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1. Introduction

In this paper we categorify the Beilinson—-Lusztig—MacPherson idempotented modi-
fication U(sl,) of U, (sl,) for any n, generalizing [21], [22], where such categori-
fication was described for n = 2, and using constructions and results of [16], [17]
which contain a categorification of U™ for any Cartan datum. More generally, we
define a 2-category associated to any root datum. The categorification of U(sl,) is
given by the 2-category associated to the root system A;,_;.

In [24] Lusztig associates a quantum group U to any root datum; the latter consists
of a perfect pairing (, ) between two free abelian groups X and Y, embeddings of
the set / of simple roots into X, Y, and a bilinear form on Z[I] subject to certain
compatibility and integrality conditions. Lusztig’s definition is slightly different from
the original ones due to Drinfeld [9] and Jimbo [13]. Lusztig then modifies U to the
nonunital ring U which contains a system of idempotents {1, } over all weights A € X
as a substitute for the unit element,

U= P 1,01,
AueX
In the s, case U was originally defined by Beilinson, Lusztig, and Macpherson [2]
and then appeared in [23], [14] in greater generality. It is clear from Lusztig’s work
that the Q(g)-algebra U is natural for at least the following reasons:

(1) A U-module is the same as a U-module which has an integral weight decom-
position. These modules are of prime importance in the representation theory
of U.

2) U has analogues of the comultiplication, the antipode, and other standard sym-
metries of U.

3) U is a U-bimodule.

(4) The Peter—Weyl theorem and the theory of cells can be intrinsically stated in
terms of the algebra U.

(5) U has an integral form 4U,a Z|q, q~']-lattice closed under multiplication and
comultiplication. The integral form comes with a canonical basis B. Con-
jecturally, multiplication and comultiplication in this basis have coefficients in
N[g,g~'] when the Cartan datum is symmetric.

(6) The braid group associated to the Cartan datum acts on U.

Moreover, U appears throughout the categorification program for quantum groups.
Representations of quantum groups that are known to have categorifications all have
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integral weight decompositions, and thus automatically extend to representations of
U. In most or all of these examples, see [3], [7], [10], [31], [33], the weight decom-
position of representations lifts to a direct sum decomposition of categories, so one
obtains a categorification of the idempotent 1, as the functor of projection onto the
corresponding direct summand (the only possible exception is the categorification of
tensor products via the affine Grassmannian [5], [6]). In the categorification of tensor
powers of the fundamental U, (s[,)-representation [3], [10], each canonical basis el-
ement of U acts as an indecomposable projective functor or as the zero functor. The
idea that U rather than U should be categorified goes back to Crane and Frenkel [8].

U is generated by elements E;1,, F;j1,, and 1;, where A € X is an element of
the weight lattice and 7 is a simple root. We will often write E4; instead of E; and
E_; instead of F;. We have

Eiily =1,E41,

where, in our notations, explained in Section 2.1, 4 = A £ iy, and iy is the element
of X associated to the simple root i. Algebra U is spanned by products

Ei l)L = E:I:ilE:tiz . -‘E:i:iml)t = lpLE:I:ilE:I:iz . -~E:tim1)ka

where i = (&£iy, ..., %in) is a signed sequence of simple roots, and u = A + ix.
The integral form 4U C U is the Z[g, g~ ']-algebra generated by divided powers

1 a
Eiw, = ——E,;.

[ai!

Note that U can, alternatively, be viewed as a pre-additive category with objects
A € X and morphisms from A to u being 1 Mﬁl 2. Of course, any ring with a
collection of mutually orthogonal idempotents as a substitute for the unit element can
be viewed as a pre-additive category and vice versa. From this perspective, though,
we can expect the categorification of U to be a 2-category.

In Section 3.1 we associate a 2-category U to a root datum. The objects of this
2-category are integral weights A € X, the morphisms from A to u are finite formal
sums of symbols &; 1, {¢t}, where i = (=%iy,..., £iy) is asigned sequence of simple
roots such that the left weight of the symbol is u (E;1; = 1,E;1;),andt € Z is
a grading shift. When i consists of a single term, we get 1-morphisms &4;1, and
&_;1,,, which should be thought of as categorifying elements E; 1, and F;1; of U,
respectively. Grading shift {¢} categorifies multiplication by ¢’. The 1-morphism
&:;1, : A — u should be thought of as a categorification of the element E; 1. When
the sequence i is empty, we get the identity morphism 1, : A — A, a categorification
of the element 1.

Two-morphisms between &; 1, {t} and & ;1,{¢'} are given by linear combinations
of degree t — ¢’ diagrams drawn on the strip R x [0, 1] of the plane. The diagrams
consist of immersed oriented one-manifolds, with every component labelled by a
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simple root, and dots placed on the components. Labels and orientations at the
lower and upper endpoints of the one-manifold must match the sequences i and j,
respectively. Integral weights label regions of the plane cut out by the one-manifold,
with the rightmost region labelled A. Each diagram has an integer degree assigned
to it. We work over a ground field k, and define a 2-morphism between &; 1, {¢} and
&;1,{t'} as a linear combination of such diagrams of degree ¢ —¢’, with coefficients
in k, modulo isotopies and a collection of very carefully chosen local relations. The
set of 2-morphisms U(E; 1, {t}, &;1,{t'}) is a k-vector space. We also form graded
vector space

HOMqy(6i13.€;13) := @D U(Ei 12{t}. & 1,).
teZ

Vertical composition of 2-morphisms is given by concatenation of diagrams, hori-
zontal composition consists of placing diagrams next to each other.

In each graded k-vector space HOMy(€;1;, €1, ) we construct a homogeneous
spanning set B; j ; which depends on extra choices. The Laurent power series
in g, with the coefficient at ¢" equal to the number of spanning set elements of
degree r, is proportional to suitably normalized inner product (E; 1;, Ej1,), where
the semilinear form (, ) is a mild modification of the Lusztig bilinear form on U.
The proportionality coefficient 7 depends only on the root datum.

We say that our graphical calculus is non-degenerate for a given root datum and
field k if for each i, j and A the homogeneous spanning set B; j ; is a basis of
the k-vector space HOMy(€;1;,&;1;). Nondegeneracy will be crucial for our
categorification constructions.

The 2-category U is k-additive, and we form its Karoubian envelope U, the small-
est 2-category which contains U and has splitting idempotents. Namely, for each
A, € X, the category U(A, p) of morphisms A — p is defined as the Karoubian
envelope of the additive k-linear category U(A, ). The split Grothendieck cat-
egory Ko (‘ll) is a pre-additive category with objects A, and the abelian group of
morphisms from A to p is the split Grothendieck group Ko(U(X, 1)) of the additive
category UA, ). The grading shift functor on UA, W) turns K (U, W)) into a
Z[q.,q ™ ']-module. This module is free with the basis given by isomorphism classes
of indecomposable objects of ‘ll(/\, ), up to grading shifts. The split Grothendieck
category Ko(U) can also be viewed as a nonunital Z[g, ¢~ !]-algebra with a collection
of idempotents [1,] as a substitute for the unit element.

In Section 3.6 we set up a Z[q, g~ ]-algebra homomorphism

v: AU > Ko(W)

whichtakes 1, to[1,]and E; 1, to [€;1,], for any “divided power” signed sequence i .
The main results of this paper are the following theorems.

Theorem 1.1. The map y is surjective for any root datum and field k.
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Theorem 1.2. The map y is injective if the graphical calculus for the root datum and
field k is non-degenerate.

Theorem 1.3. The graphical calculus is non-degenerate for the root datum of s\,
and any field k.

The three theorems together immediately imply

Proposition 1.4. The map y is an isomorphism for the root datum of sl, and any
field k.

The last result establishes a canonical isomorphism
AU (shn) = Ko(U(sln))

and allows us to view U(s(,) as a categorification of U (sl,).

Theorem 1.1, proved in Section 3.8, follows from the results of [16], [17], [21]
and basic properties of Grothendieck groups and idempotents. Theorem 1.2, proved
in Section 3.9, follows from the non-degeneracy of the semilinear form on U and its
pictorial interpretation explained in Section 2.2. To prove theorem 1.3 we construct
a family of 2-representations of U and check that the elements of each spanning
set B; j i act linearly independently on vector spaces in these 2-representations,
implying non-degeneracy of the graphical calculus. Sections 4-6 are devoted to
these constructions.

Indecomposable 1-morphisms, up to isomorphism and grading shifts, constitute
a basis of Ko(U(sl,)) = 4U(sl,), which might potentially depend on the ground
field k. The multiplication in this basis has coefficients in N[g, g~!]. It is an open
problem whether this basis coincides with the Lusztig canonical basis of 4U (s[,,).
The answer is positive when n = 2, see [21].

Another major problem is to determine for which root data the graphical calculus
is non-degenerate. Nondegeneracy immediately implies, via Theorems 1.1 and 1.2,
that U categorifies U for a given root datum.

We believe that U will prove ubiquitous in representation theory. This 2-category
or its mild modifications is expected to act on parabolic-singular blocks of highest
weight categories for sl i in the context of categorification of s[,, representations [7],
[10], [31], on derived categories of coherent sheaves on Kronheimer—Nakajima [20]
and Nakajima [26] quiver varieties and on their Fukaya—Floer counterparts, on cat-
egories of modules over cyclotomic Hecke and degenerate Hecke algebras [1], [19],
on categories of perverse sheaves in Zheng’s categorifications of tensor products [33],
on categories of modules over cyclotomic quotients of rings R(v) in [16], [17], on
categories of matrix factorizations that appear in [18, Section 11], etc. A possible
approach to proving that the calculus is non-degenerate for other root systems is
to show that U acts on a sufficiently large 2-category and verify that the spanning
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set elements act linearly independently. It would also be interesting to relate our
constructions with those of Rouquier [29], [30].

Categories of projective modules over rings R(v), defined in [16], [17], categorify
U™ weight spaces. A subset of our defining local relations on 2-morphisms gives the
relations for rings R(v). This subset consists exactly of the relations whose diagrams
have no critical points (U-turns) on strands and have all strand orientations going in
the same direction. In other words, the relations on braid-like diagrams allow us to
categorify U™, while the relations without these restrictions lead to a categorification
of the entire U, at least in the s[,, case. Informally, the passage from a categorification
of U™ to a categorification of U is analogous to generalizing from braids to tangles.

Acknowledgments. M. K. was partially supported by the NSF grant DMS-0706924
and, during the early stages of this work, by the Institute for Advanced Study.

2. Graphical interpretation of the bilinear form
2.1. Quantum groups

2.1.1. Algebras f and U. We recall several definitions, following [24]. A Cartan
datum (1, -) consists of a finite set / and a symmetric Z-valued bilinear form on Z[/],
subject to conditions

i-ie€f{2,4,6,...}foriel,
e djj =21 €{0,1,2,...} foranyi # j in .

i

Letg; = ¢'% . [ali = ¢# " +4¢ >+ +¢} . ali! = [alsa—1]; ... [1];. Denote
by 'f the free associative algebra over Q(q) with generators 6;,i € I, and introduce
g-divided powers 9,.(‘1) = 07 /[a];!. The algebra'f is N[/]-graded, with §; in degree i .
The tensor square 'f ® 'f is an associative algebra with twisted multiplication

— . /
(x1 ® x2)(x] ® x3) = ¢ 2| ‘xllxlxi ® x2x)

for homogeneous x1, X3, x7, x5. The assignment r(6;) = 6; ® 1 + 1 ® 6; extends
to a unique algebra homomorphism r: 'f — 'f @ 'f.
The algebra 'f carries a Q(g)-bilinear form determined by the conditions'

e (1,1) =1,

© (6:,0) =8 ;0 —q}) " fori,jel,

* (. yy)=(r&).y®y)forx,y. y e'f,

e (xx',y)=(x®x',r(y)) forx,x',y €'f.
The bilinear form (, ) is symmetric. Its radical 3 is a two-sided ideal of 'f. The form
(,) descends to a non-degenerate form on the associative Q(q)-algebra f = 'f /3.

'Our bilinear form (, ) corresponds to Lusztig’s bilinear form {, }, see Lusztig [24, 1.2.10].
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Theorem 2.1. The ideal 3 is generated by the elements

Z (_ 1 )a ei(a) 9], Qi(b)

atb=d;;+1

overalli,jel,i#j.

It seems that the only known proof of this theorem, for a general Cartan datum,
requires Lusztig’s geometric realization of f via perverse sheaves. This proofis given
in his book [24, Theorem 33.1.3]. Less sophisticated proofs exist when the Cartan
datum is finite.

We see that f is the quotient of 'f by the quantum Serre relations

S e o
a+b=d;;+1
Let 4f be the Z[g, g~ ']-subalgebra of f generated by the divided powers Qi(“),

overalli € I anda € N.
A root datum of type (/, -) consists of

* free finitely generated abelian groups X, Y and a perfect pairing {, }: ¥ x X —
Z;
« inclusions / C X (i > ix)and [ C Y (i + i)suchthat (i, jx) = 2%/ = —d;;
foralli, j € I.
This implies (i, ix) = 2 for all i. We write ix, rather than Lusztig’s i’, to denote the
image of i in X.

The quantum group U associated to a root datum as above is the unital associative
Q(g)-algebra given by generators E;, F;, K, fori € I and u € Y, subject to the
relations

i) Ko=1, K, K,y = K4, forall p,u' €Y,
i) KyE; = qWXE; K, foralli e I,uey,
iil) K, F; = ¢ "X)FK, foralli e I,pev,
iv) E;F; — F; E; = §j; I;::;_]i , where Ku; = K(.i/2)i»
v) foralli # j

Y (—1)EYEE® =0 and Y (~1)*FYFRFE® =o.
a+b=—(i,jx)+1 a+b=—(i,jx)+1
If f(6;) € I for a polynomial f in noncommutative variables 6;, i € I, then
f(E;) = 0and f(F;) = 0in U. This gives a pair of injective algebra homomor-
phisms f — U.

2.1.2. Some automorphisms of U. Let ~ be the Q-linear involution of Q(g) which
maps ¢ to ¢~ '. U has the following standard algebra (anti)automorphisms:
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 the Q(g)-antilinear algebra involution ¢ : U — U given by
V(E)=Ei. Y(F)=F., V(K)=Kyu v(fx)=/yx)

for f € Q(¢q) and x € U;
* the Q(g)-linear algebra involution w: U — U given by

w(E))=F, o(F)=E, oK,=K_
* the Q(g)-linear algebra antiinvolution o : U — U given by
o(E;))=E;, o(F;)=F, oK, =K
¢ the Q(g)-linear algebra antiinvolution p: U — U given by
p(E) = qiKiFi. p(Fi) =qiK_iEi, p(K,) =K

we denote by p the Q(¢q)-linear antiinvolution y¥rpyr: U — U;
* the Q(g)-antilinear antiautomorphism tv: U — U defined as the composite
T =Yp,

‘L'(E,') = qi_lk_,'Fl‘, ‘L’(F,') = qi_lkiEi, ‘L’(KM) = K—M‘

2.1.3. U and the bilinear form. The Q(g)-algebra U is obtained from U by ad-
joining a collection of orthogonal idempotents 1, for each A € X,

Ly =8 a1,
such that
Kuly = LK, =q"™ M1, Eily =14, Ei, Fily =1, F.

The algebra U decomposes as direct sum of weight spaces

P U

AN EX

We say that A, respectively M, is the right, respectively left, weight of x € 1 +Ul,.
The algebra AU is the Z|q,q']-subalgebra of U generated by products of divided

powers Ei( )1 2 and Fi( )1 1, and has a similar weight decomposition

AU = @ L (40) 15

AN EX
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The following identities hold in U and 4U:

(EiFj — F;E;)1, = 6; ;[(i,A)]i 14,
EP = Lgaic B FO = Lisary 9,

min(a,b)

—b+ (i, A _ _
E@F®, — 3 [a + (i )} Fe=0 gDy,
t=0 ! i
min(a,b) .
— b—{(i,A _ _
FOED, = 3 [ a+b—{i )] E@ DO,
t=0 t i

The (anti) automorphisms v, @, o, p and t all naturally extend to U and ,A,U if
we set

V() =1 o) =1, o) =1, p(y) =11 () =1,

Taking direct sums of the induced maps on each summand 1 2 U1, allows these maps
to be extended to U. For example, the antiautomorphism 7 induces for each A and A’
in X an isomorphism 1,,U1; — 1,Uly. Restricting to the Z[g, g~ ']-subalgebra
4U and taking direct sums, we obtain an algebra antiautomorphism 7: 42U — U
such that (13) = 11, T(Liyiy Ei12) = ¢; M L Filgiy, and (13 Fil gy =
gl M iy Eily forall A e X,

The following result is taken from Lusztig [24, 26.1.1], but our bilinear form is
normalized slightly differently from his.

Proposition 2.2. There exists a unique pairing (,): U x U — Q(q) with the prop-
erties:

(@) () is bilinear, i.e, (fx,y) = f(x,y), (x, fy) = f(x,y) for f € Q(q) and
x,yelU,

(i) (1a,x1p,, 13, y13,) =0 forall x,y € U unless Ay = Ay and Ay = A,

(i) (ux,y) = (x,pu)y)foru e Uandx,y € U,
(v) (x13,x'13) = (x,x) forall x,x' € f = U™T and all A (here (x,x') is as in
Section 2.1.1),

W) (x,y)=(y,x) forallx,y € U.
Definition 2.3. Define a semilinear form (,): U x U — Q(g) by
(x,y) == (¥(x),y) forallx,ye U.

Proposition 2.4. The map (,): U x U — Q(q) has the following properties:

@ (,)is semilinear, i.e., (fx,y) = f(x,y), (x, fy) = fx,y) for f € Qq)
andx,y € U,
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(i) (1, x1x,, l,ylyl,yz) =0forallx,y € U unless Ay = Ay and Ay = A,
(i) (ux,y) = (x,7(u)y)foru e Uandx,y € U,
(iv) (x1x,x"13) = (W(x),x") forx,x' efand A € X,

o~ o~

V) (x.y) = (Y (). ¥(x)) forall x,y € U.

Proof. Immediate. O

Proposition 2.5. The bilinear form (., ) and the semilinear form () are both non-
degenerate on U.

Proof. Nondegeneracy of (, ) is implicit throughout [24, Chapter 26] and follows for
instance from Theorem 26.3.1 of [24]. O

The bilinear and semilinear forms restrict to pairings

(.): AU x AU = Z[g.q7'], (.): aU x AU > Z[g.q7"].

2.1.4. Signed sequences. Throughout the paper we write E; for E; and E_; for
F; and need notation for products of these elements. By a signed sequence i =
(e1i1, €202, ..., &mim), Where ey, ..., &, € {+,—}andiy,...,i, € I, we mean a fi-
nite sequence of elements of / with signs. We may also writei as €1iy, €212, ..., Emim
oreven £1i182i3 . ..Emim. Let |i| = Z;f:l exiy, viewed as an element of Z[/]. The
length of i, denoted ||i ||, is the number of elements in the sequence ¢ (7 in the above
notations). Define SSeq to be the set of signed sequences. Let

E,‘ = EglilE£2i2 ...E
E,‘l;L = Egll'lE E

e U,
I;LEU.

Emim

enip -« Ligyipy,

Recall that iy € X denotes the image of i under the embedding / — X. Let
ix =e1(i)x +-+emlimx € X.

Then E; 1, = 1,44, Eily, so that A, respectively A 4 iy, is the right, respectively
left, weight of E; 1,.

A sequence i is positive if all signs €1,...,&, = +. We may write a positive
sequence as (iq,...,in) OF even iy ...i,. Denote by SSeq™ the set of all positive
sequences. As in [16], for v € N[I], v = ) v; - i; denote by Seq(v) the set of all
sequences { = iy ...I, such that i appears v; times in the sequence. There is an
obvious bijection

SSeqt =~ ] Seq(v).
veN[I]
A sequence is negative if all signs €1, ..., &, = —. For a positive sequence i denote
by —i the corresponding negative sequence. For any signed sequence i denote by —i
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the sequence given by reversing all signs in i . We write concatenation of sequences
i and j as ij, attaching +£i to the left of i as +ii, etc.

By a divided powers signed sequence (dpss for short) we mean a sequence

= (& l( @) g 12('12), o Emi (9m))
wheree’sandi’sareasbeforeanday, ..., am € {1,2,...}. Let|i| = >y exakix €
Z[I] and define ||i ||, the length of i, as Y ;_, ax € N. Foradpssi leti be a signed
sequence given by expanding i

i = (81i1,...,81i1,82i2,...,82i2,...,8mim,...,8mim)

= ((Slil)al (821.2)(12 v (Emim)am),

with term £17; repeating a; times, term &,i, repeating a, times, etc.
Define

@ _ Egi
Egi(“) = Eé‘i = [a—]all' e U,

the quantum divided powers of generators E;. Then
E wly=EP1,eU
has left weight A 4 caiy. More generally, for a dpss 7,
E; — gl pl)  plan) g

g111 &1 ° Emlm

and

Eil; = ECVES EU 1, € U,
with left weight A + Y, e,ar(ir)x.-

Let SSeqd be the set of all dpss. Elements Ej 1, overalli € SSeqd and A € X,
span 4U asaZ|gq, q_l] module. For v € N[/], Seqd(v) was defined in [16] as the set

of all expressions z(a‘) (a”') such that ) -, a,i, = v. Each element of Seqd(v)
gives a positive d1V1ded power sequence, and

SSeqd™ =~ [] Seqd(v).
veNN[I]

The length ||i || of a dpss is defined as the sum a; + a» + --+ + a,, in the above
notation.
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For the reader’s convenience our notations for sequences are collected below:

Seqd(v)

e div SSeqdt SSeqd
tive divided ..
p%(\)sérlsv :eqll\lleltnies C——— positive divided power ———— flmded powers
of weight v signed sequences signed sequences
Seq(v) .
positive sequences ———— - Seq > . dSSeq
of weight v positive sequences signed sequences.

2.2. Geometric interpretation of the bilinear form. Mark m points 1 x{0}, 2x{0},
..., m x {0} on the lower boundary R x {0} of the strip R x [0, 1] and k points
1 x {1},2 x {1},...,k x {1} on the upper boundary R x {1}. Assuming m + k is
even, choose an immersion of mT“Lk strands into R x [0, 1] with these m + k points
as the endpoints. Orient each strand and label it by an element of /. Then endpoints

inherit orientations and labels from the strands:

+ - - +
T —o—o o o =4
N / P i
' /.
! —>
il
14 ¢ g i !
/ —o—eo —o —0o— g —4.
+ - + -

Orientation and labels at lower and upper endpoints define signed sequences i, j €
SSeq. In the above example, i = (+£, —j, +i,—{) and j = (+i,—j, —i, +i). We
consider immersions modulo boundary-preserving homotopies and call them pairings
between sequences { and j, or simply (i, j)-pairings.

Clearly, (i, j)-pairings are in a bijection with complete matchings of m + k
points such that the two points in each matching pair share the same label and their
orientations are compatible. Denote by p’(i, j) the set of all (i, j)-pairings.

A minimal diagram D of a (i, j)-pairing is a generic immersion that realizes the
pairing such that strands have no self-intersections and any two strands intersect at
most once. We consider minimal diagrams up to boundary-preserving isotopies. A
(i, j)-pairing has at least one minimal diagram, in the example below it has two.
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Here is an immersion which is not a minimal diagram.

\ T

i
i .
@ l

J ¢

Given A € X, color the regions of a minimal diagram D by elements of X such
that the rightmost region is colored A, and the two regions between the two sides on
an i -labelled strand differ by ix:

A+ix A

i
Isotope D so that the strands at each crossing are either both oriented up or down,

and define the degree deg(D, A) of D relative to A as the integer which is the sum of
contributions from all crossings, local maxima and minima of D:

vkahkhkixf'k l><,jk

deg| cyia C—i,A Cti, A C—i,A —i-] —i-]

where o
i-i .
Cijp = 7(1 + (i, A)). (2.1

Notice that

gosin = qIE0A)

In the simply-laced case we have ¢; = g and c4; » = 1 £ (i, A).
The degrees of the other crossings are determined from the rules above:

J i
- 9.
deg (j>< A) = deg = deg XJ Al =0,
1
i J
deg (A ><j) =deg | A =deg| A = 0.
i

L, 1,
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Since both of these crossings have degree zero, we will refer to them as balanced
crossings.

Proposition 2.6. deg(D, 1) depends only on A and on the (i, j)-pairing realized
by D. Thus, deg(D, ) is independent of the choice of a minimal diagram for a
pairing.

Proof. Invariance under cancellation of U-turns can be shown as follows:

A+ix o o
{\J = %(1 + (i, A) + %(1 —(i.A +ix))

Adix| A
=0 =deg

Invariance of deg(D, A) under other isotopies of D is straightforward and is left
to the reader. Any two minimal diagrams of the same (Z, j)-pairing are related
by a sequence of isotopies and “triple-crossing” moves for various orientations, see
examples below.

gy

The invariance under these moves is manifestly obvious.

From now on, for each (i, j)-pairing we choose one minimal diagram D rep-
resenting this pairing and denote by p(i, j) the set of these diagrams. Recall the
pairings (,) and (,) on U from Section 2.1. The following theorem generalizes
similar results from [16], [17].

Theorem 2.7. Foranyi,j € SSeqand A, u € X we have

(Eilp Ejly) = (Eil Ejly) =8 Y qdeg(D“l_[ z)x,’ 2.2)
Dep(i,j) lEI

where k; is the number of i -colored strands in D.
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For example,

p ((_]’ +i, +.]’ _l)’ (+lv _l))

so that

(Ej+i+j—i)la Ei—n1a)

1 1
(1-g)*(1—gq;)

1 1
2(1—(i,A)  (14+(j.A)) —i-j A+(7A))  —i-j

q; q; q +4q; q :
= ; T—ar i-a

The product term in (2.2) is independent of D since 2k; is the number of times
label i appears in the sequence ij .

— (qzc—i,/\+c+j,)\_i‘j +qc+_/.)hf,‘x)

Proof. The firstequality in (2.2)is obvioussince E; 1, isinvariant under the involution
Y. Fori, j, A, uasin Theorem 2.7 define

(Eilp Ejly) =8 Y. q*® ”]‘[ (2.3)

Dep(i,j) tel )

During the proof we view E; 1 and Ej 1, in (E; 1y, Ej1,,)" as formal symbols rather
than elements of U, since we have not yet proved that (, )’ descends to U. We want

to show
(Eily, Ejly) = (Eily Ejl,)

foralli, j, A and w.

The nontrivial case is A = j. We can also interpret the formula (E; 1, Ej1,) =
0 for ;v # A via the sum of diagrams, since then the rightmost region must be colored
by both A and p, which is not allowed.

I
[ X

Notice that in the absence of (i, j)-pairings the right-hand side of (2.2) is zero,
since there are no diagrams to sum over. If the left weights of E;1, and E; 1, are
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different the inner product (E;1,, Ej1;) = 0and (E;1,, Ej1,) = 0 as well since
the set of (7, j)-pairings is empty in this case.

Assume that both i and j are positive. Then any minimal (i, j )-diagram can be
isotoped to be braid-like, with the strands going upward.

]m J1 Jm
\ T 2
A
[ A
IVES

o im i im
Moreover, in this case k = m, otherwise p(i, j) is empty. The sum on the right-
hand side of (2.2) describes the canonical bilinear form on U™ = f evaluated on
E; =E; ...E;,,and E; = E;, ... Ej,, see[25], [27], [16], [17].

Jm>

In view of property (iv) of Lusztig’s bilinear form, we obtain the following:

Lemma 2.8. If i, j are positive,
(Eily, Ejly) = (Eily, Ejly)
forany A € X.

Thus, for positive , j, the geometrically defined bilinear form (, )’ coincides
with ().

Lemma 2.9. Equation (2.2) holds for the pair (£ii, j) if and only if it holds for the
pair (i, Fij).
Proof. Attaching a U-turn gives a bijection between p(x£ii, j) and p(i, Fij).
j ;
N
\
p * N

|

. N——
+i ;
15

A i

We have

deg(| D.2) = deg(D. ) + SO (i F i) = de(D )~ HA T (i),

where the additional term matches the power of ¢ in the formula p(1,E+;) =
1F(i,m) Eeil O
q; Filp.
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The previous lemma implies that it is enough to check the equality
(Eily, Ejl3) = (Eily, Ejly)
when j is the empty sequence. The next three lemmas show that
(Eilh, 1) = (Eilx. 1p)
for any i and A.
Lemma 2.10. Equation (2.2) holds for all pairs ((—j)i, @) with i, j positive.

Proof. Bending up —j by adding U-turns transforms the pair ((—j )i, ®?) to (i, j)
for which (2.2) holds (see Lemma 2.8). We have

(E—jyila. 1) =q%(Eilj  Ejly), (Ec—jila. 1) =q%(Eily. Ej1y),

a being the power of g inthe formula p(E_j 1344y ) = t1(E—jlitiy) = ¢%131i  Ej.
O

Lemma 2.11. Fori,j € l,i # j

(Eirsigjirla, 10) = (Eirwisjir1a, 1)
if and only if
(Eirgj+iir1x,12) = (Eirgjxiir 1, 13).

Proof. Attach a crossing at the i F j location to a diagram D in p(i' +i F ji”, @).

— & FJ

i//

FJj +i

The resulting diagram D’ is minimal if the =i and Fj strands of D do not intersect.
Otherwise, it is not minimal, but the homotopy

éﬁ

will make it minimal (the orientations in the picture are for the +i — j case).
We get a bijection

p(' i Fji”", 0) = pi' ¥ +ii”, 0)
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which preserves the degree of a diagram, for any A, since deg (>< /“‘) = 0 for
any . Hence,
(Eirxigjirla, 1) = (Birgjxir1a, 12)'

Since E;r+ixjiv1y = Eirgj+iir]1) in U, we see that

(Eirtizjirly, 13) = (Eirgjxiir1a, 12)
and the lemma follows. O
Lemma 2.12. Assume that (E;j/;71,,1;) = (Ejrin1y,1,). Then

(Eirgi-iir 1y, 12) = (Eirgiiir 13, 13)

if and only if
(Eir—itiir1p,13) = (Ei—iyiir 13, 12).

Proof. Decompose the diagrams in p(i’ +i —ii”, @) into three classes:

(1) +i and —i strands do not intersect 5 {
+i =i
(2) +i and —i strands intersect % %L

+i =i
(3) astrand connects +i and —i { } .
+i =i

Likewise, decompose the diagrams in p(i’ —i + ii”, @) into three classes:

(1) —i and +i strands do not intersect > {
—i
(2) —i and +i strands intersect g %
(3) astrand connects —i and +i f ) .
—i +i
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Set up a bijection
pA' +i—ii”",0) =>pi’' —i+ii”, 0)

that takes diagrams from class (1) in the first set to diagrams of class (2) in the second
set by adding a crossing, diagrams of class (2) to diagrams of class (1) by removing
the crossing >< , and diagrams of class (3) to diagrams of class (3) by
+i —i
reversing the orientation of the 4+i —i strand.
Let Ejrqi—jin1) = Eiryi—i1,Ejrly, thatis, u = A 4 iy is the weight of the
region to the right of the strand near —i.

We have in U
Eiryi-iinly = Ep—iqiin 1y + [(i, )i Eivin 1.
Therefore,

(Eirgiziir1n, 13) = (Eir—igiir1n, 1) + [(0, )i (Eirin 13, 15).

Since deg (>< “) = deg (>< “) = 0, a diagram of class (1), respec-

tively class (2), contributes to (Ej/+;—;j;#1,1;)  as much as its image in class (2),
respectively class (1), contributes to (Ej/—; 43713, 1,) .

Adiagrams of class (3)in p(i’+i—ii”, @) comes from some diagramin p(i'i ", @)
by adding a (+i — i) cap to the correct position. Similarly, a diagram of class (3) in
p(i’—i +ii”,d) comes from a diagram in p(i’i”, @) by adding a (—i + i) cap.
Thus, the only contribution to the difference (Ej/4;j—ii7 13, 13) — (Eir—i+iir1x, 13)
comes from class (3) and is given by

(Eirgi-iir1n, 1) = (Eir—itiir 1, 12)

S A

q
= —Z(Ei/l'//lx’ lk)/ _ —Z(Ei/i”]‘k7 IA)/

1— q; 1— q;
or

4q; —4;
(Eirgi-iiv1p, 13) = (Eir—igiir 1y, 13) 4+ = - q2’ (Eirin13,13)
i

4; —4q
= (Eirmitiiva, 10) + ———5—

L—(Einin1y. 13),

1
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where the coefficient of (E;/;~1,, 1)’ in the last term is easily recognized as [{i, u)];,
completing the proof of the lemma.

We can finish the proof that
(Eilh. 1) = (Eilx. 1p)

by induction on ||7 ||, the length of i . During the induction step we move all negative
entries of i to the left of all positive entries, sometimes adding terms (E; 1, 1 ),

respectively (Ej1,, 1) with || j || = ||i || -2 to the equation. We can thenreduce to the
case when all negative entries of i precede all positive entries, which is Lemma 2.10.
Theorem 2.7 follows. O

We can turn this proof around to define U in a more geometric way than in
Lusztig [24]. Start with the Q(g)-algebra U with mutually orthogonal idempotents
1, and basis {E; 1,}; 5, over all finite signed sequences i € SSeq and A € X. The
multiplication is

Eiil, ifu=2A+iy,

Ei/ 1,E;1; =
im0 {0 otherwise.

When i is the empty sequence, Egl; = 1,.
Define a Q(g)-bilinear form (, )" on’U via the sum over diagrams, formula (2.3).
Let I C 'U be the kernel of this bilinear form. Then

I= @ whi. whi=1I0, 0,
wAEX

where ,"U, is spanned by E; 1, for all i such that u = A + ix. It follows from the
definition of the bilinear form that I is an ideal of 'U.
It is not hard to check that

Ux'U/IT and (,) =(.).

following the above proof of Theorem 2.7. This definition is not too far off from
Lusztig’s original definition, which utilizes f = U®¥, defined as the quotient of the
free associative algebra 'f by the kernel of a bilinear form on 'f. The latter bilinear
form is the restriction of (, )" on’U to’'f C 'U. Here we map 'f — "U by sending
0i =06 ...0;,t0Eil, = E4;, ... E4;, 1, for each positive sequence i (this map
is not a homomorphism), alternatively we can send 6; to E_; 1.

'U U > AU
(vertical arrows do not
respect the algebra structure)
'f f 0 af
~——

Q(g)-algebras Z[q,q ']-algebras
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Foreach A € X there are two inclusions (corresponding to U™ and U ™) of the lower
half of the diagram to the upper half. Restricting to weight spaces, we get the diagram

) . .
Aoy Uy ———— 54, Uy «— 540, (4U)

/fv fv 0 Afv

——
Q(g)-vector spaces Z[q.,q ']-modules

where /H:uXU)L = ])L:I:UXUl/l’ etc.

3. Graphical calculus for U categorification

3.1. The 2-category U

3.1.1. Definition. We define a 2-category U for any root datum (Y, X, (,),...)
of type (I,-). This 2-category has the structure of an additive k-linear 2-category,
see [12] and [21, Section 5]. Thus the hom sets between any two objects form a k-
linear category, and composition and identities are given by additive k-linear functors.
The 2-morphisms in U are represented graphically using string diagrams, see [21,
Section 4] and the references therein. The categorified sl relations in the definition
of U are taken from [21], and the R(v) relations are taken from [16], [17]. A different
notion of a categorical sl, action appeared earlier in [7].

Definition 3.1. Let (Y, X, (,),...) be a root datum of type (/,-). U is an additive
k-linear 2-category. The 2-category U consists of

e objects: A for A € X.

The homs U(A, A’) between two objects A, A’ are additive k-linear categories con-
sisting of the following.

* Objects? of U(A,A’): a 1-morphism in U from A to A’ is a formal finite direct
sum of 1-morphisms
E Lt} =106 1,{1}

for any ¢t € Z and signed sequence i € SSeq such that A’ = A + iy.
* Morphisms of U(A,A’): for 1-morphisms &;1;{t}, &;1,{t'} € U, hom sets
UEi1{t}, E1,{t'}) of U(A, ") are graded k-vector spaces given by linear

2We refer to objects of the category U(A, A’) as 1-morphisms of U. Likewise, the morphisms of
U(A, A') are called 2-morphisms in U.
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combinations of degree ¢ — ¢’ diagrams, modulo certain relations, built from
composites of the following.

i) Degree zero identity 2-morphisms 1, for each 1-morphism x in U. The
identity 2-morphisms lg 1, {¢} and lg_;1,{t}, for i € I, are represented

graphically by
184_[1,\{1‘} 18—i1/\{t}
i i
A+ ix A A —ix A
i i
deg0 deg0

and more generally, for a signed sequence i = €1i162i2 ... &mim, the iden-
tity lg; 1, {r} 2-morphism is represented as

i1 i im

A+ ix

I 12 Im
where the strand labelled iy is oriented up if &, = + and oriented down if
o = —. We will often place labels with no sign on the side of a strand and
omit the labels at the top and bottom. The signs can be recovered from the
orientations on the strands as explained in Section 2.2.

ii) For each A € X the 2-morphisms

Notation: ? iA i i >< i,j,A ><‘ i),

A+i A A YA+
2-morphism: X . >< A >< A
_ _ i J i J

Degree: i1 i1 —i -] —i -]
Notation: U, U, N\ (N ia
2-morphism:

Degree: Cih C—i) Ctih C—i)
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with c; ; defined in (2.1), such that the following identities hold.
— The sl relations® (all of the strands are labelled by i):
a) 1,4, 86413 and 1, &_;1,4;, are biadjoint, up to grading shifts:

A+ iy A+ix | A A A | A+ix
J - [ l = (3.1)
T Y,

A+ iy

J mk l A+ix
\j T — : }/q = (3.2)

A+ iy A+ix A A4y
b)
A A+ix
A Y A+ix
= = (3.3)
i A+ ix i 2 i
¢) All dotted bubbles of negative degree are zero. That is,
A A
i/\ i
T T =0ifa<(i,A)—1 Q:O ifo <—(i,A)—1 (34
_J (i, 1) (i, 1) (3.4)
o o

for all « € Z 4, where a dot carrying a label o denotes the «-fold iterated

vertical composite of o ,or i - depending on the orientation. A dotted
i, i,

bubble of degree zero equals 1:

G =1 for(i,A)>1, Q =1 for(i,A) <-—I.

(i,A)—1 —{i,A)—1

d) For the following relations we employ the convention that all summations

3The vertical ii-crossing was represented by the diagram )I\ in [21], [22]. Here we use a standard
crossing for simplicity.
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are increasing, so that Z;f:() iszeroif o < 0.

M o
| A i (i) —f
B §> a A
i f=0 u
U/ i (i) =1+ f
(3.5)
A
A? (i,A) ﬂ i\ —g
i g=0 u
U i) —1+g | i
P
A }A (i,M—1 f if({)_l_f
A A
-l nr G
1 i 1 N1 f=0 g=0 f—g_l, —1Tg
Y
(3.6)
PRt
N it g RS
LI G NS MRS,
i i i \ i f=0 g=0 (i,A)—1+g

forall A € X. Notice that for some values of A the dotted bubbles appearing
above have negative labels. A composite of ? i i with itself a
negative number of times does not make sense. These dotted bubbles with

negative labels, called fake bubbles, are formal symbols inductively defined
by the equation

A A A
l l 1l
(G + OF rer £ my)
—(i,A)-1  —(i,A)—1+1 —(i,A) =1+«
g T 3.7
| Vi 1l
(fj + + t“—i—---):l.
(i,A)—1 (i,A)—14a

and the additional condition
A A
l 1
Ty = ¥ = 1 #uin=o
—1 -1
Although the labels are negative for fake bubbles, one can check that the
overall degree of each fake bubble is still positive, so that these fake bubbles
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do not violate the positivity of dotted bubble axiom. The above equation,
called the infinite Grassmannian relation, remains valid even in high degree
when most of the bubbles involved are not fake bubbles. See [21] for more
details.

e) NilHecke relations:
A ><
£
é V A= A (3.8)

10 30 0= 3 5 o

We will also include (3.10) for i = j as an sl,-relation.

— All 2-morphisms are cyclic* with respect to the above biadjoint structure. This
is ensured by the relations (3.3), and the relations

N
yé
J i

The cyclic condition on 2-morphisms expressed by (3.3) and (3.10) ensures that
diagrams related by isotopy represent the same 2-morphism in U.
It will be convenient to introduce degree zero 2-morphisms:

J i J i
j><’\:: £< A= ><L A, (311
I

i J i J

/\><J — A = = A . (3.12)

,- i

(3.10)

J

where the second equality in (3.11) and (3.12) follow from (3.10).

4See [21] and the references therein for the definition of a cyclic 2-morphism with respect to a biadjoint
structure.
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\ A
b S B A SO
in i J i?<vj i J

— The R(v)-relations:
a) Fori # j,

A ifi-j =0,

é A o
i Nj dij dji

S - 3 3

b) Unlessi = kandi-j # 0,

Fori-j 40,

lj -1 aqa dij—1-a

For example, for any shift 7 there are 2-morphisms
i

A
et = Eip e —i- i,

1
A
/x CE4ip i At = Eqjin it —i - ),
i

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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A LIl = Ed —eriad,
LA
N et = Lt — i)

in U, and the diagrammatic relation

&

gives rise to relations in u 81,,11{1} &iiilyp{t +3i - z}) forallt € Z.
— The additive k-linear composition functor U(A, A") x UA', A7) — U, 1) is
given on 1-morphisms of U by

gjl)t/{t/} x & 1,{t} — 8]','1)&{[ + l‘/}

forix = A — A/, and on 2-morphisms of U by juxtaposition of diagrams.

RV,
Q
N

Remark 3.2. By choosing an orientation of the graph associated to Cartan datum
(1,-) the R(v)-relations above can be modified by replacing them with signed R(v)
relations determined by invertible elements 7;;, 7;; chosen for each edge of the graph
(see [17] for more details).

U has graded 2-homs defined by

HOMy(x, y) := @Homu(x{t}, ¥).
teZ

Also define graded endomorphisms
ENDy(x) := HOMy(x, x).
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The 2-category with the same objects and 1-morphisms as U and 2-homs given by
HOMq, (x, y) is denoted U*, so that

U (x, y)

= HOMy(x, y).

U* is a graded additive k-linear 2-category with translation [21, Section 5.1].

3.1.2. Relations in U. We now collect some other relations that follow from those
above. These relations simplify computations in the graphical calculus and can be
used to reduce complex diagrams into simpler ones (see the proofs of Proposition 3.6

and Lemma 3.9).

Proposition 3.3 (Bubble slides). The following identities hold in U:

£

(i, A+)jx)—1+a
J

A+ Jx
o i o=
Ye+i- ¢ ) ifi = .
/= J
—(i,A+ix)—1+f
J
A+ jx A+ Jx
N
—(i, A +jx)—14a —(i.A+jx) 2+ |
J J
A+ Jx
Q
—(i,A)—1+a
J
A
o a—f
Y (@+1-71) O ifi =,
=0
j (i, A)-D+f
A
[\Y + G ifi-j=-—1,
N
(i,A)—1)+a—1 i (i, A)=D+a
J J
A
ifi-j =
(i, A) =D +a
J
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Proof. Fori = j the proof appears in [21]. Fori # j the equation follows from
decomposing

Fo RSN

(i,A+jx)—2+a —(i,A+Jjx)—2+a (i,A+Jjx)— 14« (i,A+Jx) 1+oe
using the relations (3.13) and (3.14). Ll
Proposition 3.4 (More bubble slides). The following identities hold in U.:

A +ix A+ ix A+ ix

o l-al9

A (i, A)+1)+(@—2) {i,A)+D+(x—1) {i,A)+ D+
; J J J
Yy - ifi=J.
((\AT./) A x f
L,A)—1)+o o .
j S/ Y ifi-j=—1,
f=0 N
(i, A+jx)=1+(@—f)
J
A A
21 + ‘)
N o/
A+ Jx 1)+(oc 2) . (={i,A)=D+(a—1) ' —(i,A)—D+a
J J J

O |-
f A

—(i,A+jx)—14a .
(1 @ ifi-j=—1.

J
(—=(i,A) =D +(a—f)

||MQ

Proof. These equations follow from the previous proposition. O

Proposition 3.5. Unlessi = k = j we have

A= A, (3.18)

i7 Ny lk il ¥ Nk
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and wheni = j = k we have

ko 82
Dfl 2 _Kog . A

l
A - A=y
—(i,A)=3+fa A g3

vio Lo il TN % & O A1 +gs
where the first sum is over all f1, f>, f3, fa = Owith fi+ fo+ f3+ fa = (i, A) and
the second sum is over all g1, g2, 83,84 = Owith gy + g2 + g3+ g4 = (i, A) — 2.
Recall that all summations in this paper are increasing, so that the first summation
is zero if (i, A) < 0 and the second is zero when (i, 1) < 2.

Reidemeister 3-like relations for all other orientations are determined from (3.16),
(3.17), and the above relations using duality.

Proof. For (3.18) if i # j post-compose both sides with the isomorphism
<
J ki

then use that i = j # k to apply (3.16) on the right term and establish the equality.

If i = j then we may assume that j # k. In this case we pre-compose with the

isomorphism
<

i k J
then use (3.16) on the left side to establish the identity.
The case i = j = k appears in [21, Section 5.4]. O

3.2. Spanning sets of HOMs in U. Given two Laurent power series f(q) =
i frgFand h(q) = Y72 with fi, hy € Z wesay that f(q) < h(q)if fi < hx
for all k. For a graded vector space V = @,ezV, define the graded dimension as

gdimV =) " ¢*dim V.
aeZ

3.2.1. Endomorphisms of 1,. For any root datum and A € X define a graded
commutative ring IT, freely generated by symbols
A

A .

1 1

Q for i,A)>0  and Q for i, A) <0 (3.19)
(1 +a Sy

of degree i -i overalli € [ and o > 0.

Proposition 3.6. Interpreting these generators of I1), as elements of HOMq;(1;,1;)
induces a surjective graded k-algebra homomorphism

I, — HOMy (1;,1;). (3.20)



A categorification of quantum sl(n) 31

Proof. By induction on the number of crossings of a closed diagram D representing
an endomorphism of 1, one can reduce D to a linear combination of crossingless
diagrams following the methods of [21, Section 8]. Crossingless diagrams that con-
tain nested bubbles can be written as linear combinations of crossingless nonnested
diagrams using the bubble slide equations in Propositions 3.3 and 3.4. Using the
Grassmannian relations (3.7) all dotted bubbles with the same label i can be made to
have the same orientation given by (3.19). O

The image of the monomial basis of T, under surjective homomorphism (3.20)
is a homogeneous spanning set of the graded vector space HOMq;(1,,1,). Denote
this spanning set by By g ;.

Let

=]]]] 1—1ql.20' (3.21)

iel a=1
7 depends only on the root datum (on the values of i - i over alli € I'). The graded
dimension of IT} is 7.

Corollary 3.7. gdimHOMy(1,,1;) < 7 and HOMy(1,,1,) is a local graded
ring.

Remark 3.8. IT, is not Noetherian.

We call monomials in this basis of IT, and their images in HOMq,; (1, 1,) bubble
monomials.

3.2.2. Homs between &€;1, and €1, for positivei and j. Recall the rings R(v),
for v € N[/], from [16], [17] defined by unoriented dotted braid-like diagrams D
modulo local relations that can be read off from equations (3.8)—(3.9) and (3.14)-
(3.17) by forgetting the orientation. There is a decomposition

RV = P RO,

i.j€Seq(v)

where ;j R(v); is spanned by diagrams D with i, j being the lower and upper se-
quences of D. Adding upward orientations to a diagram D in R(v), placing it to the
left of a collection of bubbles representing a monomial in IT,,

] A
—_—— . .
i J,
) (r O
(i,A)—14a; —(j,A)—14a3
. , (k,A)—14as
l J )

I\

——— (i,A)=1+ar —(j,A)—14aq
i
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and viewing the result as a 2-morphism from &;1, to &;1, induces a grading-
preserving k-linear map

@i ja jRW); @k II; — HOMy(8:1,,8;1)).
Lemma 3.9. ¢; j ; is surjective.

Proof. Start with a diagram D that represents an element in HOMy(€;1,, &;1,).
The relations in our graphical calculus allow us to inductively simplify D by reducing
the number of crossings if a strand or a circle of D has a self-intersection or if D
contains two strands that intersect more than once. Bubble sliding rules allow moving
bubbles to the far right of the diagram. Eventually, D reduces to a linear combination
of diagrams which are products of diagrams representing elements of ; R(v); and
monomials in IT). [

The elements in HOMq;(&;1,, &1, ) given by diagrams without circles, with no
two strands intersecting more than once, and with all dots at the bottom are precisely
the image under ¢; ; 3 of the basis j B; of j R(v); describedin [16]. Denote by B; ;
the image under ¢; j 1 of the productbasis j B; x{monomials in IT, }in j R(v); xIT}.
The lemma implies that B; ; ; is a spanning set in HOMq,(€;1;, &;1,).

Let

&1, = @ &ily, &_,1, := @ E_;i1,.

i €Seq(v) i €Seq(v)

€,1; and &_,1, are 1-morphisms in U. Summing ¢; j ; overalli, j € Seq(v), we
obtain a homomorphism

@y R(v) ®k I1; — ENDy(&,1;) = Endy=(6,15). (3.22)
Proposition 3.10. The homomorphism @, 5 of graded k-algebras is surjective.

Adding a downward orientation to a diagram D in R(v), multiplying it by (—1)¢
where a is the number of crossings of identically colored lines, and placing it to the
left of a collection of bubbles representing a monomial in IT) induces a surjective
homomorphism

P R(v) ®k IT) —> ENDy(€-,1,).

3.2.3. Spanning sets for general i and j. We now describe a spanning set B; j 1
in HOMy (€i1,. &; IA) for any #, j, A. Recall that p’(i, j) denotes the set of
(i, j)-pairings, and p(i, j) is a set of minimal diagrammatic representatives of these
pairings. For each diagram D € p(i, j) choose an interval on each of the arcs, away
from the intersections. The basis B; ; , consists of the union, over all D, of diagrams
built out of D by putting an arbitrary number of dots on each of the intervals and
placing any diagram representing a monomial in IT, to the right of D decorated
by these dots. Notice that B; j 5 depends on extra choices, which we assume are
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made once and for all. For example, fori = (—j,+i,+j,—i) and j = (+i,—i)

the choice of minimal diagrams is unique, see example following Theorem 2.7. The
choice of intervals for the dots is not unique, though. Choosing these intervals as

shown below '
+i —i
1T |
\/
A
TN N

—j o+ +) i —j i ) i

+i —i
T
‘.

results in the spanning set B(_; +; 4+ j—i).(+i,—i),» Whose elements are

a0

+i —i u k,

T | (LM =1+a; —(j.A)—1+a3 G
1 G @ (k,A)—1+as

ai
(i,A)=14az —(j,A)—1+ay
az as

L '/FT\' bubble monomial in IT),

—j Hi i i
i J
woa L)y
T l (i,A)=1+a1 —(j.A)~1+a3 Q
‘ \ i J (kA —1+as
Low 2 ) )
a9 \ (D 1ay —(oA—1+ay
as \
j. oY l bubble monomial in IT),
—J +i +j —i

over all nonnegative integers ap, d,, az and over all diagrammatic monomials in I,
(bubble orientations are for the case (i,A) > 0, (j,A) <0, (k,A) > 0).

Proposition 3.11. For any intermediate choices made, the set B; j 5 spans the k-
vector space HOMq (€;1;,€1,).

Proof. Relations on 2-morphisms in U(&,1)) allow arbitrary homotopies of colored
dotted diagrams modulo lower order terms, i.e., terms with fewer crossings, fewer
circles, etc. Detailed discussion in [21, Section 8] generalizes to the present situation
without difficulty. O

For each s € B; ; j its degree deg(s) is an integer, determined by the rules in
Section 3.1.
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Proposition 3.12. For 7 as in (3.21) and any i, j, and A we have
n(Eilp Ejl) = ) q*=. (3.23)

SEBi,j,A

Proof. The left-hand side of equation (3.23) equals 7 times the RHS of the formula
(2.2). This 7 is matched in the right-hand side of (3.23) by the summation over all
monomials in IT,, since g to the degree of these monomials add up to 7r. The product
term in the right-hand side of (2.2) is matched by the contribution to the right-hand
side of (3.23) by all possible placements of dots. For each i-labelled strand dots

contribute
> 1

a(i-i) _ 1 _

;) 1 =g 1-¢q}
to the product, since the degree of a dot is i - i, and the sum is over all ways to put
some number a of dots on this strand. Finally, the sums over all minimal diagrams
D € p(i, j) give equal contributions to the two sides of (3.23). O

Remark 3.13. In view of the first equality in (2.2), we can restate the above propo-
sition via (, ) in place of (, ) on the left-hand side.

Notice that
gdimy (HOMy (6:15.€;13)) = Y ¢
S€B; j
if and only if B; j 5 is a basis of HOMy, (€;1;, €;1,).
Corollary 3.14. For any sequencesi, j and A € X we have
edimg (HOMuy (€;1.€;1,)) < w(Ei 15 E; 12).

Definition 3.15. We say that our graphical calculus is non-degenerate for a given root
system and field k if for all i, j, A the set B; ; 1 is a basis of HOMq(&;1;,€;1,).

Thus, a calculus is non-degenerate if the equality holds in Corollary 3.14 for all
i,j,A

Remark 3.16. Nondegeneracy holds if the above condition is true for all A € X and
all pairs of positive sequences i, j .

Simple non-degeneracy observations. We can assume that k is only a commutative
ring, work over this ring from the start, and say that the calculus is non-degenerate
over kif U*(&;1;, &j1,)isafree k-module with abasis B; j ; forall j,i andA. We
do not know any examples of a root datum and ring k when the calculus is degenerate.
Over a field the non-degeneracy of the calculus depends only on the root datum and
the characteristic of k. If the calculus is non-degenerate over Q, it is non-degenerate
over Z and over any commutative ring k.
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3.2.4. Endomorphisms of &, _,/1, . Forv,v" € N[I] let

&y vl = @ &i_jl;.
i €Seq(v)
J €Seq(v')

Consider the graded ring ENDy (€, —,/11). A spanning set for this ring is given
by dotted minimal diagrams of (i (—i’), j (—j’))-pairings over all i, j € Seq(v),
i’, j' € Seq(v’) times bubble monomials in IT}.

'/

j
e
k
1+011 —(/,A)—14a3 G
. (k,A)—14as
ﬂ

H—az —(j,)t) 1+ay

Let I, _,/ » be the subspace spanned by diagrams which contain a U-turn, i.e., an
arc with both endpoints on R x {1} or on R x {0}.

Proposition 3.17. I, _,/ ; is a 2-sided homogeneous ideal of ENDy (&, —,/1,)
which does not depend on choices of minimal diagrams for pairings.

Proof. Left to the reader. O

Denote by Ry, _, 3 := ENDy(&y,-,/1,)/ 1, — ., the graded quotient ring, and
by B the quotient map. There is a homomorphism

a: R(v) ®k R(V') ® IT; —> ENDy(&y,—1/1;)

given by placing diagrams representing elements in R(v), R(v’), I, in parallel

LIl Ll

(=1)¢ D D’ (i,M)=140; —(j,A)—14a3 ’
(k,A)—1+as

T TTTT &4 S

orienting diagrams for R(v) upwards and diagrams for R(v’) downwards, and multi-
plying by (—1)%, where a is the number of crossings in D’ of equally labelled strands.
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The composition Ba of this homomorphism with the quotient map is surjective. The
diagram below contains an exact sequence of aring, its 2-sided ideal, and the quotient
ring:

R(v) ® R(v') ® T
al K (3.24)

0—— Iv,—v/,/l . END‘ll(gv,—v’l/l) T> Rv,—v’,k —0.

Remark 3.18. If the graphical calculus is non-degenerate, B« is an isomorphism,
and the sequence splits

B
0— Zv,—va — ENDy(&v—v13) =2 R(v) ® R(V') @ T — 0.

A splitring homomorphism induces a split exact sequence of Grothendieck groups [28,
Section 1.5],

0— Ko(Iy—v,2) —> Ko(ENDy(&,,-,/1,))

Ko(B)
—><1<() Ko(R(v) ® R(v') ® TT;) — 0,
ol

leading to a canonical decomposition of the middle term as the sum of its two neigh-
bors.

3.3. Properties and symmetries of 2-category U

3.3.1. Almost biadjoints. The 1-morphism &4;1) does not have a simultaneous left
and right adjoint &_;1;_4;, because the units and counits which realize these biad-
joints in U™ are not degree-preserving. However, if we shift &_;1; 1, by {—c4i 1},
then the unit and counit for the adjunction &1;1; - &_;1;4;, {—c4; 2} become
degree-preserving. More generally, we have ;1 {t} 4 &_;1 1, {—cyi1 —1}in
U since the units and counits have degree

—i +i {t—C+,")L—t}
deg U =cqip+ (—=cqin) =0,

i A
; A+ ix
deg ( Y ) = (coinriy)) = (i) = 0
+i —i {t—cyir—t}

and still satisfy the zigzag identities. Similarly, &;1,{¢} possesses a left adjoint
E_i1,4iy{c4ia—1t}in U. One can check that with these shifts the units and counits
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of the adjunction &_; 1,4 {c4ip — 1} - E4;1,{t} become degree zero and are
compatible with the zigzag identities.

The left adjoint &_; 1,4, {c4;,2 — ¢} and the right adjoint €_; 1 1, {—c4; 1 —1}
of &4;1,{t} only differ by a shift. We call morphisms with this property almost
biadjoint. This situation is familiar to those studying derived categories of coherent
sheaves on Calabi—Yau manifolds. Functors with these properties are called ‘almost
Frobenius functors’in [15] where several other examples of this phenomenon are also
given.

It is then clear that &;1,{¢} and &_;1,{¢} have almost biadjoints in U for all
t € Z and A € X with

1,6 i Lipferin—t} A4, S 3t A 1,614 {—cqin — 1}, (3.25)
LE Ly te—ia—ty A E 13t} A 184 1 {—cia — 1} .
Every 1-morphism in U is a direct sum of composites of &4;1,{¢t}’sand &_;1,{¢}’s
together with identities; by composing adjunctions as explained in [21, Section 5.5],
the right and left adjoints of &;1,{t} can be computed. Thus, it is clear that all

1-morphisms in U have almost biadjoints.

3.3.2. Positivity of bubbles. The degree of any closed diagram must be greater than
or equal to zero. In particular, U(1,,1,{t}) = 0if ¢ > 0, and U(1,,1,) is at most
1-dimensional (isomorphic to k if the calculus is non-degenerate).

3.3.3. Symmetries of U. We denote by UP the 2-category with the same objects
as U but the 1-morphisms reversed. The direction of the 2-morphisms remain fixed.
The 2-category U° has the same objects and 1-morphism as U, but the directions
of the 2-morphisms is reversed. That is, U (x, y) = U(y, x) for 1-morphisms x
and y. Finally, U°P denotes the 2-category with the same objects as U, but the
directions of the 1-morphisms and 2-morphisms have been reversed.

Using the symmetries of the diagrammatic relations imposed on U we construct
2-functors on the various versions of U. In Proposition 3.28 we relate these 2-functors
to various Z[g, g~ ']-(anti)linear (anti)automorphisms of the algebra U. The various
forms of contravariant behaviour for 2-functors on U translate into properties of the
corresponding homomorphism in U as the following table summarizes.

2-functors Algebra maps

U—-Uu Z|q,q~']-linear homomorphisms

U — UP Z|q, q"']-linear antihomomorphisms

]
]

U — U Z[q, q_l]—antilinear homomorphisms
]

U — U©P | Z[q,q ']-antilinear antihomomorphisms
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Rescale, invert the orientation, and send A — —A: Consider the operation on
the diagrammatic calculus that rescales the ii-crossing >< T Sadie >< i for
alli € I and A € X, inverts the orientation of each strand and sends A +— —A:

+j +k+k —j -k —J —j —k -k +j +k +Jj
T b 3
i i i
S\ R W _ ,- 18
| ) \ . .
’ \ L @>< S

i +J +J
This transformation preserves the degree of a diagram, so by extending to sums of
diagrams we get a 2-functor @: U — U given by

o:U—->U, A —A, 1,,,8;1)&{[} = 1—M8—i1—)t{t}-

+i +k+j —i =] —J =i

It is straight forward to check that @ is a strict 2-functor. In fact, it is a 2-isomorphism
since its square is the identity.

Rescale, reflect across the y-axis,andsend A — —A: The operation on diagrams
that rescales the ii-crossing >< I iad >< ;i foralli € I and A € X, reflects

a diagram across the y-axis, sends A to —A and leaves invariant the relations on the
2-morphisms of U. This operation

+j +k+k —j —k —Jj —j -k —Jj +k +k +J

&

+otk S i =) =) =) —j =i 4tk +i
is contravariant for composition of 1-morphisms, covariant for composition of 2-
morphisms, and preserves the degree of a diagram. Hence, this symmetry gives a
2-isomorphism

o: U — UP,
A=A,
1,,85,6s,...65,,_,Es,, n{t} > 1_,8;,,8;,,_, ... 85,65, 1,41},

and on 2-morphisms & maps linear combinations of diagrams to the linear combina-
tion of the diagrams obtained by applying the above transformation to each summand.
The relations on U are symmetric under this transformation, and & is a 2-functor.
The square of & is the identity.
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Reflect across the x-axis and invert orientation: Here we are careful to keep track
of what happens to the shifts of sources and targets:

+i tk4k - —k —j{t’} +io+k +j - = —j{-t}
S
v =
A
<+
+io4k+j —i =] —j{t} +j +k +k —j —k —j{-t"}

The degree shifts on the right-hand side are required for this transformation to preserve
the degree of a diagram. This transformation preserves the order of composition of 1-
morphisms, but is contravariant with respect to composition of 2-morphisms. Hence,
by extending this transformation to sums of diagrams we get a 2-isomorphism given
by

Vi U— U, A A, 1,E 1) — 1,8 1,{—t},

and on 2-morphisms 1; reflects the diagrams representing summands across the x-
axis and inverts the orientation. Again, the relations on U possess this symmetry
so it is not difficult to check that w is a 2-functor. Furthermore, it is clear that w 1S
invertible since its square is the identity.

Itis easy to see that these 2-functors commute with each other ‘on-the-nose’. That
is, we have equalities

&6 = o6, 6y =Y6, OV = Va.
The composite 2-functor 1;([)6 is given by

U6 : U — UPP,
A=A,
1,65,6,...65, &, it} > 1,6, 65, ... 65,6 1,41},

and is given on 2-morphisms by rotating diagrams by 180°.
The following transformation only differs from ¥ @& by a shift and is given by
taking adjoints.

Rotation by 180° (taking right adjoints). This transformation is a bit more subtle
because it uses the almost biadjoint structure of U, in particular, the calculus of mates
(see [21, Section 4.3]). For each 1,x1; € U denote its right adjoint by 1, y1,,. The
symmetry of rotation by 180° can also be realized by the 2-functor that sends a
1-morphism 1,,x1, to its right adjoint 1, y1, and each 2-morphism ¢{: 1,x1; =
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1,,x'1, to its mate under the adjunctions 1,,x1; 4 1,1, and 1,,x'1; 4 1,y'1,.
That is, ¢ is mapped to its right dual ¢*. Pictorially,

x/ y y

~
¢ = ¢*
J

!/
7 y/ A‘

A‘/

x y

This transformation is contravariant with respect to composition of 1-morphisms and
2-morphisms. We get a 2-functor

T: U — UOP,
A A,
1,865,685, ...85,,_Es,, 124t} = 136,65, | ... 65,651, {—1+1'},
¢,

where the degree shift ¢” for the right adjoint 1,6_,,6—5,,_, ... &—5, 65, 1 {—1 +
t"}, determined by (3.25), ensures that T is degree-preserving. Inspection of the
relations for U will reveal that they are invariant under this transformation so that 7
is a 2-functor.

We can define an inverse for T given by taking left adjoints. We record this
2-morphism here.

Tl U — UP,
A A,
1,685,685, ...65, Es,, Lt} > 165,65, | ...6-,6 51, {—t+1"},
{" g,
with degree shift ¢ determined from (3.25) and the left dual *¢ of the 2-morphism ¢
defined in [21, Section 4.3].

Remark 3.19. The composition T ®G : U — U gives 2-isomorphism that fixes all
diagrams and only effects the grading shifts.

Remark 3.20. There are degree zero isomorphisms of graded k-vector spaces,

U (fx,y) = U (x,T(f)y).
U*(x, gy) = UG (g)x, ),

for all 1-morphisms f, g, x, y in U*, defined at the end of Section 3.1.1.
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3.4. Karoubi envelope, U, and 2-representations. The Karoubi envelope Kar(€)
of a category € is an enlargement of the category € in which all idempotents split
(see [21, Section 9] and references therein). There is a fully faithful functor € —
Kar(®€) that is universal with respect to functors which split idempotents in €. This
means that if F: € — D is any functor where all idempotents split in D, then
F extends uniquely (up to isomorphism) to a functor F: Kar(€) — D (see for
example [4], Proposition 6.5.9). Furthermore, for any functor G: € — D and a
natural transformation o: F' = G, o extends uniquely to a natural transformation
@: F = G. When € is additive the inclusion € — Kar(€) is an additive functor.

Definition 3.21. Define the additive k-linear 2-category U to have the same objects
as U and hom additive k-linear categories given by U(A, 1) = Kar(U(X, A)). The
fully-faithful additive k-linear functors U(A, 1) — U(X, A’) combine to form an
additive k-linear 2-functor U — U universal with respect to splitting idempotents
in the hom categories U(A,A). The composition functor U, A) x UN, L") —
U(A, A" is induced by the universal property of the Karoubi envelope from the
composition functor for U. The 2-category U has graded 2-homs given by

HOMy; (x, y) := @Homﬂ(x{t}, y).
teZ

Definition 3.22. A 2-representation of U* is a (weak) graded additive k-linear 2-
functor ¥*: U* — M™*, where M™ is a graded additive k-linear 2-category with a
translation.

A 2-representation of U is an additive k-linear 2-functor ¥: U — M thatrespects
the grading. This happens when there is an additive k-linear 2-functor M — M*,
with M* a graded additive k-linear 2-category, making the diagram

U ——-ur

M —— M*

weakly commutative. Thus, to study 2-representation of U it suffices to study 2-
representation of U* and then restrict to degree-preserving 2- morphlsms

A 2-representation of U is an additive k-linear 2-functor W : U — M that respects
the grading.

Denote by M a 2-category as above in which idempotents split. Any 2-represen-
tation U* : U* — M* gives a unique (up to isomorphism) 2-representation W : U —
M. The 2-functor W is obtained from W* by restricting to the degree-preserving 2-
morphisms of U* and using the universal property of the Karoubi envelope. This is
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illustrated schematically below.

restrict to degree 0
2-morphisms

u* >U U
v
M* dM

Remark 3.23. The 2-functors @, &, KZ 7 on U extend to 2-functors on ‘ll, for which
we use the same notations. For example,
@ U— ‘ll,
A=A,
(Eilxft}, e) > (@(Ei1,{1}), w(e)),
¢ > a(0),

and the other 2-morphisms 4, ¥, and T are defined analogously. In particular, each
1-morphism in U has left and right adjoints.

Karoubian envelope

Multigrading. The multigrading introduced at the end of [17] onrings R(v) extends
to a multigrading on each hom space U*(&;1,,&;1,). The Karoubian envelope
of the corresponding multigraded 2-category should categorify the multi-parameter
deformation of ,AU.

3.5. Direct sum decompositions. Recall that &, 1) is the direct sum of &;1, over
alli € Seq(v):
8,,1,\ = @ 8,’ 1;{.
i €Seq(v)
Due to the existence of the homomorphism ¢, ; in the formula (3.22) any degree
0 idempotent e of R(v) gives rise to the idempotent ¢, ;(e) of &,1, and to the
1-morphism (&,1;, ¢y 1 (¢)) of U.
Introduce idempotents

kS

€4im = \)< € u(gnﬂ'lk’ 8mi1)t)v

/

m(m—1)

eim=(=1) 2 = U(E_milr, E_pmily)

/
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similar to the idempotent e; 5, in [16, Section 2.2] and [17]. Define 1-morphisms
8+i(m)1,1 and &_;um1, in U by

m(l—m)i-i
Eriomly = (8+im1/x,e+f,m){¥ }

E_jmly = (E_imly, e—i,m){—
As in [16], [17], we have direct sum decompositions

Erim i = (€4 1) E_m1y = (E_j0m1,)®0",

For any divided power sequence i = (e1i; @1) 8212(‘12), s Emim ’")) define

€ily 1= (&1, €:),
where 7 is the sequence

(81i1,...,81i1,82i2,...82i2,...,Smim...,8mim)

= ((81i1)a1 (82i2)a2 R (Smim)am),

with term €17, repeating a; times, term &,i, repeating a, times, etc., and

€i = €siij,ay " Cerin,ar -+ - Comim,am

is the horizontal product of idempotents.
/!

When interested in only one part of a sequence i, we write ... i
1211211

i =i'i"i" and & _;». 1, instead of &;1; = &;r;rim1y.

. instead of

Proposition 3.24. Foreachi,j € I1,i # j, and A € X there are 2-isomorphisms
of 1-morphisms in U:

143! )

@ €. 4ot jpidti2a 1) = €. 4icatnyjyid—2a 1),

_
o] @wm
Nl S 7 A

i
@ i Q) j_jd+1-2a) 1) = @8 —i@ath_j_jd—2a 13,

a=0 a=0
where d = d;j = —(i, jx).
Proof. These isomorphisms follow from categorified quantum Serre relations [16,

Proposition 2.13] and [17, Proposition 6] between idempotents in rings R(v), via
homomorphisms ¢, 3 and ¢_, ;. O
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Proposition 3.25. Foreachi € I, A € X there are 2-isomorphisms in u

Cirgiziirly = &i—iqiin1) By, Civivly I (i, A +iy) >0,
Ciriviirdy = 8irqiiindy ®_piyy; Sirirly i (i, A +iy) <0,

where i = A + iy.

Proof. Set A + iy = p. The decomposition &;/4;—ji713 = Eir—itiiv1y B,
&;rin1y for (i, u) > 0 is given by 2-morphisms in U

o 8i/+i_ii”1,1 — 8,‘1_1'_’_1','//1)L ®[(i,,lL)]l‘ gi’iﬁll’
o™t Eirigiin 1y By Sivirda = Eiryiciiny,

where o and a~! consist of matrices of diagrams

a i><i o i 7
Qo

N

o= ) , O :=Z =14 forO0 <s < (i,u)—1,
: j=0 s—Jj
i) —1 N

a—l et ( l><l/"l' q,ﬂ«)_l Wa/db)_l_s U)
Note that all bubbles that appear in g above are fake bubbles. One can check that
0{_10{ = Idgi/.—&-i—ii//l)u and that ca™! = Id@i/—i+ii//1A€B[<i,u>]1A using the sl,-rela-
tions (for details see [21]). Here we have taken

Bl =Ll =, u)} & @ Lf2s + 1= (i, )} & -+ & 1 {0, ) — 1}
so that o and ™! have degree zero. The isomorphism

Eir—itiirly = Eiri—iin Iy (i, w); Girir1a

for (i,A 4+ ig) < 0is given similarly (see [21]). O
Proposition 3.26. Foreachi,j € I,i # j, A € X there are 2-isomorphisms

Eqi—j 1y =6y 1,

Proof. The degree zero 2-isomorphism &..4;—; 1) = &.._j4; 1, fori # j is
given by maps

i><jki Egimj. Ay — 6 jyi 1y,
j><i AZ 8---—j+i...lk — 8--~+i—j...1/l-

To see that these maps are isomorphisms use (3.13). O
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3.6. Ko(‘ll) and homomorphism p. Ko(U) can be viewed as a pre-additive cat-
egory or, alternatively, as an idempotented ring. When thought of as a category, it
has objects A, over all A € X. The abelian group of morphisms Ko(U(A, 1)) is
defined as the (split) Grothendieck group of the additive category U(A, u). The split
Grothendieck group Ko(+) of an additive category + has generators [P], over all
objects P of 4, and relations [P] = [P'] + [P"] whenever P =~ P’ & P”. In the
case of U(A, 1) the generators are [€;1,{t}, e], where & = A + ix, ¢ € Z, and

e € End‘u(gi 1{t}) =~ End‘u(gi 1,) = Endy(&;1,)

is an idempotent (degree zero idempotent when viewed as an element of the larger
ring END(&;1))). The defining relations are

[6:1,4{t}.e] = [€i1,/{t"}, €] + [Ei15{t"}, €]
whenever there is an isomorphism in ‘Zl(k, W)
(Eiladt} e) = (61 it'} ) @ (EirLanit"}, e”).

Moreover, Ko(U(A, i) is a Z[g, g~']-module, with multiplication by ¢ coming
from the grading shift

[Ei alt + 1}, e{l}] = q[&€i 1,11}, e].

We write [6;1,] instead of [6;1, 1], where 1 is the identity 2-morphism of &;1}.

The space of homs between any two objects in U(A, ) is a finite-dimensional k-
vector space. In particular, the Krull-Schmidt decomposition theorem holds, and
an indecomposable object of U(A, 1) has the form (&;1,{r},e) for some mini-
mal/primitive idempotent e. Any presentation of 1 = e + - + ej into the sum of
minimal mutually orthogonal idempotents gives rise to a decomposition

k
&t} = @P(&ilait}.er)

r=1

into a direct sum of indecomposable objects of U(A, i). Any object of U(A, u) has
a unique presentation, up to permutation of factors and isomorphisms, as a direct
sum of indecomposables. Choose one representative b for each isomorphism class
of indecomposables, up to grading shifts, and denote by B(1, 11) the set of these
representatives. Then {[b]}; is a basis of Ko(‘ll()t, u)), viewed as a free Z[q, g~ ']-
module. Composition bifunctors

U, L) x UL, A7) — U, A7)
induce Z[q, ¢~ ']-bilinear maps

Ko(UR, 1)) ® Ko(UR', 1)) — Ko(UL, "))



46 M. Khovanov and A. D. Lauda

turning Ko(U) into a Z[g, Q_l]—linear additive category with objects A € X. Alter-
natively, we may view Ko(U) as a non-unital Z[g, g~ ']-algebra

P KW p

A,ueX

with a family of idempotents [1,]. The set B := D pex B(A, ) gives rise to a
basis [8] := {[b]} e Of idempotented Z[g, g~ ']-algebra Ko(U). Notice that basis
elements are defined up to multiplication by powers of g; we will not try to choose a
canonical grading normalization here. Multiplication in this basis has coefficients in
Nlg.¢7 '] _

Both 4U and Ko(U) are idempotented Z[g, g~ !]-algebras, with the idempotents
1, and [1,] labelled by A € X. To relate the two algebras, send 1, to [1,] and, more
generally, E; 1, to [€;1,] for all i € SSeqd.

Proposition 3.27. The assignment E; 1, —> [8;1;] extends to a Z[q, q~']-algebra
homomorphism ) )
y: AU — Ko(U).

Multiplication by ¢ corresponds to the grading shift {1}.

Proof. Ko(U)isafree Z[q, g~ "']-module, so it is enough to check that the assignment
above extends to a homomorphism of Q(g)-algebras

va: U= Ko(W) ®z(4.4-11 R(9)

(4U is also a free Z[q, ¢ ~']-module, but this fact is not needed in the proof). Propo-
sitions 3.24, 3.25, and 3.26 show that defining relations of U lift to 2-isomorphisms
of I-morphisms in U and, therefore, descend to relations in the Grothendieck group
Ko(U). Restricting YQ(q) to 4U gives a homomorphism of Z[g, g~ !]-algebras with
the image of the homomorphism lying in Ko (U). O

For each A, € X, the homomorphism y restricts to a homomorphism of
Z[q,q~']-modules ' '
L (AU 1 — Ko(U(A, ).

Proposition 3.28. The homomorphism y intertwines (anti)automorphisms V¥, o, o,

1 of 4U with (antiyautomorphisms [, [®], [6], and [%] of Ko(W), respectively, i.e.,
the following diagrams commute:

AU — Ko(W) AU — Ko(U)

T ]

AU —— Ko(W), AU —— Ko(W),
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WU —— Ko(U) AU —— Ko(U)
I
AU —— Ko(W), AU —5— Ko(U).

[{/;] denotes the induced action of J on the Grothendieck group, etc.

Proof. The proof follows from definitions and our construction of y. O

The 2-isomorphisms @, &, J on U* give isomorphisms of graded k-vector spaces
U™ (x, y) = UH(@(x), &(y)),
U*(x, y) = (UHPE(x),6 () = UG (x).6()),
U*(x,y) = (UG (), ¥ (7)) = U T3, ¥ (x)).
On Grothendieck rings these isomorphisms give equalities
{(x.y) = (0(x), 0(y)).

(x,y) = (0(x),0(»)),
(x,y) = (¥ (), ¥x),

which should be compared with Propositions 26.1.4 and 26.1.6 in [24] and property
(v) of the semilinear form. The last equality expressed in terms of the bilinear form
(,), with x replaced by ¥ (x), gives the identity (x, y) = (¥, x).

3.7. Idempotented rings. An idempotented ring A is an associative ring, not nec-
essarily unital, equipped with a system of idempotents {1, }, over elements x of some
set Z. We require orthogonality 1,1, = §x,, 1, and decomposition

A= P 1,41,

x,yeZ

By a (left) A-module we mean an A-module M such that
M = @ 1. M.

In this paper three collections of idempotented rings appear:

« Lusztig’s U and its integral form 4U. Here Z = X, the weight lattice,

U= @@ 1,01, U= P 101,

A, ueX A,ueX
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« The Grothendieck groups Ko(Kar(U*)) and Ko(U), the latter defined in Sec-
tion 3.6. Again, the parameterizing set Z = X. We only study

Ko(W) = B 1]Ko(WI1,],

A,ueX
with {[13]},ex being the system of idempotents in Ko(U). The map
y: AU > Ko(U)

is a homomorphism of idempotented rings.
* Foreach A, u € X the Z-graded ring

,[u;{ = @HOMu(é’i 11, 81'11),

i.Jj

where the sum is over all i, j € SSeq with ix, jx = u — A. Thus, the sum is
over all sequences such that £; 1,, Ej 1, have left weight pu. The parameterizing
set Z ={i €SSeq |ix = A — u}.

The category U, W) is equivalent to the category of right finitely generated
graded projective , U -modules and grading preserving homomorphisms. The equiv-
alence functor

U(A, 1) — pmod-, U3

takes &;1, to

iaP = @ HOMy (&1, €;1,),
JjezZ

and, more generally, an object (&;1,,¢) to

ireP = @D HOMy ((Ei1).¢). €;1,).
jezZ

The Grothendieck group Ko(U(A, 1)) is isomorphic to the Grothendieck group of
pmod-,U;.
Notice that we get idempotented rings from the 2-category U in various ways:

1) as the Grothendieck ring/pre-additive category Ko(U) of U,
2) as rings associated to categories U(X, ).

The 2-category U can itself be viewed as an idempotented monoidal category.
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We encode these observations into a diagram.

(small) pre-additive idempotented additive
—

2-categories monoidal categories
\
Grothendieck / \\ Categories/rings of
category/ring ) homs between objects

(small) pre-additive categories ——— idempotented rings

3.8. Surjectivity of y. To prove surjectivity of y we will analyze the diagram of
K-groups and their homomorphisms induced by the diagram (3.24) and trace mini-
mal idempotents there, but first recall some basics of Grothendieck groups of finite-
dimensional algebras (as a model example) and graded algebras.

3.8.1. Ky of finite-dimensional algebras. A homomorphism of rings ¢: A — B
induces a homomorphism of Ky-groups

Ko(a): Ko(A) — Ko(B)

of finitely generated projective modules. For definition and properties of Ky we refer
the reader to [28], [32, Chapter II].

Assume that A and B are finite-dimensional k-algebras, for a field k, and « is
a k-algebra homomorphism. If « is surjective then Ko(«) is surjective as well. On
the level of idempotents, if 1 = e; + - -+ + ex is a decomposition of 1 € A4 into a
sum of mutually orthogonal minimal idempotents, then Aey is an indecomposable
projective A-module, K((A) is a free abelian group with a basis {[Ae;]|};es, for a
subset S C {1,...,k}. S is any maximal subset with the property that Ae; % Ae;
as left A-modules for any s, € S, s # t. Applying « to the above decomposition
results in the equation

B>1=uale))+ -+ aler).

where each «/(ey) is either O or a minimal idempotent in B (the minimality of «(ey)
follows from the idempotent lifting for «, by first reducing to the case of semisimple
B by quotienting out by the Jacobson radical of B). Relabel minimal idempotents
so that a(ey),...,a(em) # 0, a(emt1) = -+ = a(ex) = 0 (elements of S get
permuted as well). Then 1 = «(e1) + - - + a(ey,) is a decomposition of 1 € B into
a sum of mutually orthogonal minimal idempotents, Ba(e,) is an indecomposable
projective B-module, 1 < r < m, and

{[Ba(er)]}rGSﬂ{l ..... m}
is a basis of K¢y(B).
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Remark 3.29. If A is a finite-dimensional k-algebra, the quotient map A — A/J(A),
where J(A) is the Jacobson radical of A, induces an isomorphism of Ky-groups

Ko(A) = Ko(A/J(A)).

Indeed, J(A) is a nilpotent ideal, J(A)Y = 0 for sufficiently large N, and the
quotient by a nilpotent ideal induces an isomorphism of Ky’s; see [32], Lemma 2.2
in Chapter II.

Proposition 3.30. If A, B are finite-dimensional k-algebras such that all simple A-
and B-modules are absolutely irreducible over k, then

Ko(A) KRz K()(B) = Ko(A Rk B)

via an isomorphism that takes [P] ® [Q] for projective A, respectively B, modules
P and Q to [P R O].

Proof. By passing to A/J(A), B/J(B) and using the above remark, we reduce to
the case of semisimple 4 and B. Then both A and B are finite products of the field
k and the proposition follows. O

3.8.2. Ky ofgradedalgebras. From here on we only consider Z-graded k-algebras,
for a field k. For a Z-graded k-algebra A = @,ez A, denote by Ko(A) the
Grothendieck group of finitely generated graded left projective A-modules. Ko(A)
isa Z[q,q~']-module.

Throughout this subsection we assume that all weight spaces A4, are finite-dimen-
sional, and the grading is bounded below: A, = 0 for alla « 0.

Let PI(A) be the set of isomorphism classes of indecomposable graded projective
A-modules, up to a grading shift. We can normalize the grading and choose one
representative Q for each element of PI(A) so that O is the lowest nontrivial degree
of Q. We write Q € PI(A).

Proposition 3.31. For A as above, Ko(A) is a free Z[q, g~ ']-module with the basis
{[O]} 0epi(a)-

Proof. Since each weight space of A is finite-dimensional, the Krull-Schmidt prop-
erty holds for graded projective finitely generated A-modules. Any such module has
a unique, up to isomorphism, decomposition as a direct sum of indecomposables,
and Ko (A) is a free abelian group with a basis labelled by isomorphism classes of
indecomposable projectives. Boundedness of A from below ensures that an inde-
composable projective is not isomorphic to itself with a shifted grading, implying
that Ko(A) is a free Z[g, ¢~ ']-module and the rest of the proposition. O

We say that a 2-sided homogeneous ideal J of A is virtually nilpotent if for any
a € Z the weight space (JV), = 0 for sufficiently large N .
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Proposition 3.32. For A as above and J a virtually nilpotent ideal of A the quotient
map A — A/J induces an isomorphism Ko(A) = Ko(A/J).

Proof. Proposition follows from the lifting idempotents property. This is the graded
version of Lemma 2.2 in [32, Chapter 2]. O

Proposition 3.33. Let o: A — B be a surjective homomorphism of finite-dimen-
sional graded k-algebras. Then the induced map Ky () is surjective.

Proof. The argumentis essentially the same as in the nongraded case discussed earlier.
In the bases of K¢(A) and Ky (B) given by indecomposable projective modules, the
map Ky(c) sends some basis elements of K¢(A) to 0 and the rest go bijectively to
the basis of Ko(B) (possibly after grading shifts). O

Finally, we discuss Ky of graded idempotented algebras. Let A be an associative
graded k-algebra, possibly nonunital, with a family of mutually orthogonal degree 0
idempotents 1, € A, x € Z, such that

A= P 1,41,

x,yeZ

(compare with the definition of idempotented ring in Section 3.7). We say that A
is a graded idempotented k-algebra. By a graded finitely generated projective A-
module we mean a homogeneous direct summand of a finite direct sum (with finite
multiplicities) of graded left A-modules A1,{t}, over x € Z and ¢t € Z. By Ko(A)
we denote the corresponding Grothendieck group, whichis againa Z[g, ¢ ~!]-module.

We assume that for each x, y € Z the graded k-vector space 1, A1 is bounded
below and has finite-dimensional weight spaces.

Proposition 3.34. For A as above, Ko(A) is a free Z[q, q~']-module with a basis
given by isomorphism classes of indecomposables, up to grading shifts.

Proof. The proof is essentially the same as that of Proposition 3.31. The difference
is in the absence of a canonical grading normalization for a representative Q of an
isomorphism class of indecomposables up to grading shifts. This normalization can
be chosen ad hoc, of course. OJ

3.8.3. A triangle of K¢’s. We will work in the graded case, so that the rings are Z-
graded and K are Z[q, ¢~ ']-modules. Consider the diagram of Z[g, g~ ']-modules

Ko(R(v) ® R(v') ® ITy)
Ko(a)l W} (3.26)

KO(END‘U (81),—1)/1/1)) — KO(RU,—V’,A)
Ko (@)
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given by applying the K functor to the commutative triangle in (3.24).
Recall that in [16], [17] we constructed an isomorphism of Z[g, ¢~!]-modules

Ko(R(v)) = afy,
where 4f, is the weight v summand of the Z[g, ¢~ !]-algebra 4f. Likewise,
Ko(R(V)) = afy.

R(v), respectively R(v’), is a free finite rank graded module over its center
Z(R(v)) = Sym(v), respectively Sym(v’), isomorphic to the k-algebra of poly-
nomials in several homogeneous generators, all of positive degree. Hence, R(v) ®
R(V') ® T}, is a free finite rank graded module over the central graded polynomial al-
gebra Sym(v) ® Sym(v') ® IT,. This algebra contains a homogeneous augmentation
ideal Sym™ of codimension 1. Let

J = (R(v) ® R(V) ® ;) Sym*

be the corresponding 2-sided ideal of R(v) ® R(v') ® I1,, and consider the quotient
algebra

R:=R(v)® R(V)®I,/J
= (R(v)/(R(v) - Sym™ (1)) ® (R(V')/(R(V') - Sym™ (v))).
R is a finite-dimensional k-algebra, and the quotient map
a: RW)® ROWV)®II;, — R
induces an isomorphism of Ky-groups
Ko(e'): Ko(R(v) ® R(V') ® T11) — Ko(R),

since the ideal J is virtually nilpotent, see Proposition 3.32.

We proved in [16], [17] that any simple graded R(v)-module is absolutely irre-
ducible for any field k, same for simple graded R(v)/(R(v) Sym™ )-modules. Also
note that Ko(ITy) = Z[gq,q ], since I, is a graded local ring. The chain of iso-
morphisms

Ko(R(v) ® R(V) ® T11) 2 Ko(R) = Ko(R(v)) ® Ko(R(V)) = 4fy ® afy
establishes the following result:
Proposition 3.35. There is a canonical isomorphism
Ko(R(v) ® R(V) ® T13) == 4f, ® afy

induced by isomorphisms Ko(R(V)) == 4f, and Ko(R(V")) = 4f,/ constructed in
[16], [17].
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This proposition gives us a grip on the top term in the diagram (3.26).
Proposition 3.36. Ky (B«) is surjective.

Proof. Since Ba is surjective, fa(J) is a 2-sided ideal of R, _,/ . Start with a
commutative square of surjective algebra homomorphisms

ROV ®ROV) ST, — % Ry

/Jl i/ﬂa(l)

R Rv,—v’,l/(ﬁa(‘]))

and apply functor K to obtain a commutative diagram

K
Ko(R(v) ® R(v) ® ;) 222, Ko(Ry 1 2)

/Jl J//ﬂot(l)

KO(R) — KO(RV,—V’,A/(ﬂa(J)))'

The vertical arrows are isomorphisms since J and So(J) are virtually nilpotent
ideals. The bottom arrow is surjective, by Proposition 3.33, since R and R,, —, » are
finite-dimensional over k. Surjectivity of the top arrow follows. O

Corollary 3.37. Ko(p) is surjective.
These observations are summarized in the following enhancement of (3.26).
Ko(R(v) ® R(V") ® IT)) = Afy ® ufi
Ko(a)L Ko(Ba)

Ko(ENDy(8,,—,13)) B v — Ko(Ry,—v7.2)-

3.8.4. Idempotents in U. Let1 = ¢; +---+egand 1 = e| + - + e}, bea
decomposition of 1 € Endg;(€,1,) = R(v)o and of 1 € Endg;(E-,/13) = R(V')o,
respectively, into the sum of minimal mutually orthogonal idempotents. Here R(v)g
denotes the degree 0 subalgebra of R(v). Each term in the decomposition

k/

k
1= e o1
r=1

r’'=1

of 1 € R(v)® R(v') ® T, is a minimal degree 0 idempotent in view of the discussion
preceding Proposition 3.35.
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Let
ery i=ale, ®e,, ® 1) € Endg (6,,-1/1;)

be the corresponding idempotent in the endomorphism algebra of &, _,/1, which

may not be minimal. Then
k(r,r’

)
Crr’ = Z Crr,r” (3.27)
r’=1
can be decomposed into a sum of minimal mutually orthogonal degree zero idempo-
tents ey, ,» € Endg (€ —1/1;).

The homomorphism B« induces a surjection of Grothendieck groups and maps
each minimal idempotent e, ® e, ® 1 either to 0 or to a minimal degree 0 idempotent
in R, _,/ » (Proposition 3.36). Consequently, for each (r, 7', r”’) the image B(e;. ;)
is either 0 or a minimal idempotent in R, _,/ 1. Moreover, for each (r, ') at most
one of B(ey, ) # 0in R, _,/ 5. We can relabel idempotents so that B(e,,,,1) 7# 0
and B(ey, ) = 0 for r” > 1 whenever fa(e, ® e/, ® 1) # 0. Necessarily,
Beryr ) = 0forall r” if Ba(e, @ e, ® 1) = 0.

If B(e, ® e;, ® 1) = O then e;,/,» € I,_y . A homogeneous element
a € I, _,s can be written as a finite sum a = Y _u_, ajas, where as, a} are homo-
geneous,

as € u*(Sv,_vll,Si(s)lk), a; € u*(é?,-(s)l,l,é?v,_vl,\),

and i (s) € SSeq with [[i (s)|| < [[v]| + [|v'||. Indeed, an element of T, _,/ 5 can be
written as a linear combination of diagrams with U-turns. Cutting each diagram in
the middle allows us to view it as composition

8v,—v’l)L - 8i(s)l)L - Sv,—v/llv

with the length || (s)] of the sequence i (s) strictly less than the sum of lengths
I+ [1v"l-

S N S S
1]
AW

(

|

i)

Choose such a decomposition for each

u

_ ’
Crr . € Iv,—v’,,l, Crr’r’ = E agds,
s=1

where in the notations we suppress dependence of u(r,r’,r"), as(r,r’,r”) and
a’(r,r’,r"”) on the three parameters. Multiplication by e,/ , is the identity en-
domorphism of (&, —,/1;, e, 7). We can view this indecomposable 1-morphism
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of U as an indecomposable projective module (call it P) over the graded idempo-
tented ring , U5, & = A 4+ vy — vy. Then the identity endomorphism of P factors
through projective module Q corresponding to the direct sum P;_; &; ()11 {ts}

Id

T

p 0 P

for some t; € Z. Therefore, P is isomorphic to a direct summand of Q, and
the 1-morphism (&,,—,/1,, ey, ,7) of U is isomorphic to a direct summand of
D=1 EiwLatts)

Define the width || P|| of an indecomposable 1-morphism P € Ob(U(A, 1)) as
the smallest m such that P is isomorphic to a direct summand of &;1,{¢} for some
i €SSeq, |li|| =mandt € Z.

For example, if P has width 0, then P is isomorphic to a direct summand of 1, {¢}
for some A and ¢. The 1-morphism 1, {¢} is indecomposable, since its endomorphism
ring U(1{r}.1,{t}) = K, or O (a possibility if the calculus is degenerate). This
implies that any width zero 1-morphism is isomorphic to 1, {z}.

Lemma 3.38. If P has width m then P is isomorphic to a direct summand of
&y~ 1,{t} for some v,V € N[I], |[v|| + |V'|| =m, A € X, andt € Z.

Proof. Ifi,j € I andi =i’ —i + ji” has length m, then P is direct summand of
€;1,{t} if and only if it is a direct summand of &;/4 ;_;;#1,{t}. Indeed, these two 1-
morphisms are either isomorphic (ifi # ;) or differ by direct summands &;;+1, {t'},
all whose indecomposable summands have width at most m — 2, and thus cannot be
isomorphic to P. By assumption, P is isomorphic to a direct summand of &;1,{¢}
with ||7 || = m. Moving all positive terms of i to the left of all negative terms produces
a sequence j(—j') with j, j’ positive, ||j|| + ||| = m and P being a summand
of &jjy1x{t}. But this 1-morphism is a direct summand of &, _,/1;{r} with v,
respectively v’, being the weight of j and j’, respectively. O

Proof of Theorem 1.1. We show that [P] is in the image of y: 4U — Ko(U) by
induction on the length of P. Let P have length m. Then P is a direct sum-
mand of &, _,/1,{t} for v,v’ as above. By shifting the degree of P down by ¢,
P = (8&,-v1,, e, ) for at least one minimal idempotent e, , . We must have
r” = 1and (e, ,7) # 0, for otherwise P is isomorphic to a direct summand
of @, i (s)1aits}, and since [|i (s)|| = m — 2, the width of P is at most m — 2, a
contradiction. Thus r” = 1 and B(ey, ) # 0.
From (3.27) We have

[P] = [E:v,—v’lkaer,r’,lL
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and
k(r,r’)

Z [Ev—v1a, erp 7] = [€,—v 1, 1]

r’=1

For r” > 1 we have B(e,, ) = 0, and (§,—,/1,, ey, ) is isomorphic to a direct
summand of a finite sum of &;1,{t}, for sequences i of length m — 2. Each inde-
composable summand of (&, —,/1,, e, ;7 »~) has length at most m — 2. By induction
hypothesis, [E,,—,/14, e, ] belongs to the image of y for all 2 < r” < k(r,r’).
Thus,

k(@r,r’)
[P] = [81),—1)/1,1, er,r/,l] = [gv,—v/l)tv er,r’] - Z [81),—\)’1,% er,r/,r”]

r’=2
€ [Sv,—v’lky er,r’] + V(AU)-

It now suffices to show that [&, _,/1;, e, ,] belongs to image of y. But the idem-
potent e, is the image of e, ® ¢, ® 1 in R(v) ® R(v') ® I, and the Grothendieck
group of the latter is isomorphic to 4f (v) ® 4f (v'). Therefore, [E, —,/, €r,/] is in
the image of 4f (v) ® 4f (V') under the composition map

. y .
A () ® AL (V) — 1, (AU) 15 —> Ko(U(A, p)),
XQy — x+y_1;t,
x> xt i () > UT, ys y i 4f(V) > UL
This completes the proof of surjectivity of y. O
3.9. Injectivity of y in the non-degenerate case. Assume that our graphical cal-

culus is non-degenerate for a given root datum and field k, so that B; ; , is a basis
OfHOM‘u(Si IA, 8]' IA) for all i, ] and A. Then

gdimHOMy(€;1,,€1,) = th dimg u(@, 1,{t},€1,).
teZ

Since the calculus is non-degenerate,

gdim HOMy(&;1;, 8j 1)) = n(Eil,, E; 1,),

and E;1,, overall i, A, span U, the Q(q)-algebra homomorphism
va@: U = Ko(W) ®zp,.4-11 QL)

intertwines the Q (¢)-semilinear forms 7 (, ) on U and gdim HOMy(, ) on K. The
latter form, which we denote (, ), is given by

([P1.1QN)x =) _ ¢ gdim(U(P{}, Q) (3.28)

teZ
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for any two 1-morphisms P, Q € U(A, i), and extends to the entire K (?:()(X)Z (7.0-]
Q(q) via Q(q)-semilinearity and the orthogonality condition (x, y), = 0 for x €
Ko(U, 1)), y € Ko(UX, 1)) unless A = A/ and pu = w.

By Proposition 2.5, (, ) is non-degenerate on U. Therefore, YQ(q) 18 injective,
implying that y is injective.

4. Categorification of U for s| n

4.1. Forms of quantum sl,. We consider various forms of the quantized enveloping
algebra of sl, corresponding to the root datum of the Dynkin graph

1 2 3 n—1
[e) o) o) o .

For this root datum, any weight A € X can be written as A = (A1, A2,...,A,-1),
where A; = (i, A).
The algebra U, (sl,) is the Q(g)-algebra with 1 generated by the elements E;,
Fyand K*! fori = 1,2,...,n — 1, with the defining relations
KiK7'=K'K; =1, KiK; = K;K;,
KiEjK' = 4" Ej, KiF K =g F;,
wherei-i =2,i-j =—1if j =i £ 1andi-j = 0 otherwise,
EF — F B = 5, K K
iy JLi ij q— q_l s
E’E; —(q+q YWE/E;E; + E;E? =0 ifj=i+1,
F’Fi—(q@+q¢ WEFF +FFF=0 ifj=i+1,
Ez'Ej =EjEi. FiF; = FF; ifli—j|>1.
Recall that U (s[,,) is obtained from U, (sl,,) by adjoining a collection of orthog-
onal idempotents 1, indexed by the weight lattice X of sl,,,
Ly =81y,
such thatif A = (A1,A,,...,4,-1), then

Kily = 1K = ¢*1;, Ey = lhtivEi, Fily =1 Fi,

where
(A'l +2’A'2_ 1913’---7)%—2,171—1) ifi = 1’

A+ix = (Al,kz,...,ln_z,ln_l—l,ln_l+2) ifi=n-1, 4.1
()tl, ---’/\i—l — 1,/\1' + 2,Ai+1 —1,... ,)tn_l) otherwise.
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The Z[q.q ']-algebra 4U (sl,) is the 1ntegra1 form of U(gfn) generated by prod-

ucts of divided powers E( )IA = [ ] 15, F(a)l;k = [ ] 1y forA € X andi =
1,2,...,n—1. The relatlonshlps are collected below:
" add integral
1dempotents . f .
Uy (sl,) Usly) 2, U(sl,) -

4.2. The 2-category U_, (sl,). We introduce a 2-category U_, that is defined anal-
ogously to U in the s[,,-case, but the R(v)-relations have been modified to the signed
R(v)-relations given in [17]. Namely, the R(v)-relations in U are replaced in U_
by the signed R(v)-relations obtained from the oriented graph

1 2 3 —1
o630 e %o, (4.2)
with vertices enumerated by the set {1,2,...,n — 1}, using signs t;; = t;; = —1 for

all edges. It was observed in [17] that the resulting ring R;(v) is isomorphic to R(v).
In Section 4.2.1, following the definition of U_,, we extend this isomorphism to an
isomorphism U — U_, of 2-categories. The 2-category U_, is more convenient for
constructing a representation on iterated flag varieties in Section 6.

In general it is a poor practice to set up an isomorphism rather than an equivalence
of categories, not to mention 2-categories. However, having an isomorphism U —
U is justified, since U and U_, have the same objects, morphisms, and generating
2-morphisms.

Definition 4.1. U_,(sl,) is a additive k-linear 2-category with translation. The 2-
category U_, (sl,) has objects, morphisms, and generating 2-morphisms as defined
in (3.1), but some of the relations on 2-morphisms are modified.

* The s, relations and the shift isomorphism relations are the same as before; see
equations (3.1)—(3.9).

* All 2-morphisms are cyclic with respect to the biadjoint structure as before; see
(3.3) and (3.10).

¢ The relations (3.13) hold.

¢ The signed R(v) relations are:

(a) Fori # j, the relations

%%A ifi-j =0,




A categorification of quantum sl(n) 59

(b) Fori # j, the relations

= K K
i J i J i J i J

for all A.
(¢c) Unlessi =kand j =i £+ 1

é{k ) @A.
i J lk il J k
Forj=i+£1

il i i il N

4.2.1. The 2-isomorphism X : U — U_,. Define an isomorphism of 2-categories
3: U — U- on objects by mapping A — A, and on hom categories by graded
additive k-linear functors

UM ) — U (A, ),

Eil, — &;1,,

i
%‘A — (=1) % A
i o im i1 o im
7\
(—1)fet ><\ ‘ A ifig = ig41
i1 g a1 im or ia —)ia+1,
.. A 5
. S , NA
i g a1 im D R ‘ A otherwise
7N ’

ir g la+1 im

AN

i io ia+l im i1 i ia+l im

: ‘ A ‘ A forall orientations,

) ‘ — ) for all orientations.

i i ia+1 im i1 iy icH—l im
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Above, the iy in (—1)i°‘ refers to the enumeration of the vertex i, in (4.2). One can
check that the above transformations respects the sl,-relations and the cyclic condi-
tion. Furthermore, ¥ maps the R(v)-relations to their signed analogs by rescaling
the generators as above. ¥ is a 2-functor and an isomorphism of 2-categories.

Remark 4.2. Since the 2-categories U and U_, are isomorphic, by the universal
property of the Karoubi envelope, their Karoubi envelopes are isomorphic as well.

Define U*, to be the graded additive k-linear category which has the same objects
and 1-morphisms as U_, and 2-morphisms

UL (x,y) = D U (e} y).

teZ

4.2.2. Relation to rings R(v). Regard the graded k-algebra R(v) with system of
idempotents {1;} as a pre-additive k-linear category whose objects are {i | i €
Seq(v)}. The k-vector space of morphisms from i to ' is ;» R(v);. The composition
i7R(v)i» ® i7R(v); — j#R(v); is given by multiplication in R(v).

For any weight A there is a graded additive k-linear functor

th: Rv) — U (A, A +vyx) 4.3)
that takes object i to &;1,, and is given on generators of homs by

jR(v)i — U (E:i14,651y),
— (=1)k %\#%k,

( 1)l(x+l + % A lfla = la+1

i l(x la+1 im Or iy —> ig+41,

.. ... B . |
i1 g ig+1  im otherwise.

loz ’01+1 im

i la im

Linear combination of diagrams in R(v) get sent to the corresponding rescaled linear
combination in U*, (A, A + vy) with the weight A labelling the far right region. In
what follows we will refer to those diagrams in the image of (; as R(v) generators.
The image of R(v) is spanned by diagrams with all strands upward pointing and no
caps or cups.
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5. Iterated flag varieties

5.1. Cohomology of n-step varieties. The material in this section generalizes that
of [21, Section 6]. The reader is encouraged to start there for more examples and
greater detail in the s[, case. We enumerate by / = {1,2,...,n — 1} the vertex set
of the Dynkin diagram of sl,,,

1 2 3 n—1
o) o) o o .

Fix N > 0, and consider the variety Fl(n) of n-step partial flags F
F=0=FCFc---CF,=C")
in CV. The dimensions of the subspaces F; are conveniently expressed as a vector,
dimF = (dim Fy,dim F;,dim F,,...,dim Fy).
The connected components of Fl(n) are parameterized by non-negative integers
k = (ko,k1.ka, ... kn)

such that 0 = kg < k; < ky < --- <k, = N. The connected component Fl(k)
corresponding to k consists of all flags F such that dimF = k. Throughout this
section we refer to the terms k, of k with the convention that

0 ifa<0,
ka = .
N ifa>n.
The cohomology algebra of Fl(k) is Z +-graded,
Hy == H*(FI(k). k) = D H**(FI(k). K).
0<t<ky(k2—k1)...(N—ky—1)

Forl <j <n,0<a<kj—kj_i,letx(k);q beaformal variable of degree 2c.
The ring Hy is isomorphic to the quotient ring

(Q KLty x K)o, x(K)jkyty 1) /i
j=1

where Iy y is the ideal generated by the homogeneous terms in the equation

n
[TA+x@E)jar +x(ER)jor® + -+ x W)y iy 75 =1 (5.1)
j=1

Above, ¢ is a formal variable used to keep track of the degrees. For notational
convenience we add variables x (k); o and set x(k); o = 1. Furthermore, we set

X(I_C)j,a =0 ifa> kj —kj_l. (52)
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It is helpful to express the above relation in an alternative form. Let x (k); o denote
the homogeneous term of degree 2« in the product

[T O +x®ar+xk)ar® + -+ x®K)jpy—p, 5. (5.3)
J=L1,j#i

For example, if n = 4 and k = (1, 3,4,7), then equation (5.1) becomes

(1 +x(k) 110 (1 + x k)21t + x(k)220%)(1 + x(k)3,1t)
(1 + x(k)a1t + x(k)apt® + x(k)ast?) =1

and the terms x (k)5 o are given by omitting the second term and multiplying out the
rest

(14 x(k)1,10)(1 4+ x(k)3,10)(1 4+ x(k)at + x(k)a2t* + x(k)a3t7)
so that
x(k)20 =1,
x(k)2,1 = x(k)1,1 + x (k)31 + x(k)a1,
xX(k)2,2 = x(k)1,1x(k)3,1 + x(k)1,1x(k)a,1 + x(k)3,1x (k)41 + x(K)a,2,

X(]S)z,a = X(k)l,lx(lf)3,1x(/_€)4,1 + X(lﬁ)l,lx(k)4,z
+ x(k)31x(k)az + x(k)4,3,

x(k)2a = x(k)1,1x(k)3,1x(k)a2 + x(k)1,1x(k)a3 + x(k)3,1x(k)a,3,
x(k)2,s = x(k)1,1x(k)3,1x(k)a,3,

and x (k)2 = 0 for o > 5. Itis clear that (5.1) can be written

Y xk)j. s x(K)ja—s = a0 (5.4)
f=0

forany 1 < j < n, where 8y is the Kronecker delta. We call the elements x (k) ;o
dual generators in light of (5.4).
Forl <i <n-—11let

tik = ((+ik)o, (+ik) 1, (+ik)2s o, (+iK)n),
0= (+ik)o < (4ik)1 <+ = (4ik)n = N,

be the sequence obtained from the sequence k by increasing the i th term by one

+il_€ = (k05k17k27~--vki—laki + lvki‘l-l’--'akﬂ)
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if ki + 1 < k;4+1, or by setting the sequence to the empty sequence @ if k; = kjy1.
Namely, (_H'k)j = kj if j #iand (k)i =ki +1ifk; +1 <k;t;.

When k; +1 < k; 41 then H__ is the cohomology ring of the partial flag variety
consisting of flags F' with dimF = ;k. The ring H i is given by

n
e = (@K (k)1 X (k)0 ¥ k) kb)) e
Jj=1

= & Kix(rik)i . x(ik) sk,
JELI+1
® K[x(4ik)ists- oo X (+iK)k;—kjy+1]
® Ik[x(-f'l'lf)l'-f—l,ls RN x(+il_€)k,’+1—ki—1]/[+ik,N’

where Ik v 18 the ideal generated by the homogeneous terms in

ﬁ (ZX(Jril_C)j,a la) =1

j=1 oa>0

We define Hg = 0.
Going back to the example of n = 4 and k = (1, 3,4,7), then 43k = (1,3,5,7),
so that
H_ k= K[x(+3k)1,1, X (+3K)2,1, X (+3k)2,2,

X (+3k)3,1, X (+3K)3,2, X (4+3K) 4,1, X (+3k)a 2]/ 1 5k.7,

where I 7 is the ideal generated by the homogeneous terms in

(I + x(43k)1,1) (1 + x(43k)2,1 + x(43k)2,2)(1 + x(53k)3,1
+ x(+3k)32)(1 + x(43k)a,1 + x(43k)ap) = 1.

Similarly, we write _;k = (ko,k1,k2,...,ki—1,ki — L,kit+1,...,ky,) for the
sequence k where we have subtracted one from the ith position whenever k;—; <
ki — 1. The cohomology ring of the flag variety FI(;k) is H_,;, which can be
expressed explicitly in terms of generators as above. When k;_; = k; then _jk = 0
and H—ik = H@ =0.

5.1.1. Flag varieties for the action of E; and F;. For1 <i <n — 1, define

ot = JKokika ki ki + L Kigys . Knen k) iRy 2 ki
- [ otherwise,

k=

(ko k1, koo .. kici ki — 1 ki, ky—1,kn) ifki —1>k;i—q,
] otherwise.
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For lgii # () the variety Fl(l_cii) is the component of Fl(n + 1) consisting of
flags F such that dimF = k=’ The cohomology ring of F1(k=’) will be denoted by

H, +;. The cohomology ring Hk+i is

Hevi = @) Kx®* )0 x ™)1, ] ® KIE]
JAi+1
®”<[X(l_€+l)i+1,1,--.,X(/_C+l)i+1,k,»+1—ki—l]/l,ﬁi,N,

where [, +i ,; is the ideal generated by the homogeneous terms in

A+ &+ xkT)ip1at +.. + X(]_C+i)t+1,k,-+1—ki—llk”l_ki_l)
kj—kj—1
T1 ( 3 x(/_c“),-,ftf) ~ 1.
JFi+1 f=0
The forgetful maps

FI(k) <= FIk™) 2 Fl(1ik)
induce maps of cohomology rings

pi P;
Hy — H +i <— H i

that make H, +: aright Hy ® H _;;-module. Since the algebra H_;x is commutative,

we can turn aright H i k-module into aleft A i x-module. Hence, we can make H s

into a (H_ g, Hg)-bimodule. In fact, H, +; is free as a graded H-module and as a

graded H _ x-module.

These inclusions making H, +i a (H_ ., Hg)-bimodule are given explicitly as
follows:
Hy — H, +i,
x(k)ja > x (k¥ 0 forj #i+1, (5.5)
X(K)itrar— & - xkivra1 + X1 :
and

Hy kg = Hp+i,
X(4ik)ja —> x (kT for j #1, (5.6)
X(4iK) i > & - x()ia1 + X )ig.

Notice that x(k);,« and x(4;k);j« for j # i,i 4+ 1 are mapped to the same element
of H, +:. Using these inclusions we identify these elements of Hy and H__ x with
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their images in the bimodule H, +:. Furthermore, we can also express the generators

x(l_c+i)l-,a and x(l_c+i),-+1,,3 of H, +: as the images of certain generators in Hy or

H+I.;£. Thus we can write Hk+i as

Hyvi = Q) Kx®)jr.- .. x (k) k]
J#i+1
® Klx(+ik)iv1s o X (4ik)ig 1k —k—1] @ K[E]/ Ti+i
or equivalently
Hiti = QKX (ik)jns oo X (k) -k ]
J# (5.7)

® H([X(]_C)l"l, e ,X(I_C)i,ki_ki_l] ® Ik[si]/lk"‘i’]v’

where [ ot N is the ideal described above. Therefore, ; is the only generator of H ot
that is not identified with a generator of Hy or H ;& under the above inclusions.

Remark 5.1. The generators x(k)j,q, X(+ik)j,a» § of Hy+i correspond to Chern

classes of tautological bundles over the variety Fl (1_c+i ). The generator &; corresponds
to the line bundle Fy, 1/ F; associated to the subspaces Fy, C Fy, 4 created by

the subspace insertion k.

Definition 5.2. The set of multiplicative generators &; and

x(k)i,ai forO <o; <k; —ki_1,
X(+ik)it1,a4, for0<ajpy <kipr—ki—1,

x(l_c)j&tj = x(+l‘]_€)]‘=(¥j € Hk+i fOI'j 7é l7l + 17 and 0 < aj = k] _kj—17

for the ring H, +, corresponding to the Chern class of the tautological line bundle,

and to the canonical inclusions (5.5) and (5.6) of generators in H 4ik and Hy into

H, +i, are called the canonical generators of H PRy

Using commutativity we can regard H,+; as an (Hy, H__x)-bimodule. The
generators of Hy and H_ . that are not mapped to canonical generators can be
expressed in terms of canonical generators as follows:

xX(k)iv1,a =& - x(+ik)i+1,0-1 + X(+ik)i+1,as
x(-l—i]_c)i,a = %—i . x(lﬁ)i,a—l + x(l_c)i,ou

for all values of «.

(5.8)
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5.2. Graphical calculus for iterated flag varieties

5.2.1. Rings Hy. All of what has been described can be easily visualized using
a shorthand notation in which the generators of Hy are drawn as labelled bubbles
floating in a region carrying a label A called the weight. The label A will be important
when we relate partial flag varieties to the 2-category U categorifying 4U (sln). More
precisely, A will correspond to a weight of the irreducible representation of 4U (sl,,)
with highest weight (N, 0,0, ...,0).

To a sequence k = (ko, k1, k2, ...,k,) as above associate

A=Ak) = A1, Aas .. Apey) € Z1

where
/la = _ka+1 + Zka - ka—l-
The weight corresponding to the sequence 4;k is defined analogously, where k; is
replaced by k; + 1. Comparing with (4.1) itis clear that A(y; k) = A +ix. Similarly,
A(-ik) = A —ix.
With this convention, the generators of Hy and H__ x are depicted as

k)je =

Y(4ik)ja =

where the identity is depicted by the empty region of the appropriate weight. Products
of generators are depicted by a bubble in the plane for each generator present in the
product. Diagrams are only considered up to planar isotopy. A generic element in
Hj, can be depicted as a formal linear combination of such diagrams. For example,
ifn =4,k = (1,3,4,7) then the element x(k)1,1x(k)43 + 5-x(k)3,1 € H is
represented as

A A

@@ +5 &

If we depict the dual generators x (k); o of Hy defined in (5.3) as
A
“Bja = :

then the defining relations (5.4) for Hy become the equations
A

5 - Y ED@ - b 9
f=0 g=0
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fora > 0and 1 < j < n. Notice that
A A A

) N ) R 7]

ifao <0,0rk; —k;_; < o;see (5.2) and the comments preceding (5.2).

5.2.2. Bimodules H, +;. The identity element in H, +; is represented by a vertical
line labelled i, -

Hy

ol = )L—Hx{ )t’
i

where the orientation indicates that we are regarding H, +; as an (H _;, Hy)-bimod-
ule. The A on the right-hand side is the weight corresponding to k. Hence, having
A on the right-hand side of the diagram indicates the right action of Hy on H, +i.
Similarly, the A + ix on the left indicates the left action of H__x on H, +i.

When regarding H, +i as an (Hy, H +ik)-bimodule we depict it in the graphical
calculus with the opposite orientation (a downward pointing arrow).

Hk+i912= A {/l-’_ix.

4

We will often omit the weights from all regions but one, with it understood that
crossing an upward pointing arrow with label i from right to left changes the weight
by ix, and crossing a downward pointing arrow from right to left changes the weight
by —iy.

Equations (5.7) show that all of the generators from H, +: except for &; can be
interpreted as either generators of Hy or H__,; under the natural inclusions. This fact
is represented in the graphical calculus as follows:

A
Hyvi 5 x(k)j0 = * , JEXES (5.10)

i

A
H +i > x(+ik)jp = * , J#IL

i
* A
H +i > & = )
i
where each of the diagram inherits a grading from the Chern class it represents
(degx(k)jo = 20, deg x(4;k); p = 2B, and deg §; = 2). Equation (5.10) is meant
to depicts the generator x(k)j,o € H,+i as the element x(k);o € H acting on
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the identity of H, +;. Likewise, the generator x(4+;k);p € H,+i is depicted as
the element x(4;k); p € H_ acting on the identity of H, +i. The generator §; is
represented by a dotted line so that £ is represented by « dots on a line, but for
simplicity we write this using a single dot and a label to indicate the power.

The identification (5.5) and (5.6) of x(k)jo Wwith x(4;k)jq in H, +i for
Jj # 1,1 + 1 leads to the graphical identity B

A
* = { for j #i,i + 1. (5.11)

i i

Similarly, (5.8) provides the identities

A A
| cat* @]

A A A
)l S (o= M N 1)

i i i

expressing non-canonical generators in terms of canonical generators. Itis sometimes
helpful to express the canonical generators in terms of non-canonical generators:

A a f A
[* oot S

i f=0 i
A o f A
=Y 1/ : (5.15)
i f=0 i

which can be verified using (5.12) and (5.13). From these equations we can derive
other useful identities:

a A o A
* (_l)az [i—i—l,a—f]*[i-i—l,f] (5.16)

i f=0 i

a A
=y (e { : (5.17)

i §=0 i

 ——
R
>
|
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Proposition 5.3.
{ ifj #£ii+1,

p
+ N + { ifji=1i (518)

ifj=i+1,

t
Il
)
T
—_
SN
~
+
§
<
S ——
>

)
* ifj #ii+1,
i
= {50 (=1 =i ifji =i, (5.19)

A A
@D | @ =i

Proof. Recall that the elements x(k), o are sums of homogeneous symmetric terms
in all variables except for x(k); g. By (5.11) all terms x (k)¢ o for £ # i,i + 1 can
be slid across the line labelled i. The case when j ## i,i + 1 then reduces to the

problem of sliding symmetric combinations Zfﬂ=() x(k)i, rx(k)iy1,8- r acrossaline
labelled i. Such slides are determined by the following calculation in H, +::

B

> x(k)ig x(k)it1,p-5
f=0

B f
O3S DX (4ik)i g EF X (K)igr s

f=0g=0

B f

(5.12)

= E E(_l)gx(+ilﬁ)i,f—gx(+i]£)i+l,;3—f—l§f+1
f=0g=0

B f
+ Y (DEx (k)i pog X(4ik)ip1,p- 1 EF

f=0g=0

Change variables to /' = f + 1,and g’ = g + 1 in the first summation, so that all
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terms cancel except for g = 0 term in the second summation; this term is equal to

B
> x(4ik)if x(4ik)it1,p--
£=0

Hence, when j # 7,7 + 1 the elements x(k); o and x(4;k); o can be slid across a
line labelled i.

The dual generator x(k); contains symmetric homogeneous combinations of
variables x (k)¢ g for £ # j. When j = i in (5.18) all terms in x(k); o slide
across lines labelled i except for the variables x (k);1+1,. Using (5.12) to slide these
across establishes (5.18) for the case j = i. Similarly, when j = i + 1 all terms
in x(k);+1,q slide from right to left across lines labelled i except for the variables
x(k); g. Using (5.15) to slide these completes the proof of (5.18). Equation (5.19)
is proven similarly. O

By duality, analogous equations as those above hold for downward pointing ar-
rows. For example, equation (5.17) implies

A % o A
* S * =n) (5.20)
g=0

i - i

5.2.3. Bimodules H, ;. For the remainder of this paper we write a signed sequence
i = e1i1620n ... Emim aST = $152 .. .Sm With Sg = €gig. FOI Sq = Eqiy Write sok
for the sequence obtained from k = (ko, k1, k2, ..., k,) by increasing the k;, by 1 if
eqa = + and k;, < kj, ., decreasing the sequence by 1 if &, = —and k;,_, < kj,,
and setting the sequence to @ otherwise. Then ; k is either set to @, or else it denotes
the sequence obtained from k& with the (iy)th term increased by one if s, = +ig,
or decreased by one if s, = —i,, sequentially for each s, in the signed sequence i,
reading from the right. It is clear that the sequence ; k is equal to the sequence jk
whenever i, j € SSeq withiy = jx € X and ;k # @ and jk # 0.
We write H,; for the (H, ., Hy)-bimodule

Hki = Hs253.<.smksl ®H

- QH

Sm—1Smk

— H, gom—1 ®H,, , Him. (5.21)
This bimodule can also be described as the cohomology ring of the variety of m + n
step iterated partial flags corresponding to the sequence obtained from k by the ordered
insertion of subspaces determined from the signed sequence i .

The (H, k., Hy)-bimodule H,; can be understood using the graphical calculus.
A general signed sequence i = s152...5n is represented by a sequence of lines
coloured by the sequence i1i5 . . . i,,, where the line coloured by i, is oriented upward
if s, = +iy and oriented downward if s, = —i.
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Examples. (1) For the signed sequence +j +i € SSeq consider the (H
bimodule

ik Hie)-

H +j+i = H+iIS+j ®H .« H, +i.

As explained in the previous section, the identity elements of the (H__x, H)-bimod-

ule H K+ and the (H H__ x)-bimodule H+ ; are depicted as

+it+ik: ik

A+&{ A oang Atixtx {A+u
i J

respectively.
The identity element of H, +;+i is represented by the diagram

A+ix + Jjx */\4-1'}( * A
J i
The region in the middle of the two lines is labelled by the weight A +iy corresponding
to +;k. The tensor product over the action of H Lk 18 represented diagrammatically
by the fact that a labelled bubble in the region with weight A 4+ ix can be equivalently
regarded as an element of H _x acting on the line corresponding to H, +., or the line
corresponding to H ;. B

Action of Hy Action of H 4ik Action of H 4k
A A A
J i J i J i

The weight A on the far right, and the weight of A + ix + jx on the far left, indicate
that this diagram is describing an (H k» Hi)-bimodule where the various actions
are depicted as above. S

(2) Fori = +i; 4+ iy 4+ i3--- + i, the identity element of the bimodule H i is
depicted by a sequence of upward oriented labelled lines -

- L

iv iz i3 im—1 im

+J+i

The canonical generators &;, of each term in the tensor product (5.21) are repre-
sented graphically by a dot on the line labelled i,

Hi>1®1®... 10§ 8101 = * * * { .

i i2 i im
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Likewise, the tensor product over the rings H  is represented by the regions

SaSq41---Sm*&

between lines. Again, the weights on the far left and right of the diagram indicate the
bimodule structure.

Action of Hy, Action of Hia...imk Action of H ik
i1 i> im i iy im i1 i im

(3) Consider the (Hy, Hy)-bimodule corresponding to the tensor product

Hk+i ®H+i1£ Hk+i

where in the first factor we are regarding H, +; as a (Hg, H_;x)-bimodule. The
identity element of this bimodule is represented by the diagram

A *A-Fix*k.

1 1

5.2.4. Identities arising from tensor products. Bubbles with a given label (/, )
can pass from right to left, or left to right, through a line coloured by i as long as
Jj #i,i+1.If j =iorj =i+ 1thenabubble can move through a line subject to
the rules (5.12)—(5.15). Furthermore, dots on a line can be exchanged for bubbles in
the neighboring regions using (5.16) and (5.17). Dual bubbles corresponding to dual
generators can be slid across lines using the rules (5.18) and (5.19).

The following Lemma is needed for the definition of the 2-representation I" given
in the next section. In particular, parts (i) and (ii) are used to provide two equivalent

definitions of |
() ()
and (iii) and (iv) are used to show that
F(U A) :F(v A)’ F(U /\) - F(v A)'

Lemma 5.4. The following identities hold.
i) Equivalent definitions of cups labelled i: in the ring H +i ® H_x H, +i we

have
o f - o - g A
> (-1, /)= Y e ,
/=0 . P g; . (5.22)
Y () E @xk)ia = X (1) E x(k)igg ®EF
f=0 g=0

A
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forall @ € N.
ii) In the ring H;k+i ®H—ils H,»k“ we have

o f [ A
£ oy Ve - S o] 1
=0

i i i i
f20<—1)“-f & @ x(K)itras = 2 (D 2+ ramg ®E
= g=

5]

forallx € N.
iii) Dot slide formulas for cups: in the ring H; +i ® H .k H, +i we have

ki1 ki—ki_i1—f f+1
fz (_1) el Ei ®x(l£)i+l,ki—kl’_1—f
=0

= ZO (—D kK178 &8 @ X (k)i 1k —g " Ei-
g:

iv) Dot slide formulas for cups: In the ring H | +i ®H i H , +i we have

kiy1—ki Kior—kie f e fH1
(_1) T Ei ®x(l_€)i+l,ki+1—ki—f

kiy1—ki o —ki—g g
= ) (DFHTETEE @ x(k)it1 ki —ki—g " &i-
=0

f=0

Proof. Part i) follows from the chain of equalities below

o

I H et (SZO)ZE e (] h"’f_gl{[i’“_f]k

If we re-index by letting /' = o — f and switch the order of summation we have

_ i ai: 1)0[ \1’ z(a—g)—f’]/‘\ / (5 17) Z( l)g i,g {r *a—g A
g=0f'=0

i i i i

which after re-indexing completes the proof of part i). Part ii) is proven similarly.
Part iii) follows from part i) by letting /' = f + 1 and adding and subtracting the
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term (—1)**t11 ® x(k); q+1, o that

Y0 T @ x(K) gy
=0
a+1 ,
= > D @ x(k)iari—p — (DT @ X (k)01
f/=0
. a+1
PN DT (K gk 1-g ® EF — (DT ® x(K)j a1

g=0

Pulling off the g = 0 term and re-indexing g’ = g — 1 we have

Y D E xR)iag @ T+ (DT xRt @ 1= 1@ x(K)iat1)-
g'=0

But the term with the summation is equal to
o
ZO(_I)a_g Elg by x(l_c)i,a—g’ : Ei
g =

by parti), and the remaining terms (—1)* "1 (x (k); g+1 ® 1 —1®x(k); o+1), are zero
when o = k; — k;—1 since x(k); o+1 is zero for o > k; — k;—1, see (5.2). Partiv) is
proven similarly using part ii). O

Corollary 5.5. The assignments (see Definition 6.1)

T(; ) He — (Hyri ®n o Hie) {4 kicy = ki),

ki ki—k; f
EaCON S @ x(K)idi ki1
=0
and
L, ) He — (H_ i ®n_y H_j+){l+ ki =k},
kiy1—ki Ko —ki—g o8
L— Y DY E @ x(K)it1kiy —ki—g
g=0
define morphisms of graded bimodules of degree 1 + A; = 1 — k;—1 + 2k; — ki1
and 1 —A; = 1+ kij—1 — 2k; + ki41, respectively.

Proof. For the first claim it suffices to check that the left action of each generator of
Hj on I‘(Kju)(l) € (H]S+i ®H_,x Hk—i-i) is equal to right action of this generator.
The Corollary follows since bubbles can slide across lines by (5.12)—(5.15) at the cost
of introducing powers of & on one of the tensor factors; by Lemma 5.4 (iii) and (iv),
factors of &; can be slid across tensor factors in the above sums. The second claim is

proven similarly and the degrees of these bimodule maps are easily computed. [
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5.3. The 2-category Flag,. Bim is a 2-category whose objects are graded rings,
whose 1-morphisms are graded bimodules, and 2-morphisms are degree-preserving
bimodule homomorphisms. Idempotent bimodule homomorphisms split in Bim, so
that any 2-representation ¥: U — Bim extends uniquely (up to isomorphisms) to a
2-representation U — Bim; see Section 3.4.

Graded 2-homs between graded bimodules M and M, are given by

HOMgim (M1, M) := P) Hompim (M {t}, M>).
teZ

Let Bim™* be the 2-category with the same objects and 1-morphisms as Bim and
2-morphisms given by

Bim™ (M, M>) := HOMgjn (M, M>).

We now define a sub 2-category Flagy of the 2-category Bim for each integer
N € Z+.

Definition 5.6. The additive k-linear 2-category Flag  is the idempotent completion
inside of Bim of the 2-category consisting of:

* Objects: the graded rings Hy for all k = (ko,k1,k2,..., k) with 0 < ky <
ky--- <k, =N.

* Morphisms: generated by the graded (Hy,Hy)-bimodule Hj, the graded
(H+ik,Hk)-bimodules Hk+i and the graded (Hk,H+l.k)—bimodule Hk+i for all
i € I, together with their shifts Hy{t}, H,+i{t}, and H, +i{t} fort € Z. The
bimodules Hy = H {0} are the identity 1-morphisms. Thus, a morphism from
Hy to H, is a finite direct sum of graded (Hj k- Hi)-bimodules of the form
ij{t}5=H 1 ®H

$253...5m & §253...5mK )

Sm—15Smk

H, ons @, Hion {1}

for signed sequences j = 5152 ...5, Withiy = jy € X.
e 2-morphisms: degree-preserving bimodule maps.

There is a graded additive subcategory Flagy, of Bim™ with the same objects and
1-morphisms as Flag , but with

Flagy (My. M>) := @D Flagy (M {t}, My).
teZ

In Section 6 we show that Flag}, provides a 2-representation of U*, ; using the isomor-
phism X: U* — U*, and restricting to degree zero 2-morphisms, the subcategory
Flag,, provides a 2-representation of U.
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6. Representing U*, on the flag 2-category

In this section we define for each positive integer N a 2-representation 'y : U*, —
Flagy,. The 2-functor I'y is degree-preserving so that it restricts to a weak 2-functor
I': U — Flag, . We will sometimes shorten I'y to I' for simplicity.

6.1. Defining the 2-functor I'y. On objects the 2-representation I'y: U*, —
Flag}‘v sends A = (A1,A2,...,A,—1) to the ring Hy when A = A(k), i.e., when
Aa = _ka+1 + 2ka - ka—1~

I'n: U, — Flagy

j [Hie T2 =),
0 otherwise.

Morphisms of U_, get mapped by I'y to graded bimodules:

Cy: U — Flagy,

H]g{l} if Ag = —kgt1 + 2k — ka—1,
0 otherwise,

1{t} — {

1,0} Hii{t + 1+ kioy + ki —kiy1} if Ay = —ko1 + 2ke — ka1,
A 0 otherwise,

H -i{t +1—ki} ifdy =—k 2ky — kg—1,
& 1,41} > k {t + it if g ' a+1 + 2Kq a—1
0 otherwise.
Here H, —i{t + 1—k;} is the bimodule H, —; with the grading shifted by 7 + 1 —k;
sothat -
(Hi+ilt +1=ki})j = (Hp+i)j—+1-k;)-

More generally, the 1-morphism
Ei 1t} = Esi it (s)x +tGsm_)x +mx ©°*© Espmy Lt (sm)y © Esp Ladt} (6.1)

is mapped by I'y to the graded bimodule H, +; with grading shift { +¢'}, where ¢’ is
the sum of the grading shifts for each terms of the composition in (6.1). Formal direct
sums of morphisms of the above form are mapped to direct sums of the corresponding
bimodules.

6.1.1. Biadjointness

Definition 6.1. The 2-morphisms generating biadjointness in U*, are mapped by I'
to the following bimodule maps.
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Hy — (Hk+i ®H .« H]S+i){1 +ki—1 —kit1},

A ki_ka'—l ok P f — - A
F( | ): — (_1) i—Ki—1— LKi—Ki—1—. ,
A x, B
ki—ki—
l— 3 (=1ki*i1=S 6 @ X (k)i sy~ 1
=0

ng — (H_ik-i-i ®H-,”S H_ik-i-i){l +kl'_1 _ki+1}7

T R S 3 e
) ~ ’

i . .
kit1—k; ! !

1 — fz (D 0175 L @ (k)i 1 4y ki1
=0

(Hk+i ®H+i1£ H]S+l){1 +ki—1 —kiy1} — H’E’

i 2 A
A a; ¢@2
F(m ): % * (_])al+a2+1+ki_ki+l _[i+1,a1+a2+l+ki—k[+|]’

£ @b s (-t h ki

'X(’S)i+1,a1+a2+1+k,——k,—+l,

(H_+i ®u_ H_ 4+ +ki-y —kit1} — Hg,

i . @l g A A
M) > (—Dyrteatitkioi—ki (ienteat ki ki)

di ok N
Ei ! X %—10‘2 — (_1)0{1+O{2+1+k,_1 ki . x(l_c)i,ot1+d2+l+kl‘_1—ki'

Corollary 5.5 shows that the cups above are bimodule maps. It is clear that the
caps are bimodule maps. These definitions preserve the degree of the 2-morphisms of
UZ, defined in Section 3.1. By Lemma 5.4, the clockwise oriented cap and cup have
degree 1 — A; and the counter-clockwise oriented cap and cup have degree 1 + A; so
that these assignments are degree-preserving.

6.1.2. R(v) generators

Definition 6.2. The 2-morphisms ; ” and i - in U*, are mapped by I'y to the
i, i,
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graded bimodule maps:

Hy+i{l + ki —kip1}) — Hp+i{l + ki — kiga},

'fA+ix o
{Slq'—)f,qﬂ,

i

(6.2)

H +i{l + ki1 —kit1} — H +i{l + ki1 —kit1},
. . k k
Py pAtx) {g@t+—> gotl, .

i

Note that these assignment are degree-preserving since these bimodule maps are
degree 2.

The 2-morphisms ><\ P and x iy are mapped by I to the graded bimodule
maps:

F( :><j A)i H_ 4+ ®n o Hypvs > H j+i ®n o Hyti,

£ @& ifi-j =0,

a1—1 ar—1
_1_ b S . . .

e S gy e g iz

(5}12 ® Elfxl+1 i quz+1 ® Elfll){_l} if é+é,
(Ejaz ® %—lal){l} if é+é
(6.3)

F(iv><vj)‘)2 H i ®u_ Hi—y > H_ ) ®n_; Hy—i,

§7 8" ifi-j =0,
ar—1 a1—1

Eal . Eaz . fzosl{xlﬂxz 1-f ®g_—if _ g_oé_-lfll—i-az 1-g ®§zg ifi = j,

i J - - . ,
(7 @ &1} ifb— b,
ET e —e2 ety if 6——.

It is straightforward to see that these assignments define bimodule maps of degree
—i - j. In the case when i = j the bimodule map is just the divided difference
operator acting on &; and ;.
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6.2. Checking the relations of U _,. In this section we show that the relations on
the 2-morphisms of U*, are satisfied in Flagy,, thus establishing that I is a graded
additive k-linear 2-functor. From the definitions in the previous section it is clear that
I" preserves the degrees associated to generators. For this reason, we often simplify
our notation in this section by omitting the grading shifts {¢} when no confusion is
likely to arise.

Proposition 6.3. T" preserves the sl,-relations of UZ,.

Proof. The proof in [21] that the s, -relations of U*, are preserved by I generalizes
immediately with only minor refinements to grading shifts and summation indices.
In [21] the condition that the dotted bubbles of degree zero are equal to one follows
from [21, equation 8.1]. The proof of this proposition only makes use of (5.9) and
(5.11)—(5.19). For example, to prove biadjointness we must show

A+ ix JA A +ixl A A —ix J(A A—ix| A
I Y\J =T , I ), =T s

X—f\-JiX A A+ixl A A—ixy ') A—ixl )

for all strings labelled by i. We will prove the first equality by computing the bimod-
ules maps on elements & € H, +i.

A+ iy l A ko—k: 2
i i—1 . N N N
r Y E— Y (=D Lotkizkizi-n)) (ki—kizi—r])
l
But
ki—ki—1 - . - . A (5.17)
fgo (1) le=tki—kiai=n]) 1 (iki—kii—7) L) ga

i
since the sum can be taken to @ by removing terms that are equal to zero when
o < ki —ki_1, or by adding terms that are equal to zero if « > k; — k;_;. The others
are proven similarly. O

Lemma 6.4.

i J
r A+ix | = Hy+s @y H’S+i_>H+f+jk+i ®H,,
il §' e g R
1
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_ H_, .« ®H+_/+i’£ H+j1£+i — H]S+i ®H Hk+‘/’
o] (0%} (07) aq
Ej Q& ¢§ ®é§-j .

These bimodule maps have degree zero for all i, j € I and all weights A.

Proof. We compute the bimodule maps directly using the definitions in the previous
section. The case when i = j appears in [21] so we will omit this case here. The
map in (6.4), using (5.22) for the cup, is given by

Aix | EN @ ER
il (6.5)

ki—ki—1 ap A+ ix
S e |

f=0 i

e i J
ifi - j =0 or o——>o, and

ki—ki_1—1 o1 A + lX
SN eyt I o e
f=0 i
6.6
ki—ki_1—1 a;+1 A + lX( )
B v ) 8 M =)
f=0 i

if &—+—0. Careful calculation, keeping in mind the weights of each region, will
show that these maps have degree zero. In both cases, the dual generators can slide
across the line labelled j via (5.19). After changing indices, equations (6.5) and (6.6)
both become

(+K)i—(jk)i—1 A+
J ZJ (_1)012 [i.f/] * [i,az_f/] *(11 X

f'=0 i j

where (4;k);,(4+;k);—1 are the (i — 1)-st and i-th terms in 4 ;k. By adding or
removing terms that are equal to zero, depending on whether a5 is greater than or
less than (4 ;k); — (4+;k)i—1, the above summation can be taken to a», so that the
dual version of (5.17) completes the proof. O

Proposition 6.5. The equality
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of graded bimodule maps holds in Flagy, for all weights A.

Proof. By direct calculation, using Lemma 6.4, we have that both the far left and
right bimodule maps are given by

E2 ®E" ifi-j =0,
ar—1 o;—1

e | T e e e =,

i J z_xz ay £ o i
(Sj ® & i-1} if o——o,
ET g —ER e g T if b5,

which agrees with I'( x ). O

i,j,A+ix+jx

Proposition 6.6. The equalities

(e ) () ()

of graded bimodule maps hold in Flagy, for all weights .
Proof. This follows immediately from Lemma 6.4. O
Proposition 6.7. The equalities
o) =) () = ()
i J i J i J i J
hold in Flagy, for all weights A.

Proof. Using the definition of the bimodule map I"( >< i A) in (6.3) the proposition
is easily verified. (]

Proposition 6.8. The equalities

6.7)

O I ————
Sl T
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r Al=T A unlessi =k andi - j # 0, (6.8)

i J Tk

il Jj k
r Al =G—-/)r E}%A#{jx ifi-j=—1. (6.9)
i i NG i il jeNi

of bimodule maps hold in Flagy, for all weights A.

Proof. To prove the proposition we compute the bimodule maps in (6.7) on the el-
ements of the form &' ® E;‘Z. Bimodule maps in (6.8) and (6.9) are computed on
elements ' ® &7 ® £ and £ ® &7 ® /"7, respectively. The action on other ele-
ments in the cohomology rings is determined by the fact that the maps are bimodules
morphisms.

The proof of these remaining relations is the same as the proof that rings R(v) act
on Pol, (notation as in [16]). Replacing the variables xi (i) € $of; with the Chern
classes of line bundles & in the corresponding cohomology rings turns formulas in
[16, Section 2.3] for the action of dots and crossings into formulas (6.2) and (6.3),
with the signs taken into account. O

Thus, we proved the following result:
Theorem 6.9. I'y : U*, — Flagy is a 2-functor and a 2-representation.
6.3. Equivariant representation

6.3.1. Reminders on equivariant cohomology. The GL (N )-equivariant cohomol-
ogy of a point [11] is given by

H(’;"L(N)(pt) = H*(Gr(N, 00)) = k[x1,X2,..., XN, Y1, Y2, --- 1/ IN.co
where Iy o is the ideal generated by the homogeneous terms in
(L4 xrt +xt® + o oxntN) A+ yit +yot? + .oyt ) = 1.
Thus, Hé‘L( N) (pt) is isomorphic to the polynomial ring
He oy Pt) = K[x1, x2, .., Xn—1, XN]
with x; in degree 2i.
Given a sequence k = (ko, k1,k2,...,ky) with0 <ky <k, <--- <k, =N,

GL(N) acts transitively on Fl(k), so the equivariant cohomology of Fl(k) is

Gy (FI(K)) = Hgpo (Pt € Fl(K))
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where the stabilizer of a point (O cChc...cCh = CN) in FL(k) is the group
of invertible block (kq % (ko —k1) X+ x (N —kn_l)) upper-triangular matrices. This
group is contractible onto its subgroup GL(k1) x GL(k2 —k1) X+ - X GL(N —kj,—1).
Hence,

G ~
Hy = éL(kl)xGL(kz—kl)><~~~xGL(N—kn_1)(pt)

® 6Ly~ ) (P
= ® K (k)1 x (k)2 x () ey =k,
j=1

with degx(k); o = 2. Thus, the equivariant cohomology of Fl(k) has the same
generators as the ordinary cohomology ring, but we do not mod out by the ideal ;. x.

The equivariant cohomology rings H G K and H ™ G "k of Fl(4;k) and Fl(_;k) can
be similarly computed. They have the same generators as the ordinary cohomology
rings H ;x and H_, but no relations.

The equivariant cohomology H . of FI(IS'H) also has the same generators as

the ordinary cohomology ring, w1th no relations. Using the forgetful maps Fl(k) <
Fl(k*") — Fl(4;k) we get inclusions

Hk %HJF,,

x(k)jo—> x (k) forj #i41, (6.10)
X()it1.0 > & x (KT it1am1 + X T)ig 10
and
G
HH Hk+,,

X(4ik)ja —> x(k*")j0 for j # i, (6.11)

X(1ik)ia — & Xk )ig1 + x(H)ig
making H ,; a graded (Hfi «» Hi)-bimodule, just as in the non-equivariant case.

Using these inclusions we introduce canonical generators of H G ; given by identi-

fying certain generators of H G and H G & with their images in H .. Thus, we can

identify x(k); o and x(4;k);q in Hk“ when j #i,i + 1, and

Hii= @ Kx®)g - x(k)jk;—k; ]
jAi+1
K[x(4ik)it1,0s s X(+iK)i 41,k 4 —ki—1] ® K&
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or equivalently

HkG+i = Q) K[x (4ik)jr - X (k) —k; ]
N J#i
® k[x(K)i,1s- -+ s X (k)i gy —k; ;] ® K[Ei].

The generators of H kG and HY « that are not mapped to canonical generators in
LY +iK
HkGH can be expressed in terms of canonical generators as follows:
x(Kivre =& - X (+ik)it1,a-1 + X (+ik)it 10,
X(4ik)ia = §i - x(K)ia—1 + x(k)ia

for all values of «.

6.3.2. The2-category EqFlag,. The2-category EqFlag, is the equivariant analog
of Flag, .

Definition 6.10. The additive k-linear 2-category EqFlag,; is the idempotent com-
pletion inside of Bim of the 2-category consisting of:
¢ Objects: the graded rings HkG for all k = (ko,k1.ko,..., ky) with0 < k; <
ky<---<k,=N. -
 Morphisms: generated by the graded (HS,H kG )-bimodule HC, the graded
(HY . H)-bimodules HkGH and the graded (H,H ¢ )-bimodule H]SGH for

all i € I, together with their shifts 7 {t}, H]f+i {t}, and H]f+i{t} fort € Z.

The bimodules H kG =H kG {0} are the identity 1-morphisms. Thus, a morphism

from H kG to H C,;c is a finite direct sum of graded (HC , H kG )-bimodules of the
ug ir ik L9

form

HGy=HS 0 ®yc  ®ye  HO L, ®pc HE. 1)

G
52853...smk Sm—1Smk Sm% smk
for signed sequences j = s152...5, Withiy = jy € X.

e 2-morphisms: degree-preserving bimodule maps.

There is a graded additive subcategory EqFlag}y, of Bim* with the same objects
and 1-morphisms as EqFlag,, and

EqFlagh (M, M;) := €D EqFlagy (M, {1}, M>).
teZ



A categorification of quantum sl(n) 85

6.3.3. Equivariant representation Fg. A 2-representation of the 2-category
U*(slp) = UZX (sl,) was constructed in [22] using equivariant cohomology of
partial flag varieties. Here we extend that construction to the sl,-case and define a
2-representation Fg: U*, — EqFlagy,.

The verification that 'y is a 2-representation with the assignments given in Sec-
tion 6.1 used only the relations (5.9) and (5.11)—(5.19), together with Lemma 5.4 and
Corollary 5.5 which both follow from these relations.

To define the equivariant 2-representation F]f," ordinary cohomology rings are
replaced by equivariant cohomology rings and bimodule maps associated to 2-mor-
phisms are defined the same way, except that the dual generators x(k); o must be
redefined. Set x(k); 0 = 1 and inductively define

o

X(K)ja ==Y x(k)j rx(k)jars- (6.12)
f=1

For example,

x(k)j1 = —x(k)j1,
x(k)j2 = —x(k)jax(k)j1 —x(k)j2 = x(k)7; — x(k)j2.
x(k)jz =—x(k)7, +2x(k)j1x(k)j2 —x(k)j3.

In the nonequivariant cohomology rings the two definitions (5.3) and (6.12) of dual
generators agree, but not in the equivariant cohomology ring.

Remark 6.11. We could have started with the definition of x(k); , given in (6.12)
and used this definition to construct the non-equivariant representation in the previous
section. After all, the two definitions (5.3) and (6.12) are equivalent in the non-
equivariant cohomology ring. However, the recursive definition (6.12) makes it more
cumbersome to calculate with in practice and that is why we used (5.3) to construct
the non-equivariant representation.

Lemma 6.12. With x (k) ; o redefined as in (6.12) the relations (5.9) and (5.11)—(5.19)
hold in the equivariant cohomology rings:

o

> x(k)jrx(K)ja— s = a0, (6.13)
£=0

x(k)jo = x(+ik)ja  forj #ii+1, (6.14)

x(k)it1,e =& - x(+ik)i+1.a-1 + X (4ik)i+1,0, (6.15)

X(4+ik)ia = &i - x(k)ia—1 + x(k)ias (6.16)

X(Gik)iv1a = 3 (DT E x®)ip10-7. (6.17)

=0
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o

X(k)ia = Y x(4ik)ia—sE] . (6.18)

f=0

(D" =Y x(4iK)it1.0- X K)it1.s
f=0 (6.19)
=Y x(+ik)ia—g X (K)ig

g=0

x(k)ja = x(+ik)ja ifj #ii+1, (6.20)
- X(4ik)ia—1§i +x(ik)ia U] =1,
= < —— . 6.21
R PO ST e vy A TR R N
o R AN f o

x—(+ilﬁ)j,a _ f2=:0( 1) x(]_c)l,a—f Si lf] I, (6.22)

X(K)iv1,0-1& +xK)iv10 ifJ=1+1,

Proof. Equation (6.13) follows from the definition (6.12) of the dual elements x (k) «.
Equations (6.14)—(6.16) equate two images of noncanonical generators under the
inclusions (6.10) and (6.11). Equations (6.17) and (6.18) follow from (6.15) and
(6.16). The first equality in (6.19) is proven as follows:

o

(D> " x(4ik)is1.amr xK)is1,s
=0

a a—f
6.17) o _
SO (DT X (K) i 10 g X K)ig1, s

f=0g=0

o a—g
= Y (D*EEE D x(K)is1@-g)-r XKit1s
g=0 =0

o
O S (1) EE S0 = £
g=0
The second equality above is just a re-indexing of the summation. The second
equation in (6.19) is proven similarly.
Equation (6.20) follows from (6.14) and the definition of x(k);«. Equations
(6.21) and (6.22) follow from (6.15) and (6.16) and the definition of x (k) «. O

Theorem 6.13. Fﬁ: U*, — EqFlagy, is a 2-representation.

Proof. 1t is clear that I‘g preserves the degree associated to 2-morphisms since the
2-representation I'y does. The proof that Fg preserves the relations in U*, can be
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copied line by line from the proof the I'y preserves the relations. By Lemma 6.12 all
identities used in the proof of Theorem 6.9 hold in EqFlag}y, with the dual elements
redefined according to (6.12). ]

Theorem 6.14. The 2-representations 'y and Fg categorify the irreducible repre-
sentation Vi of U (sl,,) with highest weight (N, 0, ... ,0).

Proof. Idempotent bimodule maps split in Bim, so by the universal property of
the Karoubi envelope the additive 2-functors I'y: U — Flagy and FICV; U —
EqFlag, obtained using the isomorphism ¥: U* — U*, and restricting to degree-
preserving 2-morphisms, extend to 2-representations of U.

Therings Hy and H kG are graded local rings so that every projective module is free,
and they both have (up to isomorphism and grading shift) a unique graded indecom-
posable projective module. The Grothendieck group of the category €D, Hy-gmod
(respectively B, H kG -gmod) is a free Z[q, ¢~ ']-module with basis elements [H]

(respectively [H kG ])7over all k, where ¢’ acts by shifting the grading degree by i.
Thus, we have

Ko(@P H{ -gmod) = Ko(E Hi-gmod) = 4Vy
k k

as Z[q, g~ ']-modules, where the sums are overall sequences0 < ky <--- <k, = N
and 4V is a representation of 4U (sl,), an integral form of the representation Vy
of U(sl,).

The bimodules I'(1;), T'(§4:1,), T(6_;1;) (orequivalently ¢ (1;), T (§1:1,)
and "% (&_;1y)) induce functors on the graded module categories given by tensoring
with these bimodules. The functors

1, = Hy ®n, —: Hrg-gmod — Hj-gmod
&1, = H]S.H‘ ®H;£ — {14+ kizy —kit1}: H-gmod — H+ik—gmod
Filjtiy = Hy+i ®nm = =ki}: H;x-gmod — Hy-gmod
have both left and right adjoints and commute with the shift functor, so they induce
Z[q.q~']-module maps on Grothendieck groups. Furthermore, the 2-functor I'y re-

spects the relations of U, so by Propositions 3.24-3.26 these functors satisfy relations
lifting those of U. O

6.4. Nondegeneracy of U_, (s],)

Lemma 6.15. The surjective graded k-algebra homomorphism
M — U1, 1) = UL (14, 1))

of Proposition 3.6 is an isomorphism.
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Proof. Injectivity is established by showing that for each M € N there exists some
large N such that the images of bubble monomials in U*, (1,,1,) in variables of
degree less than M act by linearly independent operators on H kG for A = A(k),

under the 2-functor Fg. By a direct calculation

A
; min(a,kH_l—k,-)
LY = Y i®ier 2 ®igrr
v =0
A,._lia (6.23)
; min(.k; —k;j—)
re Q = =DP Y x®itrag x(K)ig.
g=0
—Ai—14+8

as bimodule endomorphisms of H kG . After expanding the x(k); o using (6.12) we

have
e @ 1 — (D% (k)i1,0 — ¥ (K)ie)

+ (products of lower order terms) ,

Ai—1+a
A
ro| 1 (1)) p — x (k)
11— (=1 (x(_)z,ﬂ x(_)l+1,ﬂ)
A —1+8 + (products of lower order terms) .

Only one orientation for dotted bubbles labelled by vertex i is allowed in a bubble
monomial in IT, see (3.19). The image under I'C of a bubble monomial is composed
of products of bimodule maps of the above form where, in the equivariant cohomology
ring, sums of products of element of the form (x(k);+1, — x(k)i o), respectively
(x (k)i p—x(k)i+1,8) areindependent provided v, B < k;—k;_jando, B < ki 11—k;
50 that (x (k)i +1. — (K)i+1.). respectively (x (k); g — x(k);+1,8). is nonzero. By
taking NV large, we can ensure this condition is satisfied for any fixed M. Hence,
images of bubble monomials in U*, (1,,1,) are independent. O

Lemma 6.16. There is an isomorphism of graded k-algebras,

4 Rw) @ I — U, (6,1, 6,1)),
D® D:rr > L)L(D) : Dna

with ), given by (4.3) and D, a bubble monomial in I1).

Proof. Surjectivity of () follows from Lemma 3.9 and the isomorphism X from
Section 4.2.1. Injectivity of ¢} is established by showing that for each M € N there



A categorification of quantum sl(n) 89

exists some large N such that degree M elements ¢y (D) - D, as D and D, run over
a basis of R(v), respectively IT,, act by linear independent operators under the 2-
representation Fg. The 2-functor I'¢ must map horizontal composites to horizontal
composites (given by tensor products) in EqFlagy,, so that

(D) Dx) = T4(u(D)) ® yg T%(Dr) = fb ® 6 g,

for bimodule maps gp . : HkG — HkG and fp: ng — Hij forsomei, j € Seq(v).
Let - B

Poly(§):= @ Poti. Poli =K, . Ey..... El. m= 0],
i €Seq(v)

For large enough N, the bimodule I'? (€, 1) contains Pol,, (£) as a subspace. From
the definition of ¢, (see (4.3)), together with the definitions of the bimodule maps
associated to R(v) generators (see Section 6.1.2), it is clear that the action on Lot , (§)
given by the 2-functor I'C coincides with the action of R(v) on Pof, defined in
[16]. In particular, bimodule maps fp corresponding to basis elements of R(v)
must act by linear independent operators (see [16, proof of Theorem 2.5]) on the
subspace Pol, (£) of T'9(&,1,). Furthermore, from the definitions of bimodule
maps associated to R(v) generators it is also clear that fp fixes all other generators
of TG (€,1;).

By Lemma 6.15, for large N the bimodule maps gp,. act by linearly independent
operators on H kG . Write

A

’QT for (i, 1) > 0,
T = (i,A —1/—{\—0:

i for (i, 1) < 0.
—(i, ) —1+a

and let Dy = 74, o, y,05 - - - T,y - Then Dy acts on ng ~ ng

G .
o ®H/iG Hy’ via
1"G(Id1/1 D) =1 ®HI§ gD, From (6.23) we have

o]

1®HI<G gDy - 1® l — ( Z x(l_c)fl-f-l,flx(l_c)fl,al—f])

f1=0 (6.24)

or

e ( > X(’S)el+1,f,x(/_€)z,,a,—f,)
fr=0

in H]g . After expanding the x (k)¢ o using their definition (6.12), we have an expres-

sion for the action of gp_ on H]g strictly in terms of variables x (k)¢ .
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The bimodule maps fp ® HG 8Dy are linearly independent operators since the

bimodule maps fp and gp, are separately independent and act on algebraically
independent generators of HkGi :

e R

i in im BisesBmsV1se-sVk J1 i Jm

where the sum over the f,’s is determined by the action of fp on &} ® --- ® &,
and the sum over the x(k)y, ,,, represented by labelled boxes on the far right, is
determined from (6.24) by expanding the x (k) i« In particular, fp fixes variables
X (k)¢ o represented by labelled boxes on the far right and gp acts only on such boxes.

O

This concludes the proof of Theorem 1.3 stated in the introduction, so that
y: AU(sln) — Ko(U(sln))

is an isomorphism. Proposition 3.28 allows us to view 2-functors 1;, @, 0,and T as
categorifications of symmetries ¥, @, o, and T of 4U (sl,). The graded homs between
I-morphisms in U(sl,) categorify the semilinear form (, ), given by (3.28).
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