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An odd categorification of U, (sl;)

Alexander P. Ellis and Aaron D. Lauda

Abstract. We define a 2-category that categorifies the covering Kac—Moody algebra for
sl introduced by Clark and Wang. This categorification forms the structure of a super-
2-category as formulated by Kang, Kashiwara, and Oh. The super-2-category structure
introduces a Z x Z,-grading giving its Grothendieck group the structure of a free module
over the group algebra of Z x Z». By specializing the Z»-action to +1 or to —1, the
construction specializes to an “odd” categorification of sl» and to a supercategorification
of ospy 5, respectively.
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1. Introduction

Categorical representation theory studies actions of Lie algebras and their associ-
ated quantum groups on categories, with generators acting by functors, and equa-
tions between elements lifting to isomorphisms of functors. Natural transforma-
tions between these functors exemplify the higher structure in 2-representation
theory that cannot be accessed in traditional representation theory. Solving a con-
jecture of Igor Frenkel, the second author introduced a 2-category U = U(s(,) that
categorifies the integral idempotented version 4 U, of the quantum enveloping al-
gebra of sl, [51,53]. This 2-category governs the higher structure in categorical
actions of U, = U,(sl,).

The categorification U of Uq is ubiquitous in 2-representation theory. In many
of the known categorical representations of Uq one can identify the higher struc-
ture needed to lift these actions to full 2-representations of the 2-category U.

Examples of such 2-representations include modules over cyclotomic
KLR-algebras [17,32, 36, 73], blocks of parabolic category O, see [19,29, 30,70],
foam categories [55,57, 58], and derived categories of coherent sheaves on cotan-
gent bundles to Grassmannians [14-17]. This 2-category also leads to a categori-
fication of quantum sl, at prime roots of unity [25,48] using the theory of Hopfo-
logical algebra introduced by Khovanov [44] and further developed by Qi in [62].

The 2-category U categorifying quantum sl also plays a fundamental role in
link homology theories. One of the original motivations for categorifying quan-
tum groups was to provide a unified representation theoretic explanation of the
link homology theories that categorify various quantum link invariants. Various
steps in this direction have already been achieved [11, 55, 74].

Khovanov homology is the simplest of these link homology theories, cate-
gorifying a certain normalization of the Jones polynomial [4],42]. Surrounding
Khovanov homology is an intricate system of related combinatorial and geomet-
ric ideas. Everything from extended 2-dimensional TQFTs [10, 20, 41, 42, 54],
planar algebras [1,2], category O, see [4,8,67,68], coherent sheaves on quiver va-
rieties [12], matrix factorizations [49, 50], homological mirror symmetry [12, 65],
arc algebras [6-9,18,42], Springer varieties [43,68,69], and 5-dimensional gauge
theories [75, 76] appear in descriptions of Khovanov homology. The categorifi-
cation U(sl,) of the idempotent version U, of the quantum enveloping algebra of
sl, demonstrates commonalities between these approaches revealed in terms of
higher representation theory.

Given the many connections between Khovanov homology and the sophisti-
cated structures described above, it is surprising to discover that there exists a
distinct categorification of the Jones polynomial. Ozsvith, Rasmussen, Szabd
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found an odd analogue of Khovanov homology [60]. This odd homology theory
for links agrees with the original Khovanov homology when coefficients are taken
modulo 2. Both of these theories categorify the Jones polynomial, and results of
Shumakovitch [66] show that these categorified link invariants are not equivalent.
Both can distinguish knots that are indistinguishable in the other theory.

Motivated by the problem of defining odd categorified quantum groups to pro-
vide a higher representation theoretic explanation for odd Khovanov homology,
the authors in collaboration with Mikhail Khovanov introduced an odd analogue
of the nil-Hecke algebra. The nil-Hecke algebra plays a central role in the theory
of categorified quantum groups, giving rise to an integral categorification of the
negative half of U, (slz) [47, 51, 64]. In the categorification U of the entire quan-
tum group Uq, the nil-Hecke algebra describes 2-endomorphisms of 1-morphisms
F"*1,, respectively £"1,. This algebra is also closely connected to the geometry
of flag varieties and the combinatorics of symmetric functions. The purpose of
this article is to extend the categorification of the negative half of U, (sl,) via the
odd nil-Hecke algebra to an odd categorification of all of Uq (sl2).

Covering Kac—-Moody algebras. The odd nil-Hecke algebra appears to have nu-
merous connections to other areas of representation theory. It was independently
introduced by Kang, Kashiwara and Tsuchioka [35] starting from the different
perspective of trying to develop super analogues of KLR algebras. Their quiver
Hecke superalgebras become isomorphic to affine Hecke—Clifford superalgebras
or affine Sergeev superalgebras after a suitable completion, and the s(, case of their
construction is isomorphic to the odd nil-Hecke algebra. Cyclotomic quotients of
quiver Hecke superalgebras supercategorify certain irreducible representations of
Kac—Moody algebras [33, 34]. A closely related spin Hecke algebra associated
to the affine Hecke—Clifford superalgebra appeared in earlier work of Wang [72]
and many of the essential features of the odd nil-Hecke algebra including skew-
polynomials appears in this and related works [38—40, 71].

The odd nil-Hecke algebra has led to a number of surprising new structures
including an odd analogue of the ring of symmetric functions [26-28] and odd
analogues of the cohomology groups of Grassmannians [28] and of Springer va-
rieties [52]. These structures possess combinatorics quite similar to those of their
even counterparts. When coefficients are reduced modulo two the theories become
identical, but the odd analogues possess an inherent non-commutativity making
them distinct from the classical theory.
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Clark, Hill, and Wang have supplied convincing evidence that the odd
nil-Hecke algebra and its generalizations are closely related to super Lie
theory [21-24,31]. A key insight of their construction was the introduction of
a parameter 7 with 72 = 1. They introduce the notion of a covering Kac—-Moody
algebra defined over Q(q)[r]/ (7% —1) for certain Kac-Moody Lie algebras. A list
of those finite and affine type Kac—Moody algebras admitting a covering algebra
is shown in [31, Table 1]. The specialization to = = 1 gives the quantum envelop-
ing algebra of a Kac—Moody algebra and the specialization to 7 = —1 gives a
quantum enveloping algebra of a Kac—Moody superalgebra. This idea led Hill
and Wang to a novel bar involution § = 7¢~! allowing the first construction of
canonical bases for positive parts of Lie superalgebras. The canonical basis for the
entire quantum supergroup U, (0sp;|,) was constructed by Clark and Wang in [24]
where the rank one case was fully developed. The covering algebra U, , can be
seen as a simultaneous generalization of the quantum group Uy (sl») and the Lie
superalgebra U, (0sp,). This relationship is illustrated below.

Uq,ﬂ
n_/ X_)_l

U, (sl») Uy (05py)2)

The existence of a canonical basis for the covering algebra U, , led Clark and
Wang to conjecture the existence of a categorification of this algebra. The main
theorem of this paper (Theorem 8.4) confirms their conjecture.

Covering link homologies. Given the interaction between categorified quantum
groups and link homology, the existence of a categorification of covering Kac—
Moody algebras hints at the possible existence of “covering” link homology the-
ories carrying an additional Z,-grading. If the conjectured connection between
categorified covering Kac—Moody algebras and odd link homologies exists, this
would guide the search for new odd link homology theories. In particular, the
covering Kac—Moody perspective suggests that there will not be an odd analog of
sl,-link homologies for n > 2. Indeed, the only covering Kac—Moody algebras
that exist in finite type correspond to the Lie algebras s0,,+1. The covering Kac—
Moody explanation of odd Khovanov homology would then be the result of the
Lie algebra coincidence sl, = so03.

The existence of odd link homologies associated to s0,,+1 appears to be further
corroborated by the topological field theory construction of link homologies due
to Witten. In a forthcoming article, Mikhaylov and Witten describe an extension of
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this work in which candidates for odd link homologies associated 502, + naturally
arise [59]. This work utilizes the orthosymplectic supergroup suggesting a close
interplay with covering Kac—Moody algebras.

A covering homology was recently defined by Putyra [61] using a 2-category
of chronological cobordisms.

Diagrammatics for super-2-categories. The previously introduced graphical
calculus for the odd nil-Hecke algebra required certain generators to skew com-
mute. This requires one to keep careful track of the relative heights of generators
in a diagram making graphical computations rather cumbersome. In Section 2
we translate Kang, Kashiwara, and Oh’s theory of super-2-categories into a new
diagrammatic framework. This formulation has the advantage that it allows us to
recast the odd nil-Hecke algebra in a graphical calculus with full isotopy invari-
ance at the cost of adding a new type of strand to the graphical calculus. From
the perspective of these diagrammatics for super-2-categories, the skew commu-
tativity of certain odd 2-morphisms is quite natural, allowing for a categorical
manifestation of odd nil-Hecke algebras.

Super-2-representation theory of quantum Kac-Moody superalgebras. As
mentioned above, one of the main theorems of this paper is the construction of
a super-2-category U, which categorifies Clark and Wang’s quantum covering
sl,. We also prove a 2-representation theoretic structure theorem analogous to a
theorem of Cautis and the second author [17]: that a strong supercategorical action
of sl, gives rise to a 2-representation of our super-2-category U, the latter notion
being a priori stronger. This allows us to upgrade the Kang—Kashiwara—Oh action
on cyclotomic quotients of odd nil-Hecke algebras to a 2-representation of Us.

In [51], the categorification U of quantum sl, has generating 1-morphisms €1,
and 1, 3. These 1-morphisms are biadjoint up to grading shifts. It should come
as no surprise, then, that the corresponding generating 1-morphisms of U, are
biadjoint up to grading and parity shifts. Unlike shifts of the Z-grading, parity
shifts are visible in our diagrammatics. Hence our biadjointness and cyclicity
relations (3.13)—(3.16) are more involved than those in [51].

We expect that all the constructions of this paper — the definition of strong su-
percategorical actions, the definition of the super-2-category, and the theorem on
upgrading the former to the latter — can be extended to all Kac—Moody types for
which Kang, Kashiwara, and Tsuchioka [35] have defined quiver Hecke superal-
gebras.
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2. Preliminaries

2.1. Conventions. We will work with (ZxZ,)-graded algebras. The Z-degree of
an element x we will simply call degree | x| and the Z,-degree we will call parity
p(x). The braiding on the base category (graded k-modules) is governed by parity;
for instance, if A is an algebra in this category, then the canonical multiplication
on A® A4is

(@ ®b)c ®d) = (=1)?P?Oac) ® (bd)

for parity-homogeneous elements a, b, ¢, d. If M is an A-module, we write T1(M)
for the its parity shift with the left action twisted by the parity involution on A4,

t(a) = (=1)?Wq. 2.1)

We write M (k) for the module obtained from M by shifting all degrees down
by k. Hom-spaces always refer to maps which preserve both degree and parity;
if we write Hom* for the space of maps of degree k (so that Hom? is the actual
hom-space), then

Hom* (M, N) = Hom(M (—k), N) = Hom(M, N (k)).

2.2. Covering Kac-Moody algebras. In the subsection, we present a modifica-
tion of the constructions of [22]. This “covering” form of U; = U,(sl;), which
we denote by U, , is the object we will categorify as the main result of this paper.
Define the (g, 7)-analogues of integers, factorials, and binomial coefficients by

a

()t —q7" T nl _ Tlisin+i—al
=t =TT e
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Note as in [22] that

n n]!

|:aj| = m, forn >a >0,
and

[-n] = —x"[n].
Let
A=2Zq.q7". Az =2Zlg.q"" . 7]/(x* - 1),
e Q(g)[r]
Q@)™ = oD

Definition 2.1. The idempotented form of quantum covering sl is the (non-unital)
Q(g)™-algebra Uq,n generated by orthogonal idempotents {1, : A € Z} and ele-
ments

1/1+2E1/1=E1/1=1/1+2E, 1AF11+2=F11+2=11F, AGZ, (22)
subject to the covering sl, relation,
EF1, —nFE1), = [A]1,. (2.3)

The integral idempotented form is the A, -subalgebra 4 Uq,n C Uq,,, generated by
the divided powers

E*1,

1, F¢
EQl = 2 LF@ = 2
al:

[a]!

2.4)

and the (idempotented) g-binomial coefficients

m 1 (2.5)
a

(we are making the shorthand identifications E21, = El; 4, El,, etc.).

Remark 2.2. There is also a non-idempotented form of covering quantum s, but
we will not need it; see [22].
The Clark-Hill-Wang bar involution on U, ,, is defined by

g=nq!, m=nl=n

(it does nothing to 1,, E, and F). “Anti-linear” will be meant with respect to the
bar involution. Note that (¢, 7r)-integers [A] are bar-invariant.
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Define a linear anti-automorphism p of Uq,,, by

p(q) =mq, p(r)=m, p(1;) =14,

p(E13) = ¢*T 13 F,  p(1,F) = n* g El,,

and an anti-linear anti-automorphism t = p by

) =q"" @ =x (1) =1

(Ely) = n*Tlg ", F, t(1,F) = ¢*El,.

Define the bilinear form (-, -) on Uq,n by the properties

different idempotented parts are orthogonal,
(fx.y) = fx.y) = (x, fy),
(ux,y) = (x, p(u)y),

(x,y) = (y.x)
(F@1,, F@O1;) =[i—, (1 = w5¢ 72571,

and the sesquilinear form (-, -) by

{(x,y) = (x. ).
The following properties of (-, -) follow:

different idempotented parts are orthogonal,
(fx.y) = flx.p)=(x fy),
(ux,y) = {x.7(u)y),
(x,y) = (. %),
(FO1,, FOL) =T, (1 —n°¢>) 7"

(2.6a)

(2.6b)

(2.7a)

(2.7b)

(2.8)
(2.9)
(2.10)

(2.11)
(2.12)

(2.13)
(2.14)
(2.15)
(2.16)
2.17)

This agrees with the bilinear form introduced by Lusztig [56, 26.1.1] when = = 1.

Note that (1; F, 1, F) = (1 — ng?)~L.
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Lemma 2.3. (El;,E1;) = (1 —nmg?)~ L

Proof. We have

(2.15)
(E1y, E1y) =" (15, t(E1))E1y)

27)

—~

(13, 7* g™ FEL,)

(1, 2r g A EFL, — ph g A1)

= (TN EL) a7t g TR — ot AN, 1)
(2:7) <q—/l—1 1, F, nlq—/l—l 11_2F) _ n/\q—l—l [)L]

i mhg2h . T — g

1 —ng? g —q~!
1
= — O
1 —mq?

Remark 2.4. There are some rescaling degrees of freedom for the automorphisms
and bilinear form defined above. Our automorphisms and bilinear form differ from
those of [22]. The specific choice of scaling given would have been difficult to fix
without knowing the categorification of Uq,n. In particular, our automorphism t
is the decategorification of “take the right adjoint”.

2.3. Odd nil-Hecke algebras and cyclotomic quotients

2.3.1. Odd nil-Hecke algebras categorify 4 Uq"' (sl2). The main theorem of this
paper is the construction of a categorification of the algebra U, , of Definition 2.1.
One of the main ingredients in this construction is the categorification of Uq+ by
the odd nil-Hecke algebras [28, 35]. This subsection will review these algebras
as well as their cyclotomic quotients, which categorify simple modules for Uq,
see [33,34].

Let k be a commutative ring (usually we take k = Z or a field) and let

SPol, = k(x1,...,x,)/(xix; + x;x; if i # )

be the (Z x Z,)-graded superalgebra of skew polynomials in n variables. Its gen-
erators are given degrees |x;| = 2, p(x;) = 1. The symmetric group S, acts on
SPol,, by

wxi) = xXu@), w(fg) =w(HHw(g).
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Fori =1,...,n—1,lets; = (i i+ 1)bethei-thsimple transposition in S,, and
define the i-th odd divided difference operator 9; to be the map

SPol,, — SPol,

defined by

1 j=ii+]1,
0i (x)) = (2.18)
0 otherwise,

3 (f8) = 8 (g + (=D lsi (/)di(g). (2.19)
(It is straightforward to check this is well defined.) For example,
31 (xFx2) = 01(x1)xX1x2 — X201 (x1)X2 + X301 (xX2) = X1X2.

More generally, for any f € SPol, the action of the odd divided difference oper-
ator is given by the formula

(Xig1 — %) f — (=D s () (xigr — xi)

) ,
Xipr — X

9 f =

see [33, equation 4.19]. These operators play a role analogous to that of the divided
difference operators of Kostant—Kumar.

Definition 2.5. The sub-superalgebra

n—1
0C, = () ker(d;) (2.20)

i=1

of SPol, is called the superalgebra of odd symmetric polynomials in n variables.

Definition 2.6. The odd nil-Hecke algebra ONH,, in n variables (or “on n strands”)
is the sub-superalgebra of Endy(SPol,) generated by the operators xi,..., X,
(left multiplication by x;) and 91, ..., 0y—1.

The generators above have degrees |x;| = 2, |0;| = =2, p(x;) = p(3;) = 1.
Fix a reduced expression w = i - - -i, for each w € S, and define

Ow = 0jy -+ 0;

This is independent of choice of reduced expression up to sign only (see the

following proposition). If & = (a1, ..., @) is an n-tuple, write x* for x7' - -+ x;".
The basic properties of ONH,, are as follows.
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Proposition 2.7 ([28]). (1) Changing the choice of reduced expression only
changes 0y, by a possible factor of —1, and

- Topw L(w) + L(w) = L(ww'),
e 0 otherwise.

(2) The algebra ONH,, is a free k-module. Either of the sets
{0wx¥: w e Sy, € Zxo}, {(x%0y:w € Sy, € Zso}

is a basis.

(3) The relations

xXix; +x;x; =0, ifi # J, (2 2la)
8:10; + 0,9; = 0, ifli — > 1, (2.21b)
92 =0, (2.21c)

0;0i+10; = 0;4+10;0;i 41, (2.21d)

dixj + x;0; = 0, ifj £+ 1, (2.21e)
X;i0; +0iXj41 = 0iX; + xj410; = 1 (2.21)

hold and give a presentation of ONH,,.

(4) There is an isomorphism of superalgebras
ONH,, = Endy¢, (SPoly). (2.22)

In the super-2-category we will construct in Subsection 3.2, the odd nil-Hecke
algebra ONH,, will play an important role in governing the endomorphisms of
E"1, and 1,3". It is often more convenient to work in a diagrammatic notation
(which first arose, in fact, from the 2-categorical setting). Elements of ONH,, are
k-linear combinations of diagrams involving crossings and dots on n strands with
fixed endpoints, considered up to isotopies rel their boundaries that do not change
the relative heights of dots and crossings. For example,

iRl

For a more discussion of diagrammatic algebra, see any of [45,46, 53].

€ ONH3
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In graphical notation, the relations (2.21) read

Tl ; lT _— (2230

VTR P
ié o

;§< >§§ (2.230)

teo b

ﬁl Q Q ; l ﬁ(m:

><+><:“:><+><. (2.23f)

One pleasant outcome of the super-2-categorical setting we will introduce in Sub-
section 2.4 is that we will be able to use diagrams which are equivalent modulo all
isotopies rel boundary, not just those which preserve relative heights of generators.

(2.23c)

There is a map of superalgebras

ta,p: ONH, ® ONH; — ONH,;

given by juxtaposing diagrams horizontally, placing the diagram on the left above
the one on the right. On generators,

lap(xi @ 1) = x;, (2.24a)
lap(0; ® 1) = 05, (2.24b)
La,b(l ® Xi) = Xa+i, (2.24¢)

tap(1 ® i) = a4 (2.24d)
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Proposition 2.8 ([28]). (1) Let § = (n — 1,n —2,...,1,0) and e, = Oy x’.
Then e, is an idempotent in ONH,, and the left module P, = ONHe,, is, up to
grading shifts, the unique indecomposable projective ONH,,-module.

(2) The regular representation of ONH,, decomposes as

ONH,, = @(ONH,,e,,)<m>. (2.25)
[n]!

Here, for a Laurent polynomial f = Zj £iq’, the notation @f M means the
direct sum @; M(—j)®7i,

(3) Induction and restriction along the map 1, 1, send finitely generated graded
projectives to finitely generated graded projectives. In particular,

Ind2 %P (P, ® Py) = @D Pavs. (2.26)
[5]
where we are using the shorthand notations a for ONH, and a,b for
ONH, ® ONHjp,.

For any graded algebra A, consider the free A-module with basis consisting
of isomorphism classes of finitely generated indecomposable projective modules.
The version of Grothenieck group with which we will concern ourselves is the
quotient of this free module by the relations

e [B]=[A] +[C]if B = A & C as graded modules,
o [A(=1)] = ¢[A].
If A is a graded superalgebra, we use

'AJ'[ = Z[q7q_1’7[]/(7[2 - 1)

instead of A. The parity shift functor IT acts on the Grothendieck group by the
relation [[TM] = #[M]. Then Ky(A) is naturally an A,-module spanned by all
indecomposable projectives (considered up to isomorphism and grading shifts).
Writing
Ko(ONH,) = € Ko(ONH,,).
n>0

statement (3) of Proposition 2.8 implies that
[V]1® [W]+— [Ind2tP (v @ W)
determines a homomorphism A-modules

Ko(ONH,) ®4 Ko(ONHp) — Ko(ONHgp).
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By Proposition 2.8 (3), this map takes

R !

Restriction determines a map in the other direction. This nearly immediately im-
plies the following.

Theorem 2.9 ([28]). The map taking E@ to [P,] is an isomorphism of q-Hopf
algebras

U, (sl2) —> Ko(ONH.) ®4 Q(q). (2.27)

With more work (the “thick calculus” of [28]), the above theorem can be
strengthened.

Theorem 2.10 ([28]). The map taking E@ to [P,] is an isomorphism of q-Hopf
algebras

AU (s1h) —> Ko(ONH.). (2.28)
2.3.2. Cyclotomic quotients categorify 4, VA

Definition 2.11. Let A > 0 be a dominant integral weight for sl, (thought of as
a non-negative integer). The corresponding cyclotomic quotient ONH,I,\ of ONH,
is defined to be the superalgebra

ONH2 = ONH, /(x}). (2.29)

While explicit calculations in cyclotomic quotients are generally difficult, there
is an isomorphism with a matrix algebra over a less complicated ring.

ONH2 = Matp,;;(OH, 5).

The notation Matp,; means the algebra of endomorphisms of OH,? [X]! as

an OH, A-module. The algebra OH,_ x is the odd Grassmannian algebra (;f [28];
it is graded local and serves as an odd analogue of the singular cohomology ring
of the complex Grassmannian Gr(n, C*).

The maps ¢, 5 are still well-defined on cyclotomic quotients, yielding analo-
gous induction and restriction functors. These functors have been studied in depth
by Kang—Kashiwara—Oh [33,34]. When ¢ = n and b = 1, the resulting “right-
strand” induction and restriction functors between ONH,’} and ONH,’} 1 arerelated
by natural isomorphisms that give a “strong supercategorical action” (see Subsec-
tion 3.1 or the even analogue in [17]) of U, (sl») on the supermodule categories for
ONH,I,‘. Kang—Kashiwara—Oh prove this in both a super and a non-super setting.
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Theorem 2.12 ([33,34]). Let 4 VA, A VA be the simple modules of highest weight
qA Jor 4Uy, aUy x respectively.

(1) There is an isomorphism of A-modules
AVA =5 Ko(ONHA) (2.30)

Under this isomorphism, right-strand induction and restriction between the
algebras ONH,? decategorify to the action of F and E on, respectively.

(2) Let Kgup “ be K¢ considered as an A, -module, where 7 is the decategorifi-
cation of parity shift. Then there is an isomorphism of A -modules

a4, VA S5 KT (ONHD) 2.31)

Under this isomorphism, right-strand induction and restriction between the
superalgebras ONHf} decategorify to the action of F and E on, respectively.

A natural question raised by this theorem is whether the Kang—Kashiwara—Oh
strong supercategorical action can be replaced by a genuine super-2-representation
— that is, whether there exists a super-2-category U, such that

(D) u,, categorifies the algebra AUq,,, (slh);

(2) there is compatibility with the results of [28]: the odd nil-Hecke algebra
ONH,, naturally appears in the 2-hom-spaces between 1-morphisms lifting
the elements E*1, or F"1, OfﬂUq’n (slr);

(3) there is compatibility with the results of [33, 34]: supermodules for ONH,’,\
form a 2-representation of U, and the 1-morphisms lifting £ and F act as
right-strand restriction and induction, respectively;

(4) the indecomposable 1-morphisms in U, categorify the Clark-Wang canoni-
cal basis for 4 Uq (shh).

The rest of this paper is devoted to answering this question in the affirmative.
But first we must develop the setting of super-2-representation theory.

2.4. Super-2-categories. In [51], the second author constructed a 2-category
which categorifies Uq (sl2). The proper framework for categorifying Uq,,, (slp) is
that of super-2-categories. Our definition of super-2-category is slightly different
than but equivalent to that of [34]. Although the example of super-bimodules is
actually a bicategory and not a (strict) 2-category, we will treat all bicategories as
strict by the appropriate analogue of Mac Lane’s coherence theorem.
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2.4.1. Supercategories, superfunctors, and supernatural transformations.
In order to motivate the general definition of a super-2-category, we first work
out an example in detail: that of supercategories, superfunctors, and supernatural
transformations.

Definition 2.13. A supercategory is a category C equipped with a strong categor-
ical action of Z,. A superfunctor is a morphism of strong categorical Z,-actions.
Unpacking the above, the data of a supercategory consists of (see [33,34])

e acategory C,
e a functor ¥e : C — C,
e and a natural isomorphism &e : \11(22 — le.
The only condition is that
e £ ® Ly, = Ly, ® &e as natural isomorphisms W3 — We.

Here we are using ® for horizontal composition (sometimes we omit the ®).
The data of a superfunctor (F,afr) : (C, We) — (D, Wyp) is

e afunctor F : ¢ — D and

e anatural isomorphism ar: F Q Ve — Vp Q@ F,
and the only condition is that

e Ir®ée=(Ep®1r)(w, ®ar)(ar @ Lye).

Diagrammatically, we can draw C, D as regions, We, W as blue dashed lines,
F as asolid line, and ar as a dashed-solid crossing:

" 1 ;
(XF= ) < (XF = P Z .
A Y ’
\ 1

Then the relations in the definition of a supercategory can be expressed diagram-
matically as follows: We draw a dashed cap for &c and a dashed cup for §;'. Then
the equation é¢ ® 1y, = Ly, ® &e reads

i = i , (2.32)
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the fact that §¢ and £ are inverses is encoded by

’ \
! \
| =09
\ ]
N 4
~_~-
and
1 1 1
\ U 1 1
\\_// ! !
1 1
_ 1 1
- 1 1 ’
- 1 1
AN 1 1
1 1
1 1

and the fact that o and a;l are inverses is encoded by

and

These relations already imply as well

-

1 1
1 1
1 1
1 = [
1 1
1 1
1 1

1
] ~ -
1
1

In particular, £, £~! are a biadjoint pair. Then the relation
Ir®éec=(¢p ®@1F) (1w, ®ar)(ar @ ly,)

in the definition of a superfunctor is equivalent to

Lemma 2.14. Any superfunctor
(F,arp): (C,¥e) — (D, ¥p)
satisfies pitchfork-cyclicity with respect to the biadjunction

48 HE

-

345

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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Proof. In equations, the statement of the lemma is that the following both hold:
(Ir ® fe)(ar' ® Lye) = (Ep @ 1F)(luy, @ ar),

(@ ® Ty,)(1r @ 1) = (ly, @az)(E ! @ 1F).

Or, diagrammatically,

The second is proved similarly. O
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The added utility in explicitly drawing the superfunctor W is that, in later
examples, ¥ will act nontrivially in a way we will want to keep visual track of.
See the discussion of the super-bimodule super-2-category below.

Example 2.15. Setting
oy = —]lq%,

the pair (We, ay) is a superfunctor for any supercategory (C, We). We draw this
as

wel = — 0 (2.38)

Definition 2.16. A supernatural transformation between the superfunctors
(F,ar),(G,ag): (€, ¥e) — (D, ¥p)

is a natural transformation
p: F—G

which commutes with the natural isomorphisms af, @ in the sense that the
diagram

FoWwe —2" . G®We
laF lac (2.39)
1y ®¢

Up @ F ————¥»p QG

commutes.

Diagrammatically, if we draw the functors F, G as solid lines, this means

(2.40)

This sort of diagram occurs when ¢ is an even supernatural transformation. If
v F— VG

is an odd supernatural transformation, the diagrammatic presentation of Defini-
tion 2.16 is

(2.41)
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In particular, if

v: F — VF', ¢:G— VG’

are two odd supernatural transformations, then
@ ®le)lr®e) =1 ®¢)(Y®1c) (2.42)

as maps

FG — VF'VG/,
but

ER1Fe)ly @V Q1g)(ar ®16)(1F ® ¢)
=(E®1lre) v @Lre)ly @ar ®lg)(lur @ ¢)(¥ @ 1)
=—¢Q®1re)ly ®ar @1lg)(lur ® ¢)(¥ ® 1)

(2.43)
as maps
FG — F'G’.
Diagrammatically, equations (2.42) and (2.43) are expressed as
™ = | ®. (2.44)
= - h . (245)

2.4.2. Super-2-categories in general. Having treated the example of supercate-
gories, superfunctors, and supernatural transformations in detail both algebraically
and diagrammatically, we now recall the definition of a super-2-category
from [34, Definition 7.9].
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Definition 2.17. A super-2-category € consists of

a collection of objects (or 0-morphisms),

for each pair of objects X, Y acollection of I-morphisms denoted Hom(X, Y'),
and

for each pair of 1-morphisms with the same domain and codomain
F,G: X — Y acollection of 2-morphisms denoted Hom(F, G);

for objects X, Y, Z, compositions maps for 1-morphisms
Hom(Y, Z) x Hom(X,Y) — Hom(X, Z)
which we write as
G F)—G®F
or simply

(G, F)— GF,

for I-morphisms F, G, H € Hom(X, Y), a vertical composition map
Hom(G, H) x Hom(F, G) — Hom(F, H)

which we write as

(0, ¢) —> Vo,

for 1-morphisms F, F’' € Hom(X,Y) and G, G’ € Hom(Y, Z), a horizontal
composition map Hom(G ® F’',G’ ® F’) x Hom(G ® F,G ® F’) denoted

@@ 1,16 ®¢) — ¥ @0,

for each object X an identity 1-morphism 1y € Hom(X, X),
for each I-morphism F an identity 2-morphism 1 € Hom(F, F),

for each object X a parity shift 1-morphism Wy € Hom(X, X) and an invert-
ible 2-morphism § € Hom(¥2, 1x), and

for each I-morphism F: X — Y a2-morphism «r € Hom(F Wy, Wy F).
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These data are subject to the following conditions:

horizontal composition is associative, and 1y is a unit for each object X;

vertical composition is associative, and 1 ¢ is a unit for each 1-morphism F;

interchange law: if F, F’, F”, G, G’, G” are 1-morphisms and «, o, 8, B’ are

2-morphisms such that the compositions

@B a®p), (@a)® (BB
both make sense, then these two expressions are equal;
for all objects X, the 2-morphism £y : \11)2( — 1y is invertible;

if GF is the composition of the I-morphisms F and G, then

ager = (0 ® 1r)(1g ® aF);

for all I-morphisms F: X — Y, the 2-morphism
ar: FUy — Uy ® F

is invertible;

for all objects X, there is an equality

& ® 1y, =1y, ®&x
of 2-morphisms W3 — Wy

for all I-morphisms F : X — Y,

Ir®éx =Er @1r)(ly, @arp)(ar ® Lyy);

for all objects X,
Ugy = —]lg)z(;
for all 2-morphisms ¢ : F — G,

agl = var.

(2.46)
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Example 2.18. There is a super-2-category SCat whose objects are supercate-
gories, I-morphisms are superfunctors, and 2-morphisms are supernatural trans-
formations.

The general diagrammatics for super-2-categories are exactly as described
above for the example SCat.

Example 2.19. There is a super-2-category $Bim whose objects are superalge-
bras, I-morphisms are super-bimodules, and 2-morphisms are (even) homomor-
phisms of super-bimodules. The parity shift 1-morphism is denoted IT; if M is an
(A, B)-super-bimodule, then I[1M is the (A, B)-super-bimodule whose underly-
ing space is M with the Z, grading reversed and the left A-action twisted by the
parity involution on A. That is,

a € A acts on TIM by sending m to 14(a)m = (—1)*@Pam.

Horizontal compositions of 1-morphisms is given by the tensor product of super-
bimodules. There is also the obvious Z-graded variant of this super-2-category.

In the formalism of super-2-categories, the generator of “the Z,-action” is
the family of 1-morphisms {Wx}. As equations (2.44), (2.45) show, this leads
to nontrivial signs between 2-morphisms. These signs are a more general be-
havior than the ordinary commutativity resulting from the interchange law for
2-categories. A basic example: for any object X of a super-2-category, the com-
mutative algebra End(1y) is now the even part of a supercommutative superalge-
bra

MEnd(1y) := End(1xy & Wx).

2.5. Super-2-functors

Definition 2.20. A super-2-functor §: ¢ — D consists of the following data:
e afunction §: Ob(C) — Ob(D),
e for each pair X, Y € Ob(C), a functor Hom(X, Y) — Hom(G(X), (Y))
such that

e for X € Ob(C), the functor Hom(X, X) — Hom(G(X), §(X)) takes Wy to
\Dg(X) and £y to fg(X),

e for X, Y € Ob(C), the functor Hom(X, Y) — Hom(G(X), G(Y)) takes ar to
¥5(F)-
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Or, in other words, a super-2-functor maps objects to objects, 1-morphisms to
I-morphisms, and 2-morphisms, compatibly with horizontal composition, vertical
composition, parity shift I-morphisms, and “dashed-solid” crossings.

2.6. Super diagram conventions. A consequence of the axioms

N 1
! 1
! 1
1
1 ’

1 - EaiN \
! 1
! 1
1

>

1 1
1 1
1 1
1 1
1 1
1 1 ’
1 1
1 1
1 1
1 1

is that for each object X in a super-2-category C, the space of 2-morphisms be-
tween I-morphisms W§ and \IJ§ with a congruent to » modulo two consisting only
of dashed lines is one dimensional. The relations imply that any diagram pairing
the a + b endpoints with no intersecting strands represents the same 2-morphism
in C. Choosing any such diagram we obtain a canonical isomorphism W§ — \Dﬁ’(
whenever a is congruent to » modulo two. In this case we introduce a shorthand to
simplify our graphical calculus. We express this isomorphism using a thickened
strand

b vl
Ei representing I fora = b mod 2.
a v

In most cases the labelling of the source and target will be clear from the con-
text and we will often omit these labels. It will also be convenient to allow negative
labels for these thick strands with the interpretation that a thick strand with source
labeled a and target labelled b represents the canonical isomorphism between \Il)l? !

and \D}?l.
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3. Odd categorified structures and their actions

3.1. Strong supercategorical actions. We will concern ourselves with two
“strong” notion of categorification of Uq,,,, the covering version of Lusztig’s idem-
potented form of quantum s, at a generic parameter ¢. The first is that of a strong
supercategorical action, which we define in this section. The second, which is a
priori stronger, is a 2-functor from a certain super-2-category Uy . The first main
result of this paper is to prove that a strong supercategorical action always extends
to such a 2-functor.

Definition 3.1. Let € be a graded idempotent complete k-linear 2-category such
that

o the objects of € are indexed by the integral weights of sl (which we identify
with Z)); write 1, for the identity 1-morphism of the object A;

e for each weight A there are 1-morphisms
Elp:Ar—A+4+2, LF:A4+2+— A, Il :A+— A

We also assume that a right adjoint to E1, exists and that there are fixed
adjunctions

1,F(—A—1)HEl,, II1,; - TI11,, 3.1)
and natural isomorphisms

oag: EI1 — TIE, «f: FIT — IIF. 3.2)

All 1-morphisms of € are generated from E, F, IT by taking direct sums, composi-
tions, and grading shifts. A strong supercategorical action of U, , on € consists
of the following data and conditions.

(1) INTEGRABILITY. The object A + 2r is isomorphic to the zero object for
r < 0andforr > 0.

(2) Brick conpiTioN. Home(1;, IT¥1; (€)) = 0if £ < 0 and is one-dimen-
sional if £ = 0 and k = 0. Moreover, the space of 2-morphisms between any
two 1-morphisms if finite dimensional.
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(3) CovERING ISOMORPHISMS. We are given isomorphisms in C:

—a—1
FEl, = ENFL, & @D I F1,(-a—1-2k)  ifa <0,  (3.3)
k=0
A-1
EF1; = FIIEL, & €D ¥ 1, (A — 1 — 2k) ifA>0. (34
k=0

(4) Opp NiL-HEckE AcTioN. There are 2-morphisms
X:E— IIE, T:E?>— IIE?
such that for each n > 1, the 2-morphisms

X =o' "' ®@ X @1"77): E" — TIE”", (3.5a)

T =o' 'AT' @ T @177 1) E" — TIE". (3.5b)
generate an action of ONH,, on TIEND(E").

This last piece of data, the odd nil-Hecke action, is the key ingredient that
makes the action “strong”; the idea behind this observation goes back to the pi-
oneering work of Chuang and Rouquier [19]. The relations ensuring an action of
the odd nil-Hecke algebra are given diagrammatically in equations (3.20)—(3.22).

Important convention. The integrability condition above implies that “most” ob-
jects are isomorphic to the zero object. If A is the zero object then, by definition,
Home (1, TT¥1, (1)) = 0 forall /. So, to be precise, condition (2) above should say
that Home(1,, 1,) is one-dimensional if A is non-zero. There are many other such
instances later in this paper. The convention is that any statement about a certain
Hom being non-zero assumes that all objects involved are non-zero (otherwise the
Hom space is automatically zero).

For a 1-morphism u, let u” (respectively u®) denote its left (respectively right)
adjoint. The requirement that

1,F(-A — 1) 4 ElL,
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implies that
EL)L = 1F(-A - 1)
and
(F1,)R = E1,_»(—A + 1).
In what follows we make use of the fact that
wHR =y and WHL=v
for all 1-morphisms u, v and that the adjunctions give rise to isomorphisms

Hom(ux, y) = Hom(x,u®Ry), Hom(x,uy) = Hom(utx,y), (3.6a)

Hom(xv, y) = Hom(x, yv%), Hom(x, yv) = Hom(xvR, y). (3.6b)

3.1.1. Cancellation property. The fact that the space of maps between any two
I-morphisms in a strong supercategorical action is finite dimensional means that
the Krull-Schmidt property holds. This means that any 1-morphism has a unique
direct sum decomposition (see Section 2.2 of [63]). In particular, this means that
if A, B, C are morphisms and V is a Z-graded vector space then we have the
following cancellation laws (see Section 4 of [13]):

APB=A9C = B=C,

ARV 2BV — A=x~B.
A brick in a (graded) category is an indecomposable object A such that
End*(4) =0 fork <0

and

End(A) = End®(4) =~ k.

For example, by Lemma 4.1 below, E1,, is a brick.
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3.2. Definition of the super-2-category U,. The whole of this subsection is
a definition of the super-2-category Uy - (sl>), or U, for short. This is entirely
analogous to the definition in Section 5.2 of [51].

3.2.1. Objects and 1-morphisms. The super-2-category U, will be the idempo-
tent completion (Karoubi envelope) of a combinatorially defined graded k-linear
super-2-category U,. The objects of U, are indexed by integral weights for sl
(as usual, identified with Z) and the 1-morphisms are direct sums, compositions,
and degree shifts of the following generating 1-morphisms:

Elp: A —A+2, F:A4+2— A, Il :A— A, (3.7)

where I11, = W1, is the parity shift 1-morphisms for the object A. These gener-
ating 1-morphisms are expressed diagrammatically as strands:

r+2la =&Ia AA+2 =T, Ai,\ = TI1;. (3.8)

3.2.2. Generating 2-morphisms. We give U, the following generating 2-mor-
phisms:

N = xg: E1,(=2) — TIET,, (3.9a)
A+2(A
’ = xg: F1y(—2) — FII1;,, (3.9b)
AlA+2
— e €21, (2) —> TIE1,, (3.9¢)
A+4 A
— g F21,(2) — F2101,, (3.9d)
A A+4
Y Fely (A — 1) —> 1, (3.9€)

vx =n: 1A —1) — €F1,. (3.9f)
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For each weight there are two more generating 2-morphisms

A—1
n =& EFL, (A — 1) — T 11y, (3.10a)
Y
A+1 A
w =0 1;(-A—1) — FO*LED,, (3.10b)
n A,

where double dashed lines are defined as in Section 2.6.

There are other 2-morphisms which are implicitly defined by virtue of U,
being a super-2-category. A few of these are

=§: 171, — 1. (3.11a)
=& 1, — 1171, (3.11b)
= Qg . 8H]11—>H8]l,1, (3.110)
=a; ' TIET1, —> ETT1,, (3.11d)
= ag: 1,5 — 1,117, (3.11e)
=az': 1, 1F — 1,571 (3.11f)

The following diagram constructed from &’ will play the role of counit in the
adjunction FI1 - &:

m L (3.12)
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3.2.3. Defining relations among generating 2-morphisms. The definition of a
super-2-category ensures that all diagrams enjoy invariance for all planar isotopies
of the dashed strands. Thus we are free to write

' in place of .

The relations we impose on the 2-morphisms of U, are the following ones.

e Relations expressing the adjunctions 1, F 4 1, 4 1, F A+

n = PN s ] = (3 . 13)

>

>~

— A N = . 314
A (3.14)

+
[\S)
/’_
/s
.
"
>
—~~
el
—_
N
oo
N
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for A = 0 is equal to

) (3.15b)

+ 2 _A . (3.15¢)

A+1

(Note that relations (3.13)—(3.15) imply local cap and cup dot slide relations
that can be found in Section 5.1.2.) Further,

\}
N

= \ b, (3.16)

(3.17)

(3.18)

(3.19)
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e The odd nil-Hecke algebra relations.

\ ( (3.20)

- (3.21)
>< e >{ - , (3.222)
>< >< = , (3.22b)

as well as the corresponding relations on downwards-oriented strands

We also define left- and right-crossing diagrams by using adjoints

>< 2 = 1 ey , (3.23a)
1 : A

(3.23b)
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3.2.4. Dotted bubble relations

e Bubbles of negative degree are zero:

wm o nA—1
\ =0 for0<m<2A-—1, (3.24a)
\\\\ A
—A—1 |\I\ :; m
L) A =0 for0sm<—i-1, (3.24b)

The remaining relations in the 2-category U, are conveniently expressed using
several useful conventions for depicting dotted bubbles. The first convention is to
depict dotted bubbles in a manner that emphasizes their degree. For m > 0, the
degree m clockwise and counter-clockwise bubbles are drawn as follows:

|‘|\ \,‘,”: A—1 , z=? . (325)

where we employ the conventions

nom m+(A-1)y oA+l
u \/‘/": A1 = \ forA <0and —(A —1) <m, (3.26)
A m A+1 N\ nm—(A+1)

= @ i N forA>0and -A—1<m. (3.27)
a1 1\ v



362 A. P. Ellis and A. D. Lauda

Notice that some labels for dots on the left-hand side appear to involve a negative
number of dots, though when the two dots are combined their sum is positive.
The dot 2-morphism is not invertible, rather the equations above define formal
symbols that will simplify the presentation of the graphical calculus.

As in the graphical calculus for the 2-category U it is extremely convenient to
extend this notation even further by defining formal symbols

n \/\,’ i for A <0and 0 <m < —A, (3.28)

o

forA>0and 0 <m < A, (3.29)
—A—1

that are defined inductively by the following equations:

n S A n
Y =nEn 2ol - 8moly, forA>O0andm <A,
EU (G
(3.30)
A afow#
PG 22 WA g, 00y, ford <Oandm < A,

UG

3.31)

N 2
G — = 1y, if A = 0. (3.32)
—1

These symbols are called fake bubbles because the labels of the dots are negative,
though the total degree is positive as they are defined above in terms of nonzero
real bubbles. Fake bubbles are explained in greater detail in Section 6.1.
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3.2.5. More defining relations for A > 0

A A

le:::: 3. =
+ Yo (=nh S /' :
fi+ 2+ 13 ;=/¢‘~”\/ —A-1

=A-1 foue
(3.33)
_ _ , (3.34)
A Cl A
—o. —0. (3.35)
N A A

_1\/3 [N L5 \—
+ Z ( 1) ": AR f3 n: A=l
fit+fotfs R BRESN

A S
=—A-1 I ST
(3.36)
, (3.37)
=0. (3.38)
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3.2.7. More defining relations for A = 0

A A

At this point, the definition of U, is complete.
3.3. Implicit relations among generating 2-morphisms

3.3.1. Relations involving dashed strands. The following relations are already
present from the definition of a super-2-category, but we spell them out for com-
pleteness.

e £and £7! are biadjoint:

AY
1

S = = o (3.39)

e The biadjunction £ = £~! H £ enjoys pitchfork-cyclicity for all 1-morphisms
(by Lemma 2.14, which is stated for SCa but holds in any super-2-category):

(3.40)

where in either equation both strands can be upwards-oriented or both strands
can be downwards-oriented.

e £71is, in fact, the inverse of &:
. = (3.41)

e o' is, in fact, the inverse of ag:

(3.42)

1
1
1
1
1
1 ’
1
1
1
1

And likewise for 0@51 (reflect the above equations about a horizontal axis).
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e Relations that involves pulling «’s through generating 2-morphisms:

(3.43a)

(3.43b)

m : = ~ ﬂ s (3448.)

A1 At+1

N

T = m , (3.44b)

as well as the apparent analogues of these diagrams with ™! in place of «,
with cups in place of caps, and both.

3.3.2. Inductive dot slide. We now deduce some helpful relations in U,
cf. Section 5.4 of [51].
We refer to the equation

ey " SRRl
N » Sss
\\\\e N _ = E \\ef:_ T,
TS f+g=m—1
(3.452)
m -\.\ ‘\ m I\I‘ |\ f “\ \\-I\IL—’ T+
Ssk= RSN & T
S - S = A
f+g=m—1 ~|'=$
(3.45b)

as the inductive dot slide formula. These equations follow by induction from (3.22).
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3.3.3. Deriving the other curl relation. Notice that relations (3.35) and (3.38)
above only specify the value for one orientation of the curl depending on wether
A is positive or negative. Here we show that the other curl relation can be derived
from the relations above. Note that the relations below utilize fake bubbles.

Proposition 3.2 (Other curls). The following curl relations

faong
_ Z (—1)8 s R for A >0, (3.46)
o i g—A—1
f+eg=A A
1 A—1 :: f I‘I‘ o ::
|| “\\ \:‘ n,’=~\ A=l
| = Z -1/ N \\\:G for A <0, (3.47)
| f+g=A 2
hold in U,.

Proof. For A = 0 the above equations are just the definition of the fake bubbles
in weight A = 0. For A > 0 we can add a cup with A dots to the bottom of
relation (3.33) to get

)\Il All
b A u A
n n
n — —
n ‘i\\\
KR
‘\‘\ l'::::\ f3=-
W 1 ) ,,4
D VSN ¢ 2
N1+ 2+ f3 ok

=A—1
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Then sliding one of the dots through the second term using (5.21) we get a sum of
two terms

where the first diagram is zero by the dot sliding relation, the positivity of bubbles
axiom (3.24a), and the curl relation (3.35). The second can be simplified using
that degree zero bubbles are multiplication by 1. The last term in (3.48) can be
rewritten as

i g
n DR

E n 2= S 3 N
n I S
ST G &

using relation (3.30). Combining these bubble terms with the term on the right
of (3.48) and using the adjoint structure completes the claim. The case A < 0 is
proven similarly. O
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Corollary 3.3 (dotted curls). For m > 0 the following dotted curl relations

= Z (=18 S (3.49)

fJor A <0, hold in U.

Proof. 'This follows immediately from Proposition 3.2 and the inductive dot slide
formula (3.45). ]

The utility of fake bubbles is demonstrated by the previous corollary since the
summation on the right-hand side involves both real and fake bubbles. Notice the
similarity between Corollary 3.3 and the following proposition.

Proposition 3.4 (dotted curls). The dotted curl relations

f I;’ ng
= > DF e (3.51)
[ S _1

Il
~
+
o
g
]
>~
T
—_
~
~
2
4
Y/
4
4
4
/
> ul
n
noo_
~~
e
)
[\®]
N

for A > 0, hold in U.

Proof. These relations follow immediately from the relations in U, those in
Proposition 3.2 above, and the inductive dot slide formula (3.45). ]



An odd categorification of Uy (sl2)

369

The dotted curl relations derived above imply that the equations in equation (3.30)
defining the fake bubbles switch form as m grows large. More precisely, we have

the following proposition.

Proposition 3.5. The following relations

. LA
Z (—l)g = ““ " = 8m,0]lll;\’
+g= N

S Hg=m —A—1 *

for A > 0and A < m, and

Ilf

I/g
( D& “ '@ ‘ = Smol1,.
f+g=m

Jor A < 0and —A < m, hold in U,.

Proof. Equation (3.53) follows by simplifying the diagram

A—ln nmi 1 ym2 A1
noW ! R\
\! N

A

(3.53)

(3.54)

in two possible ways using the dotted curl relations from Corollary 3.3 and Propo-

sition 3.4. The proof of (3.54) is proven similarly.

3.4. An upper bound on the size of Homs in U,

O

3.4.1. Graded 2-hom-spaces. For each pair of 1-morphisms x and y of U,, there

is a Z-graded vector space

HOMy,, (x,y) := @Hom(x, y(t)).
(€7

(3.55)
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Using the super-2-category structure of U, we can form the (Z x Z,)-graded
vector space

IMHOMy, (x,y) := @Hom(x, y(t)) ® @Hom(x, Iy(t))
(€7 (€7

between 1-morphisms x and y. The graded dimension of this graded vector space
is defined by

dimq,n(HHOMuﬂ(x,y))
= Zq’ dim Hom(x, y(t)) + 7 Zq’ dim Hom(x, TTy(¢)).
(€7 (€7

3.4.2. Spanning sets for endomorphisms of 1,. Following the arguments
in [51, Section 8] the relations from Section 3.3 give rise to spanning sets for the
space of homs between arbitrary 1-morphisms in U, .

Let

E:=k(z1,22,...,2q,...)/(Zazp — (—1)“'bzbza for all a, b)

denote the (Z ® Z,)-graded superalgebra generated by symbols z, of degree
|za] = 2a and p(z,) = a. The superalgebra E is supercommutative. If 2 € k*
it is graded-commutative (tensor product of a polynomial algebra in the z,’s for
a even with an exterior algebra in the z,’s for a odd). If 2 = 0 in k then it is a
polynomial ring.

Any monomial z4, ...Z4 in E can be identified with a 2-morphism in
IMTHOMy,, (1, 1,) via the assignment sending z, to the 2-morphism

na
4

2 < for A <0,

n
Ila

I“‘ /,": A1 fOf A > 0.
A\
A0

This assignment gives rise to a degree-preserving superalgebra homomorphism
mapping multiplication in E to horizontal juxtaposition of diagrams coming from
horizontal composition in [THOMy (14, 1,).

and



An odd categorification of Uy (sl2) 371
Arguing as in [51, Proposition 8.2] gives the following result.
Proposition 3.6. The map
E — ITHOMy, (1,,1,). (3.56)
described above is a surjective homomorphism of graded superalgebras.

In particular, any diagram representing a 2-morphism HOMy,, (1, IT¥1;) can
be reduced to a linear combination of products of non-nested dotted bubbles of
the same orientation whose dashed lines never intersect:

a1
L7
A 1
—A—1 —A—1 —A—1

The image of the monomial basis of E under the surjective homomorphism (3.56)
is a homogeneous spanning set of the graded k-module TTHOM,y (1;,1,).
We call such a monomial in the image of B a bubble monomial. Define the power
series

&z =[] - (xg**H7", (3.57a)
a=1

fo:=[[0—@e®»)™ - [T+ (xg®> ™, (3.57b)
a=1 a=1

&= [[-@=gHH ™. (3.57c)
a=1

Corollary 3.7. Ifk = Z (respectively k is a field of characteristic 2, respectively
k is a field of characteristic other than 2), then

dim, » TTHOMyy, (1. 1,) < &

termwise and TIHOMy (1, 1,) is graded local. Here § = &z (respectively
& = &, respectively & = &y). In the case k = 7, by dim we mean free rank
(and say nothing about torsion).
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3.4.3. Other spanning sets. Let ¢ = (g1,..., &) denote a covering sequence
consisting of symbols ¢; in the alphabet {—, 4, o}. Let CSeq denote the set of all
such covering sequences. We write Seq for those sequences ¢ with each ¢; in the
sub-alphabet {—, 4} and refer to such sequences as signed sequences. Covering
sequences index 1-morphisms in U, by setting

Ey=¢, E_:=7F

and

so that
Eely 1= E¢y ... Eg 15

The empty sequence ¢ = @ corresponds to the element Eg1; = 1.

Every covering sequence ¢ determines a signed sequence denoted ¢ since the
super-2-category structure implies every 1-morphism of the form .1 is canoni-
cally isomorphic to a 1-morphism IT°E,1, where s is the number of o symbols in
¢ and ¢ is the signed sequence obtained from ¢ by removing all o symbols.

A diagram representing a 2-morphism in HOMy, (E.1,, €~ 1) has lower
boundary labelled by the covering sequence ¢ and upper boundary labelled by
¢’ (where lines labelled + are oriented up, lines labelled — are oriented down, and
lines labelled o are dashed):

((_:oo-f--f-—o]l}L = HHEE?H]].A

8_++]l,1 = ?881}”

In order to define the spanning set we first recall the spanning sets
from [47, Section 3.2] for the original 2-category U.

Mark m points 1 x {0},2 x {0}, ..., m x {0} on the lower boundary R x {0} of
the strip R x [0, 1] and k& points 1 x {1},2 x {1}, ...,k x {1} on the upper bound-
ary R x {1}. Assuming m + k is even, choose an immersion of ”’T*'k strands into
R x [0, 1] with these m + k points as the endpoints, and such that critical val-
ues for the height function are isolated, distinct, and nondegenerate. Orient each
strand. Then endpoints inherit orientations from the strands. Orientation at lower
and upper endpoints define signed sequences ¢,¢’ € Seq. We consider immer-
sions modulo boundary-preserving homotopies and call them pairings between
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signed sequences ¢ and &, or simply (e, &¢’)-pairings. Critical values are allowed
to momentarily pass each other in homotopies.

There is a bijection between (¢, ¢’)-pairings and complete matchings of m + k
points such that the two points in each matching pair have compatible orientations.
A minimal diagram D of a (g, ¢’)-pairing is a generic immersion that realizes the
pairing such that strands have no self—intersections and any two strands intersect at
most once. We consider minimal diagrams up to boundary—preserving isotopies.
For each (&, &’)-pairing fix a choice of minimal diagram D and denote by p(e, &)
the set of the minimal diagram representatives of (g, ¢’)-pairings. For each dia-
gram D in p(e, &) choose an interval on each arc, away from the intersections.
Let B! , denote the union over all D, of diagrams built from D by putting an

e,&’

arbitrary number of dots on each of the intervals.

~

Forgetting the dashed lines in a bubble monomial from E gives rise to a
2-endomorphisms of the 1-morphisms 1, in the (even) 2-category U. Let B, ./
be the set obtained from Bé‘,s/ by labelling the rightmost region by the weight A
and placing an arbitrary bubble monomial of U in the rightmost region. Proposi-
tion 3.11 of [47] shows that the sets B, ., give a basis for the space of 2-morphisms
HOMq (E.1y, E¢1y) in the 2-category U.

Toeach D € B, ./, werefer to each crossing and dotin D as an internal vertex
of the diagram D.

For the covering 2-category U, we need some additional structure to describe
spanning sets.

Given two covering sequences ¢, &’ € CSeq with associated signed sequences
e,& € Seq, let D be an element of B, 5. An assignment of I1-data to D rel-
ative to the covering sequences ¢ and ¢’ is a pairing ¢ on the union of the set of
internal vertices of D and the set of points labelled by o on the boundary. Dia-
grammatically, pairs are joined by non-intersecting dashed arcs in generic position
relative to the diagram D. Dashed lines leaving an internal vertex that intersect
solid strands connected to the same internal vertex are always assumed to intersect
in a clock-wise fashion:
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Such pairs (D, ¢) determine a 2-morphism, denoted D¢(A), in U,. The above
conventions ensure that any choice of [1-data on a fixed D represents the same
2-morphism in Uy .

Example 3.8. Several examples of I1-data are shown below for a diagram D in

B_ it 0ot +—o,i:

Denote by B, ; the set obtained by fixing a choice of I-data ¢ for each dia-
gram D in B, ;. Arguing as in [47, Section 3.2.3] we have the following result.

Proposition 3.9. The set B}, ; is a homogeneous spanning set for the graded
k-module HOMy,, (E.1;, E415).

Proposition 3.10. [k is a field of characteristic 2, then B}, aisa homogeneous
basis for the graded k-vector space HOMy, (E.1;, E¢1 ;L)

Proof. Given a 2-morphism D (1), let ev(D® (1)) be the 2-morphism in the (non-
super) 2-category U ® z k obtained by deleting all dashed lines. Since the 2-hom
relations in U, ®z k and U ®z k are identical, it follows that their 2-hom-spaces
have equal graded dimensions over k. Since graded 2-hom space dimensions in
U ®7z k are in accord with (3.58) (with the 7’s removed), the claim follows. [

It follows that over a field of characteristic 2, given two signed sequences
&, & € Seq, the graded dimension of THOMy,, (€1, E1,) is given by
dimg,; TTHOMy, (E.1;, E1y)
DI & G DL (3.58)

DfeBs_E/_A DfeBs_og/_A

where deg(D?(1)) denotes the g-degree of the 2-morphism D(1) given by the
sum of the degrees of each generator from (3.9) and (3.10).
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Conjecture 3.11. Let B” ea S Bl
which all odd degree bubbles have distinct degrees (i.e., there are no “repeated”
odd bubbles).

e Ifk is a field of characteristic not equal to 2, then B =, Is a homogeneous
basis for the graded k-vector space HOMy (€1, E1,).

o Ifk = Z, then the graded Z-module HOMq (E.1,, 1)) has free part
with homogeneous basis Bl A and torsion part the Z,-vector space on the

be the subset consisting of diagrams in

homogeneous basis BT e el A \ B™ Y

If Conjecture 3.11 holds, then equations analogous to (3.58) hold in these cases.
Working over Z, then, we have

TTHOMy, (€1, Ex13) = Z/ @D @ (Z,)5@
as graded Z-modules, where f, g are Laurent polynomials satisfying
dimq HHOMU(GV(ES]IA)a ev(gs/]l/l)) = f(CI) + g(q).

Every 2-hom space in U, can be expressed as the tensor product of a part consist-
ing of strands diagrams with no bubbles and several bubbles (non-nested with the
same orientation). It will follow from the results of Subsection 7.2 that the strands
part is a free Z-module.

Thus Conjecture 3.11, taken over Z, is reduced to the following weaker conjec-
ture.

Conjecture 3.12. The map & — ITHOMy,, (1, 1,) of (3.56) is an isomorphism
of graded Z-modules.

3.5. Karoubi envelopes and 2-representations

3.5.1. Karoubi envelopes. Recall that the Karoubi envelope Kar(C) of a cate-
gory C is an enlargement of the category € in which all idempotents split (see [51,
Section 9] and references therein). There is a fully faithful functor € — Kar(C)
that is universal with respect to functors which split idempotents in €. This means
that if F': ¢ — D is any functor where all idempotents split in D, then F extends
uniquely (up to isomorphism) to a functor F: Kar(€) — D (see for example [5],
Proposition 6.5.9).

Definition 3.13. Define the additive k-linear super-2-category U, to have the
same objects as U, and hom additive k-linear 1-hom-categories given by

Homy (A.1") = Kar(Homy, (4, 1)).
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The fully-faithful additive k-linear functors
Homy, (4,4") — Homy_ (4, 1)
combine to form an additive k-linear 2-functor
U, — U,,

universal with respect to splitting idempotents in the hom categories Homy,_ (A, ).
The composition functor

Homy (A, L) x Homy, Ay — Homy (A, A7)

is induced by the universal property of the Karoubi envelope from the composition
functor for U, . The 2-category U, has graded 2-hom-spaces given by

HOMy_(x.y) := @ Homy_(x. y(t)). (3.59)
teZ

3.5.2. Divided powers. Consider the 2-morphism

o= TR T
in ENDy, (€91,) (the dot is on the i-th strand). Let

Wo = iy - - Sig

denote a reduced decomposition of the longest word in the symmetric group S,.
It follows from [28, Proposition 3.6] that the element

€4q = 8-1—,11)0 = 84_,1'1 N 8+,l~k

is an idempotent 2-morphism in U,. Likewise, define 2-morphisms 5_,,~ in
ENDy 1, (J%) by rotating the diagram for 0. ; 180 degrees. Let

e_,a = 8_71

denote the corresponding idempotent in ENDy (1,5¢).
Following [28] we introduce divided powers

e@q, = (eam<[;]>,e+,a) (3.60)
FO1; = (3"bm<[g]>,e_,b) (3.61)

in the Karoubi envelope Uy.
Adding IT-data to diagrams in [28, Section 4.4] as explained in Section 3.4.3
prove the following proposition.
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Proposition 3.14. The following relations holds in Us.

e@e®1; = P e@thy, (3.62)
[4°]

FOFO1L, = @ FerD1,. (3.63)
[o4?]

3.5.3. 2-representations

Definition 3.15. A 2-representation of Uq,,,(s[z) is a graded additive k-linear
super-2-functor U, — C for some graded, additive super-2-category C.

When all of the I-hom-categories Home (x, y) between objects x and y of €
are idempotent complete, in other words Kar(C) = €, any graded additive k-linear
super-2-functor U, — C extends uniquely to a 2-representation of Uy. All abelian
categories are idempotent complete.

3.6. Grothendieck groups of super-2-categories

3.6.1. Grothendieck groups. The notion of Grothendieck group we will use
is the split Grothendieck group of a Z-graded super-2-category. Let C be a
graded additive super-2-category with translations, in the obvious sense general-
izing [51, Definition 5.1]; U, is an example of such a category. Elements of K (C)
are spanned by the classes [X] of 1-morphisms X of €. Identity 1-morphisms

11:)&—))&

naturally become orthogonal idempotents 1; = [1,] of Ko(C). Soif X: u — A
and Y : u’ — A’ are I-morphisms in €, then

[X][Y] = [1AX1M][1)VY]1M’] = 1/1[X]1u1)v[Y]1u’ = 8#/1’1/1[X]1M[Y]1M"

If w = A/, that is if X and Y are composable, then this equals 1, [XY]1,.. In this
way, Ko(C) naturally becomes an idempotented algebra. The relations in K¢(C),
as in [51], are determined by isomorphisms of 2-morphisms in C:

Bl =[] +y]if g =ady
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in any of the 1-hom-categories of €. The abelian group K((C) is made into a
module over A, = Z[q,q” ", 7]/(x? — 1) by having the Z-grading act on the
classes of 1-morphisms by multiplication by ¢,

[X(=1)] = q[X],
and having parity shifts act by multiplication by 7,

[MX] = =[X].

The space of homs between any two objects in Homy (A, p) is a finite
dimensional k-vector space. In particular, the Krull-Schmidt decomposition the-
orem holds, and an indecomposable object of Homy_ (A, 1) has the form

CHVIOND

for some minimal/primitive idempotent e. Any presentation of 1 = e + --- + ¢
into the sum of minimal mutually-orthogonal idempotents gives rise to a decom-
position

k
€:12(1) = ED(ELalr). er) (3.64)
r=1

into a direct sum of indecomposable objects of Homy (A, ). Any object of
Homy (A, ) has a unique presentation, up to permutation of factors and
isomorphisms, as a direct sum of indecomposables. Choose one representative b
for each isomorphism class of indecomposables, up to grading shifts, and
denote by B(A, p) the set of these representatives. Then {[b]}, is a basis of
Ko(Homy (4, p)), viewed as a free A, -module. Composition functors

Homy, (4, 4") x Homy_(A',1") — Homy_ (4, ") (3.65)
induce A, -bilinear maps
Ko(Homy (4, ) ® Ko(Homy _ A1) — Ko(Homy (2, A7) (3.66)

turning Ko(U,) into a A -linear additive category with objects A € Z. Multipli-
cation in this basis has structure coefficients in N[g, ¢!, 7]/(7? — 1).
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3.6.2. K¢(U;) admits a map to Uq,,,

Proposition 3.16. There are explicit 2-isomorphisms

A—1
EF1) = FIEL @ TF I (A — 1 - 2k), for A >0, (3.67)
k=0
—A—1
ENFL, = Fe1, @ T 1, (-A—1-2k),  ford <0, (3.68)
k=0

in the 2-category Uy.

Proof. 'The relations in the 2-category U, imply the for A > 0 the 2-morphism

>< U s"nsm@nk]u (A—1-2k) — &F1, (3.69)

kn
n

is an isomorphism with inverse

1 Ak . k:: 1=3
I O I I T O 2
— (
/=0 ke (3.70)
A-1
EF1), — FIEL, @ TF1, (A — 1 —2k).
k=0

Likewise, if A < 0 then the map
—-A—1 k —2A—1
>< @ w ENTFL, @) M1, (—A—1-2k) — Fe1; (3.71)
g \\\‘\ Pk

is an isomorphism with inverse

, Ak ke 6 LEsan
— > (=17 S IR :
Z @ j;) 1 {’S’L A
(3.72)
—A—1
Fel1, — ENFL, @ TATHF1, (-2 — 1 - 2k).
k=0
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Proposition 3.17. The assignment
E: 1) — [E:1,]
for each covering sequence ¢ € CSeq defines an A -algebra homomorphism
y: aUqx —> Ko(Uy). (3.73)

Proof. Ky (Uy) is a free A,-module, so it is enough to check that the assignment
above extends to a homomorphism of Q(g)”™-algebras

Yo : Uge —> Ko(Uz) ®a, Q@)™ (3.74)

Proposition 3.16 shows that defining relations of Uq,n lift to 2-isomorphisms of
I-morphisms in U,, and, therefore, descend to relations in the Grothendieck group
Ko(Uy). Restricting V() 10 AUy gives a homomorphism of A, -algebras with
the image of the homomorphism lying in Ko(Uy). O

Proposition 3.18. The following relations holds in Uy

min(a,b)
FOeO1, = @ @ e FV. ifr<-2a+2. (375
Jj=0 [a—b_—n]
J
min(a,b)
W31, = P G 7 e, fas2-2 (3.76)
Jj=0 [a—l7_+n]
J
Proof. By the Krull-Schmidt theorem, the I-morphisms F?&%1; and £43%1,

have unique decompositions into indecomposables. These equations follow from
the covering sl, isomorphisms applied to 72£491 and £45%1,. U

4. Formal structures in strong supercategorical actions

The previous section introduced a super-2-category U, as well as the notion of
a strong supercategorical action of sl,. An action of U, determines a strong su-
percategorical action. The goal of this section is to show that the converse is also
true.

The key idea is to use the brick condition for endomorphisms of 1, in the
definition of a strong supercategorical action together with the covering sl,-iso-
morphisms to control the sizes of homs between other 1-morphisms. This control
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of hom spaces forces the covering sl,-isomorphisms (3.3) and (3.4) to take a rigid
form compatible with the isomorphisms (3.16) in the definition of U,.

Throughout Sections 4-6, suppose E, F are functors defining a strong super-
categorical action on a 2-category C. All string diagrams in these sections depict
2-morphisms in the 2-category €. These are not relations in U, ; our goal is to
prove that the defining relations of U, hold.

4.1. Consequences of sl;-relations. The structure of a strong action on € im-
poses strong conditions on the hom-spaces between various maps. Units and
counits for various adjoint structures are formally determined from this data.
For A > 0 equation (3.4) together with the adjoint structure formally fixes a
choice of 2-morphism
H\/ . EFIA+2<)\. + 1) — HA+111+2
via the adjoint pairing

Hom(EF1,4,(A + 1), T**11; )

= HOIII(FHEIA_‘_Z @ IA+2<)L + 1), H}H—llk_l_z)

[A+2]
=~ Hom((Elp42) “TIEL 152X + 4), TI*H11, )
A+1
D Hom(IT 1,42 (2(A + 1) — 2k), T+ 1, 45)
k=0

~ Hom(ITE1,4,, IT**1EL; 5 (—24 — 4)) @ Hom(IT* 11,4, TTA 11, ,,),
where all summands are zero in the second to last equation except when

k=141 Wetake /) to be the identity map in the second summand of the
last equation. This corresponds to the projection out of the top degree summand
of 1,1_}_2 in EFIA+2I

FIIEL) ;,{(A + 1)
@
A1, 5 (0) ———— A,
@
*1;,4,(2)
@

®
Lit2(20 + 1)
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Likewise, for A > 0 define the map
U : 114_2()& + 1) —> EF1,1+2
as the inclusion into the lowest degree summand 1, ;5 in EF1, ,:

FIIEl) 4,
57
A1, (-4 — 1)
57
M1 45(=A + 1)
57

S
LA +1) ——— LA+ 1)

The map
¥\ D FEl, — 1 (A + 1)

is defined by adjunction

Hom(FE1,(—A — 1),1;)
>~ Hom(F(F1342)*1;.15) = Hom(F1; 5. 1,F1; 1)
~ Hom((E13)“Li42(A + 1), Fly45) = Hom(1;42(A + 1), EFly45)

as the mate under adjunction to the map
Liy2(A +1) — EFli»
defined above. (For more on mates under adjunction see [37].) The map
S AT, (<4 - 1) — FEL,

is more difficult to define. Its definition requires an inductive procedure that uti-
lizes the integrability assumption in the definition of a strong action. This map
will be defined in the process of proving proposition 4.10.
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Recall that [-A] = —*[A]. For negative weight spaces (1 < 0) we have
—A—1
FEl, = ENIFL, & @ T 41, (-2 — 1 - 2k). (4.1)
k=0
Thus a map
7 AT, (<4 - 1) — FEL,
is formally determined as the inclusion

EITF1,
2]
MATD+EA-DY, (4 4 1)
2]
H(’HIH(_’FDIA(A + 3)
5]
2]
A, (-4 — 1) —— T (-4 — 1),
Likewise, define the map
¥\ CFEly — 1 (A + 1)
as the projection

EIIF1,
@
OGHD+HEA-D, (4 4 1) ————— 1 (A + 1),
@
MATD+EA-27, (4 4 3)
@
@
A1, (=4 — 1).
The map
" 1A+ 1) — EFly 4

is then determined by adjunction. For negative weight space the final adjunction
map

H\/ . EFIA+2<)\. + 1) — HA+111+2

will be defined using the integrability assumption below.
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4.2. Adjoint induction hypothesis and its consequences. We now make use
of the integrability assumption in the definition of a strong supercategorical ac-
tion. For positive weight spaces (A > 0) we proceed by decreasing induction on A
starting from the highest weight. For negative weight spaces (A < 0) we perform
increasing induction on A starting from the lowest weight. To simplify the expo-
sition we focus on the case A > 0. Throughout this section we make the following
assumption.

Adjoint induction hypothesis. Fix A > 0. By induction assume that if u > A we
have

(E1,)R = 1, FII* T + 1) (4.2a)
and

1, F)f = m* 1, E(u + 1). (4.2b)

For i > 0 or u « 0 the weight p is zero by the integrability assumption so
that (4.2) vacuously holds since both 1-morphisms are zero.

In this section we derive a number of consequences of the adjoint induction
hypothesis (4.2) culminating in the proof that (4.2) holds for © = A. The reader
should recall the ‘Important Convention’ from Definition 3.1.

Lemma 4.1. Assuming the adjoint induction hypothesis of (4.2), if u > A then
Hom(E1,,, HkEl,L (£)) is zero for all k if £ < 0 and one-dimensional if ¢ = k = 0.
Likewise for Hom(1,FTT*, 1, F(£)).

Proof. We prove the result for E by (decreasing) induction on p (the result for F
follows by adjunction). We have

Hom(El,,, [T¥E1,, (£))
=~ Hom(l,,+2, TT*E1,, (E1,) (£))
~ Hom(1, 45, TT¥EF1,, 45 (€ — 1 — 1))
=~ Hom(1,, 45, TT*FIIEL 45 (€ — pu — 1))

D HOHI(lM_}_z, @ Hk1M+2(£ e 1))
[n+2]

= Hom(lu+2, FHk_HElM.}_z(E —u—1))

o Hom(lu+2, B ¥t —p - 1))
[u+2]
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=~ Hom((1u42F) “1yqn, TIFTEL pp (0 — pn — 1))

D H0m<1M+2, @ Hk1M+2<£ i 1))

[u+2]
=~ Hom(IT* 3L, 12 (1 + 3), TFTEL 0 (€ — 1w — 1))
n+1
@ @ Hom(1,,42, TT¥H1, 15 (€ — 2j))
j=0
~ Hom(El,, 4, ITHTAT4EL, 5 (€ — 21 — 4))
n+1
® @ Hom(1,,42, TT¥H 1,15 (€ — 2j)),
j=0

where we used the isomorphisms (3.11) in the fourth line and the adjoint induction
hypothesis (4.2) on the fifth line. By induction the first term above is zero and,
by condition (2) of Definition 3.1, all the terms in the direct sum are zero unless
k = 0and{ = 0. In that case we get Hom(1,,4+2,1,+2) = k and we are done. [

Lemma 4.2. Assuming the adjoint induction hypothesis (4.2), if uw > A — 2 then
Hom(EE1,,, TT*EEL,,({)) is zero for all k and € < —2 unless { = —2 and k = 1 in
which case it is one dimensional.

Proof. The proof is by (decreasing) induction on ©. We have

Hom(EEl,,, T*EE1,,)
=~ Hom(El,, 42, TTFEEL,, (E1,))
=~ Hom(El 4, TTFEEF1,, 45 (—p — 1))
=~ Hom(El 4, TFEFTIEL, 4o (—p — 1))

n+1
D Hom(EL, 4o, TEEM 1ppa (i + 1 -2/ — = 1))
j=0

= Hom(E1u+2, HkFHEHE1M+2<—IL,L —1))
n+3
D Hom(EL 4o, T ELn (0 +3 -2/ —p— 1)
j=0
n+1
P Hom(El, 1. T/ EL, 45 (-2j))
j=0
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= HOIII(EEIM+2, HkEE1M+2<—2,U, — 6))
w3
D Hom(El, 1o, T*H/TIEL, 45 (-2j +2))
j=0
eS|

P Hom(El, 1. T*/EL, 45 (-2j)).
j=0

Shifting by (¢) where £ < —2 we find that the first term is zero by induction and

the others are zero by Lemma 4.1. If £ = —2 the same vanishing holds with the
exception of the term in the middle summation when j = 0 and & = 1 which
yields End(E1,,) = k. U

Lemma 4.3. Assuming the adjoint induction hypothesis (4.2), if @ > A then
Hom(FTIELy, TIKEF1, (£)) is zero for all k if £ < 0 and one-dimensional if k = 0
and £ = 0.

Proof. Use the adjoint induction hypothesis to reduce to Lemma 4.2. U

Lemma 4.3 above implies that the map
FIIEl, — EFl; = FIIEl, @) 1,

which includes FI1E1, into the FI1El, summand of EF1; is unique up to scalar
multiple so that it must induce an isomorphism between the FITEl; summand.
This inclusion must also induce the zero map from the FIIE1, summand on the
right to any summand 1, (A — 1 — 2k) on the right.

Lemma 4.4. Assuming the adjoint induction hypothesis (4.2), if @ > A then
Hom(EEF1, (u + 1),ET1#1,,) = k.

Proof. Moving the F past the E’s using the covering sl relation (2.3) we get

Hom(EEF1,(u + 1), EIT*1,,)

=~ Hom(FIIEITEL, (u + 1), TIEl,)
n+1
P Hom(IT**'E1,, (2( + 1) — 2k). E1#1,,)
k=0
n—1
P Hom(EIT*1,, (20 — 2k). ET1#1,,).
k=0
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By Lemma 4.1 all the terms in middle and last summations are zero except in the
middle summation when k = p + 1 in which case we get

Hom(TT#*2E1,,, ETT#1,,) = End(IT"El,,) = k
spanned by the identity. The first summand is isomorphic to

Hom(FEEL,, (i + 1), TI**2E1,,) = Hom(EEL, (u + 1), IT**2(1,,1,F)REL,,)
>~ Hom(EEL, (i + 1), TI*T?EE1, (—u — 3))

~ Hom(EEl,,, TT**2EEL,, (—2u — 4))

which vanishes by Lemma 4.2 since ¢ > A > 0. O

4.2.1. Induced maps. The data of a strong supercategorical action formally
determines properties of various 2-morphisms. Recall [28] that in the Karoubi
envelope of the odd nil-Hecke algebra we define

EOL, = (E1,(1). e5)

where

is idempotent. From the definition of the thick calculus in [28] we have the
following isomorphism in the Karoubi envelope:

(E%1,1d) \»><\

>

E(2)1,1(

N

b

(E1, Id) ><
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Lemma 4.5. The map

‘$ T: EEl, — TIEEL,(2)
induces an isomorphism ¢

ME®1,(—1)

S
E@1, (1) ¢ M2E@1;, (1)
S
MEP1, (3)

on the E?1; summand.

Proof. The claim follows immediately from the axioms of the odd nil-Hecke
algebra. O

The following lemma is the key technical result that allows us to define the
other adjunction map.
Lemma 4.6. If A > 1, then the map
‘3 | - EF1, — MEF1,(2)

induces isomorphisms g shown below for all 0 < k < A—2. Similarly, if A < —1,
then 7
'3 : FE1;, — FIEL(2)

induces isomorphisms Vi shown below for all0 < k < —A —2:

FIIE1,
4
A1, (=4 + 1) [IFTIEL, (2)
4 ®
21 (<A + 3) —22 TTAM, (—A + 3)
4 4
731 (<A + 5) —2= A, (—A + 5)
& ®
; M*=31, (= + 5)
o ®
11, (A —3) :
o ®
LA-—1)—2 ML -1)
®

1, (A + 1)
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EIIF1,
®
LA+ 1) IETTF1,(2)
® ®
ML +3) — 2222 11, (A + 3)
® SY)
M1 (4 4 5) — =2 21,2 + 5)
@ S5
: 131, (A + 5)
@ @
T+21, (—A — 3) :
@ S5
A (A — 1) —2 s [TA I (<2 — 1)
S
TA+21, (=24 + 1)
Note that if A = —1,0, 1 the statement above is vacuous (which is why we only

consider A > 1 and A < —1).

Proof. It is easy to see that the morphisms
o TTF1L, (0 — 1 = 2k) — TIF1, (A — 1 — 2k)

coming from the map
are the only possible isomorphisms on summands of EF1; isomorphic to

k1, (A — 1 — 2k).

This follows because such summands cannot exist in FITE1, since the space of
projections onto a summand

Hom(FIIEL,, TT¥1, (A — 1 — 2k)) =~ Hom(ITEL,, (1,F)R11¥1, (A — 1 — 2k))
~ Hom(El,, IT**1E1, (-2 — 2k))

is zero dimensional by Lemma 4.1 for all 0 <k <A — 2.
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Temporarily assume that E1, _, is indecomposable. Observe that

A—1
EFEl; 2 FITEEL, » P T¥EL (A — 1 — 2k). (4.3)
k=0

We argue that FTIEE1,_, contains no summands isomorphic to
OFEL, (A —1—2k) for0 <k <A—2.

Using the cancellation property for indecomposable 1-morphisms the number of
isomorphisms ¢y above is the same as the number of isomorphisms

¢ IFEL, (A — 1 —2k) —> TI*E1, 5 (A — 1 — 2k)
induced by the map

'$ | T: EFE1;_, —> TIEFEL, »(2). 4.4)

If FIIEE1,_, contained a summand isomorphic to HkEl,x_z(A —1—=2k),
then there would be a projection

Hom(FITEE1,_,, E1,_,(l)) = Hom(EEl,_,, (1,F)RE1,_,(())

~ Hom(EEl;_,, EEL;_»{(f — X — 1)),

which can only exist if

L=1-1
by Lemma 4.2. By the remarks following Lemma 4.3, the inclusion map
FIIEEl, , —> EFEl;_,

induces the zero map on all summands (1) (A — 1 — 2k))E1;_,. Thus (4.4) cannot
induce any isomorphisms ¢, from the FITEE1;_, summand.
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We show the maps ¢, are isomorphisms by relating them to different maps.
By Lemma 4.5, the map

'$ T : EEF1,_, — TIEEF1, »(2) 4.5)

induces an isomorphism on the summand of the form E®F1;_,(1). But by
repeatedly applying (3.3) and using the unique decomposition property it follows
that for A — 2 > 0 there is an isomorphism

>

-2
EDF1;_,(1) = FE@1,_,(1) P IFE1, (A — 1 — 2k) (4.6)

x
Il
<)

so that the number of isomorphisms
o TIFEL; (A — 1 — 2k) — TI*EL, 5 (A — 1 — 2k)

induced by (4.5) is at least one foreach 0 < k < A —2.
On the other hand, by decomposing EF1,_,, the map in (4.5) induces the map

A3 A=3
'3 LTED3 : EFMEL . (P ¥EL (A — 3 2K)
i=0 k=0

A=3
—> MEFIEL,»(2) @ TFEL (A — 5 — 2k).
k=0

For each0 < k < A — 2 the map
'3 IFEL (A — 3 —2k) — TIFHEL, (A — 5 — 2k)

is clearly never an isomorphism since the parities and gradings do not match.
Hence the only contribution to the number of isomorphisms ;' comes from the
map (4.4), showing that ¢}/ is an isomorphism if and only if ¢; is an isomorphism.

If E1,_, is not indecomposable then suppose that X is an indecomposable
summand of E1,_, with multiplicity m. The same argument above shows that
the number of isomorphisms ¢ is equal to m times the number of isomorphisms
induced on summands of X by ¢, . The arguments above show this number must
be at least m. O

From condition (2) in the definition of a strong supercategorical action it
follows that negative degree diagrams with only dashed lines for endpoints must
be equal to the zero 2-morphism. In particular, the diagrams below are negative
degree dotted bubbles:
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wmo M1
n =0 for0<m<A-—1,
O
n m
A "
N =0 for0<m<—-A-—1.
" —A—1

As explained in Section 4.1, the sl,-relations formally determine a map
41, (-1 — 1) — FE1; when A < 0.
It more convenient to work with a related map
1, (-2 — 1) — FII**1EL,

defined as follows:

The next Corollary shows that degree zero dotted bubbles are non-zero multiples
of the identity.

Corollary 4.7. The maps

25,01

A
G 1, — 1, forA >0, (4.7a)
A
_H 1, ford <0, (4.7b)

are both equal to non-zero multiples of 1y, .
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Proof. As usual, we prove the case A > 0 (the case A < 0 follows similarly).

By construction, the map
" 1y — EF1 (-1 + 1)

is an isomorphism between the summand 1, on the left and the corresponding 1
on the right hand side. Then by Lemma 4.6, applying

*—1""\4 l: EFL, (—A + 1) —> TT*'EF1, (A — 1)

induces an isomorphism between the summands 1, on either side.

Finally, again by construction, the map

AN EFL (A — 1) — T2y,

is an isomorphism between the summand IT#~'1; on the right side and the corre-
sponding top degree summand IT#~'1; on the left hand side. Thus the composition

» -
! N

1, — > FEF(-A+1) — — S T*'EFL (A — 1) —— 1,

is an isomorphism and this completes the proof since Hom(1,,1,) = k. O

4.2.2. Defining the last adjunction. We are still assuming, for simplicity, that
A > 0. Recall that we defined all but one of the adjunction maps, namely the
2-morphism

hd

in (4.12). This map cannot be defined formally by adjunction. And since A > 0,
the I-morphism FE1, is indecomposable so one cannot define it as an inclusion.
To overcome this problem we construct this 2-morphism by defining an up-down
crossing and composing it with the

.



394 A. P. Ellis and A. D. Lauda

Let .
=<

EF1, = FIIE1, @[ 1, — FIIEL,

denote the map

which projects onto the FITE1; summand of EF1;. Note that this map is not unique
because there exist non-zero maps @314 — FEI, but this ambiguity will not
matter.

Then we define a map

\UF 01, — FITPTIEL (A + 1)
as the composite
AN
1, —— EF13 {(—A+1) ——— TTAEF1, (A+1)

- . g o
n >Z 1 T
n I !

——— IIAFIEL, (A+1) —— FIIAHIEL (A+1).
(4.8)

Remark 4.8. In the even case, it is implicit in the “curl-relations” [51, Proposi-
tion 5.4] that given one of the adjunction maps, the other adjunction map is fixed as
above. This approach to the second adjunctions later appears in [64, Section 4.1.4].
This form of the second adjunction was verified in the context of cyclotomic quo-
tients by Kashiwara [36].

Lemma 4.9. If i > A, then the two maps

are non-zero multiples of a 2-morphism spanning the 1-dimensional 2-hom-space
Hom(EEF1,(u + 1), EIT#1,,) from Lemma 4.4.

Proof. We just need to show that both maps are non-zero. Suppose the map on
the left is zero. Adding a dot at the top of the middle upward pointing strand and
sliding it past the crossing using the odd nil-Hecke relation (3.22) one gets two
terms:
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/;'M -1
4

One term is again zero (because it is the composition of a dot and the original
map) and the other is just the composite of several isomorphisms and the adjoint
map which cannot be zero because it is the projection of E1,, out of the highest
degree summand inside EEF1, (i + 1). Thus the map is non-zero.
On the other hand, the map on the right is the composition
EEFL, (1 + 1) L EFTIEL, (i« + 1) H\*—T> M EL,

together with several isomorphisms. The first map in the above composite is in-
duced by the projection of EF1, =~ FIIEl, &, 1, into FIIEl, and the second
map is induced by the is the projection of E1,, out of the top degree summand of

El1, in (EF)E1,. Since the domain of the second projection is in the image of the
first, this map is also non-zero. O

Proposition 4.10. The 2-morphisms

S EF1) (A + 1) — T4, s, (4.92)
At 1yga(d + 1) —> EFl, 4, (4.9b)
and
¥\ D FEl, — 1 (A + 1), (4.10a)
\UF 1, — FITPTIEL (A + 1) (4.10b)

defined above satisfy the adjunction relations (3.13) and (3.14) up to non-zero mul-
tiples.
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Proof. We prove one of the adjunction axioms (the second one follows formally).
Since End(El;) =~ k it suffices to show that the left side of (3.14) is non-zero.
Now,

Hom(14,(A + 1),EF1;,,) =~ Hom(El,, E1ly) =~ k
by Lemma 4.1. So the map
Lo (A 4+ 1) — EFL s
must be equal to the adjunction map (up to a multiple). Since
¥\ CFEl, — 1 (A + 1)

is defined to be the adjunction map their composition must be non-zero.

To show that the left side of (3.13) is non-zero we use the definition of the cup
given in (4.8). It follows from Lemma 4.9 that

for some non-zero scalar k. Moving one of the dots through the crossing using the
odd nil-Hecke relation (3.22) gives a sum of two diagrams. One is zero since it is
the composite of a dot and an endomorphism of E1, of degree —2. The other is a
scalar multiple of the identity on E1, and the non-zero degree zero bubble from
Corollary 4.7. U

Thus we get that

ELR =~ LFII*T (A +1) and (EL)Y = 1,F(—A — 1),

FI)E =T LE(A—1) and (FI)R = E(-A + 1),

which completes the induction step for the adjoint induction hypothesis 4.2.

We show that these adjunction maps are unique up to a multiple.
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Corollary 4.11. Given a strong supercategorical action of sl, we have

Hom(EF1, (A + 1), TT*T11,,,) ~ k,
Hom(142(4 + 1), EFl4,) = k,
Hom(FE1,, 13 (A + 1)) = k,

Hom(1,, TT**'FEL,; (A + 1)) = k.

Proof. We calculate the first space (the other three are similar). We have

Hom(EF1, 4 (n + 1), TT**'1, 45) = Hom(F1;42(A + 1), T*T (E1) g1342)
~ Hom(F1;,, TT?**VF1, )
=~ Hom(F1) 15, F1)42)

~ k. Ol
‘We summarize the results of this subsection as follows.

Theorem 4.12. Given a strong supercategorical action of sl the left and right
adjoints of E are isomorphic up to specified shifts and parity. More precisely, the
units and counits of these adjunctions are given by the 2-morphisms below which
are uniquely determined up to a scalar and induce the adjunction maps

PN EF1) o(A + 1) — T2, 5, (4.11a)
" 14,0+ 1) — EFly 4, (4.11b)
and
¥\ D FEL, — 1 (A + 1), (4.12a)
\Ur 01, — FITPTIEL (A + 1). (4.12b)

4.3. A specific form for sl; isomorphisms. At this point we know that both the
left and right adjoint of F is E (up to a specified shift and parity). Consequently
we can prove the following result.
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Lemma 4.13. For any n € Z we have

Hom(EITF1,, FE1;) =~ k =~ Hom(FIIEl,, EF1)).

Proof. We prove that Hom(EITF1,, FE1,) =~ k (the other case follows similarly).
One has
Hom(EIIF1,, FE1;) =~ Hom(ITF(E1,)®1,4,, (E1;_,)®F1,,,)
~ Hom(ITFFIT* 11, 5 (A + 1), FIT*71F1, 5 (A — 1))
~ k O

where the last isomorphism follows from (the adjoint of) Lemma 4.2 together with
the parity isomorphisms.

Subsequently, we denote these maps as

>< : FTIE1, — EF1,, (4.13a)

% : EITF1; — FE1,. (4.13b)
For the moment these maps are uniquely defined only up to a non-zero scalar.

Corollary 4.14. If A > 0 then the map

A—1 A—1
¢ = >< D k,{'U:FHEIA@H"IA(A—l—ﬂc)—>EFIA (4.14)
k=0

n k=0
is an isomorphism. Likewise, if A < 0 then the map

—A-1 —A-1

k
¢ = >< P YaiF EnFy, @ AR (<A - 1 - 2k) — FEL,
' k=0 ° k=0

(4.15)
is an isomorphism.
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Proof. We prove the case A > 0 (the case A < 0 is proved similarly).
We know that

A-1

EF1; = FITEL, @ ¥, (A — 1 — 2k)
k=0

and by Lemma 4.13 the map

>

must induce an isomorphism between the FITE1; summands and must induce the
zero map from the FTIE1; summand on the left to any summand TT¥1; (A — 1 —2k)
on the right.

It remains to show that

>
L

s

0

x
I

induces an isomorphism between the summands TT¥1; (A — 1 — 2k) on either side.
Since Hom(1,,1,(€)) = 0if £ < 0 it follows that the induced map

A—1 A—1
I, (A — 1= 2k) > @ TF1L (A — 1 - 2k)
k=0 k=0

is upper triangular (when expressed as a matrix). We show that the maps on the
diagonal are isomorphisms between the summands IT%1; (A — 1 — 2k) on either
side.

Now, by construction, the map

" i 13(A —1) — EF1,

is an isomorphism onto the summand 1, (A — 1) on the right side. Consequently,
by Lemma 4.6, the composition
4l

1,(A —1—2k) — N_J EF1;(—2k) ——> TI¥EF1,

must also induce an isomorphism between the summands 1, (A — 1 —2k) on either
side. This proves that all the diagonal entries are isomorphisms so we are done.
O



400 A. P. Ellis and A. D. Lauda

4.4. Endomorphisms of E1,. In an arbitrary strong supercategorical action on a
2-category C there may be many additional 2-morphisms in € that are not compos-
ites of caps, cups, dots or crossings. The Lemma below is an important technical
result that limits the form of 2-endomorphisms of E1,.

Lemma 4.15. Suppose i < |A +2| (or u = 1 and A = —1) and take a morphism
f € Hom?**(Ely, TI*E1y). If A > —1 then f is of the form

I p—i M Wi

n o A
b Ss (4.16)

where f; € Hom** 2 (1 4,, TIF'1,.,). Similarly, if A < —1 (or @ = 2 and
A = —1) then f is of the form

w
(4.17)

where f; € Hom?*2'(1,, [T*~1,). By adjunction there are analogous results
for f € Hom?*(FI1#1,, F1,).

Proof. We prove the case A > —1 (the case A < —1 is proved similarly). We will
deal with the special case u© = 1 and A = —1 at the end. We have

Hom?*(El,, TI*El;)
~ Hom® (142, T*E(E1,) 1,45)
=~ Hom®* (1342, TI*EF1, 4> (—(A + 1))

~ Hom?* (1A+2, n“( D Lisa(~( + 1) @ FIEL 4o (—(A + 1))))
[A+2]

= HOI’I’IZM_/X_1 <1A+2, I @ 1A+2>
[A+2]
® Hom™ ((FLy14)", T 'EL o (= (X + 1))

~ H0m2“_’1_1(lk+2, m @ 1A+2)
[A+2]

@ Hom?* (IT*T3E1 )45 (A 4 3), T*TIEL o (—(A + 1))

o~ Homz“_’l_l (114_2, @ HMI,H-z),
[h12]
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where the last line follows since . < (A + 2) meaning
Hom?*(IT*3E1, 4 », T*TEL 15 (—2(A + 2))) = 0.

Note that in the third isomorphism above we use the inverse of the isomorphism
in (4.14). Keeping track of degrees, we find that

At1
Hom® (E1,, T*El,) = @) Hom(13 4. T 1, 45 (2(1 — k))). (4.18)
k=0
If f € Hom?*(El,, IT*El,) then we denote the map induced by adjunction
f" € Hom® (142, T*EF1; 15 (—(A + 1))
and the induced maps on the right side of (4.18) by

fi € Hom(1 45, TFF#1; 15 (20 — k).

Now let us trace through the series of isomorphisms above in order to explicitly
identify f’ with f/. The critical isomorphism is the third one where one uses the
isomorphism (4.14) from Corollary 4.14. Thus we find that f’ corresponds to the
composite

l/«:: LT
nuk : Lygo —> TTHEFL 40 (20 — (2 + 1)).
GO
Setting
u—k ik
n n k A

’ /i
and using the adjunction which relates f and f’ completes the proof.
If u =2 and A = —1 then the long calculation above yields

H0m2(E1_1, ME1_) =~ H0m2(11, I,) & HOH’IZ(Ell, IELy).

The space of maps on the right is one-dimensional and is induced by the dot.
The result follows. O
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5. Odd cyclic biadjointness

Recall that at this point, adjunction maps are only determined up to a scalar.
In this section we rescale them so that caps and cups are adjoint to each other
and so that

for A > 0, (5.1a)

for A < 0. (5.1b)

Recall that negative degree dotted bubbles are zero while a dotted bubble of degree
zero must be a non-zero multiple of the identity map by Corollary 4.7 (note that
for A = 0 there are no degree zero dotted bubbles). By rescaling the adjunction
maps we can ensure the degree zero bubbles satisfy the conditions above. More
precisely, we rescale in the following order:

A=0 A+ 1 n
A—1 A+1
n A—1
fixed arbitrarily dete.rmlnfad by
adjunction
200 21
&\/4+1 L+0
fixed by value determined by
of bubble adjunction
A<0 A1 A1
A+1 A+1
fixed arbitrarily dete.rmlnfad by
adjunction
A <0 A+ 1 u
A—1 K“\)i +1
" A—1
fixed by value determined by
of bubble adjunction
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The only time this rescaling fails is when A = 0 above. In that case, the rescaling
for A > 0 fixes the value of the positive bubble in weight A = 1, so that

1
{}Jr —1,. (5.2)

where +1 denotes the outside region of the bubble. However, the rescaling for
A = 0 fails to rescale the positive degree bubble in region A = —1. This bubble is
multiplication by some arbitrary scalar c_;:

1
G =1y, (5.3)

where —1 denotes the outside region of the bubble. We will show in Proposi-
tion 6.4 that in fact c_; = 1.

5.1. Odd cyclicity for dots

5.1.1. Defining downward oriented dots. We will make repeated use of the 2-
morphism x, which is defined diagrammatically by

(5.4a)

or

(5.4b)

Above, we defined a dot on a down-strand using the left-oriented adjunction.
The next lemma computes the difference between this and the analogous right-
oriented picture.
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Lemma 5.1. The diagram

for A > 0 is equal to

! II/’ &
: G , (5.5a)

>
|
.
+
)
-

fJor A = 0 is equal to

At |
! (5.5b)

and for A < 0 is equal to

(5.5¢)

s
|
+
[}
»
>~
PN
+

~

(5.6)

©+2

+

forall u > —1.
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Given any 2-morphism
g:1,F — 1,FII(2),

we can form the diagram

3

n+2
by closing the 2-morphism off with m > 0 dots. Applied to equation (5.6),
this yields

m M+l m w+1

(5.7)
On the left-hand side, resolve the p + 1 crossings (accruing a factor of (—1)#*1),
move the caps to the left i + 1 strands, and use the right-oriented adjunction to
get rid of the left cap and the cup in the middle; what remains is a bubble with
m + 1 dots on the left. The first term on the right-hand side is more interesting:

I
.—l "
N
S m——-—-
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m  utl
D
‘:jf' n+2
m+1 ntl
= (~1ymtn G
p+2
Plugging this back into (5.7),
et o
— (D1 + y(=D") @ =N . 68)
n+2 n+2

Taking m = p > 0, the bubble on the right-hand side is zero. Thus yy = (—1)#*1,
Taking m = p + 1, the bubble on the right-hand side equals 1, so

\

N YaN 1 AN , (5.9)

1
1
1
1
! N
1

©+2

completing the proof of (5.5) for A > 0. The proof for A < 0 is similar.

The case when A = 0 requires more care. Inserting equation (5.6) for u = —1
into B in the diagram
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and simplifying using zig-zag identities gives the equation:

-

-

The right-curl diagram on the right is zero by Lemma 4.1 since it is a 2-morphism
of degree —2. Simplifying the remaining equation using the odd nil-Hecke dot
slide equation and removing terms containing a dot composed with a degree —2
right twist curl we find that yy = —1. Substituting this into (5.8) withm = u+1 =
0 shows that y; is the zero 2-morphism. O

5.1.2. Half cyclicity relations. It is often more convenient to use Lemma 5.1 in
the following form.

Corollary 5.2. The following local relations hold in any strong supercategorical

action:
{\%1 _ ﬁ—l, (5.10a)
o/ - NN (5.10b)
'. 2+ 1 A+1 !
The diagram

fJor A > 0 is equal to

A n
n

A+1 % o0 4o n NS : (5.11a)
A~ AD,
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for A = 0 is equal to

A n
n

A4+1 " (5.11b)

.-

and for A < 0 is equal to

A n
n

AHA 2 / A4l (5.11c)
- —A

_l’_

The diagram
Au
A—1

for A > 0 is equal to

LA

' + 2 , (5.12a)

A—1
for A = 0 is equal to
LA
— & , (5.12b)
A—1
and for A < 0 is equal to
: :: A /; /II.I.'1

& + 2 . : (5.12¢)
A—1 A1
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Proof. Applying a right cap to equation (5.5) gives

(5.13)

for A > 0. Using isotopy and resolving A dashed-dashed crossings on the left-hand
side, this becomes exactly (5.11). Equation (5.11) for other values of A is proven

similarly.
The left cap equation (5.5) can be proven in a similar manner using (5.5) and
right cap equation proven above. The cup equations are proven similarly. U

5.2. Odd cyclicity for crossings

5.2.1. Defining downward oriented crossings. In any strong supercategorical
action we can define a downward oriented crossing using the easy adjunctions as
follows:

(5.14)

A4

It follows from Corollary 5.2 and the definition of the downward oriented dot
from (5.4) that with this definition of the downward oriented crossing we have the
downward oriented nil-Hecke axioms. In particular, the equations

~ ~
RS —_ ~ = - —_ -y
~q N ~ S o A
\ \ - == ~ S [WEERN
\ \ N S \ \ \
\ \ [ \ | 1 |

holds in any strong supercategorical action.
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5.2.2. Half cyclicity for crossings

Proposition 5.3. The following relations hold in any strong supercategorical
action:

= [ (5.15a)

(5.15b)

(5.15¢)

(5.154d)

Proof. Using Lemma 4.2 together with the biadjoint structure, it follows that each
of the equations above must hold up to a scalar multiple since each of the hom-
spaces are non-zero and each map involved is adjoint to a crossing which is as-
sumed to be non-zero. For example,

Hom(1; 44, TE*F*144(—2(X + 3)))
= Hom(1;44(F1344) %, TTE*1;(=2(A + 2)))
= Hom(E*1,, TTE*1,(—2))
=~ k.
To solve for the exact scalar we (pre)compose with a dot, or a dot and a crossing,

and simplify using the odd nil-Hecke relations together with the dot cyclicity rela-
tions from Corollary 5.2. For example, to prove the last equality in (5.15) assume
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that

(5.16)
for some non-zero scalar «. This implies
which after simplification implies that x = (—1)*~1. O

5.2.3. Cyclicity for sideways crossings. We now fix the free scalar multiple in
the definition of sideways crossings from (4.13). Define sideways crossings using
the adjoint structure

o= (5.17a)

(5.17b)

for all weights A. It follows immediately from these definitions that the following
relations hold:

(5.18a)

; (5.18b)
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and

(5.19a)

(5.19b)

Similar equations hold for a downward oriented line in the middle of a cap and
cup.

It is straightforward to derive directly from the definitions that the following
equalities hold.

}< >< g ) 520

T
>>< = \“/ (5.21)
N

Note that the other version of (5.21) is more complicated and the formula for
sliding a dot on the downward oriented strand has additional terms.

6. Proof of the extended s, relations

In this section we show that the formal inverses of the sl, isomorphisms defined in
Corollary 4.14 agree with the version of the inverses given by the 2-category U,;.

6.1. Fake bubbles. We introduce a shorthand notation for representing certain
2-morphisms in U,. These 2-morphisms are defined inductively by an equation
analogous to the equation

Z(_l)rerhm—r = Sm,r
r=0

relating elementary and complete symmetric functions.
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6.1.1. The case of A > 0. For all A > 0 the equation

n
m m]

S {*}1 T 6.1)
Jj=0

inductively defines 2-morphisms
Bj:1; — T1/1;(2j) for0<j <m.
It is clear that this definition is independent of the weight A for all A > 0.

Example 6.1. Several examples are given below:

X = 1y,.

f“A 1

6.1.2. The case of A < 0. For A < 0 inductively define 2-morphisms
Bj: 1, — T171,(2))
by the equation

m—j u n o
z

Y1) 6 7 = fmoln. (6.2)
Jj=0 A —A—1

Again it is clear that these 2-morphisms are independent of the weight A for all
A < 0, except for the case when A = —1. In this case, the definition of the
2-morphisms B; depends on the free parameter c_; from (5.3) corresponding to
the degree zero bubble.



414 A. P. Ellis and A. D. Lauda

Example 6.2. Several examples for A < —1 are given below:
»

)
T . S =" A

A —A—1 A-1 —A—1

6.1.3. The case of A = 0. By Lemma 4.1 the degree zero curls in weight A = 0
must be scalar multiples of the identity map. We define parameters by the equa-
tions

1y, .

= ¢ , (6.3a)

= —f : (6.3b)

for some coefficients ¢ and ¢y . It is convenient to introduce fake bubbles in
weight A = 0 defined by setting

Lo -1
G QRS (6.42)
0 0° .
@ Ao o, (6.4b)
_1
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6.1.4. Notation for all A. We refer to the maps B, for0 < j < A — 1 and B; for
0 < j < —A—1 as odd fake bubbles because they are analogues of fake bubbles
from the even case. It is convenient to introduce a different notation for these odd
fake bubbles. This new notation makes it possible to express various equations
in a uniform manner independent of whether the weight A is positive or negative.
We write

i nj
A g = vy, ford >0,
n/ wl
n =23 1—1 . n

w7 = A, ford <O.
Ly

for all 0 < j < |A| — 1. The drawback of this notation is that it appears to involve
a negative number of dots. We never allow negative dots in diagrams involving
2-morphisms. Whenever a negative number of dots is encountered in a dotted
bubble diagram the dotted bubble is interpreted as an odd fake bubble defined
above.

The advantage of introducing this notation for odd fake bubbles is that equa-
tions (6.1) and (6.2) can be expressed as

s 1 Ao,
Y g e s 2* = Smoly,. forA>0, (6.5)
f+g=m “\\ A]
A afou®

3 (1 2 WA g, 0L, ford <0, (6.6)
f+g=m /\—1 R

for 0 < m < |A| — 1. The relations in the 2-category U, are also conveniently
expressed in terms of fake bubbles.
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6.2. A general form for the inverse map. By Corollary 4.14 the map
A1 A—1
S @ A e @ UEL -1 - 2k) — B (67)
k=0 k=0

is invertible. We describe its inverse ! diagrammatically as follows:

1 A—1 ::k A—1
t () ( (1% ): EF1; — FIIEL D 1, (4 — 1 - 2k). (6.8)
k=0 k=0

Likewise, for A < 0 the inverse of

—A-1 —A-1

¢ = >< @4&“} ETIF1,, @ A1k, (— A —1-2k) —> FE1, (6.9)

Yo

can be expressed as

—A—1 nA+14k
(@) O (@i=m)
(6.10)
—A—1
FE1;, — ETIFL, P M4+ 1, (-1 — 1 - 2k).
k=0

Condition (3) of Definition 3.1 only requires the existence of isomorphisms
between the two 1-morphisms on either side. However, the space of 2-morphisms
between a pair of 1-morphisms in C could contain maps that cannot be expressed
using 2-morphisms from the strong supercategorical action of sl5, i.e. using dots,
crossings, caps, and cups. In the next proposition we show that this is not the case
for the 2-morphisms giving the isomorphism ¢!,

Proposition 6.3. The isomorphism ¢! for A > 0 has the form

(t)) XA : (6.11a)

_ A {
tA—1—k)) = (1) (6.11b)
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for some A-dependent coefficients By € k*. For { < 0 the isomorphism (™! has

the form
= P >< (6.12a)
nk —A—1-k whmlok=j L
= ;) (—1)/ . { (6.12b)
for B € k*.

Proof. 'The first equation in (6.11) follows immediately from Lemma 4.13. For the
second claim take adjoints in Lemma 4.15 equation (4.16) so that

j===~ ||k
nk P g Al N
th—1—k)) = fATVR) o8 LEFL, — (0 — 1 — 2k)

(6.13)
for some 2-morphisms f//()k — 1 —k) € Homy, (1, 11, (2/)). After absorbing
additional scalars we can rewrite this as

k
nk A—1—k

(O=1-0) = > 1 mm (6.14)
A j=0
for some 2-morphisms f; (A — 1 — k) € Homy,, (1;, 151, (25)).
The component of {~'¢ mapping the summand IT¢1; (¢ — 1 — 2¢) to the sum-
mand T1¥1, (A — 1 — 2k) is given by the composite

-
1
n

M1, (A — 1 —2¢) ————EFl,

. ;; (6.15)

PLEEEN

||/,
W fj()t 1— k
A—1—k—j%

51, (A — 1 — 2k).
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The condition !¢ = 1 implies that this composite must equal Seac ke, (A—1-2k)-
Assume that £ > k 4+ j > k or else the composite will contain a negative degree
bubble which always equal to zero. Then closing off k£ of the dashed lines and
bending up the remaining £ — k dashed lines coming out of the first diagram we
get

-k
n 7
oo
W=k LRSS
n 27 %,
A—1—k PSP I A
L 77 G—1-k)
E (=D LS = 8 i1y (a—1-2k)-
j=0 ‘\\\: /\

By varying ¢ for fixed k, it is possible to rewrite each of the 2-morphisms
Jj (£ —1—k) as products of bubbles. For example, by setting £ = k it follows that
the degree zero 2-morphism fo(€—1—k) is multiplication by the scalar 1. Contin-
uing by induction, decreasing £ shows that all the f;({ —1—k) can be rewritten as
a linear combination of 2-morphisms in the image of the generating 2-morphisms
of the 2-category U,. Notice that the above diagram contains a negative degree
bubble if j > (£ — k), so we can restrict the sum for 0 < j < (£ — k). Comparing
this equation to the defining equations (6.5) for the fake bubbles we must have
JiA—1—k)=B;for0<{,k <A-1.
For A < 0 the adjoint of Lemma 4.15 equation (4.17) implies

uk —A—1—k ‘\':\A—l—k—j '\'\\\j
g(—x—l—k))k = ;) e (6.16)
for some 2-morphisms
f{ (=2 —1—k): FEl;, — T1/1,(2j).
Again, by considering the composite map
A, (-0 — 1 = 24) —> FE1;, —> 7?1 He, (-1 — 1 = 2k)

the 2-morphisms fj’(—/\ — 1 — k) can be related to the fake bubbles B;. O
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6.3. Relations resulting from the sl, commutator relation. In this section we
collect a set of relations that follow from the general form of the inverse (™! of
¢. We also uniquely solve for the coefficients 8, and c—;. Observe that {~! in
Proposition 6.3 is the inverse of ¢ if and only if the following relations hold in C.

6.3.1. Relations for A > 0. In addition to the equations relating part of the
inverse to fake bubbles, we have the following relations:

A
A f':f=w A
1\\::=:\ 3_=
= B2 + Y =~ S
Sit+ 2+ 13 L3 N —A-l
=A-1 fz\‘m
and
= : . (6.17)
A C oA

We simplify the remaining relations omitting several relations that follow from
those below using odd nil-Hecke relations. Forall 0 <m < A,

E — 0, (6.182)
< A

kN — 0. (6.18b)
A

Note that the two equations above already follow from Lemma 4.1 using the ad-
junctions.
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6.3.2. Relations for A < 0. In addition to the equations relating part of the
inverse to fake bubbles in weights 1 < 0, we have the following relations:

+ Z (_1)f3 u "\\::\ f3 u,’=~\k_1
A fitfotfa '\I\\\ ~::°=:G
=it p) \7(‘:%
(6.19)
and
(6.20)
For 0 < m < —A the curl relations
(6.21a)
(6.21b)

hold in any strong supercategorical action.

6.3.3. Relations for A = 0. Invertibility of { for A = 0 implies that in any strong
supercategorical action the relations

A

= Bo (6.22a)

= Bo (6.22b)

holds.
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Note this is equation is consistent with the alternative equation

; (6.23a)

(6.23b)

6.4. Finding the free parameters. We can now solve for the remaining free
parameters using the relations derived so far.

Proposition 6.4. In any strong supercategorical action the free parameters must
be fixed as follows.

(1) The coefficient c_; from (5.3) is equal to L

(2) For all values of A where 1, is not zero the coefficients from Proposition 6.3
satisfy B, = —1 for all A.

(3) The coefficients cg“ and cy from (6.3) are both equal to one.

Proof. To find the coefficient c_; note that

1
0 = = = — |(==-1)+1
1 +1%@ B1 c

where the last equality follows from (6.19).
Using (6.17) and the relations from Section 5.2.3 we have
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for all A > 0. Now carefully applying the inductive dot slide formula, we can
slide all of the A + 1 dots through the top crossing. The term in which all the dots
slide through the crossing is zero by the quadratic odd nil-Hecke relation. What
remains is a symmetric sum of terms with A dots where the crossing has been
resolved. By (the adjoint of) (6.18a), all the terms in this sum are zero except for
the term in which all of the A dots are in the curl. Hence the rightmost diagram
in (6.24) equals

-~ |a. (6.25)

by the odd nil-Hecke dot slide and the fact that the curl with only A — 1 dots is
zero. Since the degree zero bubble is equal to multiplication by 1, this shows that
Br=—1forA>0and1/By =c,.

A similar calculation for A < 0 implies that 8, = —1 for A < 0 and that
1/Bo = c¢o. Capping off (6.22) with no dots and simplifying implies that
—Bocy ¢g = 1, completing the proof. O

6.5. Main theorem of 2-representations. We summarize the results of this
section with the following theorem.

Theorem 6.5. A strong supercategorical action of sl on C induces a 2-represen-
tation

ﬂn—>(‘3.

7. The action on cyclotomic quotients

7.1. Defining the action. Let R(n) be the odd nil-Hecke algebra on n strands
and, for a dominant integral weight A, let R (n) be the corresponding cyclotomic
quotient. Let ONKA be the full sub-super-2-category of 8Bim whose objects are
the algebras R® (n) foralln > 0. Set A = A —2n; this is the weight corresponding
to R (n) when we view R (n) as a categorified weight space.
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There are three steps to the argument in this section.

(1) Kang, Kashiwara, and Oh nearly prove in [33,34] that there is a strong super-
categorical action of sl on ONH*2 . They omit only the brick condition (2) of
Definition 3.1. The 1-morphisms E, F are the bimodule kernels of restriction
and induction along the maps ¢,,1 of (2.24), respectively. The parity functor
is the bimodule ITR2 (1) as defined in Subsection 2.1 (parity shift and twist
the left action by the parity involution).

(2) To verify condition (2) of Definition 3.1, observe that in the action of [33,
34], a weight A is mapped to the cyclotomic quotient ring R™(n). Since
R (n) is graded Morita equivalent to an odd Grassmannian ring [28] and
odd Grassmannian rings are graded local,

dim, (ITHOM 5.4 (RY (1), R*(n))) € 1 + N[z, q].

In other words, R (n) is a brick.
(3) By Theorem 6.5, this gives a 2-representation U, — ONH?,

We spend the rest of this section writing down how the resulting 2-functor
acts, mostly explicitly (right-oriented caps and cups are difficult to write down).
A subset of these details give an explicit description of the strong supercategorical
action of [33,34]. For short, we will sometimes abbreviate R (n) by simply n
when there is no chance of confusion. For instance, “(n, n + 1)-bimodule” means
“(RA(n), R (n 4 1))-bimodule.”

There is a morphism of super-2-categories mapping $Bim to SCat sending a
superalgebra to its supermodule category and a super bimodule to the superfunctor
of tensoring with the super bimodule. We will go between these two languages
freely. In particular, we will sometimes identify the (A, B)-bimodule M with
the superfunctor M ® — from B-mod to A-mod (for us, Z-graded supermodule
categories).

7.1.1. Onobjects. The integral weight A is sent to the superalgebra R (n), where
A = A —2n. Note that R*(n) = Ounless 0 < n < A.

7.1.2. On 1-morphisms
e &1, > Res"™!, or the (n,n + 1)-bimodule , R (n + 1)
e 1,5+ Ind”*", or the (n + 1, n)-bimodule R*(n + 1),
o I11, — II,

In the above, II,, is short for I1 RA(n)s the endofunctor IT4 of A-mod shifts the
Z,-grading by one and twists the left action by the parity involution ¢4 (see 2.1).
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7.1.3. On 2-morphisms. The super-2-category structure morphisms éil,oﬁ;l
are sent to the corresponding structure morphisms in §Bim, but we will write all

of them explicitly for completeness.
e On £+

.-=~. A dssentto  £: 171 — 1y, (7.1a)
M2RA(n) — R (n),

XX,

\o /A dssentto £7':1; — M7y, (7.1b)
RA(n) — M2R™(n),

X X,

+1 . +1 _ 1.
e Onog ', af ,andan = apy:

o / , dssentto  ag: EML, —> IIEL, (7.22)

a—1 R — ,_1 R (n),
y— (=),

A+ zx ) issentto ag': TIE1, — ETI1;, (7.2b)
! Myt R (1) — w RA )T,
y = (=)PWy,

)L\%l Lo issentto ap: 1, FI1 — 1, I1F, (7.2¢)
' 2R — DIT — T,_1 R ().,
y— (_I)P(Y)y’

AX/H_Z is sent to ag ' 1, TIF — 1,FI1, (7.2d)
' NRA -1 — R ()1 11,
Y — (=1)?Wy,
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e On dots:

A is sent to xg: E1; —> I1El1,, (7.3a)
n—1R™ (n) — T, R* (),

Yy B> Xn),

is sent to xr: 1 F — 1, FII, (7.3b)
RAn)y—y — R*(m)p I,

Y == yXyu.

A A42

e On up- and down-crossings:

s is sent to 5 E21; — TIE?1,, (7.4a)
n—2R*(n) — T2 R*(n),

Yy -1),

. issentto  t: 1;F> —> 1, F?11,, (7.4b)
A A+4
+ RA()p—y —> R™ ()2,

Y= yTy—1.
e On the left cap and left cup:

m A is sentto ¢: FE1;, — 1, (7.5a)
RA(n) ®-1 R*(n) — R*(n),

Wy wy.

U 1 is sent to n:1, — EF1,, (7.5b)
RMn) — o R + D)y,

wH—w.

o The action of the right cap and right cup is determined, as described in Sec-
tion 4, by the action of the left cap and left cup. See Section 8 of [33] for
descriptions of these maps.
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7.1.4. Summary. We summarize this subsection as follows.

Theorem 7.1. For each dominant integral weight A, there is a super-2-functor
Uy — ONFHA (7.6)

defined by equations (7.1)-(7.5). After taking Grothendieck groups, this action
becomes the action of U, on its integrable simple module 4, V™.

7.2. Consequences of the action. We have constructed an upper bound for the
space of Homs in the 2-category U, in Section 3.4. The existence of the 2-
representation of U, into cyclotomic quotients provides a lower bound for the
space of Homs that can be explicitly computed in certain degrees. For example,
by varying the integral weight A the fact that R”(n) is a brick in the cyclotomic
2-category immediately implies the following corollary.

Corollary 7.2. In the 2-category Uy, the I-morphisms 1, are bricks. That is,

0 ¢<0,
Homuﬂ My, 1,(€)) =~
k £=0.

8. (De)categorification
8.1. Indecomposables in U,

Proposition 8.1. The divided power 1-morphisms €@1, and F®1, are bricks
foralla,b > 0.

Proof. 'This follows by induction from Corollaries 3.7 and 7.2 following arguments
similar to those in [15, Lemma 4.9]. O

Proposition 8.2. The 1-morphisms
6) 8(“)3"(b)]l,1(s) forabe N, A,s€Z A <b—a,
(i) S"(b)E(a)]lA(s) forabeN, A, se€Z A>b—a,

are indecomposable. Furthermore, these indecomposables are not isomorphic
unless A = b — a in which case EQFO1,_,(s) = FOED1,_ (s). In other
words, the indecomposable projectives of the super-2-category Uy categorify the
canonical basis of [24].
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Proof. 1t is straightforward to show that these 1-morphisms are bricks using ad-
jointness and the fact that divided powers are bricks (see for example [51, Propo-
sition 9.9]). This implies indecomposability. Furthermore, one can show that the
space of Homs between any two such elements is positively graded (in ¢gIN[r, g])
implying that they are pairwise non-isomorphic (see for example [51, Proposi-
tion 9.9]). O

Proposition 8.3. (i) Every I-morphism x in Homy,_(A, A) decomposes as a direct
sum of indecomposable I-morphisms of the form

1, IE@DFO 1, (1) forabeN, st €Z, A <b—a, (8.1a)

L IEFOe@D1, (1) forabeN,s,t €eZ, A>b—a, (8.1b)

where ' = A —2(b —a).

(ii) The direct sum decomposition of x € Homy (A, M) is essentially unique,
meaning that the indecomposables and their multiplicities are unique up to
reordering the factors.

(iii) The morphisms in (8.1) are the only indecomposables in Uy up to isomor-
phism.

(iv) The I-morphisms E@DFO)1,_ (1) and FOED1,_,(t) are isomorphic
in H”.

Proof. To prove (i) it suffices to show that any element
x =1, %1 Fhs28%2 .. FBr—1 15k g%k FBk 1,.(t)

in U, decomposes as a sum of elements in (8.1). Using the super-2-category
structure the 1-morphism x is isomorphic to a 1-morphism of the form

X' =1y I8 enghreer. . ghioiganghiq ) (1)

for s’ = 51 4+ s2 + --+ + sx. Following the arguments in [51, Proposition 9.10]
completes the proof of (i).

The Krull-Schmidt theorem then establishes (ii) and (iii) (see Chapter I of [3]).
The proof of (iv) is identical to the proof of [51, Corollary 9.11]. O
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8.2.

A. P. Ellis and A. D. Lauda

Main theorem - categorification

Theorem 8.4. The split Grothendieck group Ko(Uy) is isomorphic as an
Ar-module to the integral covering algebra AUq,n introduced by Clark and
Wang [24].

Proof. Since U, has the Krull-Schmidt property (see Proposition 8.3), its
Grothendieck group is freely generated as an A,-module by the isomorphism
classes of indecomposables with no shifts. We have shown that these isomorphism
classes of indecomposables correspond bijectively to elements in the canonical ba-
sis of the covering algebra introduced by Clark and Wang. Therefore, the
homomorphism y: 4U; » — Ko (Uy) from Proposition 3.17 is an isomorphism.
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