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The logarithms of Dehn twists

Nariya Kawazumi and Yusuke Kuno!

Abstract. By introducing an invariant of loops on a compact oriented surface with one
boundary component, we give an explicit formula for the action of Dehn twists on the
completed group ring of the fundamental group of the surface. This invariant can be con-
sidered as “the logarithms” of Dehn twists. The formula generalizes the classical formula
describing the action on the first homology of the surface, and Morita’s explicit computa-
tions of the extended first and the second Johnson homomorphisms. For the proof we use
a homological interpretation of the Goldman Lie algebra in the framework of Kontsevich’s
formal symplectic geometry. As an application, we prove that the action of the Dehn twist
of a simple closed curve on the k-th nilpotent quotient of the fundamental group of the
surface depends only on the conjugacy class of the curve in the k-th quotient.
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1. Introduction

Let ¥ be a compact oriented C°°-surface of genus g > 0 with one boundary
component, and M ; the mapping class group of X relative to the boundary.
In other words, My ; is the group of diffeomorphisms of X fixing the boundary 0%
pointwise, modulo isotopies fixing the boundary pointwise. Choose a basepoint
on the boundary dX. The group M ; (faithfully) acts on = = 71 (X, *), hence on
the nilpotent quotients of 7. For example, M, ; acts on the first homology group
H(%2;7) = n/[r, 7], and this gives rise to the classical representation

Me.1 —> Sp(2g; Z),

whose kernel is called the Torelli group Jg ;. Let My 1[k], kK > 1, be the kernel of
the action of My ; on the k-th nilpotent quotient of 7. In particular, Mg 1 [1] = Tg ;.
The quotients Mg 1 /My 1[k] serve as approximations of Mg 1, and the successive
quotients My 1[k]/Mg 1[k + 1] can be seen as particles of them. For a systematic
study of these particles Johnson [11] and [12] introduced a series of group homo-
morphisms

T : Mg 1[k] — Hom(Hz, L%), k>1,

which induce the injections
Tt Mg 1[k]/Mg [k + 1] <> Hom(Hz, £%), k> 1.

Here Hz = H;(X;Z) and L% is the degree k-part of the free Lie algebra generated
by Hz. The homomorphism 7 is nowadays called the k-th Johnson homomor-
phism. He extensively studied the first and the second Johnson homomorphisms,
and in [13] he proved that 7; gives the free part of the abelianization of Jg ;.

One of several significant developments which followed the initial works of
Johnson is about extensions of the Johnson homomorphisms to the whole map-
ping class group. In [22], Morita showed that the first Johnson homomorphism
71 extends to the whole group M, ; as a crossed homomorphism, denoted by
ke Z (Mg 1; %A3HZ). Here, A3 Hy is the third exterior product of Hz. He also
showed that the extension is unique up to coboundaries. The arguments in [22]
are supported by many explicit computations on Humphreys generators, which are
generators of M, ; consisting of several Dehn twists. In [23] and [24], Morita fur-
ther showed that the second Johnson homomorphism t; also extends to the whole
My .1 as a crossed homomorphism, and again did many explicit computations.

After the works of Morita, there have been known several studies including
Hain [10] and Day [7] and [8] about extensions of the Johnson homomorphisms
to the whole mapping class group. Another approach by using the notion of gen-
eralized Magnus expansions is developed in [14]. Hereafter, let H = H(X; Q).
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Roughly speaking, a Magnus expansion in the sense of [14] is an identification
0: Q; =7

as complete augmented algebras, where Qn is the completed group ring of &
and T is the completed tensor algebra generated by H. Once we choose a Magnus
expansion 0, then we have an injective homomorphism

TY: Mg 1 — Aut(YA")

called the total Johnson map associated to 6. The map T? can be understood
as a tensor expression of the action of M, ; on the completed group ring of =,

since 6: @ ard T is an isomorphism. For details, see §2.5. As was clarified
in [14], 7% induces 0-dependent extensions of all the Johnson homomorphisms
7%, denoted by r,f where k > 1, to the whole mapping class group. The maps r,f ’s
are no longer homomorphisms, and are not crossed homomorphisms if k > 2, but
satisfy an infinite sequence of coboundary conditions.

Note that the fundamental group = is a free group of rank 2g. Actually the
treatment in [14] is on Aut(F,), the automorphism group of a free group of rank #,
rather than the mapping class group. As long as we just regard = as a free group, it
does not seem a matter of concern which Magnus expansion we choose. However,
recently Massuyeau [20] introduced the notion of a symplectic expansion, which
seems suitable for the study of M, ; from the view point of Magnus expansions.
A symplectic expansion is a Magnus expansion of & recording the fact that 7 has
a particular element corresponding to the boundary of X. For precise definition,
see §2.4.

In this paper, we begin a quantitative approach to the topology of ¥ and the
mapping class group M, ; via a symplectic expansion. The primary theme is the
Dehn twist formula for the total Johnson map associated to a symplectic expan-
sion. As was stated above, Dehn twists generate the mapping class group My ;.
We introduce an invariant of loops on X, and derive a formula for the values of T?
on Dehn twists in terms of this invariant. It is classically known that the action of
a Dehn twist on the homology of an oriented surface is given by transvection. Our
formula can be seen as a generalization of this fact. Moreover, it gives formulas for
the extensions r,f and recovers some computations of Morita on the extended 74,
and 1. Behind our proof of the above formula, a close relationship between the
Goldman Lie algebra of ¥ and formal symplectic geometry plays a vital role. The
relationship is established via a symplectic expansion, and this is another theme
of this paper keeping pace with the first.
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1.1. Statement of the main results. Let us briefly introduce several notations.
The completed tensor algebra T = [0 H®™ has a decreasing filtration of two-
sided ideals given by T, = ]_[fnoZ »H ®m for p > 1. For a Magnus expansion 0,
let £¢ £ log 6. Then ¢? is a map from 7 to T:. Define a linear map N : T, — Ty
by N|ger = Y2 v™, for p > 1, where v: H®? — H®? is the map induced
from the cyclic permutation. For x € x, let

def

L(x) & EN(e@(x)e@(x)) e D>

It turns out that L? (x~1) = L(x), and L? (yxy~') = L?(x) for x, y € 7. Thus if
y is an unoriented loopon X, LY (y) € T, is well-defined by taking a representative
of y in 7. Using the Poincaré duality, we make an identification T 1= H® T =~
Hom(H, YA“) and regard L?(y) as a derivation of T by applications of the Leibniz
rule.

Let C be a simple closed curve on . We denote by ¢ € My the right handed
Dehn twist along C (see Figure 1).

C
\ A
? \ tc (@) Iy
f )I
K/ \ I
/ X

Figure 1. The right handed Dehn twist.

By the remark above, LY(C) € T, is defined. This invariant turns out to be
“the logarithm” of ¢¢:

Theorem 1.1.1. Let 6 be a symplectic expansion and C a simple closed curve on
Y. Then the total Johnson map T?(t¢) is described as

T(tc) = e L7©). (1.1)

Here, the right hand side is the algebra automorphism of T defined by the expo-
nential of the derivation —L?(C).

The formula does not hold for a group-like Magnus expansion which is not
symplectic. It should be remarked here that whether C is non-separating or sep-
arating, the formula holds. Note that (1.1) is an equality as filter-preserving auto-
morphisms of T.1f we compute (1.1) modulo T>, we get the well-known formula
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for the action on the homology:
tc(X)=X—-(X-[C)D[C], X eH. (1.2)

Here ( - ) is the intersection form on H and [C] is the homology class of C with a
fixed orientation. By computing (1.1) modulo higher tensors, we will get formulas
for r,f (tc) in terms of L?(C). These formulas match the computations of the
extended t; for Humphreys generators and (¢ ) for separating C by Morita [21]
and [22]. See §6.

The classical formula (1.2) tells us that the action of 7¢ on H;(X; Z) depends
only on the class £[C]. As an application of Theorem 1.1.1, we get a generalization
of this fact. Let N = N (i) be the k-th nilpotent quotient of 7. We number the
indices so that Ny = 72! = H,(X; Z). The mapping class group M, ; naturally
acts on Ni. Let N be the quotient set of Ny by conjugation and the relation
x ~ x~!. Then any simple closed curve C defines an element of Nj, which we
denote by Cy.

Theorem 1.1.2. For each k > 1, the action of tc on Ny depends only on the class
Cr € Ng. If C is separating, it depends only on the class Cy_; € Ni_;.

1.2. The Goldman Lie algebra and formal symplectic geometry. The key in-
gredients for our proof of Theorem 1.1.1 are the Goldman Lie algebra of X, see
Goldman [9], and its homological interpretation in the framework of formal sym-
plectic geometry by Kontsevich [17].

The Goldman Lie algebra is a Lie algebra associated to an oriented surface, and
regarded as an origin of string topology by Chas and Sullivan [5]. It was intro-
duced in [9] as a universal object for describing the Poisson brackets of coordinate
functions on the space Hom(xr, G)/ G, using his notation, with a natural symplec-
tic structure. Here 7 is the fundamental group of a closed oriented surface (hence
is not our ) and G is a Lie group satisfying very general conditions.

Let Q7 be the Goldman Lie algebra of . Here, 7 is the set of conjugacy
classes of 7. In §3, we show that Q7 acts on the group ring Qz by derivations.
Namely, we show that there is a Lie algebra homomorphism

0: Qr —> Der(Qmn).

On the other hand, let a, = Derw(f) be the space of derivations of T killing
the symplectic form w. Here w is a certain tensor of degree two coming from
the intersection form on H. This is a variant of “associative,” one of the three Lie
algebras in formal symplectic geometry. In fact, we have a canonical isomorphism
a, = N(7A"1). For details, see §2.7.
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Then we have the following two theorems. The slogan is: a symplectic expan-
sion builds a bridge from 2-dimensional topology to formal symplectic geometry
in the sense of Kontsevich.

Theorem 1.2.1. Let 6 be a symplectic expansion. Then the map
—Xg: Qt — N(T1) = a5, x> —NO(x)

is a Lie algebra homomorphism. The kernel is the subspace Q1 spanned by the
constant loop 1, and the image is dense in N(T1) = ag with respect to the Ty -adic
topology.

Theorem 1.2.2. Let 0 be a symplectic expansion. Then, for u € Qi and v € Qm,
we have the equality

B(o(u)v) = —Ag(u)8(v).
Here the right hand side means minus the action of Ag(u) € ay on the tensor
0(v) € T as a derivation. In other words, the diagram

Q7 x Qr —%— Qn

—Agxel le (1.3)

A~

ag X 7 — T,
where the bottom horizontal arrow means the action by derivations, commutes.

In fact, we can derive Theorem 1.1.1 from these two theorems and some care
about convergence. See §5.5. For another application of these theorems, see [16].

1.3. Organization of the paper. This paper is organized as follows. In Sec-
tion 2 we start by recalling Magnus expansions, symplectic expansions, and the
total Johnson map associated to a Magnus expansion. Then we introduce the in-
variant L and prove some properties of it. We close Section 2 by showing con-
nections to formal symplectic geometry.

In Section 3, we look at the Goldman Lie algebra of X, and we show that it acts
on the group ring of & by derivations. We also give a homological interpretation
of this action. In Section 4, we construct a counterpart of the story in Section 3, in
the framework of formal symplectic geometry. In particular, we give homological
interpretations of a, and its action on T. To do this we need a (co)homology
theory of (complete) Hopf algebras, to which Appendix A is devoted. We mention
the relative homology of a pair, cap products, Kronecker products, and relation to
(co)homology of groups.
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The theorems in the Introduction are proved in Sections 5 and 6. In Section 5,
we compare the stories in Sections 3 and 4 by a symplectic expansion, and prove
Theorems 1.2.1and 1.2.2. In Section 6 we prove Theorems 1.1.1and 1.1.2, and derive
some formulas for r,f (tc), which recover some computations by Morita. Finally
in Section 7 we consider the case of the mapping class group of a once punctured
surface and derive results similar to Theorems 1.1.1 and 1.1.2.

1.4. Conventions. Here we list the conventions of this paper.

(1) Let G be a group. For x,y € G, we denote by [x, y] their commutator
xyx 1y ledG.

(2) As usual, we often ignore the distinction between a path and its homotopy
class.

(3) For continuous paths y1, y» on X such that the endpoint of y; coincides with
the start point of y,, their product y;y, means the path traversing y; first,
then y,. The product in the fundamental group is the induced one.

(4) Sometimes we omit ® to express tensors as well as products in the com-
pleted tensor algebra 7. For example, if X,Y,Z € H, then XY Z means

XQYQ®Z e H®. Ifu € H® and X € H, then uX meansu ® X €
H®k+1,

(5) Throughout the paper we basically work over @, although several results hold
over the integers, especially in §3, and it would be possible to present all
the main results with the coefficients in an integral domain including the
rationals Q).

Acknowledgments. The authors wish to express their gratitude to Alex Bene,
Shigeyuki Morita, Robert Penner, and Masatoshi Sato for valuable comments.
The first-named author is grateful to Yasushi Kasahara for stimulating conversa-
tions, and Akira Kono for helpful comments concerning the higher-dimensional
generalization of our map o (Remark 3.2.3). The second-named author would
like to thank Tadashi Ishibe and Ichiro Shimada for valuable comments. Finally,
the authors sincerely thank the referee for his/her many helpful suggestions and
comments.

2. Magnus expansions and total Johnson map

2.1. Surface and mapping class group. As in the Introduction, X is a compact
oriented C *°-surface of genus g > 0 with one boundary component. We choose
a basepoint * on the boundary d%. The fundamental group 7= £ 71(Z, ) is a free
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def

group of rank 2g. Let H = H(XZ; Q) be the first homology group of X. The space
H is naturally isomorphic to H;(7; Q) = 7% ®7 Q, the first homology group
of 7. Here 72! = 5 /[, 7] is the abelianization of 7. Under this identification,
we write

[x] £ (xmod [r,7]) ®z 1€ H, x¢€nr.

Let M 1 be the mapping class group of X relative to the boundary, namely the
group of orientation-preserving diffeomorphisms of ¥ fixing 0% pointwise, mod-
ulo isotopies fixing X pointwise.

Let { € 7 be a based loop parallel to 0% and going by counter-clockwise
manner. Explicitly, if we take symplectic generators aq, Bi,...,0g, g € 7 as
shown in Figure 2, { = []%_, [a;. Bi]. By the classical theorem of Dehn-Nielsen,
the natural action of Mg ; on m = 71 (X, %) is faithful and we can identify Mg ;
as a subgroup of Aut(rm):

Mg.1 = {¢ € Aut(n): ¢(§) =&} 2.1

m
\

Figure 2. Symplectic generators of = for g = 2.

2.2. Group ring and tensor algebra. Let Qx be the group ring of . It has an
augmentation given by

where n; € Q, x; € w. Let I be the augmentation ideal, namely the kernel of «.
The powers of I give a decreasing filtration of Q. The completed group ring of
7, or more precisely the / w-adic completion of Qr, is

def

Qr = 1im Q/(I7)".
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It naturally has a structure of a complete augmented algebra (in the sense of
Quillen [25], Appendix A) with respect to the decreasing filtration given by

Ker(@; — Qn/(Im)?), p=>1.

Let 7 be the completed tensor algebra generated by H. Namely
o0
T = 1_[ HO™m ’
m=0

where H ®™ is the tensor space of degree m. Choosing a basis for H, it is isomor-
phic to the ring of non-commutative formal power series in 2g indeterminates.
We can write elements of 7 uniquely as

o0
U= Zum:u0+u1+u2+..., Uy € H®™,
m=0

The algebra 7' has an augmentation given by
g: YA" — Q,
o0
U= Z Um > Uo,
m=0

and it is a complete augmented algebra with respect to the decreasing filtration
defined by

T, = [[u®". pr=1

m=p

Both Qr and 7 have a structure of (complete) Hopf algebra. For simplicity,
we use the same letters A and ¢ for the coproducts and the antipodes of both Hopf
algebras. In the case of Q, these are given by

AX)=x®x and ((x)=x"!, xemn,
and in the case of T , the formulas are

AX)=X®1+1®X and (X)=-X, X € H.

Here ® means the completed tensor product. The Hopf algebra structure of Qz
induces a structure of a complete Hopf algebra on Q.
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By definition the set of group-like elements of Tisthesetofu € T satisfying
A(u) = u®u and u # 0, and the set of primitive elements is

2 oo {u e j\“; Au) = u@l + 1®M}

As is well-known, £ has a structure of a Lie algebra with the bracket [u, v] =
uv — vu. The degree p-part

def

L, 2 LN H®?
is described successively as £; = H, and £, = [H,£L,—1] for p > 2. By the
exponential map

o0

1 ~
exp(u) = Z mu” uecr,

n=0 "

L is bijectively mapped to the set of group-like elements and the inverse is given
by the logarithm

S —_1)n1
log(u)=z( ) (u—1)".
n=1

n

Since the set of group-like elements constitutes a group with respect to the mul-
tiplication of 7', the above bijection endows the underlying set of £ with a group
structure, which is described by the Baker—Campbell-Hausdorff series,

u - v = log(exp(u) exp(v))

1 1 ~
=u—I—v—l—E[u,v]—l—ﬁ[u—v,[u,v]]—i—..., u,v e L.

2.3. Magnus expansion. We recall the notion of a Magnus expansion in our
generalized sense. Remark that the subset 1 + 77 constitutes a group with respect
to the multiplication of 7.

Definition 2.3.1 (Kawazumi [14]). Amap8: 7w — 1+ 7A"1 is a (Q-valued) Magnus
expansion of m if

(1) 6: = — 1+ T is a group homomorphism, and

(2) 6(x) =1+ [x] mod 7> for any x € 7.
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As was shown in [14], Theorem 1.3, any Magnus expansion 6 induces a filter-
preserving isomorphism of augmented algebras

0: Qr — T. (2.2)

Since 7 is a free group, any Magnus expansion is (uniquely) defined by its values
on free generators of m, hence we have many choices of Magnus expansions
(see also §2.8). For example, let a1, B1,...,aq, Bg € m be symplectic genera-
tors (see §2.1) and write them as x;, ..., x2,. The Magnus expansion defined by
0(x;) = 1+ [x;], for 1 <i < 2g, is called the standard Magnus expansion. This
is introduced by Magnus [19].

Among all the Magnus expansions, group-like expansions respect the Hopf
algebra structure of Qz and T. Fora Magnus expansion 6, let £? o log 6. Here
it should be remAarked the logarithm is defined on the set 1 + 7A“1. A priori, 09 isa

map from 7 to T7.

Definition 2.3.2. A Magnus expansion 6 is called group-like if 6(xr) is contained
in the set of group-like elements of T, or equivalently, £%(z) C L.

If 6 is group-like, (2.2) turns out to be an isomorphism of complete Hopf
algebras (see Massuyeau [20], Proposition 2.10). The standard Magnus expan-
sion is not group-like. For example, let x1, ..., x2¢ be as above, then the Magnus
expansion defined by 0(x;) = exp([x;]), for 1 < i < 2g, is group-like because
of the Baker—Campbell-Hausdorff formula. Another example is given by Bene,
Kawazumi, and Penner [1], where they constructed a group-like Magnus expan-
sion canonically associated to any trivalent marked fatgraph.

2.4. Symplectic expansion. So far we have only used the fact that r is a free
group. Here we recall the notion of a symplectic expansion, which is a Magnus
expansion recording the fact that = is the fundamental group of a surface.

We identify H and its dual H* = Homgq(H, Q) by the Poincaré duality:

H = H*, X+ (Y — (Y - X)). 2.3)

Here ( -) is the intersection pairing on H = H{(Z:Q). Letw € £, C H®? be
the symplectic form, namely the tensor corresponding to —15 € Homq(H, H) =
H*® H = H ® H. Explicitly, w is given by

g
o= AiBi—BiA.
i=1

where a1, B1.. ..., ag, By are symplectic generators and A; = [o;], B; = [Bi] € H.
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Definition 2.4.1 (Massuyeau [20]). A Magnus expansion 6 is called a symplectic
expansion if

(1) 6 is group-like, and
(2) 6(¢) = exp(w), or equivalently, £%(¢) = w.

Unfortunately, the examples of group-like expansions in §2.3 are not symplec-
tic. But symplectic expansions do exist, and they are infinitely many (see §2.8).
Kawazumi [15] gave the first example of a symplectic expansion (with coefficients
in R), called the harmonic Magnus expansion, by a transcendental method. Mas-
suyeau [20] gave the second example using the LMO functor. There is also a purely
combinatorial way of associating a symplectic expansion with any (not necessary
symplectic) free generators of 7. See Kuno [18].

2.5. Total Johnson map. We denote by Aut(7T) the set of filter-preserving al-
gebra automorphisms of T, which clearly constitutes a group. Let 8 be a Magnus
expansion of m. For ¢ € Mg ; we use the same letter ¢ for the induced automor-
phism of 7, in view of (2.1). As a consequence of the isomorphism (2.2), for each
¢ € My 1 there uniquely exists TY(p) € Aut(YA“) such that

T%@) o6 =0o0g.

Let |p|: H — H be the automorphism of H induced by the action of ¢ on the
first homology of X. We also denote by |¢| € Aut(YA") the automorphism induced
by |¢|. Then 7% (¢) ET9p) o lp|~! € Aut(f) acts on ﬁ/fz =~ H as the identity.
Therefore the restriction of t?(¢) to H is uniquely written as

o
Qg =1+ ) tf (@),
k=1
where ¥ (p) € Hom(H, H®k+1),
Definition 2.5.1 ([14]). The automorphism T?(¢) € Aut(YAw ) is called the total

Johnson map of ¢ associated to 6, and r,f (¢) is called the k-th Johnson map of ¢
associated to 6.

The group homomorphism
T9: Mg, — Aut(T)

is also called the total Johnson map. It is injective since the natural map = — Qn
is injective by the classical fact (7-_, (/7)™ = 0. Note that our terminology here
is different from [14], where 7% (¢) is called the total Johnson map of ¢.
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2.6. The invariant L?. We introduce an invariant of unoriented loops on X
associated with a Magnus expansion.

Definition 2.6.1. Define a linear map N : T—>T by

p—1
N|H®p = Z Vm, forp > 1,

m=0

where v is the cyclic permutation givenby X1 X5 ... X, = X>X3... X1 (X; € H),
and N|geo = 0.

The operator N also appeared in [15]. The following lemma will be used
frequently.

Lemma 2.6.2. (1) Foru,veT, N(uv) = N(vu).
(2) Foru,v,w € T, N([u, v]w) = N(ulv, w)).

(3) Forue Ty, ue N(YA"I) is equivalent to v(u) = u.
(4) Under the identification YA”I ~H®T,

N(T) =Ker([, : HQT — T). (2.4)

Proof. 'The first assertion is clear if ¥ and v are homogeneous, since N(v(w)) =
N(w) for a homogeneous w € T. The general case follows by bi-linearity. Us-
ing (1), we compute

N([u,v]w) = Nuvw —vuw) = Nuvw —uwv) = N(ulv, w]),

which proves (2). If u € Ty is homogeneous of degree p and v(u) = u, then
U= N(%u) € N(T1). This proves (3). Finally,

vV XQu)—XQu=uX—-Xu=—[X,u], XQu cH®T.
Combining this with (3), we have (4). O
Definition 2.6.3. Let 6 be a Magnus expansion. Define

LY 7 — 7A"2

by
L(x) = %N(ée(x)ée(x)).
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Lemma 2.6.4. Forany x,y € m, we have
M LG = L),
) L(yxy™") = Lo (x).

Proof. The first part follows by £ (x~') = —£?(x). For the second part note that
O yxy™") = eeg(y)ﬁe(x)e_w(y) = 0(y)€? (x)0(y~"). By Lemma 2.6.2 (1),

L0y = ZNEME @O0 H0mE @00)

— %N(e(y)éo()c)ﬁe(xw(y_l))

1

= EN(EO () ()00 H0(»))

1

= EN(EG ()% (x)) = LY (x). O
Let y be an (un)oriented loop on X, and take a representative x of y in . Then

L(y) S L(x) e Ty is independent of the choice of x by Lemma 2.6.4.

2.7. Formal symplectic geometry. The space N (YA"l) is closely related to formal
symplectic geometry. In [17], Kontsevich introduced three Lie algebras “commu-
tative,” “associative,” and “Lie.” We recall two of the three, namely “associative”
and “Lie.”

First we recall “associative.” By definition, a derivation of T is a linear map
D:T—>T satisfying the Leibniz rule

D(uiuz) = D(uy)uy + uy D(uz), ujupeT.

The space Der(T) of the derivations of 7' has the structure of Lie algebra given by
[D1, D3] = DyoDy—DyoDy,Dy,D;5 € Der(f’). Since 7 is freely generated by
Hasa complete algebra, any derivation of 7 is uniquely determined by its values
on H, and Der(T ) is identified with Hom(H, T)

By (2.3), Ty =~ H ® T is identified with Hom(H, T)

Ti2H®T = Hom(H,T), X ®u+> (Y — (¥ - X)u). (2.5)

Leta, = Derw(YA") be the Lie subalgebra of Der(YAw ) consisting of derivations
killing the symplectic form w. We call such derivations symplectic derivations
of T. In view of (2.5) any derivation D is written as

g
D=} Bi®D(A)—A; ® D(B;) € T (2.6)
i=1
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Since D(w) = Y %_,[D(4;), Bi] + [4i, D(B;)] we can write
a; =Ker([, ]: H® T — T) = N(T}) (2.7)

(see also (2.4)). The Lie subalgebra ag N (YA" ») is nothing but (the completion
of) what Kontsevich [17] calls ag.
We next recall “Lie.” A derivation of £ is a linear map

D:L— 1
satisfying
D([ur, uz]) = [D(uyr), us] + [u1, D(uz)], ur,uz € L.

Let I, = Der,, (2) be the space of derivations of L killing w € £,. By the same
reason as above, we have

lp =Ker([.]: H® L —> L). (2.8)
The Lie algebra [ is a Lie subalgebra of a,.
Lemma 2.71. Letm > 1,and X, Y1,...,Y, € H. Set
u=[Y1,[Y2,[....[¥Ym=1,Ym]...]l] € L.
Then
N(X ® u)

=XQ®u +ZYi R [[Yitr.- - Ym—1. Ym] ... L [.. [[X. V1], Yol ... Yiea]].

i=1
In particular, we have N(H & ZZ) CH®L.

Proof. Consider the tensor algebra 7’ generated by the letters X, Y7,..., Y. The
operator N is naturally defined on 7”. There is a homomorphism 77 — T coming
from the universality of 7’. This homomorphism is compatible with N. Thus it
suffices to show the formula on 7’. Let H' be the Q-vector space spanned by
X, Y1,..., Y. The formula we want to show is an equality in H’ ®m+1l Thereis a
direct sum decomposition

m

i=1
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Let px: H'®"™' - X @ H'®" =~ H'®™ be the projection according to this
direct sum decomposition. Similarly, define py,, 1 < i < m. Note that for any
ve H'®"* we have v = Xpyx (v) + Y7, Yi py, (v). Now, set

def

v=NX Qu).
It is clear that py (v) = u. For each 1 <i < m, we denote
vi = [Yit1, - [Ym—1,Ym]...].
By Lemma 2.6.2, we compute

v=NX[Y1.[Y2,....[Yi.vi]...]D)

(e

= N([X.Y{][Ya,....[Yi.v}]...])

= N/ [Yi. vi])
N~ oY)
= N(Y;vjv] — Y;v] v}
= N(¥i[v;. v]),

where v/ = [...[[X, Y1], Y2],...,Yi—1]. This shows py, (v) = [v],v/], and com-

1’71

pletes the proof. O
Lemma 2.7.2. N(L&L) =Ker([. : H®L — L) = I,.

Proof. Using Lemma 2.6.2 (2), we have N(£&L) = N(H ® £), and N(H ® L)
is contained in (H ® £) N N(T7) by Lemma 2.7.1. Therefore we get

N(L®L) cKer([, ]: H® L —> L)

by (2.4). On the other hand, ifu € H ® LcCTis homogeneous of degree p > 2
and v(u) = u, thenu = N(u/p) € N(H ® L) = N(L®L). By Lemma 2.6.2
(3)(4), we get the other inclusion. O

Thus, if 0 is group-like, our invariant L is considered as a map L : 7 — .

2.8. The space of symplectic expansions. There are infinitely many Magnus
expansions and symplectic expansions. Here we consider the spaces that param-
etrize them. Let © be the set of Magnus expansions of 7, and let ®%™P C ® be
the set of symplectic expansions.
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Let IA(YA“) be the subgroup of Aut(T) consisting of the automorphisms acting
on T1/T, = H as the identity. This group acts on ® freely and transitively by

def

U-0Z2Uo0h, UcelIAT).0c0.

See [14], Theorem 1.3. Thus if 6 and 6’ are Magnus expansions, there uniquely
exists U = U(6,0") € IA(T) such that ' = U o . The group IA(T) is identified
with H ® T, by the composition of the logarithm

IA(T) — Hom(H,T5), U +—> (logU)|g

(note that log U converges since U acts on T /Tz =~ H as the identity) and the
isomorphism (2.5). Thus if we fix a Magnus expansion 6, the correspondence
0’ — U(#, 0’) induces a bijection

O~ H®TD. (2.9)

Now if 6 and 6’ are symplectic expansions, then U = U(8, ¢’) satisfies U(H) C
L and U(w) = w. Then by (2.9) the element 6’ is mapped to an element in
Ker([, ]: H ® (L N Ty) — L) (see also (2.8)). By these discussions we con-
clude:

Proposition 2.8.1. The set ©@3™P is not empty. Once we choose a symplectic ex-
pansion 0, the restriction of (2.9) to ©Y™P gives a bijection

O™ ~ Ker([, |: H® (Z N TZ) - Z’)

3. The Goldman Lie algebra

In this section, we recall the Goldman Lie algebra [9]. In particular, we show
that the Goldman Lie algebra of ¥ acts on the group ring Qm by derivations. We
will work over the rationals, but all the statements in this section except Proposi-
tion 3.4.3 holds over the integers.

All of the loops that we consider are piecewise differentiable.

3.1. The Goldman Lie algebra. Let S be a connected oriented 2-manifold and
let 7(S) =[S, S] be the set of free homotopy classes of oriented loops on S. In
other words, 77 (.S) is the set of conjugacy classes of the fundamental group of S.
Let | |: m1(S) — 7(S) be the natural quotient map. Foraloop a: S! — S and a
simple point p € «, let «;, be the oriented loop « based at p.
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Let Q7 (S) be the vector space spanned by 7 (S). We first recall the Goldman
bracket on Q7 (S). Let a, B be immersed loops in S suchthataUB: STUS! — S
is an immersion with at worst transverse double points. For each intersection
p € a N B, the conjunction a, B, € m1(S, p) is defined. Let e(p: o, B) € {£1} be
the local intersection number of @ and 8 at p and set

[ B = D e(pia.BlepBpl € QA(S).

peang

Let 1 € 7(S) be the homotopy class of the constant loop and 7/(S) = 7 (S) \ {1}.

Theorem 3.1.1 (Goldman [9]). The above bracket induces a Lie bracket
[, ]: Qa(S) ® Qa(S) — Qa(S).

Moreover, Qu'(S) is an ideal of Qa (S) and Q7 (S) = Q7' (S) ® Q1 is a direct
sum decomposition as Lie algebras.

Remark 3.1.2. It is true that [Q7(S), Q7 (S)] C Qa’'(S) for any S. But Gold-
man’s proof for it [9] pp.294-295 is, unfortunately, not correct. In fact, his asser-
tion [o, 1] = 0 for & € 7(S) is not true in general. If we choose « = a5 as in
Figure 3, then [, @™ !] = ajaza; tan ™! — apaon 'y~ 1. Here we suppose the
fundamental group of S is a finitely generated free group. Then we can take a Mag-
nus expansion 0: 71(S) — T, and define a map Q7 (S) — T by |x| = NO(x)
for x € 71(S). See Lemma 2.6.2 (1). Now we have

1
NO[a,a™ 1] = 5N([Xl, X5][X1, X2][X1. X5]) + higher terms # 0

(see Theorem 1.2.1). Here we denote X1 = [w1] and X, = [wz] € H. Hence
[, ™) # 0.

Figure 3. The Goldman bracket [, &~ !] is not zero.



The logarithms of Dehn twists 365

But we can prove [, @™ !] € Q7'(S) for any connected oriented 2-manifold S
and any o € 7, as follows. Represent o by a generic immersion and let @~ be a
generic immersion such that @ Ua ™! cobounds a narrow annulus, as in [9], p. 295.
Let p be a double point of the loop «. It divides the loop « into two based loops o
and «, with basepoint p as in Figure 3. The two intersection points derived from
p contributes ajazor; "o ! and apaa, oy 71, respectively, with the opposite
sign. Then the following three conditions are equivalent:

(D) |arazon a7t =1 € 7(S);
(2) ajor = azray € (S, p);

(3) laaion a7 =1 € 7(S).

This implies that the contributions of the two points cancel, or are in Qz’(S).
Hence we have [o, '] € Q7’(S). Asis observed by Goldman [9] loc.cit., [, 8] €
Q#a'(S)if B # o~ 1. Hence we obtain [Q7 (S), Q7 (S)] C Q#'(S). This completes
the proof of the second half of Theorem 3.1.1.

3.2. The action on the group ring. Let S be as above, and choose a basepoint
x € S.Leta: S' — S\ {*} be an immersed loop and B: S! — S an immersed
loop based at *, and suppose « U 8 has at worst transverse double points. For each
intersection p € o N B, let o, and e(p; o, B) be the same as before and let By,
(resp. Bp«) be the path along B from * to p (resp. p to *). Then the conjunction
BxpopBpx € m1(S, *) is defined.

Definition 3.2.1. For such « and g, let

@B E Y &(pia, B)BuptpBpx € QEi(S, %).

peanp

Let Der(Qm; (S, %)) be the Lie algebra of the derivations of the group ring
in (S7 *)

Proposition 3.2.2. This definition of o gives rise to a well-defined Lie algebra
homomorphism

o1 QA (S \ {%}) —> Der(Qmy (S, *)).

Proof. One way to prove that o is well-defined is to show that o («) 8 is unchanged
if @ and B are replaced by one of the standard moves (see Goldman [9], Lemma
5.6). This can be done by the same argument as Goldman did, so we omit de-
tails. Another way to see this is using our homological interpretation of o, see
Proposition 3.5.2.
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To prove that Q7 (S \ {*}) acts on Qm1(S, *) by derivations via o, it suffices
to show

a(@)(By) = (a(@)B)y + fo(a)y.
where « is an immersed loop on S, and §, y are immersed based loops on S.
We may assume that « intersects the conjunction Sy at worst transverse double
points. Then
aNBy)=(anp)U(any),
and

c@By) =Y e(pia. BY)(BY)xptp(BY)ps

pean(By)

= > &(pia. BY)(BY)wptp(BY)ps

peanB

+ Y e(pion BY)YBY)wpoip (BY)ps

peEanNy

= Z 8(p;(¥,ﬂ)ﬂ*pap,3p*y+ Z 3(1’304’7/),3)’*1)0‘1)7/1)*

peanp peany

= (0(@)p)y + po(@)y.

To prove that o is a homomorphism of Lie algebras it suffices to show

o([a, By = o(@)a(B)y —a(B)a(a)y,

where «, 8 are immersed loops on S, and y is an immersed based loop on S.
We may assume that o U 8 U y is an immersion with at worst transverse double
points. We compute

o(a)a(B)y
= a(a)( Z E(P;ﬂ’)’))’*pﬁp)’p*)

pEBNY

= > &(p:B.¥)0(@)VxpBpYp (3.1)

pepny
= Z Z e(p: B V)e(q: . B)(VapBpVpx)sq®q(VxpPpVpx)gx
pEBNy geanp

+ > D (D BV, V) VapBp Vo) wrr (VapBp Vo) res

pEBNy reany
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and similarly,

—o(B)o(a)y
== Z Z e(r;a, y)e(p; B, ¥) (Var@r Vrs) s pBp (Viror Vrs) px
reany pefny

— Y D> el v)e(g: B a) (Vartr Yra)wg By (Vartr Vra)ge.

reanNy gefna

(3.2)

Then the second term of (3.1) and the first term of (3.2) cancel and we have

a@)o(B)y —a(B)o(a)y
= Z Z e(p: B V)e(q: . B)(VapBpVpx)xq®q(VxpPpVpx)gx

pEBNy geanp

+ Y Y e(riany)e(@i o BYVurttr Vrs)wg By (Varttr Vew)gs-

reany geanp

Here we use ¢(g; B8, o) = —e(q: «, B). Now

(VxpBpVpr)xq®q (Vi pBpVp)gx = VaplotgBglp Vo«

forpefNy,geanpand

(VarQr Vrs)xqBg (Ver@r Vrs)gx = Var|0qBglr Vrs

forr ex Ny, q € a N B. Therefore, we have

o(@a(B)y —o(B)o(@)y
= > ) exaUBy)e(yia. B)yxlayBylxyes

xe(@UB)Ny yeanp

= 0( Z 8()’;05’,3)|O‘y:3y|))’

yeanp
= o ([a, B])y.

This completes the proof. O
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Note that to make Definition 3.2.1 work, we need to delete the basepoint .
A simple illustration of this fact is Figure 4. Here the loops «; and «; are ho-
motopic as free loops on S, but not homotopic as loops on S \ {*}. Following
Definition 3.2.1, we have o(x1)y = ay — ya, and clearly o(2)y = 0. Hence

o(a1)y # o(a2)y.

(231

Figure 4. We need to delete the basepoint to define .

But if S and its basepoint are the surface ¥ fixed in §2.1 and * € 0%, then the
inclusion X \ {*} — X is a homotopy equivalence. Thus Q7 (X \ {*}) = Q7 ().
Writing 71 (X) = 7 for simplicity, we have a Lie algebra homomorphism

0: Qr —> Der(Qmn). (3.3)

Remark 3.2.3. Let M be a d-dimensional oriented C *°-manifold, and choose a
basepoint * € M. We regard S' = [0, 1]/(0 ~ 1), and denote

QM = Map((S',0), (M, %)),

the based loop space of M. The evaluation mapev: QM — M,y — y(1/2),is a
Hurewicz fibration, whose fiber ev™!(*) is naturally identified with QM x QM.
The map

p: QM x[0,1] — QM,

given by

w | 7(251) ifr <1/2,
p(y,$)(t) = .
y(s+ A —=s5)2t—1)) ifr>1/2,
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induces a map of pairs
o: QM x ([0,1],{0,1}) — (M, QM x QM).
We define a map
A" Ho(QM) —> Hyy1(QM, QM x QM)

by the composite

1 *
Ho@M) 2 oo (@M x (0, 11,00, 1) 25 Horr(QM, QM x QM),

where [/] € H([0, 1], {0, 1}) is the fundamental class. In a way similar to Chas
and Sullivan [5], we can define a loop product

o) Hi(L(M \ {*})) ® Hj(QM,QM x QM) —> H;,;_q(QM).

Here we denote
L(M \ {x}) = Map(S", M \ {x}),

the free loop space of M \ {x}. Let x: K, — L(M \ {x}) be an i-cell, and
y: K, — QM a j-cell. We denote by K 1e, a transversal preimage of the diagonal
under the map

Ky x Ky — (M \{x}) x M, (kx,ky) —> (x(kx)(0), y(ky)(1/2)).

The (i + j —d)-cell
xey: Kyey — QM

is defined by
y(ky)(22) ifr < 1/4,
(x o y)(kx, ky) = x(kx)(2(t — 1/4)) if1/4 <1 =<3/4,
y(ky)(2t —1) if3/4 <t.

Taking the composite of the loop product with the map
A Ho(L(M \ {#})) —> Hat 1 (L(M \ {%}))
introduced by Chas and Sullivan [5] and the map A’, we obtain a map
Hi(L(M \ {})) ® Hj(QM) —> Hjj42-a(QM). u®v+r— (Au)e (A').

This coincides with our action ¢ in the case d =2 andi = j = 0.
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3.3. Conventions about (co)homology of groups. In the next two subsections,
we give a homological interpretation of the Goldman bracket and the action o
for . To state these we fix some conventions about (co)homology of groups.
We basically follow Brown [3].

Let G be a group and M a left QG-module. For simplicity we use the term
G -module for left QG-module and sometimes write ® ¢ instead of ®qgs. We can
always regard M as a right G-module by setting

mg=g 'm, meM,geG.

The homology group H.«(G; M) and the cohomology group H*(G; M) are de-
fined by

def

H.(G: M) = Tor26 (M, Q)

and

def

H*(G; M) = Ext$,6(Q. M),

respectively. Namely taking a QG-projective resolution Fi 5 Q of the trivial
G-module Q, we have
and
H*(G; M) = H*(Homgg (Fx, M)).
Let F,(G) be the normalized standard complex. For each n > 0, F,(G) is
the quotient of the free G-module with QG-basis {[g1|g2|.-.|gn]; g € G} by

the QG-submodule spanned by {[g1]|g2|...|gn]; g = 1 forsomei}. It gives a
QG-projective resolution of Q. For a G-module M, set

def

Cu(G; M) = M ®¢ Fu(G).

Of course we have Hy(C«(G; M)) = H.(G; M). The boundary maps of C«(G; M)
in low degrees are given by

81(m®[g]):g_1m—m6M ~ M[]

d2(m ® [g1182)) = g7 'm ® [g2] —m & [g182] + m ® [g1].

Here ® means ®¢.
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In this paper, we consider the (co)homology of groups of & for various 7-mod-
ules M. One way to describe these is to use the normalized complex Cy(7; M),
and another way is to use the following particular resolution. Since = is a free
group of rank 2g, the augmentation ideal /x is a free Qw-module of rank 2g.
Thus

0—In— Qn N Q—0

gives a Qm-projective resolution of @. In this view point, the homology group
of m is computed as

Hy(m; M) = Hi(M ®qr I — M, m ® v —> t(v)m).
The canonical isomorphism Fo(r) = Qn and the Qrr-linear map
Fl(n) —In, [x]+—>x—-1, xe€em,

are compatible with the boundary maps of the two resolutions. In particular, we
have a chain-level description of the canonical isomorphism

Hi(Cu(r: M)) —> Hi(M ®qr [T —> M). (3.4)

Finally we mention the relative version of homology of groups. See also §A.5.
Let G be a group and K a subgroup of G, and M aleft G-module. Then C.(K; M)
is a subcomplex of C.(G; M). We define the relative homology group as the
homology of the quotient complex:

def

Hy (G, K: M) = Hy(Cu(G: M)/ Cs(K; M)).

Note that since Co(G; M) = Co(K; M), any 1-chain of C(G; M)/ C«(K; M) is a
cycle.

3.4. Homological interpretation of the Goldman Lie algebra. Let Q€ be the
following -module. As a vector space, Q¢ = Qu, and the w-action is given by
the conjugation: xu = xux~"! for x € 7, u € Qr°.

Definition 3.4.1. Define a Q-linear map
A: Qr —> Hy(m; Qn)

by
def

Ax) =xQ®|[x], xem.

Here we understand H;(ir; Q7€) as the homology of C(7; Q).
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We need to verify that this is well-defined, i.e., A(x) is a cycle.

Lemma 3.4.2. For x,y € &, we have
D) x ®[x] € C1(w; Qr€) is a cycle,

(2) AMyxy™YH = A(x) € Hi(m; Qr©).

Proof. The first part follows by 9, (x ® [x]) = x ™! -x —x = x"!xx —x = 0. For
the second part, note that for any xy, x, € m, the 1-chain [x;x,] is homologous to
x1[x2] 4 [x1] since d2([x1]x2]) = x1[x2] — [x1x2] + [x1], and for any x € x, the
1-chain [x~!] is homologous to —x~![x] since d2 ([x ~!|x]) = x 1 [x]-[1]+[x"'] =
x71[x] + [x~!]. Therefore, we compute

Apxy ™) =yxy @ yxy = vy @ (lxy T+ )
= yxy ' @ (y(x[y 7'+ XD + YD

= yxy~' @ (y[x] — yxy~ v + )
=X [x] = /\(x)

Here = stands for “homologous.” This proves (2). O

By Lemma 3.4.2, A descends to amap A: Qi — H;(m; Qn¢). We introduce a
sr-module map B: Q7 RQr¢ — Q7 by B(u®v) = |uv|. Here | |: Qm — Q7 is
the linear map induced by the projection | |: # — 7, the action of 7 on Q¢ @ Qr°
is diagonal, and Q7 is regarded as a trivial 7-module. Let 8¢ be the local system
on X corresponding to the left w-module Q€. Since X is a K (i, 1)-space, there is
a canonical isomorphism H,(7w; Qr¢) =~ H.(X;8¢). Using the intersection form
of the surface, we have the bilinear form

(-): Hi(m;Qr®) x Hi(m; Qr®) = H{(Z;8°) x H{(Z; 8°)
—> Ho(Z:8°® 8°) = Ho(m; Qn’ ® Qn°).

Proposition 3.4.3. (1) The sequence

A
0— Q7' — Hy{(m;Qn) — H — 0,

where the map Hy(rw; Qr¢) — Hi(w; Q) = H is induced by the augmenta-
tion, is exact and canonically splits.
(2) Foru,v € Qm,
[, v] = Bx(A(u) - A(v)).

Here By: Ho(m; Qr¢®Qnc) — Ho(m; Q) = Q7 is the map induced by B.
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Proof. First of all, we remark that this proposition holds for any oriented aspher-
ical surface S whose fundamental group is a free group or a non-commutative
surface group. Then S is homotopic to a hyperbolic surface without cusps. For
x € m, let Z(x) C = be the centralizer of x. Z(x) is a cyclic group of infinite
order if x # 1. In fact, the centralizer of a hyperbolic element in PSL;(R) is an
abelian subgroup isomorphic to Rxg.

We have a direct decomposition

Qr¢ = P Qr/Z(x))

|x|en

as left w-modules. Here the action of 7= on Q(xr/Z(x)) is given by the multipli-
cation from the left: y(z mod Z(x)) = yz mod Z(x). Using the Shapiro lemma
(see [3], p. 73), we have a canonical decomposition

Hy(m: Q%) = @D Hi(m: Q(r/Z(x)))

|x|en

=~ P Hi(Z(x): Q)

|x|en

= Hi(7:Q) @ @ H(Z(x); Q).

|x|ern’

Moreover if x # 1, the cycle A(x) = x ® [x] corresponds to a generator of
Hi(Z(x); Q) = Q (note: this part does not hold over the integers; in this case
A(x) corresponds to a non-zero multiple of a generator of H,(Z(x);7Z) = Z).
This proves the first part.

Next we proceed to the second part. As in Goldman [9] §2, we regard local
systems as flat vector bundles and their (co)homology as the (co)homology of
singular chains with values in flat vector bundles. Following this description the
fiber of 8¢ at p € X is the group ring Q1 (X, p), and the parallel transport along
apath £: [0, 1] — ¥ is given by Q1 (E, £(0)) = Q1 (Z, (1)), o > £~ al.

Let o be a based loop on X. Under the canonical isomorphism H; (7; Q€) =~
Hi(%; 89, the I-cycle a ® [a] € C;(ir; Q) corresponds to the flat section s (o)
of «*8€¢ over o, whose value at p € « is justa, € m1(Z, p) (to be more precise, we
need to write p = p(¢) for some ¢ € S'). The homology class of the section s (o)
in Hq(X; 8°) depends only on the free homotopy class of the loop «, because of
the homotopy equivalence of twisted homology. Let 8 be another free loop on X
and suppose « and § intersect with at worst transverse double points. Similarly
B ® [B] is regarded as a section s, ().
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Using the same letter let B: $¢ ® 8¢ — Q7 be the pairing of local systems on
¥ corresponding to the 7-module map B. Here Q7 is considered as a trivial local
system. For each p € X, this pairing is just the conjunction

Q”I(E’p)®in(2’p)—>Qf[’ M®U|—>|UU|.
By the formula in [9], p. 276, we have
By(A(a) - A(B)) = Z e(psa, B)B(sa(e)p @ s1(B)p)-

peanp

Since B(s;(a)p, ® si(B)p) = |apBpl, this is nothing but the Goldman bracket
[, B]. This completes the proof. O

Remark 3.4.4. It should be remarked that A is related to Chas-Sullivan’s oper-
ator A = ME [5]. More precisely, let LY be the free loop space of the sur-
face ¥, LY = Map(S!, ). The evaluation map at 0 € S' = [0,1]/(0 ~ 1),
ev: LY — 3, £+ £(0), is a Hurewicz fibration with fiber QX, the based loop
space of X. Since ¥ is a K(x, 1)-space, the homology group H.(Q2X; Q) van-
ishes in positive degree. The 0-th homology group Hy(2X; Q) constitutes the
local system 8¢ stated above. Hence we have an isomorphism ev,: Hy(LX; Q) =
H.(XZ; 8. The diagram

Ho(LT:;Q) —2~ H\(L%;Q)

‘ \l’ev*

commutes by the definition of A = ME and A.

3.5. Homological interpretation of the action. Let Qn" (resp. Qn') be the
following -module. As a vector space, Q" = Qn! = Qu, and the 7-action
is given by the multiplication from the right (resp. the left): xu = ux~! (resp.
def r 1
xu = xu) for x e w,and u € Qn" (resp. Qn*).
Let (¢) be the cyclic subgroup of 7 generated by {. We consider the relative
homology of the pair (7, ({)) as the homology of the relative complex (see §3.3).

Definition 3.5.1. Define a Q-linear map
£:Qrn — Hi(m, (¢); Qn" ® Q)

by
EX)=(1®x)®[x], xem.
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We denote by Qr’ the vector space Qr with the trivial -action. We introduce
a wr-module map C: Qn° ® Qn" ® Qn! - Qn! by C(u ® v ® w) = vuw. Here
we consider the diagonal rr-action on Q¢ ® Qn" ® Qn'. Let 8", 8¢, and 8
be the local system on ¥ corresponding to the w-modules Qr”, in , and Qn?,
respectively. Then we have the canonical isomorphism H, (r, (¢); Qu” ® Qn'!) =~
H\(Z,0%;8" ® 8), etc. Using the intersection form of the surface, we have the
bilinear form

(+): Hi(m: Qr) x Hy(r, (&); Q" ® Q') = H1(Z;8°) x Hi(Z,9%:8" ® 8')
— Hp(Z:8° ® 8" ® 8') =~ Ho(m; Qr ® Qn” @ Qrh).

Proposition 3.5.2. Foru € Q and v € Qmn, we have

o)y = Cu(A(u) - §(v)).

Here Cy: Ho(m; Qn¢ ® Qn” ® Q') — Ho(m; Qn') = Qun is the map induced
by C.

Proof. 'The proof is similar to the proof of Proposition 3.4.3. Let « be an im-
mersed loop and B an immersed based loop. Suppose they intersect with at worst
transverse double points. The fiber of the local system 8" (resp. 8) at p € X is
Qn (X, *, p) (resp. Qu (X, p, x)). Here 7 (X, p, q) is the set of homotopy classes
of paths from p to ¢, and Qn (X, p, q) is the Q-vector space spanned by 7 (X, p, q).

By the canonical isomorphism H (7, (¢); Qr” ® Q') = H((Z,0%; 8" ® 8Y),
the relative cycle £(B) = (1 ® B) ® [B] corresponds to the flat section s¢(8) of
B*(8" ® 8') whose value at p € f is just (Bxp ® Bpsx). Let C: 8¢ @ 8" ®@ 8! — 8
be the pairing of local systems on X corresponding to the 7-module map € (using
the same letter). For each p € X, this pairing is just the conjunction

Qri(Z,p)RQn(Z,*, p) RQn(Z, p,x) — Qr, URV QW H—> vVUW.

By the formula in [9], p. 276, we have

CaA(@).6(B)) = D e(pia, BC(sa(@)p ® 5¢(B)p)-

peang

Since C(sy(a)p @ se(B)p) = BappPp«, this equals o(x)B. This completes the
proof. O
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4. (Co)homology theory of T

Following Appendix A, we define H,(T; M), H*(T; M) and H.(T,Q[w]; M)
for any T-module M. Here Q[w] is the ring of formal power series in the sym-
plectic form w, which is regarded as a complete Hopf subalgebra of T in an obvi-
ous way. In this section we describe them in an explicit way, prove the Poincaré
duality for the pair (T, Q[w]), and give a homological interpretation of symplectic
derivations of the algebra T.

4.1. Explicit description of (co)homology of T. Let S bea (complete) Hopf
algebra over (). We denote by /S the augmentation ideal of S, namely,

def

1S =Ker(e: S — Q),
and by 0 the inclusion map /.S < S. Then

def

Pu(S) & (1S L5 )

is a left S-resolution of the trivial S-module Q. For a left S-module M we denote

def

Dy(S: M) =M ®s Pi(S)

=MQ®s IS — M Qs S),

and
def

D*(S; M) = Homg (P«(S), M)
= (Homg(/S, M) «<— Homg (S, M)).

Let f: R — S be a homomorphism of (complete) Hopf algebras. It induces a
natural homomorphism f: /R — IS and natural (co)chain maps

fi:Dy(R;M) —> Dy (S; M) and f*:D*(S;M)— D*(R; M).

The mapping cone

def

Dy(S,R; M) = Duy(S; M) x¢ Ds_1(R; M)

has an acyclic subcomplex M @ R R = M 1M, M =M ®s S (for the definition
of the mapping cone, see §A.1). We denote the quotient complex by D.(S, R; M),
which is given by
M QgrIR ifx=2,
Du(S,RiM)={M ®5 1S if*x=1,

0 otherwise,
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and
b =1y f:Dr(S,R:M)=M Qr IR — M Q5 1S = D(S,R; M).

The natural projection @ : D« (S, R; M) — D«(S, R; M) is a quasi-isomorphism.

We call the (complete) Hopf algebra S free, if 1S is a left S-free module.
For example, the algebras T, Qw], Qm and Q(¢) are free. Then P.(S) is a left
S-projective resolution of (). Hence we have

H(S: M) = Hi(D«(S; M))

1y ®9 (4.1)
=H(MQ®s IS —— M Qs S)
and
H*(S; M) = H*(D*(S; M))
- (4.2)
= H*(Homg(IS, M) <— Homg(S, M))
as in (3.4). If R is also free, then we have
H.(S,R; M) = H.(D«(S,R; M))
(4.3)

— H.(M ®g IR 22/, M 0515 —> 0).

Lemma 4.1.1. Let S and R be free (complete) Hopf algebras, f: R — S a ho-
momorphism of (complete) Hopf algebras, and M a trivial S-module.

(1) Then
M if *x =0,
Hi(SM)= M QUS/(IS)?) if*=1,
0 otherwise.

(2) Further, if f(IR) C (1S)?, then

H{(R; M), if =2,

0, otherwise.

In particular, 0« : Hy(S, R; M) — H{(R; M) is an isomorphism.
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Proof. Since M is a trivial module, 1y ® 9: M s IS — M ®s S is a zero map.
Hence Ho(S; M) = M and H;(S; M) = M ®g5 IS. The map

M®sIS— M®UIS/(IS)?), u®a+— u® (amod (I5)?),

is a well-defined isomorphism. This proves the first part.
By the assumption f(IR) C (IS)?,

fr: M ®UR/(IR)?*) — M Q (IS/(1S)?)

is a zero map. Hence the homology exact sequence (A.4) implies the second part.
O

Consider the case S = T and R = Q[w]. The inclusion map i : Qw] — T isa
homomorphism of complete Hopf algebras. Then we have /.S = T\ =TQ®Hasa
left 7-module, so that M ® g 1S = M®f7A"®H = M ®H and Homs(/ S, M) =
Homf(f“ ® H,M) = Hom(H, M). Under these isomorphisms, the operators
1y ® 0 and 0* are given by

oMM H — M,
me X — «(X)m,
and
Sp: M — Hom(H, M),

mr— (X = Xm),

respectively. Hence we have

Ho(F: M) = Ho(M & H 2 M), 4.4)
and
H*(F: M) = H*(Hom(H, M) <*- M), 4.5)

A similar result holds for R = Q[w]. Under the isomorphism M ®g IR =
M ® Qw = M, the boundary operator in D« (S, R; M) is given by

du: M—M ®:; Ty =M ® H,

g
m— m@w =Yy —(Aim)® B; + (Bim) ® A;.

i=1

Hence we have

Du(F,Qo]: M) = (M 2 M @ H —> 0). (4.6)
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Now we recall that the space H and its dual H* are identified by the map
9 H —> H*,
X+— Y Y- -X),
as in (2.3), and introduce the isomorphisms
9:Dy(T.Q[w]: M) =M ® H—=> H*® M = D'(T: M),
meXr— —9%(X)Qm,
and
9: Do(T.Qw]: M) = M —> M = D(T: M),

mb— —m.

It is easy to check that they constitute a chain map up to sign, and induce an
isomorphism of cochain complexes

9: Dyu(T. Qw]; M) —> D*(T: M). 4.7)

Hence we have an isomorphism Hz_*(YA“, Qo] M) =~ H*(f“; M). In the next
subsection we interpret this isomorphism as a certain kind of the Poincaré duality.

4.2. Poincaré duality for the pair (7, Q[w]). We begin by introducing the fun-
damental class [£] € Ha(T, Q[w]; Q), which is a counterpart of the fundamental
class [X] € Ha(X, 0%; Q) of the surface X. For R = Q[w],

IR/(IR)? = Q[w]w/Q[w]w? = Qw.

By Lemma 4.1.1(1),
Hi(Qo]; Q) = Qo = Q.

Since i(IR) C (I1S)? for S = T, the connecting homomorphism
dx: H2(S,R; Q) — H1(R; Q)
is an isomorphism by Lemma 4.1.1 (2). We define
L] 37" (@) € Ho(T. Q[w]: Q). (4.8)
which spans H»(T, Q[w]; Q) =~ Q and is represented by (0, —w) in
Dy (T, Qo] Q) = 08 Q ®qu) Qw]o.

We call it the fundamental class of the pair (T , Q[w]). We have a certain kind of
the Poincaré duality with respect to this fundamental class [£].
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Proposition 4.2.1. The cap product by the fundamental class [2] gives an isomor-
phism

[£1n: H*(T: M) —> Hy (T Qw]: M)
for any left T-module M. In particular, the cochain map ¥ in (4.7) induces the
inverse of the map [£]N.

Proof. We begin by computing the diagonal map (A.7)

Av: Ho(T.Q[w]: M) — Hu((M ®s (P«®Ps)) ¥igi (M @ (Fa®Fi)x-1))
(4.9)
explicitly. Here we write simply P, = P*(YA”) and F, = P.«(Q[w]). It should be
remarked the completed tensor product P (TQP.(T) given by

"&T — T1&T & T®T, —> T&T.
U —> (—u,u),
(v, w) — v+ w,
is acyclic. We construct a chain map
A: Po(T) — P(THRP(T)
respecting the coproduct A as follows. In degree 0 we define

A: Po(T) =T — (Pu(T)RPu(T))o = TRT

by the coproduct A itself. In degree 1 we define

def

AX) = (X®1,18X) € 18T & T®T) = (Pu(D)®Pu(T))1, X € H,
and extend it to the whole YA“I =T ® H as aleft f’—homomorphism. Since
X®1 + 18X = A(X) e TRT,
this map A is a T -chain map. We define a Q[w]-chain map
A: Po(Q[w]) — Pu(Qw]@P(Q[e])
in a similar way. We have
Alw) = (0R1, 1®w)

for w € Qw]w = P1(Qw]). Then the (homotopy commutative) diagram

P.(Qo]) —2— P.(Qo])®P.(Qw])

i =2

PT) ——5— Pu(D)&P.(T)
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does not commute. If we denote

A~ A~

g
etZAi®Bi—Bi®Ai € 1® 1,
i=1

| o

[0

then
Ai(w) = (0B —d, & + 1Q®w) = (I®i)A(w) + 0,0.

This means that the Q[w]-homomorphism
®: Pu(Q[w]) —> (Pa(T)&Pu(T))ut1

defined by
Plpy =0 and P|p (0) =—b

satisfies the relation
(i®)A—Ai =dd + &d.

Hence the diagonal map (4.9) is given by
A -0
h(A,CD,A)_(O A)'

In particular, the homology class A [ﬁ] is represented by the cycle

¢ 30

—w

By the explicit definition of the cap product (A.9), we have

(AL[L) Nm = (0,—m ® w)

and
g

g
(AL[L]) Nv = (Z —v(4;) ® B; +v(B;i) ® A, ZAiU(Bi) - BiU(Ai))
i=1 i=1
forme M = D°T;M)andv € Homf(Tl,M) = DY(T; M). Hence
w o (A[L)N): D*(T: M) —> Dyo(T, Qw]: M)

is exactly the inverse of the map o; see (4.7). This proves the proposition. O
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In a way similar to the surface ¥ we can introduce the intersection form

(+): H(T: My) ® H(T, Qo]: M) — My ®; M,

u®v— (u, ([£]N) "), (4-10)

for any left T-modules M; and M,. Here (, ) is the Kronecker product (A.12).
Under the identifications (4.4) and (4.6), the intersection form coincides with the
pairing

(1) Mi®HQ@M, ® H— M, @3 M>, @.11)
m Xy @my ® Xo —> (X1 Xo)my Q ms. '

In fact, we have
(m1 ® X1,9(m2 @ X2)) = —(m1 ® X1, 9(X2) ® m2)
= (X1 - X2)m @ my.
The inclusion homomorphism
Jx: HI(T§M1) —> HI(T7Q[[CU]];M1)
is induced by the composite
Hy(T; M) —> M; @ H —» H\(T,Q[w]; My).
Hence the intersection form
(+): Hi(T: My) ® H(T: Ma) — My ®7 Ma,
U ® v > (. ((£]N) 7 juv),

also coincides with the pairing (4.11).

In the succeeding subsections we use these intersections to give a homological
interpretation of the Lie algebras a, and [, and the action of a, on the algebra T
by derivations.

4.3. Homological interpretation of a,; and [,. The space H acts on the spaces
T and £ by

def def

Xu =[X,u] and Xv =[X,v], XeH,uef",veﬁ,

respectively. This action extends to the whole algebra T. In fact, we introduce an
action of the algebra 7®T on the space T by

C(TRTY®T —T.

W'V @ u — vur(v”),
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for u,v’,v” € T. The space 7 is a left 7 ®T-module by the map €. We have
C(AX:y...Xp) ®u) = [X1. [Xou[...[Xnou]...]]]. Xi€HueT.
Hence the action

TRT —T, veu+r— C(Av)®u),

is exactly an extension of the action of H stated above. We denote by 7¢ and
£¢ the left 7-modules defined by this action. In particular, if v € T is group-
like, we have €'((Av) ® u) = vut(v). Hence these modules correspond to the
Qr-modules Qr¢ and the set of primitive elements of Qn with the conjugate
action of m, respectively. We denote by YA"f the 7-submodule of 7¢ whose under-
lying subspace is 7.

As was stated in (2.7), the Lie algebra ay = Derw(YA") is identified with

Ker([,]: H® T — T) = N(T1),
and the Lie algebra [; = Der,, (fl) with
Ker([, ]: H® L —> L) = N(LRL).

Hence, by (4.4), we obtain

a; = N(Ty) = H(T: T°). (4.12)

ag = N(Ty) = H\(T: TY), (4.13)
and

lp = N(L®L) = Hy(T: L°). (4.14)

The brackets on the Lie algebras a, and [, can be interpreted as intersection
forms on the homology introduced in (4.10). We introduce a map

B: T¢ ®p T¢ — N(T)) = g

uQ®v— Nuv),
which is well-defined, since
N([u, XJv) = Nu[X,v]), X e€H,

(Lemma 2.6.2 (2)).
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For positive integers n and m, by a straightforward computation, we have:

Lemma 4.3.1. For X;.Y; € H,

[N(X1...Xn), N(Y1...Ym)]
=N(N(X1...Xn))(Y1...Ym))
=-—B(NXi...X,) -N(Y1...Yp))

n m
== 3 (X - YONXipr1.. . Xp X1 Xiq Y. YY1 Y ).
i=1j=1

Here the bracket [, | is that as derivations of T, and (N(X1 ... X2))(Y1...Ym)
is the action of N(X1...Xy,) on the tensor Y1 ...Y,, as a derivation. The third
term is minus the pairing (- )in (41) of N(X1... Xp)and N(Y1...Yy) € T®H
applied by the map B.

Hence we obtain:

Proposition 4.3.2. Under the identifications (4.12) and (4.14), the brackets on the
Lie algebras a, and lg coincide with minus the intersection forms

—B(-): H(T:T¢) ® H\(T:T°) — N(T}) = .
and
—~B(-): Hi(T; £°) ® H\(T;£¢) — N(L ® L) = I,

respectively.

4.4. Homological interpretation of symplectic derivations of T. In order to
interpret the action of a,; on the algebra T by derivations, we introduce three left
T-modules 77, T! and 7!, which correspond to the left Q-modules Qx", Qr!
and Qx’. As vector spaces these three modules are the same T. The action of the
algebra T is given by the multiplication

u(@”) Z v i (u),
u@h) £ uvt,
and

u(v’) = e(u)’,
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foru e T,v" € T",v! € T! and v* € T". Denote by T the tensor algebra of H,

T & T He".
n=0
We define a map
&7 — (78T 87 T
by
E)E10(1®(1-e)(Au) =10 (Au—u® 1)

for u € T. In this expression, we regard (TT®T") Rz T, as the natural quotient
of (YA“’@YA“I) ® T;. Then we have

Lemma 4.4.1.
n
E(Xy...Xy) = Z(Xl o Xic1 ® Xipr .. X)) ®7 X
i=1

forn>1land X; € H.

Proof. First note that T ® T acts on (YA" rQT! )® T, from the right, by
URUVRW(X®Y)=uRQvx Qwy,

and this action is compatible with the quotient map
#8Th & T — (&7 8y .

In the below, | ® (Aw —w ® 1)(1 ® X,) means the result of the application of
1® X, 01 ® (Aw —w ® 1) with respect to this action, etc.

We prove the lemma by inductiononn > 1. If n = 1, we have
EXD)=10AX; - X1i®D)=131® X;.

Suppose n > 2. Denote

def

w =X1...Xn_1.



386 N. Kawazumi and Y. Kuno

By the inductive assumption, we compute

1®(Aw—w® 1)(1Q® X,)

=D X1 Xis1 ® Xivr .. Xom1 ® Xi Xy

n—1
=- Z(AXi)(Xl o Xic1 ®@ Xig1 . Xn—1) @ Xy
i=1

n—1
:_Z(Xi®1+1®Xi)(X1---Xi—1®Xi+1---Xn—1)®Xn
i=1
=Y X1 . Xi®Xip1.. Xa ) @ Xp — (X1 ... Xi 1 ® Xi ... X 1) ® X,
=X1.. X091 X;, -1 X;1...X-10 X,
= wRIRX,—1Quw®X,.

Hence we have | ® (Aw)(1® X,) = w® 1 ® X,,. Using the inductive assumption
again, we compute

E(wXn)
=1Q (A(wXy) —wX, ® 1)
=1 AwX,®1+1®X,)—wX,®1)
— 10 Aw—w® )X, ® 1)+ 18 (Aw)(1 ® X,)

:ZXI---Xi—l®Xi+1---Xn—1Xn®Xi+X1---Xn—1®1®Xn
=Y X1 . Xii®Xiq1 ... Xa ® X

This completes the induction. O

By this lemma, the map & is a graded homomorphism of degree 0. Hence it
extends to the whole 7' and induces a map

£:T — (T7"8T") ®47 Ty = Di(T,Q[w]; T"&T") — Hy(T,Qw]: T"&T"),
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which corresponds to the map in Definition 3.5.1. Consider the map

C:T¢ @7 (17T — T,

WRURQU > UWD,
which is well-defined, since, for all X € H,
CXweuv)+Cw® Xu®v)) =u(Xw—wX)v—uXwv +uwXv =0.

Then we have:

Lemma 4.4.2.
Cw &) = Pw)w) e T

forany w € T°® H andu € T. Here

9T Q@H — H*® T¢,
meY  — —(1Y)Qm,

is the map given in (4.7). The right hand side means the action of 9w on the tensor
u as a derivation.

Proof. It suffices to prove the lemma foru = X;...X,,, X e HHw=mQ®Y,
meT¢andY € H. By Lemma 4.4.1,

C(w-§(u))
= G((m@Y)ZXI ...Xi—l ®Xi+1...Xn ®Xl)
i=1
n
= (Y- X)Cm® Xy ... Xi1 ® Xiy1...Xp)
i=1

n
== (X V)(X1... XimXip1 ... Xp)
i=1

= le Xl M QY)Y (X)) Xig1 ... Xn = (Fw)(w).
i=1

This proves the lemma. O
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Hence we obtain:

Proposition 4.4.3. Under the identification (4.12) and the map
§: T — H(T, Qo] T78T"),

the action of the Lie algebra ag on the algebra T by derivations coincides with
minus the intersection form

—C(+): H(T;T% @ H\(T,Q[w]; T"®T") — T' =T.
In other words, for any w € H; (f"; f"c) andu € T, we have

Clw-§w) = —w(u).

5. Comparison via a symplectic expansion

In this section we prove Theorems 1.2.1 and 1.2.2 in the Introduction.

5.1. Comparison via a Magnus expansion. Let F,, = (x,...,x,) be a free
group of rank n > 1 with standard generators xi, ..., X, T the completed tensor
algebra of the rational homology group H;(F,;Q), and 0: F,, — Ta Magnus
expansion of F, as in Definition 2.3.1. Then 6 induces an algebra homomorphism
0: QF, > T. We regard a left T-module M as a left Q F,,-module via 6.

Lemma 5.1.1. For any right T-module M, and left T-module M, 0 induces
isomorphisms

Or: Hy(Fp: My) —> H(T; M),
and

0*: H*(T, My) —> H*(F,; My).

Proof. There exists a filter-preserving automorphism U of the algebra T, such that
0(x;) = U(1 + [x;]) for any 1 <i < n (see [14], Theorem 1.3). Since {[x;]}7_, C
H,(F,;Q) is a free basis of the left T-module T, the set {0(x;) —1}7_, isalso a
free basis of 7A“1. Hence we have a decomposition

My ®3 T, = @Ml ® (0(x;) —1).

i=1
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On the other hand, by using Fox’ free differential, we find out {x; —1}_, is a free
basis of the left Qw-module / F,,. This implies a decomposition

n
My ®qr, TF, = P M @ (x; — 1).

i=1
Hence we obtain an isomorphism of chain complexes

Ox: Di(QFy: My) = My ®7 Pu(T),

and so the isomorphism 6. : Hy(Fy; My) = H*(YA"; M;y). A similar argument
holds for H*(T'; M) and H* (F,; M>). O

Letf: 7 — T be a symplectic expansion of the fundamental group = of the
surface X. Then the restriction of 6 to the subgroup (¢) is a Magnus expansion
of the infinite cyclic group (). Hence, by Lemma 5.1.1 and the five-lemma, we
obtain

Corollary 5.1.2. Let 0 be a Magnus expansion of the fundamental group  of the
surface X satisfying 0({) = exp(w). Then the algebra homomorphism 6 induces
an isomorphism

Ou: Ha(m. (£): M) — Hu(T, Q[o]: M)
for any left T-module M. Here we write simply 0y for (6, 0)«.

5.2. Symplectic expansion. Hereafter suppose that 6 is a symplectic expansion
of the fundamental group . Then we have a commutative diagram of (complete)

Hopf algebras
9

Q) — Q[e]

’l l" (5.1)

As was proved in Lemma 5.1.1 and Corollary 5.1.2, we have isomorphisms
Op: Ho(m: M) —> Ho(T: M),
0*: H*(T: M) — H*(x: M),

and
O Hy(, ({); M) — Ho(T,Q[w]; M)

for any left T-module M. Now we have:



390 N. Kawazumi and Y. Kuno

Lemma 5.2.1. 6.[3] = [£] € Hy(T. Q[w]; Q).

Proof. In the commutative diagram

Hy(Z,0%:Q) == Ha(r, (£);Q) —— Hy(T,Q[w]; Q)

| | |

Hy(03: Q) =——— H,({): Q) —=— H,(Q[o]: Q).

the fundamental class [X] is mapped to —[¢] € H;({¢); Q). In fact, the loop ¢ goes
around the boundary dX in the opposite direction. Since 6 is a symplectic expan-
sion, we have —60,[f] = —w = 3x[L] € H1(Q[w]: Q). This implies 6,[X] = [£],
as was to be shown. O

Hence, by Proposition A.3.2,
Corollary 5.2.2. We have a commutative diagram

H' (M) % HY(T: M)

[E]ﬂl l[ﬁ]n

Hy(. (¢€): M) —— Hi(T.Q[o]: M)
for any left T-module M.

Here it should be remarked that the cap product on the pair of spaces (X, 0X)
coincides with that on the pair of Hopf algebras (Q, Q(Z)) by what we proved in

§A.5. Thus the intersection form on the pair (7, Q[w]) is directly related to that
on the surface X.

Proposition 5.2.3. For any left T-modules My and M», we have a commutative
diagram

Hy(mw; My) ® Hi(m, (¢); M>) ENSPER M Q@qr M>

9*®9*l l

H\(T; M) @ Hi(T, Qo] M) ——> M1 ®7 Mo.
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5.3. Proof of Theorem 1.2.1. Recall the map A: Qi — H;(w; Qx¢) in §3.4,
whose kernel is the subspace Q1 spanned by the constant loop 1 = [1| € 7.
Since the group n is free, the map H«(0): Hi(mw; Qn€) — Hi(m; TC) induced
by the injection 6: Qn¢ — T¢ is injective. As was proved in Lemma 5.1.1,
Ox: Hy(m; YA“") - H I(YA“; TC) is an isomorphism. Let A4 be the composite

! ¢y Hx() A e A A A
Ag: Qr — Hi(7:Qn®) —— Hi(m:T) — Hi(T:T%) = N(T1) = a,.

By what we showed above, the kernel of A4 is the subspace Q1.

In order to describe the map Ag explicitly, we introduce some notation around
the algebra 7'. Let

NC j\—' —> 7’—\'1
be the map defined by

N|H®0=O

and

n—1

N 1
Nlgen = ;N|H®” = Z
i=o

1 .
-, n>1.
n

Clearly we have N | NEy = Ingy)- We denote by y the composite

){ZTC@??l:Tc@H‘—)Tl.

We have
1(Ker(T¢ @2 Ty 25 7¢ @2 7)) = N(Ty).
Let
: 7T — 1
be the map defined by
O(X1...Xn) =[X1,[---[Xn=1,Xu]...]] Xi€H,n=>1.

We have ®(u) = nu and [u, ®(v)] = ®(uv) foranyu € LN H® and v € T;.
See [26] Part I, Theorem 8.1, p. 28. %CI>| gon is exactly the Dynkin idempotent.



392 N. Kawazumi and Y. Kuno
Lemma 5.3.1. Foranyu € T andv ¢ 7A"1, we have
Nx(u ®v) = Nud()).

Proof. It suffices to prove the lemma for v € H®4 by inductionong > 1. Ifg = 1,
then N y(u ® v) = N(uv) = N (u®d(v)). Suppose ¢ > 2 and v € H®I~!. For any
X € H we have

Ny(u® Xv) = N y([u, X] ® v)
N ([u, X]®(v))
= N@u[X, ®(v)))
= Nu®d(Xv)).

This completes the induction. O

All we need for the following lemma is the group-like condition (see Defini-
tion 2.4.1 (1)) on the expansion 6. In particular, we do not need the symplectic
condition (see Definition 2.4.1 (2)) here.

Lemma 5.3.2. For any x € &, we have
Ag(x) = NO(x) = N(B(x)—1) € N(YA"I) = dg.

Proof. The homology class A(x) = x ® [x] € Hi(w; Qn€) is represented by
x®((x—1) € Qr® ®qr Im = D1(Qm; Qr¢). Hence

Ao(x) = xOxHi(0)(x ® (x — 1))
= 10 (0(x) ® (x — 1))
= y(0(x) ® O(x — 1)).

Since [£?(x), 6(x)] = 0, we have
00 @00 —1) = 3 21600 ® ()
k=1

= 0(x) ® L0 (x) € T @4 Ti.
Clearly we have N £ (x) = [x] = N ®£?(x). We denote by

x)eL, =LNH®P
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the degree p-part of £7(x) € L. Forn > 2, we have

nN (% (x)" 0 (x))

_Z Z N(epl+1 LA (08 (x) .. 48 ()DL (x))
=y ¥ ﬁzv(egm( X) .8 () (x) .8 () (x))

_Z 3 p1+ +p — N (x)... 05 (x))

i=1D1 Dn

= Y N (x)...£5 (x))

= N (x)™).
Hence, by Lemma 5.3.1, we have
g (x)
= X(6(x) ® £°(x))
= Nx(6(x) ® £°(x))

= N(@0%(x)) + Z T 1)'(k + DN (x)* 0L (x))

— Ne9(x) + Z N (x)¥*)

L+ 1)!
= N(O(x) — 1). O

With respect to the Ty-adic topology, the image of the map 6: Qr — T is
dense in the space T. Clearly the map N : T — N(T}) is a continuous surjection.
Hence the image of the map Ag: Q7 — N (Ty) is dense in N(T}). Summing
up Propositions 3.4.3 (2), 4.3.2, 5.2.3 and Lemma 5.3.2, we have a commutative
diagram

oH ®2 ~ A
Q)82 225 (Hy(r; Quey)®? Oy (7 T9))®? — ()2

[,]l m(-)l BHl —[,]l

Qf ——— Q& N(T)) ——— .




394 N. Kawazumi and Y. Kuno

This means that the map —Ag: QT — N (Tl) = a, is a Lie algebra homomor-
phism. This completes the proof of Theorem 1.2.1.

By Theorem 1.2.1, we may regard the formal symplectic geometry a, as a com-
pletion of the Goldman Lie algebra Qz’. In our paper [16] we use this idea to
compute the center of the Goldman Lie algebra of an oriented surface of infinite
genus.

5.4. Proof of Theorem 1.2.2. We need some lemmas.

Lemma 54.1. Ifu € T is group-like, namely, u satisfies A(u) = u®u, then we
have
Eu) = (18u) ® u—1) e (T"®T") @4 Ti.

Proof. When u is given by u = Y 5o, uy, ux € H®k, we denote
m
def
u5m=2ukeT, m> 1.
k=0

Then we have £(u) = E(u<pm) = 1 @ tam ® (U< — 1) = (1QU) ® (u — 1)
modulo the elements € (f’@f"l) Rz Ty whose degree are greater than m. Since
we can choose m arbitrarily, we obtain £(u) = (1&u) ® (u — 1). This proves the
lemma. O

Lemma 5.4.2. We have a commutative diagram

Qr —— Hy(r.{£):Qn" ® Q')
9l lQ*OH*(G)
T — Hy(T,Qw]; T"RTH).
Here L
H.(0): Hi(m, (0): Q" ® Qu') — Hi(m. (¢): T"®TY)
is the map induced by
0: Qn" ® Q! - T"RT'.
Proof. For any x € m, 8(x) is group-like, so that, by Lemma 5.4.1,
£0(x) = (1®0(x)) ® (0(x) — 1)
= 0.((186(x)) ® [x])
=0 H«(0)(1 ® x) ® [x])
= 0. H(0)E(x). O
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By the definition of the two C’s we have a commutative diagram
Qr° ®qx (Q7" ® Q') — Qn’
0®9®0l le (5.2)
Te ®7 (TT&TY) — T
By Propositions 3.5.2, 5.2.3 and Lemma 5.4.2, we have
0(o(u)v) = 0C«(A(u) - §(v))
= C((6« Hx(0)A(w)) - (0x Hx (0)€(v)))
= C(Ag(u) - §6(v)).
which equals —A¢(u)6(v) by Proposition 4.4.3. Hence we obtain
O(o(u)v) = —Ag(u)8(v).

This completes the proof of Theorem 1.2.2.

5.5. Key formula. Recall that, by §3, the map | - |: Qn — Q7 and define
0:Qr xQmr — Qm

by
o(u,v) = o(|u|)v.

Lemma 5.5.1. For any integers p,q > 0, we have
o((In)? x (In)?) c (In)Pta2,

Proof. Since 6~ (T,,) = (I7)?, it suffices to show the following: if u € (I7)?
and v € (In)?, then 8(o(u,v)) € Tp+q_2. By Lemma 5.3.2 and Theorem 1.2.2,
O0(o(u,v)) = —Ag(u)6(v) = (NO(u))0(v). On the other hand, we have N6(u) €
YA}, and O(v) € YA"q, by assumption. Hence (N0 (u))8(v) € 7A"p+q_2. O

By this lemma, we see that o naturally extends to o : @; X @} — @; and the
diagram
Qr xQr —2> Qn
—Agx&l le (5.3)

A~

agxT — T,
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which is an extension of the diagram (1.3), commutes. Let f(x) be a power series
in x — 1. Then for x € 7, N(O(f(x)) € a; = N(f’l) is defined. For example, if
f(x) = logx, then N(O(f(x))) = N(?(x)) = [x]. Let f(x) = (logx)2. Then
N@O(f(x) = N (x)€?(x)) = 2L9(x). Therefore, by (5.3) we obtain a key
formula to prove Theorem 1.1.1.

Theorem 5.5.2. Forx,y €,
6(o((logx)*)y) = —2L° (x)0(y).
As an immediate consequence, we have the following:

Corollary 5.5.3. Let o be afree loop and B a based loop on X. SupposeaNf = 0.
Then LY (2)0(B) = L% (a)t?(B) = .

Proof. By assumption, o(a")B = 0 for each n > 0, hence o((loga)?)8 = 0.
Using Theorem 5.5.2, we have L(«)0(B) = 0. Since £7(8) = log6(B) and
LY() is a derivation, we also have L% (x)¢?(8) = 0. O

6. The logarithms of Dehn twists

In this section we prove Theorems 1.1.1 and 1.1.2 in the Introduction, and derive
some formulas of r,f (tc), which matches the computations by Morita.

Let us recall some notations. As in §5.3, for a group-like expansion 6 and
x € w we denote by

(x)eLy,=LNH®P

the degree p-part of £9(x) L. For example, we have éf(x) = [x]. Further we
denote

o0
L°(x) =) L}(x). L{(x)e H®.
i=2
Then we have

i—1
Lf(x) = %N ( > (x)e?_p(x)).
=1

The tensors L?(x) and L? (x) are regarded as derivations of the algebra T, and are
elements of [, (see §2.7).



The logarithms of Dehn twists 397

A simple closed curve C on X is called non-separating (resp. separating) if
¥ \ C is connected (resp. not connected). The proof of Theorem 1.1.1 is divided
into two cases according to whether C is separating or not. We take symplectic
generators suitable to C and compute L% (C)(x;), hence e=L’©g(x;) by using
Theorem 5.5.2 where x; is one of the generators. Next we observe this value
coincides with T9(tc)8(x;) = 6(tc(x;)). Together with the fact that {6(x;)};
generates T asa complete algebra, we will get the conclusion.

6.1. Proof of Theorem 1.1.1. Suppose C is non-separating. We take symplectic
generators aq, B1., ..., g, Bg such that || is homotopic to C as unoriented loops.
Then the action of t¢c on 7 is given by

(o) = ai, 1<ic<g,
tc(B1) = Broy, (6.1)
tc(Bi) = Bi, 2<i=<g.

Lemma 6.1.1. Notations are as above. Then

L9(C)0(i) =0, 1<ic<g,
LY(C)6(B1) = —0(B)LY ().
L¥(C)0(B;) = 0, 2<i<g.

Proof. SinceC Na; =@forl <i <gandC NP =0@for2 <i <g,we
have LY(C)0(e;) = Ofor1 <i < gand LY(C)A(B;) = 0for2 <i < gby
Corollary 5.5.3.

It remains to prove L% (C)0(B1) = —0(B1)L (ar1). We have

o(@f)pr =npraf, n=0.

Thus for m > 0, we compute

o =1 = 0" (")t
n=0

= mpBrai(a; — 1)1
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Here we use n(7) = m(’r'l’:ll) This implies if f () is a power series in a; — 1, then
o(f(a1))B1 = Bra1 f'(a1), where f’(a) is the derivative of f(aq). If f(op) =
(log1)?, then ay f'(0;) = 2loga;. Therefore, o((loga1)?)B1 = 2B1loga;.
Substituting this into Theorem 5.5.2, we get

LUC)8(B) = 300 (loger)) 1) = ~0(B Togar) = ~6(F1) (@), O
By Lemma 6.1.1, we have

e LOg@) = (), 1<i<g,
and
e ©O0) = 0(B1), 2<i<g.

Also Lemma 6.1.1 implies
L€YY 0(B1) = (=10 (), i =0,

Hence

OB = 3 LLUCY 0if)
i=0 ’

= 0B Y. )
i=0

= 0(B1)0(a1)
= 0(Bra1).

On the other hand, (6.1) implies that the total Johnson map T (¢¢) satisfies
To(tc)(B(ei) = (@), 1=<i=<g,

TO(tc)(0(B1)) = O(Brar),

and
TO(tc)(0(B:) = 0(Bi). 2<i<g.

We have shown that the values of e=£°©) and T%(tc) coincide on the set
{6(;), 0(Bi)}i, and this set generates T asa complete algebra. Therefore we
obtain the equality e=2°©) = T9(t¢) € Aut(T). This completes the proof of
Theorem 1.1.1 for the case C is non-separating.
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Next, suppose C is separating. Take symplectic generators oy, B, ..., g, Bg
such that C is homotopic to |y;| as unoriented loops, where y;, = ]_[ﬁ’=1 [ai, Bil
for some 4. Then the action of #¢c on 7 is given by

te(w) =y, teiyn, 1<i <h,

tc(og) = a4, h+1<i<g,

C( l) i g (6,3)
tc(Bi) =y, 'Bivn. 1<i<h,

tc(Bi) = Bi. h+1<i<g.

Lemma 6.1.2. With the above notations,

[€6 (). 0(ei)], if1<i <h,

LO(C)b(w) = . .
0, ith+1<i<g,

and

[€0(yn). 0B, if 1 <i <h,

L%cwwn={ . _
0, ifh+1<i<g.

Proof. Supposei > h + 1. Since C Na; = C N B; = @, by Corollary 5.5.3,
LY(C)0(a:) = LY (C)0(Bi) = 0.
Ifi <h,
oy, = —nyja; +najyy, n>0.

By a computation similar to (6.2),
o((yn = D™ = maiyp(yn — )" =myp(yp = D" 'y, m > 0.
This implies if f(y;) is a power series in y;, — 1, then
o(fyn)ai = ciynf'(vn) = vu S (vn)eti.

Therefore, o ((log y,)?)a; = 2(; log yy — (log yp)a;). Substituting this into The-
orem 5.5.2,

L (C)0(er) = —0(a; log yp, — (log yn)ai) = [ (yn), 0(e:)].

The proof of L (C)A(B;) = [€% (1), 6(B:)] is similar. O
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By Lemma 6.1.2,if i > h + 1, then
eH©0(e;) = 0(@) and e O0(B) = 0(By).

Suppose i < h. By Corollary 5.5.3, LY(C)£%(y,) = 0. Combining this with
Lemma 6.1.2, L?(C)"0(x;) = ad(£% (y5))™6(e;) for m > 0. Hence,

o0

Oy = 3 %ad(—ee(m)me(a»

m=0 '
— e—fg(yh)g(ai)ef‘q(yh)
= 0(y; 'aiyn).
Similarly, e £°©g(B;) = 0(y;, ' Biyn) fori < h. On the other hand, by (6.3)

TO(tc)0(ci) = 0(yy, "oiyn). TO(tc)0(Bi) = 0y Bivn). 1=<i <h,
and

TO(tc)0(e) = 0(es), T9(tc)0(B:) = 6(By). h+1<i<g.

Now the values of e =2 (©) and T (t¢) coincide on {0(a;), (Bi)}:, and as the
proof for non-separating C, this leads to the equality e~LY©) = T9(tc). This
completes the proof of Theorem 1.1.1 for the case C is separating.

We have established Theorem 1.1.1. Let us give an orientation on C and denote
by [C] € H its homology class. Then the square of Lg(C) = [C][C] acts on H
trivially. See Lemma 6.4.1 and Proposition 6.5.1. Recall that, by §2.5,

T%(tc) = %(tc) o Jic.
Let X € H. Modulo 7A"2,
tclX =7(tc) o lic|X

=T°%(tc)X

= LOy

=x-LY(C)x

=X - (X-[C]DIC].
Namely,

ltc|X =X —(X-[C)DI[C], X € H.

This is nothing but the classical formula as stated in the Introduction (1.2).
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6.2. Action on the nilpotent quotients. We prove Theorem 1.1.2. Let [, =
Ik (), k > 1 be the lower central series of 7. Namely I'y = =, and define
I’y successively by Iy = [[k—1, 7] for k > 2. For k > 0, the k-th nilpotent
quotient of  is defined as the quotient group Ny = Ng(w) = 7/ k4. Note that
N1 = n/[r, 7] is nothing but the abelianization of 7. Since any automorphism of
7 preserves Iy, the mapping class group M, ; naturally acts on Ny for each k.
Let 6 be a (not necessarily symplectic) Magnus expansion of . Foreachk > 1
we have
0711 + Ty) = Iy (6.4)

See Bourbaki [2] ch.2, §5, no.4, Theorem 2. Therefore, 6 induces an injective
homomorphism 6: Ny — (1 4+ T1)/(1 + Tx41). Note that 1 + Ty is a normal
subgroup of 1 4+ T7. By post-composing the natural injection

(1 +T0)/( + Ter) = T/Tit1,

we get an injection
0: Np —> T /Ts1. (6.5)

Since the total Johnson map 77 (¢) of ¢ € M1 is filter-preserving, it naturally
induces a filter-preserving automorphism of the quotient algebra T/Teq1. Using
the same letter we denote it by 7 (¢). By construction the injection (6.5) is com-
patible with the action of Mg ;: we have T9(p) 0 8(x) = 6 o p(x) for any x € Ng.

For a group G, let G be the quotient set of G by conjugation and the relation
g ~ g7 ', g € G. Let C be a simple closed curve on . Choose any x € 7
such that x is freely homotopic to C as unoriented loops. Then the element of 7
represented by x is independent of the choice of x. For each k > 0, let Cx € Ni
be the image of this element under the natural surjection 7 — Nk.

Proof of Theorem 1.1.2. Fix a symplectic expansion 6. By Theorem 1.1.1, we have
T%(tc) = ¢ L°©) ¢ Aut(T). Remark that the action of e=L°(©) on T/Tj4,
depends only on Lf(C), 2<i<k+1

Pick x € = such that x is freely homotopic to C as unoriented loops. Let
x" € 7 such that x7'x" € Tyy1. By (6.4), it follows that £9(x) = £¢(x") for
1 <i <k. Since LY(C) = L (x) = %N(Ze(x)ée(x)), this observation together
with Lemma 2.6.4 shows that Lf(C ),2 <i < k + 1, depend only on the class
Cr € Ni. This proves the first part.

If C is separating, x € I'; hence K‘f(x) = 0. Thus if x” € T, is a represen-
tative of another separating simple closed curve C’, satisfying x~'x’ € I, then
L?(x) = L?(x/) for 2 <i < k + 1. Therefore, L?(C), 2 <i <k + 1depend only
on the class Cx_; € Ni_;. This completes the proof. O
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Theorem 1.1.2 is a generalization of the following well-known facts: 1) the ac-
tion of ¢ on Ny = H;(X; Z) depends only on the class £[C]; 2) if C is separat-
ing, then 7c belongs to the Johnson kernel X, ; = Mg 1[2], the subgroup of the
mapping classes acting on N, as the identity.

6.3. The formula for r,’i (t¢) for separating C. In the rest of this section we

derive formulas for the k-th Johnson map (see Definition 2.5.1) of 7¢ associated

to a symplectic expansion. We often write simply L¢(C) = L, Lz(C) = Ly, etc.
In this subsection we treat the case of separating curves.

Theorem 6.3.1. Let 6 be a symplectic expansion and C a separating simple closed
curve on X. Then for k > 1, the k-th Johnson map r,? (tc) is given by

deer= Y CX g,

1<n<[k/2] T (myemp),mi>4,
My +etmy=2n+k

For example, we have 119 (tc) =0, and
0 _ .
T, (tc) = —La4;
0 _ .
73 (ic) = —Ls;

1
Tf(tc) =—Le¢ + §L2;

Tg(tc) =—-L7+ %(L4L5 + LsLy);
td(tc) = —Lg + %(L4L6 + L2+ LeLyg) — éLi-
Here, L7 is the composition Lyo Ly: H — H® — H®3, etc.
Proof. Since C is separating, |tc| = id hence % (tc) = T%(t¢), and Lg(C) =

Lg(C) = 0. Thus, Le(C) =Ls+ Ls+.... For X € H, the degree k + 1 part of
L(C)"X is equal to

my+-+my=2n+k

In particular if n > [k /2], the degree k + 1 part of L(C)" X is zero. The conclusion
follows by Theorem 1.1.1 ]
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Remark 6.3.2. In [21] Proposition 1.1, Morita computed 7, (¢¢c) for separating C,
and our formula tf(tc) = —L§ coincides with his formula. In fact, we have
tc € Kg,1 as we remarked at the end of §6.4, and rg (tc) does not depend on the
choice of 6.

6.4. Computations of Lz(x) for small k. Compared with the separating case,
the non-separating case is more complicated because, Lg(C ) # 0 for non-sepa-
rating C. So, for non-separating C, we do not have a complete formula for r,f (tc),
k > 1, and in this paper we only give formulas for tf(tc) and ©{ (tc). Even in
these cases, we need considerable computations. This subsection is a preparation
for the computations.

Let A¥ H be the k-th exterior product of H. We can realize A¥ H as a subspace
of H®* by the embedding

AH — H®* Xy A A X — ) sign(0) Xo) ® -+ ® Xogr-
(AP
Note that A2H = £, and X AY = [X, Y]. By a straightforward computation, we
have

Lemma 6.4.1. Let 0 be a group-like expansion. Then for each x € ,

(1) LY(x) = [x][x];
) Li(x) = [x] Al8(x) e A®H.

Let 6 and 6’ be symplectic expansions. As we saw in §2.8, there uniquely
exists U = U(0,0’) € IA(T) suchthat ¢/ = U o 0, U(H) C £, and U(w) = w.
The restriction of U to H is uniquely written as

o0
Ulg =1y + Zuk, ux € Hom(H, Lg41).
k=1
By (2.5) weregard uy € H @ Lg4.
Lemma 6.4.2. With the above notations,
() uy € A*H C HQ® Ly;

2) for x € m,
€8 (x) = €5(x) + uy ([x]):

€8 (x) = €5(x) + uy (€5 (x)) + ua([x]).

Here, ul(ﬁg(x)) means (1g @ u; +u; @ IH)Zg(x).
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Proof. Modulo T4, we compute

g
w =Uw) =Y U(A)U(B;) — U(B)U(A;)
i=1
g
D (Ai +ur(A))(Bi + w1 (Bi)) — (Bi + u1 (By))(A; + u1(4y))

i=1

g
= o+ Y (A1 (B) +u1(A;) Bi — Biuy (A;) — ur (Bi) Ay)

i=1
By the same reason as the discussion in §2.8, this implies
uy € Ker([, ]: H® L, — L3).
Also, we have
Ker([,]: H® L, — L3) = A3H.

In fact, if u € Ker([, ]: H ® L — L3) then v(u) = u by Lemma 2.6.2, thus
u = 2(u + v(u) + v>(u)). This shows u € A*H. The other inclusion follows by
the Jacobi identity. This proves the first part.

Again modulo 7A"4, we compute
¢ (x) = U([x] + €5 (x) + €5 (x))
= [x] + ur ([x]) + u2([x]) + €5 (x) + ur (€5 (x)) + €5 ().

This proves (2). ]

Corollary 6.4.3. Notations are the same as Lemma 6.4.2. For x € «,

M) LY (x) = L§(x) = [x] A ur([x]), and

2) %Zbc) = L{(x) = N(xJur (65 (x)) + N(xuz([x]) + N x)ui([x]) +

EN(MI ([xDu1 ([x])).
Proof. 'The first part is clear by Lemmas 6.4.1 and 6.4.2. The second part follows
by
1
L{() = N(xJ5(0)) + 5N (0)45(x)

and Lemma 6.4.2. O
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6.5. The formulas for tf (tc) and rg (t¢) for non-separating C. Let C be a
non-separating simple closed curve on X. As we did in §6.2, we take symplectic
generators o, f31. ..., ®g, B such that |, | is freely homotopic to C as unoriented
loops. In this situation, Massuyeau [20], Example 2.19 gave a partial example of
a symplectic expansion §° whose values of {Zeo(al) and 1290(,3 1) modulo Ts are

@) = Av+ 514 B+ B (A Bl + 5 A T4 T4 Bl
and
(1) = B1 — %[Al, Bi] + %[Aly (A1, Bi1]] + i[Bl, [A1, B1]]
— 1B B (B AN

Here, Ay = [o1] and B; = [B:1]. Note that our conventions about symplectic
generators and the boundary loop ¢ are different from Massuyeau [20].

(6.6)

Proposition 6.5.1. Let 0 be a symplectic expansion and C a non-separating sim-
ple closed curve on X. Let L = LZ(C ). We regard them as derivations of T.
Then L% = LyL3; = L3L, = 0on H. In particular, as linear endomorphisms
of T, L' Y yen = 0and LyLy = LL,.

Proof. We take symplectic generators as above. Since L, = A2,
L3(X) = (X -A1)L24; =0, X € H.

Therefore, L3 = 0on H.
Let 6° be the symplectic expansion (6.6). By Lemma 6.4.1 (2),

1
L8 ) = 5414 AL A B =0,

Thus L2L3 = L3L2 = 0 for 90.

Let 6’ be another symplectic expansion and let U = U(#°, 6’). We need to
show LYLY = LYLY = 0on H. If U = id, this is true by what we have
shown. Therefore, the proposition follows by Corollary 6.4.3 (1) and the following
lemma. O

Lemma 6.5.2. Let L, = A% and let L} = Ay A ui(Ar), where uy € A3H.
We regard them as derivations of T. Then L, L% = L3 L, = 0on H.

Proof. The proof is straightforward, so we omit the details. We just remark that
by linearity, it suffices to prove the lemma when u is of the formu; = X AY A Z,
where X, Y, Z € {A;, B;}; are distinct. |
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Theorem 6.5.3. Ler 6 be a symplectic expansion and C a non-separating simple
closed curve on X. Then we have

f(tc) = —L§(C). (6.7)
Proof. For X € H, we have
Pe)X = TO(te)(te| 7' X) = e 5 (X + Lo X).

Thus rf (tc)X is equal to the degree two-part of e =L (X + L,X). Modulo Ts, we
compute

e LX + LyX) =X 4+ LoX — Lo(X + LyX) — L3(X + LX) = X — L3 X,
using Proposition 6.5.1. This completes the proof. O

This theorem is compatible with the computation by Morita [22], Proposition
4.2. One reason for the choice of our convention about the Poincaré duality (2.3)
is to make our formula compatible with his computation.

We next compute r29 (tc) for non-separating C.

Proposition 6.5.4. Let 0 be a symplectic expansion and C a non-separating curve
onX. Let Ly = LZ (C). We regard them as derivations of T. Then LoLoL,L4 =
L2L2L4L2 = 0, and 2L2L4L2 = L2L2L4 on H.

Proof. Let 0° be a symplectic expansion of (6.6). We first prove the proposition
for 6 = 6. We have L, = A2. For simplicity we write L& (C) = LY. By a direct
computation using Lemma 2.6.2, we have

1
Ly = ==N([41, Bi][41, B]]).
24
By this we can show that L,L,LS = L,L9L, = 0 on H, hence we obtain
L2L2L2L0 = L2L2L2L2 = 0 and 2L2L2L2 = L2L2L2(= 0) on H.

We next consider the general case. Let 6’ be another symplectic expansion and
U=U®6). Let L, = A2and L} = LY (C) - LEO(C). It suffices to prove
L3L = L3L Ly =0,and 2L, L L, = L3L} on H.

By a direct computation using Corollary 6.4.3 (2) and Lemma 2.6.2, we obtain

Ly = N(Aua(40) + 3NGar (A (An).

Since u»(A1) € L3 and uy € A3H, it follows that L), € H®* is a linear combina-
tion of monomials in {4;, B;}; with the number of the occurrences of B; at most
two. By this observation we have L3L] = L3L;L, =0on H.
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It remains to prove the assertion 2L, L} L, = L3L} on H. Let
" 1
Ly = SN (A)ui (A1)

Since u; € A*H, L is a linear combination of monomials in {4;, B;}; with
no occurrence of By. It follows that 2L,L}'L, = L3L} = 0 on H. Now the
assertion follows by the following lemma. U

Lemma 6.5.5. Letu € L3, X € H and set Ly = X?, Ly = N(Xu). We regard
Lx and Ly as a derivation of T. Then 2Lx L4Lx = L% L4 on H.

Proof. The proof is straightforward, so we omit the details. We just remark that
by linearity, we may assume that u = [Y1, [Y>, Y3]], Y; € H. U

Theorem 6.5.6. Let 0 be a symplectic expansion and C a non-separating simple
closed curve on X. Then we have

1 1
Y(tc) = —Lg + E[Lz, L4l + 5L§. (6.8)

Proof. Let X € H. Modulo T4, we compute
LX = LyX 4+ L3 X + L4X,
LLX = Ly(LaX + L3X + L4X) + L3(LoX + L3X) + LaLoX
=LoL4X 4+ L3L3X + L4l X,
LLLX = LyLyLyX 4+ LoLsLlsX 4+ LoLlal X
=Lyl L4 X + LoL4lo X,
LLLLX = LyLloloLaX + LoloLgl X =0,

L(LzX) = L4L2X, LL(LzX) = L2L4L2X, and LLL(L2X) = 0. Here we use
Proposition 6.5.1 and the first part of Proposition 6.5.4. Note that L,L3L3X =
L3L,L3X = 0. Therefore, the degree 4-part of ‘L’e(lc)X = e‘L(X 4+ LX) is
1
—LaX — L4l X + E(L2L4X + LilsX + Lal2X)
1 1
+ §L2L4L2X — E(L2L2L4X 4+ LyLalyX).

Using the second part of Proposition 6.5.4, we obtain the formula. U
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7. The case of Mg .

We close this paper by deriving similar results for the mapping class group of
a once punctured surface. Let X, be a closed oriented C *°-surface of genus g.
Choose a basepoint %' € X, and let 71 (Xg) = 71 (Zg, *).

7.1. The mapping class group M, .. Let M, . be the mapping class group
of X, relative to ', namely the group of orientation-preserving diffeomorphisms
of X, fixing *’, modulo isotopies fixing *’. By the theorem of Dehn—Nielsen, we
have a natural identification

Mg+ = Aut™ (1 (Zg)). (7.1)

where + means acting on H,(71(2g); Z) = Z as the identity.
We take a small disk D around *’ and fix an identification

S \ Int(D) = .

We can extend any diffeomorphism of X to a diffeomorphism of X, by defin-
ing the extension as the identity on D. In this way we have a natural surjective
homomorphism

Mg, 1 —> Mg . (7.2)

For simplicity let us write Auty () = {¢ € Aut(m); ¢({) = ¢} (see (2.1)). We have
a natural surjection from 7 = 71(X, *) to 71(Xg) = 71(Zg, *’). This naturally
induces a homomorphism Aut; (7) — Autt (71(Z,)). This map is compatible
with (2.1) and (7.1).

7.2. Action on the completed group ring of 71(X). Let N be the two-sided
ideal of T generated by w, and T /N the quotient algebra. It naturally inherits
a decreasing filtration (T /N) p» p > 1 and a structure of complete Hopf algebra
from 7. We denote by @ the projection T — T/N.

If 6 is a symplectic expansion of 7, 6(¢) = exp(w) € 1 + N. Thus it induces
a group homomorphism 6 : m(Zg) - 1+ (T /N);. The following lemma is
essentially the same as [20] Proposition 2.18, so we omit the proof.

Lemma 7.2.1. Let 6 be a symplectic expansion of w. Then the induced map
0: Qmi(Zg) — T/N (7.3)

is an isomorphism of complete Hopf algebras. Here m) is the completed
group ring of m(Xg), namely the completion of Qmi(Zg) by the augmentation
ideal.
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The isomorphism (7.3) leads to the definition of a counterpart of the total John-
sonmap T7: Mg — Aut(7T). Let Aut(T /N) be the group of the filter-preserving
algebra automorphisms of T /N. Let ¢ € M «. As a consequence of (7.3) there
uniquely exists 79(@) € Aut(T/N) such that T%(¢) o 6 = 6 o ¢. In this way we
have the group homomorphism

T9: My — Aut(T/N).

It is known that (,_, (I71(Zg))™ = 0, where I71(Z,) is the augmentation
ideal. See, for example, Chen [6] p.193, Corollary 1 and p.197, Corollary 4. It fol-
lows that the natural map 7;(Z,) — m) is injective, so is the homomor-
phism T,

Letg € Mg,1. Since 6 is symplectic, T () (w) = TP ()0 () = L2 (p(¢)) =
09(¢) = w. Thus T (¢) € Aut(YA") preserves N. By construction, we have

woT%) =T@) o w, (7.4)

where ¢ € M, 4 is the image of ¢ by (7.2).

Let C be a simple closed curve on X, \ {*'}. Then t¢, the Dehn twist along C,
is defined as an element of M, .. Since X is a deformation retract of X, \ {x'},
we can regard C as a simple closed curve on X. Thus, ¢ is also defined as an
element of Mg ;. By (7.4), we have

w o Te(tc) = Te(lc) ow.

Also, LY(C) € T is well-defined. Since LY(C) € I, by Lemma2.7.2, L?(C)o =
0. Therefore, L% (C) preserves N and it defines a derivation of 7 /N. We denote it
by L(C). By construction, we have w o LY(C) = LY(C) o w and moreover,

_Le _70
woe L(C):e L (C)Ow'.

By Theorem .11, we have T (t¢) o w = ¢~L%(©) 5 75 and since w is surjective,
T9(tc) = e=L7(©) In summary, we have proved the following theorem.

Theorem 7.2.2. Let 0 be a symplectic expansion and C a simple closed curve on
Y¢ \{*'}. Let tc € Mg « be the Dehn twist along C. Then

T(1c) = e 17O,

Here the right hand side is the algebra automorphism of T /N defined by the ex-
ponential of the derivation —L?(C).
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7.3. Action on Ni(m1(Zg)). We prove a result similar to Theorem 1.1.2. Let C
be a simple closed curve on Xz \ {*'}. As we saw in §7.2, we can regard C as a
simple closed curve on X. As we did in §6.4, for each k > 0, Ci € Nt = Ni(n)is
defined. For each k > 0, let Ny (;r1 (X)) be the k-th nilpotent quotient of 1 (Xg),
defined similarly to Ny = Ny (). The mapping class group M, .« naturally acts
on Nk (1(Zg)).

Theorem 7.3.1. For each k > 1, the action of tc on N (m1(Xg)) depends only on
Cy € Ny. If C is separating, it depends only on Ci_1 € Ni_;1.

Proof. Let Ny () — Ni(m1(Zg)) be the natural surjection. This map is compat-
ible with (7.2) and the actions of the two mapping class groups on the nilpotent
quotients. The result follows by Theorem 1.1.2. O

A. Appendix. (Co)homology theory for Hopf algebras

We discuss a general theory of relative homology and cap products for (complete)
Hopf algebras. Theory of cap products on the absolute (co)homology of a sin-
gle (complete) Hopf algebra was already discussed in Cartan and Eilenberg [4],
Chapter XI. But, unfortunately, the authors do not find an appropriate reference
for cap products on the relative (co)homology of a pair of (complete) Hopf alge-
bras. In §4 and §5, these notions relate the Goldman Lie algebra to symplectic
derivations of the algebra T.

A.l1. The mapping cone of a chain map. We begin by recalling the notion of
the mapping cone of a chain map. See, for example, [3] pp.6-7. Throughout this
section we suppose any chain complex Cy = {C,} satisfies C;, = 0 forn < 0. We
call it acyclic if H,(Cx) = O forn > 0. Let f: (C«,d’) — (D«, d) be a chain
map of chain complexes. The mapping cone D, xs C«_; of the map f is defined
by

(D« Af Cie1)n = D, ®Cp—y, and d” = (z _J;:/) .

Then we have a natural long exact sequence

S
co. —> Hy(Cy) — Hp(Dy) — Hp(Dy ¥y Coy) — Hy1(Cy) — ... .
(A.1)
The proof of the following lemma is an easy exercise, so we omit it.
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Lemma A.1.1. If the chain map f is injective, then the natural projection
w: Dyxyp Cooy —> Di/fCx, (u,v) —>umod fCy
is a quasi-isomorphism.
The following lemma will play a fundamental role in this section.

Lemma A.1.2. (1) If a chain homotopy ®: C« — D41 connects [ to another
chain map g: Cx — Dy, namely, d® + ®d' = g — f, then the map

o (1 —O

is a chain map and a quasi-isomorphism.

(2) Assume another chain homotopy ®': Cx — D41 connecting f to g is
homotopic to ®, in other words, there exists a map V: Cyx — Dy, satisfying the
relation

CD;, - @, = (=1)"(d¥, + \Ijn—ld/): Cyn —> Dyt

for each degree n. Then we have

h(®) >~ h(D'): Dy xp Comy —> Dy xg Cyy.

Proof. By a straightforward computation, 4(®) is a chain map. It defines a ho-
momorphism between the long exact sequences (A.1). Hence it is a quasi-isomor-
phism by the five-lemma. We have

d g\ (0 (=D)"Wy L (0 )"V, (d f
0 —d’'J\o 0 0 0 0 —d’
= h(®') — h(D).
This implies the second part of the lemma. O

The followings are well-known.

Lemma A.1.3. Let R be an associative algebra, Cy a left R-projective chain com-
plex, and D a left R-acyclic chain complex. Then

(1) Forany R-map f: Ho(Cx) = Ho(Dx), there exists an R-chain map
¢: Co —> Dy

inducing the map f on Hy.
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(2) If two R-chain maps ¢ and W : Cx — Dy satisfy
@x = Yx: Ho(Cx) —> Ho(D+),
then we have an R-chain homotopy
o ~Y: Cy —> Dy

(3) Moreover, if ® and ® are R-chain homotopies connecting ¢ to V, then ®
and @' are chain homotopic to each other. In other words, there exists an
R-map V: Cx — D45 satisfying the relation

CD;, -, = (=)"(dV, + \pn—ld/): Cn —> Dpy1
for eachn > 0.

Let R’, S/, R and S be associative algebras, and C,, D', Cy and D, chain
complexes of left R’, S/, R and S modules, respectively. Suppose

R —> R C. —— C.
f,l l s and f,l l P (A.2)

are a commutative diagram of algebra homomorphisms and a homotopy commu-
tative diagram of chain maps, respectively, such that the chain maps f’, f, ¢ and
¥ respect the algebra homomorphisms f”, f, ¢ and v, respectively, and the aug-
mentations. Then we have a left R’-chain homotopy ®: C, — D.4; connecting
¥f' to fo. Let M be aright S-module. Then we define a chain map

def _® ’ ,
h((p,@,@[/) = (lg ) ): (M X D*) A (M QR C*—l)

— (M ®s D*) Af (M ®Rr C*—l)
by the composite

v 0
(M KRs’ D;) X (M Rr’ C;—l) L) (M ®Rs D*) Xy 7 (M Rr’ C;—l)

h(®)
e (M KRs D*) XAfep (M QR C=I/<—1)

(65)
% (M ®s D) X (M Qg Cs—1).

Here we regard M as a module on which R’, R and S’ act through the homomor-
phisms fop =y o f/, f, and V¥, respectively.
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Lemma A.1.4. Assume C| is left R'-projective and D acyclic. Then the map

def

(0. ¥)x = h(p,0,¥)x: Hi(M ®s/ D) 70 (M ®r C;_)))
— Hu((M ®s D4) %y (M ®g Cx1))
induced by the chain map h(p, ®, V) depends only on the homotopy classes of the
chain maps ¢ and .

Proof. Suppose ¢': C, — Cy and ¥': D], — D, are chain maps homotopic to
¢ and ¥, respectively, and ®’ a chain homotopy connecting ¥’ f/ to f¢’. Take
a chain homotopy ®: C, — Cyxy1 connecting ¢ to ¢, and W: D), — D,y
connecting ¥ to ¥'. Then the three diagrams

(M KRs’ D;) X (M (02405 C>l/=—1) L) (M ®s D*) Xyro f7 (M QR Cﬂi—l)
‘ lh(\IJo I
(M ®s D;) X (M Qg Cx/:—l) T) (M ®s Dy) Xoyto f1 M Qp Ci—l)

(M ®s D) xyop (M ®r CL_y) —2 (M ® D) %pep (M @ CL_,)
h(\IIOf’)l lh(fo@)
(M ®s Dy) Xyrop (M ®p C;_y) oy (M ®s Ds) Xfopr (M Qpr Cy_y)
(M ®s Dy) X0p (M @ CL_1) 25 (M @5 Dy) 37 (M ®R Cay)

h(foCD)l H
(M ®s Ds) Xfop (M @r Cy_y) — > (M ®s Dy) 3y (M &g Cumt)

commute up to homotopy. Here the horizontal ¥, ¥', ¢ and ¢’ mean the chain
maps (¥ 9), (‘/(’)/ ‘1’), (69) and (g (2/ ), respectively. In fact, the chain homo-
topies (¢ §) and (§ _% ) induce the homotopy commutativity of the first and the
third diagrams, respectively. The maps ® + f o ® and ® + W o f’ are both
chain homotopies connecting ¥ o f/ to f o ¢’. Since C,, is R’-projective and D
acyclic, Lemma A.1.3 (3) implies there exists a homotopy connecting ® + f o ®
to ® 4+ W o f’. Hence, by Lemma A.1.2 (2), we have

h(f o ®)h(®) =h(O® + fo®) ~h(® +Wo f')=h(OYa(¥o f).
This means the homotopy commutativity of the second diagram. Hence we obtain

h((p7 ®’ W) x~ h(QD/’ ®/7 W/)i (M ®S/ D:k) Xf’ (M ®R/ C::—l)
— (M ®s D) Af (M ®r Cx—1). U
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Moreover, suppose

o

R" —*> R & — G
f//\l/ lf/ and f”\l/ lf/
" —— ' D! —— D,

are a commutative diagram and a homotopy commutative diagram as in (A.2). Let
E be a chain homotopy connecting 81" to f’«, and T connecting ¥Bf” to foa.

Lemma A.1.5. Assume C] is left R”-projective and D acyclic. Then we have

h(% ®’ W)*h(“’ E? 18)* = h((pa7 T’ Wﬂ)*
Hy(M ®s DY) g (M @ C_y)) (A.3)
— Hu((M ®s Dy) %7 (M ®g Cuc)).

Proof. By a straightforward computation,

h(p.©,¥)h(a, B, B) = h(pa, Oa + Y E, YB)

as chain maps. The chain homotopy ®« + ¥ E connects ¥f” to fpa. Hence,
by Lemma A.1.4,

h(pa, Y, ¥B)x = h(pa, O + Y E, ¥f)« = h(p, O, ¥)sh(a, E, B)«.

This proves the lemma. O

A.2. Relative homology of a pair of Hopf algebras. Let S be an augmented
algebra over () with the augmentation map ¢: § — Q. We regard Q) as a two-sided

S-module via the map ¢. Let P, 5 Q) be a left S-projective resolution. Then the
homology group H.(S; M) is defined to be

TorS (M, Q) = H.(M ®s Px)
for any right S-module M, and the cohomology group H*(S; M) to be
Exts(M, Q) = H*(Homg(Px, S))

for any left S-module M.
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Now let S be a (complete) Hopf algebra over ) with the augmentation ¢, the
antipode ¢ and the coproduct A. For a left S-module M, we can always regard it
as aright S-module by ms = ((s)m,s € S,m € M.

Consider a homomorphism f: R — S of (complete) Hopf algebras. We re-
gard M as a left R-module through the homomorphism f. Let F 5 Q) be a left
R-projective resolution of ). By Lemma A.1.3 (1), we can choose a chain map
f: Fx — P, which respects the homomorphism f: R — § and the augmenta-
tions. The (co)chain maps

def

f:1M®f5M®RF*—>M®SP*

and
def

f = Hom(f, 1p): Homg (P«x, M) —> Hompg(Fx, M)
define the induced maps
fe: Ho(R; M) — Ho(S; M) and f*: H*(S; M) — H*(R; M),

which are independent of the choice of the chain map f: Fi — Px.

We define the relative homology group H. (S, R; M) by the homology group
of the mapping cone

H.(S, R M) = Ho(M ®s Py) %y (M @R Fio)),

which we call the relative homology of the pair (S, R) with coefficients in M.
Here to simplify the notation we drop the symbol f. We will use the case where
R is a Hopf subalgebra of S and f is the inclusion. It does not depend on the
choice of the resolutions P., Fy, and the chain map f. In fact, let P} and F, be
other resolutions and f’: F, — P, achain map respecting the homomorphism f
and the augmentations. By Lemma A.1.3 (1)(2), we have homotopy equivalences
¢: F, —> Fyand ¢: P, — P, respecting the identities 1z and 1g, respectively.
Lemma A.1.3 (2) implies f¢ ~ vyf': F, — P.. Hence, by Lemma A.l.4, we
obtain a uniquely determined map

(@, V)x: Ho((M ®s Py) 37 (M ®R Fy_y))
—> Hi (M @5 Py) X (M @R Fi—1)).
Homotopy inverses of ¢ and ¢ induce a uniquely determined map

Hy (M ®s Pi) xp (M Qg Fs_1))
— Hu((M ®s PL)»z (M ®gr FL_))).

It is the inverse of the map (¢, ¥ )« by Lemmas A.1.4 and A.1.5. Hence the relative
homology group H.(S, R; M) is well-defined.
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By the sequence (A.1), we have a natural exact sequence

* x 0
s Hy(R: M) 25 Hy(S: M) 25 Hy (S, R M) 25> Hyoy (R M) —> . .

We may choose Py = S and Fy = R. Then the boundary operator a9
d f
(0 —d) =(d1): (M ®s P1)®(M Qg Fo) =M Qs P1)®M
— (M ®s P))®(MQrF_1)=M
is surjective. Hence we have
Ho(S,R; M) =0. (A.5)
For a commutative diagram
R —*> R
f,l l ; (A.6)
S’ — S

of (complete) Hopf algebras, we can take a homotopy commutative diagram of
resolutions as in (A.2). By Lemma A.1.4, it induces a well-defined map

(0. ¥)x: Ho(S',R';M) — H.(S,R: M)

for any S-module M. By Lemma A.1.5 the relative homology of a pair of (com-
plete) Hopf algebras satisfies a functoriality.

Next consider the coproducts A: S — S ® S and A: R - R ® R. By the
Kiinneth formula, P, ® P, and Fy ® F, are acyclic. We regard them as left S- and
left R- chain complexes by using the coproducts, respectively. In the case where
S and R are complete Hopf algebras, we consider P«® P, and F,® F, instead,
and assume they are acyclic. In any cases, by Lemma A.1.3, we have chain maps
A: Py > P, ® Prand A: F, — F. ® F.. By Lemma A.1.4, we can define a
uniquely determined map

def

(A7)



The logarithms of Dehn twists 417

which we call the diagonal map. Consider a commutative diagram of (complete)
Hopf algebras as in (A.6). Take resolutions P, and F, over S’ and R’, respectively.
By Lemma A.1.3, we have chain maps ¢: F, — Fy and ¥ : P, — P, respecting
the Hopf algebra homomorphisms ¢ and v, respectively, and the augmentations.
The homotopy commutative diagrams

Fl 2, i F *2% F oF, F. 25 F 2, FQF
f’L f’®f’l f®fl and f/l f’®f’l f®fl

/ A ’ , Yoy ’ ¥ A
P2, propr Y2 poep, P! P. P. ® P,

respect the same commutative diagram (A.6). Hence, by Lemma A.1.5, we obtain
the commutative diagram

Ay
Hy(S", R'5 M) —— Hi(M Qs (Py ® Py)) Xprgr (M Qg (Fy ® F)x—1))
(fﬂ,lﬁ)*l l((p@(pﬂﬂ@t/f)*

H.(S, R; M) A Hy(M ®@s (P« @ Py)) Xrgr (M QR (Fx @ Fi)x—1)),
(A.8)
namely, the naturality of the map in (A.7). Here, if ® is a chain homotopy connect-
ing ¥ f’ to fo, the vertical map (¢, V)« is given by h(p, ®, ¥), and (¢ @, ¥ @V )«
by e ® 0. (f) ® O+ 0O ® (Vf'). ¥ ® ¥) as in (A.]).

A.3. Cap products on the relative (co)homology. Now we introduce the cap
product on the relative homology of a pair of (complete) Hopf algebras. We remark
our sign convention is different from [14] and [1], since our Poincaré duality in this
paper is given by (2.3). See [14] §5, for details.

Let f: R — S be a homomorphism of (complete) Hopf algebras over @, M;
and M, left S-modules, P, and F, projective resolutions of @ over S and R,
respectively, and f: Fx — P, a chain map respecting the homomorphism f and
the augmentations. We define the cap product

N: My ®r (Fx ® Fix) ® Homg (P, M2) — (M1 @ M>) ®R Fix (A.9)
def

by Nu@x®y®v) =@®x®y) No = (-hHieddery @ y(f(x) @ y
foru € My, x,y € F, and v € Homg (P, M,). Here M; ® M, is regarded
as an R-module by the homomorphism f and the coproduct A. In the case R
is a complete Hopf algebra, we consider the completed tensor product M; @M,
instead. By a straightforward computation, we find out N is a chain map. In the
case where R = S and f = lg, we have a chain map

n: Ml ®s (P*®P*)®H0mS(P*,M2)—> (Ml ®M2) Rs P*,
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which is compatible with the map (A.9). Hence we obtain a chain map
(M ®s (Px ® Py) Xrgr My @R (Fx ® Fi)x—1) ® Homg (Py, M>)
— (M1 ® M3) ®s Px Xy (M1 @ M2) QR Fi—1
and the induced map
N: Hy(M1 @5 (Px ® Py) Xrgr My ®r (Fx ® Fi)x—1)) @ H*(S: M)

— H*(S, R M ® Mz).
(A.10)

We have to prove the naturality of the cap product (A.10). For the commutative
diagram of (complete) Hopf algebras (A.6), choose chain maps ¢: F] — F, and
¥ P, — P, of resolutions as in (A.8).

Lemma A.3.1. Forany ¢ € H.(M;®s’ (P;@P;)) Xf@ f (M1 Qg (F; ®F;<)*_1))
and n € H*(S; M3), we have

(@ V)« ENYT ) = (9. ¥)«E) N € Hu(S, R: My @ M>).
Here (¢, V)«& in the right hand side means the homology class
he®¢.(fe)®O+0O® (Yf). ¥ ® )ik

The lemma in the case where R’ = R, S’ = S, ¢ = lg and ¥ = lg implies
that the cap product is independent of the choice of the resolutions and the chain
maps.

Proof. Letu,u’ € My, x,y € P,,x',y’ € F, and v € Homg (P«, M5). We set
EE(fp)®0+08 WS

Then, by a straightforward computation,

(—1)lee'®y) dego (1# ‘? 12 _f) (M®xQy,u' @x' ®y)N (Y*v))

_ (_1)deg(x’®y’)degv ((W % v (p_;(p) uURx®y, W ex'® )//)) ARV

= (—(=1)%y’ ® (dv)(Ox") ® By, (—1)*E U’ ® (dv)(Ox') ® ¢y’)
— (=% @ (VO R O)d(x' ® y).u' @ (VO ® p)d(x' ® y'))

+ (z —fd) (D)%% @ (vOx') ® Oy, (~1)* "’ ® (1Ox') ® y").

If visacocycle,and (u ® x ® y,u' ® x’ ® y’) is a cycle, then the right hand side
is null-homologous. This proves the lemma. O
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Taking the composite of the map N in (A.10) and the diagonal map A in (A.7),
we obtain the cap product

def

NE NoAy: Ho(S, R: M) ® H*(S: My) —> Ho(S, R: My ® M>). (A.11)

By the naturality of the diagonal map A (A.8) and Lemma A.3.1, this is indepen-
dent of the choice of resolutions and chain maps. We also obtain the naturality of
the cap product:

Proposition A.3.2. In the situation of the commutative diagram (A.6), let M, and
M, be left S-modules. For any § € Hy(S', R'; My) and n € H*(S; M), we have

(. v)«(ENY™N) = (9. ¥)«E) N € Hi(S, R: My ® M>).

A.4. Kronecker product. We recall the Kronecker product on the (co)homology
of a Hopf algebra. Let S be a (complete) Hopf algebra over Q, P. an S-projective
resolution of Q, and M; and M, left S-modules. The Kronecker product on the
(co)chain level

(,): (M) ®s Px) @ Homg (Px, Mp) — M| ®s M, (A.12)
is defined by
(u®x,v) = (—1)%ex%evy S y(x), ue My, x € Py, v e Homg(Py, M>).

Since (d(u ® x),v) = (—1)%*(y ® x, dv), we have the Kronecker product on
the (co)homology level

(,): Ho(S: M) @ H*(S: M) — M; ®s M>.

If we regard M; ® s M as the 0-th homology group Hy(S; M; ® M>), the Kro-
necker product is just the cap product. Let ¢ : S — S be a homomorphism of
(complete) Hopf algebras, P] an S’-projective resolution of @, and y: P, — P,
a chain map which respects the homomorphism ¥ and the augmentations. Then
we have

(Yreu, v) = (u, ¥*v) (A.13)

for any u € Hy(M; ®s/ P,) and v € H*(Homg(P«, M>,)). Hence the Kronecker
product is independent of the choice of the resolution P, and has a naturality.
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A.5. Homology of a pair of groups. Let G be a group, K a subgroup of G, and
M aleft QG-module. As was stated in §3.3, we have H.(G; M) = H.(QG; M)
and H*(G; M) = H*(QG;M). The normalized standard complex F(G) is a
QG-projective resolution of Q. Since the inclusion map

Co(K; M) = M ®qk Fu(K) —> Cu(G; M) = M ®qc F«(G)

is injective, the mapping cone C.(G; M) xC,—1(K; M) is naturally quasi-isomor-
phic to the quotient complex C«(G; M)/C«(K; M) by Lemma A.l.l. Hence we
have a natural isomorphism

H.(G,K: M) = H(QG,QK: M). (A.14)

The standard complex Fi(G) = {F,(G)}, where F,(G) is the free QG-module
with QG-basis {[g1|g2|.--|gn]; g € G}, is also a natural QG -projective resolu-
tion of Q (see [3] p. 18), so that it can be used for computing the relative homology
H.(QG,QK; M). The Alexander—Whitney map A: Fu(G) — Fx(G) ® F«(G) is
a QG-chain map respecting the augmentation maps. See, for example, [3] p. 108.
Hence the cap product on the relative homology H.(QG,QK; M) of the pair
(QG, QK) introduced in §4.3 coincides with the usual cap product on the rela-
tive homology H.(G, K; M) of the pair (G, K) via the isomorphism (A.14).

On the other hand, consider the classifying spaces BG and BK. We assume
BK is realized as a subspace of BG. Choose a basepoint * € BK. Denote by
A" the standard n-simplex, and by S.(X) the rational singular chain complex of a
topological space X . Forany g € G we choose a continuous map p(g): A' — BG
satisfying the conditions

(1) p(g)(0) = p(g)(1) = * under the natural identification A! ~ [0, 1],
(2) the based homotopy class of p(g) is exactly g € G = m1(BG, %), and
3) p(k)(AY) c BK ifk € K.

This assignment defines a QG -map

p: Fi(G) — S1(EG)
and a QK-map

p: Fi(K) — S1(EK),
where £G and EK are the universal covering spaces of BG and BK, respectively.
Since the spaces BG and BK are aspherical, the map p extends to a QG-chain map

p: Fu(G) — S«(EG) and a QK -chain map p: Fi«(K) — S«(EK). Since the map
p respects the augmentations, it induces a natural isomorphism

px: Hi(G,K; M) — H.(BG, BK:; M). (A.15)
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In the right hand side we regard M as the local system on the space BG associated
with the G-module M. By the construction of the map p, we have a commutative
diagram of QG-chain maps

Fu(G) —2— Fu(G) ® Fu(G)

0| |eer

S«(EG) N Sx(EG) ® S«(EG),

where the lower A is the Alexander-Whitney map on the singular chain complex.
Hence the cap product on the relative homology H.(G, K; M) of the pair (G, K)
coincides with the cap product on the relative homology H.(BG, BK; M) of the
pair (BG, BK) of topological spaces via the isomorphism (A.15).
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