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The embedding theorem for finite depth subfactor planar
algebras
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Abstract. We define a canonical planar *-algebra from a strongly Markov inclusion of finite
von Neumann algebras. In the case of a connected unital inclusion of finite dimensional
C *-algebras with the Markov trace, we show this planar algebra is isomorphic to the bipartite
graph planar algebra of the Bratteli diagram of the inclusion. Finally, we show that a finite
depth subfactor planar algebra is a planar subalgebra of the bipartite graph planar algebra of
its principal graph.
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1. Introduction

A powerful method of construction of subfactors is the use of commuting squares,
which are systems of four finite dimensional von Neumann algebras

A0 C A
U U
Ap,o C Ao

included as above, with a faithful trace on A; so that A; ¢ and Ao,; are orthogonal
modulo their intersection Ag .

One iterates the basic construction of [8] for the inclusions 4; ; C A; j+1 and
A; j C Ai41,; to obtain a tower of inclusions Ao, C A1,,. By alovely compactness
argument of Ocneanu, [12] and [5], the standard invariant, or higher relative com-
mutants, of the inductive limit inclusion Ag o C A1,00 are the algebras A6,1 N Ap.o-
Thus once bases have been chosen, the calculation of the relative commutants is a
matter of elementary linear algebra.

It was to formalise this calculation that planar algebras were first introduced [9].
Finite dimensional inclusions are given by certain graphs (Bratteli diagrams), and,
in [10], a planar algebra associated purely combinatorially to a bipartite graph was
introduced so that it is rather obviously the tower of relative commutants for an
inclusion By C B, having the graph as its Bratteli diagram. But because Ocneanu’s
notion of connection was never completely formalised in [9], it was not proved that
the planar algebra coming from a commuting square via Ocneanu compactness is a
planar subalgebra of the one defined in [10] for the graph of the inclusion A0 C A1,.

Meanwhile the theory of planar algebras grew in its own right and a new method
of constructing subfactors evolved by looking at planar subalgebras of a given planar
algebra, [17] and [2]. Now if a subfactor is of finite depth, then by [20], there is a
commuting square that constructs a hyperfinite model of it. Moreover the inclusion
Ao,0 C Ay, for this canonical commuting square has Bratteli diagram given by
the so-called principal graph, which is a powerful subfactor invariant. Thus if the
result of the previous paragraph had been proved, it would have implied the following
theorem, which is the main result of this paper.

Theorem. A finite depth subfactor planar algebra is a planar subalgebra of the
bipartite graph planar algebra of its principal graph.

(See [14] for the definition of the principal graph of a planar algebra.)

We prove this result with the interesting twist of not using connections. In par-
ticular, our proof does not invoke the dual principal graph, which is perhaps rather
surprising.

There are three steps to our proof. The first step, Section 2, is to define a canonical
planar *-algebra structure on the tower of relative commutants from a connected unital
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inclusion of finite dimensional C *-algebras whose Bratteli diagram is a given graph.
We call this the canonical planar x-algebra associated to the inclusion. We do this
in more generality, replacing finite dimensionality by a strong Markov property (see
Definition 2.8), because it is no harder and should have applications.

The second step, Section 3, is to identify the canonical planar *x-algebra with
the bipartite graph planar algebra of [10] in the finite dimensional case. Loops on
the Bratteli diagram for the inclusion give bases for the relative commutants, so the
isomorphism is constructed by choosing bases for the vector spaces in the canonical
planar x-algebra.

Finally, in Section 4, we construct the embedding map as follows: given a finite
depth subfactor planar algebra Q.,, pick 2r suitably large so that the inclusion Q», + C
Q2r+1,4 C (Q2r+2,+,€2,+1) 18 standard, i.e. isomorphic to the basic construction.
Set Mo = Qar+ and My = Q2,41+, and let P, be the canonical planar x-algebra
P, associated to the inclusion My C M;. We prove in Theorem 4.1 that the map
Qe — P, given by adding 27 or 2r + 1 strings on the left, depending on whether we
are in O, 4+ or O, — respectively, is an inclusion of planar algebras.

n 2r n

While this paper was being written, Morrison and Walker in [15] produced a
totally different proof which constructs an embedding directly from the planar algebra
Q. without the use of algebra towers and centralisers. Their method also has the
advantage that it applies to infinite depth subfactor planar algebras without alteration!

2. The canonical planar %-algebra of a strongly Markov inclusion
of finite von Neumann algebras

After defining the notion of a strongly Markov inclusion of finite von Neumann
algebras, we show the basic construction is also strongly Markov with the same
(Watatani) index. We then define the canonical planar *-algebra associated to a
strongly Markov inclusion.

Many results of this section can be found in [8], [18], [23], [7], [21], [3], and
[4], but our treatment differs slightly, so we provide some proofs for the reader’s
convenience.
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2.1. Bases, traces, and strongly Markov inclusions

Notation 2.1. Throughout this paper, a trace on a finite von Neumann algebra means
a faithful, normal, tracial state unless otherwise specified. We will write My C
(Mq,tr1) to mean My C M, is an inclusion of finite von Neumann algebras where
try is a trace on M. We set trg = try|pq,.

Let My C (My,try). Let My = (M],el) = JM(/)J C B(LZ(MI,U'])) be
the basic construction, where e; is the Jones projection with range L%(Mj, trg),
and J: L2(My,tr;) — L?(Mjy,try) is the antilinear unitary given by the antilinear
extension of xQ > x*Q, where Q € L2(M, tr;) is the image of 1 € M.

Recall from [22] that there is a unique trace-preserving conditional expectation
Epmy: M1 — My determined by tri(xy) = tro(Ep,(x)y) forallx € Mjand y €
My, i.e. Ep is the (Banach) adjoint of the inclusion of preduals (Mp)« — (M1)«.
The conditional expectation satisfies e (x2) = Epz,(x)S2 for all x € M.

The following proposition is straightforward.

Proposition 2.2. The following are equivalent for a finite subset B = {b} C M:
() 1= ) berb*,

beB

(i) x = Z bEw,(b*x) for all x € My, and
beB

(iii) x = Eumo(xb)b* forall x € M.
beB

Definition 2.3. A Pimsner—Popa basis for My over My is a finite subset B = {b} C
M, for which the conditions in Proposition 2.2 hold.

We refer the reader to [23] for the proof of the following result.

Proposition 2.4. The following are equivalent:
(1) there is a Pimsner—Popa basis for My over M,

(ii)) My @Qumy M1 — My by x ® y > xeyy is an My — My bimodule isomorphism,
and

(111) M2 = M1€1M1.

Remark 2.5. M ®u, M, is a x-algebra with multiplication (x; ® y1)(x2 ® y2) =
X1 ® Epy(y1x2)y2 and adjoint (x ® y)* = y* ®x™. If there is a Pimsner—Popa basis
for My over My, the sum ), .5 b ®b* is independent of the choice of Pimsner—Popa
basis B, as it is the identity. (We will renormalize in Proposition 2.25.)
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Definition 2.6 ([23]). If there is a Pimsner—Popa basis B = {b} for M; over M,,
then we define the (Watatani) index

: Mo] = ) bb*,

beB

which is independent of the choice of basis.

Definition 2.7. Recall from [21] that M, has a canonical faithful, normal, semifinite
trace Tr, which is the extension of the map xe;y + tri(xy) for x, y € M;.

Definition 2.8. An inclusion My C (Mj,try) of finite von Neumann algebras is
called Markov if it satisfies the Markov property:

(1) Tr, is finite with Tra(1) ™! Try |y, = try.
A Markov inclusion is called strongly Markov if

(2) there is a Pimsner—Popa basis for M; over M.

Remark 2.9. Markov inclusions have been studied by Jolissaint [7], Pimsner and
Popa [18] and [21], and more. Jolissaint [7] showed that condition (1) implies
condition (2) when the centers are atomic and the inclusion is connected, i.e. Z(My) N
Z(My) = M{ N M, is one dimensional. It is unknown to the authors at this point
whether condition (1) implies condition (2) for connected inclusions with diffuse
centers.

The adjective “strongly” in the term “strongly Markov” comes from Definition 3.6
in [1], where they define the notion of “fortement d’indice fini” for a conditional
expectation. This notion translates as the existence of a finite Pimsner—Popa basis.

Remark 2.10. Recall from [21] that Tr, (1) ™! Tr; extends tr; if and only if Try (1) =
[M; : My] € [1, 00).

Examples 2.11. (1) A finite Jones index inclusion of II; -factors with the unique trace
is strongly Markov, and the Watatani index is equal to the Jones index.

(2) A connected, unital inclusion of finite dimensional C*algebras with the
Markov trace is strongly Markov, and the index is equal to || AT A| where A is the
bipartite adjacency matrix for the Bratteli diagram of the inclusion.

Suppose My C (Mj,try) is strongly Markov. Then M, is finite and tr, =
[My : M)~ Tr, extends tr;, so we may iterate the basic construction for M; C
(M, try). Let M3 = (M3, e5) C B(L?(M,,try)), where e, is the Jones projection
with range L?(My,tr;). Let Tr3 be the canonical faithful, normal, semifinite trace
on M3 (see Definition 2.7). The following lemma is straightforward.
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Lemma 2.12. (1) The conditional expectation Epy, : My — My is given by

Em, (xe1y) = xy.

(2) €121 = [M] . MO]_lel and €r€1€69 = [M] . Mo]_1€2, and
(3) if B is a Pimsner—Popa basis for My over My, then {{M, : My]"/?be, | b € B}
is a Pimsner—Popa basis for M, over M.

Theorem 2.13. M, C (M3, trp) is strongly Markov and [M> : M1] = [M; : My].

Proof. Note M3 = Mje, M, by Proposition 2.4 and Lemma 2.12, so the canonical
trace Tr3 on M3 is finite. By Definition 2.7 and Lemma 2.12, if x € M>,

Tr3(x) = [My : Mo] Y Trs(xbeiezerh™) = [My : Mo] ) _ try(xberb*®)
beB beB
= [M] : M()] tro(x).

Hence [M> : Mi] = Trz(1) = [M; : M|, and tr3 = [M; : My]~! Tr3 extends
trs. O

Definition 2.14. Suppose P C B(L?(Mj,tr;))is a von Neumann algebra containing
M, trp is atrace on P extending try, and p is a projection in P. We say the inclusion
My C My C (P,trp, p) is standard if there is an isomorphism of von Neumann
algebras ¢ : P — M, such that ¢|pr, = idp,, trp = try op, and ¢(p) = e;.

The following lemma, which is an alteration of Lemma 5.8 of [7] and uses ideas
from Lemma 5.3.1 in [12], allows us to identify when inclusions are standard.

Lemma 2.15. Suppose My C M, C (P, trp, p) such that

(1) pmp = Ep,(m)p forallm € My, and

(2) Em,(p) = [M1: Mo]™".

Thenr: My ®@pmy M1 — MipM by x ® y = xpy is an My-bilinear isomorphism
of x-algebras. Hence ¢: MiegyM; — MipM, by xe1y + xpy is an isomorphism
of x-algebras. Moreover, if

(3) P =M pM,,

then My C M, C (P,trp, p) is standard via ¢. Conversely, if My C M; C
(P, trp, p) is standard, then (1), (2), and (3) hold.

Proof. First, note that px = xp for all x € My by (1), and the map M; — M;p
by y — yp is injective by (2). Clearly ¥ is surjective and preserves the x-algebra
structure. Suppose

k k
‘ﬂ(zxi ®yi) =Y xipyi =0.

i=1 i=1
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Then for all x, y € My,

k k
px (Y xipyi)yp = (3 Enoxxi) Ento (i) p = 0.

i=1 i=1

which implies Zf-;l Eumo(xx;)Epmy(yiy) = 0. If B = {b} is a Pimsner—Popa basis
for M over My, by Remark 2.5,

k k
in@))/i = Za@)a*(zxi@yi)zb@b*

i=1 acB i=1 beB

k
= Y Y a® Epmy(a*x;)Eny(yib)b* =0.

a,beBi=1

The remaining claims follow as in [7]. L]

2.2. The Jones tower and tensor products. We give the background necessary to
define the canonical planar x-algebra associated to a Markov inclusion and to prove
its uniqueness. Many facts stated without proof in Subsection 2.6 rely on the results
of this subsection. In particular, the multistep basic construction described in this
subsection helps us understand tangles which cap off on the left (see Proposition 2.47),
which are crucial to the proof of Theorem 4.1, the main result of this paper.

For the rest of this section, let My C (M1, tr;) be a strongly Markov inclusion
of finite von Neumann algebras, and set d = [M, : My]"/2. For n € N, inductively
define the basic construction

Myt = (My, en) = Mpe, My, = JnM,;_ljn - B(Lz(Mn’trn))

with canonical trace tr,4; extending tr, and satisfying tr,(xe,) = d 2 tr,(x)
for all x € M, where e, € B(L*(M,,tr,)) is the Jones projection with range
L?(M,_q,tr,_1). Forn € N, set E,, = de,.

Fact 2.16. The E;’s satisfy the Temperley—Lieb relations
1) El2 =dE; = dE},

(i) E;E; = E;E; for|i — j| > 1, and

(iii) E;Ei1E; = E;.

Proposition 2.17. Suppose N C (M, trpr) and M C (P, trp) such that trp |y =
trar. Suppose A = {a} is a Pimsner—Popa basis for P over M and B = {b} is a
Pimsner—Popa basis for M over N. Then
(1) AB ={ab | a € Aand b € B} is a Pimsner—Popa basis for P over N,
2)[P: N]=[P: M][M: NJ, and
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3) Y beﬁb* = eﬁ € B(L?(P,trp)), where ef, is the projection L?(P, trp) —
beB
L?(N,try) and eﬁ is the projection L>(P,trp) — L*(M, trpr).

Proof. (1)Forall x € P,

Y abEj(b*a*x) =) abEN (Ejy(b*a*x)) = Y _abEy (b*Ejy(a*x))
abeAB a,b a,b

= ZaEAI;(a*x) = x.
a

(2) Immediate from (1).
QB)Ifpe PandQ € L?(P, trp ) is the image of 1 € P, then

Y belb p =Y bEf®* p)Q =Y bEN O*(EL(p)9Q
beB beB beB
= Ej1(p)Q = ejy pQ. N

Corollary 2.18. M; C (M, try,) is strongly Markov for all 0 < k < n.

The following technical lemma will be used to define the multistep basic con-
struction of [19], [7], and [3] in Proposition 2.20.

Lemma 2.19. For all 0 < k < n, define the following element of My, (see Re-
mark 2.45):

n_ = dkk= 1)(enen 1---enk+1)(€n+1€n...nk+2) ... (€ntk—1€n+k—2---€n).

If0 < j <k < nand B is a Pimsner—Popa basis for M,_; over M,_y, then
> pep b b™ = Sl

Proof. For j + 1 <i < k,let A; be a Pimsner—Popa basis for M,,_; 11 over M,,_;.
Then A = Ajy1... A is a Pimsner-Popa basis for M,_; over M,,_ by Proposi-
tion 2.17, and

n * * _ . n * *
E aj41...ag fl Qg .. a4 = E Aj41 e k=1 [y gy 195—1 - Gj41
a;€A; a;€A;
J+1<i<k J+1<i<k-1

— — n * _ n
== Zaj-f-lfn—j—laj-{-l = Ja—j-
aj+1€4, 41
Let B be another Pimsner-Popa basis for M,,_; over M,_x and let us define U €

Mat) gx|B|(Mp—k) by Usp = E M k’(a*b) If we consider A as a row vector in
Matx 4/ (My—;), then B = AU and A = BU*. For{ € N, let Fp = f" I; €
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Matyyyg(My 41 ), i.e. Fy is the £ x £ diagonal matrix with all diagonal entries equal to
- Thensince f" , commutes with M,_, we have

> bfb* = BFpB* = AUF|piU*A* = AUU*F|q A* = AF 4A*
beB

= Zafnn_ka* == fnn_j ]

acA

Proposition 2.20 (Multistep basic construction). The inclusion M, C M, C
(My 4k, Wntk, £, ) is standard.

Proof. Let B be a Pimsner—Popa basis for M, over M, _;. Then by Lemma 2.19,

Y beB bfn"_kb* = 1,50 My f My = Myyk. Itis straightforward to check
noxfr, = Ey . (x)f", forall x € M, and Ep (f",) = d—2¥, and the
n—k”*/n—k n—k n—k n\Jpn—k

result follows by Lemma 2.15. O

Remark 2.21. Note that L2(M,, tr,) has left and right actions of My, ..., Ma,,
where as usual, the right action of M; is the left action of J,M;J, = M;”. Note
that Ml.’ = J,M>,_; J,, so we define a canonical trace on Ml.’ N B(L?*(M,,tr,)) by
tr} (x) = trpp—i (Jyux*J,) forall x € M] N B(L?(M,, try)).

Proposition 2.22 (Shifts). For all 0 < k < n, there is a canonical isomorphism
M]g n Mn = M]é+2 N Mn+2.

Proof. On B(L*(My, tr,)), the map x > J,x*J, gives an anti-isomorphism M; N
M, =~ M) N Ms,_. On B(L>*(My41,try+1)), the map x — J,x*J, gives an
anti-isomorphism My N Moy = My, N My4o. O
Proposition 2.23. The canonical trace-preserving conditional expectation My —
Myt g—i is given by xf," .y > d_zlen”_k+iy where x,y € M,. The canonical
trace-preserving conditional expectation M;;—k =JMyixJy = JoMyrk—iJn =
M, _, ., is given by the same formula, only with x,y € My = Jy My Jy.

Proof. We prove the first statement, as the second is similar. By the Markov property,
forall x,y e M,,

ik (Xf ) = d K ey (xy) = d 2 trpqp—i Cfkgi V)

so the map is trace-preserving. Now M, _;-bilinearity follows from the following
two facts:

(@) foralll <i <k, M, C My,_g+;, S0 n"_k+l. e = S and

o M, iy
(i) EMni,f_,» (fuei) = d o Joketic O
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We can now strengthen Proposition 2.7 from [3], versions of which also appear
in [4]. This is the main proposition describing left-capping tangles.

Proposition 2.24. Let 0 < k < £ < n, and let B be a Pimsner—Popa basis for
My over My. The conditional expectation EM , (M N B(L*(M,, tr,)), try) —
(M 0 B(L*(My, try)), tr)) is given by

(x) d2<f 5 D bxb*.
beB

In particular, this map is independent of n and the choice of basis.

Proof. The result follows from Lemma 2.19 and Proposition 2.23, since for x, y €
JaMyJy C M),

D o bxflyb* =) xbfb*y = xfl'y. O
beB beB

To define our planar x-algebra in Subsection 2.3, we need the following fact,
which follows from Proposition 2.4 and a simple induction argument.

Proposition 2.25. For k € N, let vy = ExEr_1...Ey. Foralln € N, there are
isomorphisms of M1 — M1 bimodules
n
0’! . ® Ml — Mn ’

X1 Q- Q Xy > X1V1X2V2 ... VUp—1Xp.

Remark 2.26. Recall that L2(M,,, tr,) is the completion of M,, with inner product
(x,y) =tr,(¥y*x). As usual, 6, gives an isomorphism of Hilbert-bimodules

n
Q) L>(My. try) —> L*(M,, tr,)
My

where the tensor product on the left is Connes’ relative tensor product with inner
product given inductively by

(x1 Qu,y1 ®v), = (EMo(yrxl)“s V)n—1,
(U @ Xp, V@ yu)n = (u, UEMO(J’nx:»n—l

The following operators will be useful in the definition of the rotation operators
in Subsections 2.4 and 2.5.
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Definition 2.27. Given x € M, we get left and right multiplication operators
n n
L), R(x): @) L*(My,tr1) — @) L>(My,try)
Mo Mo

by L(x)(v) = xv and R(x)(v) = vx, and left and right creation operators

n+1
Ly, Ry: ®L2(M1,tr1) — ®L2(M1,tr1)
My Mo

by Lx(v) = x ®vand Ry(v) = v Q x.
Fact 2.28. For x, y1,..., Ynt+1 € My, we have

Li(y1 ® - Q@ ynt1) = EMg(xX™ y1)y2 @ -+ ® ynt1

and

Ri(y1® @ Vny1) =91 Q@ YnEpy(Ynt1x™).
The following lemma will be instrumental in defining the action of tangles.

Lemma 2.29. If A is a C-algebra, V1 is a right A-module, V, is an A — A bimodule,
and V3 is a left A-module, then for each A-invariant v, € V>, the map

V] ® V3 > V] @ V2 @ V3

defines a linear map @y, : Vi @4 Vs — V1 ®4 V2 ®4 V3. Moreover, the map v — ¢y
on ANV, ={veV,|av =va forall a € A}is C-linear.

Proof. Middle A-linearity is satisfied as v, is A-invariant. O

’

Remark 2.30. This lemma gives an alternate proof that the map E M 9 is well defined

in Proposition 2.24. By Remark 2.5, d ™2 )", .z b ® b* is 1ndependent of the choice
of Pimsner—Popa basis B, so the composite map

X —> @y |—>(px(d_22b®b*> = d_22b®x®b* |—>d_22bxb*
beB beB beB

on M{N B(L*(My, tr,)) is independent of the choice. Moreover, the result is M -in-
variant, since for any unitary u € My, {ub | b € B} is another Pimsner—Popa basis
for My over M.
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2.3. Definition of the canonical planar %-algebra. The definition of a planar *-al-
gebra has evolved since its inception in [9]. We use the definition of [11] (see also
[17]), but we do not reproduce it here.

In [9], it was shown how to endow the tower of relative commutants of an extremal,
finite index II; -subfactor with the structure of a subfactor planar algebra, i.e. a planar
x-algebra Qo = {Qy,+} with dim(Q, +) < oo for all n > 0 which is

* spherical, i.e dim(Qo,+) = 1 and any fully labelled O-tangle is invariant under
spherical isotopy. This implies shaded and unshaded contractible loops count
for the same multiplicative factor of d, called the modulus of Q., and

* positive definite, i.e. the bilinear form on Q, + given by (a,b) = d " tr(b*a)
is positive definite.

The only essential ingredient to the construction of [9] is a Pimsner—Popa basis, so
the same construction applies to a strongly Markov inclusion My C (M, tr1). As we
do not require the algebras to be factors or the inclusion to be extremal, the resulting
planar algebra need not be spherical nor positive-definite nor have finite dimensional
n-box spaces.

Below, we define a planar *-algebra structure on the vector spaces P, + (n > 0)
givenby P, = 6,1 (M{NM,)and P, = 6, 1(M{N My41). This planar algebra
is independent of any choices, so we call it the canonical planar *-algebra associated
to My C (My,try).

We define the action of a planar tangle in standard form:

(1) all the input and output disks are horizontal rectangles with all strings (that are
not closed loops) emanating from the top edges of the rectangles,

(2) all the input disks are in disjoint horizontal bands and all maxima and minima
of strings are at different vertical levels, and not in the horizontal bands defined
by the input disks, and

(3) the distinguished (starred) intervals of all the disks are at the left edges of the
rectangles. (In the sequel, we will assume this convention and omit the *’s.)

We do not provide the proof of isotopy invariance, i.e. that the action is independent
of the choice of standard form, as this proof is identical to that in [9]. However, in
Subsection 2.4, we provide Burns’ elegant proof that the rotation operator is well-
defined.

Suppose we have a (k, +)-tangle T in standard form with s input rectangles, and
input rectangle j has 2r; strings emanating from the top. We define the action of T
on an s-tuple § = (§1,...,&) where §; € Py, 1, and &; = = if the region just
below input rectangle j is unshaded or shaded respectively.

We read the action of 7" on & by sliding a horizontal line through the tangle from
bottom to top. For a fixed vertical y-value, off the input disks’ horizontal bands and
away from the relative extrema of the strings, the horizontal line will meet n,, shaded
regions from left to right. One should think of the shaded regions along this line as
elements of M; and the unshaded regions between shaded regions as the symbols
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®M,- Near the top, the line will meet k or k + 1 shaded regions depending on whether
the left-most region of 7 is unshaded or shaded respectively. We illustrate a typical
(3, +)-tangle with the horizontal line about half way through its travel:

L

For each y coordinate of the horizontal line, one reads off an M;-invariant element
ny € ®X4yo M, wherei = 0if T isa (k, +)-tangleandi = 1if T is a (k, —)-tangle.

The element 71, begins as 1 € M; near the bottom, and it remains constant as long
as the horizontal line meets neither maxima, minima, nor rectangles. If the horizontal
line passes input rectangle j for which exactly ¢ shaded regions sit to the left, then
we insert £; into 7y, as in Figure 1 by applying Lemma 2.29 with v, = §;,

t ny—t
Vi=@Q M. V=P, +,. and V3= (X) M.
My My

Note that V7, V3 are considered as M,;-modules and P,j. ey is an My — My bimodule,
where { = 0if +; = + and £ = 1if £; = —. Note that inserting £; into 1, gives
an M;-invariant vector.

[ | [ | e Ed-

te Py - te Py XQyr—>xQL®y
| | | | -2 -

Kk €P,_ - kK€ P, X > XK =KX

Figure 1. Inserting central vectors.

As the horizontal line passes a maximum or minimum, 7, changes according to
Figure 2 where the changes indicated on the tensors are to be inserted into the position
indicated by the shaded regions on the horizontal (dashed) line. With the exception
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of one case, each of these maps is a (M; — M;)-bimodule map, so it will preserve
M, -invariant elements. The remaining case to consider is when the left-most or right-
most shaded region is capped off by applying the third map pictured above, which is a
(Mo — Myp)-bimodule map. But this will only occur when the distinguished (starred)

interval of the external disk meets an unshaded region, so i would have to be 0 from
the beginning.

U —>U XQRy—xQ1®y
U —>_U' x|—>d_12xb®b*:d_12b®b*x

rfF=—=-- r beB beB

ﬂ — ﬂ XQ®Y®zr—dxEym,(y) ®z =dx ® Epm,(y)z
m — ﬁ XQYy > Xxy.

Figure 2. Reading maxima and minima of planar tangles in standard form.

The action of the tangle on £ is the element 1, € Py + read for horizontal lines
sufficiently close to the top. The *-structure is the same as that of [9].

Example 2.31. To calculate

for

k
E=) xi®--@xi €0, (Myn M,),

i=1

we first isotope the tangle into a standard form. The horizontal line travels upward
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as shown:

which we read as

Icly>d' Y bbb —>d ') bRERD*
beB beB

k
Hd_IZZb®x’i®~-®x,",_l®x,’;b*
beBi=1

k
=)D b ®xi ® @ X, Epy (x,b%),
beBi=1

the last line giving the output of the tangle applied to §.

2.4. Burns’ treatment of the rotation operator on P, . The key to showing that
the P, +’s define a planar algebra is isotopy invariance, which relies on the existence
of the rotation on P, +. A particularly elegant treatment of this is due to Michael
Burns, but it only appears in his thesis [4], so we include a proof below for the reader’s
convenience.

Definition 2.32. Let B be a Pimsner-Popa basis of M; over My. For all x =
X1 ® - ®Xx, € ®"M0 M, define

p(x) =Y LyRE(x) =D b ®x1 ®++ ® Xn_1 Epgy (xab*)
beB beB
(see Example 2.31).

Proposition 2.33. The map p preserves P, 4, and its restriction to P, 4 is indepen-
dent of the choice of B.

Proof. Middle linearity is respected by p, soitis well defined, though it may depend on
B. By Lemma 2.29 and Remark 2.5, for all My-invariant x, thesum ) , .z bQx Qb*
is independent of B. We obtain p by applying a (Mo — Mj)-bilinear map which does
not involve B, so the restriction of p is My-invariant and independent of B. O

Theorem 2.34 ([4]). Forx € P, L and y1,...,yn € My,
(P(x). Y1 ® - ® yn) = (x,y2Q - @ yn ® y1),

so p" =idon P, 4.
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Proof. As p(x) = Z Ly Ry (x), we have
beB

(p(¥), 71 ® -+ ® yn) = D (LpRyx, 71 ® - ® yn)

beB

= Z(vabLZyl ®"®yn)
beB

= (% Emy(0* 3112 ® ++ ® yu ® b)
beB
beB

=Y (XEmy(®*y1)*. 32 ® -+ ® yu @ b)
beB

=) (x,32® - ® yn ® bEay(b*y1))
beB

=(X,)2Q - ® yn ®y1). O

Corollary 2.35. The rotation

on Py, 4 is well defined.

2.5. The rotation on P, _. We mimic Burns’ treatment of the rotation on P, 4 to
define the rotation on P, .

Definition 2.36. Let B be a Pimsner—Popa basis of M over My. For

n+1

X=X1Q:Q Xp+t1 €®M1,
My

define o (x) = Y R(D™)R{Ly(x) = ) b ®x1 ® -+ ® xu gy (Xn1)b".
beB beB

Proposition 2.37. The map o preserves Py, _, and its restriction to P, _ is indepen-
dent of the choice of B.

Proof. Similar to Proposition 2.33. O
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Theorem 2.38. For x € P, _and y1, ..., Yn+1 € M1, we have
(0(X), )1 @ ®ynt1) = (x,2Q - ® yn @ yn1)1 ® 1).
Proof. Similar to Theorem 2.34. O
Corollary 2.39. 0" =idon P, .
Proof. As o preserves P, _, we repeatedly apply Theorem 2.38 for x € P, _ to get

(0" (x), Y1 ® ® Yus1) = (0" 1(X). 2@ ® yn ® ynt1¥1 ® 1)
(0" 2(x), Y3 @ ® Yn ® Yns11 @ Y2 ® 1)
= =X, 1)1 ® )2 @ - Qy, ®1).

We then invoke Burns’ trick again to get

(X111 @92 ® - Qyp ®1) = (Yp X, )1 ® - Qyp ® 1)
= (Xyp V1 ® QY ®1)
=X, )1 ® - Q¥Yn ® Ynt1)- O

Corollary 2.40. The rotation

on P, _ is well defined.

2.6. Uniqueness of the canonical planar %-algebra. We have the following facts
whose proofs are similar to those in [9] and will be omitted (they are straightforward
from the results in Subsections 2.1 and 2.2). We shade tangles as much as possible,
but sometimes we will not have enough information.

Proposition 2.41 (Multiplication). Suppose x,y € M,, such that
0,1 () =x1 @ ®@x, and 6, () =y1 ® - @ yn
Then if n = 2k for some k € N,

07 (xy) = x1 ® -+ ® Xk Enty Xkt 1 Ento k2 (- ) Vk1) k) ® Vi1 ® -+ ® Yok
while if n = 2k + 1 for some k € N,

071 (xy) = X1 ® @ X1 Enty (k42 Erty (k43( - ) Vk—1) Vi) Vied1 @+ ® Yoy 1.
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Remark 2.42. If x, y as above are in M/ N M, where i € {0, 1}, then

[ ]
X1 Q- QXxp
9,,_1(xy)= T 171 |
VI® @y
[ - ]

where the shading depends on i and the parity of n.

Proposition 2.43 (x-structure). Suppose x € My, such that 0,1 (x) = x1 ®-++ ® xp.
Then 0,1 (x*) = x} ® --- ® x}.

Proposition 2.44 (Jones projections). Forn > 1, the Jones projection E, € Py41 +
is given by

N

n—1

N

Remark 2.45. The multistep basic construction projection of Proposition 2.20 is

given by
—_—— '
n—k m
£

Proposition 2.46 (Inclusions). (1) Let in: M{N\ M, — M{N My, be the inclusion.
Then the inclusion Qn_il 0ipoBp: Py+ — Pnyi1,+ is given by

n _ gk
n—k_d

) Ifx € Py, then

X =X € Pypy1,+.

Proposition 2.47 (Conditional expectations). (1) The conditional expectation 0, o
Em,_, 06y Pyt — Py_1 4 is given by

a. ]
[ ‘ oo ‘
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M/
(2) The conditional expectation 0,; 1o E Ml? 00yt Py 4 — Pp_i_ (see Proposi-

tion 2.24) is given by
. E l |
]

Notation 2.48. We use the notation from [16]. (1) Denote the annular capping maps
P,y — P, 1+bya] as shown:

i.e. numbering the boundary points clockwise from , the i and (i + 1)th (modulo
2n) internal boundary points are joined by a string and all other internal boundary
points are connected to external boundary points such that

(i) if i = 1, then the first external point is connected to the third internal point;
(i1) if 1 < i < 2n, then the first external point is connected to the first internal point;

(iii) if i = 2n, then the first external point is connected to the (2n — 1) internal
point.

(2) Denote the annular cupping maps Py_1.+ — Py + by B; as shown:
FOYELW-ID
o) (05 Foe)
ViVAVIVARN Y,

i.e. B; is «; turned inside out.
The following lemma is similar to a result in [13].

Lemma 2.49. Suppose P, is a planar x-algebra with modulus d # 0 and Q, + C
Py, 4 are x-subalgebras which are closed under the following operations:

(1) left and right multiplication by

DEIY U
E, = € Pni1,+

n—1
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forn € N;
(2) the maps from Py, 4 as follows:

NS
an = D Py = Ppoy gy,
L] |
L1 \
Bn+1 = Pyt = Prgr+s
[T - \
‘ oo ‘
v = E : Pyt — Pyo1—; and
]
| \
(3) themap i, = 2 Py — Puyi

]
Then the Q, + define a planar *-subalgebra Qo C P,.

Proof. As O, + is closed under multiplication and , it suffices to show Q., is closed
under all annular maps. To show this, it suffices to show all «;’s, all ;’s, and both
rotations by 1 preserve Q..

First, note that the maps y;, : P, - — Py_1.4+ andit: Py + — Py41— by

‘ “e e ‘
Yo (X) = E X

= —ant2(EnEp—1... E1- Bn2(iy, X)) - E1E> ... Ey),

irj_(x) = X

= V;-.;_z(El Ey...Ep-BuiaBnt1(x)- EnprEy ... Ey)

preserve Q..
We show all «;’s preserve Q,. For j <n and x € Q,,

@) = s (EnEncr - E) - fusa () (En)).

The case n < j < 2n is similar. It is clear a2, (X) = o2n—1(i,_; (¥, (x))).
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We show all ;s preserve Q.. If j <n + 1, we have

Bj(x) = (EjEj-1...En) - Bns1(x).

The case n + 1 < j < 2n + 2is similar. Itis clear B2,42(x) = a2y, 1,5 ().
We show both rotations by 1 preserve Q.. We have

LT 1,
X = Eyn+1a2n+2in_+1i;_an,3n+l(x)
and
NS
X = Up11Bnt202nt1i, (X). U

Theorem 2.50. Given a strongly Markov inclusion My C (M1, try), there is a unique
planar x-algebra Py of modulus d = [M; : Mo]"/? where

Puy =0, (M{N\ My) and Pn_ =0, (M{ N Mys1)

such that the multiplication is given by Remark 2.42,

(0) for all tangles T with n input disks, T(&5,....&;) = T*(&1,...,&x)™ where,
for & € Py, +., £ is as in Proposition 2.43 and T* is the mirror image of T ;

(1) forn € N,

e U
E, = € P14

S
(2) for x € Py 4+ and B a Pimsner—Popa basis for My over M,

T—T1-
X :dEMn_l(x),

X =X € Ppy1,+,

and

M/ — *
E X =dE,(x) =d "> bxb*;

‘ . ‘ beB

and
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3) forx € P, —,

X =X € Pyy1,+.

Proof. Uniqueness follows from Lemma 2.49. Existence follows from the existence
of the canonical planar *-algebra associated to My C (My, try). ]

Corollary 2.51. The canonical planar x-algebra associated to an extremal, finite
index Il -subfactor is the subfactor planar algebra constructed in [9].

3. The planar algebra isomorphism for finite dimensional C*-algebras

We now restrict our attention to a connected unital inclusion My C M; of finite
dimensional C*-algebras with the Markov trace. We show that in this case, the
canonical planar *-algebra of Theorem 2.50 is isomorphic to the bipartite graph
planar algebra [10] of the Bratteli diagram.

Many of the results in this section can be found in [6], [12], and [5], but we present
them here for completeness and for the reader’s convenience.

3.1. Loop algebras. We define loop algebras in the spirit of [10] which are another
description of Evans, Ocneanu, and Sunder’s path algebras [6], [12], and [5], with a
more GNS (rather than spatial) flavor.

Notation 3.1. For this section, let I' be a finite, connected, bipartite multi-graph.
Let Vi denote the set of even/odd vertices of I', and let & denote the edge set of I".
Usually we will denote edges by € and £. All edges will be directed from even to odd
vertices, so we have source and target functions s: & — V, andt: & — V_. We
will write £* to denote an edge ¢ traversed from an odd vertex to an even vertex, and
we define source and target functions s: §* = {¢* | ¢ € §} > V_and¢: §* — V4
by s(¢*) = t(¢) and t(¢*) = s(¢). Let m4: V4 — N be a dimension (row) vector
for the even vertices. For v € V_, define the dimension (row) vector for the odd
vertices by
mo)= Y mi(se)).
t(e)=v

Let A be the bipartite adjacency matrix for I' (A; ; is the number of times the i
vertex in 'V is connected to the j™ vertex in V_).

Remark 3.2. Given (I", my ), we can associate a connected unital inclusion of finite
dimensional C*-algebras My C M;. We set

Vo= @ M o(© and My = € Mo (©)
veV veV_
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and the inclusion is such that I" is the Bratteli diagram for the inclusion, and A is
the inclusion matrix (A;,; is the number of times the i™ simple summand of M, is
contained in the j ™ simple summand of M ). Conversely, given such an inclusion, we
get a finite, connected, bipartite multi-graph (the Bratteli diagram) and a dimension
vector m4 (corresponding to the simple summands of My).

Definition 3.3. Let Gy + be the complex vector space with basis Vi respectively.
Forn € N, G, 4+ will denote the complex vector space with basis loops of length 2n
on I" based at a vertex in V4 respectively.

We discuss the vector spaces G, 4. The spaces G,,— are similar, and it is clear
what the corresponding notation should be and how they will behave.

Notation 3.4. Loops in G, will be denoted [e1€] . .. £2,—165,]. Any time we write
such a loop, it is implied that

() 1(e;) = s(ef,) = t(gi41) forallodd i < 2n,
(i) t(e]) = s(&i) = s(gj41) foralleveni < 2n, and
(i) 1(e3,) = s(e22) = s(e1).

Foraloop { = [g1€5 ... e2n-185,] € Gu,4 and 1 < k < 2n, we define the following
paths in £:

¢ _ €165 .. .sk_le;; k even, . skSZ_H ... &p-185, kodd,
[Lk] = * * [k2n] =\ « *
€185 ... &8k kK odd, E1€k+1---E2n—185, Kk even.

Definition 3.5. Define an antilinear map * on G,_4 by the antilinear extension of the
map
(€163 ... €an—185,)" = [€2nE5,_1 - - - €287].

There is also an obvious notion of taking % of a path in a loop. We define a multipli-
cation on G, 4 by

b4y = 5(151);‘”1’2"],(42)[1‘"] [((C)1m1E2) [mn+1,2n1]-

It is clear that * is an involution, i.e. an anti-automorphism of period 2, for G, +
under this multiplication.

Remark 3.6. We can think of a loop in G, 4 as a path up and down the multi-graph
I';, corresponding to the Bratteli diagram for the inclusions

MoyCcM C---CM,,

which is obtained by reflecting I' a total of n — 1 times, as the inclusion matrix of
M; C M is given by A or AT if j is even or odd, respectively [8].
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Definition 3.7. Let I be the augmentation of the bipartite graph I' by adding a
distinguished vertex * which is connected to each v € V4 by m 4 (v) distinct edges.
These edges are oriented so they begin at x. We will denote these added edges by 7's
(and {’s and «’s when necessary).

Definition 3.8. Forn € Z-, let A, be the (E;algebra defined as follows: a basis of
Ay will consist of loops of length 2n 4 2 on I' of the form

* * *
[M1€185 ... E2n—185,15]

i.e. the loops start and end at =, but remain in I" otherwise. Note that we have an
obvious *-structure on each A,. Multiplication will be given as follows: if one
defines the similar path notation as in Notation 3.4, then we have

Ei-be=bwpr @ [(ED L+ 11E2) 42,20 +2]]-

Remark 3.9. We can think of a loop in A, as a path up and down the multi-graph
I', corresponding to the Bratteli diagram for the inclusions

CcMycMyC---CM,.

Definition 3.10 (Inclusions). The inclusion A, — A,4 is given by the linear ex-
tension of

* * *
[me1€s .. .e2n—185,M5]
* * * * *
E [ni€185 ... 6,68 €nt1 ... E2n—185,1,] N even,
s(e)=s(en)
* * * * *
[M1€1€5 ... €nE €6y 1 ... E2n—185,15] 1 0dd.

s(e)=t(en)

—>

We identify A, with its image in A, +1.

Remark 3.11. The inclusion identifications allow us to define a multiplication
Am X Ap — Amax{m,n}

by including A, Ay, into Apyaxm,»y and using the regular multiplication. Explicitly,
if 1 € A,, and £, € A, withm < n, then

bl =3b@pyx o @ [EDm+11(62) m 2,20 421

The case m > n is similar.
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3.2. Towers of loop algebras. We provide an isomorphism of the tower (M,,),>0
coming from a connected unital inclusion of finite dimensional C*-algebras with the
Markov trace and the corresponding tower (A,),>0 of loop algebras. Assume the
notation of Subsection 3.1.

For n > 0, if S; is the i™ simple summand of M,, then loops £ in A, for
which £[; ,+1] ends at the corresponding vertex of f‘n form a system of matrix units
for a simple algebra isomorphic to S;. Hence for n € Z, there is a *-algebra
isomorphism A, =~ M,, and dim(4,) = dim(M,).

At this point, we only choose such isomorphisms ¢, : 4, — M, forn = 0,1
which respect the inclusion given in Definition 3.10. In Proposition 3.17, we will
inductively define isomorphisms ¢, : A, — M, for n > 2 to identify the Jones
projections.

Definition 3.12. Following [8], let A; be the Markov trace (column) vector for M;
fori = 0, 1 such that

m+)L0 =1= m_/\l,

so A; gives the traces of minimal projections in the simple summands of M; for
i = 0,1. In order for the trace on M to restrict to the trace on My, we must have
AX1 = Ao.

Recall that the inclusion matrix for M, C M, 4+ is given by A if n is even and
AT if n is odd. This means that to extend the trace, we must have AAT Ly = d 2,
ATAXM =d %)y, and A, = d2X,_, for all n > 2, where A, is the Markov trace
vector for M, andd = /|ATA| = /|[AAT].

OA)

Definition 3.13. Let A = ( dkfl)’ a Frobenius—Perron eigenvector for ( o)

Definition 3.14 (Traces). We define a trace on Ao by

A1) = Ao(t(m1))  ifny =na,

0 otherwise.

tro([n113]) = {

Suppose £ = [n1€1€5 ... €2n—185,15] € An withn > 1. We define a trace on A4, by

d " A(s(ey)) ifnisevenand £ = £*,
tr,({) = $d"A(t(e,)) ifnisoddand £ = £*,
0 if £ £ £*.

Remark 3.15. The isomorphisms ¢, for n = 0, 1 preserve the trace. Moreover,
try+1 |4, = try foralln € N as A is a Frobenius—Perron eigenvector.
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Proposition 3.16 (Conditional expectations). If { = [n1€1€5 ... €2n-185,1M5] € An,

the conditional expectation A, — Ap—1 is given by
EAn_l (z)

- A(s(en))

d~'s —

o (Teteny

A(t(en))

A(s(en))

Proof. We consider the case n even. The case n odd is similar. We must show

trp(xy) = trp_1(E4,_,(x)y) forall x € A, and y € A,_;. It suffices to check
when x, y are loops. If

* * * *
)[7)18182 e En—1Ey19-.-E2n—185,15] N even,

-1 * * * %
d 88n,sn+1( )[7718182...€n_18n+2...82,1_182”7]2] n odd.

x =[meiey ... ean—185,M5] and y = [n3£1€5 ... E2n—3E5, oyl

using the formula above, we have

_ A(s(en))
trp_1(Eq,_,(x)y) =d 88n,8n+15x[n+2 2421 Y010 /\([(Sn))
n
tty—1([n1€185 ... 65 _n8n—1ErEn+1 - E2n—365,_213])
- d_n8x§1+2.2n+2]’y[1xn]SS""S”HSy[*n+1,2n—2]’x[11"1/\(s(8”))
= trp(xy). =

Definition 3.17 (Jones projections). For n € N, define distinguished elements of
Ay +1 as follows: if n is odd, define

At (ei, DAt (ei, )] ?
=Y Y .

T i=ster,) M)
(neief, .. &F_ €0, €] Eipp1 &7y Eipy -+ Ein€l ']
where the sum is taken over all vectors? = (i1, i, ..., int1) such that
[ei &7, - - &7 €in&) Eingr €y Einy - - - Ein€y] € g1 4.

If n is even, then define

A (s (e3, DAGs ery o T2
Fi=2 2 ()

P t(m)=se;,)

* * * * *
[778,'18i2 & 151n51n81n+181n+151n L Ein€ T ]

with a similar limitation on the vectors? = (i1, 2, ...,in+1)-
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Lemma 3.18. (1) F,,xF, = dE4,_,(x)Fy, forall x € A,, and
) trys1(xFp) = d iy (x), forall x € Ay, ie. Eq,(Fy) =d ™.

Proof. We prove the case n odd. The case n even is similar.
(W Ifx =[61&8&5 .. &k .. 6n185,05] € Ay, then F,x F, is given by

[A(t(e1,)) A (2 81,y )]V
Z Z A'(S(‘C"ln))

T (m)=s(si))

* * *
[nei, .. & 18’n81n81n+181n+181n LT ]

At (ej,))At (8),, )]
xz Z A(s(gj,)) : .

7 tk)=s(e; X * ok
J t)=stejy) KEjy € i i1 €y St - E1 K]

- A (ENA (Enr1))]'
e ()

(616165 .. &, 1 EE" 66 1 - 620165, 05]
sE)=sEn—1)

[A(t (e, DAt (g, )]V?
> A(5(8,))

7T tk)=s(e; 3 * * ok
J t)=s(ejy) KEjy e &) €€ i1 €y iy - €1 K]

At (€n)) 3 [A(1 () A1 (£))]'/?

TUERAGE) (=, Ms(e)
s(e)=s(En+2) (G161 & _1EE ee™Enta .. 5,55
=dE4,_ ,(x)F,.
(2) Another straightforward calculation. ]

Proposition 3.19 (Basic construction). For n € N, the inclusion A,—1 C A, C
(Aps1,trny1, d™VFy) is standard. Hence for all k > 0, there are isomorphisms
¢k Ax — My preserving the trace such that ¢gy1|a, = ¢x and ¢m(F,) = E, for
allm > n.

Proof. We construct the isomorphisms ¢, for n > 1 by induction on n. The base
case is finished. Suppose we have constructed ¢, for n > 1. We know that M, 4 =
M,E, M, and A, =~ M, via ¢,. By Lemmata 2.15 and 3.18, there is an algebra
isomorphism s, 41: My = My E, M, — A, F, A, C Apyq such that E, — F,.
But dim(My, 1) = dim(A;+1), 0 Ap+1 = A, F, Ay, and we set @41 = h;}rl,
which extends ¢,. Finally, note the ¢,,’s preserve the trace by construction and the
uniqueness of the Markov trace. O

3.3. Relative commutants are isomorphic to loop algebras. We provide isomor-
phisms between the relative commutants of the tower (A4,),>o and the spaces G, +.
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Proposition 3.20 (Central vectors). A basis for the central vectors Ay N Ay, is given
by

Son = { Z ne1e> ... ean—165,0"] € An | (185 ... €2n—185,] € Gn,+}.
t(m=s(e1)

A basis for the central vectors A} N Ap11 is given by

* * * %
S1,n+1 :{ Z [neeiea...e5, 16228 1]

1(n)=s(e) cA oy ek cG _}.
(Ot) nt+1 | [e162 .. €5, 1824] n,

Proof. Note that if [{1{5] € Ao, then we have
(66513 eres - eanm13,n’]
t(m)=s(e1)

= Z Sg,m[G161€3 . .. £2n-183,7"]
t(m=s(e1)

= [C18185 ... e2n—-185,85]

= Y Spalness .. ean163,03]
t(m=s(e1)

= (Y ered . e2amed,n) - 053]

t(m=s(e1)

Hence So, C Ay N Ap. Similarly, Si .41 C A} N Ay
Suppose now that x € Ay N Ay. Then since 14, = >, [n1*], we have

x= (Y *)x = (D2 - 1) = Y gn*]-x - [1n*] € span(So.n)-
n n n

Similarly, A7 N Ap41 € span(Sy,,41). O

Corollary 3.21. There are x-algebra isomorphisms ¢n +: G, 4 — Ay N A, and
¢n—: Gp— = A} N Apg1. If n = 0, the isomorphisms are given by

9o+ (1) =Y [n*] and @o_(v-) = [nee*n*].
t(n)=v4 t(m)=s(e)
t(e)=v—

Forn € N, the isomorphisms are given by

on,+([8185 - .. e2n-185,]) = Z [ne1€3 ... e2n—185,1"]
t(m)=s(e1)
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and
on—(E562. .. 83, 1620) = Y [n6eien.. 65, 16208 "],

t(m)=s(e)
t(e)=t(e1)

It will be helpful to have an explicit Pimsner—Popa basis for A; over Ayp.

Proposition 3.22 (Pimsner—Popa bases). For each v+ € V., pick a distinguished
Moy witht(ny, ) = v4. Set

{(d A(s(e2))
A1(2))

1/2
1= )Y Do) ered) € G
t(m=s(e1)
and

dA /
B, = {(%)l 2[771818;77:(52)] | s(e1) # 5(82)}-

Then B = By U Bj is a Pimsner—Popa basis for Ay over Ay.
Proof. Suppose x = [{1£165¢5] € Ay. Case 1. Suppose that s(§1) = s(§2), so

[6183] € Gi,+. If b € By, then E4,(b*x) = 0 as the formula will have delta
functions 551.’8[. fori = 1,2. Hence we have

> “bEs,(b*x)
< > bE4(b*x)
bGBl
dA(s(e2))
- Z oy [ne1e5n™1Eay ([Ce26787] - [016165C5])
beB, A(t(SZ))t(n)gg(m) ’ 1 o
1(©)=s(e1)
dA(s(e2))
= Y T2 N Sy i, e (10185071 B (0285 83
ver ~02) (5
dA(s(e2))
= Z _— Z (n&1650 1 E 4y ([L1626585])
beB, A(t(gz))t(n)=s($1)

= > > Seenbiein®] - [6183]

beBy t(m)=s(&1)

= 61618681

= X.

Case 2. Suppose that s(§1) # s(§2). If b € By, then, similarly, E4,(b*x) = 0.
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Hence

D bE4y(b*x) = > bE4y(b*x)

beB beB,
= 3 Tety merelEu el s
= [51515;77:@2)] s8] = [6151865 8] = x. 0

Remark 3.23. One could also take

L dAGs(e)
B = (e e

Corollary 3.24 (Commutant conditional expectations). If

1/2
) [meieznz] | s(er) # S(82)}-

X =) [CEES .. Ean1E3, 0] € AN Ay,
t(&)=s(1)

the conditional expectation Ay N A, — A} N A, is given by

g AGs(E1) o s
E ) = a7, (5060, )t(ég(a[)nsézg_%u~$2n—2§2n—18 ).
t(e)=t(§2)

Proof. Let B be as in Proposition 3.22. By Proposition 2.24, we have

dzE:,f)(x) =Y bxb =" bxb* + 3 bxb*,

beB beB; beB,

We treat each sum separately. We have >, . B, bxb™ is given by

dr
> T X e R bt eeasie]
beB 27 tm=sen)=1(0
1(©)=s(&1)

As(e . .
=d Z biez) Z 8n7§8§,K882,:§1 582,52,, [77852 N SYRR Y-

A
s@mrte) EE) oS
1(e)=1(£2) 1O)=s(E1)
A(s(§1)) X
=d Z Sty 620 &5 - . E2n—18"1"].

t(n)=s(e)=s(&}) At (&1))

t(e)=t(&2)
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Similarly, we have

Dobxb*=d Y MS(&))%,E% [ne&5 ... Ean—18"n"].

At
beB, (=s@sen +E)
t(e)=t(£2)
Putting these two together, we get the desired formula for E:/O. O

1

3.4. The bipartite graph planar algebra and the isomorphism. We refer the
reader to [10] for the full definition of the planar algebra of a bipartite graph.

Let G. be the planar algebra of the bipartite graph I" with spin vector A as in
Subsections 3.1 and 3.2. We briefly recall the action of tangles on the G, 4+ and we
calculate some necessary examples.

A state o of a tangle T is a way of assigning the regions and strings of 7" with
compatible vertices and edges of I" respectively, i.e. if a string S of 7" partitions the
unshaded region R, from the shaded region R_, then for o(S) € &, s(a(S)) =
o0(Ry) e Vyandt(o(S)) =0(R-) € V_.

Define the output loop £, as the loop obtained by reading clockwise around the
outer boundary of T once it has been labelled by o.

Suppose now that T has n input disks, and £ = £; ® --- ® £, is a simple tensor
of loops where ¢; is a loop in G, +;. Then the action of 7" on £ is given by

T() =Y c(o. ),

states o
where c¢(o, £) is a correction factor defined as follows.

(1) First, label the regions and strings of T adjacent to the input disks with the
edges and vertices which compose the £;’s. If the labelling contradicts o, then
c(o,f) =0.

(2) If the labels agree, put the tangle in a standard form similar to Section 2.3, where
the only difference is that the half the strings emanate from the top of the input
rectangles, and half the strings emanate down, but the * is still on the left side. Let
E(T) be the set of local extrema of the strings of the standard form of the tangle.
Foreache € E(T), let conv(e) be the vertex assigned by o to the convex region
of the extrema, and let conc(e) be the vertex assigned to the concave region. Set

K — A(conv(e))
¢\ Alconc(e))’

Below is an example of an extrema e on a string S with (S) = ¢, connecting

vertices w, v:
concave

’ o [Aw)
m — Ke = ()
convex
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Note that conv(e) may be in either V4 or 'V_. Finally, set

c(0.0) =[] ke

ecE(T)

The *-structure on the bipartite graph planar algebra is given as follows: if T', £ are
as above, then
T(ﬁi‘ - ®(:) =Tl @ - ®L,)",

where T* is the mirror image of 7, and the adjoint of a loop is the loop traversed
backwards as in Definition 3.5.

Remark 3.25. Contractible loops are traded for a multiplicative factor of d as A is a
Frobenius—Perron eigenvector (see Definition 3.13).

Remark 3.26. Note from Corollary 3.21 that there is a natural inclusion identification
Gn,— = Gu41,+ given by

* * k * k
leTez ... &5, 182n] —> E leelea. .. 85, 120" ].
t(e)=s(e1)

Examples 3.27. (0)If £;,{, € G, 4, then

[ - 1]
4
51 'Ez = ‘ ‘ ‘ ‘ s
%)
[ [ - T[]
the shading depending on n, +.
(1) Forn € N odd,
N
n—1
N\
is equal to
1/2
Z[A(z(ein))x(z(einﬂ))]/ b 6t s ete s & g
Als(s: %1% “n+1%i,41%n—1 i1 b
- (ser,))
where the sum is taken over all vectors? = (i1, i, ..., int1) such that
lei €], - €7 8in&] Eingr €y Einy - - - Ein€y] € Gt 4

There is a similar formula for n even. (Compare with Definition 3.17.)
(2) Suppose £ = [g1€ ...2n-185,] € Gu +.
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(1) If n is even, then

e L G : :
; = epentt @) (185 ... €n—18 1 082n—1 - - - Expyls
T ]

with a similar formula for n odd. (Compare with Proposition 3.16.)

(i) If n is even, then

) = Z [e165 ... €566 €nt1 ... E2n—1E5,),
T ] s(e)=s(en)

with a similar formula for n odd. (Compare with Definition 3.10.)

‘ e ‘ A (e

(iii) E P = 8¢y 0, %[8383 e Eyp_nE2n—1].
(Compare with Proposition 3.24 and Remark 3.26.)

Q) Ifl = [efer...€5,_182n] € Gu,—, then

‘ e ‘

) = Z [eelea...e5,_182nE"],
‘ S t(e)=s(e1)

which may be identified with £ € G, 41,+ by Remark 3.26.

Theorem 3.28. The canonical planar *-algebra P, associated to My C (My,try) is
isomorphic to the bipartite graph planar x-algebra G of the Bratteli diagram T for
the inclusion.

Proof. To show that the *-algebra isomorphisms

—1
’ 0 4
On .+ ¥n |AOnAn n |MOﬁMn

Gn.s AN Ay M{n M,

n,+

-1
on.— ‘/’n+l|A’lmAn+1 6n+1‘M{mM,,_H

AL N Ay M{ N My

Gp.—

>

n,—

give an isomorphism of planar *x-algebras G¢ — P,, we must check that
(1) they map Jones projections in G, to those in P,, and
(2) they preserve the action of annular tangles.

Both follow immediately from Examples 3.27 and the proof of Lemma 2.49. ]
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4. The embedding theorem

Let Q. be a finite depth subfactor planar algebra of modulus d. Pick r > 0
minimal such that Q2,4+ C Qzr41,4+ C (Q2r42.4,€2r+1) is standard (with the
usual trace). Note this is possible if and only if Q. has finite depth. In fact,
Ok,+ C Qk+1,+ C (Qk42,+,€k+1) is standard for all k > 2r. Forn > 0, set
M, = Qzr4n,+ and Fy, 41 = Esr4p+1 (shifted Jones projections). Let P, be the
canonical planar x-algebra associated to the inclusion My C My, i.e.

Py = M(; nM, = ler,+ N Qorin,+

and

!/ /
Pp =M O My = 05114+ N Q2rnti+

where we suppress the isomorphisms 6, with the tensor products of Q2,41+ over

Q2r,+-

Theorem 4.1. Define ®: Qo — P, by adding 2r strings to the left for x € Q, +
and adding 2r + 1 strings to the left for x € Qp —:

n 2r n

Then ® is an inclusion of planar x-algebras.

Proof. We use Lemma 2.49. Note that ®(x*) = ®&(x)* and ®(xy) = P(x)D(y)
forallx,y € Qp .

(1) Since ®(E;) = Epy4; = F; forall j € N, we have ®(E;x) = F; $(x) and
O(xE;j) = P(x)Fj forallx € Oy + and all j € N.

(2) Note that

(i) Forn e N, ®(Eg,_, , (x)) = Ep,_, . (P(x)) since

EQ2r+n—1»+ | Q/2r,+ﬂQ2"+"5+ = EQ2r+n—l,+ |Pn,+ = EPn—l,+
(since Qzr+ C Q2r4n—1,4, we have that Eg,, . preserves O, 4-central
vectors as it iS Q2 4,—1,4-bilinear).

(i) P(Brn+1(x)) = Bn+1(P(x)) for all x € Q, 4 since the inclusion P, + —
Pp 1,4 is the restriction of the inclusion Q2,45+ — O2r4n+1,+-
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(iii) Let B = {b} be a Pimsner—Popa basis for M; = Q2,41+ over My = Qo 4.
Since each b € B is an (2r + 1, +)-box in Q241+,

i s T
1 | b
|
2 1
E : - = ZbleHb* . 1P2r+2,+ = r+
beBl £ beB
| b*
LTI T T. ol

Then by Proposition 2.24 and Theorem 2.50, for all x € O 4,

1
Y (@) = 2 ) bO(x)b*

beB
[ [---T 11
b
L« T
:EZ X
beB 4—«;—/
b* !
HEEEE
-
b |
1 : !
:—Z X : X
dbeB | L)
1 b* |
-
_ Tl |
=1 : X

D(y," ().
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(3) The inclusion i, : P, — — Ppy1 4 is the identity in the canonical planar
x-algebra. If x € Q, —, then we have

(@) = d(x) =| || . = B(iy (x)). O
2r+1

Corollary 4.2. Let N C M be a finite index, finite depth 111 -subfactor, and let P,
be the associated canonical subfactor planar algebra. Let T" be the principal graph
of N C M, and let G4 be the bipartite graph planar algebra of I'. Then there is an
embedding of planar algebras Pe — Go.
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