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Abstract. We define a category of planar diagrams whose Grothendieck group contains an
integral version of the infinite rank Heisenberg algebra, thus yielding a categorification of this
algebra. Our category, which is a g-deformation of one defined by Khovanov, acts naturally
on the categories of modules for Hecke algebras of type A and finite general linear groups. In
this way, we obtain a categorification of the bosonic Fock space. We also develop the theory
of parabolic induction and restriction functors for finite groups and prove general results on
biadjointness and cyclicity in this setting.
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1. Introduction

In the 1970s, Geissinger gave a representation-theoretic realization of the bialgebra
Sym of symmetric functions [5]. He considered the Grothendieck groups of repre-

IThe research of the second author was supported by a Discovery Grant from the Natural Sciences and
Engineering Research Council of Canada.
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sentations of all symmetric groups over a field k of characteristic zero and constructed
an isomorphism of bialgebras

Sym = P Ko(k[S,]-mod).

n=0

In Geissinger’s construction, the algebra structure is the map on the Grothendieck
group induced by the induction functor

[Ind]: Ko(k[S,]-mod) ® Ko(Kk[S),]-mod) —> Ko(k[Sy+m]-mod),

while the coalgebra structure is given by restriction. Mackey theory for induc-
tion and restriction in symmetric groups implies that the coproduct is an algebra
homomorphism. Each class [V] € Ko(k[S,]-mod) defines an endomorphism of
D>, Ko(k[S,]-mod) given by multiplication by [V]. These endomorphisms, to-
gether with their adjoints, define a representation of an infinite rank Heisenberg
algebra on the Grothendieck group.

Several generalizations of Geissinger’s construction were subsequently given by
Zelevinsky in [17]. Two of these generalizations involve a kind of g-deformation:
in one the group algebra of the symmetric group k[S,] is replaced by the Hecke
algebra H,(q), and in the other by the group algebra k[GL,, ([F,)] of the general linear
group over a finite field. In these cases, too, endomorphisms of the Grothendieck
group given by multiplication by classes [V], together with their adjoints, generate a
representation of the Heisenberg algebra.

In addition to the Heisenberg algebra action on the Grothendieck group, the cat-
egories

P k[SaJ-mod. €D Ha(g)-mod, and D k[GLy (F,)]-mod

are interesting for another reason: they are all examples of braided monoidal cate-
gories [8]. In each case, the monoidal operation is given by an induction functor, the
very same functor that defines the algebra structure at the level of the Grothendieck
group. This algebra structure accounts for the action of the creation operators in the
Heisenberg algebra, which are given by multiplication, but not the annihilation op-
erators which are their adjoints. This suggests that in order to describe a categorical
Heisenberg action, one should consider not just induction functors, but also the dual
restriction functors. These functors should descend to a Heisenberg algebra action on
the Grothendieck group. This categorical action should also involve natural transfor-
mations that use both the braiding amongst compositions of induction functors and
the duality between induction and restriction, information that is lost when passing
to the Grothendieck group.

To define such categorical Heisenberg actions is the goal of the current paper.
Precisely, we define a family of categories that act naturally on the above module
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categories. This action is a kind of modification of the notion of a braided monoidal
category which takes into account induction and restriction functors, their composi-
tions, and natural transformations between these compositions.

In [11], Khovanov takes a similar perspective in the study of induction and re-
striction functors between characteristic zero representation categories of symmetric
groups. He defines a monoidal category #¢ that acts naturally on the category of rep-
resentations of all symmetric groups, categorifying Geissinger’s construction. The
Grothendieck group of Khovanov’s J¢ contains, and is conjecturally isomorphic to,
an integral form of the Heisenberg algebra.

In the current paper, we define and study a category # (¢), whichis a g-deformation
of Khovanov’s category. When ¢ is not a nontrivial root of unity, the Grothendieck
group of #(q) contains, and is conjecturally isomorphic to, an integral form of the
Heisenberg algebra. When ¢ is a root of unity, we expect the category # (q) to
have an interesting structure, though we do not say much about this in the current
paper. The morphism spaces in #(q) are also objects which we believe to be of
independent interest. In particular, a g-deformation of the degenerate affine Hecke
algebra, which is a subalgebra of the affine Hecke algebra, arises naturally from the
morphisms of #(q).

Justas Khovanov’s category J is related to Geissinger’s construction, the category
H (q) is related to both of Zelevinsky’s constructions. In Section 5, we show that
J(q) acts naturally on @, H,(¢)-mod, while in Section 6, we show that # (q) acts
on @,, k[GL, (F,)]-mod. In both cases, passing to the Grothendieck group recovers
the Fock space representation of the Heisenberg algebra. These two representations
of the category J€(¢q) provide a new perspective on the relationship between Hecke
algebras and finite general linear groups.

In [2], the first author, together with S. Cautis, gave graphical categorifications of
a family of Heisenberg algebras parametrized by the finite subgroups of SL,(C) and
related these categorifications to the geometry of Hilbert schemes on ALE spaces.
The constructions of the present paper suggest that a g-deformation of the categories
in [2] should also exist. We expect these deformations will be related to the “finite
subgroups” of Uy (sl>).

Important in the constructions in the current paper is the fact that the Hecke
algebras form a so-called fower of algebras. It is natural to expect that other towers
of algebras (for further examples, see [1], [10], and the references therein) give rise
to graphical categorifications.

The crucial observation that allows us to present our category # (q) using pla-
nar topology is the cyclic biadjointness of the defining generating objects Q4+, O—
of #(q). In any representation of #(q), these generators are mapped to biadjoint
functors, that is, functors that are both left and right adjoint to each other. The im-
portance of such functors in low dimensional topology was emphasized in [12] and
more recently in subsequent work [3], [13], [14], and [16] on categorified quantum
groups. In the last section of this paper, we give some examples of cyclic biadjoint
functors arising in the representation theory of finite groups.
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The structure of this paper is as follows. In Section 2, we recall the definitions
of the Hecke algebras of type A and the Heisenberg algebra. We introduce the
category J (g) in Section 3 and deduce from the definitions various useful relations.
In Section 4 we present the main result giving a categorification of the Heisenberg
algebra. We then define an action of our category on modules for Hecke algebras
and finite general linear groups in Sections 5 and 6 respectively. In particular, in
Section 5, we use the action to prove our main theorem. Finally, in Section 7, we
describe the cyclic biadjointness of parabolic induction and restriction functors for
finite groups.

Acknowledgements. We would like to thank D. Bump, S. Cautis, M. Khovanov,
and M. Mackaay for useful discussions. We also thank M. Khovanov for making
available to us the preprint [11].

2. Hecke algebras and the Heisenberg algebra

In this section, we introduce our main algebraic objects of interest: the Hecke algebra
of type A and the Heisenberg algebra.

Let k be a ring and let ¢ be either an indeterminate or an invertible element of k
(in which case k[g, ¢~!] = k).

Definition 2.1 (Hecke algebra). Forn > 2, the Hecke algebra H,(q) is the k[g, ¢ ']-
algebra generated by 1, . . .#,—; with relations

(@ t? =q+ (¢ — D,

(b) t;tj =tjt; fori,j =1,2,...,n —1suchthat |j —i| > 1,

(©) titiz1t;i = tig1titiyq fori =1,2,...,n—2.

By convention, we set Hy(q) = Hi(q) = k[g,q™']. We let 1,, denote the identity
element of H,(q). To simplify notation, we will write H, for H,(q) in the sequel.

The algebra H), has a basis {fy, }wes,, where forw € S,, t,, = t;, ...t;, , where
w =, ... is areduced expression for w. Note that the generator #; is invertible
with inverse 17! = ¢ 't; + (' — 1).

Definition 2.2 (Heisenberg algebra). The (infinite rank) Heisenberg algebra 1y is the
associative C-algebra with generators p;,q;,i € Ny = {1,2,...}, and relations

piq; = q;pi +38i;1. pip;i = pipi. 4iq; =q;qi. i.j € Ny.

Remark 2.3. The Heisenberg algebra plays a fundamental role in quantum field
theory and the theory of affine Lie algebras. Is it isomorphic to the Weyl algebra,
which is the algebra of operators on C[x1, x», . ..] generated by multiplication by x;,
i € Ny, and partial differentiation d/dx;,7 € N.
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Definition 2.4 (Integral form of the Heisenberg algebra). Let hz be the unital ring
with generators a,, b,, n € N4, and relations

Anbm = bmay + bu—1an-1, anam = aman. bybym = bub,, n,m e N4.
2.1
Here we adopt the convention that ag = by = 1.

The factthat hz is an integral form of the Heisenberg algebra can be seen as follows
(we thank M. Mackaay for explaining this to us). Defining generating functions

Aty =14ayt +axt*> +---, B@)=14+bju+bu*+---,
we can rewrite the relations (2.1) as
At)B(u) = Bw)A@)(1 + tu). (2.2)
Define

At) =14+ tA (-)A(-0)"", Bu) =1+ uB' (—u)B(—u)"",

A@t)y =1+ a1t +axt>+---, B)=1+bju+bu?+---.
Using (2.2), one can show that

ut

A(t)B(u) = Bu)A(r) + B(u)—

from which it follows that
[Gn, bm] = 8mpn form <n.

Now note that for each n € Ny, a, is equal to (=1)""'na, plus terms involving
products of a,, for m < n (and similarly for b,). Thus, by symmetry, it follows that

[Zzn,Em] = (=1)""18, mn form,n € Ni.

Therefore the elements %(—1)”_1an, bn, n € N, satisfy the defining relations of
the Heisenberg algebra fy. It follows that hz ® z C = h and so hz is an integral form
of b.
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3. A graphical category

3.1. Definition. We define an additive k[g, ¢~ !]-linear strict monoidal category
H'(q) as follows. The set of objects is generated by two objects Q4+ and QO-_.
Thus an arbitrary object of #¢’(g) is a finite direct sum of tensor products

Qa‘: Qsl ®"'®ana

where ¢ = €7 ...¢&, is a finite sequence of + and — signs. The unit object 1 = Q.

The space of morphisms Hom g/ (4)(Q¢. Q) is the kg, ¢~ !]-module generated
by planar diagrams modulo local relations. The diagrams are oriented compact one-
manifolds immersed in the strip R x [0, 1], modulo rel boundary isotopies. The
endpoints of the one-manifold are located at {1,...,m} x {O}and {1,...,k} x {1},
where m and k are the lengths of the sequences ¢ and &’ respectively. The orientation
of the one-manifold at the endpoints must agree with the signs in the sequences ¢
and ¢’ and triple intersections are not allowed. For example, the diagram

o

is a morphism from Q_4__4 to @__4. Composition of morphisms is given by the
natural gluing of diagrams. An endomorphism of 1 is a diagram without endpoints.
The local relations are as follows:

=4 +(@—-1) , (3.1)

O
ST E

. 33)
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Q = id, o, (3.4)

Note that the upward crossing is invertible with inverse

and

= q! +@ -1 . (3.5)

The reader should note that the local relations on upward pointing strands are simply
the relations of the Hecke algebra, where the generator ¢; corresponds to the crossing
of the i-th and (i 4 1)-st strands (numbered from the right). The definitions of the
other local relations are motivated by the following result.
Lemma 3.1. In the category #'(q), we have

O+=0+-01

Proof. Consider the following morphisms of #’(q):

It is immediate from the defining local relations of J¢’(q) and isotopies that

(3.6)

p2t1 =0, p1i2 =0, prg=id, pap =id, 11p1 +12p2 =1id,

which proves the desired isomorphism. O
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Definition 3.2 (Grothendieck group). The (split) Grothendieck group of an additive
category € is the abelian group Ko(€) (written additively) with generators [X],
X € Ob €, and relations [Z] = [X] 4 [Y] whenever Z =2 X © Y.

It follows from Lemma 3.1 that in the Grothendieck group Ko(H#'(g)), we have

[0-1[Q0+] = [Q+][Q-] + 1,

which is the Heisenberg relation.

Remark 3.3. For each r-tuple of complex numbers (u1,...,u,), one can define
a “higher level” Heisenberg category J#'(q,u1,...,u,), generalizing the defini-
tion of #'(g). The defining objects Q4 , Q_ are the same in #'(q,uy,...,u,)
asin #'(g). The morphisms of #’(q, u1, ..., u,) look like the morphisms in #’(q),
with the caveat that strands are now allowed to carry a new defining dot, which satisfies
a degree r polynomial relation with roots u1, ..., u,. (Thus any diagram containing
a strand with more than r dots on it can be written as a linear combination of dia-
grams whose strands carry fewer that r dots.) In this higher level categorification,
the fundamental relationship between Q4+ and Q_ becomes

Ot =04 01%,
which categorifies the “higher level” Heisenberg relation

[Q-1[Q+] = [Q+][Q-] + 1.

As we will not have use for these higher level categories in the current paper, we have
elected not to give the details of this generalization here. We note, however, that these
higher level categorifications #'(g,u1,...,u,) are related to cyclotomic quotients
of the degenerate affine Hecke algebra in the same way that J’(g) is related to the
Hecke algebra (which is the cyclotomic Hecke algebra when r = 1).

3.2. Triple point moves. We have the following equalities of triple point diagrams:

= , (3.7

= , (3.8)
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and
NI
= +q(@—1) . (3.10)
7

Proof. Equality (3.7) is one of the defining the relations. We see (3.8) as follows:

E§< q_l % _ (1 _ q_l) &
) q_l _ (1 _ q_l) &
) + (1 _q_l) &

—(1—q™"
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In the above, the first equality follows from (3.1) applied to the two strands at the
top right. The second equality follows from (3.2) applied to the middle three crossings
(of the first diagram) viewed sideways. The third equality follows from (3.1) applied

to the bottom left two crossings in the first diagram of the previous line.
The proof of (3.9) is analogous and will be omitted. Finally, (3.10) is proven as

follows:
%,
5
/

/

+(@—1

O

= +q(g—1)

O

Here the first equality follows from (3.1) applied to the two strands at the bottom
right. The second equality follows from applying (3.9) (viewed sideways) to the
three middle three crossings in the first diagram and (3.1) to the double crossing in
the middle of the second diagram. The third equality is obtained by applying the
second relation of (3.3) to the first and third diagrams and the second relation in (3.4)
to the second diagram. O

3.3. Right curl moves. We will use a dot to denote a right curl and a dot labeled d
to denote d right curls:
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We will see in Section 5.7 that dots correspond to Jucys—Murphy elements in Hecke
algebras.

Lemma 3.4. We have the following equalities of diagrams:

and
Proof. We prove the first equality. The second is analogous. We have

AKX

-1

= +(@—-1 +4q

= +(@—-1 +4q

=49

X
B
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X

+(@—1 —(@-1 +

= >< +(@-1 +4q

It follows by induction that we have the following equalities:

d d
= +(@—-1)_ ea
d a=1
d—1
+q) ob ¢(d—1-b)
b=0
and
d d
= +@—1))  sea
d a=1
d—1

+q) ob ¢(d—1-b)

b=0

(d —a)

(d —a)
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Define ¢, to be a counterclockwise oriented circle with d right curls on it, and ¢4
to be a clockwise oriented circle with d right curls:

Cq = d@ and ¢qg = d@.

Proposition 3.5. For d > 0 we have

d d—1
Cas1=(q—1) D CaCaa+q ) CsCa-i-p.
b=0

a=1

Note, in particular, that this implies ¢, = 0.

Proof. We have

Ci+1 =d
d a d—a
d
) e OO
a=1
b d—-1-b
d—1
+4q Z
b=0
The result then follows from the fact that the left curl is equal to zero. O

3.4. Bubble moves. We can move clockwise circles past lines using so called “bub-
ble moves”.

Lemma 3.6. We have the following equality:

SINISRIREE
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Proof. We have

e

where in the first equality we used (3.3) and in the second we used (3.1). O
More generally, we can move clockwise circles with dots past lines as follows.

d d

OO

+d+1D)(A—-qg7Y) ed+1) +d+1) d

(d —a)

d
—(@-D-g") a a @ (3.11)
a=1
d—1
—(@—-DY Qa+1) a@(d—l—a)
a=0
d—2
—q ) (a+1) aQ(d—Z—a)
a=0
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3.5. Endomorphism algebras and the affine Hecke algebra
Theorem 3.7. The natural map

Vo: klg. g lco. c1, 2, . ..] —> Endger(g) (1)

is an isomorphism.

Proof. Every element of Endg/(4)(1) is a linear combination of closed diagrams.
Using the local relations, any closed diagram can be expressed as a linear combination
of crossingless diagrams consisting of nested dotted circles. The bubble moves imply
that nested dotted circles can be written as linear combinations of dotted circles with
no nesting. Finally, counterclockwise circles can be expressed as linear combinations
of clockwise ones by Proposition 3.5. Therefore, any element of End g (4)(1) can
be written as a linear combination of products of dotted clockwise circles. It follows
that ¢ is surjective.

Assume ¢ is an indeterminate and k = Z. We can view any field k’ as an
Z[q.,q']-module via the map that sends g to 1. Consider the composition

k/[CO,Cl, .. ]

_ Yo®id

= Z[q, q 1][6’0, Cl,y.. ] ®Z[q,q_1] k' —— Endgg/(q)(l) ®Z[q,q—1] Kk’

= Endg (1),
where J¢’ is the category defined in [11] (for the field k’). This composition is
precisely the map v of [11], which is injective by [11], Proposition 3. It follows
that our map Y is also injective when we work over the ring k = Z and ¢ is
an indeterminate. Since, for an arbitrary ring k, k[g,¢~'] (where g is either an
indeterminate or an invertible element of k) is a Z[q, ¢~ ']-module in the obvious

way, we can tensor with k[g, ¢~'] and see that o is an isomorphism in the general
case. O

Let HT denote the affine Hecke algebra of type A,
HY" = Hy ®ugg 1 Kl g xE . xiE]

The Hecke algebra H, and k[xif!, ... xE!] are subalgebras of H2, and the defining

n
relations between these subalgebras are

tixg = xpti, £k k+1,
and

Lixili = qXi41.
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Lemma 3.8. Assume g € k*, g # 1. If, fori = 1,...n, we define new elements of
the affine Hecke algebra y; by

q
yi=(@q—1xi — ——,

qg—1
then
Vilk =tgyi, I #Fkk+1, (3.12)
iyiv1 = yiti + (@ — Dyiv1 + ¢, (3.13)
and
Yitili =14yi + (g — Dyi+1 + 4. (3.14)

Proof. The first relation is obvious. For the second relation above, we have

q
tiyiv1 = (@ — Dtixjp1 — ——1;,
q—1

while

yiti = (q — Dty — ——;.
q—1

Subtracting, we get
tiyi+1 = yiti = (¢ — D)(tiXi+1 — xit;). (3.15)

Since ;- U= g7t 4 (g7! — 1), after multiplying both sides of the relation #;x;; =
gxi+1 on the left by 777! we get

xiti = t;xi41 + (1 —g)xiq1,
or

lixi+1 — Xiti = (@ — 1)Xi+1.
Substituting into (3.15), we obtain

tivier — yiti = (¢ — 1)*x;41.

Since xj 41 = (¢ — D)7 yig1 + Lz, we get

Liyi+1 — Yiti = (@ — Dyi+1 + ¢,

as desired. The last relation is similar. O



Heisenberg categorification 141

Let Hn+ be the kg, q_l]—algebra with generators #;, y;, 1 <i < n, and defining
relations (3.12)—(3.14). By Lemma 3.8, if ¢ € k*, ¢ # 1, we have

H,f >~ H, QrK[x1,...,x4] € Hf,‘ff.
It follows from Lemma 3.4 that there is a natural morphism

On: H,f —> End g/ (g)(Q4n)

taking #x to the crossing of the k and (k + 1)-st strands and taking y to a right curl
(or dot) on the k-th strand. More generally, there is a natural morphism

Yn = ¢n @ Vo: Hy ®y1y4-11klg.9 lco, c1....] — Endger(g)(Q4n),

where the dotted clockwise circles corresponding to elements of k[co, c1, . ..] are
placed to the right of the diagrams corresponding to elements of H,.

Theorem 3.9. The morphism Vry, is an isomorphism of algebras.

Proof. Any diagram representing an element of End g(4)(Q +») can be inductively
simplified to a linear combination of standard diagrams consisting of a element of
y € H, (written as a strand diagram), some number (possibly zero) of dots on each
strand above the crossings, and a product of dotted clockwise circles to the right:

O
Q@

The surjectivity of v, then follows immediately from that of .
Assume ¢ is an indeterminate and k = Z. We can view any field k' as an
Z|q,q~']-module via the map that sends g to 1. Consider the composition

H,j_ ® 7.4~ 11 k'[co, c1, .. .]

=~ (H} ®715.4-11Zla.9 Nlco. c1....]) ®z14.4-1 K

Y ®id
— Endy(q)(Q+n) ®7(g,4-11 k" = Endge (Q4n),

where J¢’ is the category defined in [11] (for the field k’). This composition is
precisely the map v, of [11], which is injective by [11], Proposition 4. It follows
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that our map ¥, is also injective when we work over the ring k = Z and ¢ is
an indeterminate. Since, for an arbitrary ring k, k[g,¢~'] (where ¢ is either an
indeterminate or an invertible element of k) is a Z[g, ¢~ ']-module in the obvious
way, we can tensor with k[g, g~ !] and see that vy, is an isomorphism in the general
case. O

Having explicitly described End g/ 4)(Q+#), we now turn to the more general
problem of giving an explicit basis for Hom g-(4)(Q¢, Q) forany sequencese, ¢. Let
k denote the total number of +s in ¢ and —s in ¢’. We have Hom g (4)(Q¢, Qs7) = 0
if the total number of —s in ¢ and +s in & is not also equal to k. Thus, we assume
from now on that & is also the total number of —s in ¢ and +s in &’.

Definition 3.10. For two sign sequences ¢, ¢, let B(e, &') be the set of planar diagrams
obtained in the following manner.

* The sequences ¢ and &’ are written at the bottom and top (respectively) of the
plane strip R x [0, 1].

* The elements of ¢ and &’ are matched by oriented segments embedded in the
strip in such a way that their orientations match the signs (that is, they start at
either a + of € or a — of ¢, and end at either a — of € or a + of ¢’), each two
segments intersect at most once, and no self-intersections or triple intersections
are allowed.

* Any number of dots may be placed on each interval near its out endpoint (i.e.
between its out endpoint and any intersections with other intervals).

¢ In the rightmost region of the diagram, a finite number of clockwise disjoint
nonnested circles with any number of dots may be drawn.

The set of diagrams B(e, ¢’) is parametrized by k! possible matchings of the 2k
oriented endpoints, a sequence of k nonnegative integers determining the number of
dots on each interval, and by a finite sequence of nonnegative integers determining
the number of clockwise circles with various numbers of dots.

An example of an element of B(— — + — 4+, + — + — + — —) is drawn below.

S O
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Proposition 3.11. For any sign sequences ¢, &', the set B(e, &) is a basis of the
klg, g~ ']-module Hom g (4)(Qe, Q¢).

The proof, which we include for the sake of completeness, is almost identical to
that of [11], Proposition 5.

Proof. Tt is straightforward to check that using the defining local relations of #'(g),
any element of Hom g (4)(Q¢, Q) can be reduced to a direct sum of elements of
B(e, &'). One uses (3.1) and (3.3) to remove double crossings, Lemma 3.4 to move
dots to the ends of intervals, (3.11) to move circles to the rightmost region, etc.

It remains to show that B(e, &’) is linearly independent. Moving the lower end-
points of a diagram up using cup diagrams, or moving the upper endpoints of a
diagram down using cap diagrams, yields canonical isomorphisms

Homgg/(q)(Qg, Qa/) = Homgg/(q) (1, Qggf) = Hom}g/(q)(l, Qg/g),

where ¢ is the sequence ¢ with the order and all signs reversed. It thus suffices to show
that B(, ¢) is linearly independent for any sequence & with k pluses and k minuses.
We prove this by induction on k and (for each k) by induction on the lexicographic
order (where + < —) among length 2k sequences. Theorem 3.9 implies the base
cases k = 0,1 and ¢ = +5—F for any k. Now assume ¢ = &; — + &, for some
sequences &1 and &,. By the inductive hypothesis, B(@, e162) and B(J, &1 + — &3)
are linearly independent. Lemma 3.1 (more precisely, the two upper morphisms
in (3.6)) gives a canonical isomorphism

Q81+—82 @b Qalsz = Q8]—+82'

This isomorphism maps the sets B(J, €16,) and B(J, &1 + — &2) to subsets By and
B, of Homygr(g)(Qey—+6,). Let B = By U By. Itis straightforward to check that
B(92,e1 — + &) is linearly independent if and only if B is. Since we know B is
linearly independent by induction, we are done. O

3.6. Symmetries. There are some obvious symmetries of the category #'(g). Let
&, be the symmetry of J’(g) given on diagrams by reflecting in the horizontal axis
and reversing orientation of strands. This is an involutive monoidal contravariant
autoequivalence of #’(q).

Let &3 be the symmetry of #’(q) given on diagrams by reflecting in the vertical
axis and reversing orientation. This is an involutive antimonoidal covariant autoe-
quivalence of #’(g). By antimonoidal, we mean that &3(M Q N) =~ &3(N)®&3(M).

The functors & and £3 commute and hence define an action of (Z/27Z)?. When
q = 1, these symmetries reduce to ones defined in [11]. There is a third symmetry, &1,
defined in [11]. This also has a g-deformation but one needs to pass to an appropriate
completion of the category #'(g). It follows from Proposition 3.11 and Lemma 3.4
that the morphism spaces of J’(q) are filtered by numbers of dots. Let #'(g) be
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the category whose objects are those of Je! (¢), but where Hom . q)( 0O¢, Q) is
the space of formal infinite linear combinations of elements of Hom g/ (4)(Q¢, Q')
which are locally finite with respect to the filtration by number of dots; thus an element
of Hom #(q) (Qe¢, Q) is an infinite linear combination of diagrams such that for all
n > 0the number of summands with fewer than n dots is finite. Note that composition
of such infinite sums is well-defined. Then let &; be the endofunctor of #’(g) defined
locally by

(= e ]

&1 is the identity on right-oriented caps and cups, and on left-oriented caps and cups,
&1 acts as

N N b e

and
NS N LN
n=0 n

One can compute directly that the action of &; on left, right and downward-oriented
crossings is given by

X - X e
[
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and the action on dots is
o0
'—>—Z(6]_1—1)" n+1.
n=0

A straightforward computation shows that &; is an involutive monoidal covariant
autoequivalence of J'(¢g). One sees immediately that, when g = 1, the infinite sums
in the definition of &; become finite, there is no need to pass to the completion #’(q),
and this autoequivalence reduces to the one defined in [11].

4. Categorification of the Heisenberg algebra

In this section, we assume k is a field of characteristic zero and ¢ € k* is not a
nontrivial root of unity.

4.1. Projectors. Let J(gq) be the Karoubi envelope of J#’(g). More precisely, the
objects of H# (q) are pairs (Q¢, e) where e: Q. — Q, is an idempotent endomor-
phism, e = e. Morphisms (Q,,e) — (Qg,e’) are morphisms f: O, — Qy in
H’'(q) such that the following diagram is commutative:

f

Q. —— Oy

Qa I Qa’ .

In the case ¢ = 1, the category J€(1) is the (conjectural) categorification of the
Heisenberg algebra defined by Khovanov [11].

It follows from the local relations (3.1) and (3.2) that upward oriented crossings
satisfy the Hecke algebra relations and so we have a canonical homomorphism

Hn — Endgg/(q)(Q_pt). (41)

Similarly, since each space of morphisms in J’(g) consists of diagrams up to isotopy,
downward oriented crossings also satisfy the Hecke algebra relations and give us a
canonical homomorphism

Hn —> Endgg/(q)(Q_n). (42)
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Introduce the complete g-symmetrizer and g-antisymmetrizer

1
— 2 0T, @3

[I’l]q TwesS,

) = T 3t €)=

TwesS,

where
n—1 )
g =) 4.
i=0

Both e(n) and ¢’(n) are idempotents in H, (see [6], §1). We will use the notation
e(n) and e’(n) to also denote the image of these idempotents in End g4y (Q 4+~ ) and
End 5 (4)(Q ) under the canonical homomorphisms (4.1) and (4.2). We then define
the following objects in J# (g):

SY =(Q4n.e(n), S =(Q-n e)),
AL = (Qqn.e'(n), AL =(Q-ne'(n).

Following [4], §6.1 and §6.2, which contains diagrammatics for Young symmetrizers
and antisymmetrizers for the symmetric group, we depict S} as a white box labeled
n. The inclusion morphism S% — Q» is depicted by a white box with n upward
oriented lines leaving from the top. The projection Q1» — S% is depicted by
a white box with n upward oriented lines entering the bottom. The composition
Q" — S% — Qn is depicted by a white box with n upward oriented lines leaving
the top and n upwards oriented lines entering the bottom:

We depict the object A’} and its related inclusions and projections by the same
diagrams but with white boxes replaced by black boxes:

—

The objects S” and A", together with their related inclusions and projections, are
depicted by the same diagrams but with downward oriented lines instead of upward
oriented lines.
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Lemma 4.1. Crossings are absorbed into q-symmetrizers at the cost of a factor of q
and into q-antisymmetrizers at the cost of a factor of —1. More precisely, we have
the following equalities:

% B %
Here the arrows can either be oriented up or down. We also have analogous relations
with the lines emanating from the bottom of the boxes instead of the top.

and

Proof. This follows immediately from (4.3) (see [6], p. 843). O

Lemma 4.2. We have following relation:

Sy ] )
<\\ =q" —q"[nlq
) ] gﬂ

Proof. We prove this result by induction. The case n = 1 is simply the left hand
relation in (3.3). Now assume the result holds for n — 1. Then
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=q" —q"[n—1]4
L n ] uﬂ
I
T
[ n ] [ n ]
=q" —q"[nlq J

where in the third equality we used the inductive hypothesis and the fact that a
symmetrizer of size n — 1 on top of (or below) a symmetrizer of size n is equal to a
symmetrizer of size n. O

Lemma 4.3. We have the following relation:

N m o i ﬂ

Proof. The proof is similar to that of Lemma 4.2 and is therefore omitted. O

Lemma 4.4. We have the following relations, where the strands can be oriented up
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or down:
1 [n—1]
i) —gp Do |t
and
1 [m—1]
_[m]q—l

Proof. These statements are g-analogues of (6.10) and (6.19) of [4]. We sketch the
proof of the second. The proof of the first is analogous and will be omitted. First

note that
— 1 + (_ )—1
g 1

+ ()72 oo

+ (—q)" D
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We now apply a g-antisymmetrizer of size m — 1 to the rightmost m — 1 strands. On
the left hand side of the equation, we use the fact that a g-antisymmetrizer of size
m followed by a g-symmetrizer of size m — 1 equals a g-antisymmetrizer of size m,
to see that this side remains unchanged. We then use Lemma 4.1 to simplify all the
terms on the right hand side of the equation. O

Define the following morphisms in # (g):

AT ® S™

ATt @ snl

Proposition 4.5. We have the following:

a1 B2 =0,

oz =0,

a1B1 = q¢""id,
q(m—l)(n—l) _

oz = d.

]y [y
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Proof. We have

In the second equality, we use the fact that since the middle g-symmetrizer and ¢-anti-
symmetrizer are linear combinations of various crossings, the triple point moves (3.8)
and (3.9) allow us to pull them through the lines above them and absorb them into
the upper g-symmetrizer and g-antisymmetrizer. In the third equality, we used the
fact that a left curl is zero. The proof that a7 = 0 is analogous. The relation
o161 = ¢""id follows immediately from the right hand relation in (3.3).

The relation involving a 85 is proved as follows. By applying Lemma 4.4 to the
middle two boxes of B>, one gets four summands. Two of these contain a left curl
and are therefore equal to zero. Another contains a left curl after applying the right
hand relation in (3.3). Thus only one summand is nonzero. This summand contains
a counterclockwise circle, which is the identity by (3.4). Proceeding in the same way
as for o B1, one gets the factor of g™~ D=1, O
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Define

_ [m]g—1lnlq
Br=q "B, and B; = mﬁr

Then, by Proposition 4.5, we have
051,3/2 = 0, 052,8/1 = 0, 061,8/1 = id, 062,8/2 =1id. (44)

Proposition 4.6. We have
Biar + Braz = id.

Proof. We give only a sketch of the proof, which is a straightforward computa-
tion. First, one computes Bjo;. As in the proof of Proposition 4.5, the middle
g-symmetrizer and g-antisymmetrizer can be pulled through the crossings and ab-
sorbed into the upper ones. Then one uses Lemmas 4.1 and 4.2 (or 4.3) to show
that

In showing this relation (and the next), one notes that any diagram containing a
q-symmetrizer and g-antisymmetrizer connected by two or more strands is zero (this
follows immediately from Lemma 4.1 since ¢ # —1). In a similar fashion, one shows

that
n
ﬂlelz = [”]q[m]q—l
L ]
Adding these two expressions then gives the desired relation. O

Theorem 4.7. In the category ¥ (q), we have
SreS"=S"®S”",
AL @ AT = AT @ AL,

SP@ AT = (AT®S") @ (AT ST,
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Proof. To see the second isomorphism, consider the morphisms

where we recall the definition (3.5) of the inverse crossing, denoted by an open circle.
One easily verifies that these two morphisms compose in either order to yield the iden-
tity. The proof of the first isomorphism in the statement of the theorem is analogous.
The third isomorphism follows immediately from (4.4) and Proposition 4.6. O

4.2. The Heisenberg 2-category. Inthe sequel, we will define actions of our graph-
ical categories on categories of modules for Hecke algebras and general linear groups
over finite fields. These actions are most naturally described in the language of
2-categories. Therefore, we define here a 2-category built from the graphical cate-

gory H(q).

Definition 4.8 (Heisenberg 2-category). We define the Heisenberg 2-category $'(q)
as follows. The objects of $'(q) are the integers. For n,m € Z = Ob$yY(q),
Homgy (4)(n, m) is the full subcategory of #’(g) containing the objects Q,, ¢ =
£1...¢&, for which

m—n=#{il|eg=+}—#i|e =—}.

We then define $(¢) to be the 2-category whose objects are the integers and for
n,m € Z,Homgg)(n,m) is the Karoubi envelope of Homg/(4) (1, m).

Definition 4.9 (Representation of $(¢)). Let X = D,,cz X be a Z-graded additive
category. Then the endofunctors of X naturally form a 2-category whose objects are
the integers, whose 1-morphisms from »n to m, n, m € Z, are the functors from X, to
Xm, and whose 2-morphisms are natural transformations. A representation of $(q)
is a functor from $(g) to such a 2-category of endofunctors.

4.3. A modified Heisenberg algebra. The algebra bz is Z-graded after setting
degb,, = m, dega, =-m, me N4,

Forn € Z, let hz(n) be the subspace of hz consisting of homogeneous elements of
degree n.

Any graded ring gives rise to a preadditive category with an object for each graded
piece. In this way, we obtain the following category.
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Definition 4.10. Let bz be the preadditive category defined as follows:
* Obhz = Z;
e form,n € Z, the morphisms from n to m are hz(m — n).

Composition of morphisms is simply given by multiplication in hz.

4.4. A categorification of the Heisenberg algebra. There is a natural bijection
between the set & (1) of partitions of n and the set of isomorphism classes of repre-
sentations of H, (see, for example, [15], Chapter 3). To a partition A = (A1,..., Ag)
of n, there corresponds the irreducible representation L. This is the unique common
irreducible summand of the representation induced from the trivial representation of
the parabolic subgroup H; = Hj, x ---x Hj, of Hy,, and the representation in-
duced from the sign representation of the parabolic subgroup H)+, where A* is the
dual partition. Let ey € H, be the corresponding Young idempotent, so that ei =e)
and L, = Hye,.

For A € P(n),let Q4 = (Q4n,e;) € H(q). Here we are viewing e, as an
idempotentin End g (4) (Q 4+~ ) viathe map (4.1). Similarly, define O_ y = (Q-n,e,),
where we view e, as an idempotent in Endg4)(Q—») via (4.2). In particular, we
have

St =04+@m. SL=0_@m,
A’_:_ = Q+j(1n), A’i = Q—,(l”)'

Recall that if € is a 2-category, then the (split) Grothendieck group Ko(€) of €
is the category whose objects are the objects of € and whose sets of morphisms are
the (split) Grothendieck groups of the corresponding morphism categories in €. The
Grothendieck group Ko ($(g)) of $H(g) is naturally a preadditive category.

Definition 4.11. Define a functor

F: hz — Ko(5(q))

as follows. On objects, we define F(n) = n foralln € Z. We define F on morphisms
by
F(an) = [SZ], F(ba) = [AL].

and requiring F to be monoidal. The functor F is well defined by Theorem 4.7.

We can identify the subring of hz generated by the a,, n > 1, with the ring of
symmetric functions so that a, corresponds to the n-th complete symmetric func-
tion h,. Let a) denote the polynomial in the a,’s associated to the Schur function
corresponding to the partition A. Then

F(ay) = [Q-4l.
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Similarly, we identity the subring of hz generated by the b,, n > 1, with the ring
of symmetric functions so that b, corresponds to the n-th elementary symmetric
function e,. Let b, denote the polynomial in the b,,’s associated to the Schur function
corresponding to the partition A. Then

F(by) = [Q4ax].

The ring hz has a basis {bya, |4 ., where A and 1 run over all partitions. It follows
that {[Q+ ][O 1}, spans the subring F(hz) of Ko($(q)).

Theorem 4.12. For g not a root of unity, the functor F is faithful.
The proof of Theorem 4.12 is given in Section 5.6.
Conjecture 4.13. For g not a root of unity, the functor F is an equivalence.

Remark 4.14. When ¢ is a root of unity, the Hecke algebra and its representation
theory changes considerably. It would be interesting to study the category #(g) in
this case. When ¢ is not a root of unity, we conjecture that the categories # (g) for
various ¢ are equivalent to one another.

4.5. Symmetries. The symmetries of J’(g) described in Section 3.6 naturally
induce symmetries of #(q), $(q), and Ko($H(g)). The induced involutions of
Ko($(q)) preserve the image of F (which we identify with hz).

Since &, preserves the g-symmetrizer e(n) and the g-antisymmetrizer e’ (n) (see
eq. (4.3)), it follows that it preserves the objects S, S, A’L, and A" of H#(q).
The symmetry &, then naturally induces an involution of £)(g) that is the identity on
objects. The induced functor on bz is the identity.

Itis easy to check that the induced action of &3 on J¢(¢) interchanges S} with S”
and A with A”. It induces a symmetry on $)(g) that, on objects, sends n to —n, for
n € Z. The induced involutive functor on f)z is the contravariant functor that sends
the object n, n € Z, to —n, and interchanges a, and b,,.

5. Action on modules for Hecke algebras

In this section, we will describe how our graphical category acts on the category of
modules for Hecke algebras of type A. We refer the reader to [10] for an overview
of the type of diagrammatic presentation of functors, natural transformations, and
biadjointness we use here.
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5.1. Bimodules for Hecke algebras. For 1 < k < n, we can view Hj as a sub-
algebra of H, via the embedding #; + ¢;. We introduce here some notation for
bimodules. First note that H,, is naturally an (H,, H,)-bimodule. Via our identifi-
cation of Hy, 1 < k < n, with a subalgebra of H,,, we can naturally view H, as an
(Hy, Hy)-bimodule for 1 < k,I < n. We will write  (n); to denote this bimodule.
If k or [ is equal to n, we will often omit the subscript. Thus, for instance,

¢ (n) denotes Hy, considered as an (H,,, H,)-bimodule,
e (n)y—1 denotes H,, considered as an (H,, H,—1)-bimodule, and

e ,—1(n) denotes H,, considered as an (H,—1, Hy)-bimodule.

5.2. Decompositions. We collect here various results that will be used in the sequel.

Lemma 5.1. The algebra Hy41 is free of rank n + 1 as both a right and a left
H,,-module. In particular, we have the following.

(a) The set {tptp—1...t; | 1 < j <n + 1} is a basis of Hy41 as a left H,-module.
Here we interpret tyty—1...1; as being 1,11 when j = n + 1.

(b) The seti{t;...th—1t, |1 < j <n-+1}isabasis of Hyy1 as a right H,-module.

Proof. We prove the second statement since the first is analogous. To prove that our
set generates H,, 1 as aright H,-module, it suffices to show that each t,, w € Sy, 41,
can be written as a right H,-multiple of ¢; ---#, for some 1 < j < n + 1. Let
w € Sy4+1 and set j = w(n + 1). Then

SnSn—1---sjwn +1) =n + 1.

Thus spsp—1---s;w = W for some w € S, (viewed as the subgroup of S, 11 fixing
n + 1). Then

W =S5jSp—18,W 5.1
and any reduced expression of w gives a reduced expression of w via substitution
in (5.1). Therefore,

tw =1 In—1lnly, 1y € Hy,

as desired.

It remains to show that the ¢; ---#,_11, are linearly independent. But this is
clear since ¢; - - - 1,11, Hy, is the right H,,-submodule of H, 1 spanned by the #,, for
we Sy withwrn +1) = . O

The following lemma, which is a Mackey formula for H,,-modules, is well known.
We include a proof for the sake of completeness.
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Lemma 5.2. We have the following isomorphism of (Hy, Hy)-bimodules:
n(m+Dp = (1) & ((M)n-1(n)).

Proof. Let H, 41 be the subspace of Hy1 spanned by {t,, | w € Sy+1 \ Sp}. That
is, H, 41 is spanned by those t,, for which w(n + 1) #% n + 1. Then it is clear that

Hp41 = H, ® Hy1 as (Hp, H,)-bimodules.

It remains to show that I‘AIn+1 is isomorphic to (1n),—1(n) as an (H,, H,)-bimodule.
Define a map

(Mn-1(n) —> Hps1, 1w ® tw —> twinty. (5.2)

Since elements of H,_; commute with #,, this map is well defined. It is also clgarly
a surjective homomorphism of (H,,, H,)-bimodules. Now, the dimension of H,
is

dim Hpp1 = |Spg1]| = [Sul = (n + D! —n! =n-nl.

On the other hand, the dimension of (7),—1(n) is the dimension of H,, times the rank
of H, considered as a right H,_;-module. Therefore, by Lemma 5.1, we have

dim(n),—1(n) = n-n! = dim ﬁn+1.
Therefore, the map (5.2) is an isomorphism as desired. O

5.3. Adjunctions. Let Res denote the functor of restriction from the category of
H,,-modules to the category of H,_;-modules and let Ind denote the functor of
induction from H,_;-modules to H,-modules. In a slight abuse of notation, we use
the notation Res, Ind for different values of n. The goal of this section is to show
that these functors are biadjoint. Note that restriction and induction are realized by
tensoring with appropriate bimodules. In particular, we have

ResM = ,_1(n) ®u, M, M € H,-mod,

and
IndN = (n)p—1 ®H,_, N, N € H,_1-mod.

Similarly, compositions of induction and restriction functors are given by tensoring
by appropriate bimodules. Then natural transformations between such functors are
simply bimodule homomorphisms. We can thus either work in the 2-category of
categories, functors, and natural transformations or in the 2-category of modules,
bimodules, and bimodule homomorphisms. Most often, it will be convenient for us
to work in the language of bimodules. In any 2-category, one can talk of adjoint
1-morphisms and so we will often talk of adjoint bimodules.
We now define some important bimodule maps.
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(a) Let RCap denote the bimodule map
RCap: (n+ 1)y(n+1)— (n+1), xQ@y+—— xy,

given by multiplication.

(b) Let RCup denote the bimodule map

RCup: (n) — ,(n +1),, z+—z.

(c) Let LCap denote the bimodule map
LCap: ,(n + 1), — (n)
given by declaring

LCap|g, =id and LCap(s,) = 0.

(d) Let LCup denote the bimodule map
LCup: (n+1)— n+ Hp(n+1)
determined by

n+1
Lpg1 —> Zq"‘”“)n b1ty ® byt .. 1.

i=1

We set t,4+1 = 1 in the above formula, so that the i = n + 1 term in the sum is
1® 1.

It is clear that RCap, RCup, and LCap are indeed maps of bimodules.
Lemma 5.3. The map LCup is a map of bimodules.

Proof. It suffices to show that the sum appearing in the definition commutes with ¢;
forall1 < j <n. Now,if j <i — 1, we clearly have

Gty @tp o) = (i -+ ln @ ln -+ 1i)1;.
If j > i, then
Lt oty @ty---t;) =titig1-tja(tjtj1tj)tjg1-tn Q-1
= titig1 i (lj—1tjlj—1)ljp1 Iy @ ln -1
= litiy1-+Inlj—1 @ In-1;

=lilig1lp @ Lj—1lp -1
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= lilig1ln Q@ ln - Ljp1(j—tjlj—1)tj—2 -1
=titig1ty @ty tip1(ttj—1tj)tj—n -t
= (li"'tn®[n"'[i)lj-
It remains to consider the terms with j =i — 1,i. We have
@Gty @ty oty T 1ty Rty 1 41)
=g/ + (@ = Dt)jr 1 @ty -1
+ @ Tttt ® byt
:qj_ntj-l—l"'tn@tn"'tj +(q—1)¢]j_(n+l)fj“‘fn®tn"'tj
+qj_nfj“‘fn®tn"'tj+l
= (@7t @ty oty F @ Tty @ i)
The result follows. O

We will now start using string diagram notation for 2-categories. In particular,
the above bimodule homomorphisms will correspond to diagrams as follows:

RCap=/_\n+1 , RCup:Un ,
LCap:mn, LCup:Un+1.

We refer the reader to [10] for an overview of this notation for 2-categories. Note that
the labels of the regions of a string diagram are uniquely determined by the label of
one region and the fact that, as we move from right to left, labels increase by one as we
cross upward pointing strands and decrease by one as we cross downward pointing
strands. An example of a diagram with all regions labeled is as follows.

n+2 n+2
n n
n+1

The above diagram corresponds to a bimodule map

n+2(m +3), 4301 + 3pt2(n + 2)pt1(n + Dp(n + Dpt1(n + 1),
- (l’l + 2)n+1(” + 2)n+2(n + 2)n+1(” + l)n-

In what follows, we will use various natural bimodule isomorphisms, such as, for
instance, (n + 1),(n) =~ (n + 1),, without mention. When we draw a diagram
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without the regions labeled, we assert that the relation in question holds for all possible
labelings.

Proposition 5.4. The adjunction maps LCap, LCup, RCap, RCup defined above
make (Res, Ind) into a biadjoint pair.

Proof. This amounts to proving the following four equalities:

=, =\, (5.3)

=1, =|. (5.4)

We will prove the third equality. The rest are similar. If the rightmost region is
labeled n + 1, the left hand side of the third equality is the bimodule homomorphism
n(m+ 1) — ,(n 4+ 1) given by the composition
LCup LCap®id =
an+1l)— ,n+1),n+1) —— (n),(n +1) — ,(n+ 1).
Since ,,(n+ 1) is generated by 1,41, it suffices to determine the image of this element.
We have

n+1
lnt1— qu_(n_H)ti bty @ lplp—1 . i > 1, @ 141 V> 141,
i=1

Hence the composition is the identity map, as desired. O

As a result of the above proposition, any endomorphism of Ind defines an endo-
morphism of Res in two possible ways (one using the adjunctions RCap and RCup,
and one using LCap and LCup.) When the two endomorphisms of Res defined in this
way are equal to one another (for every endomorphism of Ind), the adjunction data
(RCap, RCup, LCap, LCup) is said to be cyclic. We refer the reader to [10] for a fur-
ther description of cyclic biadjointness and its relationship to planar diagrammatics
for bimodules.

Proposition 5.5. The adjunction data above is cyclic when q is an indeterminate or
a prime power.

Proof. We prove this in Section 7, where we work in the setting of parabolic induction
and restriction for finite groups (see Corollary 7.12). O
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5.4. Crossings. We define the following bimodule map

Ucross = ><n 42y — M+ 2)n, zZF—> Ztytr.

It follows from Proposition 5.5 that any two isotopic diagrams involving the

2-morphism
><n

as well as cups and caps are equal, when ¢ is an indeterminate. Furthermore, spe-
cializing ¢ to any element of £ implies that this is true in general. We define left,
right, and downward crossings to be equal to any composition of cups and caps and
an upward crossing yielding a bimodule map between the appropriate bimodules. By
the above, any two such definitions are equivalent. For instance, we can define the
left, right and downward crossings as follows:

n (5.5)

n

(5.6)

:Y/w n ,
- m "
Lemma 5.6. We have

Dcross = ”><: nm+2)— ,(n+2), 2+ tht12,

Rcross = ><n C(Mp—1(n) — p(n 4+ Dy, w QR z —> wiyz,

XX

and

X
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Lcross = ><n ia(m 4+ Dp —>» (Mp-1(n), ly4y1 +— 0,

ql, +— 1.

and

Proof. We prove the third statement. The proofs of the others are similar. We need
to compute the following map of bimodules.

A

This is the bimodule map ,,(n + 1);; — (n),—1(n) given by the composition

=~ id®LCup ~
n(t+ D —>n(n 4+ 1, (n) ———= a(n + Dy (Mn-1(n) — 21 + Du-1(n)

Ucross®id w1+ Dp_1(n) i n(n+ Dp(m)p—1(n)

LCap®id®id =~
E—— (n)n(n)n—l(n) - (”)n—l(”)'
We compute
1n+1 > 1n—i—l ® 1,
n
— Z Liv1 ®q" "™ .. ty—1 Qty—1...t
i=1
n
— qu_”t; by @ lyey ..t
i=1
n
—> qu_nti colp—1ly @ ty—1 .. 1
i=1
n
Y G T 1ty ® Ly ® ey
i=1
—> 0,
and

th— 1,1,

n
> 0 ®q Ty @ lyy

i=1
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n
> g ity @ty -l

i=1

n
—> Zq’_”tnti bpeily @ Iy ...

i=1
n
—> qu‘”tnn b1ty @ 1y @ lyey .. 1.
i=1
Now, all terms except the i = n term are mapped to zero. The i = n term is equal to
2201, =@+@—Dtn)®1, 1, > ql, ® 1, ® 1, —> ql, ® 1.
O

5.5. Categorification of bosonic Fock space

Proposition 5.7. The relations (3.1)—(3.4) hold when these diagrams are interpreted
as maps of bimodules.

Proof. Relations (3.1) and (3.2) follow immediately from the definition of Ucross
and the relations

t? =q+(q— D,
Litivali = Liyalili4a,
in the Hecke algebra. The remaining relations encode the bimodule decomposition
n(n 4+ Dp = (1) & ((1)n-1(n))
of Lemma 5.2. O
Definition 5.8. Let 2 be the 2-category defined as follows.

« Ob2A=NU{V}.

* The 1-morphisms from n to m for n,m € N, are functors from H,-mod to
H,,,-mod that are direct summands of compositions of induction and restriction
functors. The only 1-morphism from V to V is the identity. For n € N, there
are no 1-morphisms from n to V or from V to n.

¢ The 2-morphisms are natural transformations of functors.

Note that any (H,,, H,)-bimodule M yields a functor

H,-mod — H,-mod, V+— MQYV,
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and any homomorphism M; — M, of (H,,, H,)-bimodules gives rise to a natural
transformation between the corresponding functors. In particular, the bimodules
(n)n—1 and ,_1 (n) correspond to induction and restriction, respectively.

Definition 5.9. It follows from Proposition 5.7 that we can define a 2-functor
A:9(q)— A

as follows.
e ForneZ =0b$'(q),A(n) =nifn>0,and A(n) = Vifn <0.
* On I-morphisms, A maps Q. € Homg/(,)(n,m) forasequence e = 165 ...k,
to the tensor product of induction and restriction bimodules, where each +

corresponds to the induction bimodule and each — corresponds to the restriction
bimodule. For instance, for Q14— € Homg/(g)(n,n — 1),

A(Q44+—+--)
=(n—=1p—2n—=2)p-3(n—2)p—2n—1)p—1(n — Dp—2(n — 1)—1(n).

If, for some k, the last k terms of & contain at least (n + 1) more —’s than +s,
then A maps Q, € Homg(g)(n,m) to 0.

* On 2-morphisms, A maps a planar diagram (a 1-morphism of $/(g)) to the
corresponding bimodule map (or, more precisely, to the natural transformation
corresponding to this bimodule map) according to the definitions given in this
section.

Since 2 is idempotent complete, the functor A induces a functor
A:9H(q) — A

(which we denote by the same symbol) on the Karoubi envelope $(q) of $'(¢), and
hence a functor
[A]: Ko($H(q)) — Ko(2).

The functor A is a representation of $(g) in the sense of Definition 4.9.

Remark 5.10. The reader should compare the functor A to the analogous functor
defined in [11]. In [11], which is in the language of 1-categories, the category in
question is monoidal but the functor is not. This is one of the main motivations for
the 2-category point of view.

Elements of Homg (72, m) are direct summands of finite compositions of induc-
tion and restriction functors from H,-mod to H,,-mod. Therefore, descending to
Grothendieck groups, we obtain a functor

6: Ko(A) — @D Homgz(Ko(H,-mod). Ko(Hpy-mod)),

n,meN
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where we view the bigraded ring P, <y Homz (Ko(Hy-mod), Ko(Hp-mod)) as
a category in the natural way. Namely, the objects are nonnegative integers, and the
set of morphisms from n to m is Homz (Ko (H,-mod), Ko(H,-mod)).

Consider the composition

0[A]: Ko(H(q)) — €D Homgz(Ko(H,-mod). Ko(Hp-mod)).
n,meN

For [M] € Ko(H,-mod), we have

OIAD(Q+,u)((M]) = [Ind 3% (L, ® M),
0 if [A] > n,

(BIAD(Q-AD(M]) = _
Hompy, (Ly, M) € Hy—p-mod if |A] <n,

where, for a partition A = (A1, A43,...,A%), we define |A| = Zle Ak. In the
expression Hompg,, (L, M), werestrict M to an H, X H,_|;-module and take ho-
momorphisms from the irreducible module L, for H|,|. This hom-space is naturally
an H,_;-module.

Remark 5.11. When k is a field of characteristic zero and ¢ € k™ is not a nontrivial
root of unity, the functor A: $)(¢) — 2 is a categorification of the (bosonic) Fock
space representation of the Heisenberg algebra.

5.6. Proof of Theorem 4.12. Since
Hom; (n,m) =bz(m —n)
= Homﬁz(n +k,m+k)
for any m,n, k € Z, we have a natural functor
Sk: bz — bz

defined on objects by
Ss(m)=n+k, ne”.

This functor is clearly an isomorphism.
Consider the composition

0[AIFS;: bz — @D Homz(Ko(H,-mod), Ko(Hyp-mod)).

m,neN

We claim that the direct sum of these maps over all k is injective, from which it
follows that F is faithful. This sum is clearly injective on objects, and so it suffices
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to show it is injective on morphisms. Fix m,n € Z = Ob hz. An arbitrary element
of Homy_ (n,m) = hz(m — n) is a finite sum of the form

y = Zyk,ubua}w Yau € Z,
Ak

where only partitions A and w satisfying || —|A| = m—n appear in the sum. Assume
y # 0. Let

[ = max{|A| | y,. # O for some ju},

and choose a partition v with |v| = [ such that y, ; # O for some 7. Letk = |v| —n.
We have

FSi(y) = Y yaulQ4 <110 1] € Homgy(syg (V1. [7)).
ALt

Now, for A with |A| = |v],
OIAIFS, (;) = OIAI(Q—4]) € Homz (Ko(Hjyj-mod), Ko(Ho-mod))

maps [L,] to 0if |p| = |v| and p # A. It also takes [L,] to [Lz], where Ly is the
irreducible module over Hy = k. Thus, 6[A]FS; () takes [L,] to

Y youlLus] #0,
"

and so O[A]FSg(y) is a nonzero map.

5.7. Jucys—-Murphy elements. Fork =0,1,2,...n,let

k
Ly = qu_kti ceelgcl

i=1
=tk + 4 ottt + 4 ol kgt o ¢
By convention, L; = 0. The Ly (or, more precisely, g~ ' L) are called Jucys—

Murphy elements of H, 4 (see, for example, [15], §3.3). The Ly are significant in
the theory of Hecke algebras, at least in part, because of the following facts.

(a) The elements Lg, k = 1,...n + 1, generate an abelian subalgebra of H,, 1.
(b) The space of symmetric polynomials in the L is the center of H, .

(¢c) The element Ly in Hy,+1, 1 < k < n + 1, commutes with Hy_;, viewed as a
subalgebra of H,, 1 in the usual way.
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Proposition 5.12. Under the definitions of crossings, caps and cups given above, the
right curls are the Jucys—Murphy elements. More precisely,

N

m+1)y—m+1),, z+zLyt1.

corresponds to the bimodule map

Proof. This straightforward calculation will be omitted. O

This interpretation of Jucys—Murphy elements as dots in our graphical calculus
allows us to give a purely graphical proof of the following well-known relations (see,
for example, [15], Proposition 3.26).

Corollary 5.13. We have

(@) tiLy+1 = Lystyforalll <1 <n—1,
(®) Lntity =tnLln +(q—1)Lnt1 +q, and
(©) thlnt1 = Lutn + (¢ — DLn+1 +q.

Proof. This follows immediately from Proposition 5.12 and Lemma 3.4. O

6. Action on modules for finite general linear groups

In this section, we will describe how our graphical category acts on the category of
modules for finite general linear groups.

6.1. Representations of finite general linear groups. Let p be a prime number and
let [, denote a finite field with ¢ = p™ elements. We will write GL,, for the group of
invertible n X n matrices with entries in F,. We embed GL,, into GL,, 4 in the upper
left, so that the image of GL,, in GL,4; consists of those invertible matrices whose
last row is (0, ..., 0, 1) and whose last column is (0, ..., 0, 1)’. This embedding of
groups induces an embedding of k-algebras k[GL,] < k[GL,+1]. Unless explicitly
mentioned otherwise, all of the embeddings in this section will be induced from this
embedding of algebras. For notational simplicity, we will write 4, = k[GL,].

Let Uy, n+1 € GL, 41 denote the subgroup of upper triangular invertible matrices
whose upper left n x n block is the n x n identity matrix and whose last column is
arbitrary. For example, U, 3 is the subgroup of matrices of the form

10
0 1 . ¢ #0.
00

o SR
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Note that U, ,+1 is a normal subgroup of P, ,+1 = GL, - U, p41. Define an
idempotent v,+1 € Ap+1 by

Up+1 = # Z u.

|Un,n+1| u€Up pt1

Note that the element v, satisfies
® v3+1 = Un+1,
o forall x € k[Up n+1], XUn41 = Up41X = Up41, and
e forall y € A,, yUy4+1 = Un41)-

We may consider A, +1Vn+1 as an (4,41, An)-bimodule. Similarly we may con-
sider v, 4+1Ap+1 asa (Ay, Ap41)-bimodule. We will use notation for these bimodules
and their tensor products similar to the notation used for bimodules over Hecke alge-
bras. In particular,

¢ (n) denotes A,, considered as an (A,, A,)-bimodule,
¢ (n)p—1 denotes A,v,, considered as a (A, A,—1)-bimodule,
e ,—1(n) denotes v, A,, considered as an (A,—1, A,)-bimodule,
e ,—1(n)y—1 denotes v, A, v,, considered as an (A,—1, A,—1) bimodule, and
* tensor products of these bimodules are denoted by juxtaposition.

The bimodule (n),—1 = A,v, gives rise to an induction functor

Ind: A;,—1-mod — A,-mod, M +— A,v, ®4,_, M.
Similarly, the bimodule ,,—; (n) = v, A, gives rise to a restriction functor
Res: A,-mod — A,—;-mod, N — v, A4, ®g4, N.

More generally, an (A4,, A, )-bimodule X gives rise to a functor from the category
of left A,,-modules to the category of left A,-modules: this functor takes an A,,-
module M to the A,-module X ®4,, M. Composition of functors corresponds to
tensor product of bimodules, and natural transformations correspond to bimodule
maps. Therefore, in order to define natural transformations of compositions of the
functors Ind and Res, we will define bimodule maps between tensor products of the
bimodules (1),—1 and ,—1(n).



6.2.

(a)

(b)

(©

(d)
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Adjunctions
Let RCap denote the bimodule map

RCap: (n+ 1),(n+1)— (n+1), xvp41 Q Upy1y —> XVUp41 ).

Let RCup denote the bimodule map

RCup: (n) = ,(n + 1)n, 2z +— Vyt412Vp41.

Let LCap denote the bimodule map
LCap: ,(n 4+ 1), — (n)
given as follows. For a group element g € GL,, 4+, we set
Un+18Vn+1, & € Pnyn+1,

LCap(vn+18Vn+1) =
0, g ¢ Pn,n+1~

Extending by k-linearity, this defines a (4,, A,) bimodule map

Vn+14n+1Vn+1 — Vnt1K[Ppny1]vns1 = Ap,

as desired. The isomorphism of the last line follows immediately from the
properties of the idempotent v, 4 listed above.

Let LCup denote the bimodule map
LCup: (n+1)— m+ Dy(n+1)

determined as follows. Let GL,4+; = ]_[f=1 Pp n+18: be a decomposition of
GL, 4+ into left P, ,41 cosets. The element

S
Y & Vnt1 ® Vat1gi € (1 4 Da(n + 1)

i=1

does not depend on the choice of coset representatives {g; };_,. Moreover, this
element is a Casimir element, so that

a(igi_lvn-l-l ® vn+1gi) = (Xs:gi_lvnﬂ ® Un+1gi)a

i=1 i=1
foralla € A, 1. Thusthereisanatural bimodule map (n+1) — (n+1),(n+1)
determined by

N
-1
lpy1 — Zg; Un+1 @ Un+18i-

i=1
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Proposition 6.1. The adjunction maps LCap, LCup, RCap, and RCup above make
(Res, Ind) into a cyclic, biadjoint pair.

Proof. We prove this in Section 7, where we work in the more general setting of
parabolic induction and restriction for arbitrary finite groups (see Corollary 7.11). [

6.3. Crossings. Lets, € GL,+; denote the symmetric group element

iy 0 0
sa=] 0 0 1],
0 10

where I,,_; is the (n — 1) x (n — 1) identity matrix. Lett,, = qUp4+15,Vn+1 € An+1.
Let
(n+2),

denote the bimodule
n+2)p=m+2)pt1(n + 1)y = Apt2Vn4+2Vn+1.

We define a bimodule map

><" c(n+2)y — (M4 2, ZUnt2Vng1 = Zlnp1Vnt2Vn+1-

Since A, commutes with v, 42, V,+1 and s, 41, it follows that the above is a well-
defined map of (4,42, A, )-bimodules. By Proposition 6.1, this 2-morphism s cyclic.
Therefore, any two isotopic diagrams involving this crossing as well as cups and
caps are equal. We define left, right, and downward crossings to be equal to any
composition of cups and caps and an upward crossing yielding a bimodule map
between the appropriate bimodules. By the above, any two such definitions are
equivalent. For instance, we can define the left, right and downward crossings as
in (5.5)—(5.7).

Lemma 6.2. We have

”><1 n(m+2)— ,(n+2), Vpiy1Vnt2Z V> Vnt1Vnp2lnti1Z,

><n (M1 (n) — n(n 4+ Dy, WUy Q@ VpZ —> Uy W ZVp41,

and

><”l tn(n + 1)n e (n)n—l(”)’ Upy1 +— O,

Un+1lnUn+1 > qVUn @ Up.
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Proof. All three statements are straightforward computations. In the third computa-
tion, it is useful to note that ,(n + 1), has a bimodule basis consisting of 1,, and #,;
thus any bimodule map from ,(n + 1), is completely determined by the image of
these two elements. We omit the details of these three computations. O

6.4. Another representation of the graphical category. The following proposition
should be compared to Proposition 5.7.

Proposition 6.3. The relations (3.1)—(3.4) hold when these diagrams are interpreted
as maps of bimodules.

Proof. This follows by direct computation from the definitions and results of Sec-
tions 6.1-6.3. O

Some comments about the above proposition are in order. The relations involving
only upward pointing strands follow from the classical work of Iwahori [7]. The
analogues of our upward pointing strands were introduced in Chuang—Rouquier [3]
in the context of sl, categorifications in the modular representation theory of GL,,.
The relations amongst upward pointing braid-like diagrams — that is, diagrams with no
local minima or maxima — are essentially contained in [9], which studies the braided
monoidal structure on the category of characteristic zero representations of all GL,,.

Let B, € GL,, denote the Borel subgroup of upper triangular matrices. The rela-
tions involving only upward pointing strands imply that there is a canonical morphism
from the Hecke algebra H, to Endy, (Indﬂ’g[’};n]l), the endomorphism algebra of the
induction to A, of the trivial k[ B,]-module.

Definition 6.4. Let B be the 2-category defined as follows.
e ObB = NU{V}.

e The 1-morphisms from n to m for n,m € N, are functors from A,-mod to
Am-mod that are direct summands of compositions of induction and restriction
functors. The only 1-morphism from V to V is the identity. For n € N, there
are no 1-morphisms from » to V or from V to n.

¢ The 2-morphisms are natural transformations of functors.

It follows from Proposition 6.3 that we can define a 2-functor B : $(g) — ‘B as
in Definition 5.9 (with H, replaced by A4,,).

The representations of (g ) given here and in Section 5.5 are closely related. Thus
our categorical Heisenberg actions provide another perspective on the appearance of
the Hecke algebra in the representation theory of GL,,. Let us explain the relationship
between the two $)(g) representations in a bit more detail. Let €, € A,-mod denote
the full subcategory of A,-mod consisting of direct summands of modules of the form
Ind"M, r € N, M an Ap-module. Equivalently, the objects of €, are the unipotent
Ap,-modules, that is, the modules which occur as a direct summand of the induction
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of a trivial k[B,]-module to A,. Let € be the 2-category defined as in Definition 6.4,
but with A,-mod replaced by €,. It follows that the category € is a representation
of $(g). Define the idempotent

1
By Z b =vuvp-1-vy
n beB,

bn:

in the Borel subgroup B,,. The subalgebra b, A,,b, C A, is the sum of the unipotent
blocks of A,. Note that any M € €, contains a vector fixed by k[B,]. Thus, the
inclusion of M into a free module A;‘?k , k € N, factors through (Anbn)®k. Since
Homy, (Anby, Anby) = by Anby, we have a functor

HomAn (Anbn, _): '€n — bnAnbn‘mOd.

It is straightforward to check that this functor is an equivalence of categories, with
the inverse functor given by tensoring with the (A, b, Anby, )-bimodule A,b,,.
Iwahori’s theorem [7] implies that for each n there is an isomorphism

by, Anb, = H,.
These isomorphisms for all n are compatible with the embeddings
bnAnbn - bn+1An+lbn+1

and
Hn - Hn-i-ly

and thus with the actions of the I-morphisms Q4 and Q_. It is then easy to see
that the isomorphisms b, A, b, = H, are compatible with the defining cup, cap, and
crossing 2-morphisms. Thus we have the following proposition.

Proposition 6.5. The equivalence of categories
D, Homy,, (4,b,,—): B, €1 — D, Hy-mod
induces an equivalence € — 21 of $(q) representations. In other words,

H(q) <

2

is a commutative diagram (up to isomorphism) with the functor &€ — 2l being an
equivalence of 2-categories.

Remark 6.6. Proposition 6.5 implies that the functor $(¢) — € is another cat-
egorification of bosonic Fock space. The functor B to the entire category ‘B is a
categorification of an infinite sum of bosonic Fock spaces.
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7. Parabolic induction and restriction for finite groups

The purpose of this section is to describe the cyclic biadjointness of parabolic induc-
tion and restriction functors which show up naturally in the representation theory of
finite groups. We recommend the survey [10] for an introduction to cyclic biadjoint
functors.

7.1. Bimodules from the group algebra of a semi-direct product. Recall that k
is a field of characteristic zero. Let L and U be subgroups of a finite group G such
that

e [ normalizes U, i.e. U is a normal subgroup of P = LU, and
« LNU ={1}.

Let 6: U — C* be a multiplicative character of U normalized by L, so that
Omum™)y =0u), melL,uel.

Let vg € k[P] be defined by

_ b -1
vg = | Ze(u) u.

uelU

Lemma 7.1. The element vy satisfies the following:
* Upbg = Vg,
e foru € U, uvg = vgu = 6(u)vg, and

e form € L, mvg = vgm.
Proof. All three facts follow from direct computations which are omitted. O

The space k[P]vg has the natural structure of a (k[P], k[P])-bimodule, and, by
restriction, the structure of a (k[L], k[L])-bimodule.

Corollary 7.2. k[P]vg = k[L] as a (K[L], k[L])-bimodule.
Proof. 1t follows from Lemma 7.1 that the map
K[L] — k[P]vg, 1+ vy,

is a (k[L], k[L])-bimodule isomorphism. O
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7.2. Parabolic induction and restriction functors. We define functors
Indy g : k[L]-mod — k[G]-mod

and
Resy g : k[G]-mod — k[L]-mod

depending on the subgroup U and the character 8, as follows.
Definition 7.3. The parabolic induction functor
Indy g : k[L]-mod — k[G]-mod
is defined by tensoring with the (k[G], k[L])-bimodule k[G]®y[p1 k[P ]vy = k[G]vg:
Indy,g(M) = (K[G] ®xip) K[P]vg) ®kir) M.
Definition 7.4. The parabolic restriction functor
Resy g : k[G]-mod —> k[L]-mod
is defined by tensoring with the (k[L], k[G])-bimodule k[P]vg ®x(p] k[G]:
Resy,o(M') = (k[P]vg ®xip) k[G]) @) M.

Note that the functors Indy g, Resy g, depend on both the subgroup U and on
the character 6. Some basic properties of the functors Indy g and Resy g are listed
below. We also refer the reader to [17] for further details.

(a) Indy ¢ and Resy g are additive.

(b) Let N and V be subgroups of L and let 6’ be a character of V' such that the functors
Indy g : k[N]-mod — k[L]-mod and Resy g : k[L]-mod — k[N]-mod are
defined. Define a character 8% of U® = UV by

0%uv) = 0(u)0'(v), uelU velV.
Then there are isomorphisms of functors
Indy,g o Indy g = Indgo go,
Resy g o Resy g = Resyo go.
(c) Let H be another finite group. For M € k[H]-mod, there are functors
T}, : k[L]-mod — k[L x H]-mod, Ti,(M') =M @, M’
and

T, : k[L]-mod —> k[H x L]-mod, T (M')=M'®; M
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given by outer tensor product with M on the left and on the right. The parabolic
induction functor
Indy ¢ : k[L]-mod — k[G]-mod

induces a parabolic induction functor
Indyxi,6x1: k[L x H]-mod — k[G x H]-mod.
Then there are isomorphisms of functors
Ty oIndyp = Indyxi,0x1 © Ty

In other words, parabolic induction commutes with 7, (and also with TI(l)‘
Similarly, parabolic restriction commutes with 7, and ijl.

7.3. Cyclic biadjointness for parabolic induction and restriction. We now define
natural transformations RCap, RCup, LCap, and LCup which will serve as biadjunc-
tion morphisms.

(a) Let
RCap: Indy g o Resy g — idyg),

where idy[g) is the identity functor on the category of k[G]-modules, be the
natural transformation given as follows. The left hand side is given as a functor
by tensoring with the (k[G], k[G])-bimodule

K[G] ®urp1 k[ P]vg QL) K[P]vg k(p1K[G] = k[G] ®kp1k[P]vg ®k[p1 K[G].
Thus the bimodule map defined on a k-basis by
g ® bvg ® h —> gbvgh € k[G]

gives a natural transformation to idy[g].

(b) Let
RCup: idyz] —> Resy,g o Indy g

be the natural transformation given by the bimodule map
k[L] — k[P]vg ®xip) k[G] x(p) K[P]ve,

determined by
l— 19 @ 1® vg.

(c) Let
LCap: Resy g o Indy g — idg[z

be the natural transformation given by the bimodule map

k[P]vg ®kp) k[G] ®kip K[P]vg —> K[L],
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defined as follows. Let Projp: k[G] — k[P] be the k-linear map defined, for
g€ G,by

) g, ge€P,
Projp (g) = .
0, otherwise.

Then define LCap as the composition

LCap: k[P]vg ®K[P] k[G] QK[ P] k[P]vg

1®Projp ®1
——— k[P]vg ®xp) kK[P] ®xip) K[P]vg

LS K[Plvg ~ K[L],

where ( is the multiplication map bvg ® p ® b'vg —> bvg pb'vg = bpb’vg.

(d) Let
LCup: idyg] — Indy g o Resy g

be the natural transformation given by the bimodule map
LCup: k[G] — k[G] Qk[p] k[P]ve Rkip] k[G]

defined as follows. Let G = [[/, Pg; be a decomposition of G into left
P-cosets. The element

m
3 &7 ®vg ® gi € kIG] ®up) KIPJvg @iy KIG)
i=1

does not depend on the choice of representatives {g; }/.,. Indeed, if g/ = p; g;
for 1 <i < m, then

m m m
DE) ' ®weg =) &'pQ@uepigi=) & Vudg
i=1 i=1 i=1

(since elements of P move across the tensor products and past vg). Thus we
may define a bimodule map LCup by declaring that

m
1Y g @y ® g

i=1

Then, for g € G,

m m
LCup(g) =) &' ®vy®gig =) g8 ®vp®g:.

i=1 i=1
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The last equality is needed to ensure that we have a bimodule map, and is proven
as follows. Suppose that g;g = p;g; for some p; € P and some bijection
i — i’ of {1,...,m}. Then

m m
Y g'®uege=) g Qv peg

i=1 i=1

g 'pi®uy®g]

|
.MS

Il
—

gg) '@y ®g]

Il
.M§

Il
—

2g7 ®ve ® gi,

N
Il
—_

|
.MS

as desired.

Proposition 7.5. The natural transformations RCap, RCup, LCap, and LCup make
Indy ¢ and Resy g into a biadjoint pair.

Proof. We must show four adjunction relations.
(a) (RCap % idIndU.g)(idIndU.g X RCup) = idIndU.g .
To show this we must show that the composition of bimodule maps
k[G] ®xp1 k[P]vg

id®RCu
%, K[G] ®uppy K[PJve ®ury K[P1ve ®up) K[G] ®ypp k[Pl

RCap®id
—> Kk[G] ®x[p1 k[ P]vg

is the identity. We check that for g € G and b € P,
gRbvg > (g R bvg) ® (Vg ® 1R vg) > ghvg ® Vg = g R by,
as desired.
(b) (idRresy; ¢ ® RCap)(RCup ® idges;, ) = idResy 4-
The composition of bimodule maps

k[P]vg ®x[p) k[G]

RCup®id
— k[P]vg ®up) k[G] ®iip) k[P]vg Q] k[P]ve Qip) k[G]

id®RCap
—— k[P]vg ®yp) k[G]
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is given, for b € P and g € G, by
bvg @grH—>bvg @1 Qug® g bvg ®ugg = bvg V g,
as desired.
(©) (LCap ® idResy »)(idRres;; o ® LCup) = idResy, 4-
The composition of bimodule maps

k[P]vg ®x[p) k[G]

id®LCup
——> k[P]vg Qip] k[G] Qkip k[P]vg ip] K[G]

LCap®id
——> k[L] ®xz1 k[P]ve ®k(p) k[G] = k[P]vg ®kp] k[G]

is given, forb € P, g € G, by
m
buy ® g —> vae ®gg Qv ®gi > bvgggj_lve ®g =bvyy®g,
i=1

where j € {1,...,m} is the unique index such that ggj_1 € P (the other
summands are killed by LCap). Thus the composition is the identity, as desired.

(d) (idlndy,g ® LCap) (LCllp ® idIndU.g) = idIndU.g-
The composition of bimodule maps

k[G] ®xp k[P]vg

LCup®id
— Kk[G] ®y[p) k[P]vs Qi) ®K[G] ®kip) k[P]ve

id®LCap
—— k[G] ®x(p) k[P]ve

is given, for g € G and b € P, by
m
g®bvgr— ) g ® vy ® gig ® bvg > g7 @ veg;gbve = g ® bug,
i=1

where j € {1, ..., m} is the unique index such that g;g € P. Thus the compo-
sition is the identity, as desired.

This completes the proof of biadjointness. O
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7.4. Bimodule endomorphisms. We begin by discussing the endomorphism alge-
bra of the functors Resy g and Indy g. Consider the (k[L], k[G])-bimodule

k[P]vg ®ip) k[G].

Let (k[P]vg ®[p] k[G])? denote the subspace of P-invariants under the conjugation
action of P:

(k[P]vg Ry p k[G)T = {x € k[P]vg @yp1 k[G] | mx = xm forallm € P}.
Any x € (k[P]vg ®x[p] k[G])? gives rise to a (k[L], k[G])-bimodule map
"x: k[P]vg ®kp) k[G] — k[P]vg ®irp) k[G],
determined by setting
'x(vg ® 1) = x,

so that, forb € L, g € G,
'x(bvg ® g) = bxg.

Therefore, any x € (k[P]vg ®y[p] k[G])¥ may be considered as a natural transfor-
mation
Resy,g —> Respg.

We may define a multiplication on (k[P]vg ®y(p] k[G])T by
(Y 2ebeve @ ) (D mndrve @h) = > Agun(dnbgve ® gh).
geG heG (g,h)eGXG

(Note the order of the terms in the product on the right.) It follows from Lemma 7.6
that this multiplication makes (k[P]vg ®x[p) k[G])? into a k-algebra, with unit
element vy ® 1.

Lemma 7.6. The assignment a — 'a induces an isomorphism of k-algebras
(k[P]vs ®u(p) kIG])” ~ Hom(Resy,9. Resyg).

where Hom(Resy g, Resy g) denotes the k-algebra of natural transformations of the
functor Resy g.

Proof. The k-algebra Hom(Resy g, Resy g) is isomorphic to the space
{f : k[P]vg ®krp1 k[G] — k[P]vg @k k[G]}

of (k[L],k[G])-bimodule maps. First we show that the map a + ’a intertwines
the multiplication on the two sides. To see this, leta = ), A¢(bgvg ® g) and

¢ =Y e Mn(drvg ® h) be elements of (k[P]vg ®y(p) k[G])T. Then

ac)vg®@ 1) = Y Agun(dpbg ® gh).
(g,h)eGXG
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We also have

(a'e)vp @ 1) ="a( Y paldrvo & 1))

heG

=D undy'a(ve ® )
heG

= Y Agun(dibg ® gh),
(g,h)eGXG

so that
"(ac)(ve ® 1) = (‘d'c)(vg ® 1),

and therefore
'a’'c ='(ac).

To see that the map a — 'a is injective, let a, ¢ € (k[P]vg ®[p] k[G])? such that
‘a =’c¢ as bimodule maps. Then

a=a(g®1)="a(vg®@1)="c(vg®1) =c(vg®1) = c.

Thus the map is injective. Italso now follows that (k[ P]vg ®x[p] k[G])? is an algebra,
since it is a subalgebra of Hom(Resy g, Resy g).
To see surjectivity, suppose that

/i k[P]vg Qip) k[G] — k[P]vg Ry(p] k[G]
is a bimodule map, and set a = f(vg ® 1). Then is it easy to check that
a € (k[Plvg @xrpy KIG])”
and that f = ’a as bimodule maps. O

Thus the k-algebra (k[ P]vg ®yp1 k[G])? is isomorphic to the algebra of natural
transformations of Resy,g. Similarly, we may consider (k[G] ®x[p] k[P]vg)? as an
algebra, with multiplication

(S Ae(g®beve) (Y mnh @ dve)) = Y. Agunlhg ® bgdyve).

geG heG (g,h)eGXG
Lemma 7.7. The map
©: (K[P]vg @urp) KIG]d, —> (K[G] Quppy k[P]vg)”,

D Ag(bgvg ® 8) —> Y Ag(g ® bgvg)
geG g€G

is an isomorphism of algebras.
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Proof. The proof of this statement is a straightforward check, which is omitted. Note
that the subscript “op” denotes the opposite algebra. O

Thus, in complete analogy with Lemma 7.6, we have the following.

Lemma 7.8. The algebra (k[G] ®x[p] k[P]vg)? is isomorphic to the algebra of
natural transformations of the functor Indy g, with the element

a € (k[G] ®uip) k[P]vg)”

giving a bimodule map via
a(l1®vg) =a.

Proof. The proof is essentially the same as the proof of Lemma 7.6. O

7.5. Cyclicity. Given anelementa € (k[P]vg ®xy[p] k[G])?, we may also consider
a as an element of the opposite algebra

a € (K[Plvg ®xp) KIG]E — (K[G] ®uip) k[Plve)”.

Thus the element a of the opposite algebra is identified with the element t(a) in the
algebra (k[G] ®x[p] k[P]vg)®. From now on, we will identify the bimodule maps
'a and a’ with the corresponding natural transformations of Resy g and Indyg. So
we have

‘a:Resyg —> Resypg, and da':Indyy —> Indyy.

Proposition 7.9. For any a € (k[P]vg ®y(p) k[G])T, there are the following equal-
ities of natural transformations:

RCap(a’ ® idres;; ,) = RCap(iding,, 4 ® 'a), (a)
(‘a ® idnay, 4 )RCup = (idges;; , ® a’)RCup, (b)
LCap(‘a ® idia,, ,) = LCap(idres, , ® a'), (c)
(@’ ® idgesy, ,)LCup = (idmna,, , ®” a@)LCup. @

Proof. Fora € (k[P]vg ®x[p] k[G])?, denote by a the image of a under the natural
multiplication map in k[G],

(K[P]vg ®ip K[G)F — K[G]F, a+— a.

Similarly, for a € (k[G] ®x[p) k[P]vg)?, we will also denote by a the image of a in
k[G] under the multiplication map

(k[G] ®yp1 K[P]ve)? —> k[G]F, a v+ a.
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Note that

a(vg ® 1) =d'(1 @ vg) = a € k[G]F,
so this abuse of notation is mostly harmless.
(a) The left and right hand sides are given by bimodule maps
k[G] ®xp1 k[P]ve Qkp) k[G] — Kk[G].
For g € G, b € L, the left hand side is the map
g ® bvg ® h+—> (gab) ® h —> gabh € k[G],
while the right hand side is the map
gQ®bvg ®h+— g ® (bah) — gbah.

But ba = ab, since b € P and a € k[G]¥. Hence the two sides agree.
(b) The left and right hand sides are given by bimodule maps

k[L] — k[P]vg ®xkp1 k[G] ®ki61 k[G] ®k(p) K[P]vg.
Write a € (k[P]vg ®y(p) k[G])F asa = > gec Aeg(va ® g), Ag €k, so that
the left hand side is the map which sends
Il— 1 R1R1Qupr—a®1 Qg = Zkg(v9®g®1®v9),
geG
while the right hand side is given by
Il— 1 R1R1QuprH— 11y R®1Qa = Zkg(v9®l®g®v9),
geG

where now

a =7 Ae(g ® vg) € (k[G] @uipy k[PIvg)”
geG

induces the natural transformation a’. Since g moves across the middle tensor
product ®y[g], the left and right hand sides agree.

(c) The left and right hand sides are given by bimodule maps
k[P]vg ®k(p) K[G] ®k(p) k[P]vg —> k[P]vg =~ Kk[L].
The left hand side is given by the bimodule map
Vg ® g ® vg —> ag @ vg —> Projp(ag)vg.
Similarly, the right hand side is given by the bimodule map
Vg ® g ® vg —> Vg @ ga —> Projp(ga)vg.

The agreement of the two sides is given by the equality Projp (ga) = Projp(ag),
fora € k[G]?, g € G, which is straightforward to check.
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(d) Both sides are bimodule maps
k[G] — k[G] ®kp1 k[P]ve Qkip] k[G].

Writing a = ), . A¢(vg ® g), the bimodule map on the left hand side is
determined by the image

m m
LY g @ua®gir— Y > de(gi' e ® v ® gi).

i=1 geG i=1

Since the element ) ;- g7 ® vy ® g; is independent of the choice of left P
coset representatives g;, the left hand side can also be written as

m
I Z Zkg(gi_flpi_lg ® vy ® pigi’),

geGi=1

for any p; € P and bijections i +> i’ of {1,...,m}, one bijection for each
ge€G.

The right hand side, on the other hand, is given by
m m
1= > g ®ug@gir— Y D Ae(gr' ® vy ® gg1).
i=1 geGi=1

Now, for each fixed g, we may write gg; = p; gi’, for some p; € P and some
bijection i +> i’ of {1,...,m}. Then gl._1 = gl._,lpl._lg, and the right hand side
may be written as

m
L= > D Aelgr' pi'e ® vo ® pigi),
geGi=1
which agrees with the left hand side. O

Thus we have the following theorem.

Theorem 7.10. The natural transformations RCap, RCup, LCap, and LCup make
Indy,g and Resy g into a cyclic biadjoint pair.

Corollary 7.11. The functors Ind and Res from Section 6.2 are a cyclic biadjoint
pair.

Proof. This follows immediately from Theorem 7.10 after setting G = GL,, L =
GL,—1, U = Up—1,x, and taking 0 to be the trivial character. O
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Corollary 7.12. The adjunction data of Section 5.3 is cyclic when q is an indetermi-
nate or a prime power.

Proof. Corollary 7.11, together with the equivalence

@HomAn (Apby,—): @bnAnbn-mod — @ H,,-mod
n n n

of Section 6.4, gives the result for ¢ a prime power. Now suppose that ¢ is an
indeterminate. Proving the adjunction datais cyclic amounts to proving four equalities
of bimodule maps as in Proposition 7.9. After choosing a k[g, ¢~ !]-basis, such maps
can be represented by matrices with entries in k[g, g~']. Since we have the desired
equalities when ¢ is specialized to any prime power, the equalities follow for g an
indeterminate (here we use the fact that if two elements of k[g, g~'] are equal at an
infinite number of values of ¢, they are equal). O
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