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Fusion categories in terms of graphs and relations

Hendryk Pfeiffer

Abstract. Every fusion category € that is k-linear over a suitable field k, is the category
of finite-dimensional comodules of a weak Hopf algebra H. This weak Hopf algebra is
finite-dimensional, cosemisimple and has commutative bases. It arises as the universal coend
with respect to the long canonical functor w: € — Vecty. We show that H is a quotient
H = HJ[§]/I of a weak bialgebra H[§] which has a combinatorial description in terms
of a finite directed graph ¥ that depends on the choice of a generator M of € and on the
fusion coefficients of €. The algebra underlying H[§] is the path algebra of the quiver
§ x g, and so the composability of paths in § parameterizes the truncation of the tensor
product of €. The ideal I is generated by two types of relations. The first type enforces
that the tensor powers of the generator M have the appropriate endomorphism algebras, thus
providing a Schur—Weyl dual description of €. If € is braided, this includes relations of
the form ‘RTT = T TR’ where R contains the coefficients of the braiding on oM ® wM,
a generalization of the construction of Faddeev—Reshetikhin—Takhtajan to weak bialgebras.
The second type of relations removes a suitable set of group-like elements in order to make
the category of finite-dimensional comodules equivalent to € over all tensor powers of the
generator M. As examples, we treat the modular categories associated with Uy (sl2).
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1. Introduction

A fusion category € is a semisimple, additive, rigid monoidal category. € is required
to have only a finite number of simple objects up to isomorphism (we call this finitely
semisimple) and to be k-linear over some field k such that Hom(X, Y) is finite-
dimensional for all objects X,Y € |€|. In the following, we do not impose any
condition on the field k, but we require that End(X) = k for all simple objects
X € |€| and say that € is split semisimple. For technical reasons, € is required
to be essentially small, and for convenience, we equip every object X € |€]| with a
specified left-dual. Such arigid category is called left-autonomous. We do not require
the monoidal unit 1 to be simple, i.e. we include the case of multi-fusion categories.
For further background on fusion categories, we refer to [23], [1], and [4].

If a fusion category € arises as the category of comodules M ~ € of some
Hopf algebra H jt admits a functor F: € — Vecty that is strong monoidal, i.e. in
particular F(X ® V) = FX ®; FY are isomorphic vector spaces forall X, Y € |€|.
This happens because for every Hopf algebra H , the forgetful functor M — Vect;
is strong monoidal. The most interesting fusion categories are those that do not admit
any strong monoidal functor to Vecty and therefore do not arise from Hopf algebras
in this way.

Nevertheless, each fusion category € still admits the long canonical functor

w: € —> Vecty: X — Hom(V,V ® X),
fr—(dp®f)e—.

Here, we have used the small progenerator

V=V.

jel

where {V;} ;. is a set of representatives of the isomorphism classes of the simple
objects of €. The functor w is k-linear, faithful, exact, and has a separable Frobenius
structure, [6], [22], and [16], which includes the structure of both a lax and an oplax
monoidal functor.

Under this functor, the k-dimension of a tensor product

dimg (X ® Y) < (dimg wX) - (dimg wY)

is in general smaller than the product of k-dimensions. This effect is known as the
truncation of the tensor product.

In the present article, we use the long canonical functor in order to arrive at a
characterization of fusion categories in which we can fully parameterize the truncation
of the tensor product in terms of combinatorial data. This is done as follows.

First, Tannaka—Krein reconstruction has been generalized to functors with a sep-
arable Frobenius structure, [6], [15], [16], and [11]. It equips the universal coend
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H = coend(€, w) with the structure of a weak Hopf algebra (WHA), [2] and [3].
This WHA can be shown to be finite-dimensional and split cosemisimple and to have
commutative bases [16]. The long canonical functor plays the role of the forgetful
functor M — Vecty, of the category MH of finite-dimensional right H -comodules,
and € ~ MH are equivalent as k-linear additive monoidal categories.

We then choose an object M € |€]| that generates € as a fusion category, and
define a finite directed graph &, the dimension graph of € with respect to M. 1t
depends on the choice of the generator M and on the fusion coefficients of €. The
reason for considering this graph is the following.

The algebra R = End(17) >~ k! has a basis of orthogonal idempotents A i =
idy;, j € I. The vector spaces wX = Hom(17, V& X) form R-R-bimodules. We
can choose a basis of wX that consists of basis vectors of the Hom(V;, V; ® X) for
all j, £ € I, i.e. one that is adapted to the orthogonal idempotents of R.

The tensor product in € ~ M*H is governed by the multiplication in H which, in
turn, is determined by the lax and oplax monoidal structure of w. The following is
the lax monoidal structure:

wo: k — ol,
—1
1|—>p17 ,
and
wxy: 0oX @Y — o(X ®Y),

f®g |—>06175X’Yo(f®idy)og.

It is not difficult to see that (X ® ¥Y) = wX ®pg wY is the tensor product in the
category of R-R-bimodules. In particular, if f; € Hom(V;,V; ® M) and f, €
Hom(V,.,V, ® M), j. £, p,q € I, then wpr m(f1 ® f2) is non-zero if and only if
q=17-

We thus define the dimension graph § of € with respect to M to have vertices
g% = I, i.e. the orthogonal idempotents of R, and edges gelj from j to £ the vectors
of a basis of Hom(V}, V; ® M. Then, two edges f1, f> € §! are composable if and
only if the truncated tensor product w(M ® M) contains the corresponding vector
f1 ® f> of the k-linear tensor product oM Q@ wM.

There is a weak bialgebra (WBA) H[¢] associated with the graph ¥ and a sur-
jection of WBAs 7 : H[§] — H such that a specific simple comodule k! of H[9]
is pushed forward under 7 to the generating comodule @M of M. Since 7 is
a homomorphism of WBAs, the same holds for all tensor powers thereof, i.e. that

(k§")®" is pushed forward to (wM)®", m > 0.

In order to characterize H and thereby the fusion category € ~ M, it remains
to compute the kernel of s. This is done in two steps.

First, we take a suitable quotient H [§, €] = H[§]/ ¢ in order to enforce that each

(kg 1)®m, m > 0, is equipped with the same endomorphism algebra as (o M )@)m .
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This quotient is particularly easy if the monoidal unit 1 and the chosen generator
M of € are both simple and if € is braided such that braiding and inverse braiding of

adjacent tensor factors already generate all endomorphisms of (wM)®", m > 2. In
this case, the ideal /g is generated by quadratic relations of the form ‘RTT = TTR’,
a generalization of the construction of Faddeev—Reshetikhin—Takhtajan (FRT) [18]
to WBAs. The coefficients of the R-matrix in these relations form the Boltzmann
weight of a star-triangular face model.

Second, our surjection of WBAs factors through this first quotient yielding another
surjection of WBAs 7 : H[9, ] — H. We show that ker 7 is generated by 1 — g for
a suitable subset of group-like elements g € H[¢, &]. Dividing by 1 — g ensures that
the categories of comodules of H and H[$, &]/ ker 7 agree everywhere, not just for
fixed tensor powers of the generator M.

For the special case of U, (sly) in which the first quotient is given in terms
of RT T relations, Hayashi [5] has already presented WHAs whose categories of
finite-dimensional comodules have the same fusion rules as the modular categories
associated with U, (sly). In fact, in this special case of our construction, the first
quotient H[§]/Ig appears in the literature on subfactors, see, for example [14]. In
Ocneanu’s terminology, the weak bialgebra H [§] is called a paragroup and the coeffi-
cients of the R-matrix a connection. The original FRT construction was reformulated
by Miiller [12] in a way that can be directly compared with our approach.

The present article is organized as follows. Section 2 summarizes some back-
ground material on WBAs and WHASs and on the generalization of Tannaka—Krein
reconstruction to our case. In Section 3, we construct the dimension graph § and the
surjection of WBAs 7w : H[§] — H. The first quotient H[SG, &] = H[§]/ g is stud-
ied in Section 4. In Section 5, we study the group-like elements of the WBA H[$, §]
and their associated comodules in order to compute the kernel of 7: H[9, &] — H.
As examples, the modular categories associated with Uy (sl») are treated in Section 6.
The reader who is interested in a quick overview of our construction, is encouraged
to go directly to that section. Appendix A contains a summary of the definitions and
conventions for monoidal categories that we use.

Acknowledgements. The author is grateful to Gabriella Béhm, Catharina Stroppel,
Kornél Szlachanyi and Peter Vecsernyés for stimulating discussions, to Vladimir
Turaev for correspondence, and to the anonymous referee for the hint that Theorem 5.6
holds for all homomorphisms between WBAs, a result which substantially simplified
Section 5.

2. Preliminaries

In Subsection 2.1, we summarize some key definitions and properties of weak bialge-
bras (WBAs) and weak Hopf algebras (WHAs) following [2] and [3]. Subsection 2.2
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reviews their categories of comodules following [16]. In Subsection 2.3, we recall
the main results about the Tannaka—Krein reconstruction of a WHA from a given
monoidal category, [16] and [11].

We use the following notation. If € is a category, we write X € |€] for the
objects X of €, Hom(X, Y) for the collection of all morphisms f: X — Y and
End(X) = Hom(X, X). We denote the identity morphism of X by idy: X — X
and the composition of morphisms f: X — Yandg: Y — Zbygo f: X — Z.
If two objects X,Y € |€| are isomorphic, we write X = Y. If two categories
€ and D are equivalent, we write € >~ . The identity functor on € is denoted
by le. The category of vector spaces over a field k is denoted by Vect; and its
full subcategory of finite-dimensional vector spaces by fdVect,. Both are k-linear,
abelian and symmetric monoidal. The n-fold tensor power of some object X € |€| of
amonoidal category (€, ®, 1,a, A, p)is denoted by X®", n € Ng. We set X®0 = 1.
We use the notation N and N for the positive integers and the non-negative integers,
respectively. For our notation and conventions regarding monoidal categories with
duals as well as additive and abelian categories, we refer to Appendix A.

2.1. Weak Hopf algebras

Definition 2.1. A weak bialgebra (H, 1, n, A, ¢) over a field k is a k-vector space
H such that

(1) (H, u,n) is an associative algebra with multiplication u: H ® H — H and
unit n: k > H,

(2) (H, A, ¢) is a coassociative coalgebra with comultiplication A: H - H @ H
and counite: H — k,

(3) the following compatibility conditions hold:

Aopu=(n®uo(idyg ®p.r ®idg) o (A ® A),
gopo(u®idy) =(e®¢&)o(u®p)o (idyg A ®idn)
=(e®e)o(u®u) o (idg ®A? ® idg),
(A®idg)oAon = (idg ®u ®idg) o (A® A)o(n®n)
= (idg U ®idg) c (A® A)o (n®n).

Hereoyw: VW — W ®V,v®w — w ® v is the transposition of the tensor
factors, and by A®? = og g o A and u°® = p o oy, g we denote the opposite
comultiplication and opposite multiplication, respectively. We tacitly identify the
vector spaces (VO W)QU 2 V@ (W®U)andV @k = V =~ k ® V, exploiting
the coherence theorem for the monoidal category Vecty.

A homomorphism ¢ . H — H’ of WBAs over the same field k is a k-linear map
that is a homomorphism of unital algebras as well as a homomorphism of counital
coalgebras.
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Ina WBA H, there are two important linear idempotents, the source counital map
gs = (idg ®¢) o (idg @) o (0g, g ®idg) o (idg ®A) o (idg ®n): H — H
and the target counital map
& =(eQ®idg)o(u®idg) o (idg ®og,p) o (ARidg) o (n®idy): H — H.

Theirimages Hy = ¢,(H) and H; = &;(H ) are mutually commuting unital subalge-
bras and are called the source base algebra and the target base algebra, respectively.

Definition 2.2. A weak Hopfalgebra (H, i, n, A, ¢, S)is a weak bialgebra (H, i, 1,
A, e)withalinearmap S: H — H (antipode) that satisfies the following conditions:
o (ldH ®S) oA = Et,
Mo(S@idH)OA = &,
po(n®idg)o (S ®idy ®S)o (A®idg)o A =S.
Note that if f: H — H’ is a homomorphism of WBAs and both H and H’ are
WHAS, then S’o f = f o S.

For convenience, we write 1 = 7(1) and omit parentheses in products, exploiting
associativity. We also use Sweedler’s notation and write A(x) = x’ ® x” for the
comultiplication of x € H as an abbreviation of the expression A(x) = ) ; ax ® by
with some ay, b € H. Similarly, we write (A ® idg) o A)(x) = X' @ x” ® x"”,
exploiting coassociativity.

Definition 2.3. A coquasitriangular WHA (H, i, n, A, e, S,r) over a field k is a
WHA (H, i, n, A, e, S)overk withalinear formr: H ® H — k (universal r-form)
that satisfies the following conditions:

(1) forallx,y € H,
r(x®y) =e(Xy)rx" @y") =rix' ®y)e(y"x");

(2) there exists a linear form 7: H ® H — k such that forall x,y € H,

P ®@y)r(x" @y") = e(yx).

r(x' @ y)r(x" @ y") = e(xy);
3) forall x,y,z € H,

x/y/r(x// ® y//) — r(x/ ® y/)y//x//’

r((xy)®z)=r(y ®z)rx "), ()

r(x® (yz)) =r(xX’ @ y)r(x" ® z). (2)
The WHA H is called cotriangular if in addition

r(x' ® yHr(y”" @ x") = e(xy)

forall x,y € H.
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2.2. Comodules of weak Hopf algebras. We extend Sweedler’s notation to the right
H -comodules and write 8(v) = vg ® v; for the coaction : V — V ® H of H on
some vector space V.

Proposition 2.4. Let H be a WBA. Then the category M of finite-dimensional right
H -comodules is a monoidal category (M H & Hg o\, p). Here the monoidal unit

object is the source base algebra Hg with the coaction
Ba,: Hs — H; ® H,
x —x ®x".

3)

The tensor product VW = im Py.w of two right H-comodules V,W € |MH| is
the truncated tensor product, which is the image of the k-linear idempotent
Prw: VW —VQW,
VR w > (Vg ® wo)e(viwi),

“)

with the coaction given by

Byaw: VW — (VW) ® H,

VR W > (Vg ® wo) ® (Viwy).
The unit constraints of the monoidal category are
Avi HS®V —V,
X ®v —> voe(xvy),
and ~
pv:VQH; — V,
VR X > voe(vi85(x)),

and the associator is inherited from that of Vecty.

The forgetful functor of the category of finite-dimensional comodules of a WBA
is not necessarily strong monoidal as in the case of a bialgebra, but it satisfies the fol-
lowing more general conditions of a functor with separable Frobenius structure [22].

Definition 2.5. Let € and €’ be monoidal categories. A functor with Frobenius
structure (F, Fx.y, Fo, FXY,F%): € — €’ is a functor F: € — €’ that is lax
monoidal as (F, Fy,y, Fo) and oplax monoidal as (F, F XY F 0) and that satisfies
the compatibility conditions

Fxgv.z X

FX®Y)® FZ F(X®Y)®Z)— 12 _p(X (Y & Z))

FXY®dpr, FXY®Z

(FX® FY)® FZ — FXQ (FY ® FZ)

CpEX FY.FZ idry ® Fy,z

FX® F(Y ®Z)
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and

—1
Axy.z

F
FXRY®Z)— >

Fxyez

FXQ F(Y ® Z) F(X®Y)®2Z)

idpy ® FY-Z FX®Y.Z

FXQ (FY ® FZ) (FX® FY)®' FZ FXQY)® FZ

/=1

T
Y FX,FY,FZ Fx y®'idrz

forall X,Y,Z € |€|. Itis called a functor with separable Frobenius structure if in
addition
Fxy o F¥Y = idp(xay).

forall X,Y € |€].

This terminology was chosen because if € = Vect, the vector space F 1 forms a
Frobenius algebra if F' has a Frobenius structure and an index-one Frobenius algebra
if F has a separable Frobenius structure, respectively. Frobenius algebras over a field
are separable if and only if their Frobenius structure can be chosen to be of index
one [9].

Proposition 2.6. Let (H, i, n, A,e)bea WBA and U : M H _5 Vecty, be the obvious
forgetful functor. Then (U, Ux.y, Uy, UXY U is a k-linear faithful functor with
a separable Frobenius structure, and it takes values in fdVecty. The Frobenius
structure is given by

Uxy = coim Pxy: UXQUY — PX,Y(UX ®UY),
Up=n:k — Hg,

UX’Y :imPX,Y: PX’Y(UX®UY)—> UX®UY,

U0:8|HSZ Hy — k.

Here Pyy denotes the idempotent of (4) with its image factorization Pxy =
im Py y o coim Pyx.y. Its image Pxy(UX @ UY) = U(X®Y) is the vector space
underlying the truncated tensor product. Finally, Hy = U1 is the vector space
underlying the monoidal unit.

Proposition 2.7. Let H be a WHA. Then MH is left-autonomous if the left-dual of
every object V. € |MH| is chosen to be (V*,evy,coevy), where the dual vector
space V* is equipped with the coaction

IBV*ZV*—>V*®H7
¥ — (v F(vg) ® S(vy)),
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and the evaluation and coevaluation maps are given by

evy: V*®V — Hj,
U ®v > F(vo)es(vi),
and
coevy: Hy —> VRV*

x Y () ® 9)e(x(v)),).

Here we have used the evaluation and coevaluation maps that turn V* into a left-dual
of V in the category fdVecty,:

evgdvm"): V*eV —k,
TRV —> 3(v),
and
coevgdvmk) hk— VRV,

1— Y v @07,

LetV € M be afinite-dimensional right comodule of a WBA H with some basis
{ej};. Then there are unique elements ¢ 2./) € H suchthat By (ej) = Y, e/ ®c 2./) for

all j. These ¢ 8./) are called the coefficients of V' and their linear span the coefficient

coalgebra C(V). C(V') is a subcoalgebra of H. If H is a WHA, we call the element

ty =3 c](;-/) € H the dual character of V.

2.3. Tannaka-Krein reconstruction

Definition 2.8. Let € be an essentially small, finitely split semisimple, k-linear,
additive monoidal category such that k is a field and Hom(X, Y) is finite-dimensional
over k forall X,Y € €. By {V;} ;er Where I is a finite index set, we denote a set
of representatives of the isomorphism classes of simple objects of €. Then the long
canonical functor is defined as

w: € — Vecty, X — Hom(V,V ® X),
f(dp®f)o—,

where V denotes the object

V=

Remark 2.9. The algebra R = End(17) ~ wl = k!l has a basis (Aj);ey of
orthogonal idempotents given by A; = idy, € R. It forms a Frobenius algebra
(R, o,idR, AR, eg) with comultiplication Ag: R — R ® R and couniteg: R — k
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given by A(Aj) = A; ® A;j and e(A;) = 1forall j € /. The element A(idg) is a
separability idempotent. Such a Frobenius algebra is called index one or Frobenius
separable [9].

Proposition 2.10. Let € be as in Definition 2.8. Then the long canonical functor
w: € — Vecty is a k-linear faithful functor with a separable Frobenius structure
(v, wxy, wo, wX Y, a)o) and takes values in fdVecty. The separable Frobenius struc-
ture is given by

wo: k — ol,

1'—)’01_71’

wyy: oX @wY — (X ®Y),
f®gl—>(¥§’XjY0(f®idy)Og,

0 0wl — k,

v —> eRr(pp o),

wX’Y:w(X®Y)—>a)X®wY,

- . _ X Y
h+—> ZER(efY) o (e{X) ®idy) o aﬁ}X’Y o h)e](. ) ® eé ),
Js

Here (ej(.X))j and (e(jX))j denote a pair of dual bases of w X = Hom(f}, Ve X) and

Hom(l7 ® X, 17), respectively, with respect to the non-degenerate bilinear form
gx: Hom(I7®X,I7)®Hom(I7,I7®X)—>k, PQuvi>er(@ov). (5

Remark 2.11. (i) It can be shown that the long canonical functor already has a
separable Frobenius structure if each simple object X € |€| has End(X) a finite-
dimensional separable division algebra over k. Such an algebra admits an index one
Frobenius structure [9]. For our construction below in terms of the dimension graph,
however, we require the stronger condition that End(X) = k.

(ii) Since € is semisimple, there is no need to worry about exactness of  at this
point. Thanks to the equivalence € ~ M* in Theorem 2.12 below (see [16]), € is
abelian and w exact.

By a generalization of Tannaka—Krein reconstruction from strong monoidal func-
tors to functors with separable Frobenius structure, we obtain the following char-
acterization of € as the category € ~ M¥ of finite-dimensional comodules over
the universal coend H = coend(€, w). The long canonical functor appears as the
forgetful functor w: MH — Vecty.
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Theorem 2.12. Let € be as in Definition 2.8. Then € ~ M are equivalent
as k-linear, additive monoidal categories. Here H = coend(€,w) is a finite-
dimensional split cosemisimple WBA such that Hy =~ R =~ H;. The WBA H is
a direct sum of matrix coalgebras,

H= V) ®@awV,
jel

with operations
w9 1olx @ [ wly) =L@ ®idy)oagly , lapyyo®idy)ow] .
n() = [pp | p5'1,,
AW [vl) = D010 167, ® lefyy | ]y
(09 | vly) = £1(9 o v).

Herewewrite [0 | v]y € (wX)*Q@wX withv € 0X,® € Hom(V®X, V) = (0X)*
and simple X € |€| for the homogeneous elements of H. The precise form of the
universal coend as a colimit also allows us to use the same expression for arbitrary
objects of €, but subject to the relations that [ | (wf)(v)]y = [(wf)* () | v]x for
all v € wX, ¢ € (wY)* and for all morphisms f: X — Y of €. Recall that
(@f)(w) = (idp ® f) o v and (0 f)*(§) = ¢ o (idp & f).

If in addition, € is left-autonomous, then H forms a WHA with antipode
j X ~ ~(X*
S(lelyy | ef1,) = [e(x=) 1 €71,
where (éj(.X*))j denotes the basis of w(X™) defined by

~(X* / . —
e](_ ) — (e(]X) ® 1dx*) oA

1 - —1
7 x,x+ © (idp ®coevy) o ps,

and where (E(jX*))j is the basis dual to it with respect to the bilinear form gx+, cf. (5).

Remark 2.13. (i) If the monoidal unit Tis simple, the base algebras intersect trivially,
HyN H,; = k. If € is braided, H is coquasi-triangular and € ~ M an equivalence
of braided monoidal categories. If € is symmetric monoidal, H is cotriangular.
Further structure and properties of € such as a pivotal structure, a ribbon structure,
or the properties that a pivotal category € be spherical or that a ribbon category
€ be modular, can be translated into additional structure and properties of H =
coend(€, w) as well, [16] and [17].

(ii) Note that if X € |€]is an arbitrary object, then w X forms a right-H comodule

with the coaction
Box:wX — wX ® H,

¥ .
VoD e](. )®[e(JX) | U]X.
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Its coefficient coalgebra is given by C(X) = ((wX)* ® wX)/Nx € H where the
subspace Ny C (wX)* ® wX is generated by the elements

(& | @)y = (@) (@) [ v]x
forallv € wX, ¥ € (wX)* and f € End(X).

3. A combinatorial cover of the universal coend

In order to develop a combinatorial description of a given category € with the prop-
erties as in Definition 2.8, we first construct a WBA H [§] in combinatorial terms and
a surjection 77 : H[§] — H onto the universal coend H = coend (€, w).

3.1. Weak bialgebras associated with finite directed graphs. Let ¢ = (§°,¢")
be a finite directed graph with a set §° of vertices and a set §! C §° x g0 of edges.
We use the following notation and terminology. Every edge p = (vo,v;) € §! has
a source and a target vertex, denoted by o(p) = v; € §° and 7(p) = vo € §°,
respectively. We also set 6(v) = v = t(v) forall v € §°. By

" ={(p1.....pm) € (8N" | 0(pj) = t(pj31) forall 1 < j <m— 1},

we denote the set of paths of length m in ¢, m € N. Finally, for vertices v, w € §°,
the set

Gy =1ip e8| o(p)=v.1(p) = w}

contains all paths of length m € Ny from v to w.

We write pg € §¢t™ for the concatenation of two paths p € §¢ and g € §™
provided that o(p) = t(q). The free k-vector space on the set §” is denoted by
k&§™, m e Ny.

Proposition 3.1. Let § be a finite directed graph. There isa WBA (H[§], 1, n, A, €)
with the underlying vector space

Hig = [] k™) @ kg™

meNg

and operations
()= Y [j |
jLego0
w(p | qlm ® [r 1 510) = 86(p), 2 Ss @) [PT | 45]mte>
Alplaly) =Y [P 1rln®r gl

regmn
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e([p | glm) = Spq.

for all p,q € ™, r,s € gt mt € No. Here, || is the coproduct in Vecty,
and we have denoted basis vectors of the homogeneous components H[§],, =
kS™* @ kG™ of H[S1 by [p | qlyy = P ® q € (k§™)" @ kG™. As usual, we
write §pq = 1if p =qand 8p,q = 01if p # q forall p,q € §™, m € Ny.

Proof. Direct verification. O

Proposition 3.2. Let G be a finite directed graph and H[$] as in Proposition 3.1.
(1) The source and target counital maps of H[§] are given by

es(lp | q)w) = 8pq Y_ Ui | 0(p)o,

jeg0
er([p 1 9lm) = 8pq Z [z(q) | jlo

jeg0

forall p,q € §™, m € Ny.
(2) H[G] is split cosemisimple. Its simple right comodules are the vector spaces
k€™, m € Ny, with the coactions
Brgm: k§" — kg™ ® H|[§],
P > yegmqd ®q | Pl

(3) The truncated tensor product of MH (9] is such that
k" @kG = kg™t

Jorallm, £ € Ny.

(4) The unital algebra underlying H[$] is graded with homogeneous components
H[$],, of degree m € Ny.

(5) As an associative algebra or as a unital associative algebra, H[$]is generated
by the set H[8], U H[9];.

Proof. Part (1) is established by a direct computation. Part (2) holds because the
homogeneous components H [§],, are matrix coalgebras with coefficients in k. For
Part (3), we compute the idempotent (4) and find that for all m,{ € Ng, p € §™,
q €8t

p®q ifo(p)=r1(q),

Prgm yge(p ® q) = .
0 otherwise.

Part (4) holds because multiplication in H [§] is zero unless the paths in both compo-
nents of [— | —] are composable. Part (5) holds because the length of paths is additive
under concatenation. Ol
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Remark 3.3. (i) The algebra underlying H[¢] is the path algebra kT" of the quiver
I' = § x g, up toidentifying (k§™)* = k§™. We do not use the terminology quiver
in the present article because it is not the category of modules over kI, but rather that
of comodules that is related to our fusion category €.

(ii) The category MHE1 of finite-dimensional right- H[§] comodules is an es-
sentially small, split semisimple, k-linear, abelian monoidal category whose iso-
morphism classes of simple objects are indexed by non-negative integers m € N.
The tensor product is given by m ® £ = m + £ for all m,{ € Ny. The forget-
ful functor U : MH] — Vecty is such that Um = k§™. Conversely, H[§] =
coend(MHE] ).

3.2. The fundamental surjection. Although the truncation of the tensor product
in Proposition 3.2(3) is rather elementary, this is the mechanism that controls the
truncation of the tensor product in all fusion categories. We demonstrate this by
constructing a surjection H[§] — H.

Definition 3.4. Let € be an essentially small, finitely split semisimple, k-linear,
additive left-autonomous monoidal category such that k is a field and Hom(X, Y') is
finite-dimensional over k for all X,Y € |€]|. An object M € |€] is said to generate
€ as a fusion category if the following conditions are satisfied.

(1) Every simple object V;, j € I, of € appears as a direct summand of M ®" for
some n € Ng.

(2) The object M is multiplicity free,ie.if M ~ X @Y & Z,then X £ Y.

(3) The monoidal unit T and M have pairwise non-isomorphic direct summands, i.e.
flxX®YandM =Z @ W, then X % Z.

Remark 3.5. (i) Part (1) is the usual definition, but (2) and (3) can be required in
addition without loss of generality. Note that Part (3) rules out the trivial fusion
category, but every non-trivial such category does have a generating object.

(i1) The monoidal unit 1 is always multiplicity-free [4]. In the present section and
in Section 4, the assumption that € be autonomous can be dropped if one requires
instead that the monoidal unit be multiplicity-free.

Given a fusion category € with a generating object M € |€|, we now choose a
graph § in such a way that we obtain a surjection of WBAs 7w : H[§] — H. Then the
composability of paths in & which controls the multiplication in H [§], also governs
the truncated tensor product in € =~ M.

Definition 3.6. Let € be an essentially small, finitely split semisimple, k-linear,
additive, left-autonomous monoidal category such that & is a field and Hom(X, Y) is
finite-dimensional over k forall X,Y € |€|. Let M € | €| be an object that generates
€ andlet{V;} ;er denote aset of representatives of the isomorphism classes of simple
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objects of €. The dimension graph § of € with respect to M is the finite directed
graph whose set of vertices is ° = I and whose set ﬁélj of edges from j € §° to

¢ € §° is a basis of Hom(V;, V; ® M).

Remark 3.7. If M € |€] is simple and, say, M == Vj, then the adjacency matrix of
§ is the fusion matrix Ny with coefficients (N1);, = dimg Hom(V;, V; ® V7).

We denote a basis of oM = Hom(17, V® M) by {el(,M)}p and by {e }q its dual

q

(M)
basis with respect to the bilinear form gy of (5). We also choose the basis {ej(.ﬂ)}j,
e](.ﬂ) = p;l odj of wl = Hom(V,V & 1) whose dual basis with respect to gy is
given by {efﬂ)}e with efﬂ) = Ag o pp. Observe that k€' = oM and k8° =~ wl

which we identify in the following.

Theorem 3.8. Let € be as in Definition 3.6, M € |€| be an object that gen-
erates € and § be the dimension graph of € with respect to M. We denote by
H = coend(€, w) the universal coend with respect to the long canonical functor,
¢f. Theorem 2.12. Then there is a surjection of WBAs . H[§] — H as follows.

M ([j 1Ly = [e(j‘]]) | eéﬂ)]ﬂfor all j, t € §°.

M
@ 7((p | q1) = lelyy, | eg™),, forall p.g € &',
(3) m pushes forward the right H[§]-comodule k€' to the right H -comodule
CI)M, ie. (ldkgl ®T[) o :Bkgl = ,BwM-
(4) 7 also pushes forward the right H[§]-comodule k'§° to the right H -comodule
wl, ie. (idkg() ®JT) S ,Bkg() = ,Bwﬂ.

Proof. As an associative algebra, H[§] is generated by H [§],U H[§],, i.e. Parts (1)
and (2) fix the value of 7 on a set of generators of H[§].

Given that ¢ is the dimension graph, (1) and (2) are compatible with the multipli-
cation of H[§]. This can be seen by computing all products of degree-0 and degree-1
terms of H [§] and their images under 7. Therefore, Parts (1) and (2) define a unique
linear map 7 : H[§] — H which forms a homomorphism of associative algebras.
This map m is also compatible with the units as can be seen by inspection.

In order to see that 7 respects the comultiplication, we show in a direct computa-
tion that A(x(a)) = (r ® w)(A(a)) for all generators a € H[F], U H[&],. Then,
by induction, if this claim holds for some a, b € H[§], we also have

A(w(ab)) = A (a)w(b))
= (n(a)'7 (b)) ® (w(a)"n(h)")
= (n(@) (b)) ® (7w (a")m(b"))
= n(a'b") @ n(a"b")
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= (7 ® 7)(A(ab)),

because 7 respects the multiplication, because H is a WBA; because of the assump-
tion, because 7 respects the multiplication, and because H [§] is a WBA.

The map 7 also respects the counit. On generators a € H[§], U H[§],, we see
by inspection that e(;r(a)) = e(a). Then, by induction, if this claim holds for some
a,b € H[§], we find that

e(m(ab)) = e(w(a)m (b))
= e(n(a)ln (b))
= e(w(a)1)e(1"m (b))
e(mw(a)m(1))e(m (1) (b)) (6)
e(m(a)r(1)e(m(1")m(b))
e(r(al’))e(x(1"b))
= ¢e(ab),

because 7 respects the multiplication; H is a WBA; r respects the unit; i respects the
comultiplication, and 7 respects the multiplication. The last equality of (6) is shown
by a direct computation for generica = [p | ¢q],, € H[§],b = [r | s], € H[F].

At this point, we know that 7 is a homomorphism of WBAs. It is surjective
because € is generated by M and already the image 7 (H [§];) exhausts the coefficient
coalgebra C(M) = (oM)* @ oM.

Parts (3) and (4) can finally be seen in a direct computation. O

Remark 3.9. If both the monoidal unit 1 and the generating object M are simple,
then the restriction 7|y [g),@H[], : H[F]o ® H[§], — H is injective.

4. Schur—Weyl dual description at fixed powers of M

In this section, we define a quotient of the WBA H [¢] in such a way that the tensor
powers of the generating object M have the desired endomorphism algebras.

4.1. Implementing the endomorphisms of the tensor powers of M

Definition 4.1. Let € and M be as in Theorem 3.8. An endomorphism system for
€ with respect to M is a sequence & = (E(”))nelNO of sets E C End(M ®") of
endomorphisms such that

(1) End(1) as an associative algebra is generated by E© U {id};
(2) foralln € N, End(M ®") is generated by

(E®D @idp) U E™,
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where we have abbreviated

E" Y @idy ={f"V @idy | f*V e E@7VL

The situation is particularly easy if both Tand M are simple and if € is braided with
braiding Yxy: X ® ¥ — Y ® X such that the endomorphism algebras are already
generated by the braiding and inverse braiding of adjacent tensor factors. Forn > 2,
we denote by B, the associative unital algebra generated by {1//1.jE |[1<j<n-1}
with

F_id s RUE L ®id. s
Vi =idyei-n Vi m ®1dyen—i-1) -
Definition 4.2. Let € and M be as in Theorem 3.8. Then € is said to satisfy the

strong Schur—Weyl property if both 1 and M are simple and if € is braided such that
End(M®") = B, foralln > 2.

Example 4.3. Let € and M be as in Theorem 3.8 and assume that € satisfies the
strong Schur—Weyl property. Then an endomorphism system for € with respect to
M is given by

EW =g,

E® =g,

E(z) = {¢M,M7 WI_M}M}5

E(m) = {idM®(m—2) ®‘/’M,M7 idM®(m—2) ®WA_4}M}7

for all m > 3.

Given an endomorphism system & = (E (”))nGNO for € with respect to M, we

can express the endomorphisms w f ™ : (wM)@)” — (a)M)@”, f® e EM™ peN,
as

@f)ep @ @ep) = 37 V@@V f o,

Flyestn €81

with coefficients fr(ln..).,n; pi--py € k. By analogy, forn = 0 and of @: 01 — o],
f© ¢ EO this is replaced by

1 1 0
@f O)e™) = 3 e £

Lego

with coefficients fz('(;') ck.

Remark 4.4. (i) Recall that End(M ®") =~ End((o M )é’" ) in view of the equivalence
€ ~ MH of k-linear monoidal categories.
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(i) Because of the form of the long canonical functor, (wf)(v) = (idp ® f)ov

forv e wX, f: X —> Y, X,Y € |€], and so the coefficients ,‘1’??.,,7;,,1...,," in (4.1)
are zero unless 7(r1) = t(p1) and o (r,) = o (pn).

Definition 4.5. Let €, M and § be as in Theorem 3.8 and & = (E(”))ne,NO be an
endomorphism system for € with respect to M. The endomorphism adapted WBA
is the quotient H[§, &) = H[§]/le where Ig is the two-sided ideal generated by
the relations

S Il ol Tl paly B paran
™ @)
- Z frlmrn;pl---p,, [pl | ql]l """ [pn | qn]l
forallrj,q; € §',j € {1,....n}, f™ € E® andn € No.

Note that all relations in the quotient H [§]/ ¢ are homogeneous, and so H [§, &]
is graded, cf. Proposition 3.2(4).

Proposition 4.6. The endomorphism adapted WBA H[§, &] of Definition 4.5 forms
a WBA.

Proof. We have to show that /¢ is also a two-sided coideal, i.e. it satisfies A(lg) C
le ® H+ H ® Ig and Ig C ker ¢. This is established in a direct computation. Note
that the relations that generate the ideal /g, can be rewritten as

Z [ri-rm | p1 ”'pn]”flfln'?'PnﬂIl'“Qn

p],...,an‘gli

o(pj)=t(p;j+1)
D D S R | TRTRY M RT Ry U
pl,...,an‘gli

o(pj)=t(pj+1)

Proposition 4.7. Under the assumptions of Definition 4.5, the surjection 7w . H[§] —
H of Theorem 3.8 factors through the canonical projection H[§] — H[§, &), giving
rise to another surjection of WBAs w: H[§, & — H. This map 7 also satisfies the
properties (1) to (4) of Theorem 3.8 and in addition

(5) The restriction T | g g e 0 H[g.€], : H[F.Elo ® H[S.E]; — H is injective.

Proof. In any quotient of H[§], the relation (7) holds for a particular ™ e E®,
n € No, if and only if the linear map

kgH®"  — (kgH)®",
P1® Q@ pp—> Z - ®rn r(lrf')'rnQPl’"Pn
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forms a morphism of right comodules. This is established in a direct calculation. The
claim holds because 7 pushes forward k§° to w1 and k6! to w M, and because 7 is
a morphism of WBAs and therefore preserves tensor products. For Property (5), we
recall that M satisfies all conditions of Definition 3.4 and that the direct summands
of T are pairwise non-isomorphic [4]. O

The special case of the endomorphism system of Example 4.3 is particularly
interesting because in this case, the ideal /g is generated by quadratic relations only.

Definition 4.8. Let €, M and § be as in Theorem 3.8 and the endomorphism system
&= (£ (”))nez> , be as in Example 4.3. We denote the coefficients of the braiding
under the long canonical functor by Ry, r,:p, p,» i.€.

o(Wmm)(p1 ® p2) = Z r1 @12 Ryiryipips

r1,r2€§1

for all py, p» € §'. The weak Faddeev—Reshetikhin—Takhtajan (FRT) bialgebra is
the quotient H[9, R] = H[§]/Ir where IR is the two-sided ideal generated by the
relations

Z [ri | pily - [r2 | p2li Rpipaiaran
p1,p2€9!

3)
- Z Rriryipips 1 L @1l - (P2 | 2],

P1.p2€8!

for all r1,72,q1,q2 € §'.

Note that the relations can again be written in a slightly different fashion:

Z [rir2 | PrP2]a Rpy prigia — Z Rrir2ipips [P1P2 | 41G2]5-

p1,p2€9: p1,p2€9
a(p1)=t(p2) a(p1)=t(p2)

In complete analogy to Proposition 4.6, the weak FRT bialgebra H[¢, R] forms a
WBA. We call it the weak FRT bialgebra because our quotient generalizes the con-
struction of Faddeev—Reshetikhin—Takhtajan [18] to finite-dimensional split cosemi-
simple WBAs. This is the situation in which Hayashi describes WHAs whose cate-
gories of finite-dimensional comodules have the same fusion rules as the modular cat-
egories associated with Uy (s[y) at suitable roots of unity [5]. Since R consists of the
coefficients of the braiding, R satisfies a generalization of the quantum Yang—Baxter
equation to truncated tensor products. Such an R-matrix is known in the physics
literature as the Boltzmann weight of a star-triangular face model. R-matrices of this
type were studied, for example, in [7].
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Example 4.9. If € and its endomorphism system & = (E™), ., , are as in Exam-
ple 4.3, the endomorphism adapted WBA coincides with the weak FRT bialgebra.

Proof. We have to show that the quadratic relations that define /r in (8) already gener-
ate the entire two-sided ideal /g of Definition 4.5. Recallthat E©@ = ¢ = EM in this
example. First, since R is the braiding, each relation (8) for R implies another relation
of the same form with R™! rather than R. Just multiply the relation (8) with R™! from
the right and from the left. Second, in order to show that all elements (7) of degree
greater than two are already contained in the two-sided ideal generated by /g, it is suf-
ficient to verify that all endomorphisms of the form w f = id (M) B ®w(01‘3}’ M)

f € E™ n > 3, are already implemented by the quotient modulo /. This is done
in a direct computation. O

Even in situations in which € is braided and the braiding and its inverse do not
generate all endomorphisms of the tensor powers of w M, the weak FRT bialgebra
is worth studying in more detail. Firstly, the weak FRT bialgebra is equipped with
a coquasi-triangular structure and, secondly, the endomorphism adapted WBA is a
quotient of the weak FRT bialgebra.

Proposition 4.10. Let €, M and § be as in Theorem 3.8 and assume in addition that
€ is braided. Then the WBA H[§, R] of Definition 4.8 is coquasi-triangular with
universal r-formr: H[§, Rl ® H[§, R] — k given by

r([u | vlp ® [w | x]g) = Su,v6v,x8uw.
r([u [ vlo ®[p 1 4l1) = Su,c(p)Sv.0(p)Spa-
r(lp | gqlo ® [u [ v]o) = 8o(p),ubz(p),v0p.q-
Rprisq if T(p)=1(s), o(r) =0(q).

r(lplqly ®Ir|s]y) = o(s) =1(q),0(p)=1(r),
0 otherwise,

and further, inductively, by

r(p 1 qln @ [8leg) = Y (2 [ty ® [ [ 5110 (2 | gl ® [r2 | 521y,

tegm

where r = riry, s = s152 withr1,s1 € €% and r, 55 € €'; and by

r([p | qlns1 @[ 1 sle) = Z r([p2 [ g2l @ [r | tl)r([p1 | g1l @ (2 | 510).

tegt

where p = pi1ps and ¢ = q1q2 with p1,q1 € §™ and p>,q> € §'. The map
nr =mon': H[§, R] — H is a surjective homomorphism of coquasi-triangular
WBAs.
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Proof. Direct computation. O

Corollary 4.11. Let €, M, and § be as in Theorem 3.8 and assume in addition that
€ is braided. Then there is a surjection of coquasi-triangular WBAs ' : H[§, R] —
H[§, &] and the Boltzmann weight

R:k8'®kE' — kG 'RkE!,
P1®p2 > Zrl,rzegl "1 ® 12 Rrirsipipas

is star-triangular, i.e.
RioRyoR;y = RyoRi0oR5,

where Ry = R ® idyp and Ry, = idyp QR.

Proof. Since for all n > 2, B, < End(M ®") always forms a subalgebra, we have
Igr C Ig. A compatible coquasi-triangular structure on H[g, &] always exists be-
cause the braiding is, of course, a morphism. The Boltzmann weight is star triangular
because R coincides with the coefficients of the braiding w(V¥ar,ar): oM QM —
oM@oM. O

4.2. Comparing the categories of comodules. In this section, we compare the
categories M7 1E-€1 and MH of finite-dimensional comodules of the endomorphism
adapted WBA H[$, &] and of the universal coend H = coend(€, w).

Proposition 4.12. Let €, M and § be as in Theorem 3.8 and & = (E(”))neN0 be
an endomorphism system for € with respect to M.

(1) The vector space (wM)®", n € Ny, is bothan H[S, &]- and an H -comodule.
The homomorphism of WBAs 7w . H[§, €] — H pushesforwardthe H[S , €]-comodule
structure to the H-comodule structure, i.e.

(i, 3,60 ®7) o BH7ED — ) ©)

(@M)®" wM)®" (@M)®"
(2) A linear map f: (a)M)@” — (a)M)@n, n € Ny, is H-colinear if and only if
itis H[G, &]-colinear, i.e.

End 15,61 (0M)®") = End 1 (0 M)®"). (10)

(3) A linear subspace V C (wM)ém, n € Ny, is an H[§, €]-subcomodule if and
only if it is an H -subcomodule.

@) Let V C (@M)®" and W < (wM)®™, n,m € Ng, be right H[§, €]-sub-
comodules. If n # m, then V. 22 W are not isomorphic as H[§, &]-comodules. If

n =m, then V and W are isomorphic as H[§, &]-comodules if and only if they are
isomorphic as H -comodules.
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(5) H[§, &] is split cosemisimple. The isomorphism classes of its simple co-
modules can be represented by some Vj(m) e |MHE-El ywhere m € Ng and j €
{1,...,8m}, €m € N. Here, j labels the isomorphism classes of simple H -comodules

)®m

in the complete decomposition of (oM as an H-comodule. Furthermore,

pushes forward each Vj(m) to that particular isomorphism type of H -comodules.

Proof. (1) Theorem 3.8, Parts (3) and (4) and the fact that 7 is a homomorphism of
algebras.

Q) If f is H[§, &]-colinear, then it is also H -colinear, using the homomorphism
of coalgebras 7 : H[§,&] — H. Conversely, if f is H-colinear, then f is contained
in the k-linear span of the set of all finite products of elements of the form w f ™ ®
id (M) B—m 0<m <n, f ¢ E™_ Each endomorphism of the spanning set

is right H[§, &]-colinear by Proposition 4.7, and so f is H[¢, &]-colinear as well.
(3)LetV bean H[§, &]-subcomodule, i.e. we have ﬂEHA[f)gi) (V) CVQH[$,§].
w

. o= (H)
Applying (1d(wM)®,, ®7) shows that 'B(a)M)@’” (V) €V ® H. Conversely, let V' be

an H-subcomodule. Since H is cosemisimple, (oM )®"A = V @& W with some
subcomodule W. The linear map f: (@M)®" — (wM)®" with f|y = idy and
flw = 0 forms a morphism of H-comodules. By Part (2), f is H[§, &]-colinear
and therefore its image V an H[§, &§]-subcomodule.

(4) If n # m, the coefficient coalgebras C(V) < H[$,€&], and C(W) <
H[§,§&],, are in different degree, and so C(V) N C(W) = {0} which implies the
claim. In the case in which n = m, we use Part (2).

(5) In order to show that H[$, &] is split cosemisimple, we show that it is a
coproduct (direct sum) of matrix coalgebras.

First, since the ideal /g in Definition 4.5 is generated by homogeneous elements,
the canonical projection p: H[§] — H[§,&] = H[§]/Ig preserves the grading of
the algebra. Therefore,

H[g. €= || HI$.€],. an

meNg

Here, the homogeneous components H[g,€],, = p((k§™)* ® k§™) form the
coefficient coalgebras H[§,6], = C(oM )®™). Recall that p pushes forward

the H [§]-comodule k€™ to the H[¢, §]-comodule (wM)®™ (Theorem 3.8(3) and
Part (1)).

Since H is split cosemisimple, (oM )@’m

as an H -comodule decomposes into

@M =V g0V e eV e dV™. lneN. (12)

D1 P
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Here, the Vj(m), 1 < j < {,, are pairwise non-isomorphic H -comodules, and the
p; € N denote their multiplicities. Furthermore, End 4z (Vj(m)) =~ k forall j.

By Part (3), each instance of a Vj(m) C (oM )@’m forms an H[9, &]-subcomodule,
and by Part (2), End  z1s.61 (Vj(m)) =~ k, and so (12) is a complete decomposition of
H[§, &]-comodules as well.

Ifwewrite V = (a)M)®m and £ = End y urg.61()), the construction of H[9, &]
in Definitions 4.1 and 4.5 shows that

H[S.8), = V*®% V.

Thanks to (12), E is known to be the product of matrix algebras

Lm
E = @ kPi*Pi
j=1
and a direct computation shows that

Lm
j=1

Combining this with (11) proves the claim. O

5. Comparing different powers of M

In order to fully understand the relationship between the categories of comodules of
H[S, &] and of H, we determine the preimage under 7 (Proposition 4.12(5)) of the
simple comodules of H, i.e. all those simple H[¢, &]-comodules that are pushed
forward by 7 to the same simple H -comodule.

In the following, the assumption that € be left-autonomous, i.e. that H =
coend(€, w)isaWHA, is not only used to imply that the monoidal unit is multiplicity-
free, but is rather a key to comparing the categories of comodules of H[§, &] and of
H.

The assumption guarantees that it is sufficient to determine the preimage under
7 of the monoidal unit w1. It turns out that all simple isomorphism types in that
preimage are obtained by conjugating the monoidal unit of M€l by group-like
elements g such that 7(g) = 1. Dividing the endomorphism adapted WBA H (¢, &]
by 1 — g for these group-likes g then yields a WHA that is isomorphic to H.

5.1. Group-like comodules. In this subsection, we consider an arbitrary WBA H.

Definition 5.1. Anelement g € H of a WBA H is called



362 H. Pfeiffer

(1) right group-like if Ag = g’ ® g1” and &5(g) = 1,
(2) left group-like if Ag =1'g ® 1"g and &,(g) = 1,
(3) group-like if it is both right and left group-like.

The set of group-like elements in a WBA forms a monoid. Note that we do not
require the group-like elements of a WBA to have a multiplicative inverse. If H is a
WHA, however, every group-like g € H has the inverse g~ ! = S(g).

Proposition 5.2. Let H be a WBA.

(1) For each group-like g € H, there is a right H-comodule structure on the
vector space Hyg given by

Bus: Hy —> Hy ® H,

13
X — X0 ® (gx1), (4

where By: Hy — Hg ® H,x +— x¢ ® x1 denotes the right H-comodule structure
on Hy that yields the monoidal unit of M, cf. (3). In the following, we denote the
comodule with the structure (13) by H¥ .

(2)If g1, g2 € H are group-like, then
HE'QHS? ~ HE82,

Proof. Parts (1) and (3) are straightforward. For part (2), the left-unit constraint of
H?, Ay IQHF? — HF?, yields the linear map underlying the isomorphism

HE'QHE? — HE'®2. O

Given ahomomorphism of bialgebras f : H — H'’and the induced push-forward
functor f*: MH — MH' the H-comodules sent by f* to the monoidal unit 1 €
| M| are precisely the comodules H¥ for the group-like elements g € H that satisfy
f(g) = 1. This is established in the remainder of this subsection and will be applied
to the homomorphism 7: H[§,8] — H.

Proposition 5.3 (from [20], Lemma 4.1). In every WBA H, the restriction
et|luy: Hy — H;

forms an algebra anti-isomorphism with inverse &s|p, where g5(x) = 1'¢(1”x) for
allx € H.

Proposition 5.4 (from [20, Lemma 6.3]). Let f: H — H' be a homomorphism of
WBAs. Then the restrictions f|u,: Hy — H. and f|ug,: Hi — H] form isomor-
phisms of algebras. Their inverses are f|g,” ' (y) = Ve(f(1")y) forall y € H!
and f|g,~"(2) = e(zf(1")1” for all z € H!, respectively.
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The following proposition generalizes some results of Nikshych [13] and Vec-
sernyés [24] from WHAs to WBAs.

Proposition 5.5. Let H be a WBA. (1) There is a one-to-one correspondence between
right group-like elements g € H and right H-coactions B: Hy — Hs ® H that
satisfy

([dg, ®¢&5) o B = (Idp, ®es) o A o ;.

The correspondence is given by g = e(19)11 and B(x) = s,(x') ® gx” for all
x € Hg.

(2) There is a one-to-one correspondence between left group-like elements g € H
and right H -coactions 8: H, — H; ® H that satisfy

(idg, ®¢cr) o B = (e ®idp,) o A o &;.

The correspondence is given by g = e(1)11 and B(z) = &;((zg)") ® (zg)".

Theorem 5.6. Let f: H — H' be a homomorphism of WBAs. Then the induced
functor *: MHE — M pushes forward some right H-comodule N € |M*| to
the monoidal unit 1 € |<MH/| ifand only if N = HE for some group-like g € H that
satisfies f(g) = 1. This group-like element is given by g = (¢ ®idg)ofnon(l) =
8(10) 1, € H.

Proof. If N = H¢, then the coaction By : Hy — Hg ® H is given by Bn(x) =
x" ® (gx") for all x € Hy. The push-forward reads Br+n) = (f|a, ® f) o By o
fla, "'t H — H!® H'. A direct computation shows that, since f(g) = 1, we
have By (y) = ¥’ ® y” forall y € H,ie. f*(N) = 1¢e |MH'|.

Conversely, let f*(N) = 1 € |MH'|, i.e. there is a coaction Br=ny: Hy —
H;® H suchthat yo ® f(y1) =)' ® y" forall y € H|.

First, the original coaction coincides with Sy = (f] Hs_l ® idg) o Br+v) ©
fla,: Hs — Hg ® H which can be shown to satisfy xo ® g5(x1) = x’ ® g5(x”)
for all x € Hy. By Proposition 5.5(1), g = (¢ ® idg) o B o (1) is right group-like
and By (x) = x’ ® (gx”) for all x € Hj.

Second, there is a coaction § = ((e,of|H5_1)®idH)of|Hsoés: H, — HQH
which can be shown to satisfy zg ® &,(z1) = &(z') ® z” for all z € H,. By
Proposition 5.5(2), ((eo&; o f|Hx_1) ®idg) o fH, o &son(l) = g is left group-like
as well. O

5.2. Completing the characterization. In this subsection, we compute the kernel of
the surjection 7 : H[§, &] — H of Proposition 4.7 and arrive at our characterization
of the universal coend H = coend(€, w) in Theorem 5.7. The main technical result
is the application of Theorem 5.6 to the homomorphism of WBAs 7 : H[9,8] — H.
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Theorem 5.7. Let € be an essentially small, finitely split semisimple, k-linear, addi-
tive, autonomous monoidal category such that k is a field and Hom (X, Y) is finite-
dimensional over k for all X,Y € |€|. We choose an object M € |€| that generates
€. Let 9 be the dimension graph and & = (E™), <\, o be an endomorphism system
for € with respect to M. We use the map w: H[G, 8| — H of Proposition 4.7. Let
G be the set

G ={gec H[S,E]| g is group-like and 7(g) = 1} (14)

and I G be the two-sided ideal generated by the set { g—1 | g € G }. Then T induces
an isomorphism of WBAs
H[§,8]/1c =~ H.

Proof. 1f g is group-like such that 7(g) = 1, the two-sided ideal generated by g — 1
is also a two-sided coideal. The quotient H = H[§, §]/I is therefore a WBA. The
map 7: H[§,E] — H obviously factors through this quotient and yields another
surjection of WBAs 7 : H — H. We have to show that this map 7 is injective.

We know from Proposition 4.12(5) that H[§, &] is a coproduct of matrix coal-
gebras. We first show that Hisa coproduct of matrix coalgebras as well, and then
examine the action of 77 on these matrix coalgebras in order to establish the injectivity
of 7. In the following, we denote by p the canonical projection in the commutative
diagram

H[$,.8| — 2 - H=H[$,86]/Ig

H .

Let V e |MHE-€]| be simple and C(V) = V* @ V C HJ[E, &] be the associated
matrix coalgebra. We know from the proof of Proposition 4.12(5) that the restriction
T|c(v) is injective, i.e. p|c(v) is injective as well. Since p is surjective, H is spanned
by matrix coalgebras of the form p(C(V)), V e |MHE-€]|,

Let now W € |MH| be simple and C(W) = W* ® W < H. By Proposi-
tion 4.12(5), its pre-image 7~ (C(W)) € H[§, &] is a finite direct sum of matrix
coalgebras. For each of these matrix coalgebras C(V) = V*QV C H[g, &], the re-
striction p|c(v) isinjective, and so p(7 1 (C(W)) is adirect sum of (perhaps a smaller
number of) matrix coalgebras. Since p is surjective, 7 "1 (C(W)) = p(Z~ 1 (C(W))),
i.e. the pre-image of C(W) under 7 is a finite direct sum of matrix coalgebras. In
order to establish that 77 is injective, it therefore suffices to show that this finite direct
sum consists of one term only.

Recall that every potential term in the direct sum 7~ 1(C(W)) is of the form
p(V*QV) for some simple V' € | M HI19.€]| and so V appears as a subcomodule of

some (wM)®™, m > 0. We therefore need to prove the following:
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Let X € (wM)®" and Y C (a)M)W, m, £ € Ny, be simple right H[§, &]-co-
modules. If X = Y as H-comodules (under push-forward by 7), then X = Y as
H -comodules (under push-forward by p).

Let X =~ Y be isomorphic as H-comodules. Recall that if m = £, Proposi-
tion 4.12(4) implies that X = Y as H[§, &]-comodules and therefore as H -como-
dules as well. We still have to deal with the case m # £.

Since H is a WHA, X* C (a)M)®’ for some ¢ € Ng. There is an H-comodule

such that T =~ H as H-comodules. Since X = Y as H-comodules, there is another
H -comodule R

T c Y@X* c (wM)®(€+t),
such that T = Hy as H-comodules. Both 7 and T are also H [§, &]-comodules
that are pushed-forward under 7 to the monoidal unit of M. By Theorem 5.6,
T ~ HI[g,&]¢ and T ~ H[ﬁ,é‘]g for some group-like g,g € G. Therefore,
T ~ FIS ~ T as H-comodules.

On the other hand,
Y®T CYRX®X*) S (wM)®EHmHD

are isomorphic as H -comodules, and so by Proposition 4.12(2), also as H [€, &]-co-
modules and therefore as H -comodules. We conclude that as H -comodules,

X XQH, 2 XQT =2YRT =~ YRH, >~ Y. 0

Note that since H is a WHA, the left hand side of (5.7) becomes a WHA as well.
Finally, we provide some additional details of the construction.

5.3. Some further details

Lemma 5.8. Under the assumptions of Theorem5.7, letg, g € H [€, &) be group-like
such that 7(g) = 1 = 7(g). Let H[§,8]% € (woM)®" and H[9, €)% C (0 M)®"
for some m,n € Ng. If m = n, then g = g.

Proof. Recall from Proposition 4.12(5) that H[¢, &] is a coproduct of matrix coalge-

bras C(V) = V*®V each of which is associated with a subcomodule V € (wM)®"
for some m > 0, i.e. all comodules H[¢, & ]f are subcomodules of the form assumed.
Let now m = n. Pushing-forward these comodules along 7 yields isomor-

phic H -comodules Hs”(g) ~ Hy ~ Hs”(g). By Proposition 4.12(4), H[$, €% =~
H[, &]¢ are also isomorphic as H[§, §]-comodules.
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We now apply Theroem 5.6 to the homomorphism of WBAs 7: H[§,&] - H
and choose N = H[§, & ]g . We know that N pushes forward to the monoidal unit of
MH under 7 and that it is isomorphic as an H[§, &]-comodule to H[¢, €] where
g is group-like with 7 (g) = 1. Theorem 5.6 then gives a formula for g in terms of
the coaction of H[9, & ];‘; :

g = (E®id) o By e on(1) = e(1)(@1") = & 0

Proposition 5.9. Under the assumptions of Theorem 5.7, if in addition € satisfies
the strong Schur-Weyl property, then each g € G is central in H[§, &] and satisfies
g = X(g) where X(g) = &,(e5(g"))g"es(e1(g")). Here, X acts on homogeneous
elements [p | ql,, € H[, €],,, m € Ny, as follows:

X([p 1 9]m) = 86(p),c(p) @) e @) [P | @l

Furthermore, using the surjection wg: H[S, R] — H of WBAs of Proposition 4.10,
each g € Gg with

Gr ={g € H[S, R] | g is group-like and wg(g) = 1} (15)
is central in H[§, R).

Proof. We abbreviate N = H[§, ], and N = H[9, E]¢ and consider the coac-

tions
Bu:M — M Q H[SF,6§],

pr— > q®I[qlpl.
geg!

and
Bnes: N8 — N8 ® H[§,E],

Jo— > e @le] ).
Leg0
for p € §', j € §° Applying idys ® idyy ®7 to both sides of the following
equation
,BNg@)M(j ® p) = (U]?/}e,M ® idH[ﬁ,S]) ° IBM@)Ng cone,m(J ® p),

exploiting that 7 (g) = 1 and that 7 is injective on H[$, §],- H[§, &), € H[, &,
yields

IBN®M = (Uﬁé,M ® idH[ﬁ,S]) o IBM@,N OONE&.M (16)
where By o4, and By, o\ contain the coaction of the monoidal unit,

Bn:N& — N¢ @ H[E, €],

Jj — Z£®[£|j]o-
Lego
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Applying (— ® — ® (g - —)) to (16), pre- and post-composing with 0;,}3 u and
ong,m ®1idg[g, g, and then pre- and post-composing with pps and p;ll, respectively,
allows us to compute

Y oae@lalpl) =) ¢®(q] LX) (17)

ge¥g! qeg!

Now we repeat all of the above argument for 1 = H[§, &]; rather than M. In
this case, we exploit the fact that 7 is injective on H[9, &], - H[§, &), € H[9, €],
and obtain that for all £ € §°:

YoieElhiltby =Y e[| tXeg).

jego jego

Since € satisfies the strong Schur—Weyl property, 1is simple and therefore the [j | £],,
j. £ € €°, form a basis of (wM)®°, and so comparing coefficients yields

gl [ o =1[j [l X(2)

for all j,£ € §°. Since n(1) € H[§, &],, we conclude that g = X(g).
Finally, since M is simple, the [p | ¢];, p,q € ¢! form a basis of wM, and so
we can compare coefficients in (17) and find that

glplqli =1[plqlig

forall p,q € §!. Since H[§, &] as an algebra is generated by H[¢, 8],U H[9, €],
g is central. The argument for Gg and g is identical.
In order to compute X(g) on homogeneous elements, we note that

es([p | q)m) =8pa Y_ 1i 1 0(P)o:

j€go

ec([p | qlm) = dpq Z [z(q) | jlo
jego

er(es((p [ 4ln) = 8pg Y [0(p) | 1o
jego

es(ec([p [ 4ln) = 8pg D 1 | T@)o.
jego

from which the claim follows in a direct computation. O

The following proposition is useful if one wishes to determine the relevant group-
like elements for a given category €.
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Proposition 5.10. Under the assumptions of Theorem 5.7 with the set G of (14), the
following holds.

(1) For each m € Ny, the set G N H[§, €], contains at most one element which
we denote by gy, if it exists.

(2) For the elements of Part (1), we have gmg¢ = gm+¢ for all m, L.

(3) G is an abelian monoid.

(4) Each g € G, g # 1, has infinite order.

Proof. (1) Letg, g’ € G N H[Y,&],, for some m € Ny. Then by Theorem 5.6 and
by the grading of H[§, €], both H[#, €]° € (wM)®™ and H[, &% < (wM)®™.
Lemma 5.8 implies g = g’.

(2) By the grading, gmg¢ € H[9, €],,. ¢ and g,n g¢ is group-like with 7 (g, g¢) =
1. Part (1) then implies the claim.

(3) Because 7 is a homomorphism of unital associative algebras and because of
Part (2).

(4) Because of Parts (1) and (2) and the fact that the unit is in degree zero,
le H[S,E],. O

Proposition 5.11. Under the assumptions of Theorem 5.7, if € is braided, the WBA
H[§, &/ is coquasi-triangular with the universal r-form induced from H[§G, &),
and the isomorphism (5.7) is an isomorphism of coquasi-triangular WBAs.

Proof. The coquasi-triangular structure of H[g, &] descends to H[¢, &]/Ig pro-
vided that the universal r-formr: H[G, E]Q@ H[F, &] — k and its weak convolution
inverse 7 : H[9,8] ® H[E, &] — k satisty

r(Ig,H[§,8)) =0=r(H[5,8],1g), r(Ig.H[§,8]))=0=F(H[SF,E] Ig).

This holds on the generators 1 — g, g € G, of Ig because 7 is a homomor-
phism of coquasi-triangular WBAs, 7(g) = 1 and r(1,—) = &(—) = r(—, 1) and
r(l,—) = e(—=) = r(—,1). It extends to the two-sided ideal by (1) and (2). The
isomorphism (5.7) is one of coquasi-triangular WHAs because 7 pushes forward all
relevant comodules. O

6. Examples

6.1. The modular categories associated with U, (sl2). In this section, we review
the modular categories associated with Uy (sl,) at suitable roots of unity follow-
ing [8] and present them as the categories of finite-dimensional comodules of a WHA
H[S,8]/1g.
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6.1.1. Description of the categories. Let r € {2,3,4,...} and A be a primitive
4r-th root of unity, ¢ = A2. For simplicity, we work over the complex numbers
k = C. The morphisms of our category € are represented by plane projections of
oriented framed tangles, drawn in blackboard framing. The coherence theorem for
ribbon categories [19] ensures that each diagram defines a morphism of €. Since €
is k-linear, we can take formal linear combinations of diagrams with coefficients in
k. All our diagrams are read from top to bottom.

The braiding of € is such that a crossing in our plane projections can be resolved
using the recursion relation for the Kauffman bracket

X: A:+ A‘1> ( (O=—-@+a™.

ignoring the orientations for now. The Jones—Wenzl idempotents P,, 1 <n <r —2,
are formal linear combinations of planar (n, n)-tangles that can be defined recursively
by

P =l [P |=| P ||+

where [n], = (¢" —¢7")/(q — g~ 1), n € Z, are the quantum integers. The isomor-
phism classes of simple objects of € are indexed by the set / = {0,1,...,r —2}.
The identity morphism of the object V},, n € I, is the identity (n, n)-tangle with the
idempotent P, inserted somewhere (anywhere). As a shortcut, we write a single line
labeled by n,

The object Vy indexed by 0 € I is the monoidal unit and can be made invisible in our
diagrams thanks to the coherence theorem. The categorical dimension of the simple

objects is given by
n

A=) = D"l +1],,
which is non-zero for all n € I.

Two special features of U, (sl,) are exploited. First, the simple objects are iso-
morphic to their duals, and the choice of representatives V;, j € I, of the simple
objects is such that (V;)* = V; are equal rather than merely isomorphic. This allows
us to omit any arrows from the diagrams that would indicate the orientation of the
ribbon tangle.

Second, there are no higher multiplicities, i.e. for all a,b,c € I, we have
dim; Hom(V, ® Vj, V;) € {0, 1}. More precisely, Hom(V, ® Vj, V,) = k if and
only if the triple (a, b, ¢) is admissible. Otherwise, Hom(V, ® V;, V,) = {0}.
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Definition 6.1. A triple (a, b, c) € I3 is called admissible if the following conditions
hold.

(1) a4+ b 4+ ¢ = 0mod 2 (parity),

2) a+b—c >0andb+c—a > 0and c+a—b > 0 (quantum triangle inequality),
(3) a+ b+ ¢ <2r — 4 (non-negligibility).

A special choice of basis vector of Hom(V,, V5, ® V,) is denoted by a trivalent
vertex:

b c

wherei = (a+b—c¢)/2,j =(a+c—>b)/2and k = (b + ¢ —a)/2 and the boxes
denote Jones—Wenzl idempotents. If we draw such a diagram for atriple (a, b, ¢) € I3
that is not admissible, then by convention, we multiply the entire diagram by zero.
We also need the theta graph

a

9(a.b.c) :@,

C

which is non-zero for all admissible triples (a, b, c). When we compose the mor-
phisms associated with such diagrams, the composition is zero unless the labels at
the open ends of the tangles match, i.e. putting

P
r j p
below gives 840k 4 k.
s q k
S

Exploiting semi-simplicity and Schur’s lemma, we compute

)4
3(p.g.k)| F

q k= Sps Ap

N

The quantum 6; -symbol is defined as

{a b }_ A; |
¢ d jf, " ¥adi)b.ed) NI/ l‘

~.
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It is used in the recoupling identity,

b ¢ b ¢
: J i_z{a b z}

T La e d P !
a d ! a d

6.1.2. The dimension graph. We now assume that r > 3. The category € is
generated by M = V; (Definition 3.4). From the decompositions Vo ® M = V7,
VieM=V,_1®Vjyiforalll < j <r—3and V,—, ® M = V,_3, we obtain
the dimension graph ¥ of € with respect to M (Definition 3.6):

g:./_\.C.: j.u. . (18)
0 1 2 r—3 r—2

Since for any two vertices j,{ € 6% = ], there is at most one edge from j to £, we
specify a path p € §™ of length m € Ny by the sequence of the m + 1 vertices along
p.ie. p = (io,...,im) € I™*1. The source and target of this path are o (p) = i,
and t(p) = ip.

At this point, the reader should be familiar with the WBA H [§] associated with
the graph § (Proposition 3.1). As an algebra, H[§] = k(§ x §) is the path algebra
of the quiver ¥ x §. As a coalgebra, it is a direct sum of matrix coalgebras: one for
each degree, i.e. for each length of paths. Our construction shows that the category
€ is equivalent to the category of finite-dimensional comodules of H [§] modulo the
relations (19) and (21) below.

6.1.3. The fundamental surjection. We use the same basis of oM = Hom(17,
V ® M) as in [16] and [17], ie. {e() . et). | 0 <i < r — 3} which reads in
terms of diagrams,

i i+1
(M) (M)
Cii+1 = )\ and e, ;; = )\ :
i+1 1 i 1

The surjection 7 : H[§] — H = coend(€, w) (Theorem 3.8) then maps
7([() | o) = lefyy | ef"1..

7 ([Gos j1) | (Co, €0)]1) = [el5) el .

for j, jo, j1,€,%0,£1 € I and j; = jo+1,€; = £y 1. Werefer to the explanations
preceding Theorem 3.8 for the bases used on the right hand side.

6.1.4. The endomorphism adapted WBA. The category € satisfies the strong
Schur—Weyl property (Definition 4.2), i.e. the monoidal unit 1 = V, and the gener-
ating object M = V; are both simple, and the endomorphism algebras End(M ©™),
m > 2, are generated by braiding and inverse braiding of adjacent tensor factors.
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The ideal /¢ in the definition of the endomorphism adapted WBA H[§,&] =
H{[$§]/1g (Definitions 4.5 and 4.8) is therefore generated by homogeneous relations
of degree two:

Z [(jOs jlv JZ) | (i(), il, i2)]2 R(l'o,l'l,iz);(eo,él,éz)

(i0si1,i2)€9?

- Z Rjo, j1,j2)iG05i15i2) [(f0.i1.12) | (Lo, L1, €2)],,

(i0i1,i2)€8?

19)

for all paths of length two (jo, j1, j2) € §2 and (£, £1,{2) € §%. Note that these
relations are non-trivial only if jo = £g and j, = ¢> (Remark 4.4(2)).

A direct computation using Temperley—Lieb recoupling calculus yields the fol-
lowing non-zero coefficients:

L1 gD
R j+1:0.41.5) = T4 TSR
1,0/ +2]
R(j,j=1,):G.j+1.5) = q_l/zu,
[j +1],°
—1/2
R jr1Gg—1) =4 %
3/2

Rij,j+1,j+2):(,j+1,j42) =4

6.1.5. The relevant group-like elements. In order to compute the kernel /g of
the induced surjection 7: H[g,&] — H, we systematically consider the simple
comodules of H and H[$, &], proceeding by increasing degree according to the
tensor power m of M®™ m € N.

In the following table, we show the decomposition of (w M )®™ as an H -comodule
which is known from €, and the decomposition of k§™ as an H[§, &]-comodule

which follows from Proposition 4.12(4). Assume for now that r is big.

(@M)®" € |MH| | kg™ e | MHIEE))

m

01| W Vo

1 V1 Vl

2| VoW Vo ® VO/
3| V3p2g Vi b 2V1/
4

Va® 3V, &2V, V4ED3V2/692V0N

For each j €I, the objects V;, Vj/ , Vj’ ’,...are simple H[&, &]-comodules that are
pairwise non-isomorphic as H[¢, &]-comodules but that are all pushed forward to
the H -comodule V; under . Note that we have suppressed the long forgetful functor
and written V; for wV/;.
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We see that m = 2 is the smallest degree in which there is an H [§, §]-comodule,
V(; , which is not isomorphic to Vy, but pushed forward to it under 7. Therefore, by
Theorem 5.6, Vj is characterized by a group-like element g, € H[§, &], for which
7(g2) = 1. Upon dividing H[§, &] by the relation g, — 1, Vj and V will become
isomorphic.

The next higher degree with an H[¢, &]-comodule non-isomorphic, but pushed
forward to Vo is m = 4. Since the group-like g7 is of degree m = 4 and satisfies
7(g2) = 1, by Proposition 5.10, g5 is the group-like that characterizes V. Notice
that the quotient by g> — 1 will also render V| isomorphic to V;, V' isomorphic to
Vo and V; isomorphic to V5.

If r is not large enough, the above argument is unchanged except that some of
the ‘biggest’ comodules are absent from the decompositions. The pattern continues
in higher degrees, and the only relevant group-like is g».

In order to compute g», we explicitly decompose o M @wM = V, & Vs and
compute g as the group-like that characterizes V; from Theorem 5.6. For the de-
composition, we calculate the idempotent Q = w(idyrgm — P2) associated with V.
Here, P, is the Jones—Wenzl idempotent of V, € M ® M. Q takes non-zero values
in the following cases:

0((0.1,0)) = (0,1,0),

. 2,
0(j,j+1,j)= —[2]q[j T,

UL+,

20+ 11, (J.J—1J).
1

/1y - .
2,0 + 1, (.7 =1.J)

for1 < j <r — 3. A basis for VO/ C wM®wM is therefore given by

bo = (0.1,0),

b= +1,G. i+ 1) =l G.Jj—1j)/V2
br_y =—(r—2,r=3,r—=2).

We use the coefficients of the comodule V{ in this basis and compute the group-like
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to be

-2
Z ([ +1]] [oj + L)L+ 1.0,
q

¢
+i[(1 J—L DI L-1,0],
/1y (20)

{
N G i e+ 1o,
(/g

4],
~ g U+ LDIE L= 1.0L).
U+ 1,

withag = a,—» = land o = 1/\/5 forall 1 < j <r —3. In (20) it is understood
that terms with a path (7, j =1, j) are omitted from the expression whenever j £1 < 0

orj+1>r—2.
The kernel of w: H[9, &] — H is therefore (Theorem 5.7) generated by

1—g. 21

We have shown that the category € is equivalent to the category of finite-dimensional
comodules of the quotient of H [§] for the graph § of (18) modulo the relations (19)
and (21).

A. Summary of notation and conventions

In this appendix, we collect the relevant definitions and properties of monoidal, au-
tonomous, braided monoidal and abelian categories, following Schauenburg [21] and
Mac Lane [10].

A.1. Monoidal categories

Definition A.1. A monoidal category (€,®,1,a, A, p) is a category € with a bi-
functor ®: € x € — € (tensor product), an object 1 € |€| (monoidal unit)
and natural isomorphisms axy,z: (X ® Y)® Z — X ® (Y ® Z) (associator),
Ax: 1® X — X (left-unit constraint) and py : X @ 1 — X (right-unit constraint)
forall X, Y, Z € |€|, subject to the pentagon axiom

ax,y,zew ©dxey,z,w = (idx ®ay,zw) cax,yezw ° (ax,y,z ® idw)
and the triangle axiom
px ®idy = (idx ®Ay) o ax 1,y
forall X,Y,Z, W € |€|.
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Definition A.2. Let (€, ®,1,a,4,p) and (€¢/,®/,1',a’, 1, p’) be monoidal cate-
gories.

(1) A lax monoidal functor (F, Fxy, Fo): € — €’ consists of a functor F: € —
€', morphisms Fyy: FX ® FY — F(X ® Y) that are natural in X, Y € |€|, and
of a morphism Fy: 1" — F1, subject to the hexagon axiom

Fxyez o (idrx ® Fy,z) o dpy py rz = Faxy,z © Fxev,z o (Fx,y ® idrz)
and the two squares
"ex = FAx o F1.x o (Fo ® idFx).
Py = Fpx o Fx,10 (idrx ® Fp)

forall X,Y, Z € |€].

(2) An oplax monoidal functor (F, FX-Y F%): € — €’ consists of a functor
F: € — €, morphisms F¥Y: F(X ® Y) — FX @ FY that are natural in
X,Y € |€], and of a morphism F%: F1 — 1/, subject to the hexagon axiom

(idpx @ FY%) o FXY®Z o Fayy 7z = dpy py pz o (FXY ® idpz) o FX®Z
and the two squares

Flx = Apy o (F° ®"idpx) o F'¥,

Fpx = plpy o (idrx ® F®) o FXT
forall X,Y, Z € |€|.

(3) A strong monoidal functor (F, Fx,y, Fo): € — €’ is a lax monoidal functor
such that all Fx .y, X,Y € |€]| and F are isomorphisms.

Definition A.3. Let (€, ®, 1, @, A, p) be a monoidal category. A left-dual (X*, evy,
coevy) of an object X € |€] consists of an object X* € |€]| and morphisms
evy: X* ® X — 1 (left evaluation) and coevy: 1 — X ® X™* (left coevaluation)
that satisfy the triangle identities
px o (idy ® evy) o oy, x+ x o (coevy ®idy) o Ay = idy,
Ax* o (evy ® idy=) o Ol;i,x,x* o (idy* ® coevy) o p}l = idy= .

If € is a monoidal category and f: X — Y a morphism of € such that both X and
Y have left-duals, the left-dual of f is defined as

= Axxo(evy ®idy+) oyt y y= o (idy+ @(f ®idx+)) o (idy+ ® coevy) o py k.

A left-autonomous category is a monoidal category in which each object is equipped
with a specified left-dual.
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Definition A.4. A braided monoidal category (€, ®,1,a, A, p,o0) is a monoidal
category (€, ®, 1,a, A, p) with natural isomorphisms oxy: X ® ¥ — Y ® X for
all X, Y € |€] that satisfy the two hexagon axioms

. _1 .
oxey,z =az,xy °(0x,z ®idy) ocay 7 y o (idxy ®oy,z) o ax,y,z,

_1 . . _1
ox,yez =y z x © (idy ®ox,z) cayxzo(oxy ®idz)ocayy z

forall X, Y, Z € |€|. The category is called symmetric monoidal if in addition

oy,x °cox,y = idxgy

forall X,Y € |€|.

Definition A.5. Let (€,®,1,a.4,p,0) and (€/,Q",1,a', 1, p’,0’) be braided
monoidal categories. A lax monoidal functor (F, Fxy, Fo): € — €’ is called
braided if

FoxyoFxy = Fyx oopx ry

forall X,Y € |€|.
A.2. Abelian and semisimple categories

Definition A.6. A category € is called Ab-enriched if it is enriched in the category
Ab of abelian groups, i.e. if Hom(X, Y') is an abelian group for all objects X, Y € |€]|
and if the composition of morphisms is Z-bilinear.

Let k be a commutative ring. A category € is called k-linear if it is enriched in
kM, the category of k-modules, i.e. if Hom(X, Y') is a k-module for all X, Y € |€|
and if the composition of morphisms is k-bilinear.

A functor F: € — €’ between Ab-enriched (resp. k-linear) categories is called
additive (resp. k-linear) if it induces homomorphisms of additive groups (resp.
k-modules)

Hom(X,Y) — Hom(FX, FY)

forall X,Y € [€].

Definition A.7. A monoidal category (€, ®, 1, «, A, p) is called Ab-enriched (resp.
k-linear) if € is Ab-enriched (resp. k-linear) and if the tensor product of morphisms
is Z-bilinear (resp. k-bilinear).

Definition A.8. An additive category is an Ab-enriched category that has a terminal
object and all binary products. A preabelian category is an Ab-enriched category
that has all finite limits. An abelian category is a preabelian category in which every
monomorphism is a kernel and in which every epimorphism is a cokernel.

Definition A.9. Let € be a k-linear category, k a field.
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(1) Anobject X € |€|is called simple if End(X) = k are isomorphic as k-modules.
(2) The category € is called split semisimple if there exists a family {V;},.; of
objects V; € |€|, I some index set, such that
(a) Vjissimple forall j € I.
(b) Hom(V}, Vy) = {0} forall j,£ € I for which j # £.

(c) For each object X € |€], there is a finite sequence jl(X), cees jn(f) el,

nX € No, and morphisms léX): Vi, — X and néX): X — Vj, such that

nX
idy = ZZZX onéx.
=1

and

X X _ 1deX if £ =m,
T[é o lm = £
0, else.

(3) The category is called finitely split semisimple if it is split semisimple with a
finite index set / in condition (3).

When we speak of split semisimple monoidal categories, we do not require the
monoidal unit 1 to be simple. Note that in a split semisimple autonomous category,
if an object X is simple, then so is its dual.
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