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On the SL(2, C) quantum 6; -symbols
and their relation to the hyperbolic volume
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Abstract. We generalize the colored Alexander invariant of knots to an invariant of graphs
and we construct a face model for this invariant by using the corresponding 6;-symbols,
which come from the non-integral representations of the quantum group U (sl2). We call
it the SL(2, C)-quantum 6 -symbols, and show their relation to the hyperbolic volume of a
truncated tetrahedron.
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1. Introduction

The 6j-symbols were first introduced by Racah for studying atomic spectroscopy
and later used by Ponzano and Regge as well as Biedenharn and Louck (and many
others) in the study of the theory of gravity by using representation theory of the
Lie algebra sl,. Their quantized version first appeared in [17], where the face model
of the colored Jones invariants of knots and links was constructed using quantum

IThe first author was supported by the French ANR Research Project ANR-08-JCJIC-0114-01.
2The second author was partially supported by Grant-in-Aid for Scientific Research® 19540230.
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6 -symbols instead of quantum R-matrices. The quantum 6;-symbols were also
used to construct the Turaev—Viro invariant of three manifods ([25]), which turned
out to be the square of the norm of the Witten—Reshetikhin—Turaev invariant ([24]).
More recently, R. Kashaev constructed knot invariants from quantized dilogarithm
functions and observed ([12]) that certain limit of his invariants coincide with the
hyperbolic volume of the knot complement; later it turned out ([18]) that the Kashaev
invariant is the colored Jones invariant of spin % atg = §,, where &, is the primitive

2n-th root of unity exp (7r n_l ) In other words, the Kashaev invariant comes from

the n dimensional irreducible representation of Ug, (sl2).

When g = &,, there exist other invariants related to Ug,, (sl»), such as the colored
Alexander invariant ([1], [20], and [9]), the logarithmic invariant ([21]), and the
Hennings invariant ([11]). The colored Alexander invariant is related to the central
deformation of the n-dimensional irreducible representation of Ug, (sl»), which is a

non-integral highest weight representation. Let ﬂén (slp) be the small (or restricted)
quantum group which is a quotient of Ug, (sl2). Then the logarithmic invariant is

defined by using the radical part of a non-semisimple representation of ﬂgn (sl2). The
Hennings invariant is an invariant of 3-manifolds coming from the right integral given
by the finite dimensional Hopf algebra structure of ﬂén (slz). The logarithmic and
Hennings invariants are both related to the logarithmic conformal field theory ([6]),
and can be expressed in terms of the colored Alexander invariant ([21]).

The main purpose of this paper is to investigate the quantum 6; -symbols related to
the non-integral highest weight representations of Ug, (sl»), and show their relations
to the hyperbolic volume of a truncated tetrahedron. In Section 2 after recalling
the basic facts about the category of non-integral highest weight representations, we
define the Clebsch—Gordan quantum coefficients (CGQC) of the tensor product of two
such modules, and then combine them to get the corresponding quantum 6 -symbols.
For n odd, these 6 -symbols were already given and used to construct a 3-manifold
invariants in [7] and [8]. Since the spin (parametrizing the irreducible representations
of Ug, (sl2)) is a continuous parameter in the above construction, we will call the
6 -symbols computed through this representation theory the SL(2, C)-symbols, while
we will call the usual quantum 6 -symbol (for instance those introduced in [17]) the
SU(2, C)-quantum 6 -symbols. For the sake of clarity, we moved all the proofs of
algebraic statements in Appendix A.

Section 3 has the goal of relating the 6; -symbols to hyperbolic geometry. Many
evidences support the idea that geometry should show up while considering asymptot-
ical limits of quantum invariants. For instance the analysis of such limits for SU(2, C)
6 -symbols, led to the (previously unknown) formulas for the volume of a hyperbolic
tetrahedron ([23], [26], and [22]). Similarly various proofs have been provided of
special cases of Kashaev’s volume conjecture (see for instance [3], [4], [12], [13],
[18], and [27]) showing that the hyperbolic volumes of link complements are indeed
related to such asymptotical limits, and a geometric explanation for this phenomenon
(even though not yet a proof) was provided by Yokota ([29]). It was observed in [20]
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and [2] that the colored Alexander invariant is related to the hyperbolic volume of
a cone manifold whose core is the given knot; this is analogous to the generalized
volume conjecture of the Kashaev invariant with deformed ¢ in [10] and [19]. Here,
we show that the SL(2, C) quantum 6; -symbol is related to the volume of a truncated
tetrahedron.

Theorem 3.2 (see below). Let T be a truncated hyperbolic tetrahedron with oriented
labeled edges, and let 0 < 04, Op, Oc, 04, Oc, O < 1 be the internal dihedral
angles at the edges. Let a,, by, cy, dy, ey, [ be sequences of integers such that
M — 1 B, iMoo 22
fn =n — 1 — f,. Using these parameters, the volume of T is given as follows:

b an by @
Vol(T) = lim ilog({an § en} {Ci" " ef} )
n—o0 2}’1 dn Cp fn tet dn Cn fn tet

The proof of the theorem exploits the peculiar behavior of 6;-symbols outlined
in Lemma 2.16: they are finite sums positive real numbers each of which is growing
exponentially fast. To compute the overall exponential growth of the sum is therefore
sufficient to identify the summands with maximal growth rate. This key point is
what makes relatively easy to compute the asymptotical behavior in our case: in
general one has to deal with oscillating complex valued sums whose behavior is quite
complicated. A similar property was used in [4] for 6j-symbols associated to the
representation theory of Uy (sl,) for generic ¢ to prove an analogue of the generalized
volume conjecture for tetrahedra. The rest of the proof shows that the maximal growth
rate, expressed in terms of the angles of the tetrahedron, satisfies the same Schléfli
differential equation as the volume function, thus they differ by a constant and finally
that in a special case the two functions are equal.

In Section 4, interpreting graphically the morphisms between representations in
the standard way, we generalize the colored Alexander invariant to an invariant of
colored graphs (which we shall denote (I, col)) which is essentially equal to the
invariant given in [9]. After defining the invariant, we construct a face model for it by
using the SL(2, C) quantum 6 -symbols along with the method already used in [17].
This model is a generalization of those for the Conway function and the Alexander
polynomial constructed by O. Viro [28] using the quantum supergroup gl(1 | 1).

The following natural evolutions of the preceding results remains open.

lim;, o0 =m—0f. Puta,=n—1—ay, ...,

Question 1.1. What is the asymptotical behavior (if any) if 0,4, ..., 07 are complex
valued? What is the geometrical meaning of such behavior?

More in general similar questions may be asked for general trivalent graphs and
knots. The fact (proved in Remark 4.7) that the Kashaev invariant of a knot can be
computed as a limit with A — % (A being the color of the knot) makes it natural
to expect that the SL(2, C) quantum 6, -symbol could be a good tool to investigate
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the volume conjecture and quantized gravity (the latter being one of the original
motivations to study the 6;-symbols). So it is natural to expect that the answer to the
following question should be related to the generalized volume conjecture ([10]).

Question 1.2. Given a hyperbolic knot K C S> what is (if any) the asymptotical
behavior of (K, ("2;1)/\) n? What is its geometrical meaning?

Other direction of study left open by the present work are related to the Turaev—
Viro type invariant of 3-manifolds introduced in [8] using SL(2, C) 6;-symbols.
Such invariants are defined for generic values of the parameters, and, specializing the
parameters to half-integers, it is expected that they should be related to the logarithmic
TQFT introduced in [6] and to the logarithmic invariant in [21]. This will be a subject
of future study.

Acknowledgments. The authors thank Nathan Geer, Bertrand Patureau-Mirand and
Roland van der Veen for helpful discussions. They also thank the referees for the
extremely detailed and very helpful reports.

2. Representations of U, and their morphisms

In this section, we recall the key facts about the non-integral weight representations
of Uy(sl). In particular we construct the Clebsch-Gordan quantum coefficients
(CGQC) and the 6; -symbols.

2.1. Highest weight representations of U, (sl2). Let n € N and let §, be the

primitive 2n-th root of unity exp ( ”—‘/__1) For a complex number a, we will denote

n
exp (”nﬂ) by £%. We will also use the following notations:

lay =& & (aeC),
k
=TT ke,
j=1

_
{1}’
k—1

taa—ky=[Jta—Jj}

J=0

[a]
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and, ifa —b €{0,1,...,n—1},

a]l ‘B da—jy daby
[b]: ,11, fa=b—j}  {a—b}’

Remark 2.1. Ifa € Z thenalsob € Z andifa > n,b <nanda — b < n then [Z]
is defined but it is 0.

We will often use implicitly the following identities:

la}j ={n—a; (aeC),

(an—1l-al=n—1=v=1"'n (@ef0l1,. .. .n—1),

m:[”_l_b} @beC, (a—b)ef0,1,....n—1Y),
b n—1—a

m - (—1)"—”[2::} @beC, (a—b)e{0,1,....n—1}),

as well as the following lemma.

Lemma 2.2. For any parameter a, b and a non-negative integer ¢, we have

C
t(at+b—c+2)s| & — S b+s _ gx0+Dc| 9 +b+1 21
ZS” [a—c][ b S a+b—c+1] @1

s=0

Proof. In relation (2.1) replace & by ¢; for generic ¢, the relation is true for the case
that a and b are non-negative integers by (51) in [16]. Both sides of (2.1) are Laurent
polynomials with respect to the variable g%, ¢?, and they are equal for any positive
integers a and b. Therefore, these two polynomials are equal and the two sides of (2.1)
coincide for any a and b for generic g. Then we can specialize g to &,. O

Definition 2.3. For a parameter ¢ # 0, 1, let U, (sl») be the quantized enveloping
algebra of sl,, which is the Hopf algebra generated by E, F, K, and K~! with
relations

K?—K™2
[E.F]l=——
q9—q
KE = qEK,
KF =q¢ 'FK,

KK '=K'K =1,
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and the Hopf algebra structure given by
A(Ey=EQK+ K '®E,
A(F)=FQK+ K '®F,
AKEY) = K+ @ K+,

S(E) = —qE,
S(F)=—q"'F,
S(K)= K1,

e(E) =¢(F) =0,
e(K) = 1.

From now on, we will stick to the case ¢ = &, unless explicitly stated the contrary.
The proof of the following is a straightforward verification of the above relations.

Lemma 2.4. For eacha € C\ %Z, there is a simple representation V¢ of Ug, (sl2)
of dimension n whose basis is {eg,ef, ..., e,_,} and on which the actions of E, F,
and K are given by

E(ejq) = [j]e/"l—lv
F(ef) = [2a — jlej41.

K(e;‘) = ,‘,‘_jej‘,
with e? | = e = 0.

The basis {e§, ef. ..., ex_,} of V¢ will be called the weight basis of V. Two such
representations V¢ and VP are isomorphic if and only ifa—b € 2nZ. The represen-
tation (V4)* is isomorphic to V*~174, a duality pairing realizing this isomorphism
being

() (et e?) = 8pnt-abin1—,;& @ DD, (2.2)
a,b

Similarly, an invariant vector in V¢ @ Vbis given by

n—1
U = Spn—1a Z E’Eb—n+l+z)(n—1)elq ® e’li_l_i. (2.3)
a,b i=0

In what follows we will represent graphically the maps N, 5 and U, p as follows:

a n—1l—a i n—1-i
and . 2.4)
. . a n—1l-—a
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2.2. The R-matrix. The R-matrix corresponding to the colored Alexander invariant
is given in [1], and is also used in [20]. The construction of the representation of
Ueg, (sl2) is a little bit different from that in [20], and we define

PR:VI®VE — Vg Ve

(the morphism obtained by composing the R-matrix action with the flip) as follows:

Uu—mil|2b—v—m

ZR(63®6£’)=Z{m}!S,?[ ! M b }e{,@m@eg_m, (2.5)

where

m(m + 1)

¢y =2(a—-u)yb—v)—ma@a—b—u-+v)— 7

and m ranges in [0, min(n — v — 1, u)] N N. We denote ZRZ:IJ the coefficient of
R(e! ® eff) with respect to 32 ®ep.

Proposition 2.5. The morphism 2 R given above is the R-matrix of the non-integral

representations, in other words, ZR satisfies
b b
JRA(X) = A(x),R (2.6)
as mappings from V¢ @ VP to VP ® V@ for any x € U, (sl2), and
(R ®id)(id ®2R)(ZR ®id) = (id ®ZR)(ZR ®id)(id ®3 R) 2.7
as mappings from V¢ @ VP @ VE 1o Ve @ VP @ V4.

Proof. Let us sketch the proof of (2.6) for the generator E (the case of K and F is
similar). On one side we have

aR(AE)(ef ® e))
= Z gb_v[u]ZRZi??;u_l_me£+m ® €y 1-m
T DR
On the other hand this must be equal to
AE)(GR(ey ® ¢7))
= Z ZRZ,JZm’u_m[U + m]fa_u+me£+m—1 ® €y_m
m

b pv+m,u—m —b+v+m b a
+ aRu,v [u —m]& Cotm @ €y_m_1-
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We now use the fact that the ratio of two neighboring coefficients of ZR is easy to
compute, for instance it holds

(va+m,u—m)—1bRv+m+1,u—m—1 — E—(a—u—b+v+m+1) {u B m}{2b -V - m}
aMu,v aMu,v {m + 1}

b

Thus, comparing the coefficient of e, ,

b pv+m,u—m
aRu v

® ed_,,_; on both sides and factoring out
one gets the equality

[V{u —m}{2b —v + 1}
{m+1}
{u—m}{2b—v —m}v+m+1]
{m+ 1}

%—3(b_v)_m [u _ m] + gb—v

— [M _ m]g_-v-l-m—b + ‘i:b_v

which is equivalent to
{m+13{2b—2v—m} +{v}{2b—v+ 1} ={v+m+ 1}{2b — v —m}.

Equation (2.7) comes from the braid relation (3.8) of [1] since our ZR is related to
G(a, B, +) defined by (3.5) in [1] as follows. Using the superscript ADO for symbols
introduced in (3.1)—(3.3) of [1] one sees that

ADO m(m+1)

(€ m)p° = ()" 2 {m}!

ADO
m — m g__n (m—n)
n e n ’

ADO

n g—4b g2

and

Observing formula (3.5) of [1], one easily sees that if the matrix G(«, B, +) satisfies
the braid relation, then it will keep satisfying it for any choice of u, v, f, F,n, k.
Thus we choose w = 2,0 = ;% B =E* n=v=1/4, f = F =1, and
n =k = 0so that G(§, 49, "g‘n_“b, +) is given by

, —4a ¢—4b
Golma—mEn 67 )

20u—2bu—2 - b—y)—"untD [0y
:%_nvu u—2av+m(—a+u+b—v) 5 {2b—v,2b—v—m}
u—m
and so
b pv+mu— 2ab Hu,v —4 —4b
aR::v e :g:na Gv-‘rm,u—m(g:n a’g:n ’+)'

Hence Z R satisfies the braid relation (2.7). Ol
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The R-matrix given by (2.5) is represented graphically as follows:

i J

a 'kl a \b
1

k
and
i J
(bR—l)U . /
a ki~ a/ b -
k 1

2.3. Clebsch—-Gordan quantum coefficients. Let us consider the tensor product
V2 ® Vb, By using standard arguments on the weight space decomposition, one can
prove the following decomposition of the tensor product.

Proposition 2.6. Let V4, V? be highest weight representations of non-half-integer
parameters a,b. If a + b is not a half-integer, then

veg vt = @ ve. (2.8)

a+b—c=0,1,....n—1

The weight basis e¢ of V. is a linear combination of the tensors ¢ ® e? of the
weight basis of V¢ and V?. An explicit computation of the coefficients expressing
ef in terms of ef ® eé’ is provided by the following theorem. (See Appendix A.1 for
a proof.)

Theorem 2.7 (Clebsch—Gordan decomposition). Ifa +b—c € {0, 1, ..., n — 1},
any Ug, (sl2) module map

@hive —vee vt
is a scalar multiple of the inclusion map
Yot ve > vigvh
given by
b _ a,b,c b
Y&t = Y Coiei®e
u+v—t=a+b—c
where

n 2¢ -1 2¢
Ca,b,c — 5(c—a—b) 1 (v—t)sco
wvi =§ DT 2c—t a+b+c—(n-1)

Z (—1)7£C3 a+b—cl[2a—u+z|[2b—v+w (2.9)
z+w=t ! u—z 2a —u 2b—v |
z,w>0
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with

v2b—v+1)—uRa—u+1)
2

Cp =

and

_@z-n@c—1+1)

C3 )
2

and where the sum is taken over all z, w > 0 such that z < u and w < v.

The coefficient C,ff f is called the Clebsch—Gordan quantum coefficient (CGQC).

In order to get invariants of unoriented graphs, the operators associated to the
other elementary graphs must constructed by “moving a leg of the Y -shaped graph
up or down” (see Figure 1). Hence we define projectors

LS, Vi@Vl —ve

out of Y& as
o= N ®id)oldgwr;™'7),

a,n—1—a
So, letting
Lg,(eh ®ed) =) Livief.
t
the coefficients are explicitly given by
b, —1—a,c,b o—a(n— —
Liwi = Gy &g, (2.10)

One may also define R¢ , by “pulling-up the right leg” i.e. by setting

RZ,b = (ide ®Np—1-pp) © (Yac,n—l—b 2 idy)

(as in the right hand side of Figure 1), but as the following lemma shows, the two
choices are equivalent. (See Appendix A.2 for a proof.)

c c c
Yu.b La,b Ra,b

Figure 1. The first equality is the definition of Y{ ,, the second is Lemma 2.8.
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Lemma 2.8. The following holds:

Cn—l—a,C,bg_-n—a(n—l)%-(n—l)u _ CC,n—l—b,a%—n—(n—l—b)(n—l)é_-’gn—l)(n—l—v)_

n—1—u,t,v n t,n—1—-v,u
Therefore we have well defined projectors
Yo, Vi@Vl — Ve
(about the notation: Y, Ca’b and Y7, are distinguished by the position of the indices). In
order to have an explicit formula, applying two times Lemma 2.8 we get the following
proposition.
Proposition 2.9. The projection Y, is given by

c a by __ n—l-b,n—1—a,n—1—c ¢
Yopleh ®en) =) GO Tmi i e @.11)
t

In what follows, the Clebsch—Gordan quantum coefficients given by (2.9) will be
represented graphically as follows:

mj m2
Ca,b,c a b
my,mp,m
c
m
and
m
c
Cn—l—b,n—l—a,n—l—c .
n—1-mo,n—1-—my,n—1-—m"* a b
m m2

(Here in the left part we use Proposition 2.9 to rewrite Y, .) The following lemma
is proved in Appendix A.3.

Lemma 2.10. It holds
Ja

2a +n
= id, . 2.12
c@ |:2a+1:|1a (2.12)
a

The decomposition of V¢ @ V? is expressed by Yca’b and Y7, as follows.
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Proposition 2.11. Let id be the identity operator on V¢ ® V?. Then
2¢+n]!
id = yabye, . 2.13
1 2 |:2c + 1] ¢ “ab 2.13)
c:a+b—c=0,1,....n—1

Proof. Formula (2.12) implies that

2c +n
b b _ b
Y? Ya";bYc“ Ya";b = [2c+ 1:|Yc“ Ya";b.

]_IYCa’b Y, is the identity on the subspace of V¢ ® V? isomorphic
to VE. O

2.4. Quantum 6j -symbols. In this subsection, we compute the SL(2, C) quantum
6 -symbol by using the CGQC introduced previously. The quantum 6; -symbol is
defined by the relation in Figure 2. The left diagram represents the composition of
two inclusions

Vi — V2@ Vyi3 and V2 S VigVyiz,
while the right diagram represents the composition of two inclusions
Vi s VvV and V23 Vvi2g Vi3,

Let ¢; and ¢, be the resulting maps. Then Figure 2 translates the equality

u(v) = Z{’.l /2 ’.”} L), veVi,
s U3 1 J23) g,
23
The quantum 6; -symbols for non-integral highest weight representations are given
as in the following theorem. (See Appendix A.4 for a proof.)

J1 J2 J3 J1 J2 J3

J1 J2 Ji2
J12 = Z{ . . } J23
&n

s J3 ] J23

Figure 2. The quantum 6, -symbol is defined by the above diagram.
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Theorem 2.12. Fora, b, ..., f € C\ %Z satisfying
at+b—ceca+ f—cb+d—fid+e—ce”Z,

we have

a b e
{dcf}g,,

_(—1)n—1+3aﬂ[2f+n]‘1{Bdec}!{Babe}![ 2e ][ 2e ]—1
B 2f + 1] {Bpar{Base}! [ Aabe + 1 —n || Beca

min(BdecaBafc)

z Aafc+1 Bacf +z
2 D [2c+z+1][ }

B
z=max(0,—Bpqs+Baec) acf

|:Bbfd + Bgec — Z] [Bdce + Z}
Byta Barp |
(2.14)
where
Ayyz =x+y+z and Byy, =x+y—z. (2.15)

Remark 2.13. These 6;-symbols were already computed in [7].

2.5. Values of tetrahedra. The following result is a straightforward consequence
of the definition of 6;-symbols and of Lemma 2.10.

Lemma 2.14. It holds

b e} 2/ +n (2.16)
a
c
Let us define
{a b e} _{a b e} 2f +n 2.17)
d ¢ fla d ¢ flgl2f+1] )
We will prove later in much greater generality (Theorem 4.4) that {Z IZ ; } o 18 the

value of an invariant for the tetrahedron of Figure 3 and thus it has all the symmetries
of the tetrahedron (up to switching the color of an edge with its complement to n — 1
if the symmetry changes the orientation of the edge).
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Figure 3. Colored oriented tetrahedral graph.

Using (2.15), if in { g IC) ; }tet one fixes the values of Bgec, Babes Bpay, and By fc
in {0,1,...,n — 1} and computes the values of b, f, and ¢ as functions of these
values and of e, a, and d, then one gets a rational function of £7, é,’f, and & with

complex coefficients, which is actually a Laurent polynomial of £7 and é,‘f . (Indeed
the only term which is not a Laurent polynomial in (2.14) is [ Bifd ]_1 .) Similarly
one can express all the variables in terms of e, b, and ¢ or e, f, and ¢ showing that

the function is a Laurent polynomial also of S,’f &7, and E,{ . To prove that it is also a
Laurent polynomial of £¢, we exploit the symmetry (induced by an isotopy rotating
the picture of Figure 3 of 180° along an axis contained in the blackboard)

a b e _[f n—-1-b d
dcftet_e ¢ a ) et

and apply the same argument to the right-hand side to conclude that the left hand
side is a Laurent polynomial with respect to &-. Hence the value of the tetrahedron

is holomorphic with respect to the parameters a, . . ., f. This implies that {Z IZ ; } ot

is well defined even if some of parameters are half-integers, therefore from now on
we will allow half-integers values for the parameters. So, in order to exploit this, let
us set a definition.

Definition 2.15. A triple of three integers (i, j, k) is called admissible if they satisfy
the following conditions:

0<i, j,k<n—1,

n—1l<i+j+k<2n-1),
and
O<i+j—k,j+k—ik+i—j<n—1

(here n is such that £ = e i7ﬂ).

The following lemma will be crucial in the proof of Theorem 3.2.
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Lemma 2.16. Let a, b, ¢, d, e, and [ be integers such that (a,b,e), (a,c, f),
(b, d, f), and (c,d, e) are admissible triples. Then it holds

{abe}
d ¢ [«

:(—1)"—1M[ 2e M 2 r
{Boas }{Base}! [ Aave + 1 —n ]| Beca

M
Z [ Agfe +1—n ][Bacf +Z][Bbfd 4+ Bjec —Zi||:Bdce +Z]
= 2c+z+1—n Bacy Byra Barp ’

(2.18)
where

m=max(0,n—1—-2¢c,b—c+e+ f—n+1,-b—c+e+ f)

and
M = min(Bgec, Bafe-n —1 = Bgep,n — 1 — Bgee).
Let
R(z) = [ Agfe +1-n MBM + z][B,,fd + Bec —z“Bdce + z]
2c+z+1—n Bacr Byra Barp

Jorm < z < M. Then R(z) is positive, and there is a unique integer zo such that
r(zo) > landr(zo + 1) <1 for
R(2)
R(z—1)
— {Bafc_z+1}{Bacf +Z}{Bdec_z+ 1}{Bdce+z}
2c+z4+1=nH{z{Bpra + Baec —z + 1}{Bace — Bayp + z}

r(z) =

This zy satisfies
R(zp) =max{R(z)|z€Z m<z< M}. (2.19)

Proof. Formula (2.18) comes from (2.14), (2.17), and the relation

(—1)° Agfe +1 :(_I)Bafc Agfe +1—n ‘
2c+z+1 2c+z+1—n

Observe that since the colors are integers the summation range [m, M| C [0,n — 1]
is the set of values of z in (2.14) such that all the binomials are non-zero. Moreover,
for z satisfying m < z < M, the four binomials in R(z) are all positive.
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For z €]m, M| we rewrite r(z) as
. T . 4
sin (;(Bafc —z+ 1)) sin (;(Bacf + Z))

sin (%(26‘ +z+1- n)) sin (%2)

r(z) =

sin (%(Bdec —z+ 1)) sin (%(Bdce + Z))

e in (© '
sin (;(z — (Bpfa + Bgec —n + 1))) sin (;(Bdce = Barp + Z))

Observe also that, since all colors are integers, r(z) is continuous and real-valued for
z €lm, M] and since r(z) > lif zisclosetom and 0 < r(z) < 1 if z is close to M,
there exist a solution x; € [m, M] of r(z) = 1; thus R(z) attains a local maximum
at zg = |x1]|. We will now show that x; is actually the only maximum of R on the
interval [m, M| and this will conclude the proof. To prove this, we now show that
there is only one solution to r(z) = 1 in |m, M] by proving that r'(z) < 0 for all
z €lm, M]. It holds

X

r'E) = () £
where

f(z) = —ctg (%(Bafc —z+ 1)) —ctg (%(z —(n—1- 26)))
—ctg (%(Bdec —z+ 1)) —ctg (%(Z - (Bbfd + Bgec —n + 1)))
+ ctg (%(Bacf + z)) —ctg (%2)

+ctg (%(Bdce + Z)) —ctg (%(Bdce — Bagp + Z))-

To conclude it is then sufficient to observe that for z €]m, M] the following inequal-
ities hold:

—ctg (%(Bafc —z+ 1)) —ctg (%(z —(n—-1- 2c))) <0,
—ctg (T(Buee =2 + 1) —ctg (7 = (Boga + Baee —n +1))) <0.

ctg (%(Bacf + Z)) —ctg (%2) <0,
and
ctg (%(Bdce + Z)) —ctg (%(Bdce — Bagp + Z)) <0.

Indeed the latter two inequalities hold because for all 0 < y < x < m it holds
ctg(x) — ctg(y) < 0, and the former two because for all 0 < x,y < s such that
X 4+ y < mitholds —ctg(x) — ctg(y) < 0. Thus f(z) < 0 and so r’(z) < 0 for all
z €]m, M[. This proves that zg = |x1 | is the only maximum of R(z) on [m, M]. O
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2.6. Relations satisfied by the tetrahedra

Orthogonality relation. Let us define { IC’ ; } ¢, by

d b a d b a

a b e
e _;{dcf}gn s

c c

By a simple computation, using that [Z] et = [Z] and (2.9) we have

ba,c _ ab,e
Cv,u,t = Cu,v,t |§n<—§',,_1'

a b e _fa b e
VIR VA N

But, by inspection in (2.14), we have

a b e _abe
{d ¢ f}gn—l_{d ¢ f}gn

This implies that

and so

Therefore we have

R R = R T s

S

since

a b e
e :Z{d ¢ f}gn s
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Therefore the following orthogonality relation holds:

2

S

2f +n17'[2¢+n]" fa b e\ [d b f _s
2f +1 2g+1 d c ftet a ¢ gtet_ “

where f ranges over all the complex numbers such thatbothb+d — f and f +a—c¢
arein {0,1,...,n — 1}.

Pentagon relation.

2h+n —1{a b f} {a h g} {b c h}
2h+1:| g ¢ h)gle d i) \d i j)e

It holds

fcg}{abf}
dejtetjeitet’

where & ranges over all the complex numbers such that allof h +a —c, g + b — h,
e+h—i,a+h—g,b+c—h,andh+d —iarein{0,1,...,n— 1}. The proof of
the relation is similar to that in the generic ¢ case and it follows from the sequence

here below:

NN

Symmetry The symmetries are a consequence of Theorem 4.4. Since the change
of the orientation of an edge colored by i corresponds to the change of the color i to
1 =n—1—1i, wehave a group of 24 symmetries (induced by the invariance under
isotopy) and (for instance) generated by the first 3 here below (we also specify some
other elements of the group which will be used later):

{ab
d c

L

éd} _{fbd} _{Jéf'}
fd tet_ e ¢ da tet_ a ¢ ey
_ (2.20)
_{c f a} _{d e c} _{e d C}
B b e d tet ~la fob) B f a b tet‘
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3. Relation between the 6; -symbol and the hyperbolic volume

abe}

In this section, we investigate the relation between { def

volume of an ideal or truncated hyperbolic tetrahedron.

« and the hyperbolic

3.1. Volume of an ideal tetrahedron. First, we consider an ideal tetrahedron 7°
with dihedral angles «, 8, and y satisfyinga +  + y = =. Let a,, by, and ¢, be
sequences of integers such that lim,_, 2”% =77 —o,lim,s 2’;”” =7 — B,
limy,— 0o 2”% =n —vy,and a, + b, + ¢, = n — 1. Then we have

{an by, cn}

an bn cn) i
N ”_Iib” e n—1-2c, +z2
ln—1-2a, b)) 2b, +z+1 n—1-—2¢,

z=max(0,2(c;; —
2¢, — z n—1-—2c, +z
n—1-2a, n—1-=2b, |

The summand vanishes unless z = n — 1 — 2b,, and, using

{n—1}1 = \/—_ln_ln,

we get

an, b, cn B (_1)n_1 2¢n -1 2ay, 2ay,
an bn cn) e n—1-2ay, n—1—2c, ||n—1-2b,

24,22 !

( l)n 1 2ap 2¢cp

(T2 ) ([T 200 22)( T 260 2).

Theorem 3.1. The volume of the ideal tetrahedron T with dihedral angles «, B, y is
given as follows:

Vol(T) = lim —log(( 1= 1{ bn c”} )

anp by ¢y

Moreover, letting a, = n — 1 — a,, Bn =n—1—-b,, and ¢, =n—1—cy,, it also

holds _
a, b, ¢
Vol(T) = lim z1og((—1)"—1{_" " "} )
n—oo n an bn Cn ) tet
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Proof. The limit is computed as follows:

a, b, c
lim z1og(—1)"—1{ noon ”}
n—-oo n tet

an, b, cn

- 2apn 2by 2¢cn
:ngngozlogn2<l_[2sm—l_[2sm—1_[2s1n )

2an

= nll>n<}o %(— 2logn + ]; log (2sin k%)
2by, 2cn
+ Z log (2 sin —) Z log (2 sin —))

k=1
= A@) + A(B) + Aly).

which is equal to the volume of 7. Here we use the Lobachevsky function

X
Ax) = —/ log(2| sin x|)dx,
0

its relation

Al —x) = =Ax),

and

Zan

lim — Zlog (2 sin —) = / log(|2sint|)dt, 3.1
0

n—-oon

for 0 < a < m and a sequence of integers a, such that limg,_ Z”n“” = a. The
last statement is a direct consequence of the fact that changing the coloring from
an, by, cy to ay, l;,,, ¢y 1s equivalent to switching all the orientations of the edges of
the tetrahedron in Figure 3 without changing the labels, and the resulting graph is
isotopic to the initial one, thus the invariants are equal for each n. O

3.2. Volume of a truncated tetrahedron. Let 7 be a truncated hyperbolic tetra-
hedron as in Figure 4, which has four right-angled hexagons and four triangles. Let
4, O, Oc, 04, O, Or be the dihedral angles at the edges a, b, ..., f of T. Other
dihedral angles of T" are all right angles. The shape of T is uniquely determined by the
angles 0, Op, ..., 0. For precise definition of a truncated hyperbolic tetrahedron,
see Definition 3.1 in [26].
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Figure 4. A truncated hyperbolic tetrahedron 7.

Theorem 3.2. Let T be the truncated tetrahedron with oriented labeled edges as in
Figure 4, and let 0 < O, 0p, Oc, 04, Oe, 0y < 7 be the internal dihedral angles at the
edges. If 0;, 0;, O are three dihedral angles meeting at the same vertex, then they
satisfy 0; +60; + 6, < 7 since T is a truncated tetrahedron. Let an, by, cn., dp. en. fn
be sequences of integers such that

2ma 2
lim =" =76, ..., lim f”:n—ef.
n—00 n n—00 n
Put
ap=n—1—au, ..., fu=n—1—f,.

Using these parameters, the volume of T is given as

- ol 51 %)
0 = um — 10 = r :
n—o00 2n £ dn Cn fn tet dn Cn fn tet

Remark 3.3. {a” b en } is defined for a tetrahedron with oriented edges, and it is
dp cn fnltet

not symmetric with respect to the group of symmetries of the tetrahedron. However,

the limit of the product {a" b en } tet{ @n bn-en

_ i becomes symmetric.
dn cn fn dn ¢cn fn }tet y

Proof. For n big enough, the triples

(anvbnsen)v (anvcnv fn)v (bnsdnv fn)v (Cnvdnsen)s
(dnygn,én)y (a_nyc_naf:l)7 (b_n,d_nafn)y (C_naﬁzn,én)
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are all admissible. Indeed since 6, + 6 + 0. < 7 then ay, by, ..., fu < 5 and so
n.... fn<nand1 < ‘”’H’% < 2 (similarly for the other triangles). The range

of sum is reduced and the signature is determined as follows:

{an by, en}
dn Cn fn) e

=(-n"! Ba,enen s Baybyen ! |: 2en :||: 2en :|_1
{andnfn}!{Banfncn}! Aanbnen +1—n Bencndn
1) 3.2)
i AanfnCn + 1 —n Bancnfn +z
(,L2n +z4+1-n Ba,en fu
z=my,

[anfndn + Bdnencn - Z:| |:Bdncnen + Z:|
Bb, fudn Bay fuby 1

and
PR
Cz” Cn fn tet
= (_l)n_l {andnf”}!{BanfnCn}! 2en -1 2e,
B

{Bdnencn}!{Banbnen}! Aanb,,e,, +1—n encndn
@) (3.3)

i 2¢, —z Ba,cp fn
Aanfncn + l—n Bancnfn -z

Z=m22)
B, fud, Ba, fb,
anfndn +Bdnencn +1—l’l+Z Bdncnen_z ’

where
mfll) =max(n — 1 —2¢c,, —by —cp +en + fr).
MY = min(Ba,e,c,+ Bay fucn)-
m® =max(0,n — 1 —by +cn —en — fn),
and
M? = min(Ba,c, £, Ba,cen)-
Let

A 11— B
Rr(zl)(z) — |: an fncn + I”l:||: ancn fn +Z:|

2ch +z+1—n Bayen fu

[anfndn + Bdnencn - Zi| |:Bdncnen + Zi|
Bb, f,dy Ba, f,b,
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form® <z < MM and

R(z)(Z) — 2Cn —Zz Bancnfn
§ AanfnCn + l—n Bancnfn -z

By, fud, Bay, fubn
anfndn + Bdnencn +1l—-n+:z Bd,,cnen —Z

form® <z < M@ Let

(1) )
R R
r,gl)(Z): (l)n (2) and r,gz)(Z)Z (2)n (2) ‘
R, (z—1) R, (z—1)
Then
@)

— {Banfncn —z+ 1}{Bancnfn + Z}{Bd,,e,,cn —z+ 1}{Bd,,cnen +z}
{2¢cn + 2z + U{z}{ By, f,d, + Banencn — 2 + UH{Ba,cnen — Ba, fubn + 2}

and

()

- _ {Banfncn + Z}{Bancnfn —z+ 1}{Bdnencn + Z}{Bdncnen —Zz+ 1}
{2¢n —z + Lz} Bb, fud, + Banencn + 1+ 23{Ba, fuby — Bdnepen + 2}

According to Lemma 2.16, both R,(,l) and R,(,z) are positive, and there are unique
integers Z,(,l) and Z,(,Z) where Z,(,l) corresponds to the maximum of RS,I)(Z) and Z,(,z)

corresponds to the maximum of R,(,z) (z) at the integer points. Then we have

R’(ll)(Z’gl))R’(lz)(Z’gz))S {an bn en} {&_n bn éf}
d fn tet dn C, fn tet

n Cn Cn

=R EDRD ).

Hence
1 T an bn €n ap l;n en
lim — log S n
n—o00 2n dn Cn fn tet dn Cn fn tet (34)
. T
= Jim > log(R;V(z,0) R (237).
Let

2 2
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For0 < 8 < a < 7, we have

an
lim zlog L o J
B [

b3

=—A) + A(B) + Al — B)

by the definition of the Riemann integral. Replacing every quantum binomial in R,(,l)
and R,(,z) in (3.4) by using this relation, we get

. g {an by en} {&n Bn en}
lim —log - -
n—oo n dn cn fu)eldn G fu)e 3.5
= g(9a7 Qba 0(,‘7 Qd, 065 ef’ é-(l)) - g(@a, Qb’ QC’ Qd’ 96’ Qf’ _6(2))’

where
g(ea’eb,ec,ed,ee,ef,é—)
=A<7T—0a—9f+00—ﬁ)+A<—29C+§)_A(7T—0a—00+0f+§‘)

—|—A<%) _i(—@b + 0. —29e—9f2—§) +A(n—9d —iez—i- O —é’)
_A(n—ed—(;c+9e+§)+A(—9b—ec +29e+9f +§)‘
Moreover, ¢V and —¢®@ are solutions of
d%g((?a, Op.0c.0a,0e.67.0) =0 (3.6)
satisfying
max (260, Op + 0. — 0, — 6y)
<0
<min(zw + 0. — 03 — 0, w1 — 04 + 6. — 05),
and
max (0, O — 0. + 0. + 0y)
<@
<min(7r — 0, — 0. + Op,m — O — Og + 0e),
since

d

Oq,0p,0:,64,0.,0r,
dgg( b d 9]

lim zlog r,gl)(zn) =
n—-oo n
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and

lim zlogr,gz)(zn) = —dié_g(éa, Op.0c.04.0c. 05, —0),
n—>oo n

where z, is a sequence such that lim,_, 27”2,, = (. Taking the exponential of two
times both sides of (3.6), we get

N
b=l 3.7)
where
B g — 0c + 07 + ¢ Od +0c —0f — ¢
Nl—‘cos< 2 )HCOS< 2 )‘
O, — 65— 0, —C O, +06;—60,—¢
Jcos (5| [eos( ===
and
. (§—20 (= + 0. —0,— 07 — ¢
D1 = s (220 o (=5
(=0 — O+ 0 + 0 +L\1
sin ( ; )| [sin (3]
If¢ = ¢W, then sin ( . +6€_62"'_9f —¢0 ) is negative and the other seven values of the
trigonometric functions in (3.7) are all positive. If { = —¢®@, then sin (—;Q)T—ze(),
sin (%(2)), and sin (_9” _9"+929 0,4 ) are negative and the other five values of the

trigonometric functions in (3.7) are positive. Therefore, ") and —¢® are solutions
of

N
D,
where
N2=005(6a_66:6f+§)cos<9a+9c2—9f—é‘)
COS<00_0d2_08_§)COS<QC+0d2_06_§)
and

D; = sin (E _2290) sin (—01; + 6 —ZGe — 05 — g')
. <_9b = +208 s ;) sin (E)

2
and it is equivalent to a quadratic equation

Cyz2+ Ciz 4+ Cy =0, (3.8)
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where
z =e't,
Co = abc?d + abc*d + abcle + abcd?e
+beddf +a*bcidf +ac’def + ab*c3def,
Ci = —abc*d + abc?de? + bc’ef + a’bc’ef
—acdef —ab*cdef —ac3def —ab*c3def
+ bc?d?ef + a’bc*d?ef + abc?df? —abc?de? 2,
C, = acdef + ab’*cdef + bede* f + a*bede® f
+abcef? + abed?ef? + abde® f* + abc*de? f2,
and

a=e’9“,...,f=e’9f.

. ) _it@
The two solutions z; = ¢’ and z, = ™%

_ —Cy —4abc?def Ndet G

of (3.8) are given by
—C1 + 4abc?def \/det G

71 and 2z, =
2C2 2C2
where G is the Gram matrix of 7" given by
1 —costly —cosO, —cosby
—cos b, 1 —cosf, —cosf
G = “ ¢ ‘1. (3.9)

—cosbp —cosb, 1 —cos by

—cosfly —cos. —cosby 1
since 5

Ci—CyC
detG = —L 22
16(abc?def)?

Recall that the determinant det G is a negative real number since 7 is a truncated
hyperbolic tetrahedron, and we assign

VdetG = iv/—detG.

To compare (3.5) with the volume of 7', we use the method in [26] based on the
following Schlifli’s differential formula:

1

where 4, ..., [y are lengths of edges labeled by a, ..., f respectively. Let G;;
denote the submatrix of G obtained by deleting the 7 -th row and j -th column, and let



SL(2, €) quantum 6 -symbols and their hyperbolic volume 329

cij = (—1) T/ det G;; be the corresponding cofactor. Then, by (5.2) in [26] (taking
into account that with respect to the notation in [26] ¢ and e are exchanged), the
length [, is given by

21, = log (3.11)

(2c§4 — 33C44 + 2¢34+/—det G sin 6, )
C33C44 .

On the other hand,

0
255780, 0, 0. 0. B, O ¢ — g(64., 0p, 6c. 04, 6e, 07, —CP))
a

(Cos (9“ ~ be +29f + 5(1)) cos (9” + _291" + g<2>)) (3.12)
= log .
cos (B et By =80y (Bat B =y = £

To rationalize the denominator of the right-hand side of (3.12), we compute

o <9a — 6, +29f + zm) o <ea + 0, —29f + §<2>)
OS(% — 0, +29f —f(z))cos (9a + 6, —29f —E(l))
_(afzi+o)(ac + fz2)
(afzz +c)(ac + fz1)
_ (afz1 + c)*(ac + fz2)?
(afzi +c)afzy +c)ac+ fz1)(ac + fz2)’

(3.13)

; 0. (1 (2
where g = e . L= el 7, = et ),andzz — ¢t as before. Then (3.13)
turns out to be equal to

2C§4 — €33C44 — 2¢34v/—det G sin G,
C33C44
(2C§4 — 33C44 + 2¢34v/—det G sin b, )—1
C33C44

by an actual computation. Hence we get

0
= (800, 0, 0, 0, e, 07, V) = £(0a, 0., Oc. 0. b, O, () =~

To see the differential with respect to 0, we use the symmetry given in (2.20),

a b e B b e a
{d ¢ f}tet_{c f d}tet'
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Note that the triples (b, e, a), (b, f.d), (c,e,a), and (c, f,a) are all admissible.
Applying the above argument and the fact that cos 8 = cos(—6), we have

i
%g(gb’ _06’ 9f7 QC’ _011’ 0d’ é‘él)) - g(eb, _03, 0]“, 0(;, —0‘1, 0d’ —é‘éz)) = _lb7

where ¢ ISI) and —¢ 152) are solutions of the equation

ig(ebv _067 efv 007 _eav 0d7 é‘) =0

e
satisfying
max(20y, =0 + 0r + 0, — 04)
< g‘lgl)
<min(w + 0, — 0. + 0p, w1 — 60p —O0g + Or)
and

max(0, =0, — 0y — 0, + 04)
< g‘lgz)
<min(w — 0y — 0, — Oy, 1 — Op — 05 + 04).

This implies that

0
505 & Oa- 0. 0c. O Oe. 07 .£V) — 20 Oy Oc. O Oe. O D)) = I,

Similarly, for 6, 04, 0., 0, we have

d
o (8(0a 0. 6c, 0, 0c, 07, ¢1) = (0. O, O, O Oe. O, —£D) = L.,

0
a5 (8 a0 6 0 067, €)= g 6 . 0, O 0o, b7, L)) = 1.

Hence there is a constant C such that
g(ea, 0b7 QC’ ed, 06, 9f7 é‘(l)) - g(ga’ Qb’ 0C’ Qd’ 08’ 0f’ _é-(z)) = 2V01(T) + C.

But g(6a,0p, 0c, 0, 0e, 07, E V) — (64,05, 0c, 04, e, 07, —{ @) can be extended
continuously to the case of ideal tetrahedra whose dihedral angles satisfy 6, + 65 +
O =044+ 0.+ 0 =0, +0; +0r =0, + 04 + 0. = m, and Theorem 3.1 implies
that the constant C = 0. Therefore, Theorem 3.2 holds. O
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4. Invariants of graphs

In this section we exploit the graphical relations satisfied by the algebraic objects
studied in the preceding sections to define an invariant of framed, oriented, colored
trivalent graphs. Then, we provide a face-model computing the invariant.

4.1. Graphical relations between symbols

Proposition 4.1. Letting
la = a(a +1- l’l)

and using the above explained graphical convention to draw morphisms of represen-
tations, the following relations hold:

a

a b b
t a ;
=& . = ,’;"a”’Y’ 4.1
c c

a b c a b c

tgt+tg—te—ty ¢ a e
= , 4.2
2.5 boa ol S 2

—ta—tg+tetty |C d e
= n ' . 4.3
; : {b d f}gn A 3

d d

Proof. The first relation of (4.1) is easily proved by applying the operators &R,
Ugn—1-a and Ngn—1—4 to the vector ef € V¢. The second relation of (4.1) is

obtained by applying ch’a and § R to the highest weight vector eg in V¢. Let
u =a+ b —c. By using (2.5) and (2.9), we know that the coefficient of ej ® e,’j in
SR(Y(e§)) is

- —)a Y@b—ut D) 2¢
/—_1 u 2(b—u)a 5 ,
" a+b+c—m—1)



332 F. Costantino and J. Murakami

while the coefficient of e ® e? in y&b (e§) is

—u u u(2b—2u+l) 2C
VD [a—l—b—i—c—(n—l)}

Hence 4R o ybe = gleta=toyab,

Relation (4.2) is proved by using the deformation of the diagram given in Figure 5
and applying twice relation (4.1) and the definition of the 6;-symbols. The equality
used in the third step of Figure 5 is easily proved by remarking that it is sufficient to
check it for vectors of the form ej ® e,{ (these vectors together with their images by
the action of Ug(sl») span V¢ ® V) and thus checking it by means of (2.5) and (2.9).
The graphical meaning of the 6;-symbol is given in Figure 2 and we also use (4.1).
Relation (4.3) is proved similarly. O

Vo

Figure 5. The sequence of deformations.

Remark 4.2. V% and V**2" are isomorphic as representations of Ug, (sl), but the
twist operators are different since a ¢ %Z . Such difference comes from the factor

& 2 in the universal R-matrix.

4.2. Construction. Let now I" be a framed oriented trivalent graph without bound-
aryin § 3 and let us fix once and for all a natural number n > 2 as well as a root

/=1
%—n = e n
Let us first fix the notation we shall use in this section: let Ey, ..., E, be the edges of

I" and let us assume that the framing of I" forms an orientable surface; this enables us
to always assume that, in our drawings, the framing of I" lies horizontally above the
blackboard plane (indeed this can be always achieved up to modifying the diagram
of I'; see [5], Lemma 2.3).

Definition 4.3 (Coloring). A coloring on I is a map

1
col: {edges} —> C \ EZ
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such that for each tern of edges E;, E;, and Ey sharing a vertex v (possibly two edges
coincide) it holds

So(Ei) + fo(Ej) + fo(Er) €{n—1.n,....2n =2},

where f,(E;) is col(E;) if v is the end of E; and n — 1 — col(E;) otherwise.

Given a trivalent graph T embedded in S3 equipped with an orientation of its
edges, a framing and a coloring (such a datum is called colored oriented graph),
we can associate to it a complex number which we shall denote (I', col), by the
following construction.

(1) Choose an edge Eq of I and cut I" open along Ey.

(2) Move by an isotopy I" so to put it in a (1, 1)-tangle diagram and so that the two
open strands (initially contained in Ey) run off towards infinity one in the upward
direction and the other in the downward direction.

(3) Assigning M operators to the maximal points, U operators to the minimal points,
R-matrices to the crossing points and the Clebsch—Gordan operators Yab’c and
Ya‘;b to the trivalent vertices as in [17], we associate to the diagram D of T"
obtained in (2) an operator

Op(D) Vcol(EO) N Vcol(EO)

and hence, by Schur’s lemma, a scalar A(D) € C.

(4) Define the scalar associated to D as

2 col(E !

(D) = A(p)| 2N E0)
2col(Ep) + 1

Theorem 4.4. The scalar i (D) is independent on all the choices of the above con-

struction and is therefore an invariant (I", col),, € C of the colored oriented graph
embedded in S3.

Proof. Cut open G along an edge Ey; the fact that A(D) (and hence i (D)) is an
invariant up to isotopy of the colored framed (1, 1)-tangle represented by D is a
standard consequence of the properties of representations of quantum groups and in
particular of Ug, (sl2). So we need to prove that cutting I open along a different
edge, say E and repeating the construction we get the same invariant.

Soletus cut I" open along Eg and E; and, up to isotopy, put the result in a position
of a (2, 2)-tangle whose boundary strands are oriented towards the bottom and are
included one in Ey and one in £ both at the top and at the bottom. Let D be a diagram
of I' in such a position, col(Eyg) = a and col(E£1) = b. The operator represented
by Disop(D): V¢ ® V? — V2 ® V? and by Clebsch-Gordan decomposition and
Schur’s lemma there exist scalars h,1,_x (D) € C,k € {0,1,...,n — 1} such that
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op(D) restricted to the submodule V4+0=k of V¢ @ V2 is hyyp_i (D) id. Let us call
i(Dy) and i (D) the invariant computed out of D by closing E (i.e. cutting open I"
along Ey) and closing Ey (i.e. cutting I" open along E;) respectively. Then it clearly
holds

I=a+b a
i(Do)= ) hl(D)i<l )

I=a+b—n+1
and
l=a+b b
iby= > hl(D)i( I )
I=a+b—-n+1 TN
But then i (Do) = i(D1) as a consequence of Lemma 2.10. O

Remark 4.5. (1) We have

i( ) —1. (4.4)

(2) Colored graphs include colored links, and for links the invariant defined above
coincides with the colored Alexander invariant given in [1] and discussed in [9]
and [20]. Lemma 2.10 gives a new proof for the independence of the string to cut to
make a (1, 1)-tangle. This was first proved in [1] by computation, and then refined
and extended to more general settings in [9] by means of theoretical arguments.
Comparing with the proof in [9], we see that [;Zi’; ]_1 corresponds to d(a) in

Definition 2.3 of [9] expressing the “virtual degree” of the representation V<.

4.3. Face model for the invariant. In this subsection, we construct a face model
for the invariant (I", col),, which in particular include the colored Alexander invariant
defined in [20] by the method already used in Section 6 of [17].

Let (I, col) be a colored, oriented, framed trivalent graph. Let us cut it open
along the edge E; and put it in a (1, 1)-tangle like position so that the two strands
which were contained in E; are directed towards the bottom. The diagram 7T just
constructed splits the plane into regions Ry, ..., Rx, where we let Ry and R; be
respectively the leftmost and the rightmost regions. Let ag, a1 € C\ %Z be complex
numbers satisfying ap + col(E1) —a; € {0,1,...,n — 1}. We define a state of TT
as a mapping

(7% {RQ,Rl,Rz,...,Rd} — C

which satisfies the following conditions:
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1 R4 n—1—2Ar
|

|

|

|

|

| n—1—2Ar
|

|

|

- =0_ _ O O 0 a0 a4 - = = = =

Figure 6. A tangle diagram 77, related to the link L and its regions: the colors of the edges are
A; and if an arc is directed upwards the color is countedas n — 1 — A;.

(1) (Ro) = ao, 9(R1) = ay;

(2) if R; and R; are adjacent along eg, R; is on the left of e; (with respect to the
reader) and R; is on the right of e, then

¢(Ri) + col(ex) = ¢(R;) +1
or, if ey is oriented upwards,
¢(R;) +n—1—col(ex) = p(R)) + 1,
where / is an integer and 0 </ <n — 1;
(3) @(R;) is not a half-integer for any i.

Note that the third condition is a genericity condition for ag. Let Z,, 4, (1T) be
the state sum

Zao,al(TF)
= > I W [ Wap [] W [ m.
@ states p: maximum P minimum D crossing D vertex

4.5)
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where Wiax(2), Wanin(P)s Werossing(P), and Wierex(p) are given as follows (in the
pictures we denote by A, u, 1 the colors of the edges of I and by a, b, ¢ the states of

the regions):

P
N [2a +n]
N ,
a b Wmax(p) _za + 1_
a b 2b +n]~!
A EEE——
Wmin(p) _2b + 1_

p

(the left one corresponds to (2.12) and the right one corresponds to (2.13)),

ta+tp—te—tg JH @4 €
" A b d En’

We(p)

En—ta—tb-l-tc-l-td{:u a C} ’
We(p) /\ b d £,

A i
a
, woAom
¢ —>
W.(p) b ¢ a £,
n
and
n
b . [277—1—11}{19 A a} ‘
wp)  [2n+ 1]k ¢ nlg,
A ¢ "

(The first two correspond to (4.2) and (4.3).)

Theorem 4.6 (Face model for (I, col),). Let

2col(Ey) +n

—1
Za o (TT).
2col(Ey) + 1} aoa (Tr)

Zao,al (TF) = |:
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Then
Zay,a,(Tr) = (L, col)y,.

In particular, if T is a link, then

1 ~
—Zao,al (TF)

N ,—_ln—l

is equal to the colored Alexander invariant in [20].

Proof. The first statement can be proved as in Section 6 of [17] about the correspon-
dence of vertex models and IRF models (see also [5]), we sketch here the basic ideas
(see Figure 7).

As explained previously, the diagram 7T induces an operator

OP(TI'): Vcol(El) N VCOI(E])
and hence a scalar (which we previously called A(7T)). Fix a height function
t: Tr — [0, 1]

and let now £; be the horizontal line at height 7. Intersecting 7T with a generic
£, we get an ordered sequence of colors col(E;,), col(E},), ..., col(E;, ) (where
E;, . ..., E;, arethe edges of Tt intersecting {,, read from left to right); if moreover
a state s is fixed on 7T then there is an induced sequence of colors cy, . .., cx of the
segments composing £ \ £ N Tr, such that in particular ¢o = ag and ¢ = ap; we
will denote this sequence s|¢,. Therefore, for each line £ and state s we can consider
the morphism

OP(K, Sll)l Vel 5 Vi Vcol(El)

defined as follows. First define a map
Opbottom(‘eﬂ SI()Z | A VCOI(Eil) R ® Vcol(Eik)

as the composition

co,col(Ej,)
o)

Ck—2,c0l(E;, 1)
Ye, .0 Y =1

Ck—1,col(Ej, )
Ck—1 :

o Ya1
Then let
OpTop(ﬁ’sle): Vcol(E,-I) R ® VCOI(Eik) N VCOl(El)

be defined as explained in the previous section using the part of 7T lying above .
Then let

op(£,slg) = (idg, ® OpTop(ﬁ’ 5[¢)) © OPyoiiom (£ S1e)-
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Figure 7. Vertex-IRF correspondence in [17].

To prove the theorem it is sufficient to prove that if #; and 7, are two levels such
that the preimage of the interval [f1, #,] by the height function contains exactly only
one extremum or trivalent vertex or crossing of 7T, then

op(Ley.sle,) = D c(s) op(ley. s'le,),

s/

where s’ ranges over all the states s’ of the subdiagram of Tt lying between £;, and
{;, and such that 5’| ¢, = Sl¢,, - This is sufficient because following these equalities
while 7 goes from 0 to 1 we get

op(lo. sley) = Zag,a, (Tr) op(Ly, sle,),

where both 5|, and s|¢, are the sequence (ao,a1) and by construction

op(Lo. sleg) = iday ®A(TT) ideoiiy)) 0 Y200l ED)

and
op(£1,sle,) = YfIO’COI(El),

so that Z4, 4, (TT) = A(TT).

Soto conclude, the reader can check that the coefficients c (s) associated to maxima
are those computed in Lemma 2.10, those associated to minima are computed in
equation (2.13), those associated to a vertex with one leg on the bottom of the picture
are 6 -symbols (by the definition of 6;-symbols), those associated to a vertex with
two legs on the bottom come from the equality expressed in (A.2), and finally those
associated to crossings come from equations (4.2) and (4.3).

To prove the last statement let us note that the left diagram of Figure 7 represents
the scalar operator

Or, A1, .. Ap): Vay —> Vi
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defined by the vertex model in [20]. On the other hand, the right diagram of Figure 7
represents Zg,.q4,(71). Hence Z4, 4, (TL) = O;L (A1,...,Ar) and, by comparing
Zao.ul (TL)
\/_—ln—ln
since {n — 1}! = \/—_ln_ln. O

with the definition in [20], is equal to the colored Alexander invariant

Remark 4.7. (1) Independence of the choice of ag and a;. As a corollary of Theo-
rem 4.6 the scalar Z,, 4, (17) does not depend on ag and a;.

(2) Face model for the Kashaev invariant. Clearly the invariant provided in The-
orem 4.4 depends continuously on the colors of the graph; moreover it still makes
sense for a link whose colors are % and in that case it coincides with Kashaev’s
invariant. To check this, in (2.5) seta = b = % and j = % —u,i = % —v;
then using the arithmetic identities at the beginning of Section 2.1 one sees that the

R-matrix ZR equals the R matrix used to compute the colored Jones polynomial pro-

vided in [15], Corollary 2.32. Moreover the self-duality of 4=n provided by the N
operator coincides with that provided in [15], Theorem 2.13, because [ " ;1 ] =1, for
all k < n — 1. Thus the invariant computed through the procedure of cutting a strand
of a knot open is equal to the standard polynomial associated to the n-dimensional
representation of Uy, (sl,) for generic ¢ divided by [1] and evaluated at g = &, which
is known to be equal to the Kashaev invariant of the link ([18]). But by Theorem 4.6
the invariant can be computed by taking the limit of a face model in which no color
is a half integer. If we consider the limit when the colors A; tend to (n — 1)/2, we
have

2A+n

I = (-
A—>(r1£11)/2 [2/\ + 1] D

.....

the Kashaev invariant. Therefore, as long as all the colors of the regions in each state

are not half-integers (and this is satisfied for a generic choice of ap and a;) every

term in the state sum is well-defined, while the face model introduced in [17] is not
—1

well-defined if the color of some component is *5-.

(3) Face model for the classical Alexander invariant. The case n = 2 corresponds
to the classical Alexander polynomial and the Conway potential function for knots
and links. Indeed, setting n = 2 and @ = b in (2.5), one gets the R-matrix

J=T° 0 0 0

R _ \/_—12{12—2{1 0 O 1 O
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where the order of basis is given by ef ® ej, ef ® ef, ef ® ef, ef ® ef. Letting

q = —lza, one sees that this R-matrix is obtained from the R-matrix Rgs of the
Alexander polynomial given by (1.19) in [14] as

2_
R=v_1" " pPRysP

where P is the permutation P(u ® v) = v ® u. Therefore, the framed link invariant

2_
obtained from R is equal to the Alexander polynomial times \/—l(za 2w where

w is the writhe of the link.
A direct way to see the relation between the resulting invariant and the Alexander

- . 2a—2a> . . .
polynomial is check that the R-matrix +/—1 “7**" R satisfies the skein relation of the
Conway polynomial, and, by using the operators N, 5 and U, p, it is easy to see that
the resulting invariant does not depend on the framing. Hence, the invariant obtained

from v/—1 _2a2+2aR is equal to the Alexander polynomial.

For the Alexander polynomial and Conway potential function of links, a face
model was already constructed in [28] by using the representation theory of quantum
supergroup gl(1 | 1) from another point of view.

A. Proofs of algebraic statements

A.1. Proof of Theorem 2.7. The coefficient of ¢/ ® elli in
a,b,c a b
AE)( Y it wel)
u+v=a+b—c

is
— b, — ,b,
[r+ 1EE7PCE%C, o + [p + E“TCEE

which (using also £ = v/—1) equals
—a—b PEDQP—p)—G+DQRa=r)
—nPV=T T, ’

2c a+b—c
[a+b+c—(n—1):||: r ]([a+b—c—r]—[p+1]),

This is 0 because a + b — ¢ = r 4+ p + 1. The coefficient of e} ® e},’ in
b,
AR (Y citreimed)
utv—t=a+b—c
is

Ra—r+ 1E7PCELe,, + 2b — p+ 116, C25, .
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which after shifting the summation indices in (2.9) becomes

(—l)p_t«/—_lc_a_bgncl[ 2c ]_1|: 2¢ i|

2¢ —t a+b+c—n+1

C> z— C3a+b
([2a—r+1],, S (g [ o ]

z4+w=t+1,
z>1
2a—r+z|[2b—p+w
2a —r +1 2b—p
b—
—ph—pr1ge Y (1)5“*["+ ]

r—z
z+w=t+1,
w>1
2a—r+z][2b—p+w
2a —r 2b—p+1

—a—b 2¢ 17! 2¢
B W a1
=1) "o 2¢c—t a+b+c—n+1

c,[a+b
PONC T R

z+w=t+1
2a—r+z[2b—p+w],  _
P I | e+ e,
with
c _pRb—p+1)—rQRa—-r+1)
1= 3 ;
Co=a+b—r—p+1,
2z—t—-2)Qc—t+1)
G = ,
2
C4:(2z—t)(2c—t+1)’
2
and

Cs=a+b—r—p-—2c+t,

which is easily seen to be equal to [2¢ — 7]C,’ f’fﬂ. Hence we have

a,b,c b a,b,c b
A(F)( Z Cuvte;l@ev):[zc—t] Z Coiier ®ey.
u+v=a+b—c+t r+p=a+b—c+t+1
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These relations imply that the subspace of ¥ ® V? spanned by
ab.c a b
Z Cu,v,O €y ® €y
u+v=a+b—c
a,b,c _a b
Z Cu,v,leu ®ev’
ut+v=a+b—c+1

c ey

abc  a b
Z Cu,v,n—leu ® €y
u+v=a+b—c+n—1

is isomorphic to the highest weight module with the highest weight ¢ and YCa’b isa
Ug,, (sl2) module map. The unicity statement is a consequence of Schur’s lemma and
of Proposition 2.6.

A.2. Proof of Lemma 2.8. It is sufficient to prove the identity for a single tern
(u, v, t) because the space of morphisms from V¢ ® V2 to V¢ is at most one dimen-
sional (this is a consequence of Proposition 2.6 and of the fact that 1< and V ¢+ are
never isomorphic if i € {1,...,2n —1}).

Therefore let us fix u = 0, v = a + b — ¢, and t = 0. Then the above equality
becomes

TS (—l)zfncé[n_l+c_a_b:|[”—l—2a+2:|[c+a+b—z]

c—a—b+z n—1-2a 2¢
z+w=a+b—c

2a
=B ,
1|:c+a—b]

where

(A.1)

—(n—1)(n—2a)

A = ma+b_c_”+1(_1)a+b—cg__n—a(n—l)%-nf,

a+b—c—n+1 L _ _ (n—l—a—b+c)(in—14+a—b—c+1)
B = /—1 (_1)n 1—a b+c%—’$n 1)(c a)‘i:n > ’

and

_Q2z—a-bto)lbtc—a+1)
= > ,

but the summands on the left hand side of (A.1) are non-zero only forz = a + b —c.
Therefore, after some simplification, the equality reduces to

n—1l—a+b-—c _ 2a
n—1-—2a “le4+a-b]

Cs
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A.3. Proofof Lemma 2.10. By Schur’s lemma the diagramin eq. (2.12) represents a
multiple of id,, thus it is sufficient to compute its action on ef. Using Proposition 2.9,
we need to prove

n—1l+c—b—a
2a+n - Cb,n—l—c,n—l—a c,n—1-b,a
2a +1 - a+b—c+t,n—1—t,n—1 "t,n—1+c—a—b—t,0"
t=0
By Lemma 2.8 it holds
bn—1—cn—1-a _ ¢(n—1)(n—1—b—v—a) ~n—1—c,a,n—1-b,
Cn—l—v,n—l—t,n—l - Sn Cn—l—t,O,v ’

moreover noting that if v = 0 in (2.9), then the sum reduces to the only term with
z = t, we have

c,n—1-b,ag(n—1)(n—1-b—v—a) ~n—1—c,a,n—1-b
Z C[,U’() En Cn—l—t,O,v
t+v=c+n—1—-b—a

a+b—c—n+1 2a
- X (v o), ]
t+v=c+n—1—b—a |:C +n—1— bh— a])
t

c—a—b 2n—2-2b 17 2n—-2-2b
V=1 Cg Co
( Sn”bn |:2n—2—2b—v:| [n—l—c—b+a:|

col2t—=1) —c—a-=>b
" n—1-—2c+t '

where
C = v2m—1-b)—v+1)—tQ2c—t+1)
7= 3 ;
Cs=n—1)(n—1—->b—-v—a),
t—n+1)m—-2c+1)
Co = ,
2
and
v2mn—1)—2b—v+1)
C10= .

2
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Simplifying the above formula and applying to the last binomial the third of the
identities recalled at the beginning of Section 2.1, this reduces to

¢,n—1=b,as(n—1)(n—1-b—v—a) ~rn—1—c,a,n—1-b
> G ¢

n—1-—t,0,v
t+v=c+n—1—-b—a

— (_1)a+b—c‘i__(n—l—a—b-i-c)(n-‘ra—b—c) |: 2a :|
n

a—b+c
n_1§b+cg_2(a+l)t 2C—t n_1+a_b—C+t
— " a+b+c—n+1 n—14+a—-b-c
_ (—1)arbe 2a a—b+c+n
N a—b+c 2a + 1

_[2a+n
C2a+1])
where the first equality is proved by using the relation (2.1) given in Lemma 2.2.

A 4. Proof of Theorem 2.12. Using the value of the theta graph (2.12), we have the
relations

e} b d
Ie, 7

(A.2)
_[2f+nlfa b e
-l <.

This gives the expression of the quantum 6; -symbol

e A

— (Ca,f,c )—1 Z Cn—l—d,n—l—b,n—l—f Ca’b’e Ce’d’c

mp,mji,m3 n—1l—-mg,n—1—ms,n—1—m| ~“ma,ms,me ~me,maq,m3"
mg,ms,me
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In the above formula we used Proposition 2.9. Let us put
my =0, mz=0, and m4 = .
Then we have
my=a+ f—c,

m5=b+d—f—a,
and

me=e-+d—c—a.

Using (2.9), letting
h—1
{x.x—h} =] Jtx -k},
k=0

and applying Lemma 2.8 to C/'~/Zdn-1-bn=1—f

; n—l—m4,n—1—m5,n—l—m1’
6 -symbol as follows (in the computation ny = n — 1):

Briile @A,

_ —(f— — —1-b, f,d
— (Ca,f,c ) 1 Z (g_—n (f—d+a)(n I)Cn £ )

we compute the quantum

mop,mi,m3 n—1—ms,mi,mq
M4 e Ce,d,c Ca,b,e
me,mq4,m3 =~ mps,ms,meg
Biec
= E; Z E>E3Eq,
a=0
where
—B, f¢ _BafC(Bac +1) 2¢ -1
El:(\/—_l / &, ’ Aage —n1 )
afc
Ey = gym U —de o0
( 1)_0[%—(Bbdf—nl—az)(n—a—Bbfd) {C(}' {2d, Bdfb}
" {2d,2d —a} {Bpay}!
@@dZe+D) {ny — Bpra.n1 — Bpya — o}
D% T
Es= \/__I_Bedc (—1)* Cii {2¢, Aeac —n1}{Beac}! ,
" {1 — Beac Y Beae — ap!{a}!
with

Ol(2d — o+ 1) B (Bedc - a)(Becd + o+ 1)

Cii = >
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and
_Ba e —_—p —
Ey=~—1 “(=1)bteeSeCrp, | Z (—1D)7ES3 E42Es3E 44,
z4+w=Bgec—0,
Bgec—Bpar<z=<Basc
with
Ciy = (Bpar —a)(Bpfa +a + 1) = Byse(Bacr + 1)
2 b
(z = w)(Becq +a+ 1)
Ciz = .
2
and
E41 — {Bedc —Ol}! {261 Aabe_nl}
' {237 Beca + Ol} {nl - Babe}! ’
E4 5 = {Babe}!
' {Baje —z}Mb+c—e— f 4z}
Euz = {Bacf +z, Bacf}
) I ,
Eas— {Bvfa + Baec — 2, Bpya +a}
’ {Bdec -0 — Z}! ,
SO

e A,

-1
_ \/—_lBafC +Bpar—n1—Beac—Babve (_l)b‘l—C—E—f%—n—nl (f=d) |: 2c :| Fi.

Aafc —ni

with

Bdec N3 N4

C C
A=Yl Y il
D Dy
a=0 z+w=Bgec—0,
Biec—Bpar <z<Bgsc

where

(Bpay —n1 —a)(n —a — Bpra)
2

_ (Bedc _a)(Becd + o+ 1) + (Bbdf —(X)(Bbfd +o+ 1)
2 2

Cu=aoa+aRd—-a+1)+
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and
N3 = {Bpsa + o, Bpra}{2d — a, Barp}{2¢, Aeac — N1}
{Bedc}!z{Babe}!z{zev Aabe - l’ll},
D3 = {Bpar }{n i} {a}{2e. Beca + o},
Ny ={Bacy + 2, Bacy }{Bpsa + Baec — 2. Bpra + },
D4y = {Bafc - Z}!{Bbdf — Bgec + Z}!{Z}!{Bdec —0— Z}!;
therefore

e A

_ mBaf'c_Bedc +Bbar—Babe (_1)n1+b+c—e—fEC15
n

_ B

2¢ U Ns & Ne N7
2 E E (- 1) §C13 C16 Ci7 1 —

[A } Ds 7

—n
afe 1 a=0 z+w=Bgec—0,

Bgec—Bpar<z=<Bgysc

with
Cre = Bpar(Bagp + 1) — Beac(Beea + 1)
15 ) 5
Coo — (Bpay —a)(Bpga + o+ 1)
16 — )
2
Ci7 = -1 —c)a+ (n1 — f)(Bpar — @),
and

Ns = {Beac " {Bape '*12¢, Aeac — n1}1{2¢, Agpe — N1},
Ds = {Bpar}!({n1})>2,

Ne = {Bacf +z, Bacf}{Bbfd + o+ w, Bbfd}s

D¢ = {Bafc - Z}!{Bbdf -0 — w}'{z}'{w}',

N7 ={2d — a, Bayp},
D; = {29, Beca + a}{(x}!;

347
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and then
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2f +nf(a b e
il e,

— (_1)”1+Bdec E_Bdec(Bced+1) &
n D8
min(BdewBafc) Byec—z
Z (_l)z%-z(B(gdﬁ-l)& Z g(z+2c—2n+2)a&
§ Do § Dio’
z=max(0,—Bpar+Byec) a=0

with

NS = NS = {Bedc}!z{Babe}!z{zcv Aedc - nl}{zea Aabe - n1}1
Dg = {Bpar}{Baysc}!2¢, Aafe —n1iina}!,

No = {Bucr + 2, Bacy \ABpfa + Baec — 2, Bpra},

Dg ={Busc — zi{Bpar — Baec + 231z},

Nio = N7 ={2d —«a, Basp},
Do = {237 Beca + a}{a}!{Bdec —Z— Ol}'

Now using the equality

we get

12d —a, Byrpii2d, Bace + 2}

=1{2d —o,B
{2d,Bdfb} 12d —a, Bgee + 2}

[2f—|—n}{a b e}

2f—|—1 d c f &n

_ (_l)nl+Bdec§_Bdec(Bced+l)&
" Dy

min(Bdec 7Bufc) N
12

Z (_l)zsj(Bced+1)

z=max(0,—Bpqr +Bgec)

Bgec—z
Z g__(z+2c—2n+2)(x|: 2d —« ][Becd + Ol:|
=0 § Bace + 2 Beca

D>
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where

Ni1 = {Bedc}!z{Babe}!z{zcv Aedc_nl}{zea Aabe_nl}{zdv Bdfb}y
D11 = {Bpar {Basc}!{2¢, Age —niH{ni}!{2e, Beca},

Ni2 = {Bacr + 2z, Bacy 1{Bpfa + Baec — 2, Bpya},
D12 ={Basec — 2}{Bpar — Baec +2}{z}2d, Byce + z}.

By using (2.1), the formula above is equal to

2f +nf(a b e
2f +1 d C f &,
min(BdewBafc)

= (_l)n_l+Bdec& Z (_I)ZN12|: Aege +1 :|

D z=max(0,—Bpgr+Baec) D> 2c+z+1

_ (L 1yt Bare A Baec}!{Base)! [ 2e ] [ 2e r
{Bbdf}!{Bafc}! Aape — 11 || Beca
min(Bdec’Bufc)

2 Aafc+1 Bacf+Z
Z =D [2c+z+1:||: ]

o - Bacf
=max (0, Bbdf+Bdec)
|:Bbfd + Baec — Z:| |:Bdce + Z:|

Byra Barp
In the last equality we used the identity

{Aedc +1,2¢ +z + 11{2¢, Aege —n1}
{ZC,Aafc —ni}

= {Aafe +1,2¢ 4 z 4 1}(=1)aF/ e

which is a direct consequence of the definition of the symbol {x, x — k}.
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