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A topological grading on bordered Heegaard Floer homology

Yang Huang and Vinicius G. B. Ramos

Abstract. In this paper, we construct a canonical grading on bordered Heegaard Floer ho-
mology by homotopy classes of nonvanishing vector fields. This grading is a generalization
of our construction of an absolute grading on Heegaard Floer homology and it extends the
well-known grading with values in a noncommutative group defined in [5].
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1. Introduction

For a closed oriented 3-manifold Y, Ozsvath and Szabé [7] defined the Heegaard
Floer homology groups ﬁ?’(Y), HF>(Y), HF~(Y) and HF*(Y), which are
invariants of Y. These groups split into direct sums of groups by Spin¢ structures,
each of which has a relative grading taking values in an appropriate cyclic group.
In [3], we constructed a canonical absolute grading for these groups taking values
in the set of homotopy classes of oriented 2-plane fields, or equivalently, the set
of homotopy classes of nonvanishing vector fields. In this paper, we will define a
similar geometric grading on bordered Heegaard Floer homology.
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We start by briefly reviewing the construction of bordered Heegaard Floer ho-
mology, following [5]. Consider a compact oriented 3-manifold ¥ with non-empty
connected boundary. A parametrization of dY is an orientation preserving diffeo-
morphism ¢: dY — F, where F is a closed oriented surface with a prescribed
handle decomposition. According to [5], one can associate to F a differential
graded algebra A(F). See §2 for the precise definition of A(F). Then one defines
the so-called type A and type D modules of Y, denoted by @(Y ) and @(Y ).
The type A module @(Y) is a right A.-module over A(F). That means that
there exist maps

my: CFA(Y) ® A(F)®Y~D — CFA(Y),

satisfying the A -relations, see e.g. [5, eq. (2.6)]. Here the tensor product is taken
over an appropriate ring, as we will review in §3.3. The type D module CFD(Y')
is a left differential module over A(—F), that is, there exists a map

3: CFD(Y) — CFD(Y),

which squares to 0 and which satisfies the Leibniz rule with respect to the left
action of A(—F). It is also shown in [5] that if Y7 and Y, are compact 3-manifolds

such that Y, = —dY5, then there is a homotopy equivalence
®: CFA(Y;) & CFD(Y,) — CF(Y; U Y»). (1.1)

Here ® denotes the derived tensor product. For a closed oriented 3-manifold Y,
we denote by Vect(Y) the set of homotopy classes of nonvanishing vector fields
on Y. The goal of this paper is to prove the following theorems.

Theorem 1.1. Given a parameterized surface F as above, there exist a groupoid
G(F), with a Z-action denoted by A" for a given n € Z, and a grading function
gr with values in G(F) satisfying the following conditions:

(1) ifa, b are two composable generators of A(F), then gr(a-b) = gr(a)-gr(b);
(2) ifa is a generator of A(F), then gr(da) = A~ ! gr(a).

Remark 1.2. It turns out that G(F) is by construction a set of co-oriented plane
fields on F x [0, 1] modulo homotopy.! The multiplication rule is by the obvious
stacking of plane fields when the boundary condition matches. Sometimes these
plane fields can be realized as tight contact structures on F x [0, 1] with convex
boundary, and G(F) can be mapped into the (universal) contact category C(F)
due to Honda [2]. But we shall not explore this issue any further in this paper.

! By choosing a Riemannian metric on a 3-manifold, we can identify the set of nonvanishing
vector fields with the set of co-oriented plane fields, modulo homotopy, by taking the orthogonal
complement.
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Theorem 1.3. For any compact 3-manifold Y with boundary F, there exist a set
S(Y), admitting a right action by G(F) and a left action by G(—F), and a grading
gron CFA(Y) and CFD(Y) with values in S(Y') such that

(a) If x is a generator of C/'ELX(Y) and ay, . ..,a; are generators of A(F) such
that myyq(x;as,...,a;) # 0, then

gr(mpi(xiay, ... a) = A" gr(x) - gr(ay) . .. gr(ap).
(b) If x is a generator of@(Y), then gr(dx) = A~ ! gr(x).

Theorem 1.4. Let Y, and Y be compact 3-manifolds such that 0Y, = —0dY,. Then
there exist a set S(Y1) ® S(Y3) and a map V: S(Y1) ® S(Y2) — Vect(Y) such
that

gi(P(a ® b)) = V(gr(a) ® gr(h))

for any generators a in @(Yl) and b in @(Yz). Here gt denotes the absolute
grading in Heegaard Floer homology from [3].

Remark 1.5. Using essentially the same constructions that we will work out in this
paper, Theorem 1.1 can be generalized to any surface F, not necessarily with con-
nected boundary, using the generalized strands algebra defined by Zarev [8]. Both
Theorems 1.3 and 1.4 can be generalized to the bimodules @, @4, CFAA
constructed in [5], as well as the setting of bordered sutured Floer homology [8],
in which case F' C dY, where the inclusion can be strict. The main difference in
the construction in the latter case is that one needs to fix a nonvanishing vector
field in dY \ F, similarly to how Spin€ structures are assigned to generators in [8].

The paper is organized as follows. In §2, we first review the definition of the
strand algebra A(F') associated to a parameterized closed surface F following [5].
Then we construct the groupoid G(F) in which the grading on A(F) takes val-
ues, and give the proof for Theorem 1.1. We finish this section by comparing
our geometric grading on A(F) with the previously constructed grading in [5].
In §3, we construct the “left-G(—F) and right-G(F) bimodule” S(Y) in which
the grading on C/'ELX(Y) and @(Y) takes values. Some variations of the stan-
dard Pontryagin—Thom construction are made in this section which enable us to
compute the relative gradings needed for the proof of Theorem 1.3. The proof of
Theorem 1.4 is provided in §4.
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2. The grading on the algebra

In this section, we construct the grading on the algebra A(Z). This grading takes
values in a certain groupoid G(2). Before defining G(Z) and the grading, we will
quickly review the construction of A(Z). For a more thorough exposition, see [5].

2.1. The construction of the algebra A(Z). The strand algebra A(Z) is defined
as a subalgebra of A(4k). As a Z/2-vector space, A(4k) is generated by partial
permutations (S, 7, ¢), where S and T are subsets of {1, ..., 4k} containing the
same number of elements and ¢: S — T is a bijection such that ¢ (i) > i for every
i € §. We can represent (S, T, ¢) by a diagram with 4k points on the left and on
the right and with strands connecting the set S on the left with the set 7" on the
right. This diagram is required to have the smallest possible number of crossings.
Each crossing corresponds to an inversion, i.e. a pair of points i, j € {l,..., 4k}
with i < j and ¢ (i) > ¢(j). It follows from this definition that the strands either
go up or stay horizontal if we read from left to right. The product of (S, T, ¢)
with (8’, T’, ¢’) is defined to be (S, T’, ¢’ o ¢) provided that T = S’ and that the
number of inversions of ¢’ o ¢ equals the sum of the number of inversions of ¢
and ¢’. Otherwise, the product is set to be 0. For each subset S, one can define
an idempotent element /(S) = (5, S,Is). One can also define a differential on
A(4k) as follows. For a generator a of A(4k), let da be the sum over all ways
to smooth one crossing of a, where we require all the terms of this sum to have
exactly one less intersection than a. In other words, if smoothing one crossing
decreases the number of inversions by more than 1, we set that term to zero.

We denote by [2k] the set {1, ..., 2k}. A pointed matched circle Z is a quadru-
ple (Z,a, M, z) consisting of an oriented circle Z, a set of 4k points a in Z, a
two-to-one function M : a — [2k] and a basepoint z € Z \ a. We also require
that O-surgery on Z along the pairs of points that are matched by M yields a
single circle. A pointed matched circle gives rise to a surface F(Z) of genus k,
which we often denote by F. The surface F is obtained by starting with a disk
whose oriented boundary is Z, attaching 1-handles along all the pairs matched by
M and attaching a 2-handle to the boundary circle. We observe that we can find
a self-indexing Morse function f: F — [0,2] such that Z = f~1(3/2) and a
is the intersection between Z and the unstable manifolds of the index one critical
points. We can identify [2k] with the set of index one critical points {p1, ..., pak}-
We also denote Z \ {z} by Z \ z, for simplicity.

By a Reeb chord p we mean an oriented arc on Z \ z, with the same orientation
as Z, whose boundary lies in a. We denote by p~ the initial endpoint of p and by
pt its final endpoint. We write p = [p~, p"]. A set p = {p1,...,pm} of Reeb



A topological grading on bordered Heegaard Floer homology 407
chords is said to be consistent if both sets

Ti={p1....pmy and pTi={pf. ... pf}

have exactly m elements. A consistent set of Reeb chords p gives rise to an element
ao(p) in A(4k) given by

ap)= Y,  (SUp .SUp*. ¢s)
Sc{1,...,4k}
SN(p~Upt)=0
where ¢s|s = I and ¢s(p;) = ,ol.+ for every i. Now, for every s C [2k], we can
define the following idempotent

I(s) ;= > 1(S).
Scil,...4k}
M maps S bijectively to s
We let J(2) be the ring of idempotents, which is defined to be the algebra generated
by the elements /(s) for s C [2k]. The unit of this algebra is

L= )" Is).
sC[2k]

We now define the algebra A(Z) to be the subalgebra of A(4k) generated by J(2)
and by the elements

a(p) := lag(p)L,
for every consistent set of Reeb chords p. The algebra A(Z) is generated as a
7./ 2-vector space by elements of the form /(s)a(p). We note that if /(s)a(p) # 0,
then M|,- and M|,+ are injective, M(p~) C sand (s\ M(p™)) N M(pt) = 0.
We also observe that the choice of a basepoint z and an orientation on Z induce
an ordering on a: if we start from z and follow the positive orientation on Z, then
a; < aj if and only if we meet a; before a;, where a;,a; € a.

Recall the three different ways that two Reeb chords can intersect. A pair of
Reeb chords {p1, p} is said to be interleaved if p; < p; < p; < p; for {i, j} =
{1,2}, and nested if p; < p; < pj < p;" for {i, j} = {1,2}. The Reeb chords
p1 and p, are said to abut if ,ofL = p, . In this case, one defines their join to be
p1 W p2 = [p], p; ]. Note that the order of the Reeb chords is important; we will
say that (p1, p2) is an abutting pair when pf’ =p5.

For two sets of Reeb chords p and o, their join p W o is obtained from the
union p U ¢ where every abutting pair (p, o) with p € p and o € o is substituted
by p W . We recall that if a(p)a(e) # 0, then

a(pWo) =a(p)a(o) 2.1
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2.2. The groupoid G(Z). Let F = F(Z). We consider the bundle
TF®R — F,

where R is the trivial real line bundle. We interpret this bundle as the pullback
of the tangent bundle of a three-manifold in which F is embedded, so we call
sections of this bundle vector fields on F'. We will now construct a vector field
vy: F — TF ®R. Let f be aself-indexing Morse function compatible with Z as
above. Consider its gradient vector field V f and modify it to first eliminate the
index zero and index two critical points as follows. Let y be the flow line passing
through the basepoint z, which connects the index zero critical point to the index
two critical point. Let N(y) denote a neighborhood of y. Figure 1(a) illustrates
V f restricted to N(y). We now define a nonvanishing vector field on N(y), which
coincides with V f on dN(y), as shown in Figure 1(b). This picture determines the
desired vector field up to homotopy relative to the boundary. This is similar to the
construction in [3, §2]. Let v, denote the vector field given by this construction in
N(y) and by V f in the complement of N(y).

(a) (b)

Figure 1. (a) The gradient vector field V f in a neighborhood of the flow line passing through
z. (b) The nonvanishing vector field in the same neighborhood after modification. The red
arrow on the left is pointing into the page and the arrow on the right is pointing out.

Note that each subset s C [2k] corresponds to a set of index one critical points
of f, under the identification [2k] = {p1,..., por}. We denote by s the subset
[2k] \ s. For s C [2k], let ¢s be a bump function which equals 1 at each point of
s and O outside of small neighborhoods of each point of s. We denote by |s| the
cardinality of the set s.
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Definition 2.1. For each s € [2k], we define
vs: F—>TF®R

to be the vector field given by
, i i
Us = Vg + ¢s$ - ¢§$
Here ¢ denotes the R-coordinate.
We can now define the grading set G(2).

Definition 2.2. For s,t € [2k], such that |s| = |t|, we define G (s, t) to be set of
the homotopy classes of nonvanishing vector fields on F x [0, 1] that restrict to vg
on F x {0} and to v¢ in F x {1}. We define G(2) to be the disjoint union of G(s, t)
for all s, t C [2k] such that [s| = [t].

Given vector fields v, w on F x [0, 1] such that v|px {1} = w|Fx{o}, We can take
their concatenation v - w, which we see as a vector field on F' x [0, 1]. So given
[v] € G(s,t) and [w] € G(t, u), we define their composition by [v]-[w] := [v-w] €
G(s,u). We now recall the definition of a groupoid.

Definition 2.3. A groupoid is a category in which every morphism is invertible.

We observe that G(2) is a groupoid, whose underlying objects are the vector
fields vs for s C [2k]. The groupoid G(Z) admits a Z-action, defined as follows.
We will denote the action of an integer n € Z by A". First observe that, since
73(S?) ~ Z, there is a Z-action on the set of homotopy classes of nonvanishing
vector fields on a ball B> relative to its boundary. Our sign convention is such
that the Hopf map S — S2 acts on B> by A~!. Note that our sign convention is
the opposite of the usual one, but agrees with the one in [3]. Let [v] € G(Z) and
fix a ball B in the interior of F x [0, 1]. For n € Z, we define A" - [v] to be the
relative homotopy class of the vector field obtained by the acting on v|p by A" and
keeping v unchanged outside B. We observe that

A" ([v] - w]) = A" - [v]) - [w] = [v] - (A" - [w]).

We now recall the Pontryagin—Thom construction in this context. If we fix
a trivialization of T'(F x [0, 1]), we can see every nonvanishing vector field in
F x [0,1] as amap F x [0,1] — S2. We observe that two nonvanishing vec-
tor fields on F x [0, 1] are homotopic relative to the boundary if, and only if,
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the corresponding maps F x [0,1] — S? are homotopic relative to the bound-
ary. Now take two maps v,w: F x [0,1] — S? that coincide on d(F x [0, 1]).
We choose a regular value p of both maps and we consider the links

Ly:=vY(p) and L, :=w1(p).

These links have a framing induced by v and w, respectively. Note that the inter-
section L, N (F x {0, 1}) is a framed 0-manifold in F x {0, 1}. So the intersection
(Ly N (F x{0,1})) x [0, 1] is a framed one-manifold in F x {0, 1} x [0, 1]. The
links L, and L., are said to be relatively framed cobordant if there exists a framed
surface S C F x [0, 1] x [0, 1], such that

(i) 0SN(F x[0,1]x{1}) = Ly x{1} as framed submanifolds of F x [0, 1] x {1},
(i) 0SN(F %[0, 1]x{0}) = Ly x {0} as framed submanifolds of F x [0, 1] x {0},

(i) 0SN(F x{0,1}x][0,1]) = (LyN(F x{0,1})) %[0, 1] as framed submanifolds
of F x {0, 1} x [0, 1].

The relative version of the Pontryagin—Thom construction says, in this case, that
the maps v and w are homotopic relative to the boundary if, and only, L, and L,
are relatively framed cobordant.

2.3. A G(Z)-grading on A(Z). Recall that the strand algebra A(Z) is generated
as a 7Z/2 vector field by all the elements of the form /(s)a(p), where
s C [2k] and p = {p1....,pm} is a consistent set of Reeb chords. For every
element /(s)a(p) # 0, we will define its grading gr(/(s)a(p)) € G(s, t), where
t=M(p*)U(s\M@p)).

For a general s C [2k], in order to draw a picture of vs: F — TF & R away
from the index O and 2 critical points, we will project it to a vector field on 7F and
decorate the zeros of this vector field using the following convention: an index one
critical point p is decorated with “+4” if vy = a% at p, and with “—”
at p.

We will define the grading function gr by steps as follows.

if Vg = _%

STEP 1. Assume that p consists of a single Reeb orbit p, such that M(p™) #
M(p™*). We now construct gr(/(s)a(p)).

We will define a vector field v ) on F x[0, 1] such that [v(s )] € G(s, t). Recall
that we are identifying a point in [2k] with its corresponding index one critical
point. Let p; = M(p~) and p; = M(p*). Sot = {p;} U (s\ {p:i}). It follows
from our construction in §2.2 that vg and v¢ only differ in small neighborhoods of
Di and Dj-
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Let p be the arc from p; to p; consisting of three pieces: the gradient trajectory
from p; to p~, the Reeb chord p and the gradient trajectory from p; to p™, as
shown in Figure 2.

Figure 2. Reeb chord p.

Let N(p) C F be a tubular neighborhood of p. The vector field v restricted to
N(p) is depicted in Figure 3.

Ji L

i

Figure 3. The neighborhood N(p) of p.

Define v,y on F x {0} and F x {1} by setting it equal to vs and vy, re-
spectively. Since vs = v¢ on the complement of N(p), we can extend v ,) on
(F \ N(p)) x [0, 1], by requiring it to be invariant in the [0, 1]-direction. The em-
bedding N(p) C R?, as shown in Figure 3, gives rise to a trivialization of TF | ;)
and, therefore, we obtain a trivialization of 7'(F x [0, 1])| y(5)x[0,1]- We observe
that, under the identification given by this trivialization, vsml(ﬁ) (0,0,1) = p; and
vt|X,1(ﬁ) (0,0,1) = pj. The points p; and p; are framed codimension two subman-
ifolds of N(p). By the relative version of the Pontryagin—Thom construction, in
order to define a nonvanishing vector field on N(p) x[0, 1] with the given boundary
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condition, it is enough to choose a framed 1-manifold, whose intersection with the
boundary is {p;} x {0} U {p;} x {1} with the given framing. We choose a framed
I-manifold as follows. Let y: [0, 1] — F be a smoothing of 5 such that y(0) = p;
and y(1) = p;. Let y: [0,1] — F x [0, 1] be the arc defined by y(t) = (y(¢),1).
Since F x {t} is always transverse to 7, the embedding N(p) C R? gives a canon-
ical framing on y. Now, using this framed I-manifold, the Pontryagin—Thom con-
struction allows us to extend v, to the interior of N(p) x [0, 1]. We note that
V(s,0) | N(p)x[0,1] is well-defined up to homotopy relative to the boundary. We now
define gr(/(s)a(p)) to be the homotopy class of v ,), which is an element of
G(s,t).

It will be useful later to have a more concrete description of gr(/(s)a(p)).
To do so, we view a vector field on F x [0, 1] as a smooth one-parameter fam-
ily of nonvanishing sections F — TF x R, indexed by ¢ € [0, 1]. We will, in
fact, define a family of such sections {v(’s, o) eefo,1]- This family can be explicitly
defined by a composition of three bifurcations and necessary isotopies, which we
now describe.

Consider the following model situation. Let E° be a singular vector field on
the unit disk D C R? with two saddle points p, ¢ as depicted in Figure 4(a). Then
there exists a 1-parameter family of vector fields E, for 0 < ¢ < 1, such that

e cach E’ has only two saddle points which are p and ¢, and E is 7-invariant
near daD,

e for exactly one 7, say 1 = 1/2, the vector field E’ has a saddle-saddle con-
nection from ¢ to p.

See Figure 4 for a pictorial illustration of E. We call the one-parameter family
{E"}/ef0,1]> a bifurcation. Notice that in the situation of Figure 4, we decided
to fix the unstable trajectories of p and the stable trajectories of ¢ throughout
the homotopy, however, we could instead fix the stable trajectories of p and the
unstable trajectories of g throughout the homotopy to define another similar one-
parameter family of vector fields with the same boundary condition, which we

also call a bifurcation.

We can now define v(’S o) o be equal to v for ¢ € [0, 1] in the complement of

N(p). In N(p), we deﬁne’v(’S, p) Via a composition of bifurcations and isotopies,
as shown in Figure 5. More precisely, there are two saddle points, of different
signs, within N(0). We move them in N(p) so as to exchange the “plus” and the
“minus”. Note that the positive saddle point goes over the negative saddle point
as depicted in the third and fourth states of Figure 5.
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Figure 4. A bifurcation.

e ) Jo
L J Lbifur_cati»on JJrk/ _)\ isotopy T_ =
o W/ T]F M -

l bifurcation

I

1] L

TTT
SIS JLblwn//L\f\dLlsm—Opy =
2l NI

2 e B ~

Figure 5. A sequence of three bifurcations which defines the grading of p.

The family {v(’s’ p)} gives rise to a vector field on F x [0, 1], which we denote
by U(s,p). As before, the embedding N(p) C R2, as in Figure 3, induces a triv-
ialization of T'(N(p) x [0, 1]). We observe that, in N(p) x [0, 1], the framed arc
(D(s,p))~1(0,0, 1) is isotopic, and hence cobordant, to the arc 7. Moreover, their
framings coincide under the isotopy. Therefore, by the Pontryagin—Thom con-
struction, [Us, )] = gr(Z(s)a(p)). Since we had defined v s, ,) up to relative homo-
topy, we can just take v p) = U(s,p)-

SteEP 2. Now assume that p still consists of only one Reeb orbit p, but M(p™) =
M(p™).

Let p = M(p~) = M(p™) and let p’ be the union of p and the flow lines
connecting p to p~ U pt. We construct a one-parameter family {©},¢jo,1] of
vector fields on F as follows. Set ©% = vg and @' = O°, for ¢t € [0, 1], outside
N(p'). Fix asmall ¢ > 0. For ¢ € [0, ¢], define ® in N(p') to be the homotopy
which creates an extra pair of singular points near p decorated with negative signs,
along the unstable trajectories of p as depicted in Figure 6. More precisely, under
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the projection to TF, we create a pair of canceling critical points p of index one
and v of index two, lying on the flow line of V f connecting p to p*. Consider
the (broken) arc p from p to u, which is the union of the trajectory from p to p~,
the Reeb chord p and the trajectory from p to p*. Now we can repeat the method
from Step 1 for ®°| ;) and obtain a homotopy ©’|y () for ¢ € [e, 1 — €], which
exchanges the signs of the index one critical points. We define ® in N(p') \ N(p)
to be equal to ©°, for all € [e, 1 — ¢][. Now, for t € [1 — ¢, 1], let ® |z be the
homotopy which cancels the extra pair of “negative” singular points. The family
{®"}1¢[0,1] gives rise to a vector field, which is again denoted by v(s ). Finally
gr(I(s)a(p)) is defined to be the homotopy class of v(s ).

JIo o JIL
e Y

Figure 6. Creating a canceling pair of critical points with negative sign.

STEP 3 (the general case). Suppose p = {p1,-:-,p;}. We define an ordering
on p by setting p; < p; whenever p;” > p;r in a. Up to re-ordering, we may
assume that p; < p» < --- < p;. We want to define a relative homotopy class
gr(I(s)a(p)) € G(vs, vy), where t = M(p*) U (s \ M(p™)). First, for every point
in (M(p™) N M(p™)) \ M(p~— N p™*), we create a pair of canceling “negative”
singular points, as follows. If p = M (p ) = M(p;), then we create a pair of

“negative” singular points on the flow line connecting p to ,ol.+ , as in Step 2. This
construction gives rise to a vector field v, in F x [0, 1] similar to {®|;}¢[o,¢] from
Step 2. We also consider the vector field v_,, which corresponds to canceling the
“negative” singular points added to v¢. Now consider the arcs p; associated to p;
as before, namely, p; is the union of p; with the gradient trajectories connecting
index one critical points to p;” U P,+ Note that ,6, always connects a “positive”
saddle to a “negative” saddle. Now we define v( m o be the vector field which
equals v ;) on N(p1) x [0, 1] and which is [0, 1]-invariant elsewhere. We repeat
the same procedure for p,, ..., p;, such that for every i > 2, the vector field v( )
corresponding to p; is [0, 1]-invariant in the complement of N(p;) x [0, 1] and, in
N(p;) x [0, 1], it is given by the description as in Step 3. In particular,

vés_,;)|Fx{l} = Ués,,,)|Fx{o}'

Let v(s,p) be the concatenation

V(s,p) 1= Ve * Ufs p) - - - Vis.p * V- (2.2)
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Finally, we define gr(/(s)a(p)) to be the relative homotopy class of v ,), which
is an element of G (s, t).

2.4. The properties of the grading on A(Z). We now show that the grading we
constructed in the previous subsection satisfies the desired properties.

Proposition 2.4. The grading function gr: A(Z) — G(Z) constructed above
defines a grading on the differential graded algebra A(2), i.e., it satisfies the fol-
lowing:

e for any two sets of Reeb chords p. o, if I(s)a(p)I(t)a(o) # 0, then
gr(/(s)a(p)) - gr(I(t)a(o)) = gr(I(s)a(p)I(t)a(o)):
o forany p, if 3(I(s)a(p)) # O, then
gr(d(I(s)a(p))) = 27" - gr(I(s)a(p)).

Proof. We shall use the Pontryagin—Thom construction to prove both assertions
of the proposition. The proof will be divided in three steps.

StEP 1. For a pair (s, p), we define a submanifold Q) C F x [0, 1] and we
relate it to gr(/(s)a(p)).

We denote by N(z) and a small neighborhood of z and let 91 be a small neigh-
borhood of Z \ N(z). For each index one critical point p; € [2k], we denote
by H; C F the corresponding 1-handle. We fix an orientation-preserving embed-
ding M < R2. This embedding restricts to an orientation-preserving embedding
Z\ N(z) = Rx{0}. Let N := MU H;. We can construct an immersion 9t & R?
whose restriction to 91 is the previous embedding and such that the core of H;
maps to a half-circle, see Figure 7(a). This immersion induces a trivialization of
TF |5, which gives rise to a [0, 1]-invariant trivialization of T'(F x [0, 1]) over
9 x [0, 1]. It can be extended to a [0, 1]-invariant trivialization of 7'(F x [0, 1]),
which we denote by <.

W

(@) (b) (©
Figure 7. (a) The image of 9 in R2. (b) A nested pair. (c) An interleaved pair.
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Fix a generator /(s)a(p) € A(Z). We now define a one-manifold Qs o)
in 9 x [0,1]. We write p = {p1,...,p;} and we let y; C D1 be the curve ob-
tained by smoothing the union? of p; with the gradient flow trajectories connect-
ing M(p;) U M(p;") to p; U p;f. For every nested pair {p;, p;}, we isotope
y; and y; slightly in 91 so that they do not intersect in 9. The orientation of
Z induces an orientation of y;. Now we parametrize y;, obtaining an injection
vi: [0,1] — M. We define a partial order < on 91 seen as a subset of R?, by say-
ing that (xq, y1) < (x2,y2) if X1 < x,. For every interleaved pair {p;, p;} with
p; < p;, wecanassume that y; (1) < y;(r), whenever both y; (r) and y; (¢) belong
to J1.

Now we define arcs y; on F x [0, 1] by 7;(¢) = (yi(¢),t). It follows from
our construction that the arcs y; are all pairwise disjoint. We define Qs ,) to be
the union of §; for all i and the constant arcs p x [0, 1], where p € s \ M(p™).
Up to a small isotopy of Qs ), We can assume, without loss of generality, that the
projection of Qs )N (D1 [0, 1]) to Z x [0, 1] has minimal number of intersections.
In fact, there will be one intersection for each nested pair. Notice that, for a nested
pair {p;, p;} with p;” < p, the image of 7; goes under the image of y;, where the
height is the coordinate in 91 C R? corresponding to the second factor of R. We
keep track of which strand goes over which on the projection of Q ()N (91x[0, 1]),
as in Figure 7(b). This projection can be seen as the strand diagram corresponding
to p. See Figure 7(b),(c) for examples where p is a pair of Reeb chords. We obtain
a diagram for /(s)a(p) if we include two dotted horizontal lines corresponding to
the two points in M ~!(p), for every p € s\ M(p™).

If we want to represent a concatenation Qs p) - O (t,s), We Will substitute the
pair of dotted lines in either of the two diagrams by a solid line whenever one of
the two corresponding points gets moved by the other set of Reeb chords. For an
example, see Figure 8.

Let v ) be the vector field constructed in §2.3 whose homotopy class is
gr(I(s)a(p)). Recall that v )(x,?) = vs(x) for every (x,t) ¢ N x [0,1]. As
usual, we let t = (s \ M(p7)) U M(p™). Using 7, we see vs,p) as a map

Vs,p): F x[0,1] — 52

and vg and v as maps

v, Vt: F —> SZ.

20f M(p;") #* M(p;) for every j or p;" =p; for some j, then y; is just ;. Otherwise, to
obtain y;, we need to add a small segment connecting M (p;r) to the “negative” index one critical
point corresponding to ,oi+.
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Os.0) O s.0) Ot.o)

P e

0 1 0 1 2

Figure 8. A diagram for Qs ,) and for a concatenation Qs.p) - Q(t.0)-
We can perturb v p), vs and vt slightly so that (0,0, 1) is a regular value of all
these maps. Then
v;1(0,0,1) =sU P,
v71(0,0,1) =tU P,

where P is a set of points in F \ 91. Now we want to compute v(_slp)(O, 0, 1). This
is a one-manifold with boundary on d(F x [0, 1]). Namely

I(v5)(0,0.1)) = v71(0,0,1) U (—vg71(0,0. 1))

(LU P) x {1}) U (—(sU P) x {0}).
We observe that
Vi (0.0, 1)\ (M x [0,1]) = P x [0, 1].

So it remains to compute (v(s,p)lgixgo,1)) " (0.0, 1). We recall that v p) is de-
fined as the concatenation of the vector fields v(ls’ o) vés’ ) and small pertur-
bations at the beginning and at the end. We notice that, up to small isotopies,
(véS, ) |5ix[0.17) " (0. 0, 1) is a braid given by the union of 7* with horizontal chords
of the form {p} x [0, 1], where p = p; or p is close to p; for some j. The preim-
age of (0, 0, 1) under the pertubation vector fields v, and v_, are braids with some
horizontal chords and some nearly horizontal chords corresponding to the per-
turbations. After concatenating all those braids and performing an isotopy, we
obtain
(V6.0 5ixp0,1) "1 (0.0.1) = Qs p).

és,p)
important here. In particular, for every interleaved pair {p;, p;} with ,ol.+ > p;',

We observe that the ordering of the vector fields v in the concatenation is very

the vector field vés ) is on the left of v’

.0)° which ensures that the corresponding
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braid is isotopic to y; U y;. Figure 9 illustrates this difference. Case 3 depicts what
we obtain using the prescribed ordering and Case 4 shows what we would obtain
if we switched the order of p; and p;. Note that the submanifolds obtained in these
two cases are not isotopic.

The framing on Qs ) induced by v(s p) is trivial and has a standard form near
every p;.> The framed manifold v(_s}p) (0,0, 1) is called the Pontryagin submanifold
of U(s,p)-

STEP 2. We now prove part (a) of the proposition.
Let p = {p1,...,pn} and 0 = {01,..., 0}, Where we order the Reeb chords
as in §2.3. We assume that /(s)a(p)I(t)a(a) # 0, for |s| = |t|. We will show that

gr(I(s)a(p)) - gr(I(H)a(o)) = gr(I(s)a(p)I(t)a(0)).

By (2.1), I(s)a(p)I(t)a(a) = I(s)a(p W o). So it is enough to show that

U(s,p) * U(t,o) = V(s,pWo)- 2.3)

Here - denotes the concatenation of vector fields in F' x [0, 1] and =~ denotes ho-
motopy relative to the boundary.

By the Pontryagin—Thom construction, in order to prove (2.3), it is enough to
show that the Pontryagin submanifolds of both sides are framed cobordant relative
to the boundary. It follows from Step 1 that the Pontryagin submanifold of v ) -
VU(t,0) is obtaining by concatenating Qs ) and Q,s) and taking its union with
P x[0, 1]. Since the Pontryagin submanifold of v(s pwe) iS O s,pwe) U P X [0, 1], it
is enough to see that Qs p)* O t,0) is framed cobordant to Qs pwo) in Mx [0, 1]. We
will first prove that Qs p) - O t,0) is isotopic to Qs pwe) relative to the boundary.

We write p = {p1,..., s} and ¢ = {o1,...,0,}, where we order the Reeb
chords as in §2.3. For Reeb chords p; € p and 0; € o, let y,, and y;; denote
the corresponding components of Qs ) and Q¢ ), respectively. If p; and o;
abut for some 7, j, then the concatenation y,, - V5, is clearly isotopic to the chord
corresponding to p; W 0; in Qs pwe). Whenever p; does not abut with any o,
we see that p,. concatenated with a horizontal chord in Q4 is isotopic to the
chord corresponding to p; in Qs pwe). Similarly, for every o; such that there
is no p; with p; = o, , the chord obtained from concatenating the appropriate
horizontal chord in Qs ) With 5, is isotopic to the chord corresponding to o; in
O s,pwo)- SO every connected component of the concatenation Qs p) - Ot,0) iS

3 The standard framing is a rotation by 7 in N(p;) either positively or negatively depending
on whether p; = M(p~) or p; = M(p™) for the corresponding Reeb chord p, but it does not
depend on anything else.
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isotopic to the corresponding component of Q (s pwe). It remains to check that we
can perform each of these isotopies in the complement of the others, so that we
obtain an isotopy from Qs p) - O(t,6) 10 O(s,pwwo)-

First let us consider a pair of chords p; and o; that do not abut. If they do not
intersect, then the corresponding isotopies can clearly be chosen to have disjoint
supports. If p; and o; intersect, then we have one of the following four possibili-
ties:

(1) py <o~ <ot <pf,

(2Q) 07 <p; < ,oiJr <o™,

(3) o~ <p; <ot <pf,

@) p; <o~ <pt <ot

Incases (1) and (2), {p;, 0} is anested and in cases (3) and (4), {p;, o'} is interleaved.
For an example of each of these cases, see Figure 9. We note that (3) includes the
case when (o7, p;) is an abutting pair.

| |
| |
| |
| |
| |
Pi | |
| = |
_ | Pi | P
| |
| |
| _—

0 1 2 0 1 2
0] 2)
i L o
0 1 2 0 1 2
3) “4)

Figure 9. The four cases when p; and o intersect, but (p;, o) is not abutting.

We observe that, in Case 4, a(p)a(o) = 0, so by our assumption, it cannot
occur. In the three other cases, we see that the corresponding isotopies can be
chosen to have disjoint supports.
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Now, let (p;, 0;) be an abutting pair. If the diagram for Qs p) - O t.¢) has no
crossing along y,, - Yo, , then we can clearly choose an isotopy from y,, - J; to the
chord corresponding to p; W o; in Qs pwe), Whose support is in the complement
of the other isotopies. If there exists a chord in Qs p) - O (t,0) that crosses y, - Vo;
twice, then a(p)a(o) # 0. Hence, we only need to consider the case when there
exists a chord in Qs p) - O(t,0) that crosses y,, - yo; exactly once. But in this case,
the crossing corresponds either to a crossing of Qs ) or to a crossing of Qt,¢).
So we can isotope y,, - V5, and the corresponding chord without changing any
crossings. Therefore these isotopies can be chosen to have disjoint supports. We
conclude that Qs p) - O(t,0) is isotopic to Qs pwe)-

We also observe that these isotopies preserve the trivial framing, since they
can be chosen so that the braids are always transverse to F x {t}. Therefore both
Os.p) Qt,0) and O s, pwe) are framed homotopic relative to the boundary. Hence

gr(I(s)a(p)) - gr(l(Ha(o)) = gr(I(s)a(p)I(t)a(a)).

STEP 3. We prove part (b) of the proposition.

Let I(s)a(p) be a generator of A(F) and let v p) and Qs ) be as in Step 1
above. Recall that the differential of /(s)a(p) is the sum of all ways of resolv-
ing one crossing of I(s)a(p). Let I(s)a(p) be one of the terms in d(/(s)a(p))-
So Qs,5) is obtained from Qs ) by resolving one crossing. Note that both sub-
manifolds have the trivial framing induced by the immersion 9t 9> R2. Fig-
ures 10(a),(b) show the submanifolds and their framings for two cases, when the
crossing that is being resolved concerns two Reeb chords and when it concerns
a Reeb chord and a horizontal strand. We see that, in both cases, Qs ) is the
result of performing a 0-surgery to Q s, ), as in Figure 10(c). So Qs ) are Qs p)
cobordant. We notice that using this cobordism, the trivial framing on Qs ) in-
duces a framing on Qs z) that differs from the trivial one by 1, see Figure 10(d).
Recall that, by our sign convention, a clockwise turn changes the framing by +1.
Therefore

gr(I(s)a(p)) = A~ gr(I(s)a(p)). O
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Q(s,p) Q(S,,o)

0s.5)

(©) (d)

Figure 10. Resolving a crossing.

2.5. Comparison with the grading by a noncommutative group. We now
compare our topological grading constructed in §2.3 with the gradings on A(Z)
defined in [5].

We first recall the definition of the noncommutative groups in which the grad-
ings defined in [5] takes values. The group G’(4k) is a Z-central extension of
Hy(Z \ z,a). In order to give a more concrete definition of G’(4k), we need to
recall a few definitions from [5]. For a point p € a and a Reeb chord o, define

1, ifo-<p<o™,
m(p,o)=14 1/2, ifp=oc-orp=ot,
0, otherwise.

We can extend m bilinearly to a map

1
m: Ho(a) x Hi(Z \ z,a) — EZ.
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For a1, 00 € H1(Z \ z, a), one now defines
L(o, 02) = m(dey, a2),

where
d: Hl(Z\z,a) —> Ho(a)

is the boundary map. Also, fora € H(Z )\ z, a), let () be 1/4 times the number
of points p in a such that the multiplicity of o on both sides of p has different
parity. Since the number of such points is always even, e(«) € %Z/ Z.. One can
now define

1
G'(4k) = {(j,a) € 3Zx Hi(Z\z.2) | (@) = j (mod 1)}.
The multiplication is defined by

(J1,o1) - (2, a2) = (j1 + j2 + Loy, @2), o1 + a2).

It follows from [5, Proposition 3.37] that this operation defines a multiplication in
G’(4k). For an element ¢ = (j,«) € G'(4k), the number j € %Z is called the
Maslov component of g, and « is called the Spin® component of g.

Given an element a = (S, T, ¢) € A(4k), we consider the segments [i, ¢ (i)]
seen as subsets of Z \ z. The sum of these segments determines a class [a] €
Hi{(Z \ z,a). We denote by inv(a) the number of inversions of a. Let

t(a) = inv(a) —m(S, [a]).

Then one defines

gr'(a) = ((a), [a]) (2.4)
It follows from [5, Proposition 3.39] that gr'(a) € G'(4k). Moreover, gr’ is
invariant under adding horizontal strands. Let p = {p1,..., p»} be a set of Reeb

chords and s C [2k] be such that I(s)a(p) # 0. We can see p as an element
of A(4k) with no horizontal strands. So gr'(/(s)a(p)) = gr'(p). Let |p| denote
the number of elements of p, and let |ab(p)| and |int(p)| denote the number of
abutting and interleaved pairs in p, respectively. Each chord contributes —1/2 to
m(S, [p]). Moreover, for each nested or interleaved pair, we obtain an extra contri-
bution of —1 to m(S, [p]). For each abutting pair, we obtain an extra contribution
of —1/2 to m(S, [p]). We note that every inversion comes from a nested pair. So
the contribution from the nested pairs is actually 0. Therefore

ol labp)|

(p) =~ - =

|int(p)]. (2.5)
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By making some non-canonical choices, one can also define a refined grading
taking values in a subgroup of G'(4k), see [5, §3.3.2]. That is necessary for the
gluing theorems to behave well with respect to the grading. Alternatively, as sug-
gested in [5, Rem. 10.44], one could consider a more canonical subset of G’ (4k),
as follows. Let

M., : Ho(a) — Hy([2k])

denote the pushforward of the map M : a — [2k]. Define G’(2) to be the set of el-
ements (j, @) in G'(4k) such that M, (da) = t—s, fort, s C [2k], with |t| = |s|. We
observe that G’(2) is a groupoid and that gr'(a) € G'(Z) for every homogeneous
element a € A(Z).
We recall that the notation G(Z) was used in [5] for the refined grading group,
but in the current paper G(2Z) denotes the groupoid on which the geometric grad-
ing takes values. We now have the following proposition.

Proposition 2.5. There exists a homomorphism
F: G(Z) — G'(2)

such that
F(gr(a)) = gr'(a)

for every homogeneous element a € A(Z).

Proof. Let 9% and 91 be as in the proof of Proposition 2.4. Let 7 be the trivialization
of T(F x [0, 1]) constructed in that proof.

For each s C [2k], we see vs as a map F — S2. We can slightly perturb the
vector fields vg so that (0, 0, 1) is a regular value of these maps. As in the proof of
Proposition 2.4, we observe that v;1(0,0,1) = s U P, where P is a set of points
in the complement of 9N that does not depend on s.

Now let [v] € G(Z). Then [v] € G(s, t), for some s, t C [2k], such that [s| = |t].
We see the vector field v as a map F x [0, 1] — S2. We can slightly homotope v
in F x (0, 1) so that (0,0, 1) is a regular value of v. Now consider

Ly :=v"10,0,1).

Observe that L, N(F x{0}) = (sUP)x{0}and L,N(F x{1}) = (tUP)x{1}. Since
the map t,: H{ (M) — H;(F) induced from the inclusion is an isomorphism, it
follows that L, is relatively framed homotopic to L,U(P x [0, 1]), where Lyisa
framed one-manifold contained in 91 [0, 1], which is transverse to F x {t} for all 7,
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and the framing on P x [0, 1] is trivial. By the Pontryagin—Thom construction,
we can homotope v and obtain v’ such that L,y = L, U (P x [0,1]). So we
can assume, without loss of generality, that L, = Zv U (P x [0,1]). Now let
Ky, = v71(8,0, v/1 —§2), for a small § > 0, such that (§,0, v 1 — §2) is a regular
value of v. We write

K, = K, N (M x[0,1]).

We will project L, and K,, to 91 and for each intersection of the two projections, we
keep track of which strand goes above which strand. Now we will make an extra
assumption so that the count of intersections is well-defined. For each critical
point p; € [2k], recall that H; denotes the corresponding 1-handle and write

qi = v{_;i}(&O, A1 —82).

Let £ be the closure of a connected component of L, N ((H; \ {pi}) x [0, 1]),
let ¢, t1 € [0, 1] be such that 0L C (F x {to}) U (F x {t;}) and let

neg =Ky N (Hl' X [Zo,[l]).

We say that £ is standard if
o L,N(H; x[to,11]) =L,
o the projection of £ to H; is a one-manifold contained in the core of H;,
e the projection of 7, to H; is a one-manifold whose boundary contains ¢;,

e the projection of the braid (£, 1) is isotopic to one of the four possibilities
depicted in Figure 11.

We say that v is standard if every connected component of L, N((H; \{p;})x[0, 1])
is standard, for all i. Up to a relative homotopy of v, we can assume v is standard.

Let Ly, ..., L, bethe connected components of L,N(M\ %[0, 1]). We observe
that dL; is contained in a small neighborhood of a x [0, 1]. So L; gives rise to an
element in H,(Z \ z, a), which we denote by [L;]. We define

Fop(v) = ) _[Lj] € H(Z \ z,a).

Jj=1

Note that M. (0Fsp([v])) =t —s.
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Now we define the Maslov component F,,([v]). Let Ky, ..., K, be the con-
nected components of K, N (91 x [0, 1]) corresponding to L1, ..., L,. For1 < j,
[ < n,let L;j - K; denote the signed count of intersections of the projections of
Li n((M\ U; Hi) x[0,1]) and K; N (M \ U; H;i) x [0,1]) to 9. The signs
corresponding to each intersection are determined by our sign convention, as in
Figure 12a. Note that this is the opposite of the usual sign convention. Now we
define

) =5 D Ly K.
jl=1

N A A AN

Figure 11. The four possibilities of a standard £. The framing is indicated by the blue arc.

We now claim that e(Fsp([v])) = Ty ([v]) (mod 1). We can compute &(Fp([v]))
as follows. For each p € a, we define m(p) to be the number of classes [L ;] whose
boundary contains p. We observe that Zpea m(p) = 2n. Now let par(m(p)) = 1
if m(p) is odd, and par(m(p)) = 0 if m(p) is even. By definition, &(Fp([v])) =
3 2 pea Par(m(p)) (mod 1). We observe that

par(m(p)) —m(p) _ m(p)(m(p) —1)
4 4

(mod 1).

So it is enough to show that

(n +y m(”)(mz(”) - 1)) (mod 1). (2.6)

pea

1
2

We first observe that the projections of L; and K intersect an odd number of times
in N\ |U; H;, for every j. Now, for each point p € a, if m(p) > 1, we obtain
intersection between the projections of L; and K; for j # [ as in Figure 12b. In
fact, we obtain 1 +2 4+ --- + (m(p) — 1) = %(m(p)(m(p) — 1)) intersections.
All other intersections of L; and K; for j # [ correspond to intersections of the
projections of L; and L; for j # [ and they come in pairs, see Figure 12c. So we
obtain (2.6). Hence we can define

F() = Fm (). Fp([v])) € G'(4k).
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XX W R

(a) The signs of a crossing (b) p e awithm(p) =3 (¢)L; and L,/

Figure 12.

To prove that F is a homomorphism, we need to show that F([v - w]) =
F([v]) - F([w]). We observe that L., is the concatenation of L, with L. We
denote the connected components of L, N (9T x [0,1]) by L},..., L} and the
connected components of Ly, N (9 x [0,1]) by LY,...,L*. So the connected
components of Ly, N(Mx[0,1])are LY, ..., Ly, LY, ..., L. Note that it might
be possible to homotope v - w so that L., N (DT x [0, 1]) has fewer than n + m
connected components, but we will not do so. It follows from our description of
the connected components of L., N (DT x [0, 1]) that

?sp([v +w]) = g:sp([v]) + ?sp([w])-

We define K7, ..., K}, K", ..., K, analogously for K, and K,,. We can choose
v and w such that the projections to 91 of all of these one-manifolds intersect
transversely in 91\ ; H; and such that v and w are standard. In particular, v - w
is standard. So

Fn([v - w]) (ZL” K,+ZZ(L” KP' + Ly - K)+ZL“’ KP).
Jl=1 j=1l=1 Jl=1
It follows from the definition that

Fm([v]) Z LY K},

jll

Fu([w]) ZL”’ K",

]ll

We now claim that

1
(L) KP + Lf - KP) = LOLYLILY). 2.7)
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We note that both sides of (2.7) change by a factor of —1 if we change the orienta-
tion of either L7 or L}”. So we can assume that the projections of L7 and L}’ are
positively oriented with respect to Z \ z. We can also assume that the projections
of (L}, K}) and (L}, K;°) only intersect in 91 near d[L}]. Note that (L}, K7) is
always below (L;’, K}"). Now we write d[L}] = p1 — po. Fori = 0,1, if p; is
in the interior of [L}"], we obtain a contribution of (—1)" to both sides of (2.7),
and if p; is on the boundary of [L}], we obtain a contribution of (—1)" /2 to both
sides of (2.7). For examples, see Figure 13c and 13b, respectively. Hence (2.7)
holds. Therefore F,, ([v] - [w]) is the Maslov component of F([v]) - F([w]). We also
observe that F([v]~!) = F([v])~L.

It remains to show that we have F(gr(/(s)a(p))) = gr'(p), for a generator
I(s)a(p) of A(Z). We first order py,...,p, as in Step 3 of §2.3. Let v be the
vector field constructed in §2.3 whose relative homotopy class is gr(Z(s)a(p)).
Let L, and K, be as above. The 1-manifold L, N (D1 x [0, 1]) is the union of arcs
L;, one for each Reeb chord p;. Up to a relative isotopy of L,,, we can assume that
the projection of L, N (91 x [0, 1]) has minimal number of intersections, i.e. there
is no relative isotopy of L, that decreases the number of intersections. It follows
from the ordering of the Reeb chords that if the projections of L; and L; intersect
fori < j, then the pair {p;, p,} is interleaved and this is a negative intersection.
Now the framing on L; is trivial, so (L;, K;) is as shown in Figure 13a. Thus
L; - K; = —1 So for each Reeb chord p;, we get a contribution of —1/2 to the
Maslov component of F(gr((s)a(p))). Moreover, each interleaved pair gives rise
to two negative intersections of the projections of L, and K,, see Figure 13c. So
each interleaved pair contributes —1 to the Maslov component of F(gr(I(s)a(p))).
Finally, if p; and p; abut, then we get an extra negative intersection, see Figure 13b.
So an abutting pair contributes —1/2 to the Maslov component of F(gr(/(s)a(p))).
Therefore, using (2.5), we conclude that

Fm(gr(I(s)a(p))) = t(p).

Hence F(gr(I(s)a(p))) = g'(p). O
(a) A Reeb chord (b) An abutting pair (c) An interleaved pair

Figure 13.
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3. Grading on the modules

Let Y be an oriented, connected, compact 3-manifold with connected boundary.
Following [5], we consider the bordered Heegaard diagram

H = (E’(xf’... ’ag_k’a‘f’... ’agk’ﬁl’... ’ﬁg’z)

which is compatible with Y in the sense that the following conditions are satisfied:
e X is a compact oriented surface with a single boundary component;
e (Z Uy D2, a¢, B)is a Heegaard diagram for Y ;
e af,---,af, are pairwise disjoint, embedded arcs in X with boundary on 9%,
and are disjoint from the af ;
e X\ (afU--- Uaéc,_k Uaf U---Uaf,) is adisk with 2(g — k) holes;
e z isa point in 0%, disjoint from all of the «]'.
We will abbreviate
o =af U---Uag_k,
o =af U---Uaj,,
o =a‘Ua?,
and

B=p1U---UpPg.

In this section, we explain how to define the grading on the modules 6{134(3-()
and CFD(H). We start by defining the grading sets S(7) and S (H).

3.1. The grading set. Let F' = dY. We recall from [5] that HH gives rise to a
pointed matched circle Z = (Z,a, M,z), where Z = 0¥,a = a«“ N Z and M
maps both points in af N Z to i € [2k] for every i. For s € [2k], we denote by
Vect(Y, vs) the set of homotopy classes of nonvanishing vector fields in ¥ whose
restriction to F is vs. Since F is connected, Vect(Y, vs) is nonempty if and only if
|s| = k. Let
S@0) = ] Vect(¥. vy).
Isl=k

We observe that the groupoid G(Z) acts on S (JH) on the right by concatenation.
More precisely, given vector fields v and w such that [v] € Vect(Y, vs) and [w] €
G (s, t), define [v] - [w] as follows. Identify a collar neighborhood N(F) of F in
Y with F x [0, 1] and take a representative ¥ of [v] which is [0, 1]-invariant in
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N(F) = F x [0, 1]. Now define [v]- [w] € Vect(Y, v¢) to be the relative homotopy
class of the vector field which equals ¥ in the complement of N(F) and w in
N(F) = F x [0, 1]. Note that we also have a Z-action on S(J) just as before,
which we again denote multiplicatively by A" on the left. We also observe that this
action need not be free. In fact, let [v] € S(H) and denote by v the orthogonal
complement of v, seen as a complex line bundle. Then A< - [v] = [v] for every
d = (c1(v1), A), for some A € Hy(Y).

Now we denote by —Z the pointed matched circle obtained by switching the
orientation of Z, i.e. —Z = (—Z,a, M, z). We observe that the groupoid G(—2)
acts on S(H) on the left, as follows. Given a vector field w in (—F) x [0, 1], we
define w to be the vector field in F x [0, 1] given by w(x,?) = w(x,1 —1). So,
given a vector field v in Y, if v and w coincide along F =~ F x {1}, we can glue
them along F =~ F x {1} and obtain a new vector field in ¥, which we denote
by w - v. So, given [w] € G(s,t) C G(—2) and [v] € Vect(Y, vs), we can define
[w] - [v] to be [w - v].

The homotopy classes [v], [w] € Vect(Y, vs) are said to be in the same relative
Spin® structure if v is homotopic to w on the 2-skeleton relative to the boundary.
We observe that there exists n € Z such that [v] = A" -[w] if, and only if, [v], [w] €
Vect(Y, vs) and v an w are in the same relative Spin€ structure.

3.2. Homotopy classes of vector fields. The goal of this section is provide a
new way to compute the difference between homotopy classes of nonvanishing
vector fields, based on the Pontryagin—Thom construction. The construction here
is inspired by and very similar to the work of Dufraine [1]. Let ¥ be a closed
oriented 3-manifold. Suppose &, n are nonvanishing vector fields on Y. By a C *°-
small perturbation, we can assume that the set

L=1Lgy={yeY () =—n()}

is a link in Y. In the case that [L] = 0 € H;(Y;Z), there exists an embedded
compact surface ¥ C Y with 0¥ = L. Choosing a Riemannian metric on Y,
we consider the orthogonal complement n+ of 5, which is a co-oriented plane
field on Y. Since ¥ deformation retracts onto a wedge of circles, we can choose
a trivialization 7: nt|y — ¥ x R2.  This in turn gives a trivialization
7: TY|g — X x R3 by setting 7*(9,) to be equal to n, where (x, y, z) are the
coordinates in R3. Let N(X) denote a small tubular neighborhood of ¥ in Y.
Then 7 gives rise to a trivialization 7Y |y(g) = N(Z) x R3.
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Using the above trivialization, we can see &|y(x) as amap &;: N(X) - S? C
R3. It is clear from the construction that Lg, = £;71(0,0,—1) = 9%. Taking
the pre-image of a regular value close to (0,0, —1) in S2, we get a framing on
Lg . We represent this framing by a number n¢ ,, given by the difference from
the Seifert framing. We note that n¢ , is independent of the Seifert surface and the
trivialization of n'|x, modulo the divisibility of ¢; (y*). The following proposition
gives a way to compute the difference between homotopy classes of nonvanishing
vector fields. The result was essentially known by Dufraine [1] but we write down
a proof here for the readers’ convenience.

Proposition 3.1. Let & and n be vector fields on Y and let d denote the divisibility
of c1(n*). Then

(a) & is homotopic to n if and only if Lg, is nullhomologous and ng, = 0
(mod d).

(b) & and n are in the same Spin® structure if and only if L , is nullhomologous.

If that is the case, then [E] = A"&n - [n].

Proof. We start by proving (a). Suppose there exists a 1-parameter family of non-
vanishing vector fields {&;};¢[0,17 on Y such that & = &, & = n. We choose
a Riemannian metric on Y such that &; is of unit length. Therefore we define a
section

E:Y x[0,1] — STY x |0, 1]

by
E(y.t) = (&(y).,t) forally eY,tl0,1],

where ST Y denotes the unit tangent bundle. We can also define a section
I:Y x[0,1] — STY x]0,1]

by
I(y,1) = (=n(x),1).
We observe that

Ley ={(».0) €Y x[0,1] | E(»,0) = I(y,0)}

and

{7, 1) e Y x[0, 1] E(y, 1) =Ly, )} = 0.
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By the standard transversality argument, we can assume that

{(y.0) €Y x[0, 1] | E(y.1) =1(y. 1)}

is an embedded surface in Y x [0, 1]. Therefore [L¢ ;] = 0 € H (Y Z).

Conversely, let ¥ C Y be a compact surface such that 0¥ = L¢ ,, and consider
a neighborhood N(X) of X in Y. Observe that £ is homotopic to 1 on the comple-
ment of N(X) by a linear homotopy, so we can assume that § = non Y \ N(X).
Since, again, N(X) deformation retracts onto a wedge of circles, we can trivialize
1| n(x) and therefore obtain a trivialization of 7Y | y(x) by writing TY = nént.
The vector field &, under this trivialization, sends Lg , to (0,0, —1) € S? as before.
The Pontryagin—Thom construction asserts that £ is homotopic to 7 if and only if
the link L¢ ,, with framing n¢ , is framed cobordant to the empty set. This happens
if and only if L¢ , is nullhomologous and ng , = 0 (mod d).

We now prove (b). If £ and 7 are in the same Spin® structure, then there exists
m € 7 such that [£] = A - [n]. Let 7§ be a nonvanishing vector field in Y given by
modifying 7 in a very small ball, corresponding to the action of A" € m3(S?). By
definition, [5] = A™ -[n]. So £ and ) are homotopic. By (a), [L¢ 3] = 0. Moreover,
L 5 is obtained from Lg , by a link contained in a ball. Therefore L, is also
nullhomologous.

Conversely if [Lg,] = 0, then, as explained above, we obtain a framing n¢ ,,
on Lg,. Now we act on n by A"én € m3(S?), obtaining a vector field 7. We
observe that L¢ 5 is still nullhomologous and that ng 5 = 0. By (a), we conclude
that [§] = [7]. So [¢] = A™&n . [n]. In particular, £ and 75 are in the same Spin¢
structure. Note that we also proved the second assertion. O

Remark 3.2. The point of our approach is that in order to compute the difference
between £ and 7, it suffices to trivialize TY along a Seifert surface, which is much
easier in practice.

3.3. Grading on CFA (). We start by recalling the definition of the A .,-module
61”74(3—() from [5]. Let §(J) be the set of g-tuples X = {x1,---,xg} C a NP such
that there is exactly one point x; on each B-circle and on each «-circle and there
is at most one x; on each a-arc. Then 51771(9{) is generated as a vector space
over Z/2 by &(H). We also recall that given x € &S(XH), there is an idempotent
I4(x) := I(o(x)), where o(x) C [2k] is the set of a-arcs containing x; for some i.
We have a right action of the ring of idempotents J := J(Z) on @(ﬂ{) given by

x if I4(x) = I(s),
% 1) = 4(x) = I(s)
0 otherwise.
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Let A := A(Z). As explained in [5, Ch. 7], the A-structure on 51771(3-() is given
by maps
miy1: CFA(H) @3 A Qg -+ @3 A —> CFA(KH).

Now we want to define a grading function
gr: S(H) — S(H),

which is compatible with the maps m;4;. More precisely, let x € G(J) and let
a(pi1),...,a(p;) be generators of A. If

X®ja(p1) ®g---®ya(p;) #0 (3.1)

then we can write

X®ja(pr) ®g---Qya(p)) =x®g I(s1)a(pr) ®; - Qg 1(s;)a(p;),

for some sq,...,8; C [2k]. Note, in particular, that I(s;) = I4(x). If yis a
summand in mj (X, a(p1),...,a(p;)), we want gr to satisfy

gr(y) = A7 gr(®) - gr(I(s)a(p)) . . gr(I(sp)a(pr))-

Recall the following definition from [5, Definition 4.8].

Definition 3.3. Given a compact 3-manifold ¥ with bordered Heegaard diagram
I, we say that a pair consisting of a Riemannian metric g on Y and a self-indexing
Morse function /: Y — [0, 3] is compatible with 3 if

e the boundary of Y is geodesic,
o the gradient vector field Vi|yy is tangent to 97,

e /1 has a unique index 0 and a unique index 3 critical point, both of which lie
on dY, and are the unique index O and 2 critical points of /|3y, respectively,

e the index 1 critical points of %|yy are also index 1 critical points of £,

e gy, viewed as a Morse function on F = 9Y, is compatible with the pointed
matched circle Z.

Fix a compatible Morse function #: ¥ — [0, 3], and consider the gradient
vector field Vi on Y. For any x € &(H), the pair (X, z) determines g + 1 gradient
trajectories {yo. - , V¢ }, Where yo connects the index 0 and index 3 critical points
passing through z, and y; connects the index 1 and index 2 critical points passing
through x;. We define gr(x) € S(H) by modifying V4 near tubular neighborhoods
of the trajectories y; as follows.
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Let N(yo) be a small neighborhood of y4 in ¥ and let
D ={(x,y) e R®|x>+y2 < 1,x > 0}.

Then N(yyp) is diffeomorphic to D x [0, ]/ ~, where the equivalence relation is
given by ((0, y),t) ~ ((0, y),t') forevery ¢, ¢/, and where (D x{0}) U(D x{x})/ ~
is identified with N(yo) N dY, see Figure 14(a). Using the above identification, the
vector field VA restricted to D x {¢} is depicted in Figure 15(a). For each ¢ € [0, ],
we modify Vi in D x {t} as shown in Figure 15(d). Since these modifications co-
incide on D N {y = 0}, we get a nonvanishing vector field on D x [0, 7]/ ~.
This is the restriction to the half-ball of the analogous modification used to de-
fine the grading on Heegaard Floer homology [3]. For a formula describing this
modification, see [3, §2].

We order the flow lines y, ..., yg so that the index one critical points corre-
sponding to y1,...,yx lie on dY. Foreachi = 1,...,k, let N(y;) be a small
neighborhood of y; in Y. Let B be the intersection of the unit ball in R3 with
{z > —1/2}. Then N(y;) is diffeomorphic to B, see Figure 14(b). Let

D= {(x,y) € IR2|)C2 + y2 <1,y >-1/2}.

Each vertical cross-section of B can be identified with D. The vector field VA
restricted to N(y;) can be viewed as an interpolation between V# restricted to two
transverse vertical cross-sections, corresponding to the unstable manifold of the
index one critical point and the stable manifold of the index two critical point.
Figure 15(b,c) shows the restriction of V4 to these two cross-sections. We mod-
ify Vi on these cross-sections as in Figure 15(e,f). Again, this is very similar to
the corresponding construction on Heegaard Floer homology. Namely, this is the
restriction to {z > —1/2} of the vector field defined in [3]. The reader can find
a formula describing this modification in [3, §2]. Foreachi = k + 1,..., g, the
corresponding index one critical point lies in the interior of Y. So do the same
modification as in [3, §2].

We still have to eliminate the boundary index one critical points which do not
belong to any y;. We do so by slightly perturbing V# in a neighborhood of each of
these points so that it points to the interior of Y. Alternatively, we observe that Y
is diffeomorphic to the complement of the union of small neighborhoods of each
of these points. So V/ restricted to a tubular neighborhood of the boundary of this
complement gives the desired modification of V4, see Figure 14(c). Let v denote
the vector field in ¥ obtained by modifying V4 as explained above. Then we define
gr(x) to be the relative homotopy class of vx. We note that gr(x) € Vect(Y, vy(x)).
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(b)
Figure 14.
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(b)

(d)
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(©)

®

Figure 15. Modifying V/ to a nonvanishing vector field.
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Following [5, Definition 4.14], given generators X,y € G(H), we consider the
relative homology group

Hy (32 < [0, 1] < [0, 1], ((Se U Sg U S) x [0, 1]) U (Gx x{0}) U (Gy x {1})).

where S¢ = a x {1}, Sg = B x {0}, Sy = (02 \ z) x [0,1], Gx = x x [0,1] and
Gy =y x [0, 1]. This group is usually denoted by 7> (X, y), following the tradition
from [7].

A homology class B € m,(X,y) can be interpreted as a domain in . As such,
one defines e(B) to be the Euler measure of this domain as follows. For each
region in ¥ \ (e U B), we define its Euler measure to equal its Euler characteristic
x(B) plus one quarter of the number of concave corners minus the number of
convex corners. We can extend this linearly to domains in ¥. One also defines
nx(B) to be one quarter of the number of components of X \ (¢ U #) in B adjacent
to x, counted with multiplicity. One defines ny similarly. For B € m(X,y), one
defines 3? B to be the piece of the boundary of B contained in dX. We think of
3°B asaclassin Hy(Z\{z},a). Letp = (p1....,p;) be an [-tuple of sets of Reeb
chords. Let L(p;, p;) denote the sum of all terms of the form L(p, o) for p € p;
and o € p;. Recall that

l
() =D _t(pi) + Y Lpi.pj)- (3:2)

i=1 i<j

Remark 3.4. We recall from [5] that ¢(p) is the Maslov component of the product
gr'(py)---gr'(p;), where gr’ is the noncanonical grading as in §2.5.

One can also define
(0] = [p1] + -+ [p1] € Hi(Z \ 2, a).
Now recall the definition of ind(B, p) for B € n(x,y) and p satisfying 3° B = [p]:
ind(B, p) = e(B) + nx(B) + ny(B) + 1(p) + [. (3.3)

Given x,y € &(H) such that 7,(x,y) is nonempty,* we now compare gr(x)
and gr(y). The main result of this section is the following proposition.

4This is equivalent to x and y being in the same Spin® structure.
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Proposition 3.5. Ler x,y € S(H), B € ma(x,y) and p = (p1, ..., p;) such that
3°B = [p]. Assume that (x, p) satisfies (3.1) and let sy, . ..,s; C [2k] such that

X®ja(p1) ®r---®ga(p;) =x®; I(s1)a(p1) ®y--- @3 I(s))a(p;).

Then i
gr(x) - gr(I(s1)a(py)) - gr(I(sp)a(py)) = AMEP T ory).  (3.4)

Proof. We divide the proof in five steps.

STEP 1. We start by making a simplifying assumption.
For each p;, we write p; = {p; 1...., pi,|p,|}» Where the Reeb chords as ordered
as in Section 2.3. Now let

16: (pl,ly---1101,|p1|1---7pl,11'--7pl,|p]|)
and let
g =lp1|l +---+|p:l-
It follows from (2.5) and (3.2) that

(p) = t(p)-
Write

5= (o1.....py).

We now assume that the Reeb chords p; are pairwise disjoint and that

q q
@k o) N UMD} = (2K \ oy n | JtM(pH}| =a. 35)
i=1 i=1

This condition means that

e for every p € [2k], there is at most one i such that M(p;") = p, and there is
at most one j such that M(pf) = p;

e forevery p € o(x), there is no i such that M(p;") = p;
e forevery p € o(y), there is no i such that M(p;") = p.

We will first prove the proposition under this assumption.
Since the Reeb chords p; are pairwise disjoint, t(p) = —¢g/2. It follows from
eq. (3.3) that
ind(B.5) — [ = e(B) + ny(B) + ny(B) — %. (3.6)
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We also note that (3.5) implies that a(p;) = a(pi,1)---a(p;,p;), for all i.
It follows that

gr((s1)a(p1)) ---gr(I(sp)a(pr)) = gr(I(s1)a(pr)) -~ gr(I(sqg)a(pq)),
for some s1....,54 C [2k].

SteP 2. We now use (x, p) and y to construct Heegaard Floer homology genera-
tors of a closed three-manifold related to Y.

Let X’ be a closed surface obtained by gluing a compact surface of genus k
with boundary —Z to ¥ along the boundary. We construct a Heegaard diagram
(X', a’, B, z) as follows. For each arc «f, we glue an arc on X'\ X to obtain a closed
circle on X', which we denote by «;. We can always choose the completion of the
a-arcs such that &' = {af,....ap ;. of,....0%} is a set of pairwise disjoint
curves which are linearly independent in H;(X’). Recall that Z \ N(z) C dX is a
line segment containing all Reeb chords. Now consider & translates of Z \ N(z) in
a collar neighborhood of 9% on X'\ ¥ ordered by their distance to X. Foreachi =
1,...,k, we define a circle B; on ¥’ \ X containing the i-th translate of Z \ N(z),
such that these circles are pairwise disjoint and linearly independent in homology.
Sowelet B’ = {B1.....Bg.B}.---. B} Therefore we obtain a Heegaard diagram
(X, a’, B, z), which gives rise to a closed three-manifold containing Y, denoted
by Y’. We note that this diagram is similar but not identical to the diagram AZ(2),
see [6].

The domain B € m,(x,y) naturally extends over ¥, as follows. Note that,
by (3.5), ¢ < k. Now each Reeb chord p; can be translated to 8] giving rise to a
segment, whose endpoints are on the «-circles corresponding to the endpoints of
pi. So each p; gives rise to two intersection points on ;. We add new intersection
points to x and y, as follows. For each p;”, the corresponding intersection point on
B; is added to y and, for each pl.+, itisadded to x. If ¢ < k, foreachi > g, we
choose a fixed intersection point on ] to add to both x and y. This construction
gives rise to elements X’ and y’ of T N Tp. We obtain a domain B’ on ¥’ by
taking the union of B with a domain in ¥’ \ X bounded by the Reeb chords p;, its
translates and the corresponding a-circles. We observe that B’ € w5 (X', y').

In [3], we defined an absolute grading function

gr: Ty N Tp —> Vect(Y').
This function is such that

gr(x') = AB) . 5i(y"), (3.7)
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where ind(B’) is given by Lipshitz’s index formula [4]:
ind(B’) = e(B’) + nx'(B') + ny (B"). (3.8)

We observe that e(B) = e(B’). The points in X’ and y’ are either elements of x
and y or new corners on X'\ X, unless they are belong to 8 fori > [, in which case
they do not contribute to ny'(B’) and ny (B’). We have 2g new corners, giving a
contribution of ¢ /2 to ny'(B’) + ny (B’). Hence, it follows from (3.6) and (3.8)
that

ind(B, p) — [ = ind(B’) —q. (3.9)

SteP 3. We will now relate our problem to the relative grading between x” and y’.

We can decompose Y’ as Y’ = Y Up (F x[0,1]) Ur Y, where F x [0, 1] is the
intersection of a neighborhood of 3Y with Y’ \ Y. We can assume without loss of
generality that B’ C Y U(F %[0, 1]) and that the unstable manifolds of all the index
one critical points are [0, 1]-invariant in F x [0, 1]. Following our construction of
the gradings, let vy, vy be the vector fields whose relative homotopy classes are
gr(x) and gr(y), and let v(s; p,), - - - » U(s,,p,) DE the vector fields defined in §2 such
that [v(;,p,)] = gr((si)a(p;)). Let t = I4(y) and let Iy denote the [0, 1]-invariant
vector field on F x [0, 1] whose restriction to F' x {¢} equals v¢. Then the action of
[I¢] on Vect(Y, vy) is trivial. So [vy - I] = gr(y). Therefore, in order to prove (3.4),
it is enough to show that

[Vx - (Vsyo) *** V(sgupe))] = ATER T [y 1] (3.10)

Since v(s 5) and Iy coincide on F x {1}, we can extend vx - (V(s;.p1) *** V(sq.04))
and vy - I to Y’ so that they coincide in Y. Let vy 5 and vy ¢ be the vector fields
obtained by this extension from vx - (V(s;,p;) *** U(sq.p4)) @0d vy - I, respectively.
We apply Proposition 3.1, obtaining a link denoted by L 5) y defined as

L gy =1y € Yoy 5(3) = —vy(1)}-

Since vy ; and vy ¢ coincide in Y, the link L x5,y is contained in ¥ U (F x [0, 1))
and it is independent of the extension of the vector fields to Y.

Let vy and vy be the vector fields on Y’ as constructed in [3, §2] whose ho-
motopy classes are gr(x’) and gr(y’), respectively. We define Ly y to be the link
in Y’/ given by

Lyy ={y € Y'|luxy(y) = —vy(»)}.
We note that vy’ |y = vx and vy|y = vy. So the restrictions of Lx,5),y and Ly y
to Y coincide. We observe that this is the union of the flow lines corresponding to
all points in x and y, up to a small isotopy in neighborhoods of the critical points.
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We will now show that L 3 y and Ly y are both nullhomologous and isotopic
to each other. We first look at L 5 v N (F x [0, 1]). For each i, we can assume
that vy, ) is defined in F x [i_Tl, ;4]. We will now compare vy, ,,) with Iy. Using
the description of v, ,,) illustrated in Figure 5, vy, ,,) is a vector field which is
t-invariant outside N(p;) x [i_Tl, (‘1;], where N(p;) is a neighborhood of the union
of p; with the Morse trajectories connecting its ends to the corresponding critical
points, as in §2. It follows from (3.5) that M(p;") ¢ t. Now either M (,oi+ )&t
or M(p;") € t. In the first case, Ly N (F X {%1}) = {M(p;)} x {%1}
and we obtain an arc that is always transverse to F x {t} and follows the point
labeled with “+” as it travels from one critical point to the other. In the second
case, L 3y N (F X {i%l}) = {M(p7), M(p;}")} x {i_Tl} and we obtain an arc
which follows the points labeled with “+” and “—" until the middle of the second
bifurcation, where the two parts of the arc connect. See Figure 16(a),(b) for an
illustration of both cases. So L 5y N (F x [0, 1]) is the union of these arcs for
i =1,...,q. Note also that L 3 , does not intersect F' x {1}.

Now we look at Ly y \ Y. We observe that Ly y \ Y is, up to a slight per-
turbation, the union of the flow lines corresponding to the intersection points in
x and y’ in X'\ X, except for the points on B] for i > ¢. See Figure 16(c) for an
example of Ly y \ Y. For each Reeb chord p;, we can isotope the corresponding
arcin L5y N (F X [i_Tl, [’14]) to have endpoints near dY. We can also isotope
Ly y \ 'Y along the stable manifold of the index two critical point corresponding
to B; so that it is contained in F x [0, 1]. Because we chose B’ according to the
order of the Reeb chords in p, it follows that we can perform a relative isotopy in
Y'\ Y sothat L 5 N (F x [0, 1]) is mapped to Ly y \ Y.

(a) (b) ©)

Figure 16. The two cases for an arc in Ly 3 y and an arc in Ly y'.

Let C’ be a 2-chain in Y’ obtained by taking the union of B’ with the stable and
unstable submanifolds corresponding to all segments contained in dB’. Then the
boundary of C’ is the union of the flow lines corresponding to x" and y’, where the
orientations on the flow lines corresponding to X’ and y’ are opposite to each other,
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so that the union of these flow lines is a closed curve. In particular, up to a small
isotopy dC" = Ly y. So Ly y, and consequently L ;) v, are nullhomologous.

Let N(x.5).y and ny y denote the framings on Lxp).y and Ly y as in §3.2.
Our goal is to compute n( 3. It follows from Proposition 3.1 and (3.7) that
ny y = ind(B’). So it is enough to compute n ;) y — x'y-

We claim that

Nxp)y —Nxy = —(. 3.11)
STEP 4. We now prove the proposition under our assumption.

We observe that C’ N dY is the union of the curves p; defined in §2. We can
now choose Seifert surfaces Sy and S5 for Ly By and Ly y, respectively such that
S1NY = S, NY, which both coincide with C’ N dY on dY. We can choose S,
so that S, \ Y is a slight pertubation of C’\ Y in Y’ \ Y. We can assume, without
loss of generality, that S; N (F x [0, 1]) € (U; N(p;)) x [0, 1]. Note also that an
isotopy from L z v to Ly y induces an isotopy from S; to S». See Figure 17 for
an example of S; and S, in Y’ \ Y.

_ A

Figure 17. The surface S in both cases and the surface S>.

In order to compute 7y 2.y and ny yr, we first need to fix trivializations of v;:t
and v;; on neighborhoods of S; and S, respectively. We denote these neighbor-
hoods N(S1) and N(S>). Recall that vy |y = vy|y. We now fix a trivialization
of th- on U; N(p;) as follows. First recall that the trivialization TF|ys,) = R?
from the embedding in Figure 3 and denote by x and y the coordinates on R2.
We also write 5= = {pf,..., pi*}. For each critical point p € M(5~ U p7), we
define a vector field X, in a neighborhood of p as follows. If p = M(p;") for
some i, we let X, = —9/0x, where we identify TF |y, = R If p = M(p;")
for some i, we let X, = 9/dx, where we identify TF|y(;) = R?. Note that if
p=M (/oi+ ) = M(p;) fori < j, then X, is well-defined, since we are assuming
that p;” # p;'.

Let ¢ denote the [0, 1]-coordinate in F' x [0, 1]. As usual, we can think of d/0¢
as a vector field on F. Let V denote the vector field on U; N(p;) defined by

- T ey

peM(B—Upt)
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where ¢, is a bump function such that ¢, = 1 at p and ¢, = 0 outside a small
neighborhood of p. We note that the vector field v¢ is never tangent to V' along
N(p;) for every i. Hence the orthogonal projection of V' to th- is a nonvanishing
section of vtL lu; N(3;)» giving rise to a trivialization of vtL lu; (s, for each i, where
this section is identified with (1,0, 0). We extend this trivialization arbitrarily to
a trivialization 7y of v¢t| N(S;nY), Where N(S; NY) is a neighborhood of §; NY
in Y. Since S; N (F x [0, 1]) C (U; N(p;)) x [0, 1] and since vy, is t-invariant, we
can extend ty to a trivialization tg, of v;:t| N(S;)» Which is z-invariant on N(S1) N
(F x[0,1]).

We now extend 77 to a trivialization of vyL,| N(S,) as follows. We will first
extend V to a vector field on a neighborhood of S, \ Y, denoted by N(S> \ Y).
Let ¢ > 0 such that Ly y» N (F x {¢}) # @. For x € Ly y N (F x [0, ¢]), we set
V(x) = V(x(x)), where = is the projection onto F'. We can choose ¢ so that for
X € Ly yN(F x{e}), wehave V(x) = d/9¢. Now, for x € Ly y\ (Y U(F x[0, ¢])),
we set V' (x) to be always perpendicular to the stable manifold of the corresponding
index two critical point. It follows from our construction of V' that we can extend V'
to a vector field in N(S>\ Y) that is never parallel to vy-. The orthogonal projection
of V onto vyL,| N(S,\F) induces an extension of 7r to a trivialization of vyL,| N(S)s
denoted by ts,.

We are now ready to compute the framings on L 5y and Ly y. Using the
trivializations tg, and tg, respectively, we can see the vector fields vy ; and vy
as maps vy 5: N(S1) — S? and vy N(S3) — S2. We consider the links K; =
v;%(S,O, —+v1—-62) and K, = vy'(8,0,—+/1—62). It follows from our con-
struction that these links coincide in Y. Figure 18 shows a picture of the pieces of
K, and K, corresponding to a Reeb chord p;. We observe that K; \ Y intersects
S1\ Y once and K>, \ Y does not intersect S, \ Y. The intersection of K; \ Y
with S; \ Y is negative by our sign convention. Therefore, we have shown (3.11).
Combining (3.9) and (3.11), we conclude that (3.10) holds.

Figure 18. The framing K in both cases and the framing K>.
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STEP 5. We now prove the proposition in the general case.

We again let p = (1,1, ... P1,jpy|»---+PL1+---+PLIp,) aDd g = [p1]| + -+ +
|p;|. Recall that ¢(p) = ¢(p). We define a new Heegaard diagram (X', «’, B/, z) as
follows. The surface ¥’ is a genus (g + max(k, ¢)) surface containing . We add
max(k, q) B-circles to B to obtain B’ and we denote the new f-circles by ;. We
choose the B-circles in X'\ X to be completions of parallel copies of Z \ N(z) as
in Step 2. To obtain &’ from e, we close the «-arcs and, if ¢ > k, we add (¢ — k)
a-circles. We denote by Y the closed three-manifold obtained from (¥, &/, B/, z).
We again write p = (p1,. .., pq). For each p;, we obtain a segment b; on ] by
translating p; to B;. Now for each p;, we extend B into X"\ X until its boundary
hits b;, see Figure 19. As in Step 2, we obtain a domain B’. Let X’ and y’ be
the union of the corresponding intersection points. If (3.5) does not hold, then
x’ (and consequently y’) is not a generator of CF(X',a', B', z), since it contains
intersection points on the same «-circle. Nevertheless ind(B’) can still be defined
using the combinatorial formula (3.8).

X / 1 ’
X ! y

Figure 19. The left side is a domain on X. The right side is the completion of the domain
on Y.

Let vy, vy and v, p,) be the vector fields defined in Section 2.3 whose homo-
topy classes are gr(x), gr(y) and gr(/(s;)a(p;)), respectively. Let

Uis,p) = VYGsi.e1) " " V(si00)-

We again decompose Y’ as Y’ = Y U (F x [0,1]) U Y and we consider the
[0, 1]-invariant vector field I in F x [0, 1]. As in Step 2, we can extAend Ux * Vs, 5)
and vy - I to nonvanishing vector fields on Y’ which coincide in Y, denoted by
vy 5 and vy ¢, respectively. So we need to prove that

[v,5) = AMEA Ty ). (3.12)
We again define

Lxgyy =1y € Y'|ug 5(y) = vye(=y)}.
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For each Reeb chord p;, there is a corresponding arc in L 5y, N (F x [0, 1]).
There are a few more cases to consider than the two cases in Figure 16, but in
all cases the projection of the arc to F is a slight perturbation of the union of
0i. Moreover, we can assume that the arc corresponding to p; is contained in
F x [i_Tl, (‘1;]. So L5,y N (F x [0,1]) is the union of all these arcs. We can
perturb L 5 v N (F % [0, 1]) so that all the intersections of its projection to F' are
transverse.

Fix a trivialization 7 of v;:t in a small neighborhood of a Seifert surface of
Lx,5)y N (F %[0, 1]), which is [0, 1]-invariant in F x [0, 1]. Let n( 3, denote the
framing on Ly 5,y N (F X [0, 1]) obtained from vy 5 and 7 as in Proposition 3.1.
By (3.12), it is enough to prove that

Nxp)y = €(B) + nx(B) + ny(B) + 1(p). (3.13)

For a segment b;, we denote the projection of its endpoints to Z \ z by b;” and
b, where b, < b;". We note that the segment &; is specified by the projection of
its endpoints and the B-circle to which it belongs. We say that a pair of segments
{bi, bj} is positively (resp. negatively) interleaved if b; < b;” < bl-+ < bf and
i < j(resp. j < i). Wesay that {b;, b;} is positively (resp. negatively) nested if
bj <b; < b]?L < bl.+ and i < j (resp. j < i). Finally, we say that {b;,b;} is
positively (resp. negatively) abutting if bi+ =b; andi < j (resp. j <i).

We define a new domain B” by modifying B’. At each step, we denote by
bi,...,b, the segments of the corresponding domain on B, where n may
vary after each modification. We will first remove all abutting and interleaved
pairs of segments. Let {b;, b;+1} be a pair of segments with consecutive indices.
If {b;, bi+1} is positively (resp. negatively) abutting, we substitute this pair by
[b7. b}, 1] (resp. [bi, 1. b;"]) on B;. We now move the segments b; from 8 to 8} _
for j > i + 1. In particular, substituting a pair of consecutive abutting pairs de-
creases the value of n by 1. If {b;, b; +1} is interleaved, we substitute it by a nested
pair. We can perform these changes until there are no abutting or interleaved pairs
with consecutive indices. Now, let {b;, b;} be an abutting or interleaved pair with
i < j,suchthat{b;,...,b;} does not contain another abutting or interleaved pair.
We note that either every pair of segments in {b; 11, ..., b;} is nested or disjoint.
We switch the segments b; 11 and b;. We proceed as above with the pair {b;, b; 11 }.
We repeat this procedure until there are no more abutting or interleaved pairs.
Finally, we switch the order of the segments so that there are no negatively nested
pairs. Let by, ..., by, be the segments obtained from this procedure and let B” be
the domain resulting from these segments.

After each step of the above procedure, we obtain a new tuple of Reeb chords,
for which we can compute the value of :. We observe that each time that a nega-
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tively abutting pair is concatenated in the above procedure, the value of ¢ increases
by 1. Concatenating a positively abutting pair does not change ¢. For each posi-
tively (resp. negatively) interleaved pair that is exchanged by a nested pair, the
value of ¢ is changed by —1 (resp. +1). Let A~ denote the number of negatively
abutting pairs that were concatenated in the above procedure and let 1T (resp.
17) denote the number of positively (resp. negatively) interleaved pairs that were
exchanged by nested pairs in the above procedure. Hence

m

7 (3.14)

ind(B") = e(B) + nx(B) + ny(B) +

L(ﬁ)=—%—A_+I+—1_. (3.15)

Let x” and y” be the sets of intersection points corresponding to the corners of B”.
It is still possible that X" contains intersection points on the same «-circle. That
will happen if and only if y” contains intersection points on the same «-circle. Let
us assume first that this does not occur. In this case, for each i > m, we choose an
intersection point on f; to add to both x” and y” so that x” and y” are generators
of CF(X', o', B, 2).

We define Ly~ y» and ny» y» as in Step 3. We note that Ly Ay and Ly y» are
cobordant. In fact, for each step of the above procedure, we perform a correspond-
ing O-surgery or an isotopy as follows. We start from L ). For a negatively
abutting pair that is concatenated in the above procedure, we perform a positive
0-surgery to the link. For each positively (resp. negatively) interleaved pair that is
exchanged by a nested pair, we perform a negative (resp. positive) 0-surgery to the
link. Finally, when we concatenate a positively abutting pair or when we exchange
a nested or disjoint pair, we simply isotope the link. The resulting link can now
be isotoped to Ly~ y~. Let S, be a Seifert surface for Ly~ y~, as in Step 4. We can
choose an embedded Seifert surface S, for Ly~ y» which is a slight pertubation of
the union of B” with the corresponding stable and unstable submanifolds, such
that S, NY = S;NY. So we can extend the trivialization of vyft| N(S;nY) to a triv-
ialization tg, of vyL,, |n(s,) and we obtain a link K>, as in Step 4. We observe that
K>\ Y and S, \ Y do not intersect, as before. Using the cobordism from L 3.y
to Lyry, the link K induces a link K 1 about Ly~ y». Foreach 1 <i < m, we
obtain a negative intersection of K 1 and S,. Moreover, for each 0-surgery that we
performed, we obtain an extra intersection. Therefore

Nxpyy — Mxryr = —m— AT + 17 17 (3.16)

Since ind(B”) = ny»y» and ((p) = ¢(p), it follows from (3.14), (3.15) and (3.16)
that (3.13) holds.
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Now assume that X” contains intersection points on the same a-circle. We
modify the Heegaard diagram and the domain B” as follows. We first note that
any «-circle contains as many points in x” as in y”. Let r; denote the number of
points in x” contained in «;. For each i such that r; > 1, let X; be a surface of
genus (r; — 1) and let d; be a point in & N Y. We consider the connect sum of X’
with the surfaces X;, where the connect sum with ¥; is performed by removing a
small disk centered at d;. Now we add (r; — 1) a-circles, which are translates of «;
in X" and are given by the model of Figure 20 on X;. We also add (r; — 1) B-circles
on X;, as in Figure 20. We isotope these S-circles so that they intersect all « circles
in X', After this modification, we obtain a new Heegaard diagram for Y'. We can
now move the points which lie in both x” and y”, which are on the same «-circles
to distinct ones and we obtain® X", y”’ and a new domain B” € m,(x”,y") in
the new Heegaard diagram. We observe that we can choose x”, y”" and B"” so
that ind(B”) = ind(B”). If o(x) N o(y)) \ o(x N'y) = @, then the argument from
the above paragraph works if we exchange x”, y” and B” by X/, y”" and B"”. If
o(x) No(y)) \ o(xNy) # @, then L 5y, and Ly~ y» do not coincide in Y, since
y is not a subset of y””. In this case, we write y = y”/ N ¥ and we denote by ¢ the
modification of p obtained by substituting y by ¥. We then observe that the links
Ly 3,y and L 55 are framed homotopic, so (3.13) holds in all cases. O

Figure 20. The « and B-curves on the surface %;.

5 We also have to add intersection points to both x” and y” on all « and B-circles, which do
not contain an intersection point yet. We choose such points in the complement of B””.
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Theorem 1.3(a) is an immediate corollary of Proposition 3.5.

3.4. The grading on 6@(3{). We start by recalling the definition of the module
CFD(H). For x € 6(KH), let 0(x) = [2k] \ 0(x) and define

Ip(x) = I([2k] \ 0(x)).

We have a left action of the set of idempotents J on & () given by

Hx o {x if Ip(x) = I(s),

0 otherwise.

The module @(i}{) is generated over Z/2 by the elements of the form a ® x,
where a € A(—2) and x € &(H), and the tensor is taken over J. Its module
structure is given by the obvious left A(—2Z)-action.

We can define the grading gr on a generator a(—p) ® x of @(i}{) by

gr(a(=p) ® x) := gr(a(=p)Ip(x)) - gr(x).

The differential d on fF\D(fH) is defined in [5] by counting moduli spaces of holo-
morphic curves of the form M2 (x,y, p), where p = (p1...., p;) is a sequence of
Reeb chords. More precisely d(/p (X) ®x) is a sum of terms of the form a(—p) ®y,
where B € m(x,y) and ind(B,p) = 1. Here —p denotes (—py,...,—p;) and
a(—p) denotes the product a(—p1) ...a(—p;).

Proposition 3.6. Let X,y € S(H), B € na(X,y) and p such that 3B = [p].
Ifa(—) ®y # 0, then

gr(a(—p)Ip(y)) - gr(y) = A7 4B P gr(x). (3.17)

Proof. The proof is very to similar to that of Proposition 3.5. We assume, for

simplicity, that (3.5) holds and that the Reeb chords are all pairwise disjoint. Oth-

erwise, we can apply similar arguments to Step 5 of the proof of Proposition 3.5.
We again construct a closed manifold

Y =Y Uz UF x[0,1]Uz Y.

And we extend H to a Heegaard decomposition of Y’ so that the new B-curves are
translates of the Reeb chords. We again obtain generators x’, y’ of CF (Y') and a
homology class B’ € n(x',y’). So it follows from (3.9) that ind(B’) = ind(B, p).
Now we compare gr(a(—p)Ip(y))-gr(y) and [I]-gr(x) in (F x [0, 1]) where I is the
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[0, 1]-invariant vector field which coincides with gr(x) along F x {1}. Asin Step 3
of the proof of Proposition 3.5, we obtain a link whose intersection with Y/ \ Y is
the union of arcs, one for each Reeb chord. We also consider a surface S| bounding
this link and a link K; obtained by taking the preimage of (8,0, —+/1 — §2), as in
Step 4 of the proof above. We observe that, in this case, K; \ Y does not intersect
S\ Y. So the framing equals ny y. Therefore

— )ind(B")

gr(x) -gr(a(=p)Ip(y)) - gr(y).

That implies our claim. O

We have therefore proven Theorem 1.3(b).

4. The pairing theorems

Our absolute grading is also compatible with the pairing theorems proved in [5].
More precisely, given two bordered Heegaard diagrams HH; and 3, for Y; and Y5,
respectively, with dH; = —dXH,, we obtain a Heegaard diagram H = H; Uy H>
for the closed manifold Y := Y UyY,. Let F = dY; = —3dY> be the parameterized
boundary.

Recall that the box tensor product @(Yl) X @\D(Yz) is G(H1) ®g(z) G(H>)
as a set. See [5, Def. 2.26] for the definition of the differential. If x; € G(H,)
and x, € G(H,), such that x; ® X, € @(Yl) X a-”\D(Yz) is nonzero, then x;
and x, must lie on complementary «-arcs. Therefore the pair (x;, X,) corresponds
to a generator of CF (Y). So there is a canonical map

®: CFA(Y,) K CFD(Y,) —> CF(Y). 4.1)
We recall the following theorem from [5].

Theorem 4.1 ([5, Thm. 1.3]). The map (4.1) is a homotopy equivalence.

Let S(H1) xF S(H,) denote the set of elements of the form ([v1], [v2]) with
[v1] € S(Hy) and [v2] € S(H3), such that [vq] and [v,] agree along F. Recall
that G(Z;) = G(—2Z,) acts on S(H;) on the right and on S(H,) on the left. We
now define S(H1) ®g(z,) S(H2) to be the quotient of S(H;) xF S(H>) by the
equivalence relation given by (¢ - a,&) ~ (§1,a - &), where & € S(3H;) for
i =1,2anda € G(Z;). Recall from [3] that the absolute grading on CF (Y) takes
values in Vect(Y). Now given nonvanishing vector fields v; in Y7 and v, in Y5,
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which agree along dY; = —dY,, we obtain a vector field v; - v, on Y by gluing
along the boundary. Therefore we obtain a map

v S(g‘fl) ®G(Zl) S(g‘fz) —> Vect(Y).

We have the following proposition.
Proposition 4.2. The map V is a bijection.

Proof. To show that W is surjective, let v be a nonvanishing vector field on Y and
write v = vy - v, where v; and v, are nonvanishing vector fields on Y7 and Y5, re-
spectively. Now we fix a trivialization of 7Y, and hence a trivialization of TY |F.
By the Pontryagin-Thom construction, two maps F — S? are isomorphic if, and
only if, their pullbacks of the generator of H?2(S?;7Z) coincide. We observe that
the pullback map *: H?(Yy,7) — H?(F) is trivial. Hence v;|F is homotopic
to the constant map F — S2. Now fix s C [2k], such that |s| = k. Since we
can extend vg to a vector field in Y, it follows that vg is again homotopic to the
constant map. Therefore there exists a nonvanishing vector field u in F x [0, 1]
such that u|rx{oy = v1 and u| {1y = vs. Let u denote the inverse of the homo-
topy determined by u. It follows that v; - u - u - v, is homotopic to vy - v5. So
W([vy - u] ® [u - va]) = [vg - v2]. Hence W is surjective.

Now let [v1], [w1] € S(H1) and [vs], [wz] € S(H3) such that ¥([v;] ® [v2]) =
Y ([w1] ® [wz]). So [vg - v2] = [wy - w3] as elements in Vect(Y). Let H: Y x [0, 1]
denote the homotopy from v; - v, to wy - wp. Let u be the restriction of H to
F x[0,1]. So u|pxgoy = vi|F and u|rxq1y = wi|r. We observe that [v - u] =
[wq] € S(H;) and that [z - v1] = [wz] € S(H>). So

1] ® [v2] = [v1 - u] @ [u1 - v2] = [wi] ® [w2] € S(H1) ®g(zy) S(H2).
Therefore W is injective. U
We can now prove that the map (4.1) preserves the absolute grading.
Theorem 4.3. Given x; € S(H;) and x; € S(H,), such that x; ® x; # 0. Then
gr(P(x1 ® x2)) = W(gr(x1) ® gr(xz2)).
Proof. 'This follows immediately from our construction of the gradings in §3.3 and

from the definition of the grading on Heegaard Floer homology in [3, §2]. O
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