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On the integrality of the Witten—Reshetikhin—-Turaev
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Abstract. We prove that the SU(2) Witten—Reshetikhin—Turaev invariant of any 3-manifold
with any colored link inside at any root of unity is an algebraic integer. As a byproduct, we
get a new proof of the integrality of the SO(3) Witten—Reshetikhin—Turaev invariant for any
3-manifold with any colored link inside at any root of unity of odd order.
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1. Introduction

In the late 1980s, Witten [34], using path integral (which is not mathematically rigor-
ous), constructed an invariant T AG4 (&) € Cofaclosed oriented 3-manifold M, a simple
Lie group G, and a root of unity &. Reshetikhin and Turaev [30] gave a rigorous con-
struction of ‘[AGI (&) for the case G = SU(2). The construction was later generalized to
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the case when G is a simple, compact, connected, and simply-connected Lie group,
with some restriction on the order of the root £ of unity. Moreover, the invariant was
extended to pairs (M, L), where L C M is a framed oriented link whose components
are colored by finite-dimensional G-modules. We will call ‘L’AGL 1.(§) the quantum or
Witten—Reshetikhin—Turaev invariant of M with a colored link L inside.

For more than twenty years, the problem of integrality of the Witten—Reshetikhin—
Turaev invariants has been intensively studied. The interest to this problem was drawn
by the theory of perturbative 3-manifold invariants generalizing those of Casson and
Walker [29], by the construction of Integral Topological Quantum Field Theories
(see [6] and [9]) and their topological applications and more recently, by attempts to
categorify the Witten—Reshetikhin—Turaev invariants [15].

In the case G = SU(2), there is a projective version 11?,10(3) (&), introduced by
Kirby and Melvin [16] and defined at roots of unity of odd orders. This projective
version, when defined, determines the SU(2) version.

In this paper we completely solve the integrality problem for both SO(3) and
SU(2) versions of the Witten—Reshetikhin—Turaev invariant for all 3-manifolds with
arbitrary colored links inside. Before stating our results, let us give a brief introduction
into the history of this subject.

In 1995 Murakami [26] established the integrality of the Witten—Reshetikhin—
Turaev SO(3)-invariant for rational homology 3-spheres at roots of unity of prime or-
ders. This result was extended to all 3-manifolds by Masbaum and Roberts [23]. Mas-
baum and Wenzl [24], and independently Takata and Yokota [31], proved the integral-
ity of the projective Witten—Reshetikhin—Turaev SU(#)-invariant for all 3-manifolds,
always under the assumption that the orders of the roots of unity are prime. Finally
Le [19] established the integrality of the projective Witten—Reshetikhin—Turaev in-
variant associated with any compact simple Lie group, again at roots of unity of prime
orders.

The case for the roots of unity of non-prime orders is more complicated. The first
integrality result for all roots of unity was obtained by Habiro [12] in the case of SU(2)
and integral homology 3-spheres. Habiro’s proof relies on the existence of the unified
invariant for integral homology 3-spheres as an element of Habiro’s ring, a certain
cyclotomic completion of the polynomial ring Z[g]. This unified invariant is a kind
of generating function for the set of Witten—Reshetikhin—Turaev SU(2) invariants at
all roots of unity. The integrality in this approach follows directly from the general
properties of Habiro’s ring.

Habiro and Le [13] subsequently defined the unified Witten—Reshetikhin—Turaev
invariant for all simple Lie groups and integral homology 3-spheres, thus proving that
the Witten—Reshetikhin—Turaev invariant of any integral homology 3-sphere associ-
ated to any simple Lie group and any root of unity is always an algebraic integer.
However, the case of manifolds other than homology spheres was unknown, even
with G = SU(2).
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In this paper we give a complete solution for the integrality problem for all
3-manifolds with arbitrary link inside at all roots of unity for the case of the group
SU(2). Our invariants are normalized as in [16] and we show that integrality in that
case implies integrality for all other normalizations used in the literature.

Theorem 1. The Witten—Reshetikhin—Turaev SU(2)-invariant of any 3-manifold M
with any colored link inside at any root of unity is an algebraic integer.

Theorem 2. The Witten—Reshetikhin—Turaev SO(3)-invariant of any 3-manifold M
with any colored link inside at any root of unity of odd order is an algebraic integer.

Theorem 2 is a generalization of a result in [4] to manifolds which contain a link
inside. However, we give here a new independent proof along the same lines as in
the SU(2) case. Theorem 1 is the main result of the paper. The key new ideas used
in the proofs are the following.

One of the main tools is a significant generalization of some divisibility result
(Theorem 3.2) which was originally obtained in [20] using a number-theoretical
identity of Andrews [1], whose special cases are the classical Rogers—Ramanujan
identities.

Further, to include the case of even colored links in 3-manifolds, we had to intro-
duce a new basis for the Grothendieck ring of the quantum sl(2), which is orthogonal
to the odd part of the center with respect to the Rosso form. This led to an important
new result (Theorem 2.1) generalizing that of Habiro, which states that the colored
Jones polynomial can be presented as a sum of integral “blocks”. This result is proved
in the Appendix, and it is of independent interest in the quantum link invariant theory.

For manifolds obtained by surgery along links with diagonal linking matrix we
show that the contribution of each integral block to the Witten—Reshetikhin—Turaev
invariant is integral by using our main tool (Theorem 3.2). The general case can be
reduced to the diagonal one by using some classification results for linking pairings.
However, it is more demanding in the SU(2) case than in the SO(3) one, since the
linking pairings on abelian groups of even order are more complicated [14].

As a byproduct, we generalize the relationship between SU(2) and SO(3) invari-
ants at odd roots of unity to the case when a 3-manifold contains an arbitrary colored
link inside. For the empty link and links colored by the fundamental representation,
this relationship was established in [16] and [23], respectively.

At the moment of this writing, our proof cannot be generalized to higher-ranked
Lie groups because we do not have an analog of Theorem 2.1 (splitting into integral
blocks) in those cases. The paper is as self-contained as possible. The only two
results used without proofs here are [20], Theorem 7, and [3], Theorem 2.

We organize this paper as follows. In Section 2 we fix notations, recall the defini-
tion of the Witten—Reshetikhin—Turaev invariant and state a generalization of Habiro’s
result. The main strategy of our proofs is explained in Section 2.6. In Section 3 we
prove some divisibility results for generic values of the quantum parameter. Formulas
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related to roots of unity are proved in Section 4. Section 5 deals with the symme-
try principle and the splitting of the SU(2) invariant at odd roots of unity into the
product of the SO(3) and Deloup’s invariants. Section 6 discusses how to construct
3-manifolds that can be obtained by surgery along links with diagonal linking matri-
ces. The last two sections are devoted to the proofs of Theorem 2 and Theorem 1,
respectively.

2. The colored Jones polynomial and the Witten—Reshetikhin—-Turaev invariant

2.1. Notations. Let ¢'/* be a formal parameter. Set

ﬂ _ —n/2 def dLl‘@ T ger {n}!
e s lljl{} & {1 [k]_{k}!{n—k}!’

and

m—n+1.

= : m\ w (4 q) m
) - 1—q'z2), def 4)n __ (m—n)n/2 )
Gam=[[0-4¢2 (n) =y [n]

Throughout this paper, let £ be a primitive root of unity of order r and £'/ be a
complex number such that (£§!/4)* = £. There are four possible choices for £1/4, and
we will make some restrictions later.

When working in the SO(3) case, we will always assume that r > 3 is odd. In
the SU(2) case, r > 2 will be an arbitrary positive integer.

For f € Q[g*'/*], we define the following evaluation map

eve(f) = flgracgi/a.

It should be noted that although we write evg ( f'), this quantity depends on the choice
of a 4-th root £'/4 of £.

If f is a function on non-negative integers ny, ..., n; with values in @[qil/ 4],
we define
4r—1 4r—1
£,50(3) P | £, SU(2)
)RR SR SRS SrT)
NYseees 13 n;=0 Nseees ni n;j=0
n; odd

All 3-manifolds in this paper are supposed to be closed and oriented. Every link
in a 3-manifold is framed, oriented and has ordered components.

2.2. The colored Jones polynomial. Suppose L is a framed oriented link in S* with
m ordered components. For an m-tuple of non-negative integers n = (ny,...,1ny),
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one has the colored Jones polynomial Jz(n) € Z[qi%], see e.g. [32] and [25].
The number #n; is usually called the color of the i-th component, and stands for the
n;-dimensional irreducible sl,-representation in the theory of quantum link invariants.
We use the normalization so that Ji7(n) = [n] where U is the unknot with O framing.
It is well known that if L is obtained from L by increasing the framing on the i-th

component by 1 then

n2—1

Jp(m) =q % Jp(n). ey

Although there are fractional powers g*!/*, there exists an integer a = a(L, n)

such that Jy (n) € ¢*/* Z[q*"]. For a precise formula of a see [18]. This formula
implies that if all the colors 7;’s are odd, then J1(n) € Z[g*!].

2.3. Habiro’s expansion and its generalization. Assume that L LI L’ is a framed
link in S* with disjoint sublinks L and L’. Suppose L has m ordered components
and L’ has [ ordered components. Fix an /-tuple of positive integers s = (s1,...,57),
and let’s consider Jz,7/(n, s) as a function on m-tuples n = (n1,...,n,). Since s
is fixed, we will remove it from the notation for simplicity. The function Jz 1/ (n)
can be rearranged into another function ¢z (k) generalizing an important result of
Habiro [12], Theorem 8.2. _

To state the result we need to introduce a few notations. Let ¢;; be the linking
number between the i-th component of L and the j-th component of L’. For any
i =1,...,m, wedefine

l
g €{0.1} by & =Y fj(sj—1) (mod 2). 2)
j=1
Theorem 2.1. Assume that L U L' C S3 is as described above. Suppose that L has
linking matrix equal to 0. Then for every m-tuple k = (k1, ..., km) of non-negative
integers with k = max(ky, ..., ky) there exists
k+1
b k
crun (k) € % VAR 3)
such that for every m-tuple n = (ny, ..., nn,) of non-negative integers,
ni + ki, A
J / (k ! 4
Lo = Y e )H [, 1) @
k; >0 ki+1

where A, = q™? 4+ ¢q~"/2.

For the case when all ¢; = 0, or, in particular, when all s;’s are odd, the statement
is equivalent to [2], Theorem 3. A proof of Theorem 2.1 is given in the Appendix.
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Note that for a fixed n the right hand side of (4) is a finite sum because [Z”kikl] =0
ifn <k.

This is the presentation of the colored Jones polynomial as a sum of integral blocks
mentioned in Introduction. The existence of ¢z 1/ (k) € Q(gq 1/ #) that satisfies (4) is
easy to prove. The real content of Theorem 2.1 is the integrality (3).

2.4. The Witten—Reshetikhin—Turaev invariant. We review here the definition of
the Witten—Reshetikhin—Turaev SU(2) invariant of a 3-manifold M with a colored
link L’ inside [30] and its SO(3) version [16].

We use the convention that the pair (M, L) is obtained from (S3, L’) by surgery
along L. Here L’ is an s-colored framed link. For G = SU(2) or G = SO(3) set

FEo®=2 Y " i) 5)

N, i=1

For simplicity, we assume here that all entries of s are odd if G = SO(3). In general
for G = SO(3), we have to multiply (5) by a power of &, depending on the linking
matrix of L and the parity of colors. This is done in Section 5.2. Since the additional
factor is a unit, it does not affect integrality.

We want to emphasize that although it is not explicit from the notation, equation (5)
depends on a choice of a 4-th root £'/4 of £.

It is known that F LGl_l /(&) is invariant under the handle slide move and if normal-
ized appropriately, is an invariant of the pair (M, L').

Let U* be the unknot with £1 framing. It is easy to see that Fg_ (&) is the
complex conjugate of Fg +(§). Let

DO EFF.©) = FS. (&) F§- ().

This number is called the rank of a TQFT in [32]. We normalize by dividing (5)
by certain powers of Fg (§) # 0. Hence, we want to know when Fg (&) #O.
The following is probably known. For completeness we include a proofin Section 4.3.

Lemma 2.2. One has F g + (§) = 0ifand only if
G =SUQ2) and ord(§'/%) = 2ord(£) = 2r. (%)

In [16], [30], and [21] it is assumed that ord(§/4) = 4 ord(£). However, there
are other cases when Fg (&) # 0. Here we consider all of them.
In the entire paper we will assume that condition (x) is not satisfied, so that

FS.(€) #0.

Then the Witten—Reshetikhin-Turaev invariant of the pair (M, L’) is defined by
Flip ®)

(FG. ©)P+(FF-(£)P- (D9)F°

(6)

tﬁ,L/(g) =
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where B, f— and B are respectively the number of positive, negative, and 0 eigen-
values of the linking matrix of L.
The invariant ‘EAGJ 1,(§) is multiplicative with respect to connected sum. If —M is

MG with the reverse orientation, then ‘C_GM (&) is the complex conjugate of rAGJ (&), and
tH(€) =1.
S3

Remark 2.3. We will prove later that DG € Z[£1/4, eg], where eg = exp(r+/—1/4).
Note that Z[£'/4, eg] = Z[exp(2m~/—1/1)], where t = 8r if r is odd and ¢ = 4r if
r is even. In the last case, eg € Z[£1/4].
Hence a priori, rAGLL,(E) € Q(£'4, eg). Since the ring of integers of Q(£1/4, eg)
is Z[£1/4, eg], our invariant is algebraically integral if it belongs to Z[£1/4, eg].
Further, if G = SO(3), M is a rational homology 3-sphere, and all the s;’s are
odd, then t;gf/) (&) € Q(&) by definition. So, in that case integrality means that

rj’ﬁf,) (&) € Z[&] for any root of unity & of odd order.

Relations with other invariants. If we put £1/4 = exp(;r/—1/2r), then our in-
variant ILU(Z) (&) and ti?m (&) are respectively (M) and 7, (M) in [16]. In that
case, our DSV equals »~! in the notation of [16].

Again, if £1/4 = exp(7 ~/—1/2r), the original Reshetikhin—Turaev invariant [30]
differs from (M) by a multiplication with a certain root of unity, so this does not
affect integrality.

The set of invariants considered in [23] coincides with ours assuming r is an odd

prime. More precisely, the invariants /5, (M) and I, (M), defined in [23] as functions

of a variable A, coincide with ours rif(z) (¢) and rj’f(” (£) after setting 4 = —£!/*
and 4 = —£© +1?/ 4, respectively. At these roots of unity, the SO(3) invariants

determine those for SU(2).
Lickorish chose a different normalization and worked with leu(z) (£)(DSV@)B
in [21]. Clearly, integrality of this invariant will follow from the integrality of

oG (8.

2.5. Diagonal case. Of particular importance is the case when the linking matrix
of L is a diagonal matrix diag(by,...,bm), b; € Z for any i. Let L° be the framed
link obtained from L by switching all the framings to 0. Recall from (2) that for
1<i<me= ch=l Zik(sk — 1) (mod 2). Using (1) and (4), we can rewrite
FLGuL,(é) as follows:

Fp @ =Y evelepour () /(3™ [ [ HO (ki bi 1) (7)
ki>0 i=1
where 66 , Py
G st G pnTEL N n
H(k,b,s) & Z g*" [% . J T (kW {n}. (8)
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By (5) and (8) we also have

HS(0,+1,0)
G _

From (7) and (9) we get the following result.
Proposition 2.4. Suppose the linking matrix of L is diag(by,...,bnm), a diagonal

matrix with exactly t non-zero elements by, . .., b;. Assume the entries of s are odd
when G = SO(3). Then

1552 ¢ m
2 HG(ki,bi,Ei) HG(ki,O,Ei)
T €)= Y eve(cpour (k) ,
M.L = LouL z=1_[1 HE(0,sn(b;).0) 1_[ eve({1})DC

(10)
=41

where sn(b;) is the sign of b;.

Note that in the above sum the index k; is from O to L%J. This is because
(E¥+1:8)k 41 = Owhenk > (r—2)/2,s0eve(croyr (k) = Owhenk = max{k;} >
(r — 2)/2 according to Proposition 2.1.

To allow an arbitrary coloring s of L’ for G = SO(3), we have to multiply the
right hand side of (10) by a unit, defined in Section 5.2.

We say that M is diagonal of prime type, when M can be obtained by surgery
along a link with diagonal linking matrix whose entries are (up to a sign) 0, 1 or prime
powers.

2.6. Strategy for the proof of Theorems 1 and 2. We first prove the integrality
of rfl 1/ (£) for the case when M is diagonal of prime type. By (10), in this case it
suffices to show that

HS(k,b,¢) q HS(k,0,¢)
HOO,sn(b).0) ¢ 1—£)DC

are algebraic integers when 0 < k < L%J This is proved in Proposition 7.1 for
G = SO(3) and in Proposition 8.1 for G = SU(2), under assumptions r is odd and
even, respectively.

The general case can be reduced to the diagonal one of prime type by applying
some standard results on diagonalization, presented in Section 6. Roughly speaking,
M#M becomes diagonal of prime type after adding a diagonalizing manifold N,
which is a connected sum of some simple lens spaces. In the SO(3) case, this
already solves the problem, since the Witten—Reshetikhin—Turaev invariant of N
is invertible. In the SU(2) case, the Witten—Reshetikhin—Turaev invariants of N

might be 0. We show that there is an odd colored link L C N such that ti,UI(JZ) is

integral and non-zero. However, another difficulty arises since ti,UI(JZ) is notinvertible.
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To overcome this difficulty we will look at the connected sum of many copies of M #M
with (N, L), which we will show to be diagonal of prime type. Further, we make
substantial use of the fact that in any Dedekind domain, every ideal has a unique
prime factorization.

The case G = SU(2) and r odd is solved in Section 5. There we generalize the
splitting formula of Kirby and Melvin [16] by showing that the SU(2) invariant of
any 3-manifold with a colored link inside at a root of unity of odd order is a product
of the SO(3) invariant and another integer invariant, previously defined by Deloup.

3. Basic divisibility: the case of generic ¢

In this section we establish a divisibility result for generic g which will help us to
prove that each factor of (10) is integral.

3.1. The ideal I;. Let I; be the ideal of Z[zF!, ¢g*!] generated by (¢%z; q)x for
all a € Z. This ideal plays an important role in the theory of quantum invariants,
see [12], [20], and [13].

We will use the following characterization of I, which is Proposition 4.3 of [20].

Proposition 3.1. The ideal Iy is the set of all f € Z[z*", q*] such that f(q®,q)
is divisible by (q; q)x for every b € 7.

We will often use the following g-binomial formula

k
. (k i o
@z )k = Z(—l)’( .)q(ﬁ)“fzf. (11)
= J
J
3.2. Divisibility for generic ¢g. For a positive integer k let
@9k . :
X = # = 1_[ (I—47). (12)
q:49)\k/2] J=1k/2]+1

In this paper, a quadratic Z -polynomial Q(n) is a polynomial of degree < 2 with
integer coefficients,

Q(n) = an® +an +ag, ap.ai,as € Z.
For a quadratic Z-polynomial Q let
Lo:Z[z*',qF"] — Z[¢g™]
be the Z[¢*!]-linear map defined by
:ﬁQ(Zj) — qQ(j)'
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Note that this map is not an algebra homomorphism if a, or ag # 0.
Let o be the Z[g*!]-algebra automorphism of Z[z*!, g*'] defined by o(z) =
z~1. An important observation is that if @; = 0, then £o0 = £o.

Theorem 3.2. Suppose Q is a quadratic Z-polynomial and f(z,q) € Ix. Then
Lo (f) is divisible by X, i.e.

Lo(f) € Xi ZIg*™']

Remark 3.3. This theorem will be used substantially. It is a generalization of [20],
Theorem 7, which was proved with the help of Andrews’ identity. The case Q(n) =
n? of Theorem 3.2 appeared in [13] for the construction of the unified Witten—
Reshetikhin—Turaev invariant.

Proof. By the definition of [, it is enough to consider the case f = z™(q%z; q)k.
Suppose
O(n) = an® +ain +ao .

Let Qo(n) = apn?. Rewriting f as a sum with help of (11), one can show

Lo(@ """ (@ z:q)k) = q° L0 (2" (@21 k).

Hence, the substitution of ¢~z for z transforms &£¢ into £o,. Without loss of
generality, we can further assume Q = Q.

The rest of the proof is by induction on k.

The case k = 1 is trivial. Suppose that the statement holds true for k — 1.

Since

a+1 m+1,, ,a+1
z"" (g

2@ gk — 2@z Ok = q°(1 — ¢%) Z1q)k-1 »

we see that, by the induction hypothesis, £, (z"(¢% "' z; ¢)¢) is divisible by X if

and only if £, (z"(q%z; q)x) is. Therefore we only need to show the statement for
a single value of a. We will take ¢ = —|k/2]. The cases of odd and even k will be
considered separately.

Suppose k = 2/ + 1. Thena = —[ and Lo, (z™ (q7"2:q)2141) is divisible by
Xr = (¢'T':¢)141 by Lemma 3.4 (b) below.

Now suppose k = 2/. Then a = —[ and we need to show that for every integer
m, Xy divides £, (B(m,[)) where

B(m,1) = z™(q ' z;9)a.
Since
B(m.1) —q'B(m +1.1) = 2™(q7" 2: )21 41

and X; = (¢'*';q); divides £0,(z"(¢"2;¢)21+1) by Lemma 3.4 (b) below, it
is enough to show that X divides £, (B(m,!)) for only a single value of m. We
choose m = —I, and we will show that Xz = (¢'T'; ¢); divides Lo,(B(=1.1)).
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1

Using that o is the algebra automorphism of Z[z*!, g*!] sending z to z~!, we

get
(d+0)B(-1.1) =z (¢ z: ) + 2 (q7 27 @)
=z "z u+ 277 g i
=z7q¢" "z (1 — g7 2+ ¢7 (1 = ¢'2))
=27 5 (1 =) +¢7)
=—q7'(1+4") yi-1.
where

I
def — — _ 4D : _ .
v =z A=z g = (DgT 2 H(Z—q’)(z L_¢/).
j=0

From £¢p,0 = £, it follows that

2£0,(B(—1.1)) = &0, ((id +0)B(—1.1)) = =7 (1 + ¢") L 0o (y1-1).
which is divisible by 2(1 + ¢’)(¢': ¢); = 2(¢'*'; ¢); thanks to Lemma 3.4 (a). This

completes the induction, whence the proof. ]

Lemma 3.4. With the same notations as above we have
(@) if f € Z[z*Y, qF "] is invariant under o, then 2(q'*'; q); 11 divides £, (fy1);
(b) forany f € Z[z%',q*'), L0, (@72 @)a1+1 [f) is divisible by (¢ "5 q)141.

Proof. (a) First we prove the case f = 1. We will show that this case follows
from [20], Theorem 7, which was proved by using the Andrews identity. In fact we
have

vi=z"1-2Yg "z 9um

! 1 -1 ! (13)
=z @ 5 ur =z @zt
It is easy to see that the two terms of the right hand side of (13) are related by
oz ) = =27 @ a4 (14)

Hence

Loo(y1) = 2$Qo(2_l(q_12; q)21+1)
20+1

20+ 1 )2
=23 /[P o,
LV,

J=0
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which, according to [20], Theorem 7, is divisible by
{21 + 13! _
2 i _ 2(_1)l+1q (l+1)(3l+2)/4(ql+1

in Z[g*"/?]. Since £g,(y;) and 2(¢'*1; ¢); 1, are both in Z[g*!], (a) is true when
f =1

Consider the general case. Since o(f) = f, f is a polynomial in (z 4+ z~1). It
is enough to prove (a) for f = (z + z~1)™. Since

1)1+

C+z =y + @ a7 D,
(z 4+ z7 Y™y, is a Z[g*!]-linear combination of y;, y; 41, ..., Yi4+m. Since we have
that (¢'*%; ¢);4; is divisible by (¢'*1;¢);41 for every positive integer i, the case

f = (z + z71)™ follows from the case f = 1.
(b) For non-negative integer m, using

o(z™q 7'z Pus1) =~z NG 2 q) 2141,
we get

2800 (Z™(q 7 2:9)2141) = Lo ((id +0)2" (7' 2:9)2141)
m+l _
= ‘ZQO (yl Z Zj),

j=—m—lI

which is divisible by 2(¢'*'; ¢);41 according to (a). Similar argument works for
negative m. O

The following corollary is sometimes more convenient than Theorem 3.2.

Corollary 3.5. For every positive integer k and every quadratic Z-polynomial Q,
X divides
k k )
Z(_l)j( .)qg(m(g)_
j=0 /
Proof. From (11) we have

(Z Q)k Z( 1)]( ) Q(j)+(§')‘

By Theorem 3.2, the left hand side is divisible by X, and so is the right hand side. [
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3.3. Polynomials with ¢-integer values. We also need a generalization of the fol-
lowing classical result in the theory of polynomials with integer values. Suppose that
f(z1,...,zn) € Qlz1, ..., zy] takes integer values whenever z1, . . ., Z, are integers.
Then f is a Z-linear comblnatlon of [Ti—, ( ) ki € Z>y.

Let us formulate a g-analog of this fact.

Proposition 3.6. If f(z1,...,z,) € Q(q)|z1. ..., z4] satisfies f(g™',...,q™") €
Z[q*] for everymy, ..., my, € Z, then f is a Z[q*')-linear combination of
Z b
l—[ (zi Q)k € Zso.
CHOT

Proof. The elements zz = oGk, /(@ @k with k = (ky, ... kn) € Z2,
form a Q(q)-basis of Q(q)[x1. ..., xn]. Hence there are cx € Q(q) such that f =
Zkezg , Ck Zk- Only a finite number of ¢ ’s are non-zero. We will show that ¢y €
Z[g*"] by induction on |k| = ky + -+ + kj,.

Suppose k = 0. Letz; =z = --- = z;, = 1, then zx = O unless k = 0. Hence
co= f(1,1,...,1) e Z[g*].

Suppose cx € Z[g*'] for |k| < [. The zx’s with |k| < [ will be called terms of
lower orders. Considerak = (ky, ..., k,) with |k| = [. Note that when z; = ¢ ~%i
Z(ay,...an) = 0 if for some i one has a; > k;, and zx = +1. Hence

Flg7*,....g7%) = +cx + terms of lower orders.

By induction, the terms of lower orders are in Z [¢T1]. Since the left hand side is in
Z[q*"], we conclude that cx € Z[g*!]. O

Corollary 3.7. For any integer a, the element (¢%z122;q)x is a Z[q*"]-linear com-
bination of terms

(9; Dk

m(zl:@kl (22:9)k,

with kq,ky < k.

Proof. The evaluation of

(q%z122:9)k

@ Dr € Q(q)[z1, 22]

at z; = ¢™ belongs to Z[g*!] for any m;. Applying Proposition 3.6 we get the
result. Note that k1 and k» should be less than or equal to k by degree reason. [
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4. Basic results: the case of roots of unity

In this section we prove a basic divisibility result for the case when ¢ is a root of
unity £ of order r. In Section 4.4 the integrality of HC (k,b,&)/H%(0, %1, 0) will
be reduced to that of a simpler quotient.

We use the notation

kZr—1 —k,
and
m def m def def K ;
(1) 2o (D) o2 @oum. w2 [] a-8)=ewcrn
& j=lk/2)+1

where X} is defined in (12).

4.1. Divisibility. The main divisibility result at roots of unity is formulated below.

Proposition 4.1. For every quadratic Z-polynomial Q and f(z,q) € Iy with 0 <
k < r we have

r—1
D E9M f(E"€) € 0 O - Z[E).

n=0

We need the following lemma for the proof of Proposition 4.1.

Lemma 4.2. Forany integers a, k, with0 < k < r, and any quadratic Z-polynomial

Q, the element
= n+a
— o(n)
y=> ¢ ( )
n=0 k §

is divisible by xj.
Proof. Using 1 —&™ = —£™(1 — £"7™) we have
3

no)e (6 (&:€)n
- (15)
— (_l)n%-nk—l—nﬁ-(g) (k) )
njg
Setn’ = n + a — k. One has
r—1
_ om (M + k)
g ,;E ( ko Je
(16)

S o (k
_ _1\ Q' (n)+(%
S

n’=0
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by (15), where Q'(n") = Q(n’ —a + k) + n'k + n’. In the right hand side of (16),
the index n’ actually runs from 0 to k — 1, since ( r]l‘,) £ = 0ifn’ > k. The right hand

side of (16) is divisible by x by Corollary 3.5. O

Proof of Proposition 4.1. The set {z%(zq%;q)x: d,a € Z} spans I over Z[q*!].
So we can assume that f = z¢(zq%; q)r. Then

Yo E9W f(EN ) _ & SO)Lk/zj § £Q+dn (n +a— 1)g

Xy Og & =0 k

c (5350)& x;Z[€] (by Lemma 4.2),
£

which is in Z[£] by Lemma 4.3 (f) below. O

4.2. The ring of algebraic integers. It is known that Z[£] is a Dedekind domain
with field of fractions Q[£].

Lemma 4.3. a) If (a,r) = (b, r) then (1 — %) ~ (1 — £%) in Z[£].
b) One has (§;&),—1 = 7.
¢) Suppose y € Q€] and y* € Z|&] for some positive integer s. Then y € Z[§].

d) Suppose y,z € Q[E] with z # 0. If ag = y*z € Z[£] for infinitely many
positive s, then y € Z|[£].

e) One has
r if r is odd,
0; ~
r/2 ifris even.

f) For every integer 0 < k <r, Og¢ divides (§;§) k2] Xf -
Proof. a)Letc = (a,r) = (b, r). Since 1 —&€ divides 1 —£¢, and also 1 — £ divides

1 — &€ = 1—£%" where aa* = ¢ (mod r), we have 1 — % ~ 1 — £°. Similarly
1—gb ~1—¢c.

Part b) is obtained by substituting X = 1 into the following identity:

r—1
1+ X P, § (PO
FX et =— =[lx-8.
i=1

Part c) follows from the fact that every Dedekind domain is integrally closed.
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d)Let y = y1/y2 and z = zy/z, with yq, y2,21,22 € Z[€] and z; # 0. Then
for infinitely many s > 0, z1y] = asz2y5, and hence

(z1) (1)’ = (as)(z2)(y2)’, (17)

where (x) denotes the principal ideal in Z[¢] generated by x. In any Dedekind
domain, every ideal decomposes uniquely into a product of prime ideals,

(x) = Hp?‘,

and this decomposition respects the multiplication. From the uniqueness of prime
ideal decomposition and (17), we see easily that y, | y1,0r y = y1/y> € Z[§].

e) First suppose r is odd. Then O¢ = (§; E)%. Since (1 — %) ~ (1 —&" %) by
part (a), we have
02 ~ (E:€)rr = 7.
Now suppose 7 is even. Then O¢ = (§; 5)%. Using (1 — £K) ~ (1 — &%), we
have
OF ~ (E:6)-1/(1 =€) = r/2
since £7/2 = —1.

f) First suppose r is odd. Note that for odd r, (1 — /) ~ (1 — £2/) by part (a).
One has

r—k—1 .
[] a-¢)
j=1
X = Xr—k—1 = Lr=k=1]
[] a-¢)
ji=1
r—k—1 . (18)
[] a-#)
j=1

~

|7=5=1)

[[ a-¢¥)
j=1

~ (1 =H(1 =Y (1 -2,
where in the last passage we used (1 —£/) ~ (1—£%/). Using (1—&7) ~ (1—£%/) ~

(1 —£"7%/), we have

15] 15]

&9 =[la-eH~Tla-2). (19)

Jj=1 Jj=1



On the integrality of the Witten—Reshetikhin—Turaev invariants 115

Multiplying (18) and (19), we get

(r—1)/2 _
ED g~ [ A=~ 0 (20)

Jj=1

where the second ~ follows from the fact that 1 — £"7¢ ~ 1 — £ for any integer a.
Now suppose r is even.

O gty g2y (g glbl
TS ol A (UL AE B UL A o
= (1 +H+EY (1 +§71715),

On the other hand there exists f € Z[¢] such that

=~

r—k—1 .
(1-§7)

1

=51

(1-¢/)

~.
Il

Xp = Xp—f—1 =

|
ES

Jj=1

L7=5=1)

[] a-&)

J=1

=/

| =E=1 ]

[] a-¢)
j=1

= fO+6)1+8) (1 + 75,

Note that |~ _g_lj =5—1- L%J for even r. Compare (21) and (22), we see that

O¢ divides (§; E)LgJ Xj- O

4.3. Quadratic Gauss sums. For arbitrary integers b and d, the quadratic Gauss

sum is defined as
ord(§)—1

G(b,d,g:) &ef Z g_—bnz-{-dn .

n=0

The following is well-known.
Proposition 4.4. a) Let r = ord(§) and ¢ = ged(b, r). Then

cGb/c,d/c,E°) ifc|d;
G(b,d,§) =

otherwise.
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b) Suppose b and r are co-prime. Then
r if r is odd;
G(b,0,6)> ~ 30 ifr=2 (mod 4);
2r ifr =0 (mod 4).

Furthermore G(b,b,£)? = 2r ifr =2 (mod 4).
¢) Suppose d is odd and r = 0 (mod 4). Then G(b,d, &) = 0.
d) Suppose ry and rp are co-prime and r = riry. Then

G(b,d, &) = G(br1,d,E")G(bry,d, E™). (22)

Proof. Part (a) is clear from the definition when ¢ | d. Now suppose that ¢ } d. We
have
r/c—1c—1

G(.d.§) = Z Z i:b(sr/c+t)2+d(sr/c+z)
t=0 s=0
r/c—1 " c—1
= Z %-bt +dt Z%-sdr/c =0,
t=0 s=0

where the last equality follows from the fact that £27/¢ £ 1 and its order divides c.

b) After a Galois transformation of the form & — &4, with a co-prime to r, one
can assume that b = 1 and § = exp(27i/r). The result now follows e.g. from [5],
Chapter 2.

¢) One has
N2 A r r
b(n+§) +d(n+§)—bn +bnr 4 bro 4dn+dz
Ebnz—l-dn—i—% (mod r).
Hence

r—1

G(b,d,é:) — Zg_—bnz-l-dn

n=0

r—1

— Z g_-b(n+r/2)2+d(n+r/2)

n=0

r—1
— %—r/Z Z %—bnz-i-dn

n=0

= —G(b,d,¥).
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It follows that G(b,d, &) = 0.

d) The proof follows easily from the fact that the map Z/ry X Z/ry — Z/(r112),
defined by (n1,n3) — rany + rin,, is an isomorphism. O

Proof of Lemma 2.2. Now we are in position to see that FUG  (§) = 0if and only if

G = SU(2) and £'/4 has order 2r.
By completing the squares we have

£,G p2—1

2
A=OF ~ 5> 4 (=q"

2 £G n2—1 _ £G m+2)%—
A S

n

G(4%,0,§) if G = SO(3);
1G(1,0,6Y%) if G = SU(2) and ord(§1/4) = 4r;
G(1,0,Y%)  if G = SU(2) and ord(¢/*) = 2r;

2G(1,0,Y4%)  if G = SU(2) and ord(§'/4) = r.

Note that for G = SO(3), the sum is over odd n’s, so n? — 1 is always divisible
by 4. Hence, for any choice of £'/4, we have "g‘(”z_l)/4 = 54*(”2_1) with 4*4 = 1
(mod r).

If r is even, then ord(£'/%) is always 4r. Now Proposition 4.4 (b) implies the
claim.

4.4. Simplification of HC (k, b, ¢)

Lemma 4.5. a) For integers k, b, and ¢ € {0, 1}, there is f:(z,q) € lrj11+¢ sSuch
that

2 £&G bw2=1)_3en
HO(k,be) ~ ———Y g+ 3 fu(q".q).
X2k+14¢ 7,

More precisely, one can choose fy = 275 (q7%2;q) ok + 1+
b) One has /2, /1 € Z[E"/*, es] and

Vo ifG =80(3);
HE(0,£1,0) ~ {v2r if G = SU(2) and ord(£'/%) = 4r;
2/ if G = SU(2) and ord(§'/*) = r.

¢) One has D € Z[£V/4, eg] and (1 — ) D ~ HS(0, +1,0).
d) Suppose b and r are even. Then HSV®@ (k,b,1) =0.
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Proof. a) We will use the following simple observation: We have

£G  bn2-1) £,G bn2-1) —1) _
Y g gq" g = q glqg™?.q) (23)

n n

for every g(z.q) € Q[zFV2 ¢*V/4].
g(z.q) =z%?,a € Z. Then

£,G  bn2-1 £G b»2—1) , an
Yoa T g@=) "¢ * T2

To prove it, one only needs to consider

n n
£,G b(n2—1) _an
= E q 4 2
n——n

£G bn2-1) _
=>4 T glg"?).

n

One can check that {n} ]_[l-cz_k{n + 73 =@ —q7*")(q" . ¢)2x+1. Then
we get

k ! 5 b(n2—1 k
eve (BEE ) O .0 = 5%y T] 10+ )
| ) I

EG b(n _
=-2) ""gq @ Dok

n
where the last equality follows from (14), (23) and the fact that

—kn—n (qn—k —kn(qn—k

q 1q)2k+1 = —¢q 1 4)2k+1ln—>—n-

Analogously, we have

. ({Zk + 1}!

e ) HO b

=35 ]_[{n+1}

n j=—k

£,G bn2-1) —1) _
—22 n(k+3/2)(qn - 1 q)2k+2-

This proves a).
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b) Let us first show that /7, V2 € Z[£'/*4, eg]. Observe that /2 € Z][es].
Further,

(r-1)/2 Jr if 7 is odd;

1-¢] =
J-EII Vvr/2 ifriseven.

Since |1 — &/ | = £+/—1 (/2 — £77/2), we have /1 € Z[E'/*, ey).
Part (b) follows now from (9), Proposition 4.4 (b) and the proof of Lemma 2.2.

¢) Since D¢ = |F g |, from the proof of Lemma 2.2, we get
Jro if G =S0(3);
11—£]D% = {V2r if G = SU(2) and ord(£/4) = 4r;
27 if G = SU(2) and ord(§'/*) = r.

Clearly, /7 is divisible by |1 — &|, so D¢ € Z[£!/*, eg]. The second statement
follows from (b).

d) By part (a), it is enough to show that

£G bn2-1)_3n
> 7Tq T ") =0

n

forany f € Z[z*!, g*']. We can assume f = z% a € Z. Assume b = 2b’. Then

2r—1
4ZS’SU(2)q7b("i_l)—37”qna — 2%-—b//2 Z (SI/Z)b’n2—3n+2na

n n=0

=267Y12G(b,2a - 3,€"?),
which is 0 by Proposition 4.4 (c), since ord(£'/2) is always 2r if r is even. O

4.5. Lens spaces. Suppose L U L’ is the Hopf link with framing » # 0 on L and
framing 0 on L’. Besides, the color of L’ is a fixed number a. By surgery on L from
(S3, L") we get the pair (L (b, 1), L'), where L (b, 1) is the lens space. It is known
that Jpup (n) = qb(”z_l)/4 [na]. Hence we have

£.G 2_
350 g0 4 g )

G n
. (E) = : (24)
Len.®) X:&Gqsn(zb)(nz—1)/4[n]2

n

Note that the invariant of L(b,—1) = L(—b, 1) is just the complex conjugate
of (24).
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Lemma 4.6. a) If b and r are co-prime, then 7:2%531)) is invertible in Z[§].

b) Suppose r is even. For b = 2K, there is a knot K in the lens space M =
L (2%, —1) colored by an odd number such that

Ty @ (€) # 0.

Proof. a) The SO(3) invariant of L (b, 1) can be easily computed. By completing the
square we have

S0(3)  a@r—bys 1—E77) G(b,0.§)
en® = f (1-§7) G(1,0.8)

which is a unit in Z[£'/4] by Proposition 4.4 (b). Here b*b = 1 (mod r).

b) Let L U L’ be the Hopf link with framing —b» = —2% on L and framing
0 on L’. Suppose L’ is colored by a = 2s + 1. Surgery on L gives us a pair
(M, K) = (L(2F,-1), K).

An easy calculation shows

U@y GChds 14 £V — G(—b, 45, £'%)
MK (1-§)G(=1.0.6'%)

(25)

For b = 2, then M = RP3. Choose s = 0, ora = 1. Then ti}fg)(é) =

Su(2
T D (E) # 0.
For b = 4 again choose s = 0. Then one and only one term in the numerator
of (25) is zero, by Proposition 4.4.

Suppose b = 2K > 4. Then ¢ = (b, 4r) > 4. By Proposition 4.4 one can choose
s such that G(—b, 4s, £'/%) # 0. Then ¢ | 4s, and ¢ does not divide 4s + 4. Hence

G(—b,4s + 4, £Y*) = 0. We conclude that rj}fg)(é) # 0. O

5. Symmetry Principle and splitting of the SU(2) invariant

The symmetry principle of the colored Jones polynomial and the splitting of the SU (2)
Witten—Reshetikhin—Turaev invariant were discovered by Kirby and Melvin in [16].
In [18] and [20], Le generalized these to all higher ranked Lie groups. Here we extend
the symmetry principle and splitting to the case of pairs of a 3-manifold and a colored
link inside. We show that the symmetry principle for a link in an arbitrary 3-manifold
holds only for SO(3) invariant, but does not hold for the SU(2) invariant.
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5.1. Symmetry Principle for links in S3. Suppose £ is a root of unity of order r.
Then the colored Jones polynomial at £ is periodic with period 2r, i.e.

eve(Jr(ni,....n; +2r,....nm)) =eve(JL(n1, ..., 0, ..., 0m)), (26)
and under the reflection r — n — r + n it behaves as follows:
eve(JL(ny,....r +ni,...,nm)) = —eve(JoL(na,....r —nj,....nm));  (27)

see [18]. This means that one can restrict the colors to the interval [0, r].

The symmetry principle tells us how Jz, behaves under the transformation n —
r —n. More precisely, let Z/27 = {0,1}actonZ/rZbyOxn =n, 1 «n =r —n.
Fora = (ai,...,am) € {0,1}" and n = (ny,...,npm) € (Z/rZ)", leta xn =
(ay *ny,...,am * ny). In addition, we set 71 =n—1for any integern € Z.

Proposition 5.1. Suppose ({;;) is the linking matrix of L. With the notations as above
one has

eve(Jp(a * n)) = (—E/2)Zi 4 £ eve (J1 (),

where ( 2
r(r— r .
= 1 ;ﬁijaiaj + 5 ;Eijainj, (28)

and ({;;) is the linking matrix of L.

Proof. This is the sl, case of [18], Theorem 2.6. The factor (—&7/2)2i @ comes from
the difference between our Jr and Qp in [18], where Qp is equal to Jy, times the
quantum dimensions of the colors on L. O

Remark 5.2. If ord(§'/2) = 2r, then —£’/2 = 1, and this case was considered
in [16]. Proposition 5.1 handles also the case when ord(£'/2) # 2r, i.e. when
ord(§'/2) = r.

A simple but useful observation is that if all entries of n are odd, then the second
term in (28) is an integer multiple of r, hence can be removed.

5.2. Witten—Reshetikhin—Turaev SO(3) invariant for an arbitrary colored link
in M. In the literature, the Witten—Reshetikhin—Turaev SO(3) invariant of the pair
(M, L") was defined in the case when all colors of L’ are odd or all equal to 2;
compare [23]. Here we extend this definition to arbitrary colors. Since the colors of
L’ will play an important role in this section, we will make the dependence on them
explicit in the notation.

Note that SO(3) invariants of M with even colored links inside are not coming
from Topological Quantum Field Theories. The main reason is that fusion preserves
odd colors. However, fusion of an odd and an even color produces an even color.
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This violates the invariance of (6) under sliding in the case when some of the s;’s
are even. We will show that this defect can easily be taken into account by a simple
factor depending on the linking matrix and parity of the colors only.

Throughout the remaining of this section let r = ord(§) be odd and let s =
(81, ....57) be the color on L'. Let (£;;) and (p;;) be the linking matrices of L and
L' respectively. The linking number between the i-th component of L and the j-th
component of L’ will be denoted by ¢;;.

Let
£,50(3)

Fpo) (Es) S 64N 2 ) i (n.s), (29)

where [n] = [/, [n;] and

w (=2
(L/ §) = — ( ) Z pljslsj

i,j=1
Observe that, when all s; are odd, (29) coincides with (5).

Lemma 5.3. F LSSS) (&:8) is invariant under the handle slide of a component of L or
L’ over a component of L.

Proof. The invariance under sliding of one component of L over another component
of L follows by standard arguments; see e.g. [21].

Let L LI L” be the link obtained from L LI L’ by sliding a component of L’ over
a component of L. It is enough to show that

SO(3 SO(3
Fpo) (:5) = o) (&:s).

Using the fact that § *§ x5 = s for any s with§ = s—1 (mod 2) and Proposition 5.1,
we have A
gL gr(nys) = (€75 T (n,§ xs). (30)

Here we used the fact § * s is always odd, and hence all summands of ) p;;5;5; *s;
are even.

By the invariance of F LSSS) (€, s) in the standard case when all colors are odd, we
get

§,50(3) . £,50(3) .
> (] Joor(n.§xs)= Y [n)JLur(n.§ %s). (D)
Further using Proposition 5.1 again, we obtain

Jrurr(n,§ % s) = (—E72)Xi 5 b 1y (n,s). (32)

Inserting (30) and (32) into (31) we get the result. Ol
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Lemma 5.3 suggests that one can define rM 2,) (&; s) for arbitrary s by substituting

LSSS,) (&) given by (29) into (6). When all colors of L’ are odd, the only additional

factor £4(L%) is 1 and we get back our old invariant.

Corollary 5.4. tiff,) (&:58) is an invariant of the pair (M, L").

Remark 5.5. For a colored link L in the 3-sphere, our invariant equals to
Toas (§:9) = £ T S eve (J1.(s)) .

Hence if some colors of L are even, this invariant might differ from the colored Jones
polynomial by some factor depending on the linking matrix (/;;) of L.

5.3. Symmetry Principle for the Witten—Reshetikhin-Turaev SO(3) invariant.
We use the same notations as in the previous section.

Proposition 5.6. Fora € {0, 1} and s € (Z/rZ)" one has
T (€ axs) = (£ 400 6 ),

Proof. By Proposition 5.1 we have

£,50(3) o £,50(3)
) e (naxs) = (~E7/)Tiage Y )T (n, 5),

N1seesllim Nlyeeslim

r(r—2)
4

where u = >.ij Pijaiaj +5 ) ; pijaiS;. Here we use the fact that n is odd
in the above sum. On the other hand

w = pu(L';s)— u(L';a xs)
r(r—2)

B .
== E pijla; xs;a; *s; —§;5;).
i,J

Then
r(r—2) . . R
U—w = TlZpH(siz—a; *5i2 + 2a;5; +al-2)
r ~ A — ~ ~
+ —Zpij(sisj —a; x8;a; xS; +a;5; +a;s5; +a;a;)
2~
i<j
=0 modr,

which can be verified directly. O
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Remark 5.7. Proposition 5.6 is not true for the Witten—Reshetikhin—Turaev SU(2)
invariant. For example, consider the Hopf link with framing 2 on the first com-
ponent and framing O on the second. Surgery on the first component produces a

pair (RP3,K). If ord(§) = 3 and ord(§'/%) = 12 then rSU(Z)(l £) = 0 and
T e (1% 1=2:8) #0.

5.4. Splitting. In [16] it was proved that when both the SO(3) and SU(2) Witten—
Reshetikhin—Turaev invariants can be defined, i.e. when r is odd, then one has the
splitting

ol @) = 126 50 ©),

where ‘L’AZ/ 2("5 ) is a simple invariant depending only on the linking pairing of M. Here
we generalize this result for invariants of pairs L’ C M. We will follow the approach
in [19], where the splitting is generalized to all higher ranked simple Lie algebras.

Let 51, ..., s; be the colors on L’ and set
LZL{Z/(%. s) _EV(’ 2)Zp,js,sj Z E%Zeijai“j"‘%z(?iai, (33)

where (¢;;) and (p;;) are the linking matrices of L and L’ respectively, and ¢; is
defined by (2).
For example

r(r—=2)
4 .

Fpl@ =1+¢*

We will assume that » = ord(£) is odd and £!/4 is chosen so that ord(£'/4) # 2r,
i.e. ord(£'/4) is either r or 4r. This choice guarantees that Fg f (&) # 0. Define

(34)

Z)/2
/2 FAZ (&)

T (Es) = :
e (FEP )P+ (FE2 )P~ FH2 )1

(35)

Then ‘CAZ/ Z, (&;5) is an invariant of the pair (M, L').

Remark 5.8. This type of invariants were studied in [27] and [7] for 3-manifolds
without links inside, and in [8] for 3-manifolds with links inside. When the abelian
group is Z /27, set the parameters ¢; in [8] to be equal to s; — 1 mod 2, and define
the quadratic form ¢ on Z /27 as follows: ¢(0) = 0, ¢(1) = (r — 2)/4, then the

invariant introduced in [8] is equal to tﬁ/ z/(é; s) after setting §/4 = /—1.

Proposition 5.9. Suppose r = ord(§) is odd, and ord(£'/%) is either r or 4r.
(a) One has the splitting

Su2 Z]2 SO(3
T (E8) = T L(ES) Ty o) (1),
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(b) Iford(€Y/*) = r, then 14} (&:5) = 1 and
Ty (E:8) =Ty 17 (E:5).
(c) One has the integrality

T 1(E18) € Z[EV es].

Proof. (a) Recall that l; ; is the linking number between the i -th component of L and
the j-th component of L’. Also note that for all a € (Z/2Z)", a * (a * n) = n. By
Proposition 5.1 we have

eve([n)JLur (n,s)) = & eve([a x n]Jpur (a * n,s)),

where 1 = @ > lijaia; + %Zzijaifj. Note that the factor (—&7/2)X4 s
missing because of the quantum integers. Therefore by (5), (29), and (35) we have

r(r—2) .a. . r(r 2)
Fog sy = §787 Roufits 37 Rt Rl fE) )

a;€{0,1}
z
= FLADEs) Frup) E5s).
which implies (a).
(b) If ord(£'/%) = r, then by (33) FLZL{Z/(S s) = 2™. In particular, we have
FZ
/2(5 s) = 2. It follows that ‘L’M L,(§ s)=1.

(c) The case ord(£§'/4) = r was covered by (b). Assume that ord(£'/4) = 4r.
Then from (34) it follows that Fgf(é) ~ /2. Hence the denominator of (35) is

~ (V2)™.
According to [16], p. 522, we may assume {;; = 0 mod2 if i # j. Since
{;jo;a; appears twice in the exponent in (33) if i # j, we can write

LZL{Z’(E §) ~ H( Z ‘i:zltr(r—Z)(iiaiZ-i-%s,-ai)

i=1 o;€{0,1}
" 1

— 1_[(1 + i_-zr(r—z)l,-,-+§a,>)'
i=1

Since & Frr=2)Yli+5 ¢ ig a 4-th root of unity, each factor in the above product
is either 2, 0, or ~ /2, and hence is divisible by /2. This means F LZI_{IZ/ (&;5), the
numerator of (35), is divisible by (+/2)™, and the statement follows. O
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6. Diagonalization of 3-manifolds

We recall and refine some well-known facts about diagonalization of 3-manifolds.
The first diagonalization result was obtained in [28] and was further developed in [20],
[4], and [2].

A 3-manifold is said to be diagonal of prime type if it can be obtained by surgery
along a framed link L C S* with diagonal linking matrix diag(b1, . .., by,) such that
bi = *p;’, where each p; is a prime, 1, or 0. Denote by L (b, a) the lens space
obtained from S3 by surgery on the unknot with framing b/a. Also M#M' is the
connected sum of M and M’ and M** is the connected sum of s copies of M.

Proposition 6.1. For every 3-manifold M, there exists a 3-manifold N of the form
N =LQ" —#---#L©2% ., -1),
such that for every positive integer s, M¥?*#N is diagonal of prime type.

To prepare for the proof we recall some well-known facts about linking pairing.
A linking pairing on a finite abelian group G is a non-singular symmetric bilinear map
from G X G to Q/Z. Two linking pairings v, v’ on respectively G, G’ are isomorphic
if there is an isomorphism between G and G’ carrying v to v’. With the obvious block
sum, the set of equivalence classes of linking pairings is a semigroup.

Any non-singular n x n symmetric matrix B with integer entries gives rise to a
linking pairing ¢p on Z" /BZ" by ¢p(x,x’) = x' B~'x' € Q/Z, where x, x’ € Z"
and x’ is the transpose of x. A linking pairing is diagonal of type B if it is isomorphic
to ¢p, where B is a non-singular n x n diagonal matrix with integer entries.

An enhancement of an n x n symmetric matrix B is any matrix of the form B @ D,
where D is a diagonal matrix with entries O or 1 on the diagonal.

For any closed oriented 3-manifold M, there is a linking pairing ¢(M) on the
torsion subgroup of H (M, Z) defined by the Poincare duality; see [14]. For example,
if b # 0 is an integer, then the lens space L (b, 1) has linking pairing ¢), and
L (b, —1) has linking pairing ¢_p). Here () is the 1 x 1 matrix with entry b.

It is clear that p(M#M') = ¢p(M) & ¢(M’). The result of [20], Section 3.5,
shows the following.

Proposition 6.2. If the linking pairing ¢ (M) on the torsion subgroup of Hy(M, Z)
is diagonal of type B, then M can be obtained from S? by surgery along an oriented
framed link whose linking matrix is an enhancement of B.

Proof of Proposition 6.1. In [4], Section 2.2, it was noticed that ¢ (M #M ) is almost
diagonal. More precisely,

d(MH#M) = pp D v, (36)
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where B is a diagonal matrix whose diagonal entries are prime powers and v has the

form _
j
V= @ Egi.

i=1

Here E(’)C is a certain linking form on Z /2¥ x Z /2¥. We don’t need the exact descrip-
tion of Eé‘. For us it is important that (see [14])

E§ @ ¢ty = Pary ® ary ® oy (37

Note that there is still one D2k in the right hand side of (37). From (37) and (36),

J
PINHMH#M)™) = spp & ED(D_oti) ® 25 hoki) = P57, (38)
i=1
where B’ is a diagonal matrix with diagonal entries of the form + p™ with prime

p. By Proposition 6.2, N#(M#M )" is diagonal of prime type. This completes the
proof of Proposition 6.1. O

7. Proof of the integrality in the SO(3) case
Throughout this section G = SO(3) and £ is a root of unity of odd order r.

Proposition 7.1. For integer 0 < k < (r — 3)/2, arbitrary integer b, and ¢ € {0, 1},

HSO®) (k. b, ¢)
HS0G)(0, £1,0)

€ Z[EV*, eg), (39)

and

H°O®) (k,0,¢)

W S 2[51/4,68]. (40)

Proof. First note that by Lemmas 4.3 (e) and 4.5 (b), O¢ ~ H3°®(0, £1,0). By
Lemma 4.5 (a), there is f;(z,q) € Ingt14s C Z[zF', g*!] such that

£,S0(3) b»n%—1) —3en
2 T g felq )
H50(3)(k, b,¢) ~ @)
H30®) (0, £1,0) Xok+1+¢ Ot

Since r is odd, (n?> — 1)/4 and (1 — n)/2 are integers, and there are integers

2%, 4% such that 2*2 = 4*4 = | (mod r). We then have S(”z_l)/“ = 54*(”2_1),
E—3n/2 — %——3/253(1—n)2*_
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The numerator of (41) is

£,50(3) b(n2—1) —3en
2Y T T 4 fld" )

n

2r—1

= T2 Y e £ en ) (“2)

n=0
n odd

r—1
_ * 2_ *(1_
— g_— 3¢/2 Z 54 b(n“—1)+3e2*(1—n) f;s(%-n’ 5)7

n=0

where the second identity follows by replacing odd n € [r, 2r — 1] with n — r, which
is even and in [0, r — 1].

By Proposition 4.1, the right hand side of (42) is divisible by the denominator of
the right hand side of (41), and (39) follows.

Statement (40) follows from (39) with » = 0 and Lemma 4.5(c), which says that
H39G) (0, £1,0) ~ (1 — &) DSOG), O

Proof of Theorem 2. By Proposition 7.1, each factor in the right hand side of (10)
is in Z[£'/4, eg], hence tilo(f/)(é) € Z[EV4, eg] if M is diagonal.

Now suppose M is an,arbitrary 3-manifold. Let N be the manifold described
in Proposition 6.1, for which M#M#N is diagonal. Since the Witten—Reshetikhin—
Turaev invariant is multiplicative with respect to connected sum, we get

(Tig(L%)(g))ZT;OG)(S) c 2[51/4738]-

Since 2¥ is coprime to r, rz(()z(z)_l)(é) is a unit in Z[£'/4] by Lemma 4.6 (a). It

follows that T}svo(3) (£) is a unit, hence (tf,l(?(f/) (€))% € Z[£'*, eg]. By Lemma 4.3 (¢),

rj’ﬁf,) (€) € Z[E"/*, eg]. This completes the proof of the theorem.

8. Proof of the integrality in the SU(2) case

If the order of & is odd, then by the splitting property (Proposition 5.9),

SU(2 Z/2 SO(3
T €)= il 1) 1S ©).

Both factors of the right hand side are algebraic integers by Theorem 2 and Proposi-
tion 5.9. Hence IEJIEZ,) (&) is also an algebraic integer.
Therefore throughout the remaining part of this section we will assume that r =

ord(£) is even. Note that in this case the order of £!/4 is always 4r and eg € Z[£'/4].
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Proposition 8.1. Let r = ord(§) be even. Suppose b = +p°, where p is 0, 1 or a
prime, k an integer, and ¢ € {0, 1}. Then

HSU(Z) k7b7 HSU(Z) k’o’
( 8) 2[51/4] and ( 8)
HSU® (0, £1,0) (1—&) DU

Z[EV4.

The following lemma will be used in the proof of the above proposition for odd b.

Lemma 8.2. Suppose b is odd, r is even, a € Z, and f € Ij. Then

E SU(Z) bn2 | an
> Y (g q)
A==z

Xk Og;-

belongs to Z (5 [& 1/ 41, where Z (2) IS the set of all rational numbers with odd denom-
inators.

Proof. Let r = rer,, where r, is odd, and r, is a power of 2. Then ord(§!/4) =
4r = (4re)r,, with 4r, and r, coprime. By definition,

ZS’SU@) g g

n

1
= ZG(b, 4j + 2a, 51/4) (by Proposition 4.4 (d))
(43)

1
= ;G(bro.4j +2a, o/ G(4bre, 4) + 2a,£7)

1 o
- Zg"“z/“G(bro,O, go/HgdP D G (4b r,, 4] + 2a, "),
where d is any multiple of r, such that db = —1 (mod 4r,).
Let us extend A(z) = z ® z to a Z[¢*!]-algebra homomorphism
A: Z[zF ¢F — Z[z*, ¢TY) ®z4%1] Z[z*t ¢*.
Define Q(j) = dj? + daj. Also define a Z[¢*'/*]-module homomorphism
T- Z[ 1 :1:1/4] N Z[q1/4]

by
T(z/) = G(4bre,4j + 2a, £7).
Using (43) we can rewrite

2 4a

ZS’SU(Z)qu 21" 9)
" (44)
g_—daz/4
G(bre, 0.6 eve{ (Lo ® T)(A f)}.
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It is enough to consider the case f = z(q'z:q)x. Applying Corollary 3.7 to
A(Z™(q'z;q)k), usingz; = z® 1 and z, = 1® z, we see that A is a Z[£F1/4]-linear
combination of terms of the form

B— (G(b ro. 0, E”’/“))((S;S)k eVs{ig(Z’"(Z;q)kl)})<T(Z’"(Z;q)k2)

40; GEN o) @

with k; < k. There are three factors on the RHS of (45) and we will show that each
factor belongs to Z 3 [€1/4]. The last factor in B is in Z[€]. In fact, if z™(z; Die, =

> ¢j(g)z/ then

T(" (k) = Y, ¢;(E)G(4bre, 4j + 2a,§7)

J
ro—1

2 .
— ch ) Z E2re(brgn +(2j+a)n)
J

n=0

— Z %—4br3n2+2rean Z ¢ (E)%-Menj
n J
— Z §4br3n2+2ren(a+2m) (§4rgn . ‘i:)k
bl 27
n

which is divisible by (§; &), in Z[&]. This shows that the last factor of (45) is in
Z ) [EV4].
By Theorem 3.2, eve (£ (2™ (z; 9)k,)) is in x, Z[§]. Hence the second factor
is in
(§: )k X (& O ik/2

X (§: 6k, (&) k2 ZiE c Z[8)

By Proposition 4.4 (b), G2*(br,,0, 5’0/4) ~ 8r,, while, by Lemma 4.3 (e), Og ~
r/2 It follows that the square of the first factor, and hence the first factor itself, is in
78 = %Z[S] C Z)[€]. Here we use the fact that Z () [£] is integrally closed.

We can conclude that B, and hence A4, is in Z (5)[§]. O

Proof of Proposition 8.1. By Lemma 4.5 there is f¢(z,q) € Iog+1+ such that

4

r—1
b (2
Ez(n —1)%-—38}1/2](‘ (En’ S)
BOGby 5 )

HSU@ (0, +1,0) - Xok+1+¢ O

FNg-

(46)
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We split the proof into 3 cases: (1) b =0 mod4; (2) b = +2; and (3) b is odd.

(1) b = 4b',b' € Z. Since HV® (k,b,1) = 0 by Lemma 4.5 (d), we can
assume ¢ = 0. By (46),

4r1

b (n%-1) n
HOE b.0) }jé fo(E". &)

HSU(Z) (O, :I:l, O) X2k+1 Oé;-
r—1
3D e 6
— n=0
Xok+10¢ ’

which is in Z[£] by Proposition 4.1.

(2) b = £2. Again HY® (kb 1) =0 by Lemma 4.5 (d), and we can assume
e = 0. This case was studied in [3], where the exact value of H5Y® (k, 4+2,0) was
obtained. By [3], Lemma 5.2, we have

k 1 — %—(21'—{-1)/2
HSYD (ke £20) ~ zﬁl_[ 15—21“

_zfl_[

1+ g:(21+1)/2

Hence from Lemma 4.5, with k < r/2 — 1,

HSY® (k, +2,0) 7/ O

HSU@)(0,£1,0) &
1_[(1 + E(2i+1)/2)

i=0

€ zZ[EV4]

where

Vr/ O
r/2—1
l_[ (1 +g_—(21+1)/2)

The square of the numerator of z is r/ 052 ~ 2, by Lemma 4.3.
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Let us calculate the square of the denominator. For any integer j one has
(1+ E(2j+1)/2) ~(1— $(2J'+1)/2)'

Hence

r/2—1 r/2—1
( 1_[ (1 + 5(2j+1)/2))2 - 1—[ (1 + E(2j+1)/2)(1 o E(2j+1)/2)
Jj=0 j=0
r/2—1
= l_[ (1 —g@i+D)y
j=0
r—1 .
[Ta-¢)
j=1
r/2—1
[]a-¢)
j=1
" _»
r/2
We can conclude that
HSY® (k, £2,0)
HSV@(0, £1,0)

(3) Assume that b is odd. Splitting the sum in the numerator of the right hand side
of (46) into even and odd n we get

e Z[E"4).

4r—1

% Z ‘i_-b(nz—l)/4g_-—3£n/2f:s(%-n’ g_—)
n=0

2r—1

— %{E—b/4 Z é_—bnz—?aanf‘a(EZn, E)
n=0
2r—1

+ 5—38/2 Z Eb(n2+n)_38nf8(§2n+lv %-)} (47)

n=0

r—1
— %{%——b/4 ZO gbn2—38nf:€(%-2n, %-)

+ 5—38/2 § Sb(n2+n)_38nf8($2n+1a %—)}

n=0
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Since f;(z2,¢) and f;(z2q, q) belong to I5x 44, (according to Proposition 3.1),
each summand in the curly brackets of the right hand side of (47) is divisible by
Xk +1+¢ Og, by Proposition 4.1. It follows from (46) that

HSY® (k. be) 1
HSU@) (0, £1,0) 2

which, together with Lemma 8.2, implies

HSY® (k. be) 1
» D, ~7 1/4 N7 1/4 7 1/4'
HY® (0, 11,0) < 2 LB 1N 2T =21

Finally

HY® (0, ¢)

(—5 oo < 2k

follows from Lemma 4.5 (c), which says that H5Y® (0, £1,0) ~ (1-§) DY@, O

Proof of Theorem 1. By Proposition 8.1, each factor in the right hand side of (10)

is in Z[£'/4], hence rf}fg,) () € Z[E"/*] if M is diagonal of prime type.

Now suppose M is an arbitrary 3-manifold. According to Proposition 6.1, there
existlens spaces L (2%1, —1), ..., L(2%/, —1), such that M*2S#N is diagonal of prime
type for every positive integer s. Here

NE# Lk —1).

i=1

By Lemma 4.6, there is an odd colored knot K; C L (2%, —1) such that TIS,[(Jz(fz _1).K;
is not 0. The knots K; together form a link L” C N, and

Su(2) _ Su(2)
TN,L" é) = l_[ TL(2ki —1).K; # 0.
i

Taking the connected sum of (N, L") with 25 copies of (M, L’), we get a diagonal
3-manifold of prime type. Hence,

(o & ENZ Ty 2 (6) € Z[E"Y)

for every positive integer s. Applying Lemma 4.3 (c), we get rf}fg,) (£) € Z[EV4].
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Appendix. Proof of Theorem 2.1

A.1. Algebraic preliminaries. We first recall the universal quantized algebra Uy, =
Uy (sly) and some of its properties. For more details see e.g. [12].

The universal quantized algebra U, = Uj,(sly) is the h-adically complete Q[[/] -al-
gebra, topologically generated by the elements H, E, and F, satisfying the relations

HE - EH = 2FE,
HF — FH = =2F,

K- K1

EF — FE = -

vV—UV

where

def def

K =exp(hH/2), v =exp(h/2), v?=gq.

The algebra Uy, has a structure of Hopf algebra, which makes Uy, into a Uy-module
via the adjoint representation, and defines a tensor product on the set of Uj-modules.

In particular, the completed tensor powers U f’m is a Uy-module via the adjoint rep-

resentation. ForasetY C U }? ™ its subset of invariant elements is defined by

Y™ E(yeY |a-y=e(y), foralla € Uy},

where € is the antipode of Uy, and a - y is the adjoint action. It is known that (Up)™
is exactly the center of Up.

For each positive integer n there is a unique n-dimensional irreducible Uy, -module,
denoted by V;,, we set V' = V5. Let

R = Spangp+1){Va.n = 1},
which is a Z[v*!]-algebra whose multiplication is the tensor product. One has
VaV = Vn+1 + Va1, (A48)

and as aring R = Z[v*!][V], the Z[v*']-polynomial algebra in V.
For an Uy-module W and x € U, the quantum trace is defined by

trZV (x) = tr(xK~ L, W),

which can be linearly extended to the case when W is a Z[v*!]-linear combination
of Up-modules.

The quantum trace preserves ad-invariance, which means the following. Suppose
W e Rand y € (UP™)™, then (id®™~ Y @ ul)(y) € (U2 V).
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A.2. New bases for R. In R consider the following elements: P © = = P, M=,

n n
PO = l_[(V —Xoj1), P = H(V —A2j) .

Jj=1 Jj=1

where A; = v/ +v7/. Note that P, © i P, of [12]. Since P, ) is a monic polynomial

of degree n in V with coefficients in Z [vE1], it is clear that the set {P, (O) =

0,1,2,...} forms a Z[vil]—basm of R. Similarly, {P,fl), =0,1,2,.. .} also
forms a Z[v*!]-basis of R. It is not difficult to express V;, through these bases. In
fact, (A.48), together with an easy induction, will give the following identities, the
first of which was obtained in [12]:

. n—1

n+k ) n+kq Ay (1)
P d V= P A49
[21« + 1] (. kz [2k + 1] Py A4

Vi =

ML

A.3. Integral subalgebras and their completions. Following [12] let u§°) be the
Z[qil]-subalgebra of Uy, generated by e, K*2 and FO with] =0, 1,2, ..., where

FO = g/0=DRFIR /I and e = {1}E.

Let UV = KUY and U, = UL & UL,
Let .ﬁp(?,{@m) C US™ be the Z[g*']-span of elements of the form y; ® y» ®
-+ ® Ym, where each y; belongs to U, and one of them belongs to U, e” U,. For
asetY C U?m define its completion

o0
DDA EAD gaF AL
j=0
In particular, when m = 1, one can define ﬂq and ﬂﬁf) for ¢ € {0,1}. For

e = (&1,....6m) € {0, 1}, let ‘L(?(e) be the completion of ‘uffl) R ® ‘L{((f”')
defined as above.

The center Z(U,) = (U,y)™ is freely generated as an Z[q*']-algebra by the
quantum Casimir operator

C=(1-¢gHFYK e+ K+47'K" euld.
Set

n
0,&0) = 1_[(qu (@' +24+4¢7") and Un(l) = Con(o).
i=1
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Theorem 1.1 in [11] states that

A™ ={ Y a0 | ap € ZIg*)}. (A.50)

p=0

We will need the following result.

(&)
Proposition A.3. Suppose x € uff), e €40, 1}. Then for every n, trf; " (x) belongs
10 (¢: )nZlg*"].

Proof. If ¢ = 0, this is [12], Lemma 8.5. The case ¢ = 1 can be proved similarly. It
~ _ , M~ . ,
is enough to set x = FO K21l Tt is easy to see that tr)” (FOK2+1ely = 0
ifl #1’. Set
def (1) ~ 1
B(n,l,j) = tré’n (F(I)K21+1el)_

Then it is clear that B(n, [, j) = 0 when! > n because e! vanisheson V7, .. ., Vi+1.

When [ < n, by a similar argument as in the proof of [12], Lemma 8.8, we have
B(n,l,j)={j—n}{j+n}Bn—11j)+¢/(1—qgHBn—1,1-1,j +1).

The above recursive relation and a simple induction will show that

sty = o)) ()1 < @onziet o

Lemma A.4. For every non-negative integers k, p and ¢ € {0, 1}, one has

2k + 1},

P(S)
trg" (0158)) = Sk,pW k+1°

(A.51)

Proof. The case ¢ = 01is proved in [12], Proposition 6.3. Hence, we restrictto ¢ = 1.
As explained in [12], Section 6.3.1, there exists a homomorphism

¢: R— Z(Uy @ Z[vE))

sending V to vC. In particular, for
) n
SO EV =00
j=1

we have <p(S,£1)) = va,gl). Moreover, for any x,y € R,

() = Jae(x, ) £ (x,p),
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where (x, y) is the Rosso pairing defined as the colored Jones polynomial of the

O-framed Hopf link #, whose two components are colored by x and y. Note that

this pairing is symmetric. Hence, for ¢ = 1, the left hand side of (A.51) is equal to
pM —1gM

( r VU p )

Since A, = v" 4+ v = (V,,, V)/[n], for every f(V) € R we have
(Va. f(V)) = [n]f (An). (A.52)

Hence if m < n, then (Va42, P,fl)) = 0 and (S,gl), Ving1) = 0.
Using Vi, V' = Vi1 + Vo1, we get

P,fl) =V,41+a Z[vil]-linear combination of V1, V5 ..., V,
and
S,gl) =Vonyo +a Z[vil]—linear combination of V5, Va4, ..., Va,.
Therefore, from Identity (A.52), we have (S,(,,l), P,,(l)) =0ifm # n.
Finally
Py
vy (o8") = (S, P

= (Sn(1)1 Vn+1)

= [n + 1Ant1 1_[((/\n+1)2 - ()%
=1

= [+ DA [ [ H2R +2- )},

Jj=1

This completes the proof of the lemma. O

A.4. Proof of Theorem 2.1. Suppose L LI L’ is an oriented framed link with fixed

colors s = (s1,...,s7) on L’. Here L has m ordered components and ¢; are defined
in (2).

According to [10], Section 1.2, there is an element J7 € (U, ,;X’ (m+l))mv such that

A

Vi ARSI % Vs
T = ("' @ @ty Rty @+ ® try ) (J7).

(In [10], J7 is the universal invariant of a bottom tangle whose closure is L LI L'.)
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Using (A.49) to express V},; as a linear combination of Plgs" ), we have

ni—1 (e1)

(em) Vs Ve
Jom) =) (" @@t @ty @ @try")(Jr)
ki =0
o« ﬁ |:I”ll' + k,':| Af,'l
&
i=1 2kl +1 Ak,‘-{-l
ni—1 P(al)’ P(gm)/

Vs Vs
=) (" @@, g @@ty )(Jr)
k; =0

m

n; +k,'i| kf,i.
X it —n,
l'=l_[1 |:2kl +1 A’ii-{-l

which is (4) with

(81)/ em)
k1 " Vs

Ve
coup(k) = (r,"! ®-@u, " ®u,' ®---®tr,")(J1).

Here P = P /{k}!.

Without loss of generality, we may assume k; = k = max(ky,...,kn).

Theorem A.3 in [2],
c1®@m Vs Vs a ?(e) inv
([d*" @ty ' ®---®@trg )(Jr) € g7 (UL )™,
for some a € %Z. Let

(e2) plem)

yE(dou,? ®---@tr,” ®tr¥s‘®---®tr;‘"’)(h).
Then

Pl )

crun (k) = trg"" ().

By

Proposition A.3, as well as the fact that quantum trace preserves ad-invariance,
gives us y € qa(uff”)im. Hence y has a presentation y = ¢ Epzo dpalgsl) with

d, € Z[g*']. We then have

(e1) ()

P, P}
try ' (y) = qade trg (of‘)),
P

which belongs to
AR e p——)
—Zlg ]
-9
by Lemma A 4.
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