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Abstract. We construct invariants of €-colored spherical graphs from traces on ideals in
a pivotal category €. Then we provide a systematic approach to defining such traces from
ambidextrous and spherical traces on a class of objects of €. This extends the notion of an
ambidextrous object of a braided category given by the first two authors in a previous work.

Mathematics Subject Classification (2010). Primary 18D10; Secondary 16TO05.

Keywords. Pivotal category, trace, ideal, ambidextrous.

Contents
1 Pivotal categories . . . . . . . . . . . .. 93
2 Tracesonideals . . ... .. .. ... ... 97
3 Invariants of closed graphs . . . . . . ... ... o oo 102
4 Traces and ideals from classes of objects . . . . . . ... ... ... ... 109
5 The case of projectives and the slope . . . . . ... .. ... ... .... 120
References . . . . . . . . . . . L 123
Introduction

Many constructions of quantum topology rely on tensor categories with duality and
more precisely on categorical traces of such categories. When these categories are
non-semisimple, the categorical traces are often degenerate and these constructions
become trivial. In [3] and [7] it has been shown that in non-semisimple ribbon cate-
gories, non-trivial traces can exist. The study of these traces leads to new interesting
quantum invariants of links and 3-manifolds. The goal of this paper is to generalize
this study within the context of pivotal categories. In particular, we develop a theory
of modified traces on ideals in pivotal categories and show that such traces lead to
topological invariants of planar graphs.

IThe work of Nathan Geer has been partially supported by the NSF grants DMS-0706725 and DMS-
0968279. Alexis Virelizier was partially supported by the ANR grant GESAQ.
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Let € be a pivotal k-category. We call a class .I of objects of € a left ideal (resp.
aright ideal) if it is closed under retraction and left (resp. right) tensor multiplication
by objects of €. An ideal is a two-side ideal. A left trace (resp. a right trace) on a
left (resp. right) ideal I is a family of k-linear functions

t={ty: Ende(V) > k}yes

which is suitably compatible with the tensor product and composition of morphisms
(cf. Section 2.2). A trace on an ideal I is a family t = {ty }y <7 which is both a left
and right trace on I.

Let us explain how left traces and traces lead to topological invariants of certain
graphs. Similar invariants exist for right traces. We consider planar and spherical
graphs (i.e., graphs in R? and §? = R? U {oo}, respectively). If O is a class of
objects of €, then a O-colored graph in R? (resp. S?) is a ribbon graph embedded in
R? (resp. S2) whose edges are colored by elements of (9 and coupons are colored by
morphisms in €. Let I be a planar €-colored graph. By a left cutting presentation
of I', we mean a €-colored 1-1-ribbon graph 7 in R x [0, 1] such that I" is the left
closure of 7. Let t be a left trace on a left ideal I of €. We say I is I-admissible if
it admits a left cutting presentation 7" whose open component is colored by an object
V of I. For such a left cutting presentation we set

R(T) =ty (fr)

where fr: V — V is the morphism defined by T via Penrose calculus (see Subsec-
tion 1.3). In Section 3 we prove the following statements.

(i) Let I' be an I-admissible planar graph. Then the scalar Fi(I") is well defined
(that is, independent of the choice of the left cutting presentation 7" of I"). The
assignment I' +— Fy(I") is then an isotopy invariant of I-admissible planar
graphs I.

(i) The left trace t on the left ideal I determines a class A C I (see (9)) such that for
any A-colored spherical graph I" the scalar F;(I") is well defined. The assignment
I' — F(T) is then an isotopy invariant of A-colored spherical graphs I

(iii) If 7 isanideal andtisatraceon I, then A = I and sothe assignment I" > Fi(T")
is a well defined isotopy invariant of A-colored spherical graphs I'. Moreover, this
assignment extends to an isotopy invariant of I-admissible spherical graphs I

In Section 4 we give a systematic approach to defining traces on ideals. More
precisely, let O be a class of objects of €. We define a left ambidextrous trace on O
as a family ¢t = {ty : Ende(X) — k}xepo of k-linear forms satisfying

™
>
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forall X, X’ € @ and f € Ende(X’ ® X*). Then we show that left ambidextrous
traces on @ bijectively correspond to left traces on the left ideal generated by . We
also give a notion of a spherical trace on (9 and show that these traces bijectively
correspond to traces on the ideal generated by O.

The invariant of spherical graphs described above in (ii) relies on a certain set A
of objects defined from a one-sided trace on a one-sided ideal. In Section 5 we give
a characterization of A, in terms of the slope, when the one-sided ideal is the ideal of
projective objects. In [5], the slope and left ambidextrous traces are used to construct
3-manifold invariants from the categories of finite dimensional modules over the non-
restricted quantum groups associated to simple Lie algebras introduced and studied
by De Concini, Kac, Procesi, Reshetikhin, and Rosso in [1] and [2]. The categories
of finite dimensional representations of these quantum groups cannot be braided as
their tensor product is not commutative up to isomorphism.

In [4] the results of this paper are used to prove that traces on the ideal of projective
modules exist for factorizable ribbon Hopf algebras, modular representations of finite
groups and their quantum doubles, complex and modular Lie (super)algebras, the
(1, p) minimal model in conformal field theory, and quantum groups at a root of unity.
In all these examples the usual trace restricted to the ideal of projective modules is
zero but the modified trace suggested in this paper is non-zero.

Throughout the paper, we fix a commutative ring k.

1. Pivotal categories

In this section we recall some well-known properties concerning pivotal categories.
Given a category €, the notation X € € means that X is an object of €.

1.1. Pivotal categories. Recall that a pivoral (or sovereign) category is a (strict)
monoidal category €, with unit object 1, such that to each object X € € there are
associated a dual object X* € € and four morphisms

evy: X*®X — 1, coevy: 1 — X ® X*,
&XIX®X*—>H, C()Ae-ilxiﬂ—>X*®X,

such that (evy, coevy) is a left duality for X, (éVy, Coevy) is a right duality for X,
and the induced left and right dual functors coincide as monoidal functors; see [8].
In particular, the left dual and right dual of a morphism f: X — Y in € coincide,

f* = (evy ® idy+)(idy* ® f ® idy+)(idy* Qcoevy)
= (idy* ®&Vy)(idy* ® f ® idy+)(Coevy ® idy=): Y* — X*,

and
¢ = {px = (6Vx Q idy+)(idy ®coevy+): X — X" }yce
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is a monoidal natural isomorphism, called the pivotal structure.

1.2. Traces and dimensions. Let € be pivotal category. Recall that Ende(1) is a
commutative monoid. The left trace tr;( f) € Ende (1) and the right trace tr,(f) €
Ende (1) of an endomorphism f of an object X of € are defined by

tr;(f) = evy (idy+ ® f)coevy,
tr.(f) = éVx (f ® idy=)coevy.

Both traces are symmetric: tr;(gh) = tr;(hg) and tr,(gh) = tr,(hg) for any mor-
phisms g: X — Yandh: Y — X in€. Alsotr;(f) = tr,(f*) = tr;(f**) for any
endomorphism f of an object (and similarly with /, r exchanged). If

o ®idy = idy ®x forall o € Ende(1) and X € €, (hH

then the traces trj, tr, are ®-multiplicative, that is

tr;(f ® g) = (f) try(g),
tr,(f ® g) = trr(f) tr,(g),

for all endomorphisms f, g of objects of €.

The left and right dimensions of X € Ob(€) are defined by dim;(X) = tr;(idy)
and dim,(X) = tr,(idy). Clearly, dim;(X) = dim,(X*) = dim;(X**) (and
similarly with [, r exchanged). Note that isomorphic objects have the same dimen-
sions and dim;(1) = dim,(1) = idqg. If the category € satisfies (1), then left
and right dimensions are ®-multiplicative: dim;(X ® Y) = dim;(X)dim;(Y) and
dim, (X ® Y) = dim,(X) dim,(Y) forany X,Y € €.

1.3. Penrose graphical calculus. We represent morphisms in a category € by plane
diagrams to be read from the bottom to the top. The diagrams are made of oriented arcs
colored by objects of € and of boxes (called coupons) colored by morphisms of €.
The arcs connect the boxes and have no mutual intersections or self-intersections.
The identity idy of X € €, a morphism f: X — Y, and the composition of two
morphisms f: X — Y and g: Y — Z are represented as

Y
idy=7v ., f=1s], and gf =
X X

If € is monoidal, then the monoidal product of two morphisms f: X — Y and
g: U — V isrepresented by juxtaposition
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X YU

In a pivotal category, if an arc colored by X is oriented upwards, then the corre-
sponding object in the source/target of morphisms is X *. For example, idy* and a
morphism f: X*® Y — U ® V* ® W may be depicted as

idys = + _ +
X X*

f=
The duality morphisms are depicted as

evy =[’\X, coevy =\JX’
vy =/‘\X, coevy =vx.

The dual of a morphism f: X — Y and the traces of a morphism g: X — X can

be depicted as
X x
fr= =
Y Y

() = X,
tr (g) = X~

If € is pivotal, then the morphisms represented by the diagrams are invariant under
isotopies of the diagrams in the plane keeping fixed the bottom and top endpoints.

and

and

1.4. Partial traces. Let € be a pivotal category. For X, Y, Z € €, the left partial
trace (with respect to X)) is the map

trX : Home(X ® ¥, X ® Z) —> Home(Y, Z)
defined for f € Home(X ® ¥, X ® Z) by

Z
trlX(f) = (eVX ® 1dZ)(1dX* ®f)(c’6\éijx ® ldY) — X ]

Y
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Likewise, the right partial trace (with respect to X)) is the map
trX: Home(Y ® X, Z ® X) — Home(Y, Z)

defined, for g € Home (Y ® X, Z ® X) by

z
tr}(g) = (idz ®&Vx)(g ® idy~)(idy ®coevy) = X-
Y

Note that trf(* (f*) = (trix (f)* and trlX* (g*) = (trX(g))*. In particular

a7 = e ) = v (D!
and

X F*

X (g*) = (X ()™ = ex ) (9)ex ',

where ¢ = {px: X — X**}xce is the pivotal structure of €.
Note that if f: X — X is an endomorphism in €, then

i (f) = i (f),
aX(f) =, (f),

and

w(f) = f =tul(f).

1.5. Spherical categories. A spherical category is a pivotal category whose left and
right traces are equal, i.e., tr;(f) = tr,(f) for every endomorphism f of an object.
Then tr;(f) and tr,(f) are denoted tr( f) and called the trace of f. Similarly, the
left and right dimensions of an object X are equal, denoted dim(X), and called the
dimension of X.

For spherical categories, the corresponding Penrose graphical calculus has the
following property: the morphisms represented by diagrams are invariant under iso-
topies of diagrams in the 2-sphere S? = R? U {oo}, i.e., are preserved under isotopies
pushing arcs of the diagrams across co. For example, the diagrams above represent-
ing tr; (/) and tr, (') are related by such an isotopy. The condition tr; ( f) = tr,(f)
for all f is therefore necessary (and in fact sufficient) to ensure this property.

1.6. Linear categories. A monoidal k-category is a monoidal category € such
that its hom-sets are (left) k-modules, the composition and monoidal product of
morphisms are k-bilinear, and Ende (1) is a free k-module of rank one. Then the
map k — Ende(1),k — k idy is a k-algebra isomorphism. It is used to identify
Ende (1) = k.

A pivotal k-category satisfies (1). Therefore, the traces try, tr, and the dimensions
dim;, dim, in such a category are ®-multiplicative. Clearly, tr;, tr, are k-linear.
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Anobject X of amonoidal k-category € is simple if Ende (X ) is a free k-module of
rank 1. Equivalently, X is simple if the k-homomorphismk — Ende(X), k — k idy
is an isomorphism. By the definition of a monoidal k-category, the unit object 1 is
simple. If X is a simple object of €, we denote by ( )y : Ende (V) — k the inverse
of the k-linear isomorphism k — Ende (V') defined by k — k idy.

2. Traces on ideals

In this section we introduce the notion of one-side ideals and one-side traces on
one-side ideals. We also study some basic properties of such ideals and traces.

The notation @ C € means that O is a class of objects of €. If € is a monoidal
category, we denote by €™ the category € with opposite monoidal product defined
by X ®PY =Y ® X for X,Y € €.

2.1. Ideals. By a retract of an object X of a category €, we mean an object U of €
such that there exist morphisms p: X — U and ¢: U — X verifying pg = idy.

A class @ C € is said to be closed under retraction if any retract (in €) of an
object of @ belongs to O.

A class O of objects of a monoidal category € is said to be closed under left (resp.
right) multiplication it Y @ X € @ (resp. X @ Y € Q) forall X e Qand Y € €.

By a left (resp. right) ideal of a monoidal category €, we mean a class I C €
which is closed under retraction and under left (resp. right) multiplication. By an
ideal of a monoidal category €, we mean a class I C € which is both a left and right
ideal.

Note that the closure under retraction implies that a left (resp. right) ideal I of a
monoidal category € is replete, meaning that if Y € € is isomorphic (in €) to some
X € I,thenY € I. In particular, if € is braided, then any left (resp. right) ideal is a
(two-sided) ideal.

Lemma 1. Let € be a pivotal category.
(a) A left (resp. right) ideal of € is closed under biduality.

(b) An ideal of € is closed under duality.

Proof. Part (a) follows from the facts that a left (resp. right) ideal is replete and that
the bidual X ** of an object X € € is isomorphic to X (via the pivotal structure).
Let us prove (b). Let I be an ideal of €. Given X € I, set p = evy ® idyx* and
q = idx* ®coevy. Then pg = idy=. Thus X* isaretractof X* ® X ® X* € I
and so belongs to I. O

For a class of objects I in a pivotal category €, we set

I*"={ye€:3Xel, Y ~X"}
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Note that if I is a left or right ideal of €, then
I*={Yyet€:Y*el}

(since ideals are replete and Y ~ Y ** for any Y € ©).

Lemma 2. Let I be a replete class of objects of a pivotal category €.
(a) I is aleft (resp. right) ideal if and only if 1% is a right (resp. left) ideal.
(b) I isanideal if and only if I is a left (or right) ideal and I* = 1.

Proof. Part (a) follows from the fact that (X ® Y)* ~ Y* ® X* and from the
equivalence asserting that an object U is a retract of an object X if and only if U™ is
aretract of X*. Let us prove (b). If T is a left (resp. right) ideal satisfying I = I*
then, by (a), it is a right (resp. left) ideal, and so an ideal. Conversely if I is an ideal
of €, then I* = I by Lemma 1(b). [

2.2. Traces on ideals. Let € be a pivotal k-category. A left trace on a left ideal 1
of € is a family t = {ty : Ende(X) — k}xes of k-linear forms such that

trax(f) = tx(tr] (f)) and ty(gh) =ty (hg) 2)

forany f € Ende(Y ®X), g € Home (U, V),andh € Home(V,U),with X, U,V €
TandY € €.

A right trace on a right ideal I of € is a family t = {ty : Ende(X) — k}xezs of
k-linear forms such that

txez(f) =t (o7 (f)) and ty(gh) =ty (hg) 3)

forany f € Ende(X®Z),g € Home (U, V),andh € Home(V,U),with X, U,V €
TandZ € €.

A trace on a ideal I of € is a family t = {ty: Ende(X) — k}xes of k-linear
forms which is both a left and right trace on I. Note that a trace t on an ideal I
satisfies

trexez(f) = tx () wZ(f))

forany f € Ende(Y @ X @ Z) with X € T and Y, Z € €.

Lemma 3. The trace satisfies the following properties.

(a) Iftis aleft (resp. right) trace on a left (resp. right) ideal I of €, then

e (f ) = tx (f)
forall X € I and f € Ende(X).
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(b) Iftisatrace on an ideal I of €, then

(/") =tx (f)
forall X € I and f € Ende(X).

(c) Iftisaleft (resp. right) trace on a left (resp. right) ideal I of €, then the family
of k-linear forms t" = {ty : Ende(X) — k}xecr+, defined by

tx () = tx= (™),

is a right (resp. left) trace on I*.

Proof. Let us prove (a). Denote by ¢ the pivotal structure of € (see Section 1.1).
Recall X** € I (see Lemma 1) and f** = gy foy'. Therefore,

tys (%) =ty (ox fox ') = tx (fox ox) = tx (f).

Let us prove (b). Recall that X* € I (see Lemma 1). In particular, X* ® X € T
and X* @ X ® X* € I. Set

g = (evxy ®idy+)(idx» ® f ® idx+)
and
h = idy* ®coevy.
We have gh = f* and trlX* (trf(* (hg)) = f. Therefore,
e+ (f) = tx=(gh)
= tx*gxox+*(hg)
= tyrex (i} (hg))
=ty (i (i} (hg))
=tx(f)

by the properties of a (two-sided) trace.

Let us prove the left version of (c), from which the right version can be deduced
by using €. For g € Home (U, V) and h € Home(V,U), with U,V € I*, we
have

ty(gh) = ty=((g)™) = ty=(h"g") = ty=(g"h™) = tu=((hg)*) = ty; (hg).
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Nowlet f € Ende(Y ® Z)with X € IT*and Z € €. Letg: (X R Z)* - Z*® X*
be the canonical isomorphism. Then trlZ (ef*e™ = (trZ(f))* and so

tyez () =txez)(f™)
=tzxgx=(0f o)
= ty=(rF (pf "0 ™) = tx= (WF (£)")
= ty(rf ()

since t is a left trace and X* € I. Hence, tV is a right trace. O

Lemma 4. Let € be a pivotal k-category. Denote by ¢ the pivotal structure of €
(see Section 1.1).

(a) Iftis aleft trace on a left ideal I of € then

e (ox ' (0 (/) gx) = e () “
forall X,X' € I and f € Ende (X' ® X¥).
(b) Iftis aright trace on a right ideal I of € then

e (ox ' (1 ()" x) = te (1 () )
forall X, X' € T and g € Ende(X* ® X').
(c) Iftis atrace on anideal I of € then

e g (] O () o) = b (i) OX (), (©)
and ) .
tx (g (] #X () "0x) = trr (] 7 (9)), (7)
forall X,X' € I, and Y € € and for all f € Ende(X' ® Y ® X*), and
g €Ende(X*®Y ® X').
Proof. Letus prove (a). Let f € Ende(X’' ® X*) where X, X' € I. Set
a = (idy~ ® idys ®€Evy*)(idy* ® f ® idyx*)(Coevys ® idx* @px)

X'4X’

=

XrXx

and

_ U

ﬂ = (idx~ ®(P§1)COGV)(*CVX/ = ﬂ .
X/
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Since X*® X € I, X* ® X' € I, and t is a left trace, we have
te (] (B)) = tyrex (B) = tyrox (@B) = () (@B)).

Now

and

Therefore, (4) is satisfied. We deduce (b) from (a) by using €.

Let us prove (¢). Let f € Ende(X' ® Y ® X*), where X, X' € T and Y € €.
Set

SinceY @ X* X eI, X*® X' ®Y € I,and tis a trace, we have
ty (tr] X7 (Ba)) = trex+ex (Be) = tyroxer (@B) = tx () (@p)).

Now

and

trlX/* trf (aB) =

X’
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Therefore, t satisfies (6). Likewise, given g € Ende(X* ® ¥ ® X’), by using

Yy xyx
o= ]
xfxtr
X
L
v/ (e
we obtain that t satisfies (7). Il

2.3. Modified dimensions. If t is a left (resp. right) trace on a left (resp. right)
ideal I in a pivotal k-category €, the left (resp. right) modified dimension (associated
with t) is the function defined on the objects V' € I by

d;(V) =ty(idy) (resp.d,(V) =ty (idy)).

Note that an immediate consequence of the definition of a left trace (resp. right trace)
is that isomorphic objects have equal modified dimensions.

Let t be a trace on an ideal I in €, the modified dimension (associated with t) is
the function defined on the objects V' € I by

d(V) =ty (idy).
Note thatif V € I, then V* € I and d(V) = d(V*) by Lemmata 1 and 3.

3. Invariants of closed graphs

3.1. Colored graphs. Let € be a pivotal category. By a €-colored ribbon graph
in an oriented surface ¥, we mean a graph embedded in ¥ whose edges are oriented
and colored by objects of € and whose vertices lying in Int ¥ = ¥ — 9X are thick-
ened to coupons colored by morphisms of € (as in Penrose graphical calculus, see
Section 1.3). The edges of a €-colored graph do not meet each other and may meet
the coupons only at the bottom and top sides. The intersection of a €-colored ribbon
graph in ¥ with 0X is required to be empty or to consist only of vertices of valency 1.

A C-colored ribbon graph in R? (with counterclockwise orientation) is called
planar. A €-colored ribbon graph in $? = R? U {oo} is called spherical.

The €-colored ribbon graphs in R x [0, 1] (with counterclockwise orientation)
form a category e as follows: objects of Fe are finite sequences of pairs (X, ¢),
where X € € and ¢ = 4. Morphisms of Ge are isotopy classes of €-colored ribbon
graphs in R x [0, 1]. Composition, identities, tensor multiplication, left and right
duality in Ge are defined in the standard way. In particular,

((Vi,e1),...s (Va, sn))* = ((Va,—€n)s....(V1,—€1))
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and the dual 7* of a €-colored ribbon graph T in R x [0, 1] is obtained by rotating T
by . For example, if

v 4w
T = C(UA) = (V). (W)

U
where i € Home (U, V ® W), then

U U 1%
w Vv w Vo w Vv

This makes Ge into a pivotal category. By Penrose graphical calculus, one obtains a
(strict) monoidal functor
F: ﬁ*g — €.

In particular, F sends (X, €) € Ob(&¢) to

. X ife =+,
X° =
X* ife=—.

By a €-colored 1-1-ribbon graph, we mean an endomorphism 7" in e of a pair
(X,¢e), where X € € and ¢ = %. The pair (X, ¢) is called the section of T. The left
and right planar closures of a €-colored 1-1-ribbon graph 7 are the planar €-colored
ribbon graphs (embedded in the interior of R x [0, 1]) defined by

t ife =+, J if e = +,

cly(T) = and cl,(T) =

t ife =—, 3 ife =—.

Note that F(cl;(T)) = tr;(F(T)) and F(cl,(T)) = tr, (F(T)).
By a left (resp. right) cutting presentation of a planar €-colored graph I', we mean
a €-colored 1-1-ribbon graph T such that I' = cl;(T") (resp. I' = cl,.(T)).
Considered as spherical €-colored ribbon graphs, the left and right planar closures
of a €-colored 1-1-ribbon graph T are isotopic, and are called the spherical closure
of T and denoted cl(T"). By a cutting presentation of a spherical €-colored graph T,
we mean a €-colored 1-1-ribbon graph 7 such that I' = cl(T).

3.2. Invariants of admissible graphs. Let € be a pivotal k-category and I be
a left (resp. right) ideal of €. A €-colored 1-1-ribbon graph is left (resp. right)
I -admissible if its section (V, ) has the property that V¢ € I. By a left (resp. right)
I -admissible planar graph we mean a planar €-colored ribbon graphs which admits
a left (resp. right) I-admissible left (resp. right) cutting presentation.
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If tis a left (resp. right) trace on I and I' is a left (resp. right) I -admissible planar
graph, we set

F/(T) =tye(F(T)) (resp. F/ () = ty«(F(T))).

where T is a left (resp. right) J-admissible left (resp. right) cutting presentation of I"
with section (V, ¢).

When I is an ideal, by a I-admissible spherical graph, we mean spherical
€-colored ribbon graph such that at least one of its edges is colored by an element
of I. Note that such a graph admits a cutting presentation with section (V/, 4+) with
Vel

Theorem 5. Let t be a left (resp. right) trace on a left (resp. right) ideal I of €.
Then Ftl (resp. F") is an isotopy invariant of left (resp. right) I-admissible graphs.
Moreover, if I is an ideal and t is a trace on I, then Ftl = F/ and this invariant
extends to an isotopy invariant of I-admissible spherical graphs, denoted F.

When I = € and t is the usual left (resp. right) trace of endomorphisms of €,
then Ftl (resp. F{") is nothing but the usual invariant obtained by Penrose calculus.

Before proving Theorem 5, we introduce some notation. Remark first that if
T:((V1.€1)s . s Vinsem)) = (V{.€})). ..., (V,,&,)) is a morphism in e, then

F(T*) = (U5 ey @ @ UG 1) 0 F(TY o (W ® - @ Y er) (8)
where Yy : V7% — (V®)* is the isomorphism given by

V- =9ev:V—V*
and
W(V,l) = idv*i V¥ — V*.

Let T be an endomorphism of ((V1,€1),..., (Vin,&mn)) in Ge. By taking the left
closure of the k left most strands of 7', we define the partial left closure of 7" denoted
by

{10 Vo) (1) € Endge (Viet1. k1) - - -« (Vo ).

Similarly, by taking the right closure of the k right most strands of 7, we define the
partial right closure of 7" denoted by

Vi—k En— eers (Vi s€n
ol Vnrertstnit ) Une)) (y e Brndg (V1) .. (Ve Entc))-

Let I be a spherical €-colored ribbon graphin $? = R? U{oo}. By a cutting path
of I" we mean an embedded oriented path y : [0, 1] — S? suchthaty(0), y(1) ¢ I and
whose image does not meet the coupons of I and meets any edge of I" transversally.
Let y be a cutting path of I". Consider a tubular neighborhood 2 >~ ([0, 1])x]—1, 1]
of the image y ([0, 1]) of y. We identify S2\  ~ R x [0, 1] in such a way that the
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boundary components y(]0, 1[) x {—1} and y(]0, 1[) x {1} of $?\  are sent to the top
boundary R x {1} and the bottom boundary R x {0} of R x [0, 1], respectively. Then
we denote by cut, (I') the endomorphism of Ge equal to '\ 2 C S?\ Q2 =~ Rx[0, 1].

If I is a planar €-colored ribbon graph, considered as a spherical €-colored graph
in S2 = R? U {oo}, and y is a cutting path for I' such that the points y(1) (resp. y(0))
and oo are in the same component of S? \ T, then cl;(cut, (T")) (resp. cl,(cut, (T")))
and I' are isotopic.

Proof of Theorem 5. Let us prove the first statement of the theorem. Lett be a left
(resp. right) trace on a left (resp. right) ideal I. Let I be an I-admissible pla-
nar €-colored ribbon graph and 7y, 77 be two left cutting presentations of I" with
sections (Vp, g9) and (V7, 1), respectively. We have to show that tyzo (F(7Tp)) =
tVfl (F(T1)). The two edges eg and e; of I' that are cut to form 7y and Ty, re-

spectively, are in the boundary of the unbounded component C of R? \ T Let yo
and y; be two disjoint cutting paths located in a neighborhoods of ey and ey, respec-
tively, such that 7; = cut,, (I') and y; (1) € C fori = 0, 1. Choose an embedded path

y2: [0, 1] = C\(y0(]0, 1)) Uy1(]0. 1])) such that y>(0) = yo(1) and y2(1) = y1(1).
Define y as the concatenation of paths y = y1y2y9 where y1(¢) = y1(1 —¢). Set

T = cut, (") € Endg,. ((Vo. £0), (V1,—¢1)).

When g9 = ¢1 = 1, the construction of 7" can be schematically depicted as

By construction, we have Ty = CIS.V] ’_8‘)(T) and 77 = clﬁVO’_SO)(T*). Then, setting
[ = (idyeo @Yy e) F(T)(idy 20 QYA o)) € Ende (V50 ® (V1)),
we have
tyeo (F(To)) = tyeo (F(lM1*0(T)))

= tyeo () (F(T))

Vv . _ .
= tVOEO (trr1 ((ldVOSO ®V/(V11,51))f(1dygo ®1/I(V1 ,51))))

()

vihH*
= thO (trr !
and

—e0

tyer (F(T1) = tya (FEPO0(T*) = tyer (1,0 (F(T*)),



106 N. Geer, B. Patureau-Mirand and A. Virelizier
Now, we have
F(T*) = (U —e) @ V3.e0) F (D Wy —e1) @ V(vp.e0))
= @5 @ V) S @yt @ Vivoe)

by using (8) and the fact that 1//(*V o = 1/f(_V1* o) Therefore

—€0 —€0

Vi — Vi . — .
tr,.? (F(T*)) = @Vlé] tr;* ((id ®wV01,go)f*(ld ®1//V0’80))¢V181

_ (V‘EO)*
= (leél try * (f*)(pvfl

7P
= oyl ] (/) ey
and so
Vo ° * - V? *
tyer (F(T0) = tyer (0,0 (F(T) =ty (g (10 (1)),

Finally, by Lemma 4(a), we have

tyn (F(T) =ty (4 0 () ) = tyeo ™ (1) = tysa (P(To))

Thus, Ftl is an isotopy invariant of left I-admissible graphs. Then using €™ it
follows that F{" is an isotopy invariant of right .J-admissible graphs when t is a left
trace. This concludes the proof of the first statement in Theorem 5.

We now prove the second statement of the theorem. Let t be a trace on an ideal 1.
Let I be an I -admissible spherical €-colored ribbon graph and Ty, 77 be two cutting
presentations of I with sections (V, ¢) and (V', &), respectively. We have to show
that t,, (F(T1)) = tye(F(Tp)). Let eg and e; be the edges of I' that are cut to
form Ty and T}, respectively. Let yo and y; be two disjoint cutting paths located in
a neighborhoods of eg and ey, respectively, such that 7; = cut,, (I') fori = 0, I.
Choose an embedded path 5 : [0, 1] — S2\ (yo([0, 1[)Uy1 ([0, 1])) such that y,(0) =
vo(1), y2(1) = y1(1), and whose image does not meet the coupons of I" and meets
any edge of I transversally. Define y as the concatenation of paths y = y1y2%0,
where y1(t) = y1(1 —t). Set

T = cut,,(F) € Endg.e ((Vo, 80), (V], 81), ey (Vn, En)),

where (Vo,e0) = (V.e), Vu,en) = (V',€') and Vy,...,V, are the colors of the
edges met by y,. By construction,

To = C1£(V1 ,81),---,(Vn,8n))(T)
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and
T, = C1£(Vn—1a_sn—l),---,(VOa_SO))(T*)‘

LetY = V' ®---® V,"7" and set
f = (idVOEO(X)Y ®WV”’€”)F(T)(idVOSO®Y ®w;nl,£n) S End‘@(V;O X Y ® (Vrf")*)
As in the first part of the theorem, one can show that

tyzo (F(To)) = tyzo (@7 (1)

and
_ VoY "
tyen (F(T1)) = tyen ((pV’%n (tr;” = () pyen).
Thus, the second statement of theorem follows from these formulas and (6). O

3.3. Invariants of spherical graphs from one-sided traces. Let € be a pivotal
k-category. By a A-colored graph, where A is a class of object of €, we mean a
€-colored graph whose edges are colored by elements of A.

Let t be a left (resp. right) trace on a left (resp. right) ideal I. Set

A={VeInI*:ty=t/} )
where tV is defined in Lemma 3(c). For any spherical A-colored ribbon graph T, set
FA(T) = ty=(F(T)).

where T is any cutting presentation of I with section (V, ¢).

Theorem 6. F? is an isotopy invariant of spherical A-colored ribbon graphs.

Note that if t is a trace on an ideal I, then A = I (by Lemmata 1 and 3), and the
invariants F; and F{* coincide on spherical .I-colored ribbon graphs.

Proof. We prove Theorem 6 in the case when t is a left trace. Then the case when tis
a right trace can be deduced using €™". Let I" be a spherical A-colored ribbon graph
and let 7' be a cutting presentation of I. Then I'" = cl;(T) is a planar A-colored
ribbon graph whose isotopy class in S = R? U {oo} is the same as the isotopy class
of I. By Theorem 5, Ftl (I'”) does not depend on the left cutting presentations of I'.
Let e be the edge of I'” that is cut to form 7. Let C and C’ be the two connected
components of $2 \ T located on the two sides of e, where C is the distinguished
component containing co. Then IV = cl;(T) and T = cl,(T) = cl;(T*) are
isotopic in §2. However C’ is the distinguished component of I'” containing oo.
Hence, I'” is obtained from I'” by a move that consist in pushing the point co across
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an edge. The class of T modulo these moves clearly depends only of I" and thus it
is enough to show that Ftl (I'”) is invariant by this move. This is true because

F/(T") = tye(F(T)) = ty: (F(T)) = tey-(F(T)*) = ty—(F(T*)) = F/(T")

where the second equality is due to t¥ = t on A and the fourth equality follows
from (2) and (8). O

The invariant F{* of Theorem 6 is a generalization of the analogous invariant
defined from ribbon categories in [6]. Moreover, F produces the data of a trivalent-
ambidextrous pair as required in [7]. More precisely, let B be a class of simple objects
of € such that V* € B for all V' € B. Denote by Tg the class of connected trivalent
spherical B-colored ribbon graphs (a ribbon graph is trivalent if all its coupons are
adjacent to 3 half-edges). Letd: B — k be a map such that, forall V, V' € B,

(i) d(V) =d(V),

(i) d(V) = d(V’) if V is isomorphic to V.
For any 1-1-ribbon graph Q with section (V, &) where V is simple, we let (Q) =
(F(Q))ve €k, thatis, F(Q) = (Q) idye (see Section 1.6). Using this notation,

the pair (B, d) is trivalent-ambidextrous if for any I' € T and for any two cutting
presentations T, T’ of T" with sections (V, &) and (V’, ¢’), we have

d(V)(T) = d(V')(T").
For a trivalent-ambidextrous pair (B, d), we define a function Gg 4): 78 — k by
G@e,ao)(I) =d(V)(T)

where T is any cutting presentation of I with section (V,¢) with V' € B. The
definition of a trivalent-ambidextrous pair implies that Gg,4) is well-defined.

Let us explain how to produce a trivalent-ambidextrous pairs from traces on an
ideals and how the invariants derived from such data are related. Let t be a left (resp.
right) trace on a left (resp. right) ideal I of € and A as above. Denote by d the left
(resp. right) modified dimension on I associated with t. Set

B={VelINnI®: Vissimpleandd(V)=d(V*)}.

Corollary 7. The pair (B, d) is trivalent-ambidextrous, B C A (and so any I € Jg
is A-colored), and Gg g)(I') = F*(T") forall " € Tg.

Proof. Clearly (A, d) is a trivalent-ambidextrous pair since isomorphic objects have
equal modified dimension. Now let f € Ende (V) where V' € A. Since V is simple,
we have f = (f)yidy and ( f*)y* = (f)y. Therefore

ty(f) = (flvd(V) = (f*hy=d(V") = ty=(f") =ty ().
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Finally, let I" € 75 and T be any cutting presentation of I" with section (V, €). Since
V is simple, F(T) = (T) idye. Then

FAT) = tye(F(T)) = ty«((T) idy=)
= (T) tye(idy<) = (T)d(V*) =(T)d(V) = G@g(D).

Therefore, (F/)7 = Gg,q)- D

4. Traces and ideals from classes of objects

In this section we give a systematic approach to defining traces on ideals. In particular,
we introduce the notions of a one-sided ambidextrous trace on a class of objects and
of a spherical trace on a class of objects. Then we show that such traces are in one to
one correspondence with the traces of Section 2.

4.1. Ideals generated by a class of objects. Let € be a monoidal category. Given
aclass @ C €, set

Ifg ={U €€: Uisaretractof Y ® X forsome X € @ and Y € €},
Iy ={Ue€:Uisaretractof X ® Z forsome X € @ and Z € €},

ITo={Ue€€:Uisaretractof Y @ X ® Z forsome X € O and Y, Z € €}.
Then T gg is the smallest left ideal of € containing O, Iy, is the smallest right ideal
of € containing @, and I is the smallest ideal of € containing ©.

In the case where @ = {V'} for V € €, we denote va}, IfV}, and Iyyy by I{,,
17, and Iy respectively.

Lemma 8. Let € be a pivotal category, O C €, and U € €.

(a) U € Ié if and only if there exist X € O and [ € Ende(U ® X*) such that
X (f) = idy .

(b) U € I ifand only if there exist Y € O and f € Ende(Y ™ ® U) such that
ul "(f) =idy .

(c) Let O' = {X*: X € O}. Then

Iy =1Ih, (I)* =1k, and Io=Io.
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Proof. Let us prove (a). Assume U € Il that is, there exist X € O, Y € €,
p:Y®X - U,andqg: U — Y ® X such that pqg = idy. Set

f = (p ® idy+)(idy ®coevyevy)(q ® idx+): U @ X* — U ® X*.

Then trX “(f) = pg = idy. Conversely, assume that there exist X € © and
f € Ende(U ® X*) such that trf(*(f) =idy. Notethat U ® X* ® X € Iég and
set

p=idp®evx: URX*® X — U,
and

g = (f ®idy)(idy ®coevy): U — U ® X* ® X.

Then pg = trX'(f) = idy.
One deduces (b) from (a) using €. The first two identities of (c) follow from the
observations in the proof of Lemma 2. Finally g9 = ({9)* = I@-byLemma2. [

4.2. Ambidextrous traces on a class of objects. Let € be a pivotal k-category
and O C €. Denote by ¢ = {px: X — X™*}xce the pivotal structure of € (see
Section 1.1). Lett = {tx: Ende(X) — k}xeo be a family of k-linear forms.

We say that the family ¢ is a left ambidextrous trace on O if (4) is satisfied for all
X, X' €0 and f € Ende(X’' ® X*), that is

Xty X’

We say that the family ¢ is a right ambidextrous trace on O if (5) is satisfied for
all X, X’ € @ and g € Ende(X* ® X'), that is

X X’

X/
tx EJ =ty | X tu

X X’

For example, the left (resp. right) trace of endomorphisms in € (see Section 1.2)
is a left (resp. right) ambidextrous trace on Ob(€).

Remark 9. If € is a ribbon category and V' € €, we recover the definition of an
ambidextrous trace on @ = {V'} given in [3]. Indeed, in that case, the notions of left
and right ambidextrous traces become equivalent: the k-linear map

y: Ende(V® V) — Ende(V* ® V),
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defined by
v v

gr—y(g) = V{ (2]
; v
is an isomorphism and, given a map ¢y : Ende (V) — k, the morphism f = y(g)
satisfies (5) (for ty) if and only if ¢y (tr) (g)) = ty (tr;/ (2)).

By Lemma 4, any left (resp. right) trace on a left (resp. right) ideal I in € is a
left (resp. right) ambidextrous trace on I (and in particular on any @ C I). The
following theorem states that one-sided ambidextrous traces on a class of objects
bijectively correspond to one-sided traces on the one-sided ideal generated by the
class.

Theorem 10. Let € be a pivotal k-category. If t is a left (resp. right) ambidextrous
trace on a class O of objects of €, then there exists a unique left (resp. right) trace t
on Ié (resp. Iy) suchthat o = 1t.

We prove Theorem 10 in Section 4.5.

Corollary 11. Let € be a pivotal k-category, I be a left (resp. right) ideal in €, and
t = {tx: Ende(X) — k}xer be a family of k-linear maps. Then t is a left (resp.
right) trace on I if and only if t is a left (resp. right) ambidextrous trace on 1.

Proof. This is a direct consequence of Theorem 10 and the fact that if I is a left ideal
(resp. right ideal), then Ii, =TI (resp. I, = I). [l

4.3. Spherical traces on a class of objects. Let € be a pivotal k-category and

t = {tx: Ende(X) — k}xecs be a family of k-linear maps.

Lemma 12. The following assertions are equivalent.

(i) Thefamilyt satisfies (6)forall X, X' € O,Y € €, and f € Ende(X'QY @ X™*),
that is,

(ii) Thefamilyt satisfies (T)forall X, X' € O,Y € €, and g € Ende(X*QY @ X'),

that is,
Y Y
o | [ i i"
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Lemma 12 is proved in Section 4.6.

We say that the family ¢ is a spherical trace on @ fif it satisfies the equivalent
assertions of Lemma 12. When € is spherical (see Section 1.5), the trace of endo-
morphisms in € is a spherical trace on Ob(C).

By Lemma 4, any trace on an ideal I in € is an ambidextrous trace on I (and in
particular on any @ C I). The following theorem states that spherical traces on a
class of objects bijectively correspond to traces on the ideal generated by the class.

Theorem 13. [ft is a spherical trace on a class O of objects of €, then there exists
a unique trace t on Ig such that o = 1.

We prove Theorem 13 in Section 4.6.

Corollary 14. Let I be an ideal in € andt = {tx : Ende(X) — k}xez be a family
of k-linear maps. Then t is a trace on I if and only if t is a spherical trace on I.

Proof. This is a direct consequence of Theorem 13 and the fact that if 7 is an ideal,
then I; = I. O

A spherical trace on @ is in particular a left and a right ambidextrous trace on (.
But the converse is not true in general (for example, the left trace of endomorphisms
in € is both a left and right ambidextrous trace on @ = {1} but is not a spherical trace
on {1} unless € is spherical). Nevertheless the converse is true when € is ribbon.

Corollary 15. Assume € is ribbon. Let O be a class of objects of €. If t is a right
ambidextrous trace on O, then t is a spherical trace on 0.

Proof. Since € is braided, I ég = Iy = Io. By Theorem 10, 7 extends (uniquely)
to aright traceton Ig. Let X, X’ € I and f € Ende (X' ® X*). We have

The first and third equalities follow from the fact that € is ribbon. Since t is a right
ambidextrous trace on I by Theorem 10, then the second equality follows from (5)
with ¢ = oy’ x+ f r};}, x+» Where 7 is the braiding of €. Thus t is a left ambidextrous
trace on I g, and so a left trace on I g by Corollary 11. Hence t is a trace on I g, and
so ¢ =t is a spherical trace on @ by Corollary 14. L]

4.4. Traces from ambidextrous objects. Let € be a monoidal k-category. If V is
a simple object of €, we denote by ( )y : Ende(V) — k the inverse of the k-linear
isomorphism k — Ende (V') defined by k +— k idy.
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We say that an object V' of € is left ambidextrous (resp. right ambidextrous, resp.
spherical) if it is simple and the k-linear form ( )y is a left ambidextrous trace (resp.
right ambidextrous trace, resp. spherical trace) on {}'}. By Theorems 10 and 13,
such an object gives rise to a left trace (resp. right trace, resp. trace) on I {, (resp. I7,,
resp. Iy).

The following proposition provides useful characterizations of ambidextrous ob-
jects:

Proposition 16. Let € be a pivotal k-category, with pivotal structure ¢, and let V
be a simple object of €.

(a) The following assertions are equivalent.
(1) V is left ambidextrous.
(ii) Forall f € Ende(V* Q@ V), evy f = &y f*(idy* Qey).
(iii) Forall f € Ende(V* ® V), féoevy = (idy= ®¢y!) f*coevy=.
(b) The following assertions are equivalent.
(1) V is right ambidextrous.
(ii) Forall f € Ende(V @ V*), &y f = evy* f*(py ® idy+).
(ili) Forall f € Ende(V ® V*), fcoevy = (¢! ® idy+) f*Coevy .
(c) V is spherical if and only if

w!((evy ®idy) f) = ! "((idy+ @&y~ ) (idy+ @gy)
forallY €e €and f e Home(Y QV*QV,V*QV QY).

Proof. ForY € €, letly: Home(Y @ V*®V, V*®V ®Y) — Ende(V QY ® V™)
be the k-linear isomorphism defined by

Iy(f) =

VYY4V

Let us prove (a). The form ( )y is a left ambidextrous trace on {V'} if and only
if (4) applied to Iy( f) is satisfied for all f € Ende(V* ® V). Since ¢ = (a)y idy
for all @ € Ende(V), the condition (4) applied to I7(f) is equivalent to evy f =
evy+ f*(idy+ ®gy). Therefore, (i) is equivalent to (ii). Consequently (i) is equiva-
lent to (iii), since (iii) is (ii) applied to the opposite category €°P and an object is left
ambidextrous in € if and only if it is left ambidextrous in €.

Part (b) is deduced from (a) by using €.

Letus prove (c). The form ( )y is a spherical trace on {V } if and only if (6) applied
to Iy (f)issatisfiedforallY € € and f € Home(Y VRV, V*®V ®Y), which
turns out to be equivalent to tr ((evy ®idy) ) = trf*((idy* ®evy ) f*)(idy* Qpy)
since V is simple. ]
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4.5. Proofof Theorem 10. We prove the theorem for left traces. Then the statements
for right traces can be deduced using €. Let ¢ be a left ambidextrous trace on a
class @ C €. For U € Iég and @ € Ende (U), set

ty (@) = tx (tr} (qap))
where X € 0,Y € €, and
p:Y®X —U

and
qg: U —YQ®X
are such that
pq =idy .

We first verify that tyy () does not depend on the choice of p, g. Let

pPY X —U
and

qg:U—Y ®X,
with X’ € 9, Y’ € €, such that

pq = idy .
Set
XX — X ®X*,
so that
wX () =t} (qap))
and
ox U () *ex = tr] (qap).

Therefore

tx () (q'ap)) = e (X () = tx (px @ () ox) = tx (1) (gap))
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and so ty is well-defined. Clearly, tjo = 7. Let us show that t is a left trace on I 59
Let Z €€, U € Ié, and ¢ € Ende(Z ® U). Take

p:Y®®X —U
and
q:-U—Y ®X,

with X € @ and Y € €, such that

pq = idy .
Then (idz ® p)(idz ®q) = idzgu. Therefore
tzou (@) = tx (r} ®¥ ((idz ®q)a(idz ®p)) = ix (] (q uf (@) p)) = ty (] (@)).
Letnow U,V € Ié, a € Home (U, V), and B € Home(V, U). Take

p:Y®X —U, qg:U—Y ®X,
PYeX —V, ¢q:V—-Y X,

with X, X’ € @ and Y, Y’ € €, such that

pq =idy and p'q =idy.

Set
XX — X @ X,
so that
X" (f) =tr] (q'eBp’)
and

ox (X () ex =t (gBap).



116 N. Geer, B. Patureau-Mirand and A. Virelizier
Therefore
tv(@B) = tx (tr] (q'eBp"))
= 1y (tr} ()
= tx (ox " (0 (/) *¢x)
= tx (tr} (gBap))
= ty (Bar).

Hence, t is a left trace on 7 fp. Suppose finally ¢ is another left trace on I 59 with
lio =1t.LetU € I’ and « € Ende(U). Take

p:Y®X —U
and
q:-U —Y ®X,

with X € O, Y € €, such that
pq =idy .
Note that U and Y ® X belong to I é. Then
ty(@) = Lty(apq) = lyex (qap) = Lx (] (gap)) = ix (] (qap)) = ty(@).

Hence, { = 1.

4.6. Proofs of Lemma 12 and Theorem 13. Let us prove Theorem 13 by taking
condition (i) of Lemma 12 as the definition of a spherical trace. Let # be a spherical
trace on aclass @ C €. For U € I and @ € Ende(U), set

ty (@) = ix (tr) w7 (qap))
where X € 0,Y,Z € €, and

p:Y®XQ®Z —U
and
q: U —YQRXRZ
are such that
prq = idU .
We first verify that t7 (o) does not depend on the choice of p, g. Let

pYeX ez —U
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and
g:U—Y X ®Z,

with X’ € @ and Y/, Z’ € €, such that

pq =idy .
Set
f X' ®Z Q72X —X'®72 Q72" X*,
so that
uf OO (f) = u) uf (g ep’)
and
ox (X BLOL(f)y oy = tr] rZ (qap).
Therefore

iy (i) 'l (q'ep))) =y (wZ X TEX(f))
= tx (px ' () 7877 (1)) ox)
= 1x (ur] rf (qap))

and so ty is well-defined. Clearly, 9 = 7. Let us show that t is a trace on Ig. Let
Ae€ Ue€lp,acEnde(A®U)andp € Ende(U ® A). Take

p:YRXQZ—U
and
g:U —YQR®X®Z,

with X € @ and Y, Z € €, such that

pq = idy .
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Then

(id4a ®p)(id4 ®q) = idagu
and

(p ®idy)(g ®id4) = iduga .
Therefore

taou (@) = 1x (1} 7 wf ((ida ®g)er(ids ®p))

= iy () uZ (g uf'(@)p))

= ty (tr7' (@)
and

trea(B) = tx(r] u7®4((¢ ®ida)B(p @ ida)))
=ty (] tf (g uf (B)p))
=tu (7 (B)).
Letnow U,V € Ig,a € Home(U, V), and B € Home(V, U). Take
p:Y®X®Z—U, qU—YQRXRQZ,
Y eXx ez —V, ¢ V—-Y X ®Z,
with X, X’ € O and Y,Y’, Z, Z' € €, such that
pq =idy and p'q =idy.

Set

X' RZ QZ*QXF —>X'Q7Z' QZ*® X*,
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so that
trrZ/®Z*®X*(f) = trlY'tr,Z/(q’OtﬁP/),
and
ox ! (tr) B OZT(f))*ox = t] wF (gBap).
Therefore

ty (@B) = tx:(ir] wF(q'app’))
= 1 (rf ®2 X 1))
= tx (g () ®Z ()" px)
= 1 (ur) wy (qBap))
=ty (Ba).

Hence, tis a trace on I 9. Suppose finally £ is another trace on I with £j9 = . Let
U € Iy and o € Ende(U). Take

p:Y®X®XZ —U
and
U —YQ®XRZ,

with X € @ and Y, Z € €, such that
pq =idy .
Note that U and Y ® X belong to Ig. Then
ty(a) = Ly(apq)
= lyexsz(qap)
= lyex (rf (gap))
= Lx (1] uf (qap))
= 1x (tr) 7 (qap))
=ty ().

Hence, £ =t.
Finally, let us prove Lemma 12. Assume the family ¢ satisfies condition (i) of
Lemma 12. By the above proof of Theorem 13, there exists a trace t on I ¢ such that
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tjo = ¢ and t satisfies (7) forall X, X’ € Tg andY € €. Since O C Ip andtjp =1,
we have that ¢ satisfies (7) forall X, X’ € @ and Y € €. Hence, condition (i) implies
condition (ii). Applying this implication to €™ gives the reverse implication, since
the ideal generated by @ in €' coincide with the ideal generated by O in €. This
concludes the proof of Lemma 12.

5. The case of projectives and the slope

The invariant of Theorem 6 relies on a certain set A of objects defined from a one-
sided trace on a one-sided ideal. In this section we give a characterization of A, in
terms of the slope, when the one-sided ideal is the ideal of projective objects.

Let € be a category. Recall that an object P of € is projective if the functor
Home(P,—): € — Set preserves epimorphisms, that is, if for any epimorphism
p: X — Y and any morphism f: P — Y in €, there exists amorphism g: P — X
in € such that f = pg. We denote by Proj(€) the class of projective objects of €.

An object Q of € is injective if it is projective in the opposite category €°P. In
other words, an object Q of € is injective if for any monomorphismi: X — Y and
any morphism f: X — Q in €, there exists a morphism g: ¥ — Q in € such that

/=g

Lemma 17. Let € be pivotal category.

(a) Proj(€) is an ideal of €. In particular, Proj(€)* = Proj(€).

(b) Proj(€) is the set of injective objects of €.

(¢) If I is a left (resp. right) ideal of € containing an object V such that the left
evaluation evy : V* @ V. — 1 (resp. the right evaluation vy : V @ V* — 1)

is an epimorphism, then Proj(€) C I.

(d) If P is a projective object such that evp (resp. €Vp) is an epimorphism, then
I, = Ip = Proj(€) (resp. I, = Ip = Proj(€)).

Proof. Let us prove (a). Let P € Proj(€), X € €, U be a retract of X ® P, and
u: X®P - U,v:U —- X ® P such that uv = idy. Let p: M — N be an
epimorphism and f: U — N be a morphism. Set

f/ = (idy+ ® fu)(¢oevy ® idp): P — X*®N.

Since idy* ® p is an epimorphism, there exists a morphism g’: P — X* ® M such
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that /' = (idx* ®p)g’. Set g = (évxy ® idyr)(idy ®¢’')v: U — M. Then
pg = (Vx ®idy)(idy ®(idx+ ®p)g')v
= (&Vx ® idy)(idx ® f")v
= (&Vx ® f)(idxgx* ®u)(idy ®coevy ® idp)v
= fuv
-

Therefore, U € Proj(€), and so Proj(€) is a left ideal. Likewise one shows that
Proj(€) is a right ideal. Hence, Proj(€) is an ideal. Thus, Lemma 2 implies that
Proj(€)* = Proj().

Part (b) follows from the fact that the duality functor €°? — € is an equivalence.

Let us prove the left version of (c), from which the right version can be deduced
by using €. Let P € Proj(€). since idp ®evy is an epimorphism, there exists a
morphism g: P — P ® V* ® V such that (idp ®evy)g = idp. Therefore, P is a
retractof P ® V* @ V. Since P @ V* ® V € I as I is a left ideal, we get P € I.
Hence, Proj(€) C I.

Finally, let us prove the left version of (d), from which the right version can be
deduced by using €™". By (c), we have Proj(€) C Iﬁ,. Now Iﬁ, C Ipsince Ip is
a left ideal containing P and Ip C Proj(€) since Proj(€) is an ideal containing P.
Therefore, pr = Ip = Proj(¢t). O

Now let € be a pivotal k-category and P be a projective object such that evp is
an epimorphism. Assume there exists a non zero left ambidextrous trace ¢ on {P}.
For example, such a trace exists when P is left ambidextrous (see Section 4.4). By
Lemma 17, Proj(€) = 1 é, and so, by Theorem 10, there exists a left trace t on
Proj(€) such thattp = ¢. Denote by d the modified left dimension associated with t;
see Section 2.2.

Lemma 18. Let t and d be the left trace and modified left dimension associated to
P and t as defined in the previous paragraph. Let V be a projective object such that
evy an epimorphism. Then ty # 0. Moreover, if V is simple, then d(V') # 0.

Proof. Let g € Ende(P) such that tp(g) = t(g) # 0. By Lemma 17, I{, =
Proj(€). By Lemma 8, since P € T {, there exists f € Ende(P ® V*) such that
idp = tr}"(f). Seth = ¢y, (rf((g ® idy+) £))*¢v € Ende (V). By Theorem 10,
t is a left ambidextrous trace on Proj(€). Therefore, (4) implies

ty(h) = tp() (g ®idy=) ) = tp(gtr) (f)) =tp(g) # 0.

Hence, ty # 0. Now if V is simple. Let k € k such that 7 = kidy. Then
kd(V)=kty(idy) =ty (h) # 0,and sod(V) # 0. O
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Set
A = {V € Proj(€): V simple and evy, vy are epimorphisms}.
Note that A* = A since the dual of a simple object is simple, Proj(€)* = Proj(€),

and for any X € €, evy+ is an epimorphism if and only if €vy is an epimorphism.
Assume now that k is a field. For V' € A, the slope of V' is

s(V) =d(V)/d(V*) € k™.
The slope is well-defined since A* = Aand d(U) # Oforall U € A (by Lemma 18).

Recall tY is the right trace on Proj(€)* = Proj(€) defined by ty (f) = tx«(f™) for
X € Proj(€) and f € Ende(X).

Proposition 19. The slope s: A — k™ has the following properties.

@) s(V*)=s(V) Y forall V € A.

b) s(U) =s(V)s(W) forallU,V,W € A such that U is a retract of V @ W.
(c) ForanyV € A ty, =ty ifand only if s(V) = 1.

Proof. Part (a) is an immediate consequence of the definition since d(V**) = d(V)
because V** ~ V.

Let us prove (¢). Let f € Ende (V). There exists A € k such that f = Aidy
and so f* = Aidy=. Then

tv(f) = A2d(V) = Ad(V*)s(V) = s(Mty=(f*) = s(Mty (). (10)

Hence, ty = s(V)t}.
Let us prove (b). Let p € Home(V ® W,U) and ¢ € Home (U, V ® W) such
that pg = idy. Set

a = (p ®idw+)(idy Qcoevy)
and

b = (idy ®evw)(q ® idw~).

Note that ter*(ab) = pq = idy and (ba)* = tr}}V*(p*q*). Since t is a left trace,
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and in particular satisfies (4) (see Theorem 10), and by using (10), we have

d(U) = ty (tr)" (b))

= tw oy (0] (b)) *ow)

s(W) tw= (g3 (] (@b)) *ow)*)
s(W) tw= (] (ab))
s(W) tugw=(ab)
=s(W)ty(ba)

=s(V)s(W)ty=((ba)™)

= s(V)s(W)ty= (] (p*q"))
=s(V)s(W) tw=ev+(p*q")
=s(V)sW)ty=(q"p")
=s(V)s(W)ty=(idy=)
=s(V)s(W)d(U™).
Hence, s(U) = s(V)s(W). [

Remark that when € is ribbon, meaning that € is endowed with a braiding t such
that its associated twist

0 ={0x =trX(txx): X - X}xee

is self-dual (i.e., (Ox)* = Ox= forall X € €),thens(V) = 1forall V € A (see [6]),
and sot¥ =tonA.
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