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Families of Legendrian submanifolds via generating families

Joshua M. Sabloff! and Michael G. Sullivan?

Abstract. We investigate families of Legendrian submanifolds in 1-jet spaces by develop-
ing and applying a theory of families of generating family homologies. This theory allows
us to detect an infinite family of loops of Legendrian n-spheres embedded in the standard
contact R2"T! (for n > 1) that are contractible in the smooth, but not Legendrian, cate-

gory.
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1. Introduction

A central motivating question in contact and symplectic topology is the search
for the boundary between flexibility (when contact objects behave like smooth
objects) and rigidity (when behavior is more restrictive). This search tends to
take the form of distinguishing or classifying contact objects (such as contact
structures or Legendrian submanifolds) up to isotopy. Phrased in terms of the
space of all such contact objects on a given manifold, investigating isotopy classes
can be thought of as trying to understand the set of path components. Flexibility
results tend to give information about higher homotopy groups as well as path
components: Eliashberg proved, for example, that there is a homotopy equivalence
between the space of overtwisted contact structures and the set of smooth 2-plane
distributions on a 3-manifold [8], and Gromov proved that there is a homotopy
equivalence between the space of Lagrangian immersions L — (W, w) and a
space of bundle maps TL — T W; see [12].
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Rigidity results for higher homotopy groups are less common, though exam-
ples do exist. Bourgeois uses the cylindrical contact homology invariant to con-
struct non-trivial examples of elements in 7, of the space of contact structures on
unit cotangent bundles of negatively curved manifolds [1]; see also [10]. Kdlmén
uses the Chekanov-Eliashberg DGA invariant to construct a non-trivial example
in 771 of the space of Legendrian knots in standard contact R?; see [17]. Kdlman’s
example is especially interesting because his loop of Legendrian knots is con-
tractible as a loop of smooth knots.

In this article, we study the space of Legendrian submanifolds in the 1-jet space
JM with its canonical contact structure. The template for finding nontrivial
elements in higher homotopy groups is the same as that used in the rigidity results
above: first, to an object X in the space X, associate some (graded) group H(X)
which is an invariant of the path component of X € X. Next, to an element
y € m(X; X), associate an element ®(y) € End,,—;(H«(X)), and attempt to
prove that this endomorphism is non-trivial. In contrast to the results above,
which use flavors of the holomorphic-curve-based contact homology, we use the
generating family homology as our invariant; see [9, 24]. Because generating
family homology is based on finite-dimensional Morse theory, the advantage of
this choice is two-fold: first, our proofs do not have to deal with the technical
analysis of a holomorphic curve theory or the complicated combinatorics of
the Chekanov-Eliashberg algebra; and second, families of Morse-theory-based
homologies have been elegantly packaged in Hutchings’ language of spectral
sequences [15].

Suppose the Legendrian A C J!' M has a generating family f with generating
family homology GH..(f). Let £ denote the space of Legendrian embeddings in
JIM. Let ,,(L; A, f) denote the subgroup of ,, (£, A) consisting of (homotopy
classes of) m-spheres of Legendrians based at A that, up to an equivalence to
be defined in Section 2.2, lift to m-spheres of generating families based at f.
The main technical application of the families framework developed in this article
is the following:

Theorem 1.1. Under the conditions above, there exists a morphism
Ut (L3 A, f) — Endp—1(GH«(1)).

If m = 1, the codomain is, in fact, Aut(GHx( f)).

The domain of W can be expanded to m,, (£, A) if we expand its codomain.
For example, if m = 1, lifts of loops of Legendrians may result in paths of
generating families, inducing homomorphisms between the homologies of the
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generating families at the ends of the path. Thus, the codomain must expand to
endomorphisms of the direct sum of the homologies of all possible generating
families for A.

For the space of Legendrian submanifolds of R?”*!, with n > 1, we find that
the morphism is nontrivial.

Theorem 1.2. There exists an infinite family of Legendrian n-spheres in R>"*!
such that for each sphere A, there exists an element o € mw1(L; A) which is
contractible as a smooth loop of spheres but is not contractible in the space of
Legendrian submanifolds.

We remark that recently a similar map has been announced by Bourgeois and
Bronnle. Their map counts certain holomorphic curves, and it is unclear if the
two maps are related.

In Section 2, we review generating families and generating family homology.
In Section 3, we review Hutchings’ families framework for families of Morse
functions, and adapt it to our set-up of generating families. In Section 4, we
prove the main results, finishing by rephrasing Theorem 1.1in slightly more general
terms. In Section 5, we apply the families framework in several ways; for example,
to computing generating family homology of higher dimensional Legendrians via
a bootstrap argument, as well as to showing how the morphism in Theorem 1.1
factors through front-spinning.

Acknowledgements. We thank Ryan Budney, Dev Sinha, Octav Cornea, and
Michael Hutchings for stimulating conversations about the work in this paper;
Ryan Budney was especially helpful in clarifying Proposition 4.6. We particularly
thank the referee for many perspicacious comments which greatly improved the
paper. The second author also thanks the Centre de Recherches Mathématiques
of Montréal for its hospitality during the preparation of this paper.

2. Background notions

In this section, we briefly review the notion of a generating family for a Legendrian
submanifold and the (Morse theoretic) generating family homology.

2.1. Spaces of Legendrian submanifolds. Let J!M denote the (2n + 1)-
dimensional 1-jet space of a n-dimensional smooth manifold M. We assume that
M is closed, or else diffeomorphic to R” outside of a compact set. The 1-jet
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space is equipped with the standard contact structure. Let A C J!M be an
n-dimensional compact Legendrian submanifold. We are interested in the topol-
ogy of the space of Legendrian submanifolds, which is formed by taking the quo-
tient of the function space of Legendrian embeddings by orientation-preserving
self-diffeomorphisms of the domain. The space of submanifolds inherits the quo-
tient topology from the weak C° topology on the function space, as in [14].
Let £ denote this space of submanifolds.

2.2. Generating families for Legendrian submanifolds. Generating families
generalize the fact that the 1-jet of a function f: M — R is a Legendrian
submanifold of J!M. To see how, begin by considering the trivial fiber bundle
M x RN with coordinates (x, 7). A function f: M x RYN — R is a generating
family if 0 is a regular value of the function d, f: M x R¥ — RY. We restrict our
attention to generating families that are linear at infinity. The condition requires
the generating family f to agree with a nonzero linear function A(n) outside a
compact set in M x RY. If f is linear at infinity, then it may be represented
as f = fo + A, where fy has compact support and A4 is linear; the support of
f is the support of f. From here on, we assume that our functions are linear at
infinity. Denote by Fn the set of all linear-at-infinity generating families with fiber
dimension N .

A generating family yields a Legendrian submanifold as follows: consider the
fiber critical set

S ={(x,n) e M xRV:9, f(x,n) = 0}.
The Legendrian submanifold A ¢ defined by f is then the 1-jet of f along X¢:

Ap ={0x, 0x f(x. ). f(x.m): (x. 1) € ).

Said another way, the Cerf diagram for the family of functions fy parametrized
by x € M is the front diagram for A .

A given Legendrian submanifold A may have many different generating fam-
ilies of fiber dimension N; call that set CT"][\‘,. We will use the notation 52 when
we do not wish to specify the fiber dimension and the notation ¥ when we do not
wish to fix the Legendrian submanifold. There are two operations on generating
families that preserve the Legendrian submanifold generated.

e FIBER-PRESERVING DIFFEOMORPHISM. Suppose that a smooth map
®: M xRY — M xRV

has the form ®(x, v) = (x, ¢ (v)) for a family of diffeomorphisms ¢,. Then
f o ® also generates Ay.
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e STABILIZATION. Suppose Q: R*¥ — R is a non-degenerate quadratic func-
tion. Then the function

f®0:MxRVtk R,

defined by
(f @ Q)(x,nn,m) = f(x,nn) + Q).

also generates Ay. Note that if f is linear-at-infinity, then after a fiber-
preserving diffeomorphism, so is f & Q [20, Lemma 3.8].

We say that two generating families for a given Legendrian are equivalent if
they can be made equal by a succession of fiber-preserving diffeomorphisms and
stabilizations.

Let p: ¥ — L denote the map that sends a generating family f to the Legen-
drian submanifold A ¢ that it generates. A key fact for this paper is the following

Theorem 2.1 ([16], cf. [23]). The map p:F — L is a Serre fibration up to
equivalence. That is, if the smooth map h: A, — L has a smooth lift H: A,, — F
and if hy is a smooth homotopy with hy = h, then there is a smooth homotopy H;,
with Hy = H up to equivalence, that lifts h;.

More is true. The discussion in [16, Section 3.2] and [23, Section 5] on the
persistence of the uniqueness of generating families for certain Legendrians may
be viewed as a proof that the homotopy lifting in Theorem 2.1 is unique up to
equivalence. To be precise, we have

Proposition 2.2. If the smooth homotopy hy: A, x [0,1] — L has smooth lifts
H, H,;: A\, x [0,1] = F with Hy = Hy, then, possibly after stabilization, there
exists a fiber-preserving isotopy ®, such that H; o ®; = H, forall t € [0, 1].

Proof. We combine the work of [16, Section 3.2] and [23, Section 5] with the
ideas in the standard proof that a fibration has unique path lifting if every fiber has
no non-constant paths (see [22, Section 2.2], for example).

It suffices to show that we can uniquely lift paths, up to equivalence. Let H
and H be paths in F (possibly after stabilization) that satisfy p o H = p o H and
H(0) = H(0). For each ¢ € [0, 1], define a map 7: [0, 1] x [0, 1] = F by

H({(1-2s)t) se€]0,1/2],
ns, 1) =4 _
H({(@2s—-1t) se[l/2,1].
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Notice that for fixed ¢, (s, t) is a path from H(¢) to H(t) whose projection to £
is a loop that is homotopic to the constant loop based at p o H(t) = p o H(¢).
As t varies, these homotopies fit together into a homotopy k: [0, 1]> — £ such that
k(s,t,0) = pon(s,t)and k(s,t,1) = po H(t). Lifting k toamap K:[0,1]> - F
(possibly after another equivalence), we obtain a path of paths K (s, ¢, 1) from H (¢)
to H (1), each in a single fiber. As remarked in [16, p. 909], there then exists a path
of fiber-preserving diffeomorphisms ®, such that H(t) o ®, = H(t), as required.

O

2.3. Generating family homology. Generating families may be used to define a
Morse-Floer-type theory for Legendrian submanifolds; see [9, 24] as well as [20].
The first step in the definition of generating family homology is to introduce the
difference function on the fiber product of the domain of f with itself:

§:M xRN xRY — R,
(x’n’ﬁ)Hf(x’ﬁ)_f(x’U)

The critical points of § with positive critical values correspond to the Reeb chords
of Ay, and we capture this geometric information with the following definition of
generating family homology with coeflicients in Z,/2:

GHi(f) = HN+14k(87. 8% Z/2),

where w is a number larger than any critical value of § and where there are no
critical values of § in (0, €).

Remark 2.3. It is not hard to prove (see [20, §3]) that the groups GHy (f) are
independent of the choices of w and €. Nor is it hard to see that the chain com-
plexes underlying the generating family homologies associated to two equivalent
generating families are identical.

It is worth noting that O is a critical value for § whose critical points form a
Morse—-Bott submanifold diffeomorphic to the Legendrian itself. Further, if a gen-
erating family f is linear-at-infinity, then, after a fiberwise change of coordinates,
so is its difference function § [9].

The basic invariance property of generating family homology is the following

Theorem 2.4 (Traynor [24]). If F:[0,1] x M x RN is a 1-parameter family of
generating families joining fo to f1 that generate a Legendrian isotopy, then there
exists an isomorphism

@ r: GHi (fo) >~ GHg (f1).
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Combining this theorem with Theorem 2.1, we see that the set of all generating
family homologies for a Legendrian submanifold A is invariant under Legendrian
isotopy.

3. Hutchings’ spectral sequence

We review Hutchings’ construction in [15, §6] of a spectral sequence for smooth
families of Morse functions and submanifolds in the context of generating fami-
lies. Up to some small modifications, his constructions and results apply to differ-
ence functions of generating families. We slightly extend the theory developed in
[15, §6] to include parameter spaces that have non-empty boundary.

Our first task is to set notation for the family of difference functions we plan to
analyze using Hutchings’ scheme. Fix 0 < ¢ < 1. Let B be a finite-dimensional
compact manifold, thought of as a parameter space. Unlike in [15, §6], we allow
B to have nonempty boundary. Let 7: Z — B be a fiber bundle whose fiber over
beBisZ, =M xRN xRV, Let A: Z — R be a family of smooth functions
whose restrictions & to the fiber Z;, satisfy the following properties.

e GENERICITY. In the complement of a codimension one subvariety of B, all
critical points of 6, with critical value at least € are non-degenerate.

e LINEAR-AT-INFINITY. Outside a compact setin M x R¥ x R¥, §, agrees
with a fixed nonzero linear function on R¥ x RV,

Let V be a connectionon Z — B.

To work with Morse homology in this setting, we need to introduce metrics
and gradient flows. We begin by introducing a Morse—Smale pair (K, g%) on the
base space B, requiring the additional property that all critical points of §; with
positive critical value are non-degenerate for all » € Crit(K). If 0B # 0, we
assume that the component of the negative gradient flow of K with respect to g2,
orthogonal to dB, is non-zero and points inward. Let W be the horizontal lift to
Z of this negative gradient flow lifted using V. Let gZ denote a fiberwise metric
on Z that induces a negative fiberwise gradient flow &, of 8, with respect to gZ;
let £ be the vector field over Z whose restriction to Zy, is &, . Finally, we define the
vector field

V=E+W, (3.1)

which we will use to define differentials in a spectral sequence. We label this
geometric data by the tuple

2:=(Z — B,A,K,V).
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The zeroes of V' are pairs p = (b, x), where b € B is a critical point of K and
x € Zp is a critical point of 5. We will consider two complementary gradings:
the base grading i (b; K) and the fiber grading i (x; 65). The total grading of a zero
pof Visi(p) =i(b; K)+i(x;8p).

Hutchings proves in [15, Proposition 3.4 and p. 461] that, generically, the stable
and unstable manifolds of the zeroes of I/ intersect transversally under a slightly
different set-up: his fiber Z;, is compact, his base B cannot have boundary, and
0 is not a degenerate critical value. Even so, since Hutchings’ proof works by
examining one pair of non-degenerate critical points at a time, his proof still
applies to pairs of critical points with positive critical value in our set-up, with
the linear at infinity condition taking the place of compactness. We say that Z is
admissible (over B) if the choices above are sufficiently generic so that the stable
and unstable manifolds of zeroes of V' are transverse.

To make the intersections of the stable and unstable manifolds easier to work
with, we set some additional notation. Fix zeroes p and ¢ of V. Define JT/[( P.q9)
to be the space of flowlines u € C*(R, Z) of V, i.e. smooth maps u: R — Z
that satisfy %u(l) = V(u(t)), with the property that lim;—_s u(#) = p and
lim;_, o u(t) = g. We use this set to define the moduli space of flowlines

M(p,q) = {u e M(p,q)}/ ~

where u ~ v’ if u(t) = u'(¢t + ) for some v € R.

Proposition 3.1. For a generic choice of V., M(p, q) is a pre-compact manifold
of dimension i (p) —i(q). The boundary of the compactification is given by

M(p.q) = | | M(p.r)xM(r.q)
reCrit(V)

Proof. This is a rephrasing of the standard argument in Morse homology. Note
that even though the space Z need not be compact, the linear-at-infinity condition
on A means that V satisfies the Palais—Smale condition as set down in [21, §2.4.2].

If 9B # @, we augment the standard argument as follows. Extend the family to
be over a slightly larger open base manifold B’ where the fiber Z, forb € B’\ B is
constant in the direction orthogonal to dB. Extend the function K to K’ such that
for a generic metric g which extends g?, the negative gradient flow projected
orthogonally to dB points towards 0B C B’ in any component of B’ \ B. Even
though B’ is not compact, there are no negative gradient flow lines starting at
any critical point that flow into B’ \ B; thus, the usual arguments that show that
the moduli spaces are manifolds with corners from Morse theory, applied to B,
hold. O
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Following Hutchings, the data Z yield a bigraded chain complex with coeffi-
cients in Z/2:

(Clm = Cum(@e€). d = Y du(%)). (3:2)

n>0
where the generators are the critical points (b, x) of V' with 8,(x) > €. The
generator (b, x) has bigrading (i (b; K), i (x; 8p)). The differential

dp: Cl,m — Cl—n,m+n—1
counts modulo 2 the number of flow lines of V. Specifically, we define

dn((b, X)) := Do HEM(B,x), (e, p)(e, ). (3.3)

€. )EC1—n . m+n—1

That the map d is a genuine differential follows from Proposition 3.1. We filter the
complex C, := ;,,=, C1.m by the first grading, F;C, := P, o; Cy -y, and
let E5 . = E; .(Z,¢€) be its associated spectral sequence.

The proof of Theorem 2.4 applies to the current situation, and implies that the
fiberwise generating family homologies GH.( fp) can be assembled into a local
coeflicient system, which we denote by F,.(2).

Theorem 3.2. Consider the admissible family of generating families
Z=(Z — B,A,K,V).
(1) E? TERM. The E? term of the spectral sequence is

E},, = HI(Fn(2)).

(2) HomoToPY INVARIANCE. If Z is admissible over B x [0, 1] with the
restrictions Zo 1= Zl|ioyxp and 21 = Z|gyxp also admissible, then there
is an isomorphism of spectral sequences

E;«(Zo) = E; 4 (Z1).
On the E? term, this is the isomorphism
H (3 (Z0)) = H(F(Z1))
induced by the isomorphism of local coefficient systems
Fj(Zo) = Fj(Z1)

defined by ® in Theorem 2.4.
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(3) Naturavrity. If ¢: (B',0B’) — (B, dB) is sufficiently generic so that ¢p*Z
is admissible, then the pushforward in homology

¢x: Hi(B'; Fo(9p*2)) —> Hi(B:Tx(2))
extends to a morphism of spectral sequences

EL(972) = EL(2).

(4) TriviaviTy. If (8p,&p) is Morse—Smale for all b € B, then the spectral
sequence collapses at the E? page.

Proof. When 0B = @, the properties stated in the theorem follow with little or no
modifications from Hutchings’ arguments. In outline, Hutchings first establishes
the theorem for spectral sequences defined using singular chains in the base
(for any base); see Propositions 4.1, 4.3, 4.6 and Remark 1.5 in [15]. Hutchings
then extends the isomorphism from singular homology to Morse homology in [15,
Section 2.3] to an isomorphism of singular spectral sequences and Morse spectral
sequences over closed manifold base spaces in [15, Proposition 6.1].

When 0B # @, we need to supplement the arguments connecting singular and
Morse homology. The key idea in the argument is that the descending manifold
of a critical point is a manifold with corners [15, equations (2.6) and (2.7)]. That
these equations extend to the case of a base manifold with boundary comes from
repeating the argument given in the proof of Proposition 3.1. O

Remark 3.3. There are several other properties of Hutchings’ spectral sequence
that we have not included in the theorem above. The most interesting is a Poincaré
duality statement, which holds in our set-up for some cases. In particular, compare
[20, Lemma 7.1] with [15, Proposition 7.1]. A more general duality principle for
generating family (co)homology is, however, unclear.

4. Algebra of homotopies

In this section, we use the ideas of Section 3 to investigate the homotopy groups
of the space of Legendrian submanifolds. In Section 4.1, we discuss how to in-
terpret a family of n-dimensional Legendrians parameterized by the m-manifold
B as a single (m + n)-dimensional Legendrian. We also discuss relationships
to the generating family homology. In Section 4.2, where B = S™ is a (based)
m-sphere, we interpret Theorem 3.2 as a morphism from the based homotopy
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groups of the space of Legendrian embeddings to the space of endomorphisms
of generating family homology. In Section 4.3, we study this morphism further
to find examples of loops of Legendrian embeddings which are non-contractible
as Legendrians submanifolds, but contractible as smooth submanifolds. In Sec-
tion 4.4, we construct a more general morphism from the free homotopy classes
of L.

4.1. Tracing families of Legendrian submanifolds. We begin by rephrasing
the main concept of Section 3 in the language of Legendrian submanifolds and
generating family homology.

Let {A, C J'M:b € B} be a smooth family of n-dimensional Legendrian
submanifolds parameterized by a compact manifold B, possibly with boundary.
Assume there is a family F: B x M x R¥ — R of generating families. Define

A:BxM xRN xRY — R

by
Ab,m,n,7) = F(b,m,n) — F(b,m, 7). 4.1)

Here and later in the article, we denote by f;, and p the restrictions of F and A
to the fiber over b € B. Let A C J'(B x M) be the (n + dim(B))-dimensional
Legendrian trace; that is, the front of A over the point b is the front of Ap. As in
Section 3, let K: B — R be a generic function on the base, let V' be the vector
field from equation (3.1), andlet Z = (Z = B x M x RN xRN A, K, V).

Lemma 4.1. The function F is a generating family for A. If K is a sufficiently
C?2-small Morse function and 2, is admissible, then

GH.(F)= P E3Q).

i+j=k+N+1

Proof. This result is straightforward after making two observations. First, in
local coordinates, the differential of the fiber derivative of F at (b, m, ) contains
the differential of the derivative of f; as a full-rank submatrix. Thus, F also
satisfies the transversality condition for generating families. Second, the quasi-
isomorphism type (which determines its homology) of CM.((A+ K)?®, (A+ K)¢)
is independent of the choice of generic K, assuming K is C2-small, and hence
perturbing by K does not change the topology of the level € sublevel set. |

We next consider two examples. The first will be used in Sections 4.2 and 4.3,
while the second appears in Section 4.4.
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Example 4.2 (based m-sphere). Let A C J! M be an n-dimensional Legendrian
submanifold with generating family f. Let p be a smooth S™-family of Legen-
drian submanifolds with the properties that [p] € 7,,,(L; A, f) and that for a small
contractible neighborhood U of b € S™, we have p(U) = A. Construct a Morse
function K:S™ — R that has two critical points, a maximum at ¢ € U and a
minimum at . Assume that ||K||c2 < € as in Lemma 4.1. Let A” be the trace of
this m-isotopy and define a generating family F and difference function A for A”
as in equation (4.1). Perturb V if necessary so that

Z= (Z—>Sm’A’K7V)
is an admissible family.

Example 4.3 (based homotopy). Let A C J'(M) be an n-dimensional Legen-
drian submanifold with generating family f. Let p:[0,1]"” — £ be a smooth
[0, 1]™-family of Legendrian submanifolds such that p(0, ..., 0) = A. Extend p to
p: 1™ :=[—1,1]" — £ by smoothing the function

p(b1. ... bm) = p(max(by,0), . .., max(bm, 0)).

Assume that plyjg 1jm—1xp,, is independent of by,. Define the Morse function on
the base to be

K:I™ >R, K(br.....bp) =0y (bi + D*(bi — 1), 4.2)
i=1

where 0 < 0 <« € <« 1. Note that for any metric, the negative gradient of K
projects to the outward normal direction on d/™.

Let A be the trace of this m-isotopy and define a generating family F and its
difference function A as in equation (4.1). Perturb V' if necessary such that

Z: (Z—)Im,A,K,V)
is an admissible family.

4.2. From homotopy groups of the space of Legendrians to generating family
homology. We revisit the map p: S — £ from Example 4.2, using it to relate
the homotopy groups of £ to morphisms of generating family homology.
If f is a generating family for the basepoint A, then we will construct a
morphism
U (L: A, f) — Endp—1(GH« (/).
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Recall from Remark 2.3 that “up to equivalence” suffices to completely specify
the generating family chain complex over the basepoint A. For this reason, we
will stop making remarks about our lifts to the space of generating families being
well-defined only up to equivalence.

To define the map W, construct the generating family F as in Example 4.2.
Lemma 4.1 implies that the differential of the generating family chain complex
GC«(F) in degree / can be written as d = 5;10 di(2), as in equations (3.2)
and (3.3). For an element ¢ € Crit(K), and a generator (e, p) € GC«(F), define
((e, p),c)tobe p € GC«(fe) if e = ¢ and 0 otherwise. (Recall that f, = F|..)
Extend this pairing bilinearly.

Finally, define a map ¥,: GC«(f) = GCxim—1(f) by

(dm(a,x),b) +x, m=1,
Volx) = (4.3)
(dm(a’x), b) ) m > 1

We can now restate (and prove) Theorem 1.1 in more detail.

Proposition 4.4. The map , defined above has the following properties.

(1) The map induces a homomorphism

Wy GH(f) — GHugm1(f).

(2) If p and p' are homotopic through maps that send U C S™ to A, then
W, =V, In particular, given [p] €ty (L; A, f), we may refer to the map Wi,).

(3) The map p — Y, induces, for m > 1, a morphism from 7, (L; A, f)
to End,;,—1 (GH«(f)) or, for m = 1, from w1(L; A, f) to Aut(GH«(f)).
In particular, we have
Yillo] = Vi Wiy m =1,
Yl +io) = Vo) + Vo ifm > 1.

For the m =1 case, the equation above and the fact that V(4] is the identity
imply that W[, is invertible.

Proof. The general principle of this proof is outlined in [15]. For the convenience
of the reader, we present some of the details here when considering generating
families.
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To prove the first property, note that d?(c, x) =0 if and only if (d?(c, x),e) =0
for all e € Crit(K). Since the base function K has critical points of index 0 and
m only, we see that dy = 0 unless k = 0, m. In particular, for all x € Crit(§,),
we have

0 = (d*(a,x),b) = ((dodm + dmdo)(a, x),b).

Thus, v, is a chain map and induces a map
Wy: GH.(fa) —> GHam—1(fp)-

Next, we take two homotopic maps p, p': S™ — £ which lift to S”-families
of generating families with admissible data Z and Z’, respectively. Combining
Examples 4.2 and 4.3 and Proposition 2.2, we construct an admissible Z[—1, 1]
over I x §™ = [—1,1] x 8™ such that Z|-1 = Z = Z|p and Z|; = Z/. We then
apply Lemma 4.1 to define d = d(Z[—1, 1]). Denote by F’ and A’ the generating
family and difference function of the trace of this homotopy. There are six critical
points of the difference function over I x S™, which we denote by (n, ¢) where
n €{—1,0,1} and c € {a, b}. Since the base indices lie in the set {0, 1, m,m + 1},
the equation d? = 0 now implies

0 = ((dodm+1 + dmt1do + drdm + dmd1)((0.a). x), (1,b)). (4.4

Since we are working with a based homotopy between p and p’, Proposition 2.2
implies the map d; corresponds to the identity map; in particular, we have

dl((cv 0),X) = ((C, 1),X) + ((C’ —1),X)

for ¢ € {a, b} and x € Crit(5{, ;) = Crit(§(, ;). Thus, equation (4.4) indicates
that the map

H:GCu(fL ) — GCayma(f§ 1)

defined by
H(x) = (dm+1((@,0).x). (b. 1)),

is a chain homotopy between ¥, and v/, .

The proof of the third statement for m > 2 essentially appears in [15, Exam-
ple 1.9], as Hutchings’ proof relies on a based homotopy similar to the one we just
explicitly constructed.

For m = 1, we are unaware how to apply Theorem 3.2 to prove that W[, =
Wi ¥[o]- Instead, this follows from the traditional “broken-curves” argument of
the well-studied continuation methods in Morse—Floer theory. O
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4.3. A constructive proof of Theorem 1.2. In this section, we prove Theo-
rem 1.2, namely that for every n > 1, there is an infinite family of Legendrian
submanifolds, A™" C R2?"*! parametrized by sufficiently large r € IN so that
w1 (L"; A™") is non-trivial. Further, the non-trivial homotopy classes we produce
in 71 (£"%; A7) are trivial in the smooth category.

We begin by constructing A™". Consider the Legendrian link in R* whose
front projection appears in Figure 1. This link, which is isotopic to the Hopf link,
has a generating family f:R x RY — R with a difference in index of r + 2
between the critical points generating the top strand of the top component and
the bottom strand of the bottom component. Spin the front about its central axis
into R"*! as in [11] to get two Legendrian spheres. Then perform a 0-surgery
along the horizontal dotted 1-disk in Figure 1 to get a connected Legendrian sphere
A" That the spinning and surgery constructions yield Legendrian surfaces with
generating families is a simple generalization of facts proven in [2].

Figure 1. By spinning this front around the central z axis and then performing a 0-surgery
along the dotted horizontal disk, we obtain the Legendrian surface A%,

To construct A™" itself, we take two copies of A™", positioned sufficiently far
apart along the x; axis so that the pair can be generated by a single generating
family that is equal to a linear function in 7 in a neighborhood of the hyperplane
x1 = 0; see [20, §3.3]. Finally, perform another O-surgery to connect the two
copies along their topmost cusps; once again, the result has a generating family
which we will call /7. It is important that the three 0-surgeries performed thus
far line up as in Figure 2.
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To compute the generating family homology of A", we first assume that
r > n + 2. We begin by computing the generating family homology of the Hopf
link. The Hopf link has (%) = 6 Reeb chords, which correspond to generators of
degrees

r, n+1—r, n, n, n+r, n+r+1.

The computation of degrees comes from the fact that the index of a critical point of
the difference function may be computed to be the sum of N, the index difference
of the generating family between the top and bottom strands, and the index of
a function that measures the distance in z heights between the top and bottom
strands; see the proof of Proposition 3.2 in [20]. The fact that r > n + 2
implies that the generators in degrees r,n + 1 — r, n, n must survive in homology.
On the other hand, the Duality Exact Sequence of [20] and the fact that we are
working over a field tells us that dim GH,,+, () = dim GH_,_; (f) = 0; a similar
argument, or a simple consequence of the definition of a chain complex, shows that
dim GH,,,4+1(f) = 0 as well. Thus, we obtain:

7Z/]2®7/2 m=n,
GH,.(f) =1{7/2 m=r,n+1-—r,

0 otherwise.

The generating family homologies for fmrand frr may then be computed
using the Cobordism Exact Sequence [20, Theorem 1.1], which states that when
there exists a generating family-compatible Lagrangian cobordism! L between
(A—, f2) and (A 4+, f+), then there exists a long exact sequence

coo—> Hpp (L, Ay) — GH(f4+) — GH(f~) —> -+ 4.5)

Since Hy1(L, A4+) is nonzero only for k + 1 = n when attaching a 1-handle,
we see that

- 72 m=n,r,n+1-r,
GH, (/™) =
0 otherwise.

Taking two copies of A" in the construction yields the direct sum of two
copies of the groups above for the generating family homology. Applying the

! A precise definition of “generating family-compatible Lagrangian cobordism” is not neces-
sary for this paper; we need only note that the surgery constructions in [2] produce such objects.
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Cobordism Exact Sequence again to the last O-surgery gives us

7]2 m=n,
GH,(f*")=13%Z/2®7/2 m=r,n+1—r,
0 otherwise.

It is easy to see from the computation that the group GH, (™) is generated by
two chains 8 and Bg, each of which is arises from a sum of critical points that
lie in exactly one of the copies of A™".

Figure 2. The three 0-surgeries in the construction of A% must line up as in the figure.

With the Legendrian spheres A™” in hand, we proceed to construct a non-
contractible loop in £ based at A™". The idea is to effect a rotation by = in the
first two coordinates of the base manifold R”, which yields a loop in £ because of
the symmetry of A™>". To be more precise, fix 7 < 1 and choose a smooth function
0:[0,27] — [0, 7] with the properties that o is non-decreasing, o ~{0} = [0, 7],
and 0~} = [ — 7, 2x]. Define a path p: [0, 2] — SO(n) of rotations of the
base R” to be the identity except for the following elements of SO(2) in the upper
left corner:

[ coso(s) sin o(s)]

—sino(s) cosa(s)

Finally, let fy = f™" o p~!(s), where we have implicitly extended p to be the
identity on the fiber component. The symmetry of the function f”" implies that
this is actually a smooth family of generating families over the base S! even though
p does not descend to a smooth function on S!. In particular, we obtain a smooth
loop p of Legendrian spheres with a loop of generating families, i.e., an element
in 7y (L; A™T, f77).

To place the construction above in the families context, consider the following
geometric data 2: Z = S! x R"*2¥ is the trivial bundle over S'; §; is the fiber-
wise difference function; K is the base function as constructed in Example 4.2
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with maximum at 0 and minimum at 7z; W is the lift of —V K to Z via the trivial
connection; & is the negative fiber-wise gradient flow of §s; & is the vector field
whose restriction to Zg is &; and V = W + £.

Proposition 4.5. The loop p based at A™" is not contractible in L™,

Proof. It suffices to show that W is not the identity.

Let & be the fiber-wise gradient of &y. In equation (4.6) below, a - b denotes
matrix multiplication of @ and b, ab denotes scalar multiplication where a is a
scalar, and a” denotes the transpose of a. We abuse notation in the equation,
treating W (s) first as a vector field in 7(S' x R”*2") and then as a scalar. Define

V(s x,n,7) = W(s) + W(s)p'(s) - (0~ () - (x, . )T) 6)
+ () - Eo(p™" () - (x, 1. D)T). '
The definition of ¢ in the construction of p, above, implies that V and V agree
in an open neighborhood of their (identical) sets of critical points. Note that if
we replace V with_I7 in the computation of the differential, we still get a bigraded
complex (Cy,,d"") where the C;,, is same one as yielded by the data Z above.
(Review equation (3.2) and its accompanying discussion for a description of the
bigrading.) In particular, we can define a d}”-map as introduced in equation (3.3).
We now construct a filtered chain homotopy equivalence between the two
bigraded complexes using standard continuation methods, following the outline
in [15, §6]. Let B:[0, 1] — R be a smooth function such that 8(¢) > 0, 71(0) =
{0,1}, 8(0) > 0 and B'(1) < 0. Let V; be a smooth (in ¢) family of vector fields
on S' x R"*2N such that Vo = V, V; = V, and V; is independent of ¢ in a
neighborhood of {0, 7} x R**2¥  Define a vector field Von S x [0, 1], x R*+2¥
by V = —fB(¢)d; + V;. Itis not hard to see that V then determines the desired chain
map; the chain map is filtered since its projection to the base S! is parallel to
—VK.
The existence of V implies that 011I7 = d; where d; is determined by V and
determines W;. The vector field V constructed in equation (4.6) is designed so
that a flow line y () = (ys(t), yr(t)) € S' x R"+2V has the following properties:

(1) the component ygs(¢) satisfies the decoupled one-dimensional equation
ys(t) = W(ys(1));

(2) the component yr(¢) is of the form yr(¢) = p(ys(¢)){(¢) for some flow line
£ (¢) of the vector field &.
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To see this how this second statement follows from equation (4.6), note that

Yr() = ys()p (ys(0)) - £(1) + p(ys () - (1)
= ysOp (rs(®) - (0~ (ys(®)) - yr(1))
+p(rs(®) - o (07" (rs(®)) - yr(1)) -

So we see that (y5(1), y(1)) = V(ys (1), yr(0)).

Condition (1) and the gradings of the generators on GH, ( f™") imply that the
rigid flow lines that compute the map W; on GH. (/™) send a class of GH. (/™)
represented by critical points with x; < 0 to the symmetric class represented
by critical points with x; > 0. Condition (2) implies that the component yR(¢)
is constant, hence there is a unique flow between this class at x; < 0 and its
symmetric one at x; > 0. By construction, this map is not the identity in degree r,
and hence the loop p is not contractible. |

While the loop p is non-trivial in 71 (£; A™"), it is smoothly trivial. More
precisely, we have the following

Proposition 4.6. The loop p is null-homotopic in the space of smooth embedded
n-spheres in R*" 1,

Proof. The null-homotopy is constructed in two stages. First, note that the space
of long n-knots in R?"*! is connected for n > 1 [3]. Further, as noted in [3,
Definition 1], the space of long n-knots in R?"*! is homotopy equivalent to the
space of embeddings of D" into D?"*! that agree with a fixed linear function on
the boundary. Thus, there is a smooth isotopy of the left lobe of A" that satisfies
the following:

(1) it fixes the attaching region of the 0-surgery joining the left to the right lobes;
(2) it is supported in the left half-space of R?"*!; and
(3) it takes the left lobe to a flying saucer.

Performing this isotopy on the left lobe and its rotation on the right, we obtain a
smooth isotopy H that takes A”" down to a flying saucer; note that this isotopy
is symmetric about the z axis.

We are now ready for the first stage of the homotopy ®:[0,2] — £? that
connects p to the identity. We work entirely with the front diagram. At time
t = 0, we simply take ® to be p. As ¢ increases to 1, for each fixed ¢, we perform
H(x,3s) to gradually transform A into the flying saucer over s € [0, £], then
rotate the result by , and then perform the reverse homotopy H (x, 3(1 — s)) for
s € [1 —£,1]. See Figure 3 for a schematic picture of this construction. Ats = 1,
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the loop p has been transformed into a loop that starts by doing H over [0, %],
then fixes the flying saucer over [1, Z], and then undoes H over [2, 1]. This loop
is clearly null-homotopic, and we append this null homotopy to the homotopy
constructed above. |

H

Figure 3. A schematic picture of the first part of the homotopy between p and the constant
loop in L.

Propositions 4.5 and 4.6 together imply Theorem 1.2.

The proof above shows that the element [p] € m1(£; A™") has order at least
two. We can modify the construction to produce elements g, € 71(£; A™") that
have order at least m for any m > 1. Instead of connecting two copies of A2 with
a 0-surgery, we begin with a central flying saucer centered on the z axis. We then
take m copies of A", arrayed as in Figure 4, and let ™" be a rotation about the
z axis by 2Z.

Figure 4. The fundamental group of £2 based at this surface has an element of order at
least 6.
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The computations of the generating family homology have the same form as
those for A™", and a slight generalization of the proof of Proposition 4.5 shows
that all powers p™", (p"™")2,...,(p™")™~! are nontrivial maps. In fact, this
argument proves the following

Proposition 4.7. For any subgroup G < SO(n) that acts transitively and without
fixed points on a finite set S C S""!, there exists an n-dimensional Legendrian
submanifold Ag C R*"*! such that there is an injection G — m1(L; Ag).

4.4. Free homotopies. One can also consider relative versions of the map W¥:
instead of m-spheres of Legendrians up to basepoint-preserving homotopy, con-
sider m-cubes of Legendrians up to homotopy relative to their boundary.
One way to algebraically package this, before passing to homology, is as a fun-
damental oo-groupoid, which we sketch below. This groupoid is an example of
a so-called (o0, 0)-category. Essentially, an (oo, 0)-category is a category with
objects, 1-morphisms between objects, 2-morphisms between 1-morphisms, etc.
The “(-, 0)”-label indicates that all k-morphisms for k¥ > 0 have homotopy in-
verses. The “(oo, -)’-label indicates that operations and relations, such as the com-
position of two composable 1-morphisms and associativity of composition, only
hold up to “homotopy.” For a rigorous definition of an (oo, 0)-category in terms
of Kan complexes and simplicial sets, see [19, Remark 1.1.2.3 and Example 1.1.2.5]

Example 4.8. As mentioned, an example of an (oo, 0)-category is m<eo(X),
the fundamental co-groupoid of a topological space X. The objects of 7w« (X)
are the points in X. The 1-morphisms Mor; (x, y) are the (possibly empty set of)
paths from x to y. Composition of composable 1-morphisms is concatenation of
paths. Note that we are unconcerned with how to parameterize the composite
path since all choices are homotopic. This leads to the 2-morphisms Mor;(«, )
between paths «, § which startandend at x, y € X : they are the based homotopies
connecting «, 8. Note that all (> 1)-morphisms have homotopy inverses.

Example 4.9. We define another (oo, 0)-category, $H (L), based on the generat-
ing family chain complexes of points in £. The objects are GC«(2) := GC«(f)
with differentials d = d(Z). Note if GC«(Z) = GC«(Z’), but the Legendrians that
f and f’ generate are not the same, the chain complexes are considered the same
object in this category. Given a Legendrian isotopy Ap, —1 < b < 1 which is
constant for —1 < b < 0, let Z be the admissible family associated to the trace A.
(See Section 4.2.) Define a 1-morphisms

a = a(Z) € Mori (GCx(f-1). GCx(f1)).  a(x) := (d1(0,x).1).
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(using the notation of the proof of Proposition 4.4). Note that when defining
Mor; (GC«(Z), GC«(Z')), we are considering all families Z[—1, 1] between all
pairs Z and Z' (as in the proof of Proposition 4.4) such that GC«(Z) = GC,
and GC«(Z') = GC,. We continue in this manner, defining the 2-morphisms
with the d,-map, et cetera.

Proposition 4.10. There is a functor from m<oo(Ln(J M) to GH(L,(J 1 M)).

Proof. The proposition follows from almost identical arguments to the proof of
Proposition 4.4. O

5. Further applications

In this section, we examine several explicit constructions of families of Legendrian
submanifolds with generating families, teasing out the implications of the families
machinery of Section 3 for each construction.

5.1. Product families. Suppose that A C J'M is a Legendrian submanifold
with generating family f. Given a closed manifold B, we form the product family
A x B C JY(M x B) simply by taking the generating family F with fiber f, = f.
This construction, together with a choice of a C2-small Morse function K on B
and a metric g on M x R¥, induces a family (Z — B, A, K, V). We then use
Theorem 3.2 to compute the generating family homology of the constant family F
on the total space A x B using a Kiinneth-type formula. Note that our techniques
are not necessary to make this computation, as one can apply the (topological)
Kiinneth theorem directly to the sublevel sets of the difference function, but the
following proposition is a good first application of Theorem 3.2.

Proposition 5.1. The generating family homology of the total space of a product
Sfamily is computed by

dim B

GH,(F) = €D GH(f) ® Hi—1(B).

1=0

Proof. The E? property of Theorem 3.2 implies that
E?; = Hi(B;GH;(/)).

The triviality property of Theorem 3.2 implies that the spectral sequence E} ,

collapses at the E? page, and we recover the generating family homology of the
family F as in the statement of the theorem. O
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Corollary 5.2. Suppose that the Legendrian submanifolds A1, A, C J'M have
different sets of generating family homologies. If B is any closed manifold, then
A1 x B and Ay x B are not Legendrian isotopic in J'(M x B).

While the result of this corollary has been obtained when M = R” and B is
the k-torus [5], this is a new result for all other cases.

To see an application of the corollary, one may take any pair of twist knots
in J!R that Chekanov distinguished using linearized Legendrian contact homol-
ogy [4]. In this case, since the twist knots have only one possible linearized contact
homology group, it is easy to use Fuchs and Rutherford’s results in [9] to show
that Chekanov’s twist knots have different generating family homology.

Remark 5.3. The product families construction is a special case of Lambert-
Cole’s Legendrian product construction [18]. The 1-jet of F in J!B is a Leg-
endrian A p isotopic to the zero section, and the product above is then Lambert-
Cole’s Legendrian product A x Ap.

5.2. Front spinning. In the next few subsections, we bring the front spinning
constructions of [6, 11], their adaptation to generating families [2], and their
generalization to twist spinning [2] into the families context.

For the simplest version of this construction, suppose that a Legendrian sub-
manifold A C R?"*! is contained in the half-space H defined by x, > 1. This
can always be achieved via a translation in the x, direction, which is a Legendrian
isotopy. Suppose further that A has a linear-at-infinity generating family f whose
support (Section 2.3) also lies in the half-space H. As alluded to in Section 2.3,
we may also assume that § is linear-at-infinity, i.e. that § = 8o + A where A is
linear and 8y has compact support in the half-space H. Moreover, we can assume
that the support lies in the set defined by x, > 1; see [20].

We define a new generating family for an (n + m)-dimensional Legendrian
in R2(*+m+1 a5 follows: let (p,#) denote generalized spherical coordinates
on R™*1; hence, we may represent a point in R"*” = R""! x R™*! by
(x1,...,Xxn, p, ). Define the generating family for the spun Legendrian by

FEM™(x1, .. Xne1,0,0.0) = f(X1,..., Xn—1,p. 7). (5.1)

It is straightforward to check, as noted in [2], that F =™ is still a generating
family. We call the new Legendrian the m-spinning of A and denote it by X" A;
it clearly has the diffeomorphism type of A x S™.
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A small generalization of the proof of Proposition 5.1 yields:

Proposition 5.4. The generating family homology of the m-spun generating family
FZ™ may be computed as

GHg (F*™) = GHy (f) ® GHg—m(f).

Proof. The proof is structured around a relative Mayer—Vietoris argument in the
domain of A, where we take the set A” to consist of points (x,p,0,7) €
R x R?N with p < 1 and A*™ < h and the set B" to consist of points with
p > 1 and A¥™ < h. Since A¥™ is a linear function for p < 1, we see that the
pairs (A, A€) and (A® N B®, A€ N B€) are both acyclic. Thus, a Mayer—Vietoris
argument shows that GH..(F E””) is isomorphic to Hy«4+n+1(B®, B€), which, by
examination of equation 5.1, is precisely the generating family homology of the
product family A x S constructed in the previous section. O

We conclude, as in the previous section, that if two Legendrians may be dis-
tinguished by their generating family homology, then their m-spins are so distin-
guished as well; see [5, Section 5] for a comparable computation for Legendrian
Contact Homology when m = 1.

5.3. Twist spinning. To generalize the spinning construction of Section 5.2,
consider a representative « of an element in m,,(L; A). Suppose that A has a
generating family f, and let fp denote the lift of o to the set of generating
families for Ay starting at f. As before, we explicitly assume that the lifting
procedure yields an m-sphere of generating families, that is, « € 7, (L; A, f).
As a common generalization of [2] and [11], and in parallel to [7] for m = 1, we
define a generating family for the twist-spun Legendrian (n 4 m)-submanifold A,
by

FO(x1, .. Xn-1,p.0.1m) = fo(x1,.... xXn—1.p,). (5.2)

Front spinning is obviously a special case of twist spinning: simply twist-spin the
constant isotopy.

To compute GH..(F%), we return to the setup in Example 4.2, where the base
function K: S™ — R has a maximum at ¢ € S, a minimum at b € $™, and no
other critical points. Theorem 3.2 implies that the E£2 term of the families spectral
sequence for the family fp is GH.(f) & GH«(f)[m — 1] with the differential
defined as follows. If x is a generator of GH.( /), then in the notation of Sections 3
and 4, the generators of the E? term are of the form (a, x) and (b, x). The definition
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of the map W then implies that the differential is

(b, Vg (x) +x) m=1,

d(a,x) = {
(b, Yig(x)) m> 1,

d(b,x) = 0.

Proposition 5.5. The generating family homology GH«(F%) is independent of
the choice of representative of a and may be computed from the chain complex
(GH«(f) & GH«(f)[1 —m], d) described above.

Proof. The proofis parallel to that of Proposition 5.4, above, with the construction
of W in equation (4.3) and Proposition 4.4 taking the place of Proposition 5.1. O

The theorem above can give us information in two ways: first, it allows us to use
distinct elements of 7, (£; Ao, f) to produce pairs of distinct (n+m)-dimensional
Legendrian submanifolds. For example, twist-spinning the Legendrian A con-
structed in Section 4.3 by the non-trivial element in 771 (£; Ao, f) yields a Legen-
drian (n + 1)-submanifold distinct from the ordinary spin of A.

The theorem above also provides a potential mechanism to distinguish ele-
ments of 7, (£; A, f): if the twist-spins of two loops of Legendrian with a com-
mon base point have different generating family homology, then the difference
must have arisen from the W maps. Thus, if one can compute the generating fam-
ily homology by some other means — surgery [20] or a generating family version
of the Mayer—Vietoris sequence of [13], for example — then one has a chance
of finding new examples of non-trivial elements of r,,(£; A, f) without directly
computing the ¥ maps directly. Unfortunately, as of this writing, we know of no
implementations of this technique.

5.4. Factoring ¥ through spinning. In this section, we study the relationship
between the morphism W and the 1-spinning construction. Unlike in Section 5.2,
we need the analyze the chain complex more closely, but along the way, we reprove
Proposition 5.4 in the 1-spun case.

First, we adapt a technique useful for gradient flow trees and holomorphic
disks in Legendrian Contact Homology [6, 13] to generating family homology. We
state the lemma more generally than is needed in this article for possible future
applications. Let g be a metric on M x RY x RV, § ¢ M be a submanifold,
and N¢(S) C M be the e-neighborhood of S. Let § be the difference function of a
generating family f: M xRY — R.Let V be a (negative) gradient-like vector field
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for § used to define the differential in GC(f). Assume the support of V' agrees
with the support of §.

Lemma 5.6. For all sufficiently small ¢ > 0, and for all (x,n, 1) such that
X € ON(S) and §(x,n,1) > 0, assume one of the following holds: either
the component of V normal to ON(S) is non-vanishing and points inwards;
or, (x,n,7) is not in the support of 8. Fix points p,q € M x RY x RN with
8(p) > 8(q) > 0 and negative gradient-like flow line y of § connecting them.

(1) When S is a hypersurface, y does not cross S x RN x RV
(2) Ifboth p and q lie in S x RN x RN, then y sits entirely in S x RN x RV,
(3) If fs is the restriction of f to S xRN, then GC( fs) is naturally a subcomplex
of GC(f).
If we replace “inwards” with “outwards” in the first assumption, then the first and
second statements above still hold.

Proof. Note that if y exits the support of V, it then stays within a single fiber
{x} x RY x RN. Thus, for the first statement, it suffices to observe that the
hypotheses imply that V is everywhere tangent to S x RY x RV

For the second statement, since the normal component of V' always points into
T(S x RN x R¥) at p, or vanishes, even if p is a critical point of §, the flow line
cannot leave any ¢ neighborhood of S x RY x R¥. Thus, the first observation
implies that y lies entirely in S x RY x R¥. A similar proof, based at ¢, holds if
we replace the “inwards” assumption by “outwards”.

For the third statement, note that the vanishing normal component of V' along
S x RN x RY implies that there is a one-to-one correspondence between the
critical points of § and those of §5. The equality of differentials then follows from
the argument for the second statement which prevents a flow line from leaving
S xRN x RNV, O

We now study the interaction of spinning and Proposition 4.4. Fix a Legendrian
submanifold A C {p := x, > 1} C J'R" with generating family f whose
support lies in {p > 1/2} € R” x R¥. A 1-spin produces a Legendrian X'A C
JI'R"*1 with generating family F>! as in equation (5.1). Choose a smooth
monotonic function A(p) such that Afjg 1/2) = 0 and A|[1,00) = 1. Fix a small
€ > 0, and let V be the gradient vector field of the difference function with a
C?2-small perturbation:

FEYxy, ... xn.0.0.0) — FEY(x1,. ... xn, p. 0, 7) + €A(p) sin(B).
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All critical points of the gradient-like vector field V' have coordinates
p>1land 8 = —x/2 or /2, which we distinguish by labeling as ¢[—] and c[+],
respectively, where ¢ is a critical point of the difference function of f. This in-
duces a decomposition of the differential d*-! of GC(F*'!') = GC[-]® GC[+]:

451 — [d—— d—+]'
di— diy

We first prove a lemma which implies Proposition 5.4 for the 1-spin case.

Lemma 5.7. For all critical points b, ¢ of the difference function of f, we have
d_ic[-] =0,
dy—c[+] =0,
(d—c[=].b[]) = (dc.b) = (dy+c[+]. b[+]),
where d is the differential of GC(f).

Proof. By the symmetry of V' under the reflection through the x; - - - x,—; z plane,
any elements in any rigid moduli space My(c[+], b[—]) appear in pairs; thus,
dy_ =0.

Let S ¢ R™! x R? be the open hypersurface satisfying § = —m/2 and
p > 1/2. We see that the hypotheses (with “inward” specification) of Lemma 5.6
hold; therefore, the third statement of the lemma implies

d_y =0 and (d__c[-].b[-]) = (dc,b).

Finally, let S’ € R"™! x R? be the hypersurface defined by § = /2 and
p > 1/2. The identity (d+c[+],b[+]) = (dc, b) now follows from the second
statement of Lemma 5.6 (with the “outward” hypothesis). O

Proposition 5.8. Let U be the map from Proposition 4.4. Let Pry. be the projection
map defined on generators as

Pri:GH(F®') — GH(f), c[+] — ¢, ¢[F] — 0.

Define the map i: 7wy (C(J'R"); A, ) — w7 (C(JIR" 1Y) S1A, FE1) induced
by I-spinning S™ families of Legendrians. Then i is well-defined, and ¥V factors
through I-spinning, i.e. the following diagram commutes:

Tm(L(J'R?): A, ) ——2— End,_1(GH(f))

| I

T (L(J IR SIA, FE1) — 25 End,,_; (GH4(FZ1)).
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Proof. Since the 1-spin of a homotopy of two Legendrian S -families is a ho-
motopy of two 1-spun Legendrian S™-families, 1-spinning induces a morphism
Tm (L(JR"); A) — 1, (L(JR"T1); Z1A). Since equation 5.1 (for m = 1) can
be extended to S™ families (for m > 1), the above induced morphism restricts to
show that the map

it (C(TR"); A, ) — mu(L(J 'R TIA, FEL)

is well-defined.

Let d,,, be the chain map which induces the upper arrow W in the proposition,
and dmz’1 be the chain map which induces the lower W, both as in equation (4.3).
Using the notation of Lemma 5.7, it suffices to show that

(dZ1e[-).b[=]) = (dme.b) = (d2"c[+]. b[+]). (5.3)

We prove the first equality, as the second one follows from identical reasoning.
Let A(t),t € S™, represent an arbitrary element in 7,,(£"; A, f) and Z'A(z)
be its front-spun counterpart. Recall the S™-family described in Example 4.2.
For t € $™, choose (smoothly in ¢) the half-hyperplane S(¢) from the proof of
Lemma 5.7 (rotated according to t) which “cuts out” a copy of A(¢) from 1A (z).
This defines a hypersurface S in S™ x R"*1. Like in the proof of Lemma 5.7,
we see that the hypotheses of Lemma 5.6 are satisfied. Equation (5.3) follows
from the second statement of Lemma 5.6. O

References

[1] F. Bourgeois, Contact homology and homotopy groups of the space of contact struc-
tures. Math. Res. Lett. 13 (2006), no. 1, 71-85. MR 2200047 Zbl 1099.57023

[2] F. Bourgeois, J. Sabloff, and L. Traynor, Lagrangian cobordisms via generating fam-
ilies: construction and geography. Algebr. Geom. Topol. 15 (2015), no. 4, 2439-2477.
MR 3402346 Zbl 1330.57037

[3] R.Budney, A family of embedding spaces. In N.Iwase, T. Kohno, R.Levi,
D. Tamaki, and Jie Wu (eds.), Groups, homotopy and configuration spaces. Proceed-
ings of the conference in honor of the 60th birthday of F. Cohen held at the University
of Tokyo, Tokyo, July 5-11, 2005, 41-83. MR 2508201 Zbl 1158.57035

[4] Y. Chekanov, Differential algebra of Legendrian links. Invent. Math. 150 (2002),
no. 3, 441-483. MR 1946550 Zbl 1029.57011

[5] T. Ekholm, J. Etnyre, and J. Sabloff, A duality exact sequence for Legendrian contact
homology. Duke Math. J. 150 (2009), no. 1, 1-75. MR 2560107 Zbl 1193.53179


http://www.ams.org/mathscinet-getitem?mr=2200047
http://zbmath.org/?q=an:1099.57023
http://www.ams.org/mathscinet-getitem?mr=3402346
http://zbmath.org/?q=an:1330.57037
http://www.ams.org/mathscinet-getitem?mr=2508201
http://zbmath.org/?q=an:1158.57035
http://www.ams.org/mathscinet-getitem?mr=1946550
http://zbmath.org/?q=an:1029.57011
http://www.ams.org/mathscinet-getitem?mr=2560107
http://zbmath.org/?q=an:1193.53179

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]
[19]

(20]

(21]

(22]

(23]

Families of Legendrian submanifolds via generating families 667

T. Ekholm, J. Etnyre, and M. Sullivan, Non-isotopic Legendrian submanifolds in
R2"+1 J. Differential Geom. 71 (2005), no. 1, 85-128. MR 2191769 Zbl 1098.57013

T. Ekholm and T. Kdlman, Isotopies of Legendrian 1-knots and Legendrian 2-tori.
J. Symplectic Geom. 6 (2008), no. 4, 407-460. MR 2471099 Zbl 1206.57030

Y. Eliashberg, Classification of overtwisted contact structures on 3-manifolds. Invent.
Math. 98 (1989), no. 3, 623-637. MR 1022310 Zbl 0684.57012

D. Fuchs and D. Rutherford, Generating families and Legendrian contact homol-
ogy in the standard contact space. J. Topol. 4 (2011), no. 1, 190-226. MR 2783382
Zbl 1237.57026

H. Geiges and J. Gonzalo Perez, On the topology of the space of contact structures
on torus bundles. Bull. London Math. Soc. 36 (2004), no. 5, 640-646. MR 2070440
Zbl11074.53074

R. Golovko, A note on the front spinning construction. Bull. Lond. Math. Soc. 46
(2014), no. 2, 258-268. MR 3194745 Zbl 1287.53069

M. Gromov, A topological technique for the construction of solutions of differen-
tial equations and inequalities. In Actes du Congrés International des Mathémati-
ciens. Tome 2. Géométrie et topologie. Analyse. Tenu a Nice, 1-10 Septembre 1970.
Gauthier-Villars Editeur, Paris, 1971, 221-225. MR 0420697 Zbl 0237.57019

J. Harper and M. Sullivan, A bordered Legendrian contact algebra. J. Symplectic
Geom. 12 (2014), no. 2, 237-255. MR 3210577 Zbl 1306.53072

M. W. Hirsch, Differential topology. Graduate Texts in Mathematics, 33. Springer-
Verlag, Berlin etc., 1976. MR 0448362 Zbl 0356.57001

M. Hutchings, Floer homology of families. I. Algebr. Geom. Topol. 8 (2008), no. 1,
435-492. MR 2443235 Zbl 1170.57025

J. Jordan and L. Traynor, Generating family invariants for Legendrian links of un-
knots. Algebr. Geom. Topol. 6 (2006), 895-933. MR 2240920 Zbl 1130.57018

T. Kdlmén, Contact homology and one parameter families of Legendrian knots.
Geom. Topol. 9 (2005), 2013-2078. MR 2209366 Zbl 1095.53059

P. Lambert-Cole, Legendrian products. Preprint 2013. arXiv:1301.3700 [math.SG]

J. Lurie, Higher topos theory. Annals of Mathematics Studies, 170. Princeton Univer-
sity Press, Princeton, N.J., 2009. MR 2522659 Zbl 1175.18001

J. Sabloff and L. Traynor, Obstructions to Lagrangian cobordisms between Legen-
drians via generating families. Algebr. Geom. Topol. 13 (2013), no. 5, 2733-2797.
MR 3116302 Zbl 1270.53096

M. Schwarz, Morse homology. Progress in Mathematics, 111. Birkhduser Verlag,
Basel, 1993. MR 1239174 Zbl 0806.57020

E. Spanier, Algebraic topology. Corrected reprint. Springer-Verlag, Berlin etc., 1982.
MR 0666554 Zbl 0477.55001

D. Théret, A complete proof of Viterbo’s uniqueness theorem on generating func-
tions. Topology Appl. 96 (1999), no. 3, 249-266. MR 1709692 Zbl 0952.53037


http://www.ams.org/mathscinet-getitem?mr=2191769
http://zbmath.org/?q=an:1098.57013
http://www.ams.org/mathscinet-getitem?mr=2471099
http://zbmath.org/?q=an: 1206.57030
http://www.ams.org/mathscinet-getitem?mr=1022310
http://zbmath.org/?q=an:0684.57012
http://www.ams.org/mathscinet-getitem?mr=2783382
http://zbmath.org/?q=an:1237.57026
http://www.ams.org/mathscinet-getitem?mr=2070440
http://zbmath.org/?q=an:1074.53074
http://www.ams.org/mathscinet-getitem?mr=3194745
http://zbmath.org/?q=an:1287.53069
http://www.ams.org/mathscinet-getitem?mr=0420697
http://zbmath.org/?q=an:0237.57019
http://www.ams.org/mathscinet-getitem?mr=3210577
http://zbmath.org/?q=an:1306.53072
http://www.ams.org/mathscinet-getitem?mr=0448362
http://zbmath.org/?q=an:0356.57001
http://www.ams.org/mathscinet-getitem?mr=2443235
http://zbmath.org/?q=an:1170.57025
http://www.ams.org/mathscinet-getitem?mr=2240920
http://zbmath.org/?q=an:1130.57018
http://www.ams.org/mathscinet-getitem?mr=2209366
http://zbmath.org/?q=an:1095.53059
http://arxiv.org/abs/1301.3700
http://www.ams.org/mathscinet-getitem?mr=2522659
http://zbmath.org/?q=an:1175.18001
http://www.ams.org/mathscinet-getitem?mr=3116302
http://zbmath.org/?q=an:1270.53096
http://www.ams.org/mathscinet-getitem?mr=1239174
http://zbmath.org/?q=an:0806.57020
http://www.ams.org/mathscinet-getitem?mr=0666554
http://zbmath.org/?q=an:0477.55001
http://www.ams.org/mathscinet-getitem?mr=1709692
http://zbmath.org/?q=an:0952.53037

668 J. M. Sabloff and M. G. Sullivan

[24] L. Traynor, Generating function polynomials for Legendrian Links. Geom. Topol. 5
(2001), 719-760. MR 1871403 Zbl 1030.53086

Received November 26, 2013

Joshua M. Sabloff, Haverford College, Haverford, PA 19041, USA

e-mail: jsabloff @haverford.edu

Michael G. Sullivan, University of Massachusetts, Amherst, MA 01003, USA

e-mail: sullivan@math.umass.edu


http://www.ams.org/mathscinet-getitem?mr=1871403
http://zbmath.org/?q=an:1030.53086
mailto:jsabloff@haverford.edu
mailto:sullivan@math.umass.edu

	Introduction
	Background notions
	Hutchings' spectral sequence
	Algebra of homotopies
	Further applications
	References

