Quantum Topol. 7 (2016), 107-183 Quantum Topology
DOI 10.4171/QT/74 © European Mathematical Society

Invariance and the knot Floer cube of resolutions

Allison Gilmore!

Abstract. This paper considers the invariance of knot Floer homology in a purely algebraic
setting, without reference to Heegaard diagrams, holomorphic disks, or grid diagrams. We
show that (a small modification of) Ozsvath and Szabd’s cube of resolutions for knot Floer
homology, which is assigned to a braid presentation with a basepoint, is invariant under
braid-like Reidemeister moves II and III and under conjugation. All moves are assumed
to happen away from the basepoint. We also describe the behavior of the cube of resolu-
tions under stabilization. The techniques echo those employed to prove the invariance of
HOMFLY-PT homology by Khovanov and Rozansky, and are further evidence of a close
relationship between the theories. The key idea is to prove categorified versions of certain
equalities satisfied by the Murakami—Ohtsuki—Yamada state model for the HOMFLY-PT
polynomial.
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1. Introduction

Several knot polynomials were originally categorified using a “cube of resolu-
tions” construction. Given a projection of a knot with m crossings, one considers
two ways of resolving each crossing and arranges all possible resolutions into an
m-dimensional cube. To each vertex of the cube, one associates a graded alge-
braic object (perhaps a vector space, or a module over some commutative ring),
and to each edge of the cube a map. With the correct choices of objects and maps,
the result is a chain complex whose graded Euler characteristic is the desired knot
polynomial. Khovanov’s categorification of the Jones polynomial [3] follows this
model, employing a cube in which the resolutions are the two possible smooth-
ings of a crossing. A complete resolution is then a collection of circles, to which
one associates certain vector spaces. Khovanov and Rozansky’s categorification
of the sl polynomials [5] and later the HOMFLY-PT polynomial [6] (see also
Khovanov [4] and Rasmussen [17]) instead use a cube of resolutions built from
singularizations of crossings and oriented smoothings. The complete resolutions
in this case are a particular type of oriented planar graph. The associated algebraic
objects are modules over the ring Q[xo, . .., x,], which has one indeterminate for
each edge of the graph. In each of these theories, the chain complex was proved
to be a knot invariant by directly checking invariance under Reidemeister moves.
That is, one compares the prescribed chain complex before and after a Reidemeis-
ter move is performed on the diagram, and constructs a chain homotopy between
the two complexes.

Knot Floer homology, which categorifies the Alexander polynomial, was
originally developed via an entirely different route. It was defined by Ozsvéth
and Szabd [13] and by Rasmussen [16] as a filtration on the chain complex of Hee-
gaard Floer homology [14], a three-manifold invariant whose differentials count
holomorphic disks in the symmetric product of a surface. Knots in this theory
are represented by decorating the Heegaard diagram for a three-manifold, so in-
variance was proved by checking invariance under Heegaard moves. A second
description of HFK was developed using grid diagrams in [21] and [11]. This def-
inition is fully combinatorial and its invariance was proved combinatorially in [7]
by checking grid moves.

In 2007, Ozsvéth, Szabé and Stipsicz [12] described a version of knot Floer
homology for singular knots that is related to the theory for classical knots by
a skein exact sequence. In general, knot Floer homology for singular knots in-
volves holomorphic disk counts, but it can be made combinatorial with a suitable
choice of twisted coefficients and a particular Heegaard diagram. Using this ver-
sion of the theory for singular knots and iterating the skein exact sequence allowed
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Ozsvéth and Szab6 [15] to calculate knot Floer homology using a cube of reso-
lutions. Their construction is, in the end, fully algebraic. Compared to the grid
diagram formulation of knot Floer homology, it has the advantage of being not
only combinatorial, but conceptually grounded.

This paper addresses the question of invariance for knot Floer homology within
the algebraic setting of the cube of resolutions. Our invariance result is weaker
than might be expected—the Reidemeister I move is missing and other moves
must avoid a basepoint—but our methods advance the project of understanding
knot Floer homology from an algebraic perspective. We do not rely on Heegaard
diagrams, holomorphic disks, or any of the usual geometric input. We also make
no reference to grid diagrams. The main idea is to prove categorified versions
of certain equalities satisfied by the Murakami—Ohtsuki—Yamada model of the
HOMFLY-PT polynomial.

A thorough understanding of knot Floer homology from the algebraic per-
spective should have several applications. Perhaps most immediately, it should
clarify the relationship between knot Floer homology and other knot homolo-
gies. It also suggests a relationship between the knot Floer cube of resolutions
and the various constructions of the Alexander polynomial via representation the-
ory [2],[20],[10]1,[9],[1],[22]. A full categorification of such constructions would
extend knot Floer homology to a tangle invariant.

We use a small modification of the cube of resolutions construction described
by Ozsvath and Szab6 [15], which still produces chain complexes with homology
HFK and HFK~. We begin with a projection of a knot as a closed braid, which
we decorate with a number of extra bivalent vertices. We also place a basepoint on
one of the outermost edges. (Equivalently, we cut the outermost strand to obtain a
(1, 1)-tangle in braid position.) The result is a layered braid diagram D. We form a
cube of resolutions by singularizing or smoothing each crossing of the projection.
We then assign a graded algebra Aj (D) to each resolution and arrange these into
a chain complex C(D). These objects are defined precisely in (2.1) and (2.2) of
Section 2. Our main result is an algebraic proof of

Theorem 1.1. Let D be a layered braid diagram for a knot. The chain complex
C (D), up to chain homotopy equivalence and twisting by certain endomorphisms
of the ground ring, is invariant under braid-like Reidemeister moves Il and 111 and
under conjugation. All moves are assumed to avoid the basepoint.

Theorem 1.1 holds with coefficients in Z. It is stated in full detail in Section 2.4.
Changing to Z, coefficients, we identify H.(C(D)) with HFK~ and a reduced
version of C(D) with H FK in Proposition 9.1. We expect that H,(C(D)) in fact
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computes knot Floer homology with integer coefficients, but do not pursue this
point here.

The proof of Theorem 1.1 is modeled on Khovanov and Rozansky’s invariance
proof for HOMFLY-PT homology in [6]. Specifically, we prove categorified ver-
sions of the braid-like Murakami—Ohtsuki—Yamada (MQY) relations shown in
Figure 1. Murakami, Ohtsuki, and Yamada [8] present a state sum model for the
s[(n) polynomials, which extends to a model for the HOMFLY-PT polynomial. To
compute the polynomial invariant of a knot, one sets up a weighted sum of combi-
natorially defined states on certain graphs obtained from a projection of the knot.
(Singular knots are equivalent to a subclass of these graphs.) The MOY model
is purely combinatorial, but is derived from the Reshetikhin—Turaev [19] recipe
for producing polynomial invariants from the representation theory of quantum
groups. Lemma 5.1 and Lemma 6.1 both categorify the top line of Figure 1, with
the g and ¢! to be interpreted as shifts in the Alexander grading on A. Lemma 6.2
categorifies the middle and bottom lines of Figure 1.

\

S 5 D0C

Figure 1. Murakami—Ohtsuki—Yamada relations used in the proof of Theorem 1.1.

Our use of diagrams with basepoints and basepoint-avoiding moves is
unsurprising from the representation theoretic point of view. Although the
HOMFLY-PT polynomial specializes to the Alexander polynomial, the MOY
model does not specialize to a model of the Alexander polynomial. Specializing
the model so that it satisfies the Alexander polynomial’s skein relation produces
the zero polynomial. This unfortunate fact is not a defect of the MOY model,
but a fundamental feature of the representation theory underlying the polynomial
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knot invariants. The Reshetikhin—Turaev method for constructing knot polynomi-
als produces the zero polynomial when applied to the quantum groups related to
the Alexander polynomial (U, (gl(1]1)) or Uy (sl(2)) at a root of unity).! The stan-
dard means of circumventing this dilemma has been to cut a strand and work with
(1, 1)-tangles up to isotopies fixing the endpoints [2],[20],[10],[9].[1].[22], which
correspond exactly to knots with basepoints up to isotopies fixing the basepoint.
Of course, the location of the cut/ basepoint should not matter for a construction of
knot Floer homology, but the behavior of C(D) under movement of the basepoint
appears to be complicated. We hope to return to this issue in future work.

We describe the behavior of C(D) under stabilization in Proposition 8.1.
The description is separate from Theorem 1.1 because it requires leaving the lay-
ered braid setting. Unfortunately, the categorified MOY relations that underlie
our arguments for Reidemeister moves II and III do not appear to extend to this
more general setting. A new approach will probably be needed to prove that C(D)
(or an appropriate generalization thereof) is invariant under stabilization.

One final note is in order regarding the limitations of the cube of resolutions
construction. We are not aware of any intrinsic justification for the use of braid di-
agrams. They appear here for the same reason as in Ozsvath and Szabd’s original
construction: the holomorphic disk counting required to link the cube of resolu-
tions to knot Floer homology is tractable only for braid diagrams. Interestingly,
HOMFLY-PT homology also requires braid presentations.

This paper is organized as follows. Section 2 describes the modified construc-
tion of the cube of resolutions needed to incorporate layered braid diagrams. Sec-
tion 3 examines in detail the non-local relations involved in the definition of the
algebra associated to a resolution. These relations are a key difference between the
cube of resolutions theories for H FK and for HOMFLY-PT homology. Section 4
establishes a technical proposition allowing us to remove sets of bivalent vertices
under certain conditions. The next sections address Reidemeister I, Reidemeis-
ter III, conjugation, and stabilization in turn. Section 9 verifies that the cube of
resolutions defined here computes knot Floer homology.

Acknowledgments. I would like to thank Peter Ozsvath for suggesting this prob-
lem, for patiently explaining the material in [15], and for always being a support-
ive and encouraging advisor. I am also grateful to Mikhail Khovanov for sev-
eral thought-provoking conversations. I thank Daniel Krasner for illuminating the
technical material in [6] and John Baldwin for helpful conversations about an ear-

!'These observations go back at least to Reshetikhin [18] in the early 1990s. The problem
appears to be related to the fact that the Alexander polynomial vanishes on split links.
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lier version of this paper. Finally, I am grateful to an anonymous referee for a
very thorough review of that prior version, and to Robert Lipshitz and Ciprian
Manolescu for their encouragement during revisions.

2. Definitions: Cube of Resolutions for HFK

We begin with an oriented braid-form projection D of an oriented knot K in S3.
Let b refer to the number of strands in D (which is not necessarily the braid index
of K). Subdivide one of the outer edges of D by a basepoint . Isotoping D
as necessary, fix an ordering on its crossings so that D is the closure of a braid
diagram that is a stack of m + 1 horizontal layers, each containing a single crossing
and b — 2 vertical strands. Label the horizontal layers sy, . . ., s,,. This amounts to
choosing a braid word for D. In each horizontal layer, add a bivalent vertex to each
strand that is not part of the crossing. Finally, label the edges of D by 0, ..., n,
where n = (m + 1)b, such that O is the edge coming out from the basepoint and »
is the edge pointing into the basepoint. A braid diagram in this form will be called
a layered braid diagram for K. See Figure 2 for an example of a layered braid
diagram of the figure 8 knot. Although Ozsvéth and Szabé [15] use closed braid
diagrams with basepoints in their definition of the knot Floer cube of resolutions,
they do not require diagrams to be layered. This refinement appears to be critical
to our proof of Proposition 4.1 and necessary for the proofs of the categorified
MOY relations (Lemmas 5.1, 6.1, 6.2) that underlie Reidemeister moves II and III.

Each crossing in a knot projection can be singularized or smoothed. To sin-
gularize the crossing in layer s;, replace it by a 4-valent vertex and retain all edge
labels. To smooth the crossing in layer s;, replace it with two vertical strands with
one bivalent vertex on each, and retain all edge labels. Figure 3 illustrates these
labeling conventions.

A resolution of a knot projection is a diagram in which each crossing has been
singularized or smoothed. Alternatively, it is a planar graph in which each vertex
is either (1) 4-valent with orientations as in Figure 3, or (2) bivalent with one
incident edge oriented towards the vertex and the other oriented away from the
vertex. For a positive crossing, declare the singularization to be the O-resolution
and the smoothing to be the 1-resolution. For a negative crossing, reverse these
labels. A resolution of a knot projection can then be specified by a multi-index of
0Os and 1s, generically denoted ¢y . . . €, or simply /, which we will think of as a
vertex of a hypercube. Considering all possible singularizations and smoothings
of all crossings, we obtain a cube of resolutions for the original knot projection.
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The homological grading on the cube will be given by collapsing diagonally; that
is, by summing €9 + - - - 4 €.

Figure 2. A layered braid diagram for the figure 8 knot.

Xa Xp Xa Xp Xa Xp

Xc Xd Xc Xd Xc  Xq
+ 0 1

Xa Xb Xa Xp Xa Xp

Xc Xd Xe X4 Xc Xd
- 0 1

Figure 3. Notation for the singularization and smoothing of a positive (respectively nega-
tive) crossing.

Let R = Z[t™!,¢] and x(D) denote a set of formal variables xo, ..., X, cor-
responding to the edges of D. Define the edge ring of D to be R[x(D)], which
we will abbreviate to R[x] if D is clear from context. To each vertex of the cube
of resolutions, we will associate an R-algebra A; (D), which is a quotient of the
edge ring by an ideal defined by combinatorial data in the /-resolution of D. To
each edge of the cube, we will associate a map. Together with proper choices
of gradings, these data define a chain complex of graded algebras over R[x(D)].
We will sometimes need to complete R or R[x(D)] with respect to ¢, meaning
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that we will allow Laurent series in ¢ with coefficients in Z or Z[x(D)], respec-
tively. Denote these completions R and m, respectively. More specifically,
the description of the cube of resolutions’ behavior under stabilization requires
extending the ground ring to ﬂA%[i (D)] and the identification of the homology of
C (D) with knot Floer homology requires extending to m (as well as passing
to Z, coefficients).

2.1. Algebra associated to a resolution. The algebra associated to the /-reso-
lution of the knot projection D, which we will denote Aj (D), is the quotient of
the edge ring by the ideal generated by the following three types of relations.

(1) Linear relations associated to each vertex.

Xa Xb

t(xg + xp) — (xc + x4) to
Xc Xd

Xa
txd - XC tO +

Xe

(2) Quadratic relations associated to each 4-valent vertex.

Xa Xb
tzxaxb — XcXg o
Xc Xd

Note that this relation can always be rewritten in four different ways by com-
bining with the linear relation corresponding to the same vertex:

(txa — Xc)(Xg — 1xq) or (txp — Xc)(xq —txp) o

(txqg — xc)(txp — Xc) or (txg — xq)(txp — Xg).

(3) Non-local relations associated to sets of vertices in the resolved diagram.
These have several equivalent definitions, which will be explored in detail in
Section 3. Denote the ideal generated by non-local relations in /-resolution
of D by N7 (D) or simply Nj.
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We refer to the linear and quadratic relations as the local relations. Let £
denote the ideal they generate together, and £; denote the ideal generated by the
local relations in layer s;. Then the algebras that belong at the corners of the cube

of resolutions are
R[xo, ..., Xn]

L+ Ny

Throughout this paper, we will use “=" to indicate that two polynomials in the
edge ring are equivalent up to multiplication by units in R[x(D)]/£. Such polyno-
mials are equivalent in the sense that they generate the same ideal in R[x(D)]/L.
We will represent generating sets for ideals as single-column matrices. The entries
of the matrices are elements of the edge ring. The matrices can be manipulated
using row operations without changing the ideal they generate because the ideal
(a, b) is identical to the ideal (a, b + sa) for any unit s € R and a,b € R[x(D)].
Also, when we see a row of the form a — b in a matrix, we can replace b by « in all
other rows and eliminate » from the edge ring. This will not change the quotient
of the edge ring by the ideal of relations. Although the matrix manipulations in
the following sections look very similar to those in [6] and [17], the matrices here
do not formally represent matrix factorizations.

Let S denote the /-resolution of D, treated as a singular knot. The algebra
Ay (D) is a twisted version of the singular knot Floer homology of S. More pre-
cisely, there is a chain complex C’(S) over Z;[x(D)] mentioned in [12, Section
4] that is defined using Heegaard diagrams for singular knots and a differential
that counts holomorphic disks. With appropriately twisted coefficients, the ho-
mology of C’(S) with respect to the holomorphic disk counting differential is
Ar(D) ®z Z» [15, Theorem 3.1]. The complex C’(S) is a generalization of those
that are the focus of [12]. Setting x, = x; at each 4-valent vertex and x to zero
in C'(S), then taking homology with respect to the same differential, gives the
theory called HF'S in [12] while setting all of the edge variables to zero before
taking homology gives the theory they call HFS. 1tis proved in [12, Theorem 1.3,
Section 5] that HF'S is completely determined by its Euler characteristic, while
HFS contains additional information.

Ar(D) = 2.1)

2.2. Differential. An edge of the cube of resolutions goes between two resolu-
tions that differ at exactly one crossing. To an edge that changes the i’” crossing,

,,,,,,,,, en (D). If s; was positive in the
original knot projection, then the edge goes from a diagram containing the sin-
gularization of s; to a diagram containing its smoothing. The ideal of relations
associated to the singularized crossing is contained in the ideal of relations asso-
ciated to the resolved crossing (see Observation 3.7), so Ae,...1...¢,, (D) is a quo-

...... €m
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tient of A¢,...0...¢,, (D). The corresponding map in this case will be the quotient
map. If s; was negative in the original knot projection, then the edge goes from
the smoothing to the singularization of s;. The corresponding map in this case
will be multiplication by tx, — x4, or equivalently by ¢x; — x., where the crossing
s; is labeled as in Figure 3.

We assign signs to the edge maps according to the following procedure. First,
for each edge we have a choice of two maps, tx, — x4 or tx; — x., which are
equal up to a sign. We assign a negative sign to those of the form ¢x, — x; and
a positive sign to those of the form 7x; — x.. This produces a cube in which
all squares commute. We then change signs on certain edges to turn commuting
squares into anti-commuting squares. Let €g, ..., €, € {0,1},¢; = 0,and & = 1.
Then the arrow from vertex €g...€; ..., t0 € ... €; . .. €, Keeps its existing sign
ifeg +---+€;—1 =0 mod 2 and changes sign otherwise.

We have now assembled all of the pieces needed to define the chain complex
(C(D), d) referred to in Theorem 1.1. Let

cD)= P AnD) 2.2)

I€{0,1}yn+1

with total differential d the sum of all edge maps and homological grading given
by €¢ + - -+ + €. This is the chain complex that computes H FK~ (see Proposi-
tion 9.1). There is also a reduced version of this chain complex obtained by setting
Xo to zero in each Ay (D). Its homology computes HFK.

2.3. Gradings. The chain complex C(D) comes equipped with an additional
grading called the Alexander grading. Let R be in grading 0 and each edge variable
x; in grading -1. The relations used to form A; (D) are homogeneous with respect
to this grading, so it descends from the edge ring to a grading on A (D) (called
Ay in [15]). To symmetrize, adjust upwards by a factor of % (mx —b + 1), where
my is the number of singular points in the /-resolution of D and b is the number
of strands in D. Call this the internal grading, Ay, on A;(D).

The Alexander grading on Ay (D) as a summand of the cube C(D) is further
adjusted from the internal grading by

1 m
A=A1+§(—m_+;ei),

where €y, . . ., €, are the components of the multi-index / and m_ is the number
of negative crossings in D. This grading A is the final Alexander grading on the
complex C(D).
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2.4. Invariance. With these definitions in place, we may now state Theorem 1.1
precisely.

Theorem 2.1. Let D and D’ be layered braid diagrams that are related by a finite
sequence of braid-like Reidemeister moves Il and Il and conjugation. Assume
that all such moves avoid the basepoint. Let xq be the initial edge of D and D'.
Let \; be the endomorphism of R that takes 1to 1and t to t'.

Consider C(D) and C(D’) as complexes of graded R|xo]-modules. There is a
complex C(D, D') of graded R[x¢]-modules such that C(D) and C(D’) are each
chain homotopy equivalent to twistings of C(D, D') by a composition of finitely
many ;.

Alternatively, there is a collection of positive integers my, ..., my such that
C(D) ®x R[tVmr ..., tV/'"™N] and C(D') ®@x R[tV/™1, ... tY/™N], considered
as complexes of graded R[t"/™1, ... t"/"N][xo]-modules, are related by chain
homotopy equivalence and twisting by various V; and their inverses.

3. Non-local Relations

We collect here three equivalent definitions of the non-local relations used in the
description of the algebra A; (D), along with several straightforward observations
that will nonetheless be very useful in later arguments. Figure 4 will serve as a
source of examples throughout.

First, we may generate N by associating a relation to each cycle (simple closed
path) in the resolved diagram that does not pass through the basepoint and that is
oriented consistently with D.

Definition 3.1 (Cycles). Let Z be a simple closed path in the /-resolution of D
that does not pass through the basepoint and is oriented consistently with D. Let
Rz be the region it bounds in the plane, containing the braid axis. The weight
w(Z) of Z is twice the number of 4-valent vertices plus the number of bivalent
vertices in the closure of Rz. The non-local relation associated to Z is

tw(Z) Wout — Win,

where woy; (respectively wiy) is the product of the edges incident to exactly one
vertex of Z that lie outside of Rz and that point out of (respectively into) the
region.

Figure 4 shows a cycle in the singularized figure 8 knot with associated relation
ZSX1X9 — X4X6-
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T N
53
.......... s
52
.......... o
S1
.......... i
S0

X0

Figure 4. Singularization of the minimal braid presentation of the figure 8 knot with edges

labeled xo, ..., x12 and orientations consistent with those in Figure 2. The bold line shows
a cycle whose corresponding non-local relation is t8xx9 — x4x¢. Elementary regions are
labeled Eq,..., E4. The coherent region E; U E» produces the same non-local relation

as the cycle in bold, as does the subset consisting of the bivalent vertex in sg, the 4-valent
vertex in s1, all vertices in 55, and the 4-valent vertex in s3.

A slightly different definition derives a generating set for Ny from certain re-
gions in the complement of the /-resolution of D. First define the elementary
regions in the I -resolution of D to be the connected components of its comple-
ment in the plane, except for the two components that are adjacent to the basepoint.
For example, there are four elementary regions in the singularized figure 8 shown
in Figure 4.

Since D is assumed to be in braid position, the elementary regions can be
partially ordered based on which two strands of D they lie between. Label the
strands of D from 1 (innermost, nearest the braid axis) to 4 (outermost, nearest
the non-compact region). Then E; < E; with respect to the partial order if E;
is closer to the braid axis than Ej; that is, if E; lies between lower-numbered
strands than E; does. Let E; denote the innermost elementary region, containing
the braid axis. Label the other elementary regions E», ..., E,, so that whenever
i < j, E; is less than or not comparable to E; with respect to the partial order.

Definition 3.2 (Coherent Regions). A coherent region in the I -resolution of D is
the union of a set of non-comparable elementary regions, along with all elemen-
tary regions less than these under the partial order described above. The weight



Invariance and the knot Floer cube of resolutions 119

w(R) of a coherent region R is twice the number of 4-valent vertices plus the
number of bivalent vertices in the closure of R. The non-local relation associated
fo Ris

R
[w( )wout — Win,

where woy (respectively wi,) is the product of the edges outside R, but incident
to exactly one vertex of dR and pointing out from (respectively into) R.

There are five coherent regions in the singularized figure 8 example of Figure 4,
with associated relations as follows. Notice that, for example, £; U E; U E4 is not
a coherent region because E3 < Ejy.

coherent region non-local relation
Eq 18x1x7 — x4X10
E{UE, 18x1X9 — XaXe
E1UE; 18x3X7 — XoX10
EiUE,UE; t10x3x9 — X0 X6
E1UE,UE3UE, | t'x9 —xo

Finally, we may think of non-local relations as arising from subsets of vertices
in the /-resolution of D.

Definition 3.3 (Subsets). Let IV be a subset of the vertices in the /-resolution of
D. The weight w(V') of V is twice the number of 4-valent vertices plus the number
of bivalent vertices in V. The non-local relation associated to V is

IW(V) Wout — Win,
where wqy is the product of edges from V to its complement and wj, is the product
of edges into V' from its complement.

Any of these three definitions gives a generating set for N7 (D). We will prove
that the three definitions are equivalent in Proposition 3.6. First, we record some
observations about the efficiency of the generating sets prescribed by the different
definitions.

A priori, the generating set obtained from subsets is much larger than those ob-
tained from cycles or coherent regions. However, it actually suffices to consider
a smaller collection of subsets whose associated relations still generate the same
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ideal in R[xo, ..., x,]/L. First, we may restrict to connected subsets of vertices,
meaning those whose union with their incident edges is a connected graph. If a
subset V' is disconnected as V = V' [ | V", then the outgoing (respectively incom-
ing) edges from V' are exactly the union of the outgoing (respectively incoming)
edges from V’ and V. Therefore, the non-local relation associated to V has the

form

[W(V/)-I-W(V//)w/ "

roon
outWout — WinWin-

However, this is already contained in the ideal generated by

w(V’), 1 / wV"”), n "
t Woyt — Wip and ¢ Wout — Wips

which are the non-local relations associated to V' and V".

Second, we may ignore a subset V if the union of V' with its incident edges is a
graph with no oriented cycles. In Figure 4, the two vertices in layer s¢ along with
the 4-valent vertex in layer s; form such a subset. The non-local relation associ-
ated to this subset is #°x3x7xg — XoX1X2, but simple substitutions using the local
relations associated to the three vertices in the subset show that this supposedly
non-local relation is actually contained in £.

Observation 3.4. The ideal of non-local relations Ny can be generated in
R[x(D)]/ L by the non-local relations associated to connected subsets that contain
oriented cycles.

We prove this statement inductively. The base case is a subset with a single
vertex and no oriented cycles, which has associated non-local relation identical

to its associated quadratic local relation. Any connected subset V = {vy, ..., vx}
with no oriented cycles can be constructed from a single vertex (v, renumbering
as necessary) by adding vertices one at a time such that each V; = {vq,...,v;}

is a connected subset with no oriented cycles and v; 4+ is connected to V; only
by edge(s) outgoing from V;. Let N}, be the ideal generated by non-local relations
associated to connected subsets that contain oriented cycles. Assume that the non-
local relation associated to V; is in the ideal sum £ + N’I.

Suppose first that v; 4 is a bivalent vertex. Let x,y be the edge from V;
to v;4+1 and x, is the edge pointing out from v;yq. If YD woutXout — Win iS
the non-local relation associated to V;, then the relation associated to V;4yp is
YD+ x, — win. Using the local relation 7x, — Xou to replace x, recov-
ers the non-local relation associated to V;. So the non-local relation associated to
V; 41 is contained in the ideal sum of £ with the non-local relation associated to
Vi, hence in £ + N7.
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Suppose instead that v; 4+ is a 4-valent vertex with edges x, and x; pointing
out and edges x. and xqy pointing in. Suppose that xq, connects to a vertex in
V; and that x. is not incident to any vertex in V;. The local relation associated to
v; 41 is then 12x,xp — X¢ Xour, While the non-local relation associated to V; is of the
form ™D woutXout — Win. The non-local relation associated to V; 1 is

V2 V)

WoutXqgXp — WinXe = WoutXeXout — WinXe

V.
= xc ("D woueXour — Win).

Therefore, the non-local relation associated to V; 4 is again contained in the ideal
sum of £ with the non-local relation associated to V;, hence in £ + N’I.

Finally, it may be that v; 4 is a 4-valent vertex connected to V; by two edges.
Let x, and x; be the edges pointing out from v; 1 and x. and x, the edges point-
ing into v;+;. Then the quadratic relation associated to v; 41 iS 12X,Xp — XcXg.
The non-local relation associated to V; is of the form YD wouxexg — Win.
The non-local relation associated to V; 1 is

tw(Vi)+2

_ w(V;)

2
WoutXagXp — Win )wout(t XaXp — XeXg) +t WoutXcXgd — Win-

The second observation of this section concerns redundancy in the generat-
ing sets for N; defined by cycles and coherent regions arising from certain ele-
mentary regions that can be removed from a coherent region without producing
an independent non-local relation. For instance, in Figure 4, the coherent region
E1 U E, U E3 U E, specifies the non-local relation 7! xg — x¢ as a generator for N;.
Then x¢(2'1 x9 — xp) is also in N;. It can be modified to #!1%x3x9 — xox¢ using the
relation fxe¢ — x3, which is the linear relation associated to the bivalent vertex in
layer s;. We have obtained the non-local relation associated to £1 U E, U E3,
showing that it is redundant once the non-local relation for £; U E; U E3 U E4
is included in the generating set of N;. More formally, we have the following
observation.

Observation 3.5. Suppose a coherent region R has an adjacent elementary re-
gion E and that 0E \ 0R N 0E is a path of edges through bivalent vertices only.
Then the non-local relation associated to R is contained in the ideal sum of £ with
the non-local relation associatedto R U E.

Label the edges in the path in dE \ dR N dE by Xout, X1, . . ., Xp, Xin CONsistent
with the orientation of the overall diagram. The linear relations associated to each
vertex in this path are 1x; — Xout, tXin — Xp, and fx; 41 —x; for1 <i < p — 1.
The non-local relation associated to R has the form

w(R
! ( )woutxout — WinXin,
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which can be rewritten using the linear relations above to give

tw(R)+p+1 w(R)+p+1

WoutXin — WinXin = (¢ Wout — Win)Xin,

which is a multiple of the non-local relation associated to R U E. Therefore, to
form a minimal generating set for N, we need only consider R U E.

As these observations begin to indicate, the definitions of non-local relations
via cycles, coherent regions, and subsets are equivalent. In the example of Fig-
ure 4, the cycle shown in bold produces the same non-local relation as the coherent
region E; U E, or the subset of vertices contained in £; U E,. These correspon-
dences between cycles, coherent regions, and subsets hold in general.

Proposition 3.6. Definitions 3.1, 3.2, and 3.3 produce the same ideal in
R[xo,...,xn]/L, where £ is the ideal generated by local relations associated to
each vertex in the /-resolution of D.

Proof. The equivalence between definitions 3.1 (cycles) and 3.2 (coherent regions)
is clear: the boundaries of coherent regions are exactly the cycles that avoid the
basepoint and have orientations matching that of D. (Consider, for example, the
boundary of £ U E; U E3 compared to that of 1 U E> U E4 in Figure 4.) Weights
and the edge products wey and wy, are identical for a coherent region R and the
cycle dR, so the associated non-local relations are the same.

Let N denote the ideal generated by non-local relations associated to cycles or
coherent regions in R[x(D)]/L. Let Ng denote the ideal generated by non-local
relations associated to subsets. Suppose R is a coherent region and Vg the set of
vertices in its closure. Then w(R) = w(Vg) = w(dR) and the words woy: and
win defined with respect to R, dR, or Vg are the same. Therefore, we have the
inclusion N C Nyg.

For the opposite inclusion, consider a subset V. We appeal first to Observa-
tion 3.4, which allows us to assume that the union of V' and its incident edges
forms a connected graph containing an oriented cycle Z. Assume that Z is the
outermost cycle contained in V', and let Rz be the coherent region it bounds. If V
contains all of the vertices in the closure of Rz, then the arguments about connect-
edness and subsets just after Observation 3.4 allow us to remove all vertices from
V that are not contained in the closure of Rz, thereby showing that the non-local
relation associated to V' can be constructed from the non-local relation associated
to Rz.

Suppose now that 1V does not contain all of the vertices in Rz. Then the com-
plement of V is disconnected, with one component inside Z and one component
outside. Denote these components V' and V", respectively. Then V' U V' contains
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Z and all of the vertices in the closure of Rz, so the argument above shows that
its associated non-local relation is contained in N. The subset IV’ may not contain
any oriented cycles or it may contain an oriented cycle Z’ and all vertices in the
closure of Rz . Therefore, its associated non-local relation is contained in either
L orN.

Finally, we show that the non-local relation associated to V' is in the ideal
generated by the non-local relations associated to V’ and V' U V'. The words woy
and wj, defined with respect to V' are products wour = w{,w}; and win = W, Wy,
of edges into and out from V' and V".

4

V
IW( ) out

/ 4 / .
Wi, Wiy — Woy W non-local relation from V

= (YWDIWVD w!h —w! w”, by substituting non-local

relation from V'

= (YOIl Ywly, a multiple of the non-local
relation V U V'

Since the non-local relation associated to V' can be constructed from those asso-
ciated to V' and V U V’, it is contained in N. Therefore, any non-local relation
associated to a subset can be generated from non-local relations associated to co-
herent regions, meaning that Ng C N. O

Three further observations related to the non-local relations are worth record-
ing for later use.

Observation 3.7. Let D* and D! be resolutions of a diagram in which a cer-
tain crossing is singularized and smoothed, respectively, and that are otherwise
identical. Then N(D*) c N(D.

Let v be the 4-valent vertex in D™ corresponding to the given crossing and vy,
v, the two bivalent vertices in D!l corresponding to the same crossing. Let V be
a subset of the vertices in D> that does not contain v. Then the non-local relation
associated to V is the same in D> and in D!. The non-local relation associated to
V U {v} in D* is the same as the non-local relation associated to V' U {vy, v,} in
DI, Therefore, N(D*) c N(D, as claimed. The opposite inclusion is false in
general because V U {v;} and V U {v,} may have associated relations in N(D)
that are not contained in N(D*).
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Observation 3.8. Letw(D) mean the weight of the set of all vertices in any resolu-
tion of D. This weight does not depend on the resolution of D under consideration.
The relation t*P)x,, — xo, where x,, is the edge entering the basepoint and xg is
the edge leaving it, holds in Ay(D) for any I and any D. It is associated to the
subset containing all vertices or the outermost cycle in the diagram that does not
pass through the basepoint.

In a sense, then, the x behaves like a bivalent vertex with weight —w(D),
balancing out the weight in the rest of the diagram.

Observation 3.9. If I is a disconnected resolution of D, and we choose to work
over a completed ground ring, then the algebra associated to the I -resolution of D
will vanish. In a disconnected resolution, there are cycles that do not contain the
basepoint and have no ingoing or outgoing edges. In this situation, we interpret
the products Wour AN and w;y, to be 1, which makes the associated relation t* — 1 for
some k. In R or IR[_] t* — 1 is a unit. Yherefore including t* — 1 in our ideal of
relations makes Aj(D) @« Ror Aj (D) ®x[x] 91[1] vanish.

The fact that A; (D) = 0 for any disconnected resolution of D is a significant
distinction between this construction and the HOMFLY-PT homology of [6], but
is appropriate in light of the fact that the Alexander polynomial vanishes on split
links.

4. Removing bivalent vertices

This section is devoted to a technical result allowing us to remove a horizontal layer
of a diagram with a bivalent vertex on each strand and no 4-valent vertices. Such
a layer is obtained each time a crossing is resolved. Suppose the /-resolution of
D is a diagram with m + 1 layers, and that layer k contains only bivalent vertices.
Let D denote the diagram obtained by removing layer k. The proposition below
shows that adding or removing layer k corresponds to twisting the action of the
ground ring via a non-trivial endomorphism. We may either describe A; (D) and
A 7(5 ) each as twistings of a common R[x(D)]-module, or we may describe them
as twistings of each other after enlarging the ground ring to include appropriate
roots of . Applying any of these twistings to every summand of a chain complex
C(D) would not change the homology of the complex because R is flat when
considered as an R-module via any of the relevant endomorphisms. We refer to
the notation in Figure 5 throughout.
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X(m—+1)b+ Xb

X+ 1)b| g—(m—k—1)

............ Xm=0bA1/ N X | g (m—k—2)

Figure 5. Diagrams for the proof of Proposition 4.1 (part I). The maps ¢ on A; (D) and ¢
on A 1—(5) are defined to be multiplication by the factor shown in the rightmost column of
each diagram.
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X(m—+1)b+ Xb

X+ 1)b| g—(m—k—1)

............ Xm=0bA1/ N Xmb | g (m—k—2)

Figure 5. Diagrams for the proof of Proposition 4.1 (part II). The maps ¢ on A; (D) and ¢
on A7 (D) are defined to be multiplication by the factor shown in the rightmost column of
each diagram.
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Proposition 4.1. Let D and D be defined as above. Let I denote the index I
with its k" component deleted. Then there is an R[x(D)]-module A 1.7(D, D)
and R[x(D)]-module isomorphisms

Ar(D) = A; 7(D. D) @®,yps1) R

.AI—(B) >~ ‘AI,I_(D’ 5) ®(fR,¢m) R,

where ; is the endomorphism of R taking 1 to 1 and 7 to .
Let

AP(D) = Ar(D) @z Rir"]
and

AP (D) = Ap(D) @z Rlt']
There is an R[¢'/™][x(D)]-module isomorphism

AT(D) = AT (D) @ gpp1/m R[]

Amt10¥m")
and an R[t1/"+D][x(D)]-module isomorphism

ATD(D) = ATD (D) ® g1 ome iy,

Lymovih ) Rl
Proof. We first define automorphisms ¢ of A7 (D) and ¢ of A7 (D) that transform
our original presentations of these algebras into presentations in which ¢ appears
very rarely.

Define ¢ to be multiplication by ~U~1 on edges X(k+j)b+i for 0 < j < m
and 1 < i < b (treating the k + j portion of the subscript modulo m + 1), and
multiplication by =% on edge X(m+1)b+1 = Xn. Thatis, ¢ is the identity
on the edges connecting layer k to layer k + 1 (edges X(k+1)b+1, - - - X(k+2)b)s
multiplication by =1 on the edges connecting layer k + 1 to layer k + 2 (edges
X(k4+2)b+1- - - - » X(k+3)b), multiplication by =2 on the edges connecting layer k +2
to layer k + 3, and so on, until it is multiplication by ™ on the edges connecting
layer k — 1 to layer k (edges Xkp41,-- .. X(k+1)b)-

We may continue to use xo, ..., X, as generators of ¢(Ajy(D)), but must ex-
amine carefully the effect of ¢ on the generating sets of £ and N7 (D). Consider
first the generators of L ; for any j # 0. These have one of the following forms,
where 1 <i < b:

IX(k+j+1)b+i T IX(k+j+D)b+i+1 — X(k+j)b+i — X(k+j)b+i+1>
2
"X+ j+1)b+i Xk 4 j+1)b4i4+1 — X+ j)b+i X(k+j)b+i+15

IX(k+j+1)b+i — X(k+/)b+i-
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After applying ¢, they become

—j+1 —j+1
T X e j o+ T X (ke )b i1

_~G-D )

X =1 X @ jypri 4.1

= X(k+j+1)b+i T Xke+j+Db+i+1 — X(k+j)b+i — X(k+7)b+i+1>

2+ 2(/-1)

2 —
X(k+j+1)b+i X(k+j+1)b+i+1 — [ X(k+j)b+iX(k+j)b+i+1

= Xk+j4+1D)b+iX(k+j+1)b+i+1 — X(k4j)b+i X(k+j)b+i+1>

_~U-D

—j+1
U T X et j 4 )b X(k+j)b+i

4.2)
= X(k+j+10)b+i — X(k+j)b+i-

The price of eliminating powers of ¢ from most local relations is that ¢ appears
with higher powers in relations that do involve layer k. Since layer k& has only
bivalent vertices, its associated relations are all of the form x & 41)p+i — Xkp+i-
Applying ¢, we obtain

—m — sm+1
IX(k+1)b+i —F " Xkb+i =1 X(k+1)b+i — Xkb+i-

Non-local relations are similarly affected. Consider the generating set for
Ny (D) given by coherent regions. We will show that ¢ applied to any relation
in this generating set produces a relation of the form ¢# 41 ot — win for some
integer p. Begin with the innermost elementary region E;. Suppose it has v
4-valent vertices along its boundary in layers k + ji,...,k + j,. Then

w(E)=m+1+v.

Each 4-valent vertex contributes one edge to the product wey, and an edge one
layer lower to wiy. If j; #% 0 for 1 <i < v, then
o(Wour) = t_jl_m_jv Wout
and
o(win) = t—(jl—1)—'"—(1'1;—1)win — t—j1—°"—ju+vwin
SO

1+ _ mtl
Qp(tm vwout_win):tm Wout — Win-
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Suppose instead (without loss of generality) that j; = 0. Then ¢ is the identity
when applied to the outgoing edge of the vertex in layer k + j;, but multiplication
by =™ on the incoming edge. Therefore,

@(Wour) = TR Wout
and
o(win) = t—m—(jz—l)—'"—(./'v—l)win — t—m—jz—-"—ju+v—lwin’

SO

(p(l‘m+1+v 2(m+1)

Wout — Win) =t Wout — Win-

So ¢ has the claimed effect on the non-local relation associated to the innermost
coherent region.

Next consider an elementary region £ # E; with bottommost vertex in layer
k + j and topmost vertex in layer k + j + s. Suppose dE meets v’ additional
4-valent vertices in layers k + ji,...,k + j,s. Assume for now that £ does not
meet layer k. Then w(E) = 2(s 4+ 1) + v’. Let 126+ D+ — ei denote the non-
local relation associated to E. The topmost vertex of £ contributes two outgoing
edges to ey and the bottommost vertex contributes two incoming edges to ejy.
The other v 4-valent vertices contribute one edge each to eqy and ej,. Therefore,

O(eon) = t2UFI—N =" g2 28
and

g(em) = 12U D=G1=D==Gu=Dg = =2/ =f1= = ' +2,
SO
P(t2TDTV o0 — ein) = eout — €in.

If E does meet layer k, a then modification of the calculation above (similar
to that used for E;) verifies the claim that ¢(z26+D+ e\ — ei) has the form
1P+ Do — ein for some integer p.

Finally, consider a coherent region R’ that is not elementary. We can write R’
as RUE, where R is a coherent region and E is an elementary region. Suppose the
non-local relations associated to R and E are " ® wqy — win and 1Y Eegy — ein,
respectively. Let y be the product of edges that connect vertices in R to vertices
in E. The non-local relation associated to R’ can be obtained by combining the
non-local relations associated to R and E, then factoring out y as follows:

w(R)+w(E _ w(R)+wW(E / / /AN
R FW( )wouteout — Winein = y(t (Ry+w( )wouteout - winein)'



130 A. Gilmore

The non-local relation associated to R’ is tW(RFWE ! o — w! el . We will

assume inductively that ¢ applied to the non-local relations for R and E produces
1P+ Dy 00 — win and 19T Ve — ey, respectively for some integers p and g.
Then

w(R)+w(E) ) = t (P (m+1)

ot Wout€out — Win€in Wout€out — Win€in

_ (p+q)(m+1) 1 7/ ror
- y(t Wout€out — winein)

and on the other hand

w(R)+Ww(E) w(R)+w(E)w/

_ ’ o

Wout€out — Winein) = @(y)e(t out€out — Win€in)

W(R)+W(E),, /' 7 1t
Wout€out — winein)'

p(t

= yo(t

We have verified that applying ¢ to the non-local relation associated to R’ produces
a relation in which the power of ¢ is an integer multiple of m + 1.

So far, we have relations of the following forms in our presentation
of (A7 (D)):

X(k+j+1)b+i T X(k+j+1)b+i+1 — X(k+7)b+i — X(k+j)b+i+1>
X(k+j+D)b+i X(k+j+1)b+i+1 = X(k+j)b+iX(k+j)b+i+1s

X(k+j+1)b+i — X(k+j)b+is

"X G )bt — kb1 (4.3)

m+1
tp( )wout — Win.

It will be convenient to make one final modification: use the relations in (4.3) to
eliminate the variables for edges connecting layer k¥ — 1 to layer k. The result is a
presentation in which ¢ appears only in the following types of relations:

thrlx(k+1)b+i + tm+1x(k+1)b+i+1 — X(k—D)b+i — X(k—Db+i+1> (4.4)
20D X et 1)t Xkt Db +1 — X(k—1)b+1 X (k—1)bi 41+ 4.5)

" X et )bt — X(k—1)b-ti (4.6)

1P Doy — wip, 4.7)
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The second map, ¢, allows us to present A7(D) in a similar way, with powers
of ¢ appearing only in certain relations, and only as ##™ for various integers p.
Define ¢ in exactly the same way as ¢ on edges X4 j)p+; for 1 < j < m and
0 < i < b and for edge x(u+1)p+1. Diagram D has no k*” layer, so ¢ is the
identity on the edges connecting layer k — 1 to layer k + 1, multiplication by ¢!
on the edges connecting layer k + 1 to layer k + 2, multiplication by =2 on the
edges connecting layer k 4+ 2 to k + 3, and so on, until it is multiplication by
t~=1 on the edges connecting layer k — 2 to layer k — 1.

Again, for most relations, ¢ eliminates all powers of ¢. Similar calculations to
those above show that ¢ removes ¢ from the generating set for L4 ; for j # 0,
leaving relations identical to those in (4.1) to (4.2) above.

All powers of ¢ end up in generators of £_; and Ny, but this time with multi-
ples of m instead of m + 1. The relations that involve ¢ have one of the following
forms:

"Xt 1)b+i + 1" X+ 1D)b+i+1 — Xk=1)b+i — X(k—1)b+i+1-
tzmx(k+1)b+ix(k+1)b+i+1 — X(k—1)b+iX(k—1)b+i+1>
1" X (ke +1)b+i — X(k—1)b+i
P Wout — Win.

The calculation proceeds as follows, where p is the number of edges connect-
ing layer k — 1 used by a subset:

PUX(+1)b+i T IX(k+1)b+i+1 — X(k—=1)b+i — X(k—1)b+i+1)

) )

—(m—1 —(m—1
= [X(k+1)b+i T IX(k+1)b+i+1 — ¢ (m X(k—1)b+i — 1 (m X(k—1)b+i+1

= 1" X(k+10)b+i T 1" X+ 1)b+i+1 = X(k—1)b+i — X(k—1)b+i+15

Xkt )b+ Xkt D)b+i+1 — X(k—1)b-+i X(k—1)b+i+1)

2 —2(m—1
= 12Xkt )b+ Xkt Dpti1 — L 2D

2

X(k—1)b+iX(k—1)b+i+1

=1 mx(k+1)b+ix(k+1)b+i+1 — X(k—1)b+i X (k—1)b+i+1>

QUX(k+1)b+i — X(k—1)b+i)

)

—(m—1
= txGet1)pti — 8 "X 1)pt

= 1" X (k4 1)b+i — X(k—1)b+i»
=2
@(t* Wour — Win)

— .m
=1 pwout — Win.
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We now have presentations of A;(D) and A 1—(5), both over the smaller edge
ring R[x(D)], that differ only by whether ¢ appears with a power of m + 1 or with
m. Here are two ways to describe the relationship between A;(D) and AI—(E).
First, let A; (D, D) be the R[x(D)]-algebra obtained by setting m = 1 in the
presentation of gb(ﬂ;(ﬁ)) above (or, equivalently, setting m 4+ 1 = 1 in the pre-
sentation of ¢(Aj7(D)) above). Let v; be the endomorphism of R that sends 1
to1land ¢ to ¢!. Then A7 (D) and A;(E) are each obtained from A; (D, D) by
twisting by an endomorphism of R:

.AI (D) = ‘AI,I_(D’ 5) ®(R,Wm+l) :R’

'AI_(E) = 'AI,I_(D7 5) ®(:R,1//m) R.

Alternatively, we may enlarge the ground ring sufficiently to make v, or ¥, +1
(or both) invertible and describe A; (D) and A7 (D) over the enlarged ground rings
as twistings of each other rather than twistings of a third algebra. It follows directly
from the preceding paragraph that

(m) ~ qm 1/
Ar (D) = ATV(D) @ qpp1/my g, oyt R
A([Iﬂ+1)(5) ~ A§m+l)(D) ®(R[[1/(m+1)],¢mo¢r;}~_l) R[tl/(m-i-l)]_ O

5. Braid-like Reidemeister Move 11

Suppose D and D are two knot projections that differ by a Reidemeister IT move
with labels as in Figure 6. The edge rings of D and D are related by

R[x(D)] = R[x(D)][x3, X4, X5, Xg]-

We will show that C(D) and C (D) are chain homotopy equivalent as complexes
of R[x(D)]-algebras, but will work over the larger edge ring R[x(D)] for as long
as possible. Throughout this section, we will abbreviate indices of resolutions to
two entries, showing only the states of the crossings in layers s; and ;1.

There are two oriented Reidemeister II moves, depending on which crossing in
D is positive and which is negative, but the arguments are very similar in the two
cases. The relevant portion of C(D) is shown in Figure 7. The two variants of the
Reidemeister I move exchange Ago (D) with A11(D) and Ag; (D) with Aq9(D).
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D

Figure 6. Projection D layers s; and s; 11 and the corresponding portion of D, which has
no vertices. Technically, D does not have layers corresponding to s; and s; 41 ; itis identical
to D in all other layers. Assume that the braid axis is to the right of each diagram.

X1 X2
X5 X6
X1 X2 / X3 X4 \ X1 X2
xs X6 01 x5 xe
X3 X4 \f X1 X2 g/1 X3 X4
00 x5 11
X3 X4
10
X1 X2
0—— x5 x6| —0
X3 X4
01

Figure 7. The top chain complex is a portion of C(D). Lemma 5.1 shows that it is chain
homotopy equivalent to the bottom chain complex. Assume that the braid axis is to the
right of each diagram.
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The key step in proving that the chain homotopy type of C(D) is unchanged
by a Reidemeister II move is to show the equivalence of the two complexes in Fig-
ure 7. It suffices to prove the statement in Lemma 5.1, which is a categorification
of the MOY relation in the top line of Figure 1. Applying the direct sum splitting
and an appropriate isomorphism of complexes,

Aoo(D) -L> A1o(D) <> A1y (D)

becomes an acyclic subcomplex. Removing that subcomplex leaves the bottom
complex of Figure 7. Removing the bivalent vertices in layers s; and s; +1 (applying
Proposition 4.1 and reverting to the edge ring R[x(D)]) leaves the corresponding
portion of C(D).

Lemma 5.1. As R[x(D)][x3, x4]-modules,
A1o(D) = Ago(D) & A11(D),

f is an isomorphism onto the first summand, and g is an isomorphism when re-
stricted to the second summand.

Proof. 'The following matrix is a generating set for £; 4+ £;+; in the 10-resolution
of D:
1(x1 + x2) — (x5 + x6)
(tx1 — x6) (X2 — X6)
1(xs5 + x6) — (x3 + x4)
(tx6 — X4)(x3 — 1X6)
Use row I to eliminate x5, then rewrite to limit the appearance of x¢ to a single
row:

tx1 — Xy — X1 — X, —
2( X1 — X6)(tx2 — X¢) 2Lt 1 2( x1 — X6)(1X2 — Xg)
t*(x1+x2) —(x3+x4) | ——— | t°(x1 + x2) — (x3 + x4)
(tx6 — x4)(x3 — 1x6) 1*x1x2 — X3X4

Let £ denote the ideal generated by the last two rows of the matrix above and £
denote the ideal generated by local relations in layers other than i and i + 1. Note
that x5 and x¢ do not appear in the generating set for £. By Observation 3.5, they
need not appear in a generating set for N either. Therefore, these ideals survive
the manipulations above unchanged. Define

R[X0s .+ vr X2y X7, .oy Xp]

S = =
L+ L+ Ny
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We have simplified the presentation of A1 so that x¢ appears only in one relation,
which is quadratic in x¢. Using that relation, we may split Ao as follows:

8[xe]

(tx1 — x6)(tx2 — X6)

Aqo(D) = >~ 8(1) & S(tx1 — x¢)-

It remains to show that these two summands correspond to A;1(D) and Ao (D).

In the 11-resolution, the linear relations #x5 — x3 and tx¢ — x4 may be used
to replace x5 and x¢ throughout the presentation. The resulting local relations in
layers i and i + 1 exactly match those in £. The definition by coherent regions
and Observation 3.5 give matching generating sets for N9 and Ny;. Therefore,
Aj11(D) has a presentation identical to that of § given above. Since g is defined to
be the quotient map, it is an isomorphism when restricted to the first summand of
Ai10(D) above.

Similarly, in the 00-resolution, the linear relations tx; — x5 and fx, — x¢ can be
used to replace x5 and x¢ throughout the presentation of Ao (D). For local rela-
tions in layers i and i + 1, the resulting ideal is exactly £. For non-local relations,
the definition by coherent regions along with Observation 3.5 again gives the same
generating set for Ny as for Nyo. Therefore, Ago(D) has a presentation identical
to 8. Since f is defined to be multiplication by 7x; — xg, it is an isomorphism onto
the second summand of A1¢(D) above. |

6. Braid-like Reidemeister Move II1

In this section, we will consider projections D; and D, that differ by a Reidemeis-
ter III move with all negative crossings and labeling as in Figure 8. Invariance
under the other braid-like versions of Reidemeister III follows because all such
moves are compositions of the negative Reidemeister III move and Reidemeister
II moves.

Figures 9 and 10 show the relevant portion of the cubes of resolutions asso-
ciated to D; and D, respectively. Throughout this section, we will abbreviate
indices to three places, relabeling the diagrams as necessary so that the Reide-
meister III move occurs in layers sy, 53, and s3, and using the index to indicate the
states of the crossings in those layers only.
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Figure 8. Diagrams D; and D> in layers s, 52, and s3.

Figure 9. Portion of the cube of resolutions for D in layers sy, 52, and s3.
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Figure 10. Portion of the cube of resolutions for D, in layers s1, 52, and s3.
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The goal is to prove that the chain complexes C (D) and C(D,) are chain ho-
motopy equivalent. The strategy will be to prove that they are each chain homotopy

equivalent to simplified complexes: C(D;) will be homotopic to

A010(D1) — Ai110(D1)

C(Dy) —Aooo(Dl) >< Ty

ﬂ001 (D1) — ﬂou(Dl)
and C(D5) will be homotopic to

Aom (D2) — Ao11(D2)

C(D3) = Aooo (Dz) >< \

ﬂom(Dz) — ﬂllo(Dz)

and we will exhibit an isomorphism between the simplified complexes.
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The module B is a direct summand common to A;11(D1) and A;111(D>). Itis
naturally associated to the diagram D.., in which the crossings in the Reidemeis-
ter III move and their nearby bivalent vertices are replaced by the 6-valent vertex
shown in Figure 11. We define B as a module over R[xy, ..., X6, X13, ..., X] as
follows. First, define the local relations associated to a 6-valent vertex using ele-
mentary symmetric polynomials:

£123 — (t3(x1 +x2 +x3) — (x4 + x5 + xs))
1602(X1,X2,X3) —02(X4,xs,x6)

Next, define non-local relations for diagrams containing a 6-valent vertex using
coherent regions, just as in Definition 3.2, with the 6-valent vertex contributing a
weight of 3 to the total weight of a coherent region. Let N> be the ideal generated
by non-local relations associated to coherent regions in D, that contain or have
on their boundary the 6-valent vertex. Let N’ be generated by non-local relations
associated to all other coherent regions. Note that such regions and their associated
relations are the same for D, as for D; and D, with any choice of resolution in
layers 51, 52, and s3.

Define B by

. :R[X(),...,X@Xl?,,...,xn]
- L+ L£123

sy + (12x1x2x3 — xax5x6) + N+ NIZ3

where £’ is generated by the local relations associated to layers s; for i > 3. Note
that £’ is also the same for D, as for D or D, with any choice of resolution in
layers 51, 53, and s3.

The other modules in the simplified complexes C (D;) correspond to resolu-
tions of Dy and D, that are identical after moving a layer of bivalent vertices.
Specifically, the 010-resolution of D; matches the 00l-resolution of D, and vice
versa; and the 110-resolution of D; matches the Oll-resolution of D, and vice
versa. The 000-resolutions of D and D, are identical.

The argument for simplifying C(D;) to C(D;) proceeds in two parts. In Sec-
tion 6.1, we establish direct sum splittings of A1;11(D;) and A1 (D;) fori = 1,2,
which categorify the MOY relations in the top and bottom lines of Figure 1, re-
spectively. These splittings show that C(D) and C(D5) both have the following
form:
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Atroo — A110

N

HAooo — Ao1o Coper—Bp B~

N7

Aoo1r — Ao11

After a series of changes of basis carried out in Section 6.2, we identify con-
tractible summands Ajgo(D;) — C*(D;) and C(D;) — B*(D;) in C(D;) for
i = 1,2. Removing these subcomplexes yields the simplified complexes C (D;).
Section 6.2 also exhibits an isomorphism between C (D) and C (D>).

Figure 11. The summand B that appears in the simplifications of C(D1) and C(D>) is natu-
rally associated to this diagram with a 6-valent vertex. See the beginning of Section 6 and
the last part in the proof of Lemma 6.2 for more details.

6.1. Splittings for Reidemeister Move III. This section establishes four direct
sum splittings: two each for Dy and D,. In each case, the basic outline of the
proof is similar for D; and D,. We argue in full detail for the D; splittings, with
periodic indications about how to modify these arguments for the D, cases. For
arguments that apply equally well to D; and D,, we typically omit D; from the
notation (e.g. using Ao rather than Aj¢1(D;)).

Lemma 6.1. The algebras associated to the 101-resolutions of D1 and D, split
as direct sums of R[xo, ..., X6, X13, . . . , Xn]|-modules

Ar01(D;) = C(D;) & C*(D;),

where C*(D;) = Aq00(D;) and the edge map A190(D;) — A101(D;) is an iso-
morphism onto the C*(D;) summand.
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Lemma 6.2. The algebras associated to the 111-resolutions of D1 and D, split
as direct sums of R[xo, ..., X6, X13, . . . , Xpn]|-modules

A111(D;) = B & BY(D;),

where B is the module described above, B*(D;) = C(D;), and the edge map
A101 = Ai111 restricted to the C(D;) summand is an isomorphism onto B~ (D;).

Proof of Lemma 6.1. We know from Lemma 5.1 that A¢; splits as a direct sum
of modules isomorphic to Ajg¢ and Agg;. However, it will be useful to establish
a particular splitting so that we may see directly the isomorphisms

Aro0(Di) —> C*(D;)
and (in the proof of Lemma 6.2)
C(D;) — B*(Dy).

The idea is similar to that of Lemma 5.1. We first manipulate the local relations
from the vertices in D; to a convenient form, then obtain direct sum splittings by
eliminating all quadratic and higher-order appearances of one variable, and keep
track throughout of how these manipulations affect the non-local relations.

We begin with the presentation of A;¢; as

R[xo, ..., xn]
L1234 £+ Nyor |

Aro1 =

where £123 is generated by local relations from layers s1, 52, and 53, £’ is generated
by local relations associated to other layers, and Nyo; is generated by non-local
relations. Note that £’ is generated by relations that do not use any of x7, ..., x12
and that it is identical for any resolution of layers s, s», and s3 in either Dy or
D5 and for D.. It will not be affected by any of the calculations below. Thinking
of non-local relations as coming from coherent regions, and applying Observa-
tion 3.5, notice that x7, ..., x12 need not ever appear in a generating set for Nyg1.
In D,, any coherent region containing the elementary region to the right of x;
and xg can be assumed to include the bigon bounded by edges x7, xg, x9, and
X10- Similarly, in D5, any coherent region containing the elementary region to the
right of xg and x;9 may be assumed to include the bigon bounded by x7, xg, x9,
and x19. The manipulations below will not affect such a generating set for Ny¢1.
The following matrix is a generating set for £]23(D1), with x11 and x;, already
eliminated using linear relations #x3—x;; and 7x1, —x¢. The analogous generating

set for £123(D>) can be produced by using 7x; — x11 and 7x12 — x4 to eliminate
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x11 and x;5. It is related to the matrix for D; below by exchanging x3 with x; and
x¢ with x4 throughout:

t(xy + x2) — (x7 + XS)\
l2X1X2 — X7Xg
Z3X3 — X¢
X7 — X9
t(x9 + x10) — (X4 + x5)
(tx9 — X5)(x4 — 1X9)
IxXg — X10

Use row IV to eliminate x7, row VII to eliminate xg, and row V to eliminate x;g,
then rearrange:

1(x1 + x2) — 17%(x4 + X5)
12x1x2 + 172x3 — 3 x9(x4 + X5)
Z3X3 — X¢
(tx9 — x5)(x4 — 1X9)

ll+t—2HI and 14741V

t(x1 + x2 + x3) — 1_2()64 + x5 + x¢)
l2X1X2 —l_4X4X5
Z3X3 — X¢
(tx9 — x5)(x4 — 1X9)

Clear negative powers of ¢ from all rows and symmetrize the presentation as
follows:
Z3(X1 + X2 + x3) — (x4 + X5 + X¢)
I6X1X2 — X4X5
Z3X3 — X6
(tx9 — x5)(x4 — £x9)

lll+t3(x1 +x2) I +xgI—xgI11

Z3(X1 + x5 + X3) — (X4 + x5 + X6)
1805 (x1, X2, X3) — 02(X4, X5, X6)
Z3X3 — X6
(tx9 — x5)(x4 — 1X9)

where o, is the second elementary symmetric polynomial.
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Apply the same sequence of operations to the presentation for £]23(D>),
except replace x; with x3 and x¢ with x4 in the final row operation. The result

is the following new presentation for £{23(D-):

13(x1 + X2 + x3) — (X4 + X5 + X6)
1%05(x1, X2, X3) — 02(X4. X5, X¢)
Z3X1 — X4
(tx9 — x5)(X6 — 1X9)

Notice that the first two rows in the new presentations of £}23(D;) and

£151(D2) above are familiar as the generators of £ in the definition of B. No-
tice also that £ is generated by relations that do not use any of x7, ..., x12.
Define
T — R[X(),...,Xﬁ,)cm,...,xn]
L+ L4323

This definition works equally well for Dy, D5, and D..
Let

g1 = (tx9 — x5)(x4 — tx9)
and

g2 = (tx9 — x5)(x6 — tX9).

These are the only relations in the presentations of £123(D;) above that use any

of x7,...,x12. Let
ry = Z3X3 — X6
and

ry = I3X1 — X4.
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So far, we have established that

T[xo]
(gi) + (ri) +Nio1(Dy)

Ar01(D;) =

and that x¢ appears only in g;. Since g; is quadratic in xo, we could use it to re-
place any appearance of x’g for kK > 2 in a presentation of A3 (D;) with some
polynomial that was linear in xo. However, we have already eliminated all appear-
ances of xg from the rest of the presentation. Therefore, we may instead forget the
relation ¢;, and split A191(D;) into a summand generated by 1 and a summand
generated by a polynomial that is linear in xo:

J(1) T(tx9 — X4)

Ar01(D1) = (r1) +Nio1(D1) ~ (r1) +Nio1(Dy)

and

J(1) T(tx9 — x6)

Ar01(D2) = (r2) + Nio1(D2) ~ (r2) +Nio1(D2)

With the first summand in each case as C(D;) and the second as C*(D;), this is
the splitting asserted in the statement of the lemma.

‘We now check that
Ao = C*

via the edge map A190 — Ai101, Which is multiplication by tx9 — x4 for D; and
by tx9 — x¢ for D,. The edge map definitely takes the generator (1) of Ago to
the generator of the C* summand of A;¢;. To check that this is an isomorphism
of T-modules (hence of R[xy, ..., X¢, X13, . . . , X5|]-modules), we simplify the pre-
sentation of Ao and match it with that of C*.

Begin with the presentation of Aqg as

R[xo, ..., xn]

Atroo = ,
L1533 + L + Nigo

with notation for the ideals analogous to that used in the presentation of Ajg;.
Note that x7, ..., x12 do not appear in the standard generating set for £’, since it
concerns only layers s; fori > 3. These variables also need not appear in a minimal
generating set for Nygo. If a subset had one of these as an outgoing or incoming
edge, we could use the relations associated to bivalent vertices to eliminate it.
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Turning to £123(D1), the local relations from layers s1, 52, and s3, eliminate

x11 and x1, immediately using the linear relations on the rightmost strand, then
remove x7, ..., xio as follows:

Ix1 +1txy —x7 — X3

(tx2 — x7)(xg — Ix2)
I3X3 — X6
txX7 — X9
IxXg — X10
X9 — X5
IX10 — X4

ll-i-t_zlll-i-t_ll\/-i-t_l V4+172VI4+:2VII

1(x1 + x2 + x3) — 17%(x4 + X5 + X6)

(tx2 — x7)(xg — 1x2)
t3X3 — X¢
X7 — X9
IXg — X10
X9 — X5
IX10 — X4

Simplify by multiplying the first row by 72, using row IV to eliminate x7, row V to
eliminate xg, row VI to eliminate x¢, and row VII to eliminate x1o. Then multiply
the second row by 7*:

13()61 + x2 + X3) — (X4 + x5 + x6)
(t3x2 — x5) (x4 — 17x2)
Z3X3 — X¢

lII+t3 (X2 4x3)4 (g +x5—13 (x2+x3))I

t3(x1 + x5 + X3) — (X4 + x5 + x6)
l602(X1,X2,X3) — 02(x4, X5, X¢)
t3X3 — X¢

A similar computation in the D, case produces the following presentation
for £123(D>):
t3(X1 4+ x2 + x3) — (x4 + X5 + X¢)
1%05(x1, X2, x3) — 02(X4, X5, X¢)
Z3X1 — X4
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In each case, the top two rows generate L7 and the bottom row is r; as pre-

viously defined. Therefore, we have established that

T
(ri) + Nioo(Di)

It remains to check that Njg9 = Njo1. Figure 12 shows how the cycles that pass
through the 101-resolution of D; pair up with the cycles that pass through the
100-resolution of D to give equivalent non-local relations. There is an analogous
way of pairing cycles in the 101- and 100-resolutions of D,. Any cycle that does
not pass through this region certainly has the same associated non-local relation
in Nyo1 and Nyg9. We have identified identical generating sets for N1¢; and Nygp.
Therefore, Ao and C* have identical presentations as T-modules. As previously
noticed, the edge map from Ajg¢ to Aj91 sends the generator (1) of Ajgp to the
generator (x9 — x4) or (tx9 — xg) of C*(D;), as appropriate. We conclude that
this edge map is an isomorphism onto C*(D;).

The proof of Lemma 6.2 is similar, except that more work is required to keep
track of the non-local relations. As before, we use local relations associated to
layers s;, 52, and s3 in A7 to eliminate several edge variables, then use a qua-
dratic relation to split.A;1; as a direct sum, and finally check that one of the direct
summands is isomorphic to € via the appropriate edge map while the other is iso-
morphic to B. As before, we omit D; from the notation when an argument applies
to both D and D». O

5 Q

w; —wy P2TVwix; —wo 2TV w — woxs 2TV wixg — woxs t3+ww1
P

Airo00(D;) =

2TV —wo 2TV wix; — wn t9+ww1 WaXs t9+ww1x1 — WaXs4 t3+ww1

Figure 12. Pairing of cycles (dotted lines) that pass through the 101-resolution (top row)
and the 100-resolution (bottom row) of D;. Assume that the braid axis is to the right of
each picture. We use w to denote the weight, w; the product of outgoing edges, and wao
the product of incoming edges for the portion of the cycle away from the Reidemeister
IIT move. An analogous matching can be made for cycles passing through the 101- and
100-resolutions of D».
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Proof of Lemma 6.2. Let £123 denote the ideal generated by local relations asso-
ciated to layers s, s2, and s3, while £’ denotes the ideal generated by local rela-
tions associated to all other layers as before. Let Nq;; denote the ideal generated
by non-local relations in the 111-resolution. So we begin with

Rlxo0, ..., Xn]
L1234 L9+ Niqp

A =

The general strategy will be to eliminate x7, xg, X190, X11, and xq, from the
presentation of A;1; and limit use of x9 as much as possible. We will then rewrite
Ai11 in the form T[xo]/J for an appropriate ideal J, where T is the R[x, ..., Xe,
X13, ..., Xp]-algebra defined in the proof of Lemma 6.1. Finally, we will use the
quadratic relation associated to layer s3, denoted g; as in the proof of Lemma 6.1,
to split A1 into direct summands generated by 1 and a linear polynomial in xg.

Note first that no part of this strategy will affect the ideal £'. Edges x7, ..., x12
connect layer s; to layer s, or layer s, to layer s3, so they do not appear in local
relations associated to any other layers.

Analysis of Local Relations. For the presentation of £{%3, first use relations
associated to bivalent vertices to replace x1; and x1,. Then the following matrix
is a generating set for £1%3(D1). The analogous generating set for £}33(D>) is

related to the matrix below by exchanging x; with x3 and x4 with x¢:

1(x1 + x2) — (x7 + x3)
(1x2 — x7)(x8 — 1x2)
t(txs + x7) — (Z_1X5 + X9)
(t3x3 — x6) (1™ xg — 1x3)
1(x9 + x10) — (x4 + X5)
(1x9 — x5)(tx9 — X4)
IxXg — X10

ll+z—1111+t—2V+z—1VH

t(x1 + x2 + x3) — I_Z(X4 + x5 + Xx¢)
(1x2 — x7)(x8 — 1x2)
t(txs + x7) — (t " 1xg + x9)
(t3x3 — x6)(t ™" xo — 1x3)
t(x9 + x10) — (x4 + x5)
(tx9 — x5)(txX9 — X4)
Ixg — X10
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Multiply row I by 72, use row III to eliminate x7, use row V to eliminate x1¢, and
use row VII to eliminate xg, then multiply row II by #4:

13(x1 + X2 + x3) — (X4 + X5 + X6)
(13(x2 + x3) — X6 — 1x9) (X4 + X5 — 1X9 — 13X7)
(t3x3 — x6) (1 xo — 1x3)
(tx9 — x5)(txX9 — X4)

Use row IV to replace 7?xZ in row II, then add 211l and #3(x, + x3)I to row I,
and then multiply row III by ¢ to obtain

t3(X1 + x5 + X3) — (X4 + x5 + x6)
1805(x1., X2, X3) — 02(X4, X5, X¢)
(t3x3 — x6) (X9 — 12x3)
(tx9 — x5)(1X9 — X4)

where o, is the second elementary symmetric polynomial.

We may apply an analogous sequence of transformations to the presentation of
£123(D,), at each step maintaining the property that the presentations of £123 (D)
are related by exchanging x; with x3 and x4 with x¢. This analogous sequence of
transformations is in fact identical until the last step, in which we should add #2111
and ¢2(x; + x)I to row II. To be explicit, we obtain the following presentation

for £123(D,):

Z3(X1 + x5 + X3) — (X4 + x5 + x6)
1%05(x1., X2, X3) — 02(X4, X5, X¢)
(13x1 — x4)(x0 — 12x1)

(tx9 — x5)(tx9 — X¢)

In both presentations, the first two relations generate the familiar ideal L;;Ig

The last relation in both presentations is familiar as ¢; from the proof of Lemma 6.1.
Let p; = (I3X3 — X6)(x9 — I2X3) and p, = (Z3X1 — x4)(x9 — szl). Then we have
expressed £]23 as the sum of an ideal whose generating set does not involve xo,
the quadratic relation ¢; that will be used to split A7 as a direct sum, and the
relation p;, which we will have to follow up carefully. We may retain the definition

of T from the proof of Lemma 6.1, and write

7[)(?7, ey xlz]
(pi) + (qi) + N1 (Di)’

A1 (D) =
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Analysis of Non-local Relations: The Dy Case. We turn next to an examination
of the ideal N1, of non-local relations, which will require separate arguments for
D; and D,. Label the elementary regions in the vicinity of the Reidemeister 111
move as in Figure 13. As usual, assume that the braid axis is to the right of each
diagram.

1 2 3 1 2 3
Ej
8 E>T11 7 8
11
E, E,
10 9 12 12 9 10
E3 E4
4 5 6 4 5 6
D D>

Figure 13. Elementary regions in the vicinity of the Reidemeister III move in the 111-reso-
lution of D (left) and D, (right).

Using Definition 3.2 for the generators of Nji1(D1), we can split Ny11(Dq)
into a sum of five ideals based on types of coherent regions. Let N’ be the ideal
generated by the relations from coherent regions that do not use any of £, E», E3,
or E4. Notice that this ideal is identical for D; and D,, even though E; actually
refers to different elementary regions in each diagram. Moreover, none of the
relations associated to such coherent regions use edge variables x7, ..., x12, SO
they will carry through all of our calculations unchanged.

Let £1234(D;) be generated by relations from coherent regions that use all
of £y, E>, E3, and E4. These relations may involve x; and x4, but not any
of x7,...,x12, so they carry through our calculations unchanged. The ideal
€1234(Dy) also accounts for relations associated to coherent regions that contain
Ey, E>, and E5. Adding E4 to such a region would add only the bivalent vertex be-
tween edges 8 and 10, which is exactly the situation described in Observation 3.5.
Therefore, we need not consider coherent regions that contain E;, E5, and E3
without £4 in a minimal generating set for Ny11(D1).

Let £'2(D) (respectively €13(D1)) be generated by non-local relations from
coherent regions that use £ and E,, butnot E3 or E4 (respectively £, and E3 but
not E, or E4). Some of the edge variables x7, ..., x1» do appear in the relations
associated to such regions, but can be easily eliminated using the quadratic relation
from layers s; or s3 as appropriate. Figure 14 shows the necessary calculations in
each case.
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+

16+W t6+w

WoutX7X10 — Win[X4] Wout[X1] — WinXg X9

= [9+w = [9+w

WoutX1X2 — Win[X4] Wout[X1] — WinX4xs

Figure 14. Relations that generate £12(D1) and £'3(D1), along with modifications to avoid
the use of x7,...,x12. Assume that the braid axis is to the right of each picture. Brackets
around x; denote an edge variable that may or may not occur in a relation depending on
whether the coherent region under consideration contains an elementary region immedi-
ately above or below E4. Dotted lines show the boundary of the relevant coherent region
when such adjacent elementary regions are not included. In each diagram, w, wey, and wip
come from the portions of the region not shown in these local pictures.

Finally, let £! (D) be generated by relations from coherent regions that use E;
but none of E;, E3, or E4, as shown in Figure 15. These relations have the form
1YW oueX7 —Win X9, where w, wout, and wj, come from the portions of the coherent
region not shown in Figure 15. We will not be able to simultaneously eliminate
X7, ...,x12 from such arelation, but we can eliminate all except xq using the linear
relations from the crossing in layer s, and linear relations associated to bivalent
vertices. In fact, we can write any generator of £!(D) in the form

24w 3 3+w
t Wout(Xe —17x3) + Xo(¢ Wout — Win)»
where woy and wj, are words in xo, . .., X¢, X13, . . . , X, Only.

A
)
.
44w .

1V Wourx7 — WinXo

= 1 W wou (t2x6 + 11 xo — 1X3) — WinXo

= 12 wou(xe — 13x3) + Xo (13 wour — win)

Figure 15. Removing x7 from relations that generate £! (D).
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We have exhausted the possible combinations of elementary regions E, ..., E4
that can appear in a coherent region, so we may now express Ny11(D1) as

Ni11(D1) =N + E24(Dy) + €2(D1) + €3(D1) + €1(D1).

Moreover, we have eliminated all appearances of x7, ..., x1, from the generating
sets of N, £1234(Dy), €12(Dy), and €'3(D,). Defining T} by
, T

T =
V7N 4 €12(Dy) + E13(Dy) + €1234(D))
we then have a presentation of A111(D1) as
T’ [xo]
(p1) + (q1) + EY(Dy)’

The next step will be to use g; to split Ay11(D;) as a direct sum of mod-
ules over R[xo, ..., Xs, X13, . - ., Xn], one of which is generated by (1) and one of
which is generated by (12x3 — x9). In other words, we would like to find ideals
P(D1), P*(D1), E(Dy), and E*(Dy) in T} such that

Ar(Dy) =

T1[x0] ~ (1) j'/1(12)63 — X9)
(p1) +(q1) + EX(D1) — P(D1) + E(Dy) — PX(Dy) + EX(Dy)
as R[xo, ..., X6, X13, ..., Xp]-modules.

As in the proof of Lemma 6.1, we may use ¢; to replace any appearance of
xk for k > 2 with a polynomial that is linear in xo. This procedure has no ef-
fect on the ideals from which xg¢ has been eliminated, but it does affect (p;) and
&1(Dy). To analyze how, think of the ideal that p; generates in T} [xo]/(q1) as the
sum of the ideals generated by p; and x9 p;. If we use ¢; to eliminate any appear-
ances of x2 in these generating sets, then we can find appropriate generators for
P(D1) and P* (D) by writing p; and x¢ p; in terms of 1 and 12x3 — xo. Actually,
p1 = (t3x3 — x6)(x9 — t%x3) is already in the correct format, so let #3x3 — x¢ be
one of the generators of P* (D). For x¢ p1, we calculate as follows, replacing xg
using ¢, then eliminating a term using p;,

x9(xo — 17x3)(1*x3 — x¢)
= (I_IX9X4 + Z_1X9X5 — Z_2X4X5 — I2X3X9)(Z3X3 — X6)
= (xo — 12x3)(t 'xg 4+ 17!

- (Z_2X4X5 + t4x§ — 1X3X4 — ZX3X5)(I3X3 — X6)

x5 — 12x3)(17x3 — x¢) 6.1)

= (t6x§ + x4x5 — 13x3x4 — I3X3X5)(I3X3 — X¢)

= (3x3 — x4)(t3x3 — x5) (> x3 — x6).
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Therefore, the ideal generated by p; and xo p; in T}[x9]/(g1) is equal to the ideal
generated by p; and (£3x3 — x4)(t3x3 — x5)(¢3x3 — x¢), which no longer uses xo.
It will be convenient to express this relation more symmetrically by modifying it
using generators of £¢22. (Recall that the original T, of which T} is a quotient,
was a quotient by £

123 ;
sym» among other ideals.)

(t°x3 — x4)(t°x3 — x5) (1> x3 — X6)
= (t°x3 — x4)(°x3 — x5)(t7x3 — x¢)
+ 12 x3(1%02(x1. X2, X3) — 02(X4, X5, X6))
— 16x§(t3(x1 4+ X3 + x3) — (x4 + X5 + X6))

= I9X1XZX3 — X4X5X6.

Let P(D1) be the ideal generated by 1°x;x2x3 — x4X5X¢ in T7. Adding the gen-
erator of P(D) to P*(D1) would not change the ideal, since P*(D1) already has
t3x3 — X as a generator.

We use the same strategy to find appropriate generators for £(D;) and E* (D).
Generators of £1(D1) have the form f; = t*™Vwoux7 — winxe. We would like to
write f1 and xo f] in terms of 1 and 12x3 — x9. We have already seen that

fi= 12+ww0ut(x6 - l‘3X3) + x9(t3+wwout — Win),

where woy and wj, are words in xo,..., Xs, X13,...,X, only. Factoring out
Xo — t2x3 yields

fi = (x9 — 12x3) (1> wour — win) + 12t WourXs — WinX3).

Conveniently, the second term is a multiple of a generator of N’ obtained as
follows. Suppose f; came from a coherent region R. Let V' be the set of vertices
contained in the closure of R, so that f; is the relation associated to Vg under the
subset interpretation of the non-local relations. Delete from Vg the 4-valent vertex
in layer s,, the bivalent vertex between edges 3 and 11, and the bivalent vertex
between edges 12 and 6. These deletions drop the weight of Vg by 4. The resulting
set of vertices has the same incoming and outgoing edges as Vg except that x;
has been replaced by x¢ and x¢ has been replaced by x3. Therefore, the relation
associated to this subset, which must appear in NN, is exactly ¥ wouXe — WinX3.
As an element of T7, the above expression for f; then simplifies to

Ji= (xo— t2x3)([3+wwout — Win). (6.2)

We conclude that a generating set for £*(D1) should include 3V wqu — wip.
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Next consider xq f7, using the expression for f; obtained in Equation 6.2 and
the expression for xo(x9 — #2x3) obtained in the third line of the calculation pre-
ceding Equation 6.1,

3+w
Wout — Win)

1

Xo fi = Xo(xo — 1%x3)(t
= (xo — 12x3)(t 'x4 + 1~

—t72(t3x3 — x4) (t3x3 — x5) (> TV wour — win)

x5 — 12x3) (3T Y wour — win) 6.3)

= (t3x3 — x4) (x5 — x5) (3 Wou — Win).

The last equivalence follows because the term we have eliminated is a multiple
of f1 as expressed in Equation 6.2. These calculations eliminate all appearances
of x7,...,x12 from xo fi. We may again use relations in £370 to rewrite this
expression in a more convenient form:

(t3x3 — x4) (x5 — x5) (> TV Wour — win)
= (t3x3 — x4) (t3x3 — x5) (> Wour — win)
— 15V wouxs (1331 + 3% + 13x3 — X4 — X5 — X6)
+ 2T wout(18x1x2 + 1%x1x3 4 1%x2x3 — X4x5 — X4X6 — X5X6)

= 13(t%x3 — x4 — x5) (Y Wourxs — Winx3) + (17 TV Woux1X2 — Winxaxs).

The final expression above has xg f as a linear combination of two relations that
are actually already accounted for in the splitting. The first relation,

\
I " WoutX6 — WinX3,

arose during our analysis of f; above and was seen to be contained in N'.
The second relation,

94w
t WoutX1X2 — WinX4X5,

is associated to a disconnected subset of vertices. If f was associated to a region
R with corresponding subset of vertices Vg, then the second relation above is as-
sociated to the union of Vg with the bivalent vertex between xg and x1¢. Since that
union is a disconnected subset, its associated relation is not needed in a minimal
presentation of N11;(D1) (as noted just after Definition 3.3 in Section 3). There-
fore, it turns out that xg f7 does not add any new generators to £(D;) or E¥(Dy).
In fact, we did not need to put any generators in £(D1) at all.
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We have now split A;11(D;) as a direct sum of R[xo,..., X¢, X13, ..., Xn]-
modules:
T/l(l) 7’1 (I2X3 — X9)

A D) = == @ s oy

Define B(D;) to be the first summand and B* (D) to be the second.

Analysis of Non-local Relations: The D, Case. Next, we analyze the non-local
relations in the 111-resolution of D,. Referring back to the labels in Figure 13, let
EY(D,), E12(Dy), E123(Dy), £124(D,), and £1234(D,) denote the ideals gener-
ated by non-local relations associated to coherent regions using the super-scripted
elementary regions. Coherent regions cannot contain other combinations of ele-
mentary regions Eyq, ..., Ey4, SO

Ni11(D2) = N + EY(D3) + E2(D2) + E'22(Dy) + £24(Ds) + E12°4(D»).

For all of these ideals except £!(D,), there is a generating set that does not use
any of x7,...,x12. Simply use the relations rx; — x1; and fx;5 — x4 associated
to bivalent vertices to eliminate x;; and x;, whenever they appear in one of the
standard generators.

As was the case for D, we cannot simultaneously eliminate all of x7, ..., x12
from a generating set of £1(D,), but we can eliminate all except xo. The standard
generator in £!(D,) has the form

fa = 7 wouxo[xa] — winx7[xs],
where [x;] indicates edge variables that may or may not appear depending on

whether the coherent region under consideration contains the elementary regions
immediately above and below E,. Replace x7 using the linear relation

1(tx1 + x7) — (t x4 + X9),

which comes from the vertex in layer s, together with the bivalent vertices on the
leftmost strand. Then regroup and clear negative powers of ¢ to obtain

fo= 3T Woyexo [x2] — winx7[x5]

= (£3x1 — x4)Win[xs] + 10 (t ™V wou[x2] — win[xs]).
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Define 77, to be the T-module

T

T, = .
27N+ E12(Dy) + E123(Dy) + E124(D,) + £1234(Dy)

Then we have a presentation of A111(D>) as
T7[xo]
(p2) + (q2) + EX(D2)

As in the D case, we would now like to find ideals P(D,), P*(D3), E(D»),
and £€*(D) in T} such that

A111(D2) =

T4 [xo] N T5(1) T5(t2x1 — Xo)
(p2) + (q2) + EX(D2) — P(D2) + E(D2) — PX(D3) + EX(D>)

as R[xog, ..., X6, X13, . . . , Xp]-modules.

The analysis is analogous to that of the D; case. We examine the polynomials
D2, X9 P2, f2, and xg f>, using ¢ to replace any appearance of xg and writing each
polynomial in terms of 1 and #2x; — xo9. We already have

P2 = (X1 — x4)(x9 — 1%x1)
in the correct format, so we add 3x; — x4 as a generator of P*(D5). It turns out
that
Xopa = (1x1 — x4)(t7x1 — x5)(1°x1 — X6)

in T)[x9]/(q2). A quick modification by relations in £ recovers the same nicely
symmetric relation that we found in the D case,

(t%x1 — x4) (17 x1 — x5)(1°x1 — X6)
= (1’x1 — x4)(t3x1 — x5)(1>x1 — x6)
+ 12x1(t%02 (x1. X2, X3) — 02(x4. X5, X6))
— 183 (t3 (x1 + x2 + x3) — (x4 + x5 + X6))

= [9X1X2X3 — X4X5X6.
Let
P(D3) = (t°Xx1X2X3 — X4X5X6)

in J5. Although technically defined as ideals in 77, the P(D;) are contained in
R[xo0, ..., X6, X13, - - ., Xn], SO we will abuse notation slightly in referring to them
asP=P(D;)CT.
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For the ideals coming from £!(D,), we have so far that the typical generator
can be rewritten as

6+w

fr = (3x1 — xa)win[xs] + 19 (t TV wou[x2] — win[xs]).

Factoring out t2x; — xo yields
fa = (xo — 12x1) (1 wout[xa] — win[xs]) + (¢ Y wourx1[x2] — 17 winxalxs]).

If f, is associated to a coherent region R (assumed to contain elementary region
E1), then the second term above is an element of £!2(D,) associated to V U E»,
after eliminating x1; and x;, using the bivalent vertices on the left strand of D,.
Therefore, as an element of 77,

fo = (x0 — 12x1) (™ wou[x2] — win[xs]). (6.4)

t6+wwout[x2] - win[XS] as

This means that we should use polynomials of the form
the generators for £¥(D5).

Using the expression for f, obtained in Equation 6.4 and a computation of
Xo(x9 —12x1) analogous to that preceding Equation 6.1 in the analysis of xo f1, we

may express Xxq f> as
X9 f2 = (t*x1 — x5)(t°x1 — x6) (t "V wout[x2] — win[x5]).

This expression no longer contains any of x7, ..., x12. As in the D case, we may
use relations from L7 to rewrite this expression in a more convenient form. We
exhibit the computation for the case when x, and x5 do not appear. A similar

method works for 16T ¥wyyxs — WinXs.

(t%x1 — x5)(t°x1 — x6) (t "V wou — win)
= (1°x1 — x5)(t°x1 — x6) (1 * TV Wout — Win)
+ xqwin(t®x1 + x5 + 17x3 — X4 — X5 — X¢)
— win(¢%x1x2 + 1%x1x3 4+ 1°Xx2x3 — X4X5 — X4X6 — X5X6)

= (t3x1 — x5 — x6) (t° T Wourx1 — WinXg) 4 18(t¥ WouxsXe — Winx2x3)

The final expression above is a linear combination of relations that already
hold in 7). Suppose that f, comes from a coherent region R, which we assume
contains E£; and the elementary regions immediately above and below E,, with
associated subset Vg. Then the first relation, 1TV woux; — winx4, is obtained by
taking the union of Vg with the 4-valent vertex in layer s, and the bivalent vertices
immediately above and below it. Therefore, it is contained in £'2(D,). The second
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relation above, Y woutxsxg — WinXa2x3, 1S associated to the subset obtained from
Vg by removing the 4-valent vertices in layers s; and s3 and the bivalent vertex
between edges xg and xj9. Therefore, it is contained in N’. As in the D, case,
X9 f» contributes no new generators to (D) or £¥(D>).

Having computed the appropriate generators for P(D,), P*(D>,), E(D>), and
E*(D,), we have now established the following splitting of A;1;1(D>) as a direct
sum of R[xo, ..., x¢, X13, ..., Xp]-modules:

T5(t2x1 — Xo)
*(D2) + €X(D>)

Ar11(D2) = 729()1) @ n

Define the first summand to be B(D,) and the second summand to be B*(D>).

Analysis of Summands and Edge Maps. We claimed that the B(D;) are isomor-
phic as R[xg, . .., Xs, X13, - . . , Xp]-modules to B, the module defined at the begin-
ning of Section 6 and assigned to the diagram D, obtained from D; by replacing
the region near the Reidemeister III move with the 6-valent vertex in Figure 11.
Recalling that
R[X(), ey X6y X13y . e e ,Xn]
L+ £123 ’

sym

T =

and comparing to the definition of B, we have a presentation of B as

T

(t%x1x2X3 — X4x5X6) + N/ + NIZ3~

B x~

Unwrapping the definitions of 77, our final presentations of the B(D;) were

T
B(D) =
(D) = e (Dy) 4 £53(Dy) + E234(Dy) +

and

T
B(Dy) = .
(D2) = e (D) 1 £123(Dy) + E4(D;) + E234(D;) + 7

Since P = (1°x1x2x3 — X4Xx5X¢), we only need to check that

N123 — 812(D1) + 813(D1) 4 81234(D1)

sym

— 812(D2) + 8123(D2) 4 8124(D2) + 81234(D2).

This is done by comparing generating sets in Figure 16.



D, .
N123 .

sym

9+w ' 9+w . 9w 9w . 9+w '
P Woux1X2 — WinXaxs 2TV wouxy — winxaxs 2TV Wour — WinXaxs 12TV Woux1X2 — WinXs 12TV wouxy — WinXs

9+w 9+w 9+w 9+w
12 ¥ Wour — WinXsa 12 ¥ Woux 1 X2 — Win 12 WouX 1 — Win 12 Wour — Win

To match

9+w
19TV woux1 X2 — WinXaxs

with a disconnected subset
of Dy, see analysis of xg f1

in proof of Lemma 6.2.

Wout[x1] — WinXaxs 12T Vwoux1x2 — winfxa] 12V wou[x1] — win[x4]

t9+w
&12(Dy) EB(Dy) €1234(Dy)
4 A
A
/ :
2 woux [x2] — winXalxs] 2TV wou — winxalxs] 2TV weuxi[x2] — win 19V wou — Win

Figure 16. The non-local relations generating N}fg (shown in the first two rows) are the same as those associated to certain regions in the
111-resolutions of D (row 3) and D> (row 4). Assume that the braid axis is to the right of each picture. Brackets around x; denote an edge
variable that may or may not occur in a relation depending on whether the coherent region under consideration contains an elementary
region immediately above or below one of the elementary regions in the vicinity of the Reidemeister III move. Dotted lines show the
boundary of the relevant coherent region when such adjacent elementary regions are not included. In each diagram, w, weyt, and wj, come

from the portions of the region not shown in these local pictures.

SUONN[OSAI JO 9qN I30[] 10UY Y} PUB SOUBLIBAU]

LS
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It remains only to check that B* =~ C via the appropriate edge map. Our final
presentations of the B*(D;) were
‘I/l ([2)63 — X9)
PX(D1) + EX(Dv)

Bx(Dl) =

and
7/2(12)61 — X9)

B = 5y v e (D)

while our final presentations of the C(D;) were

T(1)
(i) + Nio1(Di)

Comparing to the notation in the proof of Lemma 6.1, we see that P*(D;) = (r;),
so the work is entirely in matching the generators of Ny¢;(D;) with £*(D;) and
the various other ideals of non-local relations hidden in the definitions of the T7.
Specifically, we need to show that

C(D;) =

Nio1(D1) = E¥(D1) + N + €'2(Dy) + E(Dy) + €'24(Dy)
and
Nio1(D2) = E¥(D2) + N + £'2(D2) + €123 (D) + £12*(D) + £'2*(Dy).

Since the 101- and 111-resolutions of D; differ only by whether the crossing in
layer s, is singular or smooth, Observation 3.7 implies that N1 (D;) C Nyo1(D;).
Excepting £¥(D;), the ideals involved in the sums on the right hand side above
are all contained in N1 (D;), so we have

Nio1(D1) DN + E2(Dy) + E3(Dy) + €'*(Dy)
and
Nio1(D2) DN + E2(D3) + E'23(Dy) + £24(D») + £12°*(D»).

We can check directly that Nyg1(D;) D £*(D;) as well. Label the elementary
regions in the 101-resolution of D; as in Figure 17. Coherent regions in the 101-
resolution of D, that use F; butnot F> or F3 correspond to coherent regions in the
111-resolution of D; that use E; but not any of the other E;. Similarly, coherent
regions in the 101-resolution of D, that use F; and F5 but not F3 correspond to
coherent regions in the 111-resolution of D, that use E; but not any of the other
E;. In Nyp1(D;), such regions have associated non-local relations of the form

[3+ww0ut — Win fOf i = 1
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or

t6+ww0ut[x2] - win[XS] fori =2
with the presence of x, and/or x5 depending on whether the elementary regions
immediately above and below F, are part of the coherent region under consider-
ation. The corresponding regions in the 111-resolution have associated non-local
relations in £*(D;) which are exactly the same. Therefore, we have the full inclu-
sions

Nio1(D1) D EX(D1) + N + E2(Dy) + €3(Dy) + €'**(Dy)
and
Nio1(D2) D E¥(D2) + N + E2(Dy) + £'3(Dy) + E24(Dy) + €1224(D,).

Figure 17. Elementary regions in the 101-resolution of D (left) and D, (right).

To prove the opposite inclusion, we use the coherent regions definition to clas-
sify the generators of Njo1(D;) based on which of the F; are used, just as we did
to understand Njq; earlier. Figure 18 shows the general form of relations using
various combinations of the F; in the 101-resolution of each D;, and shows corre-
sponding coherent regions in the 111-resolutions that produce the same non-local
relations in one of the summands on the right-hand side of our desired equalities.

We have now shown that € and B* are quotients of T by the same ideals. The
edge map A191 — A111 is multiplication by #2x3 — x9 for D and multiplication
by 12x; — xo for D5, so it maps the generator (1) of A;9; to the generator of B* in
either case. This completes the proof that the edge map is an isomorphism when
restricted to ¢ — B*. O

6.2. Simplifying Complexes for Reidemeister Move III. Figures 19 and 20
show preferred generating sets for the ideals of local relations L/l,zg’ (Dj) associ-
ated to layers sy, 52, and s3 in each resolution and preferred expressions for the

differentials in C(D) and C(D5).
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5

3

Y3 Wout — win " wout[x1] — Win[x4] 1O woui[x2] — win[xs]

Wout — Win
: A A
Y3 Wout — Win " PP wout[x1] — Win[x4] 1Y wout[x2] — win[xs] 1Y Wout — Win
€ &%(Dy) € £1234(p ) € £%(D,) € £1234(D,)

Figure 18. The top row shows the general form of relations in N1 (D;) associated to coherent regions containing various combinations
of the elementary regions F;, with w, woyt, and wj, coming from the portions of the region not shown in these local pictures. The bottom
row identifies corresponding coherent regions in the 111-resolution of D; that have the same associated non-local relation. Assume that the
braid axis is to the right of each picture. Brackets around x; denote an edge variable that may or may not occur in a relation depending on
whether the coherent region under consideration contains an elementary region immediately above or below one of the elementary regions
in the vicinity of the Reidemeister III move. Dotted lines show the boundary of the relevant coherent region when such adjacent elementary

regions are not included.
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t(tx3+x7)—t~ ‘(X§+)C6)
t)w—t’lxg 1X9—X5
tx9—Xx5 —t2x3+t" x5 (tx1—t -xA)(txo—t 2)(4)
(tx1—t2x4) (ex1 =t 2x5) (t2x3—t " x6) (1~ x5—12x3)
" wouxr —t "2 winxs v Hwouxs—t " wigxs
Y wouex; —t 2 winxa

—Ix] +I’ZX5

123
1X9—x4
8N\ ),
108/5 |12
45 6
[ior] (11|

IX2—x7
) N 1 tx7—x9 N t(tx34x7)—(t " x6+x9)
tx7—t" x5 | t°x3—1" X5 txX9—Xs —t“x3+x9 3 5
—— | ..» 1 1 5 (txo—xs)(txo—x4) | ——— = (7 x3—x6)(x9—12x3)
txX9—Xs (t?x3—t " Txe)(t 1 x5—1%x3)
3x3—x6 (tx9—x5)(tx9—x4)

YT wouxa—t~ winxs

—tx;+x7

1X2—x7
1Xp—x7 13x1+1x9—(x4+x5)
12x5—x9 —12x5+1" xg (t2x2—1" " x6) (12 x3—1" 1 x6)
(3 x2—x5)(t3x2—x4) (t3x1=x5)(t3x1—x4)

YO wouex | —winxg VTS wouxo —winxo

YO woux 1 —winxg

Figure 19. C(D) as a complex of modules over T[x7, x9]/N’ with preferred differentials. The column vectors below each diagram should be
read as preferred generating sets for the ideal of local relations associated to the layers shown in that diagram. Choices made in constructing
these preferred generating sets are explained at the beginning of Section 6.2.

SUONN[OSAI JO 9qN I30[] 10UY Y} PUB SOUBLIBAU]
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tx7—t x5 1X9—X5
tx9—Xs (2x1—t 7 xg) (07 xs—12x1)

t2x1 —t’IX5
_

(tx3—t72x5)(tx3—t2x6) (tx2—t2x6)(tx3—t~2x6)

Yoy —t 2 winxs oy —winxy

t(tx14x7)—1t " (x44x5) ]

8wy —t T winxs

12 03
—tx9+x¢
7/ \8
1
12(0 9\ /10
45 6

o

000
txo—x7 1
1 2 —1 tx7—X9 5 t(tx1+x7)—( " x44+x9)
Ix7—t" X5 | t“x2—t" "Xx4 1xX9—Xxs 1“x1—x9 3 5
5 1 2 . (tx9—x5)(txo—x6) | ————————> (t3x1—x4)(x9—1t%x1)
1X9—X5 (t*x2—t7 " x5)(t=x2—1 7" x4) 3
w8 —1 x1—xq (tx9—x5)(tx9—x6)
t WoutX1—1™ " WinX4

1X3—Xx7

001
tx3—t"xg
txy—x7
tX2—x7 13x3+1x9—(x5+x6)
12x2—x9 12x0—1"1xy (2 x2—t" 1 x4)(12x1—1 "1 x4)

(3x3—x6)(x5—3x3) (t3x3—x6)(x5—13x3)

Y FOwouxa—winxs oy xg—winxs

Vo —t winxs

Figure 20. C(D>) as a complex of modules over T[x7, xg]/N’ with preferred differentials. The column vectors below each diagram should
be read as preferred generating sets for the ideal of local relations associated to the layers shown in that diagram. Choices made in

constructing these preferred generating sets are explained at the beginning of Section 6.2
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The preferred generating sets should be viewed as presentations for the various
Ajke(D;) as modules over %, where NN is generated by non-local relations
associated to coherent regions not containing any of the elementary regions in the
vicinity of the Reidemeister III move. We defined T in Section 6.1 as

fR[X(), ey X6, X135 0 e ,xn]
L/—I-LIZ?’ ’

sym

T =

where £’ is generated by local relations associated to vertices away from the vicin-
ity of the Reidemeister III move and ley%fl is generated by differences of certain
elementary symmetric polynomials. In the process of proving the splitting lem-
mas of Section 6.1, we established that the relations in L}yﬁ hold in A9 (D;) and
A111(D;). One can check that they hold for the other resolutions by comparatively
straightforward manipulations of local relations. Since the relations in £/, £123

sym>
and N’ hold in all resolutions, we have omitted them from Figures 19 and 20.

In building the preferred generating sets, we have eliminated x;o, x11, and
x12 using the relations associated to bivalent vertices that appear in all of the
resolutions: txg—x1¢ in both C(D;) and C(D5); tx3—x11 and tx12 —x¢ in C(D1);
and 7x; — x11 and tx;5 — x4 in C(D>). Except in the 101- and 111-resolutions, it is
possible to eliminate x7, xg, and xg as well in terms of x1, ..., x¢. In these cases,
we have listed linear relations used to do so for x7 and xg¢. Those used to eliminate
xg can be inferred.

For all except the 101- and 111-resolutions, we have then listed quadratic rela-
tions in formats chosen to demonstrate the well-definedness of the isomorphism
exhibited in Figure 26 and of incoming edge maps. Finally, we have listed repre-
sentative non-local relations associated to coherent regions that use the elementary
regions in the vicinity of the Reidemeister III move.

For the 101- and 111-resolutions, we have listed the linear relations that were
used to eliminate x7 in the proofs of Lemmas 6.1 and 6.2. We have then listed the
quadratic relations that appear in the final presentations of these modules before
the splitting step in the proofs of Lemmas 6.1 and 6.2. We have omitted the non-
local relations in these resolutions because they were already analyzed extensively
in Section 6.1.

The top lines of Figures 21 and 22 show condensed versions of C(D) and
C (D) as presented in Figures 19 and 20. The next step is to incorporate the split-
tings established in Section 6.1 and adjust matrix entries in the differentials accord-
ingly. The bottom lines of Figures 21 and 22 show C (D) and C(D,), respectively,
after the splittings have been introduced and matrix entries adjusted.



—tx1+t72xs5 A1oo —12x34+1t7 x5 txo—1"2x4 0 Ao
t2x3—t"lxs ® —tx9+Xx4 0 —tx1+x7 ®
13x2—X4 0 t3x1—xs —lzxz+t_IX5 [tngxél 7tZX3+xg 7tx|+x7]
Aooo Ao1o Ato1 A1
(&) (&)
.A()()] -A011
L
g , —12x341 x5 txo—t"2x4 0
£ —txi+r72xs ] g 0 0 —tx1 4+t 2x4 A
6 |:12x3—l_1x5 61500 —1 0 =2 61910 [I3x3—x4 0 (—13x34x5)(t2x3—1"1xy) —tx1+t_2xéj|
3 3 2 -1 3 -1
. t°xp—Xx4 0 t°x1—x5 —t“x2+t” Xx¢ —t -1 t°x3—Xs —t
< Aooo Aoto Cper B @ B*
(&) ®
Aom AOII

Figure 21. The top line is the complex C(D1), condensed from Figure 19 to emphasize differentials rather than module presentations.
The bottom line incorporates the splittings from Section 6.1 into C(D1) and adjusts matrix entries in the differentials accordingly. Recall

that @¥ (D) is generated by tx9 — x4 and B¥(D) is generated by 12x3 — xo.

164



tx3—t2x 12x1—t x5 —txp+12x 0
3t xS | Aoo 1 5 2 6 - Ai1o
tex2—t" 'x4 E tX9—Xe 0 tx3—t~ ' X9 Y
1°xX3—X5 0 —13x34x5 12xp—1t"1xy [—tx9+x6 t2x1—x9 IX3—x7]
Aooo Aoto Ato1 A
&b ®
Aoo1 Ao11
) tle—tile —IXQ+t72x6 0
1x3—1""x5 | g 0 0 tx3—t 2xg A
|:t2x2—tlx4 61900 1 0 2 61910 —13x14x6 0 (13x1—x5)(t2x1—1t"Vxg) tx3—t"2x4
t3)C3—X5 0 —I3X3+)C5 tzxz—t_IX4 t 1 —t3x1+x5 1
Aooo Aoto CoC” B @ B*
® ©®
Aoo1 Ao11

Figure 22. The top line is the complex C(D2), condensed from Figure 20 to emphasize differentials rather than module presentations.
The bottom line incorporates the splittings from Section 6.1 into C(D>) and adjusts matrix entries in the differentials accordingly. Recall
that C*(D>) is generated by tx9 — xg and B~*(D5) is generated by 2x1 — x9.
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For C(D;) we adjust matrix entries as follows. In the rightmost matrix,
we replace x7 using the relation #(fx3 + x7) — ( "'x¢ — x9), as we did when es-
tablishing the splitting of A111(D1). We then arrange the entries in the rightmost
matrix such that the row operation I, + (12x3 — x9)II, applied to the new matrix
recovers the previous matrix. In the third column, this row operation produces
(t2x3 — x9)(tx9 — x4), which is the image of the generator of C* in Aj1;. To see
the equality directly, one must replace x3 using the relation (fx9 — x5)(fx9 — X4),
as we did when establishing the splitting of A;;1(D;) in Section 6.1. For the
middle matrix, we have arranged the entries such that applying the row operation
Il 4 (tx9 — x4)III, to the new matrix recovers the previous matrix.

For C(D,), we handle the splitting in the same way. In the rightmost matrix,
we replace x7 in Aj11(D3) using 1(tx; + x7) — (17 x4 + x9) as we did when
splitting A111(D>2). Then, we arrange matrix entries such that applying the row
operation I, + (¢2x1 — x9)II, to the new matrix on the right recovers the previous
matrix on the right. This entails replacing x3 using the relation (1x9—xs)(fx9—x6)
as we did when establishing the splitting of A;11(D53). In the middle matrix, the
row operation II, + (¢x9 — x¢)I1I, applied to the new matrix recovers the previous
matrix.

We are now prepared to perform the changes of basis necessary to identify
contractible summands in C(D;) and C(D,). Figure 23 exhibits the operations
step by step in the case of C(D1). We may use almost the same row and column
operations in the case of C(D;). Simply exchange x4 with x¢ and x; with x3,
but leave everything else the same. For example, the second change of basis per-
formed on C (D) used row operation I, — (¢2x3 —t ~ ! x5)III, on the middle matrix.
The second change of basis on C(D;) should instead use row operation
I, — (t2x; — t~'x5)III, on the middle matrix.

Figures 24 and 25 show C(D;) and C(D,) after the changes of basis are
complete (top two lines), and then the complexes obtained by removing the con-
tractible summands Ago(D;) — C*(D;) and C(D;) — B*(D;) (bottom two
lines). The bottom two complexes are C (D) and C (D) as described at the be-
ginning of Section 6. We have now indicated the induced edge maps as well.

The last step is simply to exhibit an isomorphism between the simplified com-
plexes we have obtained for C(D) and C(D-). Figure 26 shows the appropriate
chain map from C (D) to C (D-). The map identifies the summand .Ag1o(D1) with
Ao01(D2); Aogo1(D1) with Ag10(D2); Ar10(D1) with Agr1(D2); and Ag11(D1)
with Aj119(D2). It also multiplies some summands by a power of ¢, which
(1) directly maps the relevant presentations from Figure 19 to the corresponding
presentations from Figure 20; (2) accounts for the differences in exponents of ¢
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Figure 23. Beginning with C(D1) as presented in the bottom line of Figure 21, we change basis several times. The change of basis occurs
in the boxed homological grading, with corresponding row and column operations on incoming and outgoing maps indicated below the
arrows. The result is a complex with contractible summands A9 — C* and € — B*.
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0 txz—t_zx

4 —x3+t_3x5
2t [ A100 0 0 0 Ai1o 5 5
?;3 X5 o -1 5 0 » 0 X @ t°x3—x4 0 0 —tx1+t" “x¢
1°XxX2—Xx4 0 t°x1—x5 —t“xp+t 'x¢ 0 -10 0
Aooo Aoto CoC” B o B*
(&) ©®
Aom AOII
[tzxg—t 1x5:| A [txz—t_2x4 —x3+13x5 i| A
4 Bxo—xa 010 Bxy—xs —12xp+t—xe 110 [£3x3—x4 —tx141—2x5 ] 5
000 @ ®
Ao11

Figure 24. The top line shows C (D) after the changes of basis shown in Figure 23. The bottom line shows the result of removing contractible
summands A19o — C* and € — B~, which is C (D) as described at the beginning of Section 6.
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0
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000 @ @
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Figure 25. The top line shows C(D>) after changes of basis analogous to those shown in Figure 23 for C (D1). The bottom line shows the
result of removing contractible summands Aj199 — C* and € — B¥, which is C (D>) as described at the beginning of Section 6.
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in the edge maps of the simplified complexes; and (3) effectively moves layers of
marked points past layers of 4-valent vertices to match the resolutions of D; with
the resolutions of D, that remain in the simplified complexes. Finding the inverse
of the map in Figure 26 is a straightforward computation.

7. Conjugation

In this section we demonstrate that A;(D) is invariant under conjugation of the
layered braid diagram D away from the basepoint. That is, conjugation is allowed
only by braid generators oy, . .., 05— and not by o5_;. (Our convention is to label
the braid generators from right to left.) This limitation arises because the basepoint
has a role in determining which cycles, subsets, or regions are used to define non-
local relations. (Since conjugation is a planar isotopy of a braid diagram, it does
not change the edge ring or the local relations.) Proving that Ay (D) is invariant
under conjugation by one of o1, ..., 05—, is equivalent to proving that it is invari-
ant under moving the basepoint past a bivalent vertex, as in Figure 27. We do so
in Lemma 7.1. Proving that Aj (D) is invariant under conjugation by o5_; would
require moving the basepoint past a crossing, as in Figure 28. We have so far been
unable to do this.

Lemma 7.1. Let D be the layered braid diagram for a braid word of the form o;o,
where i # b—1 and o is any braid word. Let D' be the layered braid diagram for
o0o;. Fix edge labels as in Figure 27 with p > n. Then for any index I,

Ar(D) = Ar(D')

as R[x]-algebras, where x acts as the variable associated to the vertex outgoing
from the basepoint in each diagram.

Proof. Whether o; is resolved or singularized in the /-resolution of D, Figure 27
indicates that it suffices to prove that we can move the basepoint across a biva-
lent vertex on the leftmost strand. Let xo, ..., X, X, denote the variables in the
edge ring for D and yyo, ..., y, y, denote the variables in the edge ring for D’.
Edge labels are shown in Figure 27 for edges x; and y; when i € {0,n, p}. The
remaining edges are labeled such that the position of x; in the diagram on the left
of Figure 27 matches the position of y; in the diagram on the right of Figure 27.



|:t2X3—t71xSi| A I:txz—t72X4 —X3+t73x5 :| A
t3x2—x4 010 t3x1—x5 —t2x2+t*1x6 110 [t3x3—x4 —tx1+t*2x6]
Aooo ® ® B
A()o] AO]]
i 0 t_1:| 0172 .
id [l‘ 0 |:t2 0 id
t2x2—t71x4 A —txz+t72x6 xl—t73x5 A
3x3—x5 010 —t3x34x5 12xp—t"1xy 110 [_t3xl+x6 tx3—t72x4]
Aooo ® ® B
A()o] AO]]

Figure 26. An isomorphism from C (D) (top) to C (D>) (bottom).
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Figure 27. Diagram for Lemma 7.1: moving the basepoint across a bivalent vertex is equiv-
alent to conjugating o;o to oo; for i # b — 1. These diagrams should be viewed as closed
braids, although the closure strands are not shown. Assume that all strands are oriented
upwards and that the braid axis is to the right of each picture.

Figure 28. Conjugating 03,10 to oop—1 would be equivalent to moving the basepoint
across op—1. These diagrams should be viewed as closed braids, although the closure
strands are not shown. Assume that all strands are oriented upwards and that the braid
axis is to the right of each picture.



Invariance and the knot Floer cube of resolutions 173

We will view Ay (D) and Ay (D’) as R[x]-modules by equating x with xo and
with y,, respectively. Define an R[x]-module map

¢: Ar(D) — Ar(D')
by

Xo > Yp,
Xi—ty; forl<i <n,
Xp = Yn.

To see that it is well-defined and an isomorphism, first notice that ¢ maps the
linear relation tx, — x, (coming from the bivalent vertex nearest the basepoint
in D) to 0 in A;(D’). Now use the relation zx, — x, to find a presentation of
A (D) in which x, does not appear. Suppose that f(xo, ..., x,) is one of the re-
lations in this presentation. Since all of the relations in the original presentation of
Ay (D) were homogeneous in the x;, f will be as well. Then ¢( f(xo,...,x,)) =
Sp ty1, .- tyn) = f(tyo,ty1, .-, tyn) = f(Yo, Y1, .-, yn), Where “=" here
means “generates the same ideal in R[yo, ..., Yn, ypl/(tyo — yp).” Since tyo — y,
is a relation in A7 (D’) (associated to the bivalent vertex nearest the basepoint),
this calculation says that ¢ identifies each relation in the chosen presentation of
Ay (D) with arelation in Ay (D’). The map defined by y; + t~1x; for (0 <i < n)
and y, — Xxo is an inverse for ¢, which one can check is well-defined by a similar
argument. U

8. Stabilization / Reidemeister Move I

Throughout this section, we work over ZJAQ[K (D)]. The arguments presented here
require the completion of the ground ring because we invert an element of the
form 1 — ¥, and because the completion is required to make Observation 3.9
about disconnected resolutions hold.

Let D and DV (respectively D™) be closed braid projections that differ by
a positive (respectively negative) stabilization in layer s on the innermost strand
as in Figure 29. Ideally, we would like to show that C(D), C(D*), and C(D™)
are chain homotopy equivalent. Figure 30 shows the two possible resolutions of
the crossing on the innermost strand. Any resolution in which the crossing on
the innermost strand is smoothed is disconnected, so the corresponding algebra
Al (D) or A1, 01, (D7) vanishes by Observation 3.9. It would suffice, then, to
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show that
Ao, (DF) = A1, (D7) = AL (D)

for any resolutions I; € {0, 1}"/.

enq p 7]

[ 2]

Figure 29. Diagrams D, DT, and D~ .These diagrams should be viewed as closed braids,
although the closure strands are not shown. Assume that all strands are oriented upwards
and that the braid axis is to the right of each picture.

o1 +ny+1

Figure 30. From left to right: the smoothed resolution of layer s in DT of D ~; the singular
resolution of layer s in DT of D; the diagram D®. These diagrams should be viewed
as closed braids, although the closure strands are not shown. Assume that all strands are
oriented upwards and that the braid axis is to the right of each picture.

However, the behavior of the algebras under stabilization is not so straightfor-
ward. Instead, the algebras associated to the resolutions in which the crossing on
the innermost strand is singularized are isomorphic to the algebras associated to
the corresponding resolutions of D® (shown on the right in Figure 30). In other
words, stabilizing once on the innermost strand is equivalent to adding a marked
point to the edge where the stabilization occurs. The marked point has weight
equal to the total weight of the strand being added, plus one. Equivalently, it has
weight equal to the total number of crossings in the diagram, plus one.
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The diagram D* is not a layered braid, but the definition of A extends easily to
encompass this case. Use the same local relations for crossings and other bivalent
vertices, along with a relation t"1772%1y, — y3 associated to the new marked
point. Define the non-local relations as before, but adjust their weights upwards
by n1 + n, + 1 if they are associated to a subset, cycle, or region encompassing
the new marked point.

With this definition, A7 (D*) is still isomorphic to singular knot Floer homol-
ogy with twisted coeflicients, as described in Section 2.1. It still fits into the skein
exact sequence described in [15]. (These facts are not proved here, but would
follow from arguments similar to those in [15] and those in Section 9.) Unfor-
tunately, our proofs of the categorified MOY relations underlying Reidemeister
moves II and III do not extend to diagrams like D*® that have bivalent vertices
with different weights on different strands. It may be that a more subtle version of
the MOY calculus, taking into account bivalent vertices of various weights, could
unify our proofs of the categorified braid-like MOY moves with our description
of stabilization. We are not currently aware of such a model.

Proposition 8.1. Let DT and D~ be the diagrams in Figure 29 with n; crossings
in B;. Figure 30 shows the (I;0I,)-resolution of D, which is identical to the
(I1 1I)-resolution of D~. Let D* be the diagram on the right in Figure 30 with
edge labels as shown. Let xy, . . ., x; be the edges in the unlabeled portion of all of
these diagrams. Then there are isomorphisms of SAQ[xo, ..y Xk, V1, V3, Y4]-modules

Aryo, (DF) 2= A1, (D7) = AL (D°)

for all resolutions I; € {0, 1}"*/.

Proof. The (I,01)-resolution of D7 is identical to the (I, 11;)-resolution of D,
so we will refer to the (I;01,)-resolution of DT throughout this proof without loss
of generality. The edge ring of the (I;01,)-resolution of Dt is JA%[xo, e Xy V1, V2,
¥3, Y4, ¥5]. Let n = ny + ny. The marked points on the innermost strand give
relations "2y, — y5 and t" y4 — y,. Use these relations to eliminate y, and ys
from the edge ring, leaving JAQ[xo, ...+ Xk, Y1, V3, ¥a], which is the edge ring for D°.
We will work in the context of JAQ[xo, .. .» Xk, V1, V3, y4]-modules for the remainder
of this proof.

The local relations for crossings not on the innermost strand do not use y», y4,
or ys, and are the same for the singular resolutions of DT and D~ as they are
for D°*. Let £ be the ideal generated by these local relations.
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Non-local relations associated to coherent regions in D*® have the form

w/ +n+2
t Wout — Win,

where y1, ys3, and y4 do not divide woy Or win, and w’ is the contribution to the
region’s weight from vertices other than those pictured on the innermost strand.
Let N be the ideal generated by such relations. Each of these relations corresponds
to a non-local relation in the singular resolution of D and D~ as follows. Let
E,, E,, ..., E, be the elementary regions in D*® with E; the region containing
the braid axis. Then the elementary regions in the singular resolution of Dt and
D™ are E,, ..., E, along with two others: the region containing the braid axis,
which we will call E,, and the region adjacent to E,, which we will call E5. Any
coherent region in D*® contains £, so canbe writtenas R = E{UE; U---UE;, .
The region E, U E U E;; U --- U E;, in the singular resolution of Dt and D~
has the same associated non-local relation as R does.

The relations defining Ay, o1, (D) =~ Ar,11,(D7) that we have not yet ac-
counted for are as follow (Recall that we have eliminated y, using the relation

t"ys— y2.),

tyr+ 1" ys —y3—y4
Jd= "2y y4 — y3ya
"2y — y3

The first two lines come from local relations associated to the singular crossing
on the innermost strand. The third line is the non-local relation associated to the
coherent region E,. So far, we have established that

R[xo,.... Xk, ¥1, ¥3, V4l

AI]OIz(D+) = AI]llz(D_) = L+ N+ 3

We now simplify the presentation of J. Perform the row operation I — III to
transform the first line into (¢"*! — 1)(y4 —ty1). Since "1 — 1 is a unit in R, we
may remove that factor. Then factor out y4 from the second line in the presentation
of J to see that the second line is a multiple of the first, hence can be discarded.
we then obtain the following alternative presentation of g,

3:( Ya —1ty1 )
"2y — y3
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The generators in this alternative presentation of J can also be viewed as the
local relations associated to marked points visible on the innermost strand of D*,
which are exactly the relations defining Ay, 1, (D*) that we had not yet accounted
for above. That is,

JA%[xo,...,xk,yl,y&)M]
L+N+]

Ap,(D*) =

9. Identification with knot Floer homology

The set-up of the cube of resolutions in Section 2 of this paper differs somewhat
from Ozsvéth and Szabd’s original formulation [15], so it does not follow formally
from their work that C(D), as defined in (2.2) of this paper, computes knot Floer
homology. However, an adaptation of the arguments in Sections 3-5 of [15], suf-
fices to prove the following result, which is an analogue of [15, Theorem 1.2].

Proposition 9.1. Let D be a layered braid diagram with initial edge x. Then there
is an isomorphism of graded Z;[x¢]-modules

Ho(C(D) ®px(py RX(D)] ® Za) = HFK™(K) ®2z, Zalt ™. 1]]
and an isomorphism of graded Z,-vector spaces
H.(C(D)/(x0) ®xpx(py) RIX(D)] ® Z5) = HFK(K) &z, o[t~ 1]].

The two key differences between our set-up and that of [15] are the use of
layered braid diagrams and the ground ring over which we define the cube of
resolutions chain complex. Ozsvéth and Szabé use a knot projection in braid form
with a basepoint *, but do not require the additional bivalent vertices that we add
parallel to each crossing when forming a layered braid diagram. Consequently, in
their diagrams, bivalent vertices arise only when a crossing is smoothed, which
means they come in pairs that lie on adjacent strands. A layered braid diagram
has these sorts of bivalent vertices, but also others. This difference will require us
to modify the Heegaard diagrams used in the proof of [15, Theorem 1.2].

The second difference between our set-up and that of [15] is in the ground
rings over which the cube of resolutions complexes are defined. We define the
algebras A; (D) over R[x(D)] = Z[t~!,t][x(D)], and pass to the completion
JAQ[K (D)] = Z[t™!, t]][x(D)] only when describing the behavior of the chain com-
plex under stabilization. Ozsvath and Szabd set up their algebras over Z,[x (D), t],
then pass to Z[x(D)][t !, ¢]] to identify the homology of their cube of resolutions
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chain complex with knot Floer homology [15, Theorem 1.2]. Their algebras are de-
fined as the singular knot Floer homology with particular choices of twisted coef-
ficients. They require power series in ¢t with coefficients in Z;[x(D)] to make the
singular knot Floer homology well-defined (by ensuring that its differential is a fi-
nite sum). They need to invert ¢ to apply their Lemma 2.2, which shows that knot
Floer homology with twisted coefficients is isomorphic to the usual knot Floer
homology tensored with an extended ground ring. These choices of rings in each
case allow results to be stated in the greatest possible generality, but a profusion
of tensor products will be required to bring the two approaches into alignment.

Proof. Ozsvith and Szabé prove [15, Theorem 1.2] in three steps: calculate a par-
ticular twisting of singular knot Floer homology to verify that it is identical to the
algebra they define as a quotient of the edge ring [15, Section 3]; establish a spec-
tral sequence from the cube of resolutions defined algebraically to knot Floer ho-
mology [15, Section 4]; show that the spectral sequence collapses [15, Section 5].
We mirror each of these arguments in turn, pointing out where modifications are
required to address the differences between our set-up (Section 2 of this paper)
and that of [15].

Let S be a layered braid diagram with all crossings singularized or smoothed.
The twisted version of singular knot Floer homology needed to recover the algebra
A(S) as defined in (2.1) in Section 2.1 of this paper is specified by the “initial
diagram” in [15, Figure 3] with the additional rule that near a bivalent vertex that
does not arise from smoothing a crossing, the diagram has the form shown on the
left in Figure 31.

Near a pair of bivalent vertices that arise from smoothing a crossing, we use the
same diagram as in [15, Figure 3], which is shown in the middle in Figure 31. Call
this the modified initial diagram. Let CEK™ (S) denote the chain complex coming
from the modified initial diagram. That is, CFK™(S) is the Z,[x(S)][[¢]]-module
whose generators are given by intersection points and differentials by counting
holomorphic disks with respect to the twisting in the modified initial diagram.
See [12] for a precise definition of singular knot Floer homology, [15, Section 2.1]
for details on twisted coefficients in knot Floer homology generally, and [15, Sec-
tion 3.1] for details on combining singular knot Floer homology with twisted coef-
ficients. The completion of the ground ring with respect to ¢ is necessary to make
the differential on twisted singular knot Floer homology well defined, as detailed
in [15, Section 3.1]. We will continue to work over Z,[x (S)][[¢]] for the first section
of this proof, so abbreviate this ring by R'.
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Figure 31. From left to right: the modified initial diagram near an extra bivalent vertex;
the modified initial diagram near a bivalent vertex arising from a smoothing; the planar
diagram or the master diagram near any bivalent vertex. The bold dots in each picture show
the marking that specifies our particular twisted version of singular knot Floer homology.

Let M denote the Koszul complex on the linear relations for each vertex.

) W _ (v)__(v) ) _ _ (v)
txg "+tx;, —x¢ Xy Xy —Xe¢
M=QX R)® QR ——— ),

veVy vels

where V4 and V, denote the set of 4-valent and bivalent vertices, respectively, in S.
Let C’'(S) = CFK™ (S) ® M. Then the claim, an analogue of [15, Theorem 3.1],
is that we can identify H.(C’(S)) with A(S) after appropriately changing the
ground rings. Recall that A(S) was defined in (2.1) of Section 2.1 of this paper as
an R[x(S)] = Z[t™1, t][x(S)]-module. Therefore, the precise claim is that

H.(C'(S)) ®x R[t71] 22 A(S) @aixsy) RIx(S)] @ Zo. ©.1)
The reduced version of the statement,
H.(C'(8)/(x0)) @z R'[t7"] = A(S)/(x0) ®rix(s)] Rx($)] ® Z2,  (9.2)

then follows immediately.

The arguments required to prove [15, Proposition 3.4] apply essentially un-
changed to show that H.(C’(S)/(x¢)) is free as a Z;[[t]]-module, generated by the
generalized Kauffman states defined in [15, Figure 4], and concentrated in a single
algebraic grading. The unreduced H,(C’(S)) is also concentrated in a single al-
gebraic grading. To calculate the structure of H.(C’(S)) as an R’-module, we use
a planar Heegaard diagram for S defined exactly as in [15, Figure 9] with extra bi-
valent vertices of the layered diagram treated as if they had come from smoothing
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a crossing. So, the diagram looks like that on the right in Figure 31 near any bi-
valent vertex. The chain complex coming from the planar diagram is well-defined
over Z[x(S),t] (no completions required) because the planar diagram satisfies
a stronger admissibility property than the modified initial diagram. However, we
consider it over the larger ring R’ because we need to compare its homology to
the homology of the chain complex coming from the modified initial diagram.
The same procedure of handleslides and destabilizations described in the proof of
[15, Lemma 3.7] shows that the two chain complexes are quasi-isomorphic. The
planar diagram has a canonical generator, which is a cycle, defined by making the
same choice of intersection point near each vertex as Ozsvath and Szab6 do in
[15, Proposition 3.10]. Incoming differentials from chains with algebraic grading
one higher than the canonical generator produce all of the quadratic local rela-
tions, the linear local relations associated to bivalent vertices, and the non-local
relations that appear in the definition of A(S). Since H.(C’(S)) is concentrated
in a single algebraic grading, this completes the calculation and establishes the
isomorphisms claimed in (9.1) and (9.2).

Now consider a layered braid diagram D with m crossings, and let Dy denote
its /-resolution. The spectral sequence constructed in [15, Section 4] comes from
a filtration on

V(D)= P H«(CFK (D1)® M),

I1€{0,1}

where M| is the Koszul complex on linear relations coming from all vertices in di-
agram Dy. To define the filtration, Ozsvath and Szabé consider a planar Heegaard
diagram that simultaneously encodes each possible state (positive, negative, sin-
gularized, smoothed) of a crossing [15, Figure 12]. To adapt this Heegaard diagram
to D, we need only add a small piece like that shown on the right in Figure 31 near
any bivalent vertex. Call the diagram from [15, Figure 12] so adapted the master
diagram.

Using particular choices of generators near crossings in the master diagram,
Ozsvéth and Szab6 define a filtration on V(D). They also define maps that count
holomorphic disks intersecting certain regions near crossings in the master di-
agram [15, Section 4]. In [15, Proposition 5.2], they verify that some of these
maps (those with the appropriate gradings) are the same as the edge maps in Sec-
tion 2.2 of this paper, under the identification of H.(C'(Dy)) with A;(D). The
description of all of the maps on V(D) and the proof of [15, Proposition 5.2] de-
pend only on the form of their Heegaard diagram near crossings, so they apply
unchanged to our master diagram. Taken together, the maps defined by counting
appropriate holomorphic disks near crossings in the master diagram form an endo-
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morphism of V(D). Lemma 4.6 of [15] shows that V(D) with this endomorphism
is quasi-isomorphic to the chain complex CFK™ (D), which is the twisted knot
Floer homology of the classical knot D, defined via the traditional holomorphic
disks construction and regarded as an Z[xo][[¢]]-module. Again, the arguments
depend only on the properties of the master diagram near crossings in D, so they
carry through unchanged to our situation. Therefore, as in [15, Theorem 4.4], the
filtration on V(D) gives rise to a spectral sequence with E; page

P H.(CFK (D) ® Mp),
I€{0,1}m

with d; differential the zip and unzip maps defined algebraically, and converging
to HFK™ (D).

Finally, in Section 5, Ozsvéth and Szabé argue that this spectral sequence col-
lapses after the E; stage for grading reasons. The gradings in this paper are defined
identically to those in [15], so the same argument shows that the spectral sequence
here collapses. The immediate result is an isomorphism of Z,[x,][[¢]]-modules,

H.( €D H-(CFK (D;) & M;) = Hy(CFK™(D)).

I€{0,1}m

Inverting ¢ in the ground ring throughout the spectral sequence, then applying
the isomorphism from (9.1) allows us to identify the left side with the cube of
resolutions complex C(D) used in this paper:

Hy(C(D) ®px(py) R(D)] ® Zs) = Hy(CEK™ (D) @zt Zalt ™", 1]))

A standard theorem about twisted coefficients in knot Floer homology, stated as
[15, Lemma 2.2], completes the identification with H«(CFK™ (D)) ®z, Z» [£=1, 1)
The reduced statement follows similarly. O
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