Cr%/d"!(z, x). This proves (8.12). |
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We now move toward estimating the remainder g7 and pass to a limit for the (renor-
malized) functions ¢+ corresponding to the vector fields Ty, defined above. The rema-
inder qT satisfies a simpler boundary condition than hT (recall (8.11)), and we will use
the following auxiliary elliptic estimate to help control it:

Lemma 8.7. Let p be a bounded function on Q with [ pug = 0. Then,
—Au=AQu+p onQ,

Juug =0,
u=20 on a2

admits a unique solution u € HJ (), which has the estimate
lullr = C(P)lIplLr (8.13)
forany P € [1,.%5).

The existence and uniqueness are immediate from the Fredholm alternative (using that
p € L™), as in (8.6). The main point is that the estimate is in terms of only the L' norm
of p.

Sketch of the proof. The estimate

lulle) < ClIPlLe ) + lull2)]

for any P’ > n/2 may be found in [28, Theorem 8.15]. Combining with the Hilbert space
estimate from the Fredholm alternative (as in (8.6)),

lullie < lullgi@) = Cllplee

gives
lulle@) < ClipllLr g)-

Then, (8.13) follows from duality. [

Corollary 8.8. For almost every x € 0*Q, the functions g7 /w,_1r"~" converge in
the L topology (for any p € [1, ;%)) to a function q*, which solves

—Ag* = M(Q)(¢* +h*) —ug|Vug(x)|> onQ,
Ja(@* + ¥ )ug =0,
q* =0 on 02

in the sense that q* is the Green potential of the right-hand side: for a.e. y € Q,

a5 () = /Q (1@ @) + 1 () — ug(@)|Vua™)[2]Gaz.y)dz.  (8.14)
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It is straightforward to check that in fact g* is continuous (up to the boundary) away
from x, and satisfies the PDE and boundary condition classically. However, the statement
here is actually stronger: it implies that at x, ¢* still is 0 in the sense that it does not form
measure-valued boundary data there.

Proof. Recalling equation (8.11) satisfied by g7, we wish to decompose g7 further as

g’ = qlT —uQ f hT ug in order to apply the estimate of Lemma 8.7 above to the piece q1T ,

which is orthogonal to ug by construction. Let us integrate by parts twice to compute

AI(Q)/ hTug =—/ hT Aug
Q Q

- / (VAT Vug) — / W g(Vug, v)d I
Q 0*Q
=—/8 Q|Vug|2g(T, v)d J" L (8.15)

We used the divergence theorem of [19], the fact that ART =0, and Corollary 7.12. In
particular, if we write AT = hT —uq [ hTug (so that hT + g7 = hT + qT), we have

—AqT =21(Q)(qT +1]) onQ,
[qTug =0,
gl =0 on 92

and [hTug =0.

We claim that th” Jwn—17"" 1 is a Cauchy sequence in L! (with respect to index r).

Txr
7 — h*||1 = 0, and that

thr
lim [ ug—— /hxug
r\O0 Wp—11""

To see this, apply Lemma 8.6 and notice that lim,~o ||

From (8.15), we see this implies that at each Lebesgue point x of |Vug| on 3*Q2 we have

[Vug (x)]?

1
hu =lim——/ Vugl?g(Tyr, v )d "1 = —
/ o [ IVuaPe(Ti, v e

™NO A (Q)wp_qrnl

So, applying Lemma 8.7, we see that ql " Jwp—1r"" 1 is Cauchy in L?, and so con-
verges to some function ¢7. Passing the orthogonality condition to the limit, [ gfug = 0.
It then also follows that g7 /w,_ "' — ¢* = qf —ug [ h*ugq.

We have verified the orthogonality condition [, (¢* 4+ h*)ug = 0. The boundary con-
dition and PDE may be checked by writing

™) = [ @™ @)+ 17 @)
Q

—ua@) [ [Vua () Pe(Ter 0)d #0710 |Gate )z,



M. Allen, D. Kriventsov, and R. Neumayer 298

and passing both sides to the limit in L7, which results in

q*(y) = /Q[M(Q)(CIX(Z) + 1% (2)) — ua(2)|Vug(x)*]Ga(z, y)dz

forae. y € Q. u

Remark 8.9. We may recover further estimates for g* from this argument if we wish. For
example, for any o, B € R,

leg™ + Bg”llzr < Cllah™ + Bh” |11 + Cla|Vug(x)[* + BIVua(») .

by taking the limit in the corresponding estimates for g7 with T = aTly,+ BTy, If we

- 1 =__ 1 i
choose @ = OO and § IO the second term vanishes and we get

¢ ¢ <C A 4
H|Vug(x)|2 |Vug(y)|2HL1_ H|Vug(x)|2 |Vu9(y)|2‘

L
These may also be derived directly from the potential identity (see (8.14)).

Set vg, = g* + h*. We are now in a position to derive a pointwise Euler-Lagrange
equation, or free boundary condition, satisfied #"~!-a.e. along 9%2.

Corollary 8.10 (Pointwise form of the Euler—Lagrange equation). Let Q2 be a minimizer.
Then, there is a constant Ay such that for almost every x € 0*Q N Qg, we have the
identity

T
_|Vugz(x)|2 _ ?|ng(x)|2 + r[bg(x) + /Q agvé] = —Ay. (8.16)

Here v§ = q* + h™, where ¢* is as in (8.14) and h* = |Vugq (x)|K(x,-). If |2| # v, then
Ao = f, (IR0

Proof of Corollary 8.10. Take any two points x, y in 3*Q N Q g to which both Lemma 8.6
and Corollary 8.8 apply. Using T, = (Tx,, — y,r)/a),,_lr”_1 for T in Lemma 8.5, we see
that

T
[ [1Vua@ - S 1Vua@P + tba(@ |eTra).v)a 2" @) + « [ aciif
0*Q Q

<Cr—0.

Restricting further to only those x, y which are Lebesgue points of both [Vug| and |[Vwg|
with respect to H"~! L 9Q, we see that the first term converges to

T
[Vua(y)? = [Vug(x)]* + T[Iszz(y)l2 — [Vwe(x)[*] + tlba(x) — ba ()]
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From Lemma 8.6, we have that A7 — h¥ — h* in L(Q), while from Corollary 8.8,
qTr — ¢” — ¢* in L'(Q). Passing to the limit then gives

Vug I ~ [Vug (@ + 5 [IVwa ()P ~ [Vue()?] + elba() ~ ba(y)]
+ r/ﬂag[vé —vg] =0.

This implies the quantity in (8.16) is independent of x.
If |2| # v, we may instead just use T, = Ty, /wy—17""1; proceeding similarly gives
that

T
Va0l = Vua(l + £, (2D + [bat) + [ aavg] =0,
This completes the proof. ]

8.3. The Euler-Lagrange equation rewritten

As we discussed at the beginning of the section, the pointwise form of the Euler—Lagrange
equation in Corollary 8.10 is not particularly useful from the perspective of regularity
theory. The goal of this subsection is to prove Theorem 8.1, that is, to rewrite (8.16) in a
way which involves only |Vug|, up to “lower-order” terms.

The most difficult term in (8.16) to control is fQ aqvg, so let us give a brief heuristic
idea of how this is done. Recall that vg, = h* + g*; we will consider these two terms
separately. The term h* = |Vug|K(x,-) is strictly harder to control, so let us focus on the
term |, o aeh*. Inorder to compare this term to [Vug |2, we reinterpret the equation solved
by h* using that the Poisson kernel is the (normal) derivative of the Green’s function. So,

/ () dm(y) <
Q

v, / Ga(x.y)ag(y)dm(y)| = [Vug||IV p)|,
Q

where p(x) is the potential solving Ap = agq with p = 0 on dQ2. From here, this term
can be handled in a similar way to the term |Vwgq|?, using several applications of the
inhomogeneous boundary Harnack principle.

Let us now move toward proving Theorem 8.1. Before proving the main theorem, we
will need several lemmas that will allow us to control the other terms in (8.16). The first
lemma shows that the ratio between the first eigenfunction and a function p that solves an
equation is Holder continuous up to the boundary. One application of this lemma will be
to the function p = wg in the proof of Theorem 8.1. It will also be used to help control
the bad term f o aqvg, in the Euler-Lagrange equation (see (8.16)).

Lemma 8.11. Let p be a continuous function with p = 0 on 92 and such that —Ap = f,
| fllLee < 1. Then,

(8.17)

CO: a(Q)
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for some C, o depending only on v, vmax, R, 7. Moreover, V p admits nontangential limits
at almost every point x of 0*Q, |g(Vp(x),vx)| = |Vp(x)|, and

Vol _
|VMQ(X)| y—Xx nt

p(y)
ug(x)

In particular, |V p(x)| = |Vug(x)|pp(x) along 382, where ||pp(x)||coxpq) < C.

When one instead has the ratio of two harmonic functions, this fact follows from a
standard argument iteratively applying the classical boundary Harnack inequality. The
argument here is similar, but we include the details since our functions of interest solve
equations with a right-hand side and require the form of the boundary Harnack estimate
established in [4].

Proof. First, let pT solve
—Apt = fi onQ,
pt = on IQ.

We will show that p™ satisfies (8.17); then, by also applying to —p~, we obtain the state-
ment for any p. Note that 0 < pJr < wg from the maximum principle, so in particular,
from Proposition 7.8, p/ug < C.
Fix r < rg small and z € 92, and let
+ +
M(r) = sup p—, m(r) = inf p—,
{(yeB, (z2)NQ:d(y,z)>tr} UQ {yeB,(z2)NQ:d(y,z)>tr} UQ
where 7 is small and fixed. We claim that there are ¢, & > 0 and a @ < 1 such that
M(cr) —m(cr) < 0[M(r) —m(r)] + rt.

This claim implies (8.17): indeed, a classic iteration argument then gives that M (r) —
m(r) <C r¢, and then applying this along a Harnack chain connecting any two points
will give the conclusion.

Our claim is immediate if M(r) < r®. If not, then there is a point y € B,(z) N Q
with d(y,z) > tr and p*(y) > réuq(y) > cr®T!. From the Harnack inequality, p* >
crftl —Cr? > crttlon By, /2(y) as long as ry is taken small enough. Then, we have

prO) = er' ™2 Ga(y. y') = er" Gy, y)

for y” along dB;,/2(y), and by the comparison principle on the entire complement of this
ball; we used (7.3) here. Applying the Green’s function bounds from Proposition 7.9 gives
that for x € B.,(z),

pT(x) = cr" G (y, x) = crfd(x, 0Q) > cd ' TE(x, 0Q).
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We now apply the inhomogeneous boundary Harnack principle [4, Theorem 1.3]
(working in normal coordinates and scaling suitably) on the region B.,(z) to

+ M +
My~ P - Mua+p7
uQ uQ
and
p* pT—m(r)ug
——m(r)y= ———.
uQ uQ

Both of these are quotients of positive functions vanishing on 92 and having bounded
Laplace—Beltrami operators. They both also satisfy the growth condition with exponent
B =1+ ¢. This implies that

M(r)—m(cr) <C[M(r)— M(cr)], M(cr)—m(r) < Clm(cr) —m(r)].

These may be rewritten to give M (cr) —m(cr) < g—jr}[M(r) — m(r)], proving our claim.

Now we consider the remaining conclusions. As |p(x)| < Cug(x) < Cd(x, 9L2),
it follows from applying elliptic estimates on By (x,3q)/2(x) that [Vp| < C. Let p, =
p/ugq € C%%; then, near any x € 3*Q2 we have from Lemma 7.10 that

p(¥) = pp(Mua(y) = pp(x)[|Vua ()|, + o(lx — y])].

Here I, is a truncated linear function in normal coordinates as defined in (7.13). Apply-
ing elliptic estimates as in Corollary 7.12, we obtain that Vp(y) — —pp (x)|Vug(x)|vyx
nontangentially and the remaining conclusions follow. ]

We focus our attention toward the term fQ aqug,. Following the discussion above, a
key point will be to rewrite the equation solved by vg by using that the Poisson kernel is
the derivative of the Green’s function:

Lemma 8.12. The derivative of the Green’s function VyGgq(x, y) admits nontangential
limits as x — z € AQ for every y at H" '-a.e. z € 3*Q. Moreover, V+Gg(x,y) =
—x|VxGq(x, y)| and K(x,y) = |VxGq(x, y)| a.e. on 9*Q.

Sketch of the proof. The existence of nontangential limits and the expression VG (x, )
= —vx|VxGgq(x, y)| may be obtained as in Lemma 8.11. The last point follows from the
integration by parts formula

/ g(VxGa(x,y), vx)p(x)d H" 1 (x) = —¢(y)—/ Ga(x,y)A¢(x)dx
9*Q Q

for any ¢ smooth (this may be justified using the divergence theorem of [19]). This gives a
representation formula for every harmonic function on €2 with continuous boundary condi-
tions, so it follows from the definition of harmonic measure that K(x, y) = |V, Ga(x, y)|
at H" lae. x. n
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The next two lemmas will be used to control the term fQ aqvg in (8.16). Recall from
the previous section that v§ = A 4 ¢*. We focus on the term A4~ first.

Lemma 8.13. Ler f : Q@ — R be a function with | f| < 1. Then, at a.e. x € 0%,

/Q W f = [Vug (o) Pos (),

where ||pfllcoe < C and C, o depend only on v, vmax, 1), R. As a consequence,

H |VuZ)2x)|2 - IVuzy(y)|2 Hu = Cd%(x, ).

Proof. From the definition of 4* and Lemma 8.12, at a.e. x € 0*2 we have

s = 1Vual [ Ko fdy = ~1Vua@l | g(VeGatr. ). f0)dy.
Let x; € Q be a sequence of points converging to x nontangentially (i.e., ed(xg, x) <
d(xg, d2)): then, V,Ggq(xg, y) converges to VyGgq(x, y) for every y. From [32, Le-

mma 1.2.8(iv)], sup, [VxGa(x, Y)|ILp@y) < C for P € [1, ;Z7). Working in normal
coordinates and applying the Vitali convergence theorem, this means that

| €sGat. v f)dy =tim [ ¢(VGalse. ). f0)dy.
Q k Ja
Set p(z) = [o Gal(z.y) f(y)dy, which solves

—Ap=f onQ,
p=0 on 0%2.

From Lemma 8.11, V p admits nontangential limits #" !-a.e. on dQ and |Vp(x)| =
[Vug (x)|pr (x), with | pr [|coe < C. In particular,

£V p(3),v0) = lim g(Vp (). ) = limg (Vs | Galw, ) f()dy.ve).

We may pass the derivative under the integral sign (by again using the inequality
sup, |[VxGa(x, y)|lLr@y) < C to justify this), to obtain

Vua(e)lps () = lim| | ¢(VGalse o) f0)y| = o] [ 101

The first conclusion of the lemma follows using ps sign [o ¥ f as the ps. The L' estimate
is now immediate from duality. ]

Next, we deal with the term involving ¢*, which is much easier to handle.
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Lemma 8.14. Let f : Q@ — R be a function with | f | < 1. Then, at a.e. x € 0%,
| avf = 1vuePer o,

where ||pfllcoe < C and C, o depend only on R, v, Umax, 1.

Proof. We apply Lemma 8.13 to Remark 8.9 to obtain

qy)

x h?
H |V7j(x)|2 I Vu)l? ‘

hx
<C -
= H [Vu(x)|>?  |[Vu(y)|?

o
I < Cd%(x,y). [

We are now in a position to prove Theorem 8.1.

Proof of Theorem 8.1. Apply Lemmas 8.13 and 8.14 to h*, ¢* with f = ag to obtain that
for almost every x € 9* #" !,

[ aatg = VuP oo
Q
where ||p1 || coe(aq) < C. Then, apply Lemma 8.11 to p = wgq to give

[Vwe(x)|* = [Vua(x)[*p2(x),

where || o2 coeq) < C. Inserting both into Corollary 8.10 gives

|Vug(x)|2(—1 — %pz(x) + rpl(x)) = —Ag — thg(x).

So long as 1y is small enough, —1 — %pz (xX)+to1(x) < —%. From Lemma 7.10, we have
that |[Vug| € [1/C, C] a.e., so Ayp must also be bounded above and below. Choosing tp
smaller as necessary, we may rewrite

+ %Pz(x) —tp1(x)

1
Ay = |V 2
o = [Vug(x)| [~ Zha(r)

= [Vug(x)[*(1 + p(x)),

where ||p||coepg) < C and —Ct < p. L]

9. Viscosity form of the Euler—Lagrange equation and C** estimates

Thus far, we have derived the Euler-Lagrange equation satisfied by minimizers of the
main energy in a pointwise (#"1-a.e.) sense and we established Theorem 8.1 to express
the Euler-Lagrange equation in a more useful form. In this section, we reformulate the
(useful form of the) Euler—Lagrange equation in the viscosity sense. This will allow us
to apply known regularity results for one-phase free boundary problems. In particular,
when minimizers of the base energy are sufficiently regular (for instance, this is the case
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when M is a simply connected space form), we find in Theorem 9.4 below that any mini-
mizer of the main energy is a small C1** perturbation of a minimizer of the base energy.
We additionally use the viscosity form of the Euler—Lagrange equation to guarantee that
minimizers satisfy the volume constraint |Q2| = v.

The viscosity form of the Euler—Lagrange equation follows directly from the pointwise
version and generic free boundary arguments, and we only briefly sketch the proof. Details
may be found in [36].

Lemma 9.1. Theorem 8.1 holds in the viscosity sense: let 2 be a minimizer of ¥, x €
Q2 N QR, and ¢ be a smooth function on B, (x). Assume that ¢+ < (>)ug on B,(x) and
¢(x) = 0. Then,

Vo )P (1 + p(x)) < (=)Ao

Sketch of the proof. We work in normal coordinates around x. Let u,(y) = uq(ry)/r
be rescalings, which converge (along a subsequence) locally uniformly on R” to a func-
tion u. Similarly rescaling ¢, (y) = @, this converges to the linear function ¢, (y) =
V¢ (0) - y. We have that —Au, — —Au in the sense of distributions, so in particular, as
measures; it follows that u is harmonic on {u > 0}. As u, > (<)(¢r )+, this passes to the
limit to give u > (<)¢oo. In particular, {u > 0} contains (is contained in) the half-space
{y : V§(0) - y > 0}. We also recover that cs < supp (o) # < C's in the limit.

Possibly choosing a further subsequence, it may be shown that u is a half-linear func-
tiona(y - v) 4, withv = V¢ /|Ve|. See [15, Lemma 11.17] or [36, Lemma 3.6] for details.

As measures, we have that —Au, = |Vu,|d K" 1L IQ + o,(1), and |Vu,(y)| =
v Ao/(1 + p(ry)) a.e. on 0€2. Passing to the limit in the sense of distributions shows that

=0

/ V|V, (y)|d F"! =—/1//dAur+01(r)—>—/1//dAu =/ ayrd !
*Q/r y
for any smooth 1. The left-most integral converges to

VAo + p(0) lim /a Rz

and as Q/r — {y - v > 0} locally as sets of finite perimeter (possibly taking a further
subsequence), this limit is

A0/ (L + p(0) / vd wen,

yv=0
Therefore, « = Ao/ (1 + p(0)), and the conclusion follows from « > (<)|V¢(0)]. L]

The next lemma is an application of a regularity theorem, first shown in [5] in simpler
settings and generalized by De Silva [23] to equations and free boundary conditions which
include the one satisfied by ug here. It guarantees that at sufficiently flat points of the
boundary 9, it may be represented as a C ** graph over a tangent plane.
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Lemma 9.2. There is a § = §(v, Vmax, N, R) such that the following holds: Fix any x €
0Q N Qg and r < § with B.(x) € Qr. If |QAB;,(x)| < §|Br(x)|, then we may
parametrize the entirety of 92 N B, /x(x) asa C L% normal graph over the lateral bound-
ary OB, (x) N B, (x), with CY* norm bounded in terms of only v, Umax, 1, R.

Proof. Choosing § small, Lemma 7.10 implies that
Ber(x) NOQ Cexp v € TeM : |v| <r|g(v,v)| < 8r}

and

sup |uq — Iy | <8'cr
Bcr(x)

for a small §’. Applying Lemma 9.1, we see that  and ug is a viscosity solution to the
free boundary problem

—Aug = 11(Qug  on B, (x)NQ,

ug >0 on B.,(x) N,
ug =0 on B.,(x) N a2,
[Vug| = f(x) on B¢, (x) N 9<2,

where 0 < ¢ < f < C <ocand || f|coeag) < C. Applying the main theorem of [23], it
follows that B,,/»(x) N 92 may be parametrized, in normal coordinates, as a C'** graph
over {e - v = 0}, with bounded C Le" norm for some o’ > 0. The conclusion now follows
from a standard covering argument. ]

Remark 9.3. The previous lemma actually implies that if, working in normal coordinates
around x, 0Q = {(x’, f(x")) : [x'| < 5} on B,5(x) with || f||c1e < C, then f is small.
In particular, Lemma 7.10 gives that | f| = C§/", while [V Sflcow = cre® < s
for o’ < o. This means that ||V f || coor < C 8¢ for some ¢ > 0.

In the next theorem, we say that a collection of open sets, in this case M, is uni-
formly C* if there is a constant C such that for every x € dU for U € M, Byjc(x)
admits normal coordinates, and on this ball 3U may be expressed as a graph with C*-*
norm at most C over a hyperplane in normal coordinates.

Theorem 9.4. Assume that M is uniformly C**. Then, for every r1 > 0 there is a 1, =
71(V, Vmax, 1, R, 71) > 0 such that if Q minimizes ¥, and t© < 1y, then Q2 N {x € QR :
d(x,d0QR) > r1} may be parametrized as a C “* normal graph (with C* norm bounded
by r1) over dU for some U € M.

If it is known that Q CC Qg (uniformly), then one may take a fixed r; < d(S2,
M \ QRr) and obtain that the entire boundary 92 may be parametrized in this manner.
In particular, this always applies to the case of M/G¢ compact, using Theorem 6.3. The
assumption that 3U € C?* is not needed to guarantee that 322 € C 1'% (even a flatness con-
dition at every point would suffice), but it is necessary to express d€2 as a graph over dU .
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Proof. Let S ={x € Qr:d(x,0QR) > r1}, and let § be the parameter from Lemma 9.2.
First, observe that under the assumptions on M, there is an 0 < r’ < § such that for every
x € dU N S forsome U € M, | By, (x)AU| < |Br/(x)|% and B,/ (x) \ By (x) may
be represented as a C 1* normal graph over dU with C '** norm bounded by 1/7’. Indeed,
this follows from the regularity assumption and the tubular neighborhood theorem.

Choose t; small enough so that &(RQ2) < Ein + T < Emin + 71 - Then, Lemma 3.14
implies that |QAU| < % infregy |Br/(x)| for some U € M. Up to further decreasing 7y,
we may apply Lemma 7.1 to take Hausdorff distance between dU and 02 smaller
than kry /2, where « is a fixed constant to be specified below. Then, for any x € Q2 N S,
let y € dU N S with d(x, y) < xr’, and compute in normal coordinates around y:

|QABr’,vy(x)| <|UAQ|+ |Br’,vy()’)AU| + |Br/,vy(x)ABr’,vy(Y)|
8 1
< SIBH(O|+ Z1Bp (0] + B, ()8 By, ()]
8
< |- ’
< [2 +C/<]|B, ),

where C is a constant depending only on the metric. By choosing k small enough depend-
ing on C and §, the right-hand side is bounded above by §| B, (x)|, so the hypotheses of
Lemma 9.2 are satisfied at x at scale r’ in direction v,.

Apply Lemma 9.2 (and Remark 9.3) on B,(x) to obtain that 32 N B,/;, may be
expressed as a C1% graph over B, (x) \ By (x) with C* norm bounded by cry
for a small ¢. We may then parametrize 92 over dU instead by composing with the
parametrization of B,/ , (x) \ B,/(x) over dU to obtain the conclusion. [

Another application of our Euler-Lagrange equation is the following fact about the
volume |2|:

Proposition 9.5. There exist 0+ (V, Vmax, R), TV, Vimax, R, 1), and t4(V, Vmax, R, 1, T)
all greater than 0 such that for any n < 1x, T < T, and t < Ty, every minimizer Q of ¥
is such that |2| = v. If M/ Gy is compact, all constants may be taken as independent of R.

Proof. If M/G is compact, we fix 1 small and select R = R(n) large enough that
Q CC Qgr; this is always possible, by Theorem 6.3. All constants will then be inde-
pendent of this R(n), as we will verify below.

If |2 # v, we apply Corollary 8.10 to give that Ao = f, ,(|2|) and

|Vugz(x)|2+%|ng(x)|2—t[bg(x)+/Szagzv§:| = 1,020,

From Theorem 8.1, we have that |Vwg(x)|?> < Co|Vug(x)|? and that | Jo aqugl <
Co|Vug(x)|?, where the constant Cy depends on 1. Now select T, small enough (in
terms of 7)) so that %ng x)]? < %|Vug(x)|2. Then, select 7, small enough in terms
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of 1 so that 7| [, agug| < %|Vug(x)|2, and also so that t|bg| < 1/2. This gives

1
/(120 = Vual® < 3£, 02

along 0*Q N Qg.
Consider the integration by parts formula

1
S Ha2D @20 0 < - /a  E(Vua o). v)d 27

=/ —Aug < C(R, M)|Q|.
Q

‘We have that

inf{ FH"102 N Qr)

Qe H = ¢(R, Vmax) > 0 9.1
2 € }>c c(R, max) > 9.1

from the relative isoperimetric inequality on Q g (see [27, 4.5.2(2)]), so fv/,n(|52 ) <C(R).
Choosing 7« so that 1, < ﬁR), we see that f, ,(|R2]) < n% and |2| < v. In the case
of M/ Gy compact, 9Q2 N Qg = d€2, and we instead use the isoperimetric inequality: for
example, from [30, Theorem 3.2] we have |Q|nn;1 < C(H"1(0Q) + |2|) with a constant
depending only on M, and this bounds (9.1) from below by ¢ (M )v,;alx/ ",

It follows that if |2 # v, then along 0*2 N Q g the derivative |Vug| < 97 is small.
On 02 N dQ g, an elementary comparison argument with wg, shows that |[Vug| < C(R).
From Bochner’s identity we have that A(|Vugq|* + Sug,) > —24;(Q)Sug, for S taken
large enough in terms of the Ricci curvature of (M, g). Using Lemma 3.2 and the max-
imum principle, we see that |Vug| < C(R) on Q (the point being that this bound is
independent of 7); the constant may be taken as independent of R if M/G is compact.

Now, || < v and [u3 = 1, so there must be a point x € Q with ug(x) > 3 /.
Using the gradient estimate above, there is a ball B, (x) € 2, with r depending only on R
and v. We construct a sequence of balls B, (xx) C €2 as follows: if there is an x € B,/»(x;)
for some j < k with B, (x) € Q and z € dB,(x)N dQ2N Qp, set xx = x and stop. If not,
choose any ball B,(x) with d(x, x;) > r/2 and equality for one j. If this is impossi-
ble, then 02 = dQ g, which contradicts our standing assumption that vy, < |Qg|. This
process must terminate after C(r)vma Steps, and so we have a chain of balls culminat-
ing in B,(xy) which has z € dB,(xy) N a2 N Qr. Applying the Harnack inequality
along this chain, we have ug > ¢(r, J) on B,/2(xy). Letting G’ be the Green’s func-
tion for B, (xy), we have that C(r, J)uq(y) > G'(xs,y) on B.(xs) \ By/2(xy) by the
comparison principle. From standard estimates on the Green’s function (see [32, Theo-
rem 1.2.8]),

C(r, Nua(y) = G'(xy.y) = c(r.R)d(z, y).
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From the viscosity form of the Euler-Lagrange equation, Lemma 9.1, we then must have

that
c(r,R) < |VG'(xy,2)| = /31 ,(12]) < 314

If 1. is chosen to be small in terms of r, R, this gives a contradiction. If M/ G is compact,
it is easy to see that all constants here may be taken uniformly in R. ]

10. Higher Regularity

For the purpose of deriving stability estimates, it will be helpful to have C % regularity
for d2. Higher regularity depends on the regularity of the functions ag, bg which appear
in property (N4) of §y. In particular, in the case of ag being a multiple of uy for a smooth
domain U, ag is at best Lipschitz continuous on €2 (unless 2 = U). Under this assumption
we will have 9 locally C2* at flat points for any & < 1, but no better. Our approach is
based on a boundary Harnack estimate of De Silva and Savin.

Proposition 10.1 ([25], Theorem 2.4). Let f € C%(Q) satisfy | — Af |coa(q) < 1
(with —A taken in the classical sense), f = 0 on 092, and let Q be a minimizer of .
Assume that for some xo € 02, ¥ < 1o, and § > 0 small enough, we have B;(xo) € Qr

and 3 N B,2(xo) a C* graph over {e : v - e = 0} (in normal coordinates around xo)
with C1* norm bounded by Cy. Then,

H H Lo < C
Cc (Q Br/4(x0))

| =c
Cle (BQnBr/4(x0))

H g(V fivx)
|Vugl|

Here o € (0, 1) and the constants depend only on R, v, vyax, 1, &, Cy.

Proof. We consider the operator —A — A(2), and note that —Aug — A(R)u = 0 and
| —Af —A(R2) f|lcoe < C.From [25, Theorem 2.4],

00 A « C,
L] v, = TN + 18 lcae] =

using also the lower bound on ug. The second conclusion follows as Lo, e fv)

uQ g(Vug,vx)
nontangentially at every point of 02 N B,/(xp), and then by passing to the limit. ]

Lemma 10.2. Let 2 and x¢ be as in Proposition 10.1. Then,

1
L] < Clfllcoe
”|Vu9|2/g J CLe(3QNB,/4(x0)) I/ lcow@)-
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Proof. As in the proof of Lemma 8.13, we have that

[ 1 f = 1Vua@)| | Kex)f)dy = ~[Tua ()l g(Vs [ Gae)f()dy.v).
Q Q Q

If we set p(x) = [ Ga(x,y) f(y)dy, this satisfies —Ap = f on Q and p = 0 on 9Q;
applying Proposition 10.1 gives

= Cllfllcoe-

’ g(Vp,v)
CLe(BRNB,/4(x0))

[Vug|

The conclusion follows from

1 —g(Vp(x)-v)
=8P V)
NOE / S = T Vuaml

Lemma 10.3. Let 2 and x¢ be as in Proposition 10.1. Then,

Iar o]

The function g~ is actually somewhat better behaved than this, but we will not require
an optimal estimate below.

<cC .
craqans, ey = <17 e

Proof. Set h*
we have that

=—— and g~ Rewriting the equation for g in terms of these,

\Vu(x)l IVu(X)\2

—AT* = M (Q)[7F + "] —uq onQ,

quux = _fﬁxux = _/11%9)’
7" =0 on d0L2.

Let us decompose f = fi + f>, where f> =ugq [ug f, and then solve for the poten-
tial function
—Ap=2(Q)p+ fi onQ,

[ pug =0,
p=0 on dL2.

This admits a unique solution via the Fredholm alternative (using [ fiug = 0) which
satisfies || pllz2 < Cl fillz2 < C| f |l co.«. From elliptic regularity, we have that

I7llcoa@) < ClIfille + 1IPllz2] < Cll fllcoe-

Now, multiply the equation for g* by p and integrate:

[n@ip = [ pa-n@ = [ s

The other term on the left vanishes as | pug = 0, while the simplification on the right is
from Green'’s identity and the equation for p.
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On the other hand,

[ #1 = ([uar)([uad?) = =g [uar

Combining these, we have that

[ 17 =n@ [Fr- s [uar

which is bounded in C '** by Lemma 10.2 when applied to p. ]

Corollary 10.4. Let Q be a minimizer of ;. Assume that for some xg € 02, r < ro, and
8 > 0 small enough we have B, (xo) € Qr and |2A B, (x0)| < 8| By (x)|. Then, for each
a € (0,1), 9Q N By/6a(x0) is given by a C** normal graph over dBy.,,(x9) N By (xo),
with the C** norm bounded by a constant depending only on R, v, Vmax, 1, and a.

Proof. From Lemma 9.2, 322 N B,/2(xp) is a C1:* graph over {e : ¢ - v = 0} in normal
coordinates, where g > 0 is the fixed exponent from that lemma. Applying Lemmas 10.2
and 10.3 with f = aq € C%!, we have that

N T E— <C
‘MVuQOPHcI%@gn&Mum)

Applying Proposition 10.1 to wg gives that

’|VwQFH <
|Vug|? llcteo 02nB,/4(x0) ~

We also have ||bg||c11 < 1 by assumption (N4). Proceeding as in Theorem 8.1, we may
write the Euler—Lagrange equation for u as

[Vu()? = p(x).

where ¢ < p < C and p € C1*(3Q2 N B,,4(x0)). Now apply [36, Appendix] or [24] to
obtain that 92 may be parametrized as a C2*® graph on Q2 N B, /5(x).

Now repeat this argument on B, /g(x), except using that dQ is C%% C C1* rather
than C 1*®0 to recover the conclusion as stated. [

Combining this with Theorem 9.4 gives that all of Q2 CC Qg is C?*%, so long as all
sets in JM are smooth:

Corollary 10.5. Let Q be as in Theorem 9.4 and assume that M is uniformly C*. Then,
0Q N{x € Qr:d(x,00R) > r1} may be parametrized as a C** normal graph over U
for any a < 1, with C%® norm bounded by ry.
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A. Admissible nonlinearities

In Section 2.2, we gave several examples of nonlinearities f) used in the definition of
the main functional 7. In this appendix, we verify that these examples are admissible
nonlinearities in the sense of Definition 2.11. We also define the notion of a set center,
which generalizes the notion of the barycenter of a set in Euclidean space.

To begin, it will be useful to show that a constant multiple of d.(2, U )2 defined
in (2.10) is itself an admissible nonlinearity. Given any bounded open set U with C?2
boundary, define the functional

by (Q) = d*(Q U)2 /WU_/ 1/fU+/|usz—uU| (A1)

on bounded open sets Q2 with |Q2| < vyax and with §(R) < Enin + To; and recalling
Remark 2.5, by is well-defined on this class of sets.

Lemma A.1. For Cy chosen sufficiently large depending on U and vy, we have that the
Sfunctional Yy () is an admissible nonlinearity with respect to the trivial subgroup of the
isometry group.

property (N1) is satisfied. To see the upper bound, recall that [ u?z =/ u%, = 1; the lower
bound follows because d« (U, 2) > 0. Since Gy is trivial, property (N2) holds automati-
cally. Checking property (N3) is also straightforward:

Proof. Choose C; > vnax| max f| + 4 to guarantee that hy (2) € [0, 1] for any Q so

1
b0/ — b0 (@) = - (1982 max 1+ [ 2ugy ~2ualluvl]. (a2
so as long as C; > 2 max uy, which is bounded by Lemma 3.2, and so property (N3)

follows. For property (N4), we set Q2; = ¢,(£2) and perform the same computation more
carefully to give

@) b0 @ = [ v [wo+2 [ea-uaw] @y

Set ag = —C%uy, bg = CLIWU' After possibly choosing C; to be larger, we see that
property (N4) is satisfied, by using elliptic regularity and the smoothness of U to
bound Vuy. [

Notice that in this example, while bg here is smooth, ag is not better than Lipschitz;
this is the limiting factor for the higher regularity discussed in Section 10.

Example 2.6 considered a nonlinearity fj in the case where there is a unique (regular)
minimizer U of the base energy. Up to multiplication by a constant C = C(U), it follows
that the nonlinearity in Example 2.6 is admissible with respect to the trivial subgroup of
the isometry group for any choice of ¢ € (0, 1] in (2.9). Indeed, the functional ) = . of
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Example 2.6 (normalized by a constant C = C(U) independent of ¢) is given by ¢. o hy
where ¢, : [0, 1] — [0, 1] is a smooth function with |¢/| < 1 for all ¢ € (0, 1], and is thus
admissible by Remark 2.12.

We now move toward verifying that the nonlinearity of Example 2.10 is admissible.
To this end, let us introduce the notion of a set center.

Definition A.2 (Set centers). Let Gy < G be a closed subgroup of isometries of M, & > 0,
and U be a fixed bounded open set. We say that a mapping from the class of bounded,
open, nonempty subsets E of M with

inf |[EAe(U)| <e¢ (A4)
eeGo

to points xg in a complete Riemannian manifold (N, gn) is a set center adapted to U if
it satisfies the following properties:

(Cl) fE,E' € Qpr,thendy(xg,xg) < C(R)|EAE'|.

(C2) Forevery E, there is an e € Go such that xg = x. ().

(C3) Forany e, e’ € Go, le(U)Ae'(U)| < C(E)dN (Xe(E), Xer(E))-

(C4) For x € M and r < ry, let ¢; be a 1-parameter family of diffeomorphisms with
¢o(x) = x and |d,;¢¢| < 1 such that {¢;(x) # x} € B,(xp). If the sets ¢p;(£2)

satisfy (A.4) and #"~1(9Q) < oo, then ¢ > X, (@) defines a C!curvein N and
for any tangent vector v € Tx, N,

. 1
llmSUPH‘IgN(X;&t(QﬂmO’U) —/(Mma'g’z +/Qa§’2‘ <Cr" (A.5)
t

for a function a, independent of ¢; and depending linearly on v such that
lagllc2(or) = C(R)|v].

Given a bounded open set E, we let Ug = e(U) denote image under the unique isom-
etry e € Gy of U such that £ and Ug have the same set center.

Property (C1) implies xg is a kind of Lipschitz mapping from sets to the space of cen-
ters, while property (C3) suggests it acts like a projection onto the images of U under Gy
action. Property (C4) implies that it is a C !-regular projection in an appropriate sense: to
understand (A.5), note that

/ a?z—/ ag =t/ agg(¢p, vi)d H" ! —t/ g(#o. Vag) + o(0).
$:(Q) Q Q2 @

The second term is bounded by Cr”¢, while the first captures the “leading-order” change
in Q under ¢ > ¢;(2). Thus, (A.5) ensures that the v component of the derivative
of x4,(@) exists and is proportional to fa*sz ad g (P, v )d H"! for some sufficiently
smooth function ag, up to error of size r”. This type of error is lower-order when consid-
ering localized deformations near a point on 0€2.
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Note that a set center may map to points in a Riemannian manifold (N, gy ) that is
not (M, g). An example to keep in mind here is if (M, g) is a cylinder S”~! x R equipped
with the standard product metric, a set center can be defined by choosing the Euclidean
barycenter of a set when (M, g) is embedded into R”*! in the standard way.

Let us give some examples of set centers.

Example A.3. If Gy is trivial, the constant mapping xg = Xx¢ is a set center adapted to
any U.

Example A.4. Suppose (M, g) is simply connected and has nonpositive sectional cur-
vature. The barycenter x > argmin, [ d 2(x, y)dm(y) exists and is unique. This is a
set center adapted to any U so long as (i) Gy acts transitively on M, and (ii) if e € Gy
fixes xy, it fixes U. In particular, this applies to R” or hyperbolic space, Gy = G, and
U = B,(x) a ball. It also applies to R” with U an arbitrary (nice) open set and G the
group of translations.

Example A.5. Let (M, g) be the round sphere, embedded in the standard way in R” 1!,
Let Go = G be the full isometry group and U = B, (x) be a geodesic ball with r < .
For any open E C S”,let yg = fE yd H"(y), where y, yr € R"*! and the integral is a
(vector-valued) surface integral. Note that yy # 0 and that for any E, E’, we have

|S™]

1
IyE—yEI<— |y|+S

< C|EAE)).
|E|

|E] ]

In particular, if |[EAU| < &, we may ensure that |yg| > r > 0. For any such E, the
mapping E > xg = |’y’—§| is a set center. Indeed, then |xg — xg/| < %|yE — yg|, so
this satisfies property (C1). It also satisfies property (C2), as G acts transitively on S”.
Property (C3) can be checked using that U = B, (x) is invariant under rotation about its
set center, and property (C4) may be verified in a similar manner to that of the proof of

Proposition A.6 below.

Let us give a proof that the Euclidean barycenter is a set center in the sense of Defi-
nition A.2; the other examples described above can be checked similarly. First of all, the
barycenter on Euclidean space is an example of a set center.

Proposition A.6. Let (M, g) be Euclidean space, and let Go = G and U = By. Then,
the barycenter xg = fE x € R” is a set center satisfying properties (C1)—(C4). Here ¢
in (A.4) may be taken as arbitrary.

Proof. For (C1),

! £
v =l = | [vm o [ sf= o [ |
A &l Jear ™ T IE
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Then, properties (C2), (C3) are immediate, and for (C4) we may compute |Q;| — || =
HL(0*Q)t + o(t) = O(t) and

/tp,(sz)x_/gx zt/amx'”x_’/¢;(0)+0(t) = 0(),

from which we see that

1
= @ o= ol ) Ll Lo

This shows xgq, is a C! curve, and x/Qt |s=0 satisfies (A.5) with a, = [\S)%_I —Jox]-v. =

More general constructions can be carried out here, for example, considering set pro-
jections onto M in the case where M admits “smooth” parameterizations by finite-dimen-
sional manifolds, in which case the key point will always be verifying properties (N3)
and (N4) using analogues of (C1) and (C4).

Now, given a bounded open set U with C?2 boundary, a subgroup of isometries
Go < G, and a set center 2 — xg, define the functional

b(Q) = f)ng (Q)’ XUqg = XQ» (A6)

where hyy was defined in (A.1). By properties (C2) and (C3) of set centers, § is well-
defined for all Q with [2Ae(U)| < ¢ for some e € Gy. From Lemma 3.10, this holds for
all Q with §(R) < Enin + To-

Proposition A.7. The functional H(2) in (A.6) is an admissible nonlinearity with respect
to G in the sense of Definition 2.11 for Cy sufficiently large.

Proof of Proposition A.l. Properties (N1) and (N2) are immediate from the construction.
For (N3), take 2, " and apply property (C1) of set centers:

dy(xq.xq) < C(R)|QAQ].

This means there exists e € Go with e(Ug) = Ug and |Ug AUgq| < C|QAQ'|. To sim-
plify notation, we set U = Ug and U’ = Ugy.

First of all, after possibly composing e with an isometry which fixes U, we may
assume d(e,id) < e; is small. Indeed, if this is false then there is a sequence e; € Gy
with |U Aeg (U)| — 0 but d(ex, ep) > €1 for any eq fixing U. It is then straightforward to
show (see [39, Theorem 3] and subsequent remarks) that the e; have a subsequence con-
verging to some e with |U Ae(U)| = 0, and therefore fixing U. This is a contradiction.

Let Sy € & = TjyGy be the tangent space to the subgroup of isometries which fix U,
and Hy a subspace of & such that Hy & Sy = &;set V = {v € Hy : |v| = 1}. One
may verify that for any U’ = exp,q w(U) for w with |w| < &1, U’ may also be represented



From linear to nonlinear stability for Faber—Krahn 315

asexptv(U) forv e V and |t| < Ce; (see, e.g., [41, Theorem 3.58]). We may estimate
the value of ¢ more precisely:

[UAU’| < C sup d(exp, tv(x),x) < C(U)t. (A7)
xeU

The reverse bound is also valid. Indeed, for any fixed v € V, we have [y, [g(v(x),vx)| >0
where v, is the outward unit normal to dU: if |g(v(x), vx)| = 0, then the isometries
generated by v fix U, contradicting that v € V € Hy \ {0}. As V is compact, this gives
that infycy fau lg(v(x),vx)| = c(U) > 0. Then, we may estimate

[UAU'| = t/ lg((x),v)| + O@?) = c(U)t. (A.8)
U
This value ¢ also controls the distance between U and U’ in stronger topologies:

sup |d(x,0U) —d(x,dU")| = sup |d(x,dU) —d(exp,y —tv(x),dU)| < Ct

x€0Rr x€0R

and
/|uU —ug| <supluy(x) —uy(exp,y —tv(x))| < Ctsup|Vuy| < Ct.
X X

In the line above, we recall from Lemma 3.14 that U has a unique nonnegative, normalized
first eigenfunction 1y, and so uyr = uy o e~!. So, we find that

1 1 C ,
190/(@) ~ 50 @) = [ | Wo— vl +2 allwo —uo ] < -Cr = lRag)

Combining this with (A.2) of Lemma A.l and choosing C; small enough gives (N3).

We now verify (N4). To begin, let U; = e;(U) denote Uy, (@), the unique isometry
of U with the same set center as ¢, (2). Our first claim is that after possibly modifying
the e;, they may be represented for small ¢ as e; = exp,y y(¢), where y(¢) is a C! curve
in Hy € & with y(0) = 0. To see this, consider the mapping 7" : v > Xexp,, v(w) from a
small ball B;, (0) € & to N. By property (C4) of set centers, 7 has continuous directional
derivatives on Bg,, and so it is C1. We also have that doT(Sy) = {0}, since any curve
of isometries fixing U has set center constant xy and by (A.8) and property (C3), this
is precisely the kernel of doT. So, T |x,, is a C ! diffeomorphism onto its image, by the
inverse function theorem.

Applying property (C4), the curve t = x4,(q) is C 1, and there is a unique C! curve
y 1 (—c,c) > Hy € & such that x4, Q) = expiyq ¥(¢)(U). By definition of U, y(0) = 0.
Furthermore, we have that

t—0

_ . 1
ﬂ®=%TWmQ@mMQ=hm—/)Am—/A9+mW)
1] Jo, ) Q

for some Ag : Qr — & with ||[Aq|lc2 < C, that is, for each x, Ag(x) is a vector field

generating isometries.

IA
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Let us next estimate the Yy term:

Yo, (x) = Yu(expy —y (1) (x)) = Yu (x) —18(Vyu (x), ¥ (0)(x)) + o ()| DYy,
SO

/ V0, () — v (@) = — / 15 (VYu (). Y (0) + o(t) + O("1).
Q Q

In particular,

. 1
imsup | [ o @ —vo@+ [ [ etag0). vyueondsay

t—0

Here and in the remainder of the proof we write dx to denote dm(x) to consolidate nota-
tion. The estimate on the eigenfunction term is similar, at least so long as we avoid the set
{d(x,0U) < C|t|} for C large enough that exp,; —y(s)(x) # 90U for |s| < ||, the issue
being that uy is not smooth near U . Away from this set, we have:

uy, (x) = uy (x) — 1g(Vuy (x).y'(0) + O(IZSgp |D?uy|).

Note that while uy is not smooth, D?uy is uniformly bounded on U. Therefore,

/|MU, —ug|2—/|uU—ug|2 :2/u9(uU—uU,)

=2 /g(VuU(X),V’(O)) +o(t)
o v o).
i (/{d(X,BU)<C|t} |UU| + |uUt| + t|g( MU(.X) 14 ( ))|)

The right-most term is actually o(¢) as well; [{d(x,dU) < C|¢t|}| — 0, while also |uy| +
luy,| < Ct and t|g(Vuy (x), ¥’ (0))| < Ct over this region. So, rewriting the expansion
above, we have

. 1
hmsupm)/wut —u9|2—/|uU —uQ|2—2t/g(VuU(x),y’(O)) =0.

t—0

Moreover, the first-order term may be re-expressed in terms of Ag as well:

1
imsup (:fr [ & Vup .y O) = [ [ sa(aa0). Vu opdxdy

t—>0
Q r

To summarize, setting

al, :/ng(AQ(y),sz(x)+un(x))dx,
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we have that [|a, lc2¢0g) < C(U), and

1
lim sup — bU,(Q)—f)U(Q)+/ a?z—/a%‘ < Cr".
>0 1] $:(2) Q
Together with (A.3) this implies property (N4). This completes the proof. ]

As we saw following Lemma A.1 above, it follows immediately from Proposition A.7
and Remark 2.12 that the nonlinearity of Example 2.10 is an admissible nonlinearity with
respect to G in the sense of Definition 2.11 for all ¢ € (0, 1], after possibly normalizing
by a constant C = C(U).

B. Domains admitting linear-growth solutions to elliptic equations
are NTA

The purpose of this appendix is to show that if a domain 2 supports a nonnegative func-
tion u vanishing on 92, growing like d (x, d2) from the boundary, and solving an elliptic
equation with bounded right-hand side, then €2 is NTA (locally). Our first lemma follows
the approach of [2], using a monotonicity formula argument, except that u is not assumed
to be a minimizing solution to a free boundary problem. In fact, it may solve an equation
with bounded right-hand side, and not even all the way up to the boundary (so long as we
are only looking for Harnack chains between points a distance 7 from 9€2).

Lemma B.1. Ler Q C R” be open and u be a continuous function on Q N By (which
is C? on Q), withu = 0 on 9Q and u > 0 on Q. Then, for any K, M,m > 0, there are
n,8 > 0 such that if

(i) 0e0Q;
(i) |Vu| <1on QN By;
(iii) forallx € QN By andr <1, supg oy u > mr;
@iv) |Au| <8 on{d(x, Q) >} N By,
(v) K satisfies the outer clean ball condition with constant K at 0,
then for any points x1, x2 € By with d(xy, Q€), d(x2, Q€) > n, there exists a curve

y C By N{d(x, Q¢ > cn} of length at most C connecting x1 and x.

Proof. Setv(x) = u(x) + 28—n|x|2; then, Av > 0 on {d(x, Q¢) > §} N By and moreover,
as long as § < 1, assumption (ii) gives |[Vv| < 2. Consider the set A = {x € Q : v(x) >
con} N By2, noting that so long as we choose § small enough in terms of 7, m,

1
{aee.2 > Snf N Bis € A S A2 > ey

for some cg, ¢; depending only on n and m. Indeed, if d (x, Q€) > %n, we apply assump-
tion (iii) on B% (x) to learn that supg, (xyu > m%. Then, so long as § < n/4 (and
7
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hence (iv) applies on B;;4(x)), the Harnack inequality gives

mﬂ < sup u < Cu(x).
B%(x)

Setting co = 1g- ensures that u(x) > 2co7, and as long as § < con, this gives v(x) >
u(x) —8 > conandsox € A. On the other hand, if x € 4 and § < 51, we have u(x) > 3.
In light of (ii), this guarantees that d(x, Q¢) > 27, and we set c; = 3.

Let A1, A» be the two connected components of A which contain x;, x,, respectively.
We will show that A; = A,. From a computation like the one just performed, we have
that v(x;) > 2con. Set d; = d(x;, A€), and let y; € dA; such that |y; — x;| = d;. From
assumption (i), we must have d; < M7. Our first task will be to show that | Vv is relatively
large on a set near x;.

Consider a line segment with endpoints x; and y;. Integrating along it, we have
1
con < v0xn) = () = [ Vol + (1= 0y (e = yo)dr
0
1
<d [ 1Votexs + (- nynlds
0

1
< Mn/ |[Vu(tx; + (1 —1)y1)|dt.
0

As |Vv| < 2 everywhere, the second-to-last step implies that d; > % We can say more:

i Lo Lo ;
if [Vu| < g7 forallz > 37, we could estimate

1
Co \Con | Con Co?
M Vou(t 1—1t dt<(l——)— —2 < —,
0 [ 19t + =iyl = (1- o) B+ Pl < Y

and this is a contradiction. Hence, there must be a t > ¢ with [Vu(tx; + (1 —£)y1)]

> S csetzy = txy + (1 —1)y1. Letting ¢ = £ - €2, we have that

|zt = y1l = tlxi =y = tdy = 86._;4'% = C21).
In particular, B¢,,(z1) € A1 € {d(x, 2¢) > §} and we may apply an elliptic regularity

estimate to v on this ball:

(CZT))I_HX[VU]Co,a(B%(Z])) < C[B os(c v+ 68(can)?] = Cn.

cynlZ1
s0, in particular,
Co
6M

co
16 M

1 1 n
—2/ Vo x>~ dx = / V0P = (5o ) IBil oo = ca.
(2Mn)? JByprynay QM) Jp, ) 2M 16M

IVu(x) — Vo(z)| < c('x _nZl')“ <

so long as |x — z1| < c¢3n. For any such x, we have |Vv(x)| >

Integrating, we get
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Set
1 _ _
Iy =~ / V(v = con+ Plx " dx / V(v = con)s Plx " dx.
r B,NA; B,NA,

We have just shown that J(2M 1) > ¢ (as the computations apply equally well to x»
and Aj). It is straightforward to check that J(1/2) < C using just |[Vv| < 2. From the
enhanced monotonicity property of J [2, Lemma 4.4] and assumption (v), 7 > % is an
increasing function for some 8 > 0 depending only on K. This means that ¢Z < J(2Mn)
<CH4M 77)5. This is a contradiction if 7 is chosen to be small in terms of M and c4.

‘We have shown that A; = A,. Now cover the closure of A; by balls of radius r = % n;
it is always possible to do so by at most N = Cn~" balls, and then to connect any two
points in A; by a piecewise linear curve of length C N7 contained in the union of these
balls. This curve has bounded length and stays a distance of at least c¢17/4 away from 02,

concluding the proof. ]

If instead u solves an elliptic equation with Lipschitz coefficients, the previous lemma
still applies after a suitable change of variables and scaling argument. Here we carefully
exploit the form of assumption (iv) above.

Lemma B.2. Ler Q C R” be open and u be a continuous function on Q N By (which
is C%2on ), withu = 0o0n dQ and u > 0 on Q. Then for any A, K, M, m > 0, there is
an ng > 0 such that if

(i) 0€edQ;
(i) |Vu| <1on QN By;
(iii) forallx € QN Byandr <1, supg oy u > mr;

(v) a;;0;0;u = f on QN By, with || f||cor <1, where A|§|* <a;;(x)&:& <A71|E|2
is a matrix-valued function with [a;j]corp) < 1;

(v) K satisfies the outer clean ball condition with constant K at 0,
then for any 1 < no and points x1,x2 € Byy with d(x1, Q°), d(x2, Q°) > n, there exists
acurve y C By N{d(x, Q) > cn} of length at most Cn connecting x1 and x;.
Proof. First, take x € Q and d = d(x, Q2°): then,

d|D*u(x)| < C[ sup |Vu| + dz[f]co,l]
By (x)

from standard elliptic estimates and assumption (iv). If By/»(x) € Bj, combining with
assumption (ii) gives | D?u| < Cd~!.
Fix the matrix b;; = a;;(0), and compute

b,-jaié)ju = f + (Clij —b,-j)a,-aju.
On B, N {d(x, Q2€) > §or}, this implies

|bijdidjul <1487
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There exists a linear map L : R” — R” such that B, € L(B;) € B,-1 andif b;;0;0;u = g,
then A(u o L) = g o L, where kx = k(A). Let v be given by

u(rLx)

Kk~ lr

v(x) =

’

where r will be chosen, but we require at least that r < k. Let V = L™!(Q)/r. Then,
|[Vv| < 1on By NV and 0 € dV. Moreover, forevery x € V N By and s < 1,

sup v > m/czs.
By (x)

Finally,
|Av(x)| < Crr(1+ 851
on {d(x,V¢) > 6p/k} N By.
Fix M’ = M/k and m’ = «?m, and apply Lemma B.1 with parameters M’, m’ to v
and V: then, there exist 7, §’ such that if

[Av(x)| < §

on {d(x, V¢ >4’} N By, and any yi, y2 € By with d(y;, V) > 1/, there is a path
connecting y; to y, of length at most C and staying ¢y’ away from V¢.
Select 8o = «4’, and r = kn/n’. Choose g so that r < « and

|Av(x)| < Cer(1+ 65" < €21+ 651 < &
n
on {d(x, V) > 8o/k} N By. Then, set y; = rLx;: we have that y; € By, and
d(yi, V¢) = 1/, so the above applies to give a path y’ connecting y; to y,. Let y =

r~1L71y’; then y connects x; and x, has length at most Cr < Cn, and stays a distance
crn’ = cn from 092. [

By iterating this lemma finitely many times, we can now show that Q satisfies the
Harnack chain condition.

Theorem B.3. Let Q@ C R” be an open set, and u be a continuous function on Q N By
(which is C? on Q), withu = 0 on 92 and u > 0 on Q. Assume that

(i 0e€0%;

(i) |Vu| <1onQ;

(iii) forallx € QN Byandr <1, supg oy u > mr;

(iv) a;;0;0;u = f on QN By, with || f | cor <1, where A|§|* <a;;(x)&:& <A71E|2
is a matrix-valued function with [a;;]co1 < 1;

(v) S satisfies the inner and outer clean ball condition with constant K at every point
in BQ n B].
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Then, there is a § > 0 such that Q2 satisfies the Harnack chain condition with constant C
at any points x1, Xy € Bs N Q. The constants §, C depend only onm, A, K and n.

One may check that the inner clean ball condition follows from assumptions (ii)
and (iii). The outer clean ball condition, however, does not.

Proof. Let y; be apointin 92 with d; = d(x;,0R) = |x; — y;|. Without loss of generality,
assume dy < dp. We will first show that the conclusion holds if |x; — x2| < 4Kd,. Note
that if |[x; — x| < %dz, we may connect x; and x, by a line segment and the conclusion
is immediate.

Construct a sequence of points z; as follows, using the clean inner ball property: put
z1 = X1, and then given zg, d (Zg 4-1,0K2) > 2d(zx,02) while |2y 11 — zx| <4Kd(zx,0R2).
We continue constructing such points until d(z, d$2) > d5; let the final point be z ;. Each
pair zg, zx+1 lies inside Bcky, (), where ng = d(z, 02) and p € 0S2 is a point with
Nk = |zx — pr|. They also have d(zj, 02), d (zx+1,92) > ng. Applying Lemma B.2 with
M = CK centered around py, we see that as long as n < 1o for the no = no(K,m, 1)
there, the points zx and zz4; may be connected by a curve yj of length at most Cny
staying at least cny away from d€2. Choose § small enough that

e <ng <Cdy <C8=<ng

and the assumption is verified for every k. Finally, apply Lemma B.2 one last time to
connect zy to X, by a similar curve.

We claim y, the concatenation of all of these curves yi, works for the Harnack chain
property. Indeed, we have that n; < 172~/ by construction, so the total length is con-
trolled by > nx < 2ns < Cd,, which is comparable to |x; — x;|. By the same argument,
the total length of the first k concatenated curves yy is bounded from above by Cng, so
for any point z = y(¢) on yg, we have d(z, d2) > cnr > cl(y([0, t])).

This leaves only the case of |x; — x2| > 4K d5. Pick a point x3 € Q with d(x3,02) >
|x1 — x2| and |x3 — y»| < K|x; — x|, using the clean inner ball property. Then,
|x3 — x2] < 2K|x1 — x3| < 2Kd(x3,dR) and similarly |x3 — x| < 3Kd(x3, 92), so
we may connect x3 to X, and x; by curves satisfying the Harnack chain property. The
concatenation of these curves then works to show that €2 satisfies the Harnack chain con-
dition at x; and x,. [

A direct application of this theorem proves Lemma 7.5.

Proof of Lemma 7.5. Apply Theorem B.3 to u(x) = mo[wg (rox) + ~/Tug(rox)] in nor-
mal coordinates around a point x € dQ2. By choosing r¢ and m( small, we have prop-
erty (iv) from the regularity of the metric. Property (ii) follows from Corollary 5.5,
while (iii) comes from Theorem 4.1. The inner and outer ball conditions were verified
in Lemma 7.1. ]
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