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Positive half of the Witt algebra acts
on triply graded link homology
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Abstract. The positive half of the Witt algebra is the Lie algebra spanned by vector fields
X+l % acting as differentiations on the polynomial algebra Q[x] upon which the Soergel
bimodule construction of triply graded link homology is based. We show that this action
of the Witt algebra can be extended to link homology.
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1. Introduction

1.1. Motivation. Stable cohomological operations on cohomology of topolog-
ical spaces exhibit the deepest structure, that of the Steenrod algebra, when the
ring of coefficients is Z/ p for a prime p, while nontrivial operations don’t even
exist when the coefficient ring is Q. The work of Lipshitz and Sarkar [14, 15],
see also Kriz, Kriz, and Po [9], shows that the Steenrod algebra acts, in the homo-
logical direction, on Khovanov s[(2) link homology with coefficients in Z/ p, and
this action is already highly nontrivial when p = 2 for the subalgebra generated
by Sq', Sq?, see [15, 20].

Gorsky [6] and Gorsky, Oblomkov, Rasmussen [7] conjectured that large
algebras related to affine Lie algebras act on s((2) homology and triply graded
homology of torus knots. In this conjecture the ground ring is Z rather than
torsion. One wonders what part of this structure will act on cohomology groups
of arbitrary links.

A variety of spectral sequences acting between various link and 3-manifold ho-
mologies, including Ozsvath-Szabo 3-manifold homology, Ozsvath—Rasmussen—
Szabo link homology and sl(k) homology indicates the existence of a rich struc-
ture of cohomological operations in these theories. Baston—Seed spectral se-
quence [2] from s[(2) homology of a link to tensor product of homology groups
of its components comes from one family of such operations.

Reduced Khovanov homology of alternating and quasi-alternating knots lies
on one diagonal in the bigrading plane; for general knots this diagonal direction is
the preferred one for the growth of homology group ranks. It would be strange
if the groups living on the same diagonal were completely unrelated, and we
conjecture the existence of cohomological operations acting along this direction.
The knot Floer homology case is similar, and such homological operations, if
found, might help to prove the Fox conjecture that coefficients of the Alexander
polynomial of an alternating knot constitute a trapezoidal sequence.

Categorifications of quantum groups at roots of unity of prime order p over a
field kk of characteristic p, investigated in [12, 5], use derivation d = x29/dx acting
first on the polynomial algebra k[x] in one variable x, then on k[xy, ..., x,], and
later on suitable endomorphism algebras of these polynomial spaces, including
the nil-Hecke algebras, KLR and Webster algebras. Characteristic p is needed
to make d nilpotent, 7 = 0, and work in the hopfological setting, that is, over
the base monoidal triangulated category of stable graded modules over the Hopf
algebra k[d]/(07). The latter category generalizes the homotopy category of
complexes.
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This fails in characteristic zero, but one can at least study the symmetries
Ly = x™*t19/0x, m > —1, acting on k[x]. Symmetries L,, span the positive
half Q0% of the Witt Lie algebra, and their action induces an action of 2+
on nil-Hecke, KLR, and other algebras categorifying quantum groups and their
representations. One might hope that the entire Webster’s categorification of
Reshetikhin—Turaev link invariants for arbitrary simple Lie algebras and their
representations [23, 24] can be done 2 -equivariantly, leading to an action of
the latter on all these link homology theories.

In finite characteristic one can expect an action of a larger algebra. Recent
papers of Beliakova, Cooper [3] and Kitchloo [13] exhibit a Steenrod algebra
action on the nil-Hecke algebra. If this action extends naturally to Webster al-
gebras, associated bimodules, and link homology in an invariant way, there will
be a Steenrod algebra action on bigraded link homology groups. Curiously, the
direction of that action (if it exists) in the bigrading plane will not match that of the
Lipshitz-Sarkar Steenrod algebra action [14, 15]. Overall, we expect the existence
of very large algebras of cohomological operations on link homology for various
homology theories and coefficient rings.

In this paper we work in the simplest instance of the categorified Schur—Weyl
dual set-up. Instead of looking at the action of 207 on rings categorifying quan-
tum groups, we consider an action of 20" on Soergel bimodules serving as build-
ing blocks for the Soergel category, which categorifies the Hecke algebra of the
symmetric group. We make this action compatible with the Rouquier braid group
action [18, 19] via complexes of Soergel bimodules and with the Hochschild ho-
mology description of triply-graded categorification of the HOMFLYPT polyno-
mial, resulting in an action of 207 (and its universal enveloping algebra) on the
triply-graded link homology of [11, 10].

1.2. Notations and definitions. Throughout the paper we use notation a =
ai,as, ... for a finite or infinite sequence of elements of a set 2 and |a| for the
length of a. We also use a shortcut a € 2 for a; € A, i > 1. In particular,
X = Xy, ..., X, iS a sequence of variables with |x| = n.
We often use a special sequence of two-variable polynomials x (x, y) defined
as divided differences
ymtl _m+1

JTm(X,J’)=yT, m > —1. (1.1)

We also use a one-variable version of these polynomials:

x(x) =n(x,x), nwu(x)=m+ 1)x™. (1.2)
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In addition we define two more polynomial sequences:

7y = IO ) ), (1.3)

y—x
All modules in this paper are Z-graded; we refer to this grading as ¢-grading
and denote it deg,. The g-degree of all main variables such as X, & and 4 is 2.
We work over the base field Q of rational numbers. The positive half 207
of the Witt algebra is a g-graded Lie algebra with generators L,,, m > —1,

dequm = 2m, and relations
[Lm.Ln]l = (n—m)Lmin. (1.4)
This algebra acts by differentiations on the polynomial algebra Q[x]:
Ly = x™19,..

More generally, it acts on the algebra Q[x], |x| = &, as
k
Lm == ZX?1+18xl.
i=1

We refer to this action as the standard action.

Let WT denote the universal enveloping algebra of 25 . The standard action
of Wt on Q[x] allows us to define a semi-direct product Wi = Q[x] x W+ with
the multiplication

(P®Lm)(q® Ln) = pq ® LnLyn + p(Lmq) ® La, (1.5)
where p, ¢ € Q[x]. For two sequences of variables a and x we also use notation
Wi = Wi, =QIx.a] xWT,

if we want to separate o from X in order to emphasize that the variables o are
treated differently from x. Note that W+ acts on both x and .

We use a subscript X, as in My, to denote a W;{ -module. Then for another
sequence of variables y, |y| = |x|, My denotes the corresponding module over
W;r . Similarly, we use notation o My for a 4 W{-module. We denote by Qx the
algebra Q[x] considered as a Wy -module with the standard action of W+,

Define the curvature of an infinite sequence of polynomials a = ag,a;y,... €
Q[x] as a double sequence

Funlal = Zman - f,nam —(n—m) amn- (1.6)
A sequence a is called 207 -flat if its curvature is zero:
Fnnlal =0, m,n>—1. (1.7)
For example, the sequence 7 (x) defined by eq. (1.2) is obviously 20+ -flat.
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A 25 -flat sequence determines an automorphism of W :
PRLmt— pQ (L~ am). (1.8)

This automorphism, in turn, determines an invertible endo-functor (a) of the
category Wi — gm of graded left W;-modules and its derived category
D(W{ —gm): the action of W{ on a module Mx(a) is the action on My modi-
fied by the automorphism (1.8).

1.3. Main result. Let L be an oriented framed link with m ordered components.
We associate to it an object 3 [L] of the bounded derived category of bigraded
Wi’ -modules D(Wi’—ng), where |A| = m so that every variable A; is associated
to the corresponding component L; of L. The homology of the complex ,[L] is
isomorphic to the triply graded homology of L as a triply graded vector space.

1.4. Nested derived categories. In this paper we consider only small categories.
Let Ad be an additive category. Following the notations of Weibel’s book [25],
Ch(Ad) denotes the chain category, whose objects are complexes over Ad,
its morphisms being chain maps, while K(Ad) denotes the homotopy category,
its morphisms being chain maps modulo null-homotopies.

Since old and new constructions of triply graded link homology involve
‘nested’ homotopy and derived categories, we will use the following shortcut no-
tations for derived categories of graded modules over algebras:

Qx = D(Q[x]-gm), W{ =D(W{-gm). oW{ =D(W{-gm). (1.9

The categories (1.9) are additive, hence we may use the categories of complexes
and homotopy categories over them, such as Ch(W) and K(W}). We call these
categories ‘nested’.

In addition to outer chain and homotopy categories, we also use ‘relative’
nested derived categories D(W{) and D (, W). First, consider a general setup.
Suppose that two additive categories A and B are related by an additive “forgetful’
functor F: A — B which is extended to the chain categories: F: Ch(A) — Ch(B).

Definition 1.1. A morphism f € Homcpa)(Ae, Bs) between two complexes in
Ch(A) is called a F-isomorphism if F(f): F(As) — F(B.) is an isomorphism
in K(B).

If f,g: Ae — B, are homotopic and f is a F-isomorphism, then g is also
F-isomorphism. Hence the notion of F-isomorphism extends to the homotopy
category K(A).
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The collection of F-isomorphisms in K(A) is a saturated localizing system
compatible with triangulation. Denote by D;(A) the localization of K(A) relative
to F-isomorphisms (the index r means "relative"). It is a triangulated category
and the localization functor Q: K(A) — D;(A) is exact (see Lemma 5.3 and
Proposition 5.5 in [1, Section 13.5]). The image Q(A.) of an object A, in K(A) is
isomorphic to the zero object in D:(A) iff 0 — A, is a F-isomorphism. This is
also equivalent to the existence of a distinguished triangle

S

A, Al Ao A1)

in K(A) such that f: A, — A is a F-isomorphism ([1, Lemma 6.7]).
The chain, homotopy, and relative derived categories are related by functors:

Fo

TN

Ch(A) K(A) D:(A), (1.10)

Q

where we denote by Fo the composition of the quotient functor and the localiza-
tion functor Q.

The definition of D;(A) as the localization relative to F-isomorphisms special-
izes to the definition of the derived category in two familiar cases. The first case
is when A is the category of modules over an algebra A (over ), B is the cate-
gory of Q-vector spaces and F forgets the A-module structure. Then D (A) is the
derived category of A-modules. The second case is when A is again the category
of modules over A, B is the category of modules over its subalgebra B C A and
F:A—mod —> B —mod is the restriction functor. Then D;(A) is the relative
derived category D((A, B) —mod).

In this paper we use the ‘nested’ version of the second example. We set

A =DA-gm), B=D(B-gm)

(algebras A, B are now graded), and J is the restriction functor extended to
these derived categories. The result is the nested relative derived category
D, (D(A—gm)). Note that its objects are triply graded: the first grading comes
from A, the second is the homological grading of D and the third is the homolog-
ical grading of D.

More specifically, we take A = y W, B = Qx, and JF restricts o W{ -modules
to Q[x]-modules. Then we get the nested relative derived category Dy(o W;).
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Overall, there is a chain of functors

W —gm — W] = D(, Wy —gm)

abelian derived (1 11 )
Fo

/_\

—— Ch(uWy) — K(uWy) —— Dy(,W).

nested

The category D(W{) is a particular case of D;(, W) when the sequence « is
empty. Often we use a combined sequence of variables x,y instead of x, thus
getting the categories D;(, Wy ) and D (W{ ).

Since objects in nested categories are ‘complexes of complexes’, we have to
distinguish between homotopy equivalences in the inner and outer categories.
Hence we use notations ~ and = for homotopy equivalence and quasi-
isomorphism in the inner category, such as Ch(, W{—gm), and ~, ~ for homotopy
equivalence and F-isomorphism in the outer category, such as Ch(, W;). When
we need to distinguish between complexes in the inner and outer categories, we
use a square bracket notation

[_)Ml _>Mi+1 _)]

for a complex in the inner category and a boxed notation

‘..._>Ml~_>Mi+l_>...‘

for a complex in the outer category, with each M; itself a complex.

1.5. Derived partial tensor products. In this paper we use two versions of the
partial tensor product:

(Wiy—gm) x (W, —gm)

®y N

Wy, —gm Wy, —gm.
On the level of underlying vector spaces, both versions agree with the usual
tensor product ®qpyj. The action of the 20% generators L, is defined by the
Leibnitz rule: L,, acts on a tensor product Myy Qqpy] Ny, of Wt-modules as
L ®1+1® L,,. The difference between ®y and ®y is that the former remembers
the Q[y]-module structure, while the latter forgets it. In other words, the functor ®y
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is the composition of ®y and the functor of forgetting the Q[y]-module structure.
The following properties are shared by both products ®y and ®y, and we will
formulate them mostly for ®y.
Tensor products ®y and ®y extend in left-derived form to derived cate-
gories, e.g.
L

®
Wi x Wi, —= Wi, (1.12)
and, further, to the chain and homotopy categories built over them:

L

K(W{,) x KW{,) —~ K(W{,) . (1.13)

Theorem 2.6 says that the latter tensor product descends directly to the nested
relative derived categories such as Dr(WZ y) without the need for any additional

derivation:
L

®
D/(Wyy) x Di(Wi,) —> D(Wy,). (1.14)

When extra variables « are present, we use the ‘left’ version of the tensor
product (1.12):

L

®
+ + Py +
«Wiy x Wy, aW

Xz (1.15)
The name ‘left’ has nothing to do with derivation. It stems from the fact that the

L
product | ®y keeps the Q[a]-module structure, while forgetting the Q[8]-module
structure. This tensor product also extends to nested relative derived categories

L

®
D:(«Wyy) X De(gWi,) ——— Di(a Wi,).

For two finite sequences of variables x, y of the same length we use notation

Y—X) =1 —X1,...,Yn — Xn)

for the ideal in Q[x,y] generated by the pairwise differences of corresponding
variables. We introduce a special ‘diagonal’ W,j', y-module

Ax;y = Qx,y/(y - X),

which has an obvious property: for any Wi -module My there is an isomorphism
My ®y Ax;y = My. This property persists at the derived level:

L
My ®y Axyy >~ My.
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1.6. Gradings. For an algebra A, let A—gm; denote the category of Z-graded
A-modules. If A is graded, then one grading matches the grading of A, while
others have external origin. Sometimes we drop i and use notation A—gm.

The triply graded link homology construction involves three gradings called
q-, a- and 7-gradings. The corresponding degrees are denoted deg,, deg, and deg;
and the degree shifting functors are denoted g, a and t (e.g. g2 is the functor that
shifts the g-degree up by two).

We have already introduced the g-degree. The algebras Q[x] and W and
their modules are ¢-graded:

deg,x = deg,a =2, deg Ly, =2m. (1.16)

Within the nested categories such as Ch(W{) and D;(W) the ¢-degree is the
‘total’ homological degree appearing in both inner and outer complexes and
determining all sign factors, while a-degree is the ‘pseudo-homological’ degree
associated with the complexes of the inner categories and having no impact on
sign factors.

In addition to shift functors t, a and q we introduce a framing shift functor

oM =atq 2 M (—z (1)), (1.17)

which combines a degree shift atq~ and a connection shift (— (1)). This functor
is related to a change of framing of a link component (see (1.31) and (5.6)).

In order to avoid overloading the formulas, we will ignore the gradings ev-
erywhere, except in the most important formulas which define our construction:
the categorification of elementary braids (3.15) and the application of Hochschild
homology (1.23) and (1.28). We also keep all degree shift functors in Section 6
where we compute homology of two-strand torus knots and links.

1.7. Outline of the homology construction. For a set 2l and a small category
C notation f:2A — C means a map from the set 2 to the set of isomorphism
classes of objects of C. If 2 is a semi-group and C has a monoidal structure, then
we assume that f is a homomorphism: it intertwines the product in 2 with the
product on the set of isomorphism classes induced by the monoidal structure.
For a topological object (a braid word, a braid or a link) T we use notation
[z] for the associated object or complex constructed though categorification of an
algebraic invariant such as the HOMFLY-PT polynomial [8, 16]. The upper-left
‘check’ decoration “[7] indicates that this is the original categorification of [10].
The upper-right dot [¢] indicates that a map [—] : ¥ — C from a set of topological
objects T to the (isomorphism classes of) objects of a category C has a built-in
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invariance: there is an equivalence relation within ¥ and an equivalence relation
between the objects of C, so that if 7y ~ 1o, then [t;]" ~ [r2]’, and as a result
there is an unmarked bracket map [—] between the two quotient sets ¥/ ~ and
C/ ~ (see two vertical arrows in the diagram(1.18) which map braid words into
chain complexes and braids into chain complexes up to homotopy equivalence).

1.7.1. Original construction. The following commutative diagram summarizes
the Soergel bimodule [21, 22] construction of the triply graded homology in [10]:

= br cl

B, B, %
|
T-Txy Tl | §
|
n Y
Ch(Qxy) K(Qyy) — ™ - K(Q-gm,) — 21— Q—gm,

(1.18)
where the category Qxy = D(Q[x, y]—gm), see also formula (1.9).

The top row of the diagram is purely topological. B, is the semigroup of
n-strand braid words, that is, a semigroup freely generated by the elements o; and
al.(_l), 1 <i <n—1. %, is the braid group and the map br turns o; and al.(_l)
into a braid group generator o; and its inverse o, . £ is the set of framed oriented
links and the map cl performs the circular closure of a braid.

Sequences x and y appearing in Qx,y contain n variables each, one per braid
strand position: |x| = |y| = n. The bracket [-]y, maps braid words into
Rouquier complexes [18] of Soergel bimodules. The category Qx,y has a monoidal
structure coming from the derived tensor product over intermediate variables:

L

®Qly]
Qxy % Qyz —— Qx.z. (1.19)

and this structure extends to the chain category Ch(Qy,y). The bracket V[[—]];(’y

turns the product in %n into the tensor product (1.19), hence it is determined by
its value on generators o; and ol.(_l).

In order to prove the existence of the map “[—]x,y taking braids to isomorphism
classes of objects in K(Qx,y) one has to verify that if two braid words to; and v,
represent the same braid, br(tv;) = br(iv,), then their complexes are homotopy
equivalent: o] ~ "[ws]".

The bracket “[—]x,y has a ‘variable sliding’ property. Let b € S, be the
symmetric group element corresponding to a braid b, so that x; and y; ) are
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variables at opposite ends of the same braid strand. Then endomorphisms
Xi. Dy € EndenQyy) ("[blx,y) of multiplication by x; and Vi) are homotopic
to each other:

L ~ Vi) (1.20)

Hochschild homology is a functor HH: Qxy — Q—gm,, and the functor HH
in the diagram is its extension to the homotopy categories over Qx,y and Q—gm,.
Finally, homology functor H(—) establishes an equivalence between categories
K(Q—gm,) and Q—gms, so there is no additional benefit in introducing a dashed
arrow mapping links into complexes of Q-vector spaces. In order to prove the
existence of the homology map “H(—), one has to verify that if the closures of two
braids B; and §, represent isotopic framed oriented links, then their homologies
are isomorphic: HHH([B1]xy)) = HHH([B2]xy))-

Property (1.20) allows one to endow the link homology “H(L) of a
m-component link with the structure of a Q[A]-module, where the variables A,
|A| = m are assigned bijectively to link components. Since HH(—) and H(—) are
functors, there is a map

Endk(Qy.,) ([blx.y) — Endg-gm("H(L)),

where L = cl(b). This map turns X; and y; into linear operators acting on "H(L).
For each link component L, 1 < k < m we choose a strand in the braid b
which is a part of this component and define the action of A; either as X; or as
J?B(i)’ the variables x; and y; ;) corresponding to the endpoints of that strand.
Equation (1.20) guarantees that the action of A does not depend on the choice
of strands which represent link components.

1.7.2. New construction. The following commutative diagram outlines our
modification of the previous triply graded homology construction:

B, br B, 3%55) cl e,
5
Al-1
al-Tey [-Txy [-Tx.y el-Txy L

% N L TR S AR,
Ch(Wey) D:(Wyy) = Wy w3 Wi —gmy

Sec=x Sa=x Fx—a A

F " HHy,

Ch("‘w:—,y) ° Dr(aW;{"’y) Y Wi

(1.21)
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The relative complexity of this diagram is due to the appearance of extra variables
«, |¢| = n, associated with braid strands and variables A, |A| = m, associated
with link components.

All categories in the diagram (1.21) have ¢-, a- and ¢-gradings. The grading of
nested categories is described in subsection 1.6. ¢-grading is also the homological
grading of derived categories and W, WI and W, while their modules have
q-grading coming from (1.16) as well as a-grading.

The top line in the diagram (1.21) is almost the same as in the diagram (1.18),
except that in the middle we had to restrict the braid group 28, to the subset of
braids %,(f) C ‘B, which correspond to a permutation s € S,. This restriction
is convenient, because the permutation s determines the replacement of variables
x and braid strand variables o by link component variables A performed by the
functors S"f(ki and Cﬂik)l £ is the set of m-component framed oriented links.

The bracket [—]y is essentially the same as “[-]yy in the previous dia-
gram (1.18): it turns a braid word into a complex of Soergel bimodules (with the
differential acting in the second homological direction) representing an object of
the category Ch (W;{F y), while intertwining the products of braid words and braids
with the tensor products (1.13) and (1.14)

[rortoa]y , = [roaliy ®y [r2]y , (1.22)

(according to Remark 3.1, the ordinary tensor product in the right hand side is
F-isomorphic to the derived one with respect to W,‘f y)- However, this time Soergel
bimodules are endowed with the W,‘f y-module structure coming from the standard
action of 207 on x and y. As a result of this additional structure, the map [-1xy
preserves the braid relation only up to F-isomorphism, hence the definition of
the map [—]x,y requires taking a quotient over F-isomorphisms performed by the
functor Fo.

The functor HHg y in the diagram is a Hochschild homology, that is, HHg y is
a functor

HHg . _ ~ L
Wy —gm,, HHzy(—) =H(— ®xzy Axy), (1.23)

Wiy
where the bar over x indicates that we remember the action of the whole W,
including Q[x], on the Hochschild homology. This functor extends to the functor
from nested relative derived category to an ordinary relative derived category:

D/(Wi,) — = D((W} . Q[x])—gmy).
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The functor HHgy is the composition of the latter functor with the standard
forgetful functor from the relative to the absolute derived category:

HHg y

D:(Wgy) D((Wy . Q[x]))—gmy,) Wi (124

HHg y

Keeping the Q[x]-module structure within the Hochschild homology might
violate its trace-like property important for ensuring the invariance under the first
Markov move. However, we will show that this problem disappears for Soergel
bimodules after the application of the renaming functor 3",(3 The permutation
s € S, corresponding to a braid determines the split of initial strand positions
{1, ..., n} into cycle subsets:

m
{1,...,n} = Uc,-,
i=1

each subset corresponding to a component of the link constructed by the cyclic
closure of the braid. We choose an element k; € ¢; in each cycle subset thus
forming a sequence K, |k| = m. The functor ?;k; renames variables xi, into A;,
while forgetting the action of all other variables {x} \ {xg,,...,xk,}. We will
show that the application of this functor to the Hochschild homology (1.24) of the
bracket of a braid

T (HHz y ([-Txy) (1.25)

does not depend on the choice of the representatives k; within each cycle.

1.7.3. Braid strand variables. We introduce auxiliary variables o, |&| = n,
into the categorification construction. They help to prove that the composition of
maps (1.25) does not depend on the choice of cycle representatives in the definition
of 3",(3 In addition, we will use them to capitalize on the property (1.20) of the
original categorification complex “[b]x.y.

The braid strand variables « are introduced through the functors

90(=X

Wiy—gm aW;{y—gm, (1.26)
which turn a W -module My y into a o W{ -module o Mxy = Myy by making
generators « act as X. This functor Go=x(—) = — ®x Aq:x essentially doubles
variables x to variables x, . We will also use a similarly defined functor Gg—y
which doubles variables y. Functors G, =x appearing in the diagram (1.21) are the
extensions of the original functor (1.26) to the nested categories.
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The new feature of « is that these variables can ‘slide’ along braid strands.
Let b be a permutation associated with a braid b and let E(a) denote the vari-
ables & permuted by b. In subsection 5.1 we prove the stronger version of the
relation(1.20):

Theorem 1.2. The result of doubling the action of x on [blxy with a is
F-isomorphic (in the outer category Ch) to the doubling of y with b(et):

Sa=x([b]xy) = 9{,(a):y(|lb]]x,y)- (1.27)

Monoidal structure within the categories Ch(q Wy y) and Dy ( Wy ;) is defined

L
by the left tensor product | ®y of the diagram (1.15). Since this tensor product
does not impact the action of «, the doubling functor G, —x intertwines the tensor

L L
products ®y and |®y: for any two modules My y and Ny y,

L L
9a=x(Mx,y) l®y 9,B=y(Ny,z) = 9a=x(Mx,y ®y Ny,z)-

As a consequence, the composite brackets
ot|[_]];(,y = 90£=X(|[_]];(,y)1 aﬂ_]]x,y = 9a=x(|1_]]x,y)

~ L
intertwine the products within 25, and B, with |®y.

The Hochschild homology in the presence of braid strand variables is a functor
+ HHyy T 1 lg L
aWX,y —_— Wa _gm, HHX,y(_) = (at )2 H(_ ®X’y Ax,y), (1.28)
extended to derived categories:

1
L —1y"
_®x_yAx;y @) HW+

Dr(aWIy) D;(W,) = Wi, (1.29)

o

HHxy

where Hyy+ is the homology taken with respect to the differential of the inner
category W in the nested category D(W]).
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Note that the diagonal module Ay;y has no a action. The functor Fx_, 4 renames
the variables x into &, and the commutativity of the subdiagram

(k)
% F..
HHy i ]

X

Dr (W;:y)

Sa=x Tx—a

o

HHy,
D (o Wi) ————= W]

of the diagram (1.21) is obvious.
The trace-like property of this Hochschild homology:

L L
HHx,z(oz |[bl]]x,y l®y al[b2]]y,z) ad HHx,z({,l(a) |[b2]]x,y l®y al[bl]]y,z)

is established with the help of the sliding property (1.27). The sliding property
also leads to the following theorem proved in subsection 5.2:

Theorem 1.3. The action of the renaming functor 3"2‘} on the Hochschild
homology of the braid bracket does not depend on the choice of braid strands
ki representing link components: for two sequences of strands k and K’ there is a
F-isomorphism

5 (HHy y (o [blxy)) =~ T (HHxy (o [b]xy))-

Corollary 1.4. The object 3"(13 (HHx y(«[blxy)) of W is determined up to

o
isomorphism only by the braid b, so there exists a map 3 [—] which makes the
Jollowing diagram commutative:

By, ~—B
ocII_]]x.y

D, (W wi WT.
1‘(0( x,y) HHX.y o ff‘(xk)A A

Finally, we show in subsection 5.3 that the bracket j[—]  is invariant under
Markov moves up to a connection shift (z(A;)), where m(x) is defined by (1.2),
caused by the change in framing of the i-th link component, so this bracket is an
invariant of the framed link L constructed by closing the braid b.



752 M. Khovanov and L. Rozansky

1.8. Results. Our main results are Theorems 4.1 and 5.6 which state the existence
and uniqueness of the maps

o[Ix. [-1
B, = Di(eWiy) . Cn———= W]

in the diagram (1.21) after we define properly the map

~ oc[[_Il;(,y

B, —— Ch(aWIy) . (1.30)
Moreover, we show that if a framed link L’ is obtained from a link L by increasing
the framing of its i-th component by one, then
[L'] ~ fry, [L], (1.31)
where the framing shift functor fry; is defined by eq. (1.17).

2. Preliminaries

2.1. Simplifying objects in a relative derived category. Consider a general
definition of a relative derived category D;(A) described in subsection 1.4: A and
B are additive categories related by an additive functor : A — B.

Theorem 2.1. Suppose that for three complexes Ae, Be and Co of Ch(A) there
exists a sequence of chain maps

f g

Bo —— Ao —— Co
such that after the application of ¥ it splits:
F( F(Aa) F(g)

MF%

F(Bs) ® F(Co).

F(B.) F(C.)

Then
C., IifF(B.) is contractible,
e if T(B.) o
Be, if F(C.) is contractible,

where >~ denotes a F-isomorphism in Ch(A).

Proof. It F(C,) is contractible, then F( f) is a homotopy equivalence in Ch(B),
hence f is a F-isomorphism by definition.

If F(B.) is contractible, then F(g) is a homotopy equivalence in Ch(B), hence
g is a F-isomorphism by definition. O
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2.2, Derived partial tensor product

2.2.1. Equivariant resolutions. The derived partial tensor product (1.12) can
be computed with the help of a projective resolution. It is sufficient to resolve one
factor: for example,

L
Myy ®y Nyz >~ P*(Myy) Qy Ny,
the resolution complex P*®(My.y) consisting of projective W,‘Z y-modules.

Definition 2.2. Consider a semi-direct product A x Ug, where g C Der(A) is a
Lie algebra acting on an algebra A by derivations. A g-equivariant A-projective
resolution of an A x Ug-module M is a complex in Ch(A x Ug — mod) which is
a projective resolution of M in Ch(A — mod).

Theorem 2.3. If P, | (Mxy) is a W+ -equivariant Q[x, y]-projective resolution
of Mx.y, then

L
Myy ®y Ny, >~ PT,, (Mxy) ®y Ny
In other words, a W -equivariant resolution is sufficient for the computation
L
of the derived partial tensor product ®y.

Proof. If C, is the Chevalley-Eilenberg resolution of the trivial W+-module, then
the tensor product Co ® P7, | (My,y) (With W+ acting on this tensor product by
the Leibnitz rule) is a WZ y-projective resolution of My y, hence

L
MX,y ®y Ny,z ~ (Co ® T:N+ (ijy)) ®y Ny’z
=Ce® ((P:N-i- (Mx,y) ®y Ny,z)
~ Prot (Mxy) ®y Ny, O
2.2.2. Partial tensor products of semi-free modules. A Wy -module My is
called semi-free if it is free as a Q[x]-module and as a Q[y]-module. All elementary
Soergel bimodules introduced in subsection 3.1 are semi-free, and their partial

derived tensor products can be replaced by the ordinary ones in view of the
following corollary of Theorem 2.3:

Corollary 2.4. If modules My y and Nxy are semi-free then

L
Mx,y Ry Ny,z x~ Mx,y Ry Ny,z,

and this tensor product is also semi-free as a W;f’ ,-module.
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By definition, a free finitely generated ¢-graded Q[x]-module M has a presen-
tation

M = P miq QIx,
i€Z
where q is the g-degree shift functor and m; € Z are the multiplicities. We define
the g-rank of M as a Laurent polynomial

rank, M = " miq'. 2.2)
i€Z

Letranky,, My y denote the Q[x] g-rank of a semi-free module My y. The following
is obvious:

Proposition 2.5. If modules My y and Ny , are semi-free then
ranky.; (My,y ®y Ny) = (ranky,; My y)(ranky.; Ny ;).
2.2.3. Partial tensor product in nested derived categories

Theorem 2.6. There exists a unique (up to isomorphism) functor (1.14) which
makes the following diagram commutative:

L
®dy

Ch(W,) x Ch(W},) Ch(W;,)
Fo Fo
L

®
D,(Wyf,) x Di(Wy,) ——— D,(Wy,,)

This theorem is a particular case of the following lemma:

Lemma 2.7. Suppose that we have two pairs of additive categories related by
F F F
additive functors: A L B; and A, 2 B,. If for a functor A, ZA A, there

. IB . . .
exists a functor By — B, such that the following square is commutative:

A, &)Az
gll l?z (23)
B, i)]gz

(functors F5 o Fa and Fg o F are isomorphic), then the functor Fa extends to the
derived categories:

T
Ds,(A]) —2> D, (A2).
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Proof. It is sufficient to show that if there is a J;-isomorphism

PR

between the objects of Ch(A1), then its image

F
GRUBREL N
is a F»-isomorphism. Indeed, by Definition 1.1 F; ( f) is an isomorphism in K(B1),
hence Fp o F;(f) is an isomorphism in K(B,). Commutativity of the square (2.3)
means that 5, o Fa(f) = Fp o F1(f), hence F, o Fo(f) is an isomorphism in
K(B,) and by Definition 1.1 55 (/') is a Fy-isomorphism in D4, (A»). O

Proof of Theorem 2.6. The theorem follows from the previous lemma when we
observe that the original derived tensor product (1.19) plays the role of the func-
tor Fg. O

2.3. ' W{-modules and 253 -connections

2.3.1. Notations for connections If two W;-modules M and N have finite
numbers of generators as Q[x]-modules, then we describe the homomorphisms

A
between them by matrices relative to these generators: M — N, where A is a
matrix with polynomial entries

Ifa W;(F -module M has a finite number of generators v = vy,...,vx € M as
a Q[x]-module, then the action of 20" on M can be described by a sequence of
k x k matrices with polynomial entries A = Ag, A1,..., Am = ||am;i;| giving

the action of derivations V,,, representing the algebra generators L,,, on module
generators v:

k
vai = E Am;ijVj .
j=1

We refer to the sequence A as connection and use notation (M, A) for this
W -module, reserving a simple notation M for the case when all matrices A
are zero. If M has a single generator v, that is, M =~ Q[x]//, where [ is a
20 -invariant Q[x]-ideal, then the connection matrices A are reduced to numbers
a such that L,,v = a,, v, and the notation for the module becomes (M, a).
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Proposition 2.8. A Q[x]-homomorphism between two W{ -modules with single
generators

fi(M,a) 2~ (M)

is a Wi -homomorphism iff the polynomial p € Q[x] satisfies the condition

~

Lmp = (am—a,,)p mod]I’, (2.4)
where I’ C Q[X] is the ideal such that M’ = Q[x]/I’.

Proof. Tt is sufficient to verify 20" -equivariance of the action of f on the gener-
ator v of M:

Vi, fW) = f(Vmv) = (Lmp) v + paly v’ — pamv’
= (Lmp — plam — a,)v’,

where v’ is the generator of M’. O

2.3.2. Flat sequences. As we explained in the introduction, a sequence of poly-
nomials a € Q[x] is called flat if it satisfies the property (1.7). A flat sequence a
determines an automorphism (1.8) of Wy and, consequently, an endo-functor (a).
Obviously, (M, A) (a) = (M, A + al), where 1 is the k x k identity matrix.

We have two examples of flat sequences. The first one is described in the
introduction: it is #'(x) € Q[x], where n,,(x) = (m + 1)x™, and its flatness is
verified by a direct calculation.

The second example originates from a ‘gauge transformation.’

Theorem 2.9. Iffor a sequence of polynomials a € Q[x] there exists a polynomial
p € Q[x] such that

~

Lmp=amp (2.5
for all m > —1, then the sequence a is flat.

Proof. Consider the action of 20" on the field of fractions of Q[x]. Then the
modified generators L), = L,, + a,, are the result of a ‘conjugation’ of L,, by p:

—

Z;n=p_

where p denotes the operator of multiplication by p. Hence the commutation
relations between the generators L/, are the same as those between L. O
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The polynomial y — x € Q[x, y] satisfies the condition (2.5):

Ln(y = x) = m(x, ) (v — X),

where

m+1 m

y _ ym+l m. _
Tm(x,y) = = Zx’ym_’, (2.6)
y—Xx ;
=0
hence n(x, y) is a flat sequence.
Note that flat sequences for Q[x] form a Q-vector space, since a linear combi-

nation of flat sequences is flat.

2.3.3. Connections in Koszul complexes. For a sequence of polynomials
p € Q[x], |x| = n, |p| = k, consider the quotient Q[x]-module M = Q[x]/(p).
This module has a single generator v, which is represented by 1 € Q[x].

Suppose that the ideal (p) is invariant under the standard action of 20" on Q[x],
that is, there exist k x k matrices A = A_;, Ao, 41, ... with polynomial entries:
Am = |lam:ijll, am;ij € Q[x], m > 0,1 < i, j <k, which satisfy the relation

D1
Lwp=Amp, p=|: |, 7eax® 2.7)
Pk

Then (p) is invariant under the full action of W{ and M has a structure of
W;{ -module with trivial connection: V,,v = 0.

As a Q[x]-module, M = Q[x]/(p) has an associated Koszul complex P*(M) =
Q[x, 0], where 0, |#| = k, are odd variables (6,0, + 0;0; = 0, 91'2 = 0) of
homological degree —1 and the differential is

d =Y pide. 2.8)
i=1

where dg. 0; = §;;. Define an action of the generators L, on P*(M ) by the formula

k
Voo =L+ A, Am = Amsij 0]' agi. (2.9)
i,j=1

Proposition 2.10. The derivations (2.9) commute with the differential d:

[d, V] = 0.
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Proof. The proposition is proved by a direct calculation:

k
—[d. L] = [d. Am] = Y amj pje,. O

ij=1
Define the curvature of a sequence A of k x k matrices with polynomial entries
as a double sequence of matrices

Fm.n [A] = zmAn - ZnAm + [An, Am] —(n —m)Amin
(cf. eq. (1.6)).

Theorem 2.11. The Koszul complex P*(M) = Q[x, 8] with the differential (2.8)
and the action of 20" given by the derivations (2.9) is 201 -equivariant if the
matrices A satisfy the relation

FunlA] =0, m.n>—l. (2.10)

Proof. Is is easy to check that the relation (2.10) is equivalent to the condition
[Vin, Vu]l = (n — m)Vy,4,, the latter guaranteeing that derivations V,, represent
the algebra 20+, O

Remark 2.12. The condition (2.7) does not define the matrices Ay, uniquely.

Remark 2.13. Combining the structure relations (1.4) with relations (2.7) we find
that the matrices Ay, satisfy the relations

Fmn[Alp = 0. .11)

This relation is weaker than the condition (2.10) for the Koszul complex P*(M)
to be W -equivariant.

Remark 2.14. The ‘diagonal’ bimodule Ax,y which appears in eq. (1.23) defining
the Hochschild homology of bimodules in the derived category W;(F y has a 2t -
equivariant Koszul resolution

||

T.(AX;y) = ® [ a’t7'g? (QxisYi’n(xi’ yi)) o Qx; .,y ] (2.12)

i=1
Hence, in accordance with eq. (1.23), one can use the following formula for the
Hochschild homology:

x|

HHzy(—) = H(_ QRx,y ® [ a’t7'g? (QxisYi’n(xi’ yi)) 1 Qx; .,y ])
i=1

(2.13)
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3. Categorification of the braid word semi-group
by 23*-equivariant Soergel bimodules

3.1. Elementary 253%-equivariant Soergel bimodules. For a positive inte-
ger m, the elementary 20%-equivariant Soergel bimodule 8,, = Spxy is a
Wy y-module

Sm = Qxy/Is,. Is, = (e1(y) —e1(X),....em(y) — em(x)),

where |x| = |y| = m and the Q[x, y]-ideal [s,, is generated by the differences of
elementary symmetric polynomials ex(X) = > ;< <j, <m Xiy =+ Xig- Ln €i(X)
is also a symmetric polynomial, hence L, (e;(y) — e;(x)) € Is,,, and §,, has a
Wy y-module structure.

For |x| = |y| = n an extended elementary Soergel bimodule Sﬁn;x’y @+m=<
n+1)isa W,‘f’ y-module defined as the following tensor product:

Sin;x’y = Ax/’yl ® Sm;x”,y” ® Ax///,y///’ (31)

where X' = x1,...,xi-1, X" = Xi, ..., Xitm-1, X" = Xitm,...,Xn, X is the

7

combined list: x = X/, x”,x”, while y’, y”, y” and y are defined analogously.

Remark 3.1. All extended elementary Soergel bimodules are semi-free with

q-ranks
rankx:g 8;,.x y = ranky;g 8,4 v = [m]g!, (3.2)
where
q2m -1 m .
mly = " mla! = [ G-

i=1

According to Corollary 2.4, all other Soergel bimodules defined as their par-
tial tensor products, are also semi-free, their derived partial tensor products are
quasi-isomorphic to the ordinary ones and their ranks are determined by Propo-
sition 2.5

First three 20" -equivariant elementary Soergel bimodules are especially im-
portant and we denote them as

M =8, Mi=38 My=383. (3.3)

The bimodule M, = A, , = Q«,/(y — x) represents the identity endo-
functor acting on the category of Wi -modules: for any such module M, there
is a canonical isomorphism

My = My Qqx] Mixx,y-
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Now we set n = 2, thatis, X = x1,x, andy = yj, y2, and consider two
wi y-modules:

M, = Axy = Qxy/Ii, L= (y1—x1,y2 — x2), (3.4a)
M =385 = Quy/I, I« = (p, y1y2 — X1X2), (3.4b)

where p = y1+y2—x1—X2. Sometimes it is convenient to choose an ‘asymmetric’
set of generators for the ideals:

Iy = (p,y2 —x2),  Ix = (p, (y2 — x2)(y2 — x1)). (3.5)

For brevity, we use notation # = m(x1, x3), where the polynomials # =
m_1, o, T1, ... are defined in (1.1). Note the relations between various polyno-
mials  as they act on these bimodules:

T = m(xy1,x2) = w(y1,y2) mod Iy, (3.6)

= m(x1,X2) = mw(y1,y2) = m(x1,y2) mod I. (3.7

There are two important homomorphisms between the WZ y-modules M,
and My:

1 La—y1+x2—x1)
Aot My — My, oy My — (My,—m). (3.8

Sometimes it is convenient to describe the second homomorphism equivalently as
Y2—X1
X+:M|| —)(Mx,—n). (39)

Obviously y— commutes with derivations of 20%. The same is true for y.:
condition (2.4) is satisfied in view of the following chain of equalities (the first
one is modulo y):

1
5()/2 —y1 + X2 — x1) T (X1, X2)

1 1
= =2 —y1) Tm(y1.y2) + E(Xz — X1) Tm (X1, X2)

2
1
— E(ygn—l—l _ yin+1 + x;n+1 _x;n—l—l)

1
= ELm (y2—y1 +x2—x1) mod L.
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3.2. Categorification bracket. In order to define the map
II ]]xy %n — Ch(W y)

which categorifies braid words, we introduce extended versions of bimodules M,
and My as W;{y—modules with |x| = |y| = n forany n > 2.
First, we define the bimodule

n
Ml-l = Ax;y = ®Ml;xj,yj,
Jj=1

which determines the identity endo-functor in the category of 20t -equivariant
Q[x]-modules: for any module My there is a canonical isomorphism

My = My ®qx] Myi:xy- (3.10)
Second, we define the bimodule
M = Ay ® My yr @ Axr g (3.11)
(cf. the general definition (3.1)). Note that M|, has a similar presentation
M. = Ay y @ My yr @ Ay yim. (3.12)
Finally, we define the 207 -invariant homomorphisms

Yimt M — M., tim=1®y-o1", (3.13)
Yisk: My — (M. —n"), i =1 ® x4 ®1"”, (3.14)

where ©' = m(x;,xi+1), 1’ and 1" are the identity endomorphism of Ay y and
Ay yr and the formulas for y;;— and x;;+ are written relative to the presenta-
tions (3.11) and (3.12).

Now to elementary braid words o; and crl.(_l) we associate cones in the cate-
gory Ch of the homomorphisms (3.13) and (3.14):

IIO—l']]. - MII X—> q t(M;’ _Jti) s [[Ui(_l)]]. = t_lMi L) M|.| .

(3.15)

The action of the map [—] on other elements of B, is defined by the rela-
tion (1.22).
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4. 23*-equivariant categorification of the braid group

Throughout the paper, by generators of a W+ -module My y we mean the genera-
tors of My y as a Q[x, y]-module.

4.1. Main theorem

Theorem 4.1. There exists a unique homomorphism [—]xy: B, — D.(W} y)
which makes the following diagram commutative:

ol br

%n EB”
[[_]];(,y II_]]X.y
Ch(W;: D,(Wy,).

Proof. The uniqueness of [—]xy follows from the surjectivity of the map br.
In order to establish its ex1stence we have to prove that the complex [o;] is the
inverse of the complex [[a )]] with respect to the monoidal structure of K(W; )
and that the map [—] respects the braid relations. For obvious reasons we will
refer to these properties as second and third Reidemeister moves invariance.
The factorization of bimodules (3.11) and (3.12) and the local nature of the
homomorphisms (3.13), (3.14) implies that it is sufficient to prove the second
Reidemeister move invariance for the 2-strand braid and the third Reidemeister
move for the 3-strand braid. This will be done in the next two subsections. O

4.2. Second Reidemeister move invariance. Let X = x1,x2 , Yy = y1, )2

and z = z;,z;. Recall that by the definition of the map [—], the complex

associated to the product of elementary braid words 0101(_1) is the tensor product

of elementary complexes over the intermediate algebra:
[ov0 VT, = [o1]yy ®y [0} Ty, 4.1)
Theorem 4.2. There is a homotopy equivalence of complexes
[o10( Ty, ~ Mixz (4.2)

within the category Ch(W y)-
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Lemma 4.3. The following tensor product splits as a W;{ ,-module:
Mx;x,y ®y Mx;y,z = Mx;x,z 2 (Mx;x,z’ 7[)- (43)

The generators of the modules M.y, in the right hand side may be chosen as
V1 = Ux,y ® Vyz and vy = (y2 — y1)v1, where vx;xy and vx;y,, are the generators
of Mx:xy and M.y , respectively. The following diagram is commutative:

X+®1 1®x—
Mll;x,y ®y Mx;y,z > (Mx;x,y ®y Mx;y,z’ —7[) (MX;X,y ®y Mll;y,z, _Jt)

Il
IR
Il

%(xz_xlaﬂ) (1,zo—z1)
_—

(x,2) —— (Mx;x,z, —) @ Mx;x,z (Mx;x,z’ —x).

4.4)

Proof. Tt is easy to establish the isomorphism (4.3) in the category of
Q[x, z]-modules, the right hand side ones having generators v; and v,. Indeed,
the tensor product in the left hand side can be presented as the quotient Q[X, y, z]-
module

Mx;x,y ®Q[y] Mx;y,z = Q[Xs y. Z]/Ix,y,b

where
e1(y) —e1(x) e1(z) —e1(x)
i _|ew-e®]| _|e@-eax
Y e1(z) — e (y) e1(y) —e1(x)
e2(z) — ex(y) ex(y) — e2(x)

while e; and e, are elementary symmetric polynomials of degrees one and two.
The second choice of generators of the ideal Iy, implies the isomorphism of
Q[x, z]-modules:

Myxy ®qly] Mxiy.z = Mxxz ®qpx) Mxixy- (4.5)
At the same time, there is an isomorphism of Q[x]-modules
Myxy = Q[x] © Q[x] (4.6)

and the generators of the latter modules Q[x] can be chosen as v] = vyy and
vy = (y2 — y1)vx,y, Where vy y is the generator of My . y.
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The action of a 20" generator L,, on the generator v}, of the second module in
the right hand side of eq. (4.6) is

vaé = (Lm(y2— yl))vx,y = mm(y1,y2) v/z = Tm (X1, X2) U/z’

hence the splitting (4.6) is 20" -equivariant if we add connection 7 to the second
summand in its right hand side:

Myxy = Qx @ (Qx, ).

Combining this splitting with the isomorphism (4.5) we get the splitting (4.3).
In order to verify the commutativity of the diagram (4.4) we check the action
of the upper horizontal homomorphisms on the generators of modules:

1
(X+ ® ]1) (Ux,y & Uy,z) = E(X2 — X1+ Y2 — yl) Ux,y ® Vy,z

1
= E(Xz —x1) V1 + 302,

1R x-)(w) =10 x-) (Ux,y & Uy,z)
= Ux,z,

(I®x-)(2) =1 x-)((y2—y1) vxy ® Vyz)
= (y2 — Y1) Uxy ® Vy,

= (22 — 21) Vxy ® Vyz. O

Proof of Theorem 4.2. We prove the theorem by a sequence of isomorphisms and
homotopy equivalences:

—1)q.
|I01 O—1( )]]x,z

. —1)q.-
= [o1lyy ®y [o7 T,

(MX;x,y Qy My, —)

W%

= | Mixy Qy Mx;y, (My;xy @y Miy,z, —7)

m%

Y.Z
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(Mx;x,z’ —Jl') @ MX§X,Z
%(xz—xly Yz—zl)
; MX 1X,Z (MX X, s~
\ 42—x1 +z2—21)
M||,X,Z
(Mx;x,z, — 1)
\_j
~ (Mx;x,z, —1)
/é(xz—xl +y2—-y1)
M:x2
~ Mll;x,z'

Here the first isomorphism is the definition (4.1), the second isomorphism is the
definition of the tensor product of complexes (3.15) and the third isomorphism
comes from Lemma 4.3. The last two homotopy equivalences are contractions of
a part of a cone within the homotopy category:

A[l], if B is contractible,

e

B, if A is contractible. O

4.3. Third Reidemeister move invariance. Let X = xq,x2, X3, Y = y1. V2, V3,
Z = 71, 22,z3 and w = wy, w,, w3. Recall that by definition of the map [—] the
categorification of the triple products of braid words appearing at both sides of
the third Reidemeister move takes the form

[oiojoiliw = loilxy ®y [07]y,2 ®z [0i]7 -

Theorem 4.4. The following complexes are F-isomorphic in the category
Ch(W{,):

[o10201]x w = [020102]5 w- “4.7)



766 M. Khovanov and L. Rozansky

The algebra Q[x, y] has an automorphism f (13 which swaps simultaneously
xp with x3 and y1 with y3: 33 (xy) = x3, [T (x2) = x2, [PV (x3) = xy
and the same for y;, y, and y3. This automorphism generates an involutive endo-
functor 3",((1; ) of the category Ch(W,‘Z y)- The obvious isomorphism of bimodule

complexes 3",((1; ) ([[01]]',(’y) = [o2] y and the commutativity of a diagram
L

®
D, (Wy)) x Di(Wy,) ——

4

Dr(Wx’z)

13 13 ~(13

gy(i.y)X?;,z) 5)((.1)
L

®
D,(Wyf,) x D(Wy,) ——— Dy(Wy,)

imply the isomorphism of complexes [020102] y = 3",((};)([[010201]];(,w), hence

the homotopy equivalence (4.7) follows from the homotopy equivalence

[010201] = T (0102011, ). (4.8)

In other words, it is sufficient to show that the left hand side of eq. (4.7) is
symmetric under the transposition of indices 1 and 3 of the variables.

Before proceeding with the proof of eq. (4.8) we introduce new notations and
establish decomposition of some bimodules appearing in the complex [010201] -
The simplest bimodules are

Mlll;x,w = Ml-l;x,w = AX,Wv

_ 1
MXl;X,W - Mx;x,w’
Msxw = M2

IXox,w — hex wo

and the Soergel bimodule My v of eq. (3.3). The action of the transposition
endo-functor ¥13) on these bimodules is obvious:

Cﬂ(ﬁ@) (My;x,w) = Myx,w,
ffgv%f)(qux,w) =~ Mix:x,w,

13
Sry(i,w) (M*;x,w) = M*;x,w-
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Lemma 4.5. The WY -module

MH;x,w = Mxl;x,y ®y Mlll;y,z Rz M|><;z,w
has a single generator vy.x w = Uxix,y ® Viiyy,z ® Vix;zx and it can be presented
as a quotient My.x w = Qx .w/1y;x,w, Wwhere

Ipxw = (W1 + w2+ w3 —(x1 +x24+x3), (W1 —x1) (W1 —x2), (W3 —x3)(W3—Xx2)).

The proof is obvious and we omit it. The bimodule My w = CT",((}‘?,) (Myx,w)
has a similar property.
Consider three Wi -modules defined as tensor products

M>G<l|;x,w = Myxy ®y My,y,z ®2 Myj;z,w, 4.9)
M>l<l|;x,w = Myixy ®y Miyy,z ®z Mxi;z,w, (4.10)
Myxw = Mxix,y ®y Miy,z ®2 Mxi;y,z, 4.11)
and the homomorphisms
Mi LBIBL oy 2 M2y - (4.12)
Canonical isomorphisms
Mgl;x,w > Myxw = Mxixw
imply that M., , and MY, |, have single generators v, . and vl . whichare

tensor products of the generators of factor modules in the tensor products (4.9).

Lemma 4.6. The W{ | -module My.x\, splits:

Myjxw = My o @ (M3 . T12), (4.13)
where My, o = M3, = Mxxw as Q[X, w]-modules, while the connection
T12 OfM%;x,w is

w12 = (X1, x2) = mw(wy, wp) mod Ix. 4.14)
The generators of the modules M,y \, and M3,., ,, may be chosen as
V1 = Uxy @ Vyz ® Vzw, V2 = (y2—y1)v1 = (22 — z1)v1, (4.15)

where vx.xy and vx.y , are the generators of Mxxy, My.y,z and My, w respec-
tively. The homomorphisms (4.12) are presented by matrices

—R1R1=(1 w,—w), 11® y—=(1 x2—x1)

relative to the generators vy, vy of the middle module and vﬂl;x’w, Vixw Of the
target modules.



768 M. Khovanov and L. Rozansky

Proof. This lemma follows easily from Lemma 4.3 if we tensor multiply its
formulas by the bimodules M, over the polynomial algebras of variables with
index 3. O

Consider the Wi -module
My xw = MXI;X,y Ry MIX;y,z ®z Mxi;z,w
and the homomorphism

I®x—®1
Mye;x,w 2 Mﬁl;x,w . (4.16)

Lemma 4.7. There is an exact sequence of Wy | -modules
0— Myxw — Myxw —> (Mxix,w, m12) —> 0, 4.17)
which splits in the category of Q[x, w]-modules:
Myexw = Myx w @ Mxi;x,w- (4.18)
The generators of the modules in the right hand side may be chosen as
Uskxw = Uxy ® Vyz @ Uzw,  Usixow = Y Uskix.ws 4.19)

where
Yy =2(z3—y2) = y1 — y2 — X1 — X2 + 2ws, (4.20)

while vyy, vy, and v, are generators of the bimodules Mxxy, Mx;ya and
My .z.w respectively. The homomorphism (4.16) is described by the matrix

(4.21)

]l®)(—®]l: (1 —xl—xz+2w3)

0 1

relative to the generators (4.19) of My .x.w and generators (4.15) of My|.x w-

Proof. The splitting (4.18) and the generators (4.19) are well-known in the theory
of Soergel bimodules, but we will derive these results here for completeness.
The rest of the lemma is an easy corollary: the matrix presentation (4.21) and the
connections in the submodule and quotient module in the exact sequence (4.17)
follow from the action of the homomorphism 1 ® y— ® 1 and the generators
L € 20 on the module generators (4.19).

If we use the asymmetric formulas (3.5), then it is easy to see that the tensor
product in the left hand side of eq. (4.18) has the following presentation as a
Q[x, w]-module:

Myxw = Q[X, W, y1, 2, 22]/ 11, 4.22)
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where

Y2 — (x1 + x2—y1)
(y1 —x1)(y1 — x2)
Z2 — (w1 + w2 — y1)

I, = 4.23
' (1 —w)(y1 —wa2) (4.23)
Z2 + w3 — (y2 + x3)
ZoW3 — Y2X3
and elements (4.19) become
Uk:x,w — 1, Uxix,w = ). 4.24)

After eliminating the variables y, and z, with the help of the first and third
lines and replacing y; with y in accordance with (4.20) we find the following
presentation for the tensor product:

M*;X,W = Q[X’ W’ y]/IZ’
where

e1(w) —e1(x)
€2(W) —erx(X ~ ~ ~ ~ ~
12 — 2( )pl 2( ) s P1=X3Y, P2 = y2 + 2(X1 + x2) y + 4X1X2a

P2

and we used shortcut notations X; = x; — ws, i = 1, 2, 3. The other two modules
of the sequence (4.17) have similar presentations:

M*;x,w = Q[X’ W]/I*, Mxl;x,w = Q[X W]/lea (4-25)
where
er(w) —ei(x) er(w) —ei(x)
I* = ez(W) — ez(X) s le = 32(W) - e2(x)
)?1562553 )~C3

and we used an asymmetric choice for the generators of Iy (cf. eq. (3.5)).

The modules (4.25) are both generated by 1 € Q[x, w]. The relation p, = 0
appearing at the bottom of I, expresses y? in terms of lower powers of y, hence
My x w is generated as a Q[x, w]-module by its elements (4.24) and the action
of the homomorphism (4.16) is described by the matrix (4.21) relative to these
generators and the target module generators (4.15).
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Consider two special homomorphisms defined by their action on module gen-
erators:

~=(9) M fr=(01)

X, W

Mxl;x,w Mxl;x,w-

The homomorphism f_ is well-defined because y/x, C I,. The homomorphism
[f+ is well-defined, because, in view of the matrix presentation (4.21), it can be
expressed as a composition fy = P,o (1 ® y— ® 1),

1x—®1 Py
M*;X,W > Mﬁl;x,w —— Mx|;x,w,

S+

where P, is the projection on the second module in the decomposition (4.13).
Since fiy o f= =1, the Q[x, w]-module M.x w decomposes:

My .x.w =im f_ @ ker f4. (4.26)
Also it follows that f_ is injective, hence
Mxl;x,w >~ im f— = (y) C M*;X,W’

where (y) C Mx:x,w is the Q[X, w]-submodule generated by y.

The matrix form of f indicates that f (1) = 0, hence (1) C ker f4. At the
same time, 1 and y generate My.x w, hence (1) + (y) = Myx w. Then it follows
from the decomposition (4.26) that ker /4 = (1), so (4.26) becomes

Myexw = (1) @ (¥). (4.27)

We have already established the isomorphism (y) = My.x,w, SO it remains to
show that
(1) = Myxw- (4.28)

We will use dimension counting arguments. For a g-graded module M =
@D;cy Mi whose grading components M; have finite dimension as Q-vector
spaces, define g-dimension as

dimg M = "¢' dim M;.
i€Z

If M is a free g-graded Q[x]-module then dim; M = d(q) rank, M, where
rank, M is g-rank defined by (2.2), while d(q) = (1—¢?)3, because |x| = 3 and
deg,x = 2.
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According to Remark 3.1, the following Q[x, w]-modules are free as Q[x]-
modules with ranks

rank My .y w = [3]g!, T1ank My xw = [2]2, rank My .x.w = [2]4.
In view of the decomposition (4.27), this means that

dimg (1) = d(@)(12]] - ¢*[2l¢) = d(9)[3]4".

the factor ¢2 in ¢>[2], being due to the fact that deg,y = 2 in accordance
with (1.16). Hence
dimy (1) = dimy My.x w.

A homomorphism

()

M*;x,w - M*;x,w (4.29)

is well-defined, because g(Iy) C I, in view of relation
X1X2X3 = X3p2 — (¥ + X1 + X2) p1.

A composition of g with the projection of My.y w on (1) is a surjective homomor-
phism
M kix,w T (1).

Since My .xw and (1) have equal g-dimensions, it follows that this is an isomor-
phism, and this proves (4.28).

Thus we established the splitting (4.18) with generators (4.19). Now we check
the action of a Q0" generator L,, on these generators within the module My w in
presentation (4.22). The module (4.22) has zero connection, hence V,,vy.x w =
Zml = 0 and the module M.y \ with zero connection is a submodule of My x w
asa W,‘f’ w-module, the quotient module being M .x,w.

In order to find the connection of M, .x w, we compute the action of L,, on its
generator y defined by eq. (4.20)as y = y1—y2+¢g, where g = —x; —x2+2ws3 €
Q[x, wl:

~

vaxl;x,w =Lpy
Ln((y1 = y2) +9)

Tm(¥1, y2) (V1 — y2) + Lmg

- (4.30)
= (X1, X2)(y1 — ¥2) + Lmgq

=Tm(X1,x2)y +4

= nm(xla x2)v><|;x,w +4q.
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where

g =—mm(x1,x2)q + qu € M>|<;x,w C My x,w.

In deriving the formula (4.30) we used the relation

Tm(¥1, ¥2) = wm(x1,x2) mod Iy,

which is due to the first two rows in the presentation (4.23) of /; establishing
the equality between symmetric polynomials in x1, x, and in y;, y,. Since g €
My.xw C Myx w, the formula (4.30) shows that V,,vx:xw = Tm (X1, X2) Uxizx,w
within the quotient module My ;x.w = My x,w/Mx.x w, hence this quotient has a
connection x1, defined by eq. (4.14). O

Proof of Theorem 4.4. As we have observed, the F-isomorphism (4.7) is equiva-
lent to (4.8). In fact, it is easier to prove the same relation for the inverse generators:

[o7 05 o7 My = TEw (0705 o i w)- 4.31)

The left hand side of this relation is presented by a complex of 2J*-equivariant
Q[x, w]-modules:

My:xw M>(<i|;x,w
-1
-1 _—1_—17- _ m
HUI 0, 04 ]]x,w = | Myexw My:x,w Mlx;x,w Mux,w s
M#;X,W - M>l<l|;x,w

(4.32)

where MIIQ;X’W = My;x,y Qy Mix;y,z ®2 Myj;z,w. All modules in this complex are
tensor products of elementary Soergel bimodules over the intermediate algebras
Q[y] and Q[z] and, in accordance with definitions (3.15), (3.13) and (3.8), all
arrows represent either the homomorphisms 1 ® 1 ® 1 (unmarked arrows) or
—1® 1 ® 1 (arrows marked by —1).

According to lemmas 4.7 and 4.6, there are chain maps

By —[o7 05 o T .w — Co. (4.33)
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where

M-H-;x,w > Mxl;x,w

(4.34)
all unmarked arrows representing homomorphisms 1, and

C. = (MXI;X,W7 77-'12) —ﬂ> (MXI;X,W7 77-'12)

such that after the application of the forgetful functor Fo the sequence (4.33)
becomes a part of an exact triangle. Since the complex C, is obviously con-
tractible, by Theorem 2.1 there is a F-isomorphism [o; 05 07 ']y ~ Be.

An obvious change of generators in the sum of modules My .xw ® Mx;:x.w
appearing in the third column of the complex (4.34) allows us to present it in the
following form:
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This complex has a cone presentation: Be = , where

M»H';X,W I Mxl;x,w

e .

De = M>|<;x,w Mlll;x,w (4-35)

™ 7

Mﬂgx,w > Mlx;x,w

while

1
E, = Mxl;x,w - Mxl;x,w

Since E, is contractible, there is a homotopy equivalence Bs ~ D,, hence
[o7 o5 o7 Tiw = Ce. (4.36)

It is easy to verify that the complex (4.35) is symmetric under the transposition
of indices 1 <« 3 in the variables x and w, that is, S",((}V?,)(C.) ~ (C,, hence the
F-isomorphism (4.31) follows from eq. (4.36). O

5. Link invariant as an object of the derived category of W;': -modules

5.1. Categorification of the braid group with strand variables. Our imme-
diate goal is to prove the F-isomorphism (1.27) and its analogs. We begin by
studying the sliding properties of a single braid strand variable «. Consider the
functor

9(1=X'
WY —gm ——— Wi —gm,
which defines the action of & on a Wi -module My as being equal to that of x;.

In other words,
9a=xi = - ®)'ci Aa—xi- (51)

The functor Gy, extends along the chain of categories (1.11) to functors

9a=xl-

+ . +
Wi Wi,

90{=Xi

Ch(W;)

Ch(aWy),

90{=Xi
Dr(W)—D - Dr(aW;_)-
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Theorem 5.1. For any braid b there is an isomorphism in the category Dy (aWI y)

Sa=x; ([b]xy) =~ 9a=y[;(i)([[b]]x,y)’ (5.2)
where b € S, is the permutation associated with b.

We will prove this theorem by establishing F-isomorphism (5.2) for elemen-
tary braids o;"! in the category Ch(, W y) and then use multiplicativity prop-
erty (1.22) in order to extend it to all braids.

Lemma 5.2. The F-isomorphism (5.2) holds for the elementary braid o7.

Proof. We will prove the F-isomorphism for a 2-strand elementary braid b = o~ !,

so that |x| = |y| = 2. The locality of the formulas (3.15) extends this result to
the general case of n-strand elementary braid o;"!. Thus we want to establish a
F-isomorphism

Samx, ([0 Ixy) = Samy, ([0 Ixy)s (5.3)

where

_ X—
[[U 1]]x,y = Mx;x,y —_— Mll;x,y .

The case of &« = x, versus « = y; is treated similarly.

The F-isomorphism (5.3) is established by the diagram of Figure 1, in which
we denote o Mxy = Myy ® Q[a]. Each row in this diagram represents a complex
in Ch(aWZ y) (the rows have to be ‘boxed” in our notations) and we used the
following abbreviations for 2% connections: a = m («, x1),

A= (0 (x1 — y2) (w (. x1) — ”(Xl,yz)))‘

0 (o, X1)

That f4p.~ is an isomorphism in Ch(o,Wj(: y) is established by inspection. That
fa.~ and fp.~ are F-isomorphisms can be established similarly, but it is easier to
observe this by explaining the origin of complexes Ao and B,.

There is an obvious F-isomorphism K(a — x) >~ A, x within the category
Ch(, W) between a Koszul complex

Ko —x) = (Qa,x’ m(c, x)) i Qa,x

and the diagonal bimodule Ay x = Qq,x/ (¢ — x), where, as usual, Qq,x is Q[o, x]
viewed as a module over o Wi. The complex A, is the Koszul resolution of the
relation & = x; in the complex Gg=x, ([0 ]x,y):

Ae = |[U_1]]x,y ®xl K(Ol —Xl), Ae = 9a=xl(|[0_l]]X,Y)'
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1

9a=x1 (IIUilllx,y) 9a=x1 (Mx;x,y) 9a=x1 (Mll;x,y)

fa~ (10 1

(“7") (1 x1-)
aMx;x,y @ (onll;x,yv a) — aMll;x,y

Ao (aMX;X,yv a)

faB:= 1 ((l)xlTyz) 1

(*7) (1 yr—a)

B. (« Mx;x,y, a) (« MX;X,y @ O(MH;X,ys A)———— aMll;x,y

fBi~ (1 0) 1

Samy> ([0 Txy) Samys (Myixy) ——

9a=y2 (Mll;x,y)
Figure 1. Sliding of a strand variable.

A similar F-isomorphism holds between Gy—y, ([0 Ixy) and Be = [0 xy ®),
K(« — y»). However, B, is not isomorphic to A, as a complex of aW;{ y-modules,
unless we ‘tweak’ the 20+ -connection in B,. This tweaking transforms B, into
B., while keeping it F-isomorphic to Gy=y, ([0~ x,y)- O

Lemma 5.3. F-isomorphism (5.2) holds for the elementary braid o;.

Proof. Again, it is sufficient to prove the lemma for the 2-strand braid generator
o. Consider the sequence of F-isomorphisms:

Su=x; ([]xy) ®y [0 Ty.z = Samx; Axz = Gumzy Ay
= [olxy ®y Sa=zi ([0 Ty.2)
~ [o]xy ®y Sa=y, ([0 ' y.2)
= (Ga=y,[0lxy) ®y [0 Iyz-
Finally, we apply the tensor multiplication — ®; [0 ]z,w to the first and last complex

in this chain and use the F-isomorphism [[cr_l]]y,z ®z [0]zw = Ayw as well as
— ®y Ay.w being the identity functor. O
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Proof of Theorem 5.1. We prove the theorem by induction over the length of
the minimal braid word presentation of a braid. Lemmas 5.2 and 5.3 prove
F-isomorphism (5.2) for elementary braids. Suppose that the theorem holds for
braids of minimal length k. If a braid b has minimal length k£ + 1 then it can be
presented as a composition of a length k braid b; and an elementary braid bs.
Thus we have a sequence of isomorphisms and F-isomorphisms:
9a=xl~ [b]x,z =~ 9a=xl~ [61 b2]])(,y

= 9a=x,- (IIbl]]x,y ®y IIBZ]]Y,Z)

= (9a=xi IIbl]]x,y) ®y [[bz]]y,z

x~ (9a=y[;1(i)llbl]]x,y) Qy [[52]]y,z

= [[bl]]x,y ®y (9a=y[;1(,-) II[’Z]]y,z)

x~ [[bl]]x,y ®y (9a=25251(i)|1[32]]y,z)

x~ 9a=z[;(i)([[b]]X,Z)' O

Theorem 1.2 is an obvious corollary of Theorem 5.1.

5.2. Proof of Theorem 1.3. Theorem 1.3 is an obvious corollary of the following
theorem:

Theorem 5.4. Suppose that i-th and j-th strands of a braid b belong to the

same component of the link constructed by circular closure. Then there is a
F-isomorphism in the category Dy(W):

L L
(9a=xl~ |[b]]x,y) ®x,y Ax;y =~ (9a=xj |[b]]x,y) ®x,y Ax;y- (5-4)
Indeed, this theorem means that a strand variable can slide around the closed
braid, thus moving between all strands belonging to the same link component.

We prove Theorem 5.4 with the help of the following lemma:

Lemma 5.5. For any object Mx,y of Wiy and any object Ny, of Wy, there is a
F-isomorphism

L L
(9(x=yl~ Mx,y) Ry Ny,z ad Mx,y Qy (9a=y,- Ny,z)-
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Proof. Let P*(Mxy) be a resolution of Myy which is a chain complex of
Wj(: y-modules, each of which is projective as a Q[y]-module. Then G ), P*(Mx.y)
is a similar resolution of Go=), My y, and there is a sequence of F-isomorphisms,
which proves the lemma:

L
(9a=y,- Mx,y) Ry Ny,z x~ 9a=yi (J).(Mx,y) Qy Ny,z
~ P° (Myy) ®y Ga=y; Ny .z

L
>~ Myy ®y Sa=y; Ny u

Proof of Theorem 5.4. Since b performs a cyclic permutation of strand indices
corresponding to the same link component, it is sufficient to prove the F-isomor-
phism (5.4) in the case when j = B(i ). The latter is proved by the following
sequence of F-isomorphisms:

(Gamri [0hy) Sy Axy = (Gamyey [0ly) Ery Axy
~ [blxy Bxy (Gamyyg Axy)
= [b]x,y éx,y (9a=x[;(i)Ax;y)
= (9a=x5(i)|[b]]x,y) Q%x,y Axyy- U
5.3. Markov move invariance

Theorem 5.6. There exists a unique map ,[—] which makes the upper right
triangle in the following diagram commutative:

B, <~ OBY —d e

al-Txy L1 Al (5.5)

+ +
Dr (aWX,y) HHx.y(_) WO{ ff(k)
oA

Wi

Moreover, if a framed link L' is isotopic to a framed link L, except that the i-th
component of L' has an extra unit of framing, then their brackets are related by
the connection shift endofunctor:

[L'] = £, [L] (5.6)
where the framing shift functor , is defined by eq. (1.17).
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Proof. The claim of this theorem follows from the invariance of ,[—]" under
Markov moves up to the connection shift functor. We prove this invariance in
the next two subsections. O

5.3.1. First Markov move

Theorem 5.7. For two n-strand braids by and b, there is an isomorphism in W}f:

Alb1b2] >~ A [b2064]. (5.7)

L
This theorem follows easily from the next lemma. Consider the functor — ®x.y
Ax.y in the diagram (1.29).

Lemma 5.8. There is a F-isomorphism in the category Ch(W[):

L L
Ga=x[b1b2]x,y ®x,y Axyy =~ 951(a)=x[[b2b1]]x7y ®x,y Axy. (5.8)
Proof. Consider a sequence of F-isomorphisms:

9(,1(a)=z|1b2b1]]z,y = (951(a)=zllb2]]z,w) Qw [61]w,y
x~ (9(,1(a)=zllbz]]z,w 02y [[bl]]x,y) Ox,w Ax;w-

We substitute this F-isomorphism into the right hand side of eq. (5.8) and rename
some variables:

L
9v — [[bzbl]]z,y ®y,z Ay;z
b1(e)=2 (5.9)

~ (5, (@)=zlb2]zw ® [b1]xy) Q%x,y,z,w (Axiw ® Ayiz).
Next consider the following sequence of F-isomorphisms:
Sa=x[b102]x,w = (Sa=x[b1]xz) ®z [b2]z,w
>~ (95, (@)=201]x.2) ®z [b2]lzw
2~ [b1]x.z ®z (S, ()=2[02]2.w)
>~ ([bilxy ®z (5§, (@)=z[2]2.w)) Qy.z Aysz.
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We substitute it into the left hand side of eq. (5.8) and rename some variables:

L
9a=x|[blbz]]x,w ®x,w Ax;y
(5.10)

L
= (IIbl]]x,y Qz (951(a)=z[[bz]]z,w)) ®x,y,z,w (Ax;w ® Ay;z)-

Comparing the right hand side of equations (5.9) and (5.10), we come to eq. (5.8).
|

Proof of Theorem 5.1. Applying the inner homology Hy,+ of diagram (1.29) to
both sides of (5.8) we get the quasi-isomorphism of Hochschild homologies

HHx,y(9a=x|Ibl bz]]x,y) ~ HHx,y(ggl(a)le[bzbl]]x,y)

in W;. Applying the relabelling functor S"l(xki to both sides we get the isomor-
phism (5.7). O

5.3.2. Second Markov move. For a ni-strand braid b; and a n,-strand braid
by let by U by denote the (n; + ny)-strand braid constructed by placing by and
b, side by side. In other words, b; LI b, is the result of applying the injection
B, X By, — By, 4n, to the pair (by, by).

Let 11, denote the n-strand identity braid. The second Markov move relates an
n-strand braid b with two (n + 1)-strand braids

bt = (0T 1,—1) (1 LIB), (5.11)

where o is the elementary 2-strand braid and o ! is its inverse. The cyclic closures
of all three braids are isotopic links, and the first strand of b as well as the first
two strands of by belong to the same link component. We refer to it as the first
component, so that its component variable is A;. The framing of the first link
component in the closure of by differs by =1 from the one within the closure
of b.

Theorem 5.9. For any n-strand braid b there is a quasi-isomorphism in the
category W

albar] =~ 3 A 0],

where fry | is the combined shift functor (1.17).
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The proof of this theorem is based on the local version of the second Markov
move:

Lemma 5.10. Let |x| = |y| = 2. There is a F-isomorphism in the category
Ch(sz’yz)
L
ﬂail]]xay ®x1,)’1 Ale)’l = sz;)’2<:|:n(x2))' (5.12)

Proof of Theorem 5.9. 1In this case it is convenient to employ the presentation of
the bracket  [—]" which does not use strand variables:

Al-T = F8 (HHg y ([ y)) = T (Hygs (y By Axy).  (5.13)

The first two strands of the closure of b, are parts of the same link component,
so we can assume that the choice k of braid strands representing link components
does not include the first strand. Hence applying the formula (5.13) to bi; we
may forget x; immediately after taking the derived tensor product:

L
albar] = T Hy+ ([bxlcy @, 5y Axy)). (5.14)

where X' = x5, ..., Xp+1.
The formula (5.11) for bi; implies the tensor product presentation of its
bracket:

[bs1lxy = 65 Tx1 x2001.2 ®2 [6]z %7y
where X" = x3,...,x,+1 andy = y,,..., yu+1. Therefore,
L
[[b:tl]]x,y ®x1,i’,y Ax;y
+1 L
>~ ([0™ 1x1 22,91, Bz [blzx7y) Bxyxy (Bxisy @ Axiy)
4 L L
~ (([o ]]x1,x2,Y1,Z ®x1,71 A361;)/1) ®z |[b]]Z,X”,Y’) ®xy’ AX/;Y"

According to Lemma 5.10

L
+
[0 1x1 xayiz Oxioyn Axyiyy = Az (Fr(x2)),

While sz;z ®Z H:b]]z,x//,y/ = H:b]]x/,y/, henCC

L L
[b+1]xy Rx; 5y Axy = ([blxy ®xy Axiy ) (Fr(x2)).
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Substituting this relation to eq. (5.14) we find
e g ®) o
albar] = Fyp Hyys ([blvy @y Axy) (Fr(x2))
~ & 5
= Fya (Hyys ([blv .y ®xy Axiy))(F (A1)
= A [b] (Fr(A1)). O

5.3.3. Proof of Lemma 5.10. According to Theorem 2.3 and Remark 2.14, in
order to calculate the derived tensor product in the left hand side of eq. (5.12) we
can use a 9t -equivariant Q[x;, y1]-projective Koszul resolution of the le "
module Ay, .y,;:

‘.P.(Axl;yl) = [(Qxl,yl,n(XI, yl)) A Qxl,yl ] (515)

For any W,‘;y—module M the tensor product M ®y, .y, (Q[x1, y1].a),a € Q[X,y]
is isomorphic to M (a) considered as a W}, | _-module, that is, the tensor product

X2,2
functor
—®x1 V1 (QX] V1 sa)

W+

X2,Y2

+
Wiy

is isomorphic to the functor of shifting the W connection by a and forgetting the
Q[x1, y1]-module structure. It is convenient to replace the forgotten variables x;
and y; with new variables

Z=Y1—X2, W=Y1—X1.
We present W;f y—modules M, and My as quotients

M, = sz,yz,z,w/(pa w), My = sz,yz,z,w/(,oa zZw),

where p = w + y, — x5. Taking the quotient over p in these expressions implies
that when Q[w]-module structure is forgotten, the variable w can be eliminated
from module generators with the help of the relation w = x, — y, in the quotient.
Hence

M, ®x1,71 Qxlel = sz;stz/(JQ _x2) = sz;m[z]’ (5.16a)

MX ®x1,y1 Qxl,yl = sz,yz,Za (516b)

where we used shortcut notations

szJzJ = Quzy0,2/(y2 = X2)2),  Axyiys[2] = Axaiyy, @ Q2]
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and generators L,, of W have the standard action on x, and y,, while
Lpnz=a,z, a,=mn(x2,y1)=mn(x2,x2+2). 5.17)

Q2] splits as a Q-vector space: Q[z] = Q & zQ][z], and there is a canonical
isomorphism of Q[z]-modules zQ[z] = Q[z]. The W;,yz-modules (5.16) split
accordingly:

Mll ®X1J1 Qxlel = sz;yz[z] = Axz;yz ® (sz;m[z]’az)’

My ®xy,y; Qxyyy = Qxyyn.z = Quayy @ (Axyiys (2] a2),

the presence of connection a, being due to (5.17). If the W+ action on the left
hand side modules is modified by a connection a, whose elements a,, depend
on z, then the splitting remains only at the level of Q[x,, y»]-modules, while

+ .
WY, y,-modules form non-split exact sequences

0 —— (Ax,;y,[z],a +a;) — (Axy;y,12]. 2) — (Axy;y,58|z=0) —=0,
(5.18)

0—— (sz;yz [Z]’ a—+ aZ) —z> (@xz,))z,27 a) —1> (Q)Q,yz! a|Z=0) —0.
(5.19)

Consider tensor products of the modules M, and My with the Koszul resolu-
tion (5.15). We use shortcut notations

= m(x1,x2) = w(x2, y2 + 2),
a' = x(y1.y1) = w(x2 + 2),
a =m(xy,y1) =n(x2+2z, 92+ 2),
a' = m(x2, y2).
Since
y1—x1 =0, a°=a"mod(p,w),
y1—Xx1 =x2—y2 modp,
then in view of presentations (5.16) we find
My ®x1 9 P (Aryiny) = [(Ariys 2], 8") —2= Ay [2]], (5.20)

y2—x2

My ®xy,y; P*(Axysy) = [(sz,yz,hax) sz,yz,Z]- (5.21)
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Now we are ready to establish the F-isomorphisms (5.12).

Proof of F-isomorphism (5.12) for 6. Exact sequence (5.19) of W} = _-modules

X2,Y2

implies short exact sequence in the category of chain complexes Ch(sz’ y,—gm)

represented by the first column of the diagram (we omitted zeroes at the top and
bottom):

(M) ®xy,y, P*(Axyiy,))(az) [(Axyiy,[z].@" +a;) S (Axy:y, (2], 2)]

IR

X+®1l=z z z

[} ~ yo—Xx ~
My ®xy,9, P*(Axisy) [(Qxz,y,,2, @) — Qxz,y2,7]

IR

f 1 1

[(Q[x2, y2]. a") T, Q[x2, y2]].

(5.22)
where A. denotes the complex at the bottom right, f is a quotient homomorphism
and we used the relation a*|,—¢ = a' in the middle of the bottom row.

According to definition (3.15) and due to relation

Ao

n =a, mody;—xg,

the complex in the left hand side of the F-isomorphism (5.12) corresponding to o

has a presentation as the cone of the morphism y1 ® 1 in the category Dy (sz’ 3,

L
|[U]]X,y Qx1,v1 Dxiiy

) X ®1
= | (My ®xy,y, P*(Axyiy))(az) ——

My ®x,y, P*(Axyiy,) | (=)

Since f o (y+ ® 1) = 0 in the diagram (5.22), and due to relation |,=¢ = a'

there is a morphism in Ch(W}, ,):

Y x+01 °
(My ®x,,y; P*(Ax;;y))(az) = My ®x,,y, P*(Axyiy))

L

Ae (—a')

(—m). (5.23)
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The exact sequence (5.22) splits if we forget the W-module structure, that
is, it splits in the category Ch(Q[x», y»] —gm). Hence the morphism (5.23) is
a homotopy equivalence in Ch(Q[x,, y»] —gm) and, as a consequence, it is a
F-isomorphism in Ch(Q[x3, y2]—gm), so there is a F-isomorphism

L
[o]xy ®xi.y1 Axisy = Al (-a").

+

Now the F-isomorphism (5.12) follows from the quasi-isomorphism in W,

A°<_a|> > Ay, (1 (x2))
which is similar to (5.15). O
Proof of F-isomorphism (5.12) for c~!. The exact sequence (5.18) of Wi

x2,¥2"
modules leads to a short exact sequence in the category of chain complexes
Ch(W{ —gm) which is similar to (5.22):

X2,Y2

(M) ®xy,y, P*(Axp;y,))(az) [(Axyiy,lz]. 2" + a;) L (Am;yz [Z]’az)]

IR

z z z
My ®xi.y, P*(Axyyy) = [(Axy:y,[z]. a") > Axysy,[2]]
g 1 1
B. = (A m(x2)) — 2 Ay,
(5.24)

where B, denotes the complex at the bottom right, g is a quotient homomorphism
and we used a relation a"|,—o = m(x,). Combining short exact sequences (5.22)
and (5.24) we construct a chain of morphisms in the category Ch(W37 _ ):

X2,Y2
° ¥4 ° f
(Mll ®X1J1 P (Ax1§YI))<aZ> My ®X1J1 P (AXIZYI)
ln |x+®1l=1 (5.25)
(Mll ®X1J1 T.(Axl;m))(az> = Mll ®x1,)’1 T.(Axl;m) z

where the chain map # is defined by the diagram

A [(Qx2, y2].a") 272 Q[x2, y2]

A

Be = [(Axsiyy T(x2)) —= Asyis]-
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Exact sequences of modules in the rows of the diagram (5.25) split if we forget
the W+-module structure, and the complex in the first column is contractible.
Hence, according to Theorem 2.1, the second and third columns are F-isomorphic

L
in Ch(sz’ y,)- Since the second column is isomorphic to [[oil]]x,y ®x1.y1 Dxyiygs

we have a F-isomorphism

+17 L -
|[U ]]X,y ®x1,yl Axl;yl —_ A. —— B. . (5.27)

Diagram (5.26) shows that the complex in the right hand side of F-isomor-
phism (5.27) can be presented as a cone in Ch(W} | ):

X2,Y2

Ae—— Be |~ | De —— (Ay,y:y,. T(x2)) |, (5.28)

where

[(Qlx2, y2],a") 2272 Qlxa, y2]]
De = ll

A-’52;)’2

The complex D, is contractible, because its upper row is quasi-isomorphic to

: +
Ax,:y, in sz,yz, SO

1
De ~ sz;yz Ax2§y2

Hence the complex in the right hand side of (5.28) is F-isomorphic to
(Ax,:y,, m(x2)) and together with (5.27) this proves the F-isomorphism (5.12)
for o1, O

6. Homology of two-strand torus knots and links

6.1. Results. Recall that to a oriented framed link L with m components we
associate a complex j [L] considered as an object in the derived category WI of
doubly-graded Wi’—modules, where the variables A = A1,...A,, are associated
with the components of L. Note that in all our examples the complex ; [L] turns
out to be ‘formal’, that is, quasi-isomorphic to its homology 3 (L), although we do
not know if this property holds in general. We refer to  [L] simply as homology.
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Theorem 6.1. The homology 5[] of the unknot Q) is
A0l =a~t7 g% (Qa. w (1) ® aQy. (6.1)
Proof. According to the defining relation (1.23) and formula (2.13),

201 = aFrsa H(Ax,y @5,y [a 2710 (Quy, (X, 1,)) > Qry 1), (6.2)

where J_,, is the functor renaming the variable x into A. Tensoring with A, ,
amounts to taking a quotient over y — x, hence the right hand side of (6.2) is
isomorphic to the right hand side of (6.1). |

The triply graded homology of a (2, n) torus knots and links was computed
in [10] (see also [17]). Here we establish the action of W}t on it.

Theorem 6.2. The homology of the (2, —2n — 1) torus knot T» _»,—1 with zero
framing is
alT22na] = 77" 40 T2 201 Tt (6.3)

where ) [T2,—2n—1]of is the homology in blackboard framing:
n . .
ATl = (D00 Mus 0im)) @ 5LIOL 64
i=1

while the ‘middle module’ Mg is a sum of three modules:

Mg =a7t7'q*(Q1, 27 (1)) © (Q ® 4*Q1, Ax(1)) @ 2°tq 2(Qa, —m(R)),

the connection matrix Ax(A) is

0 0
A= () xt)

and the sequence of polynomials &’ (1) is defined by eq. (1.3):
7, (A) =m(m + DA™

Let A = Aq,A,. Fora W}f—module M we define an associated Wj—module
M 12) which is the same M with the action of A, and A, being that of A:

MU = M @; Qaa/(A1 — A, Ay — ).



788 M. Khovanov and L. Rozansky

Theorem 6.3. The homology A [T2,—2n] of the (2, —2n) torus link T» —», with zero
framing is

alTo—2n] = 727072 Myt (21 — 1)) @ G[T2—2n+1]6) "2, (6.5)

where

Mit = a~*t72q%(Qa, m (A1) + w(A2) + w (A1, A2))
® a2t 7'q*(Qa ® q*Qa, AL(A1,12)) © Qa,

the connection matrices Al (A1, A2) being given by the formula

e 0 )

A;()Ll, Az) = (Jl'/()tl,)LZ) x(Ay) + (A1, A2)

while ) [T2,—2n+1]vf is the homology of the torus knot T» _,+1 with blackboard
framing defined by eq. (6.4).

We prove this theorem in three stages. First, we construct a complex [o "]
associated to a two-strand braid with n negative crossings (Lemma 6.4). Then we
calculate the Hochschild homology of its modules (Lemmas 6.8 and 6.10). Finally,
we prove Theorem 6.3 by showing that the complex of Hochschild homologies is
quasi-isomorphic to its homology and by computing this homology.

6.2. A chain complex of a 2-strand torus braid

Lemma 6.4. A 2-strand braid with n negative crossings can be represented by a
complex

M, |, (6.6)

[o™] ~ | My

where M; are shifted modules Ms:
M; = t7'q*D (M. (i — D),
while
= =) — a2 —x1), Paigt = (2 = y1) + 2 (6 — x1)
Pzz—zyz 1 2X2 X1), P21+1—2y2 N 2X2 X1),
x— = l is defined by eq. (3.8) and & is defined by (3.6).

The proof is based on three propositions.
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Proposition 6.5. There is a homotopy equivalence
Myxy ®y [0 Tyz ~ t7'9% (Myx 2. 7). (6.7)

Proof. According to the definition (3.15),

— — 1®1
MX;X,Y ®y IIO 1]]y,z =t 1ZMX;x,y ®y Mx;y,z — Mx;x,y ®y M||;y,z . (68)

Decomposition (4.3) implies that the complex in the right hand side of eq. (6.8)
has a form

(1 z2—z1)

My:x 2 ® q? (Mx;x,z, 75) ——— Muxz | (6.9)

1
Contracting the subcomplex My.x , — Mx.xz We come to the homotopy equiva-
lence (6.7). O

Since the modules in the left hand side of the complex (6.9) are generated by
elements 1, (y2 — y1) € Mxxy ®y Mx.y 2, the chain map

(Mx;x,b 75) (6.10)

f=%(Y2—Y1)+%(21—22)

1®1
MX;Xay ®y MX;Y,Z g Mx;x,y ®y M"ZY,Z

is the homotopy equivalence (6.7).
Homotopy equivalence (6.7) establishes an isomorphism between the spaces
of endomorphisms

_ fr
Endp, e, (Mexy ®y [0 y.2) = Endyp, + ) (Msixa ().

For a variable x let * denote the module endomorphism corresponding to multi-
plication by x.

Proposition 6.6. The isomorphism f " converts the endomorphisms y; into Z; with
switched indices:

fGreyl) =2, fl(0y1)=2. 6.11)
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Proof. This relation follows immediately from the sliding property (1.20): for
example,
j;l (8y]l = ]l®yyAl = ]l®y22’

and f/(1 ®y 2,) = 2,. O
Homotopy equivalence (6.7) combined with the isomorphism
Mixy ®y [0 lyz — [0 Ixz (6.12)
establishes another isomorphism:
Homy, ) (Mxxy @y [0 Dy,z Misxy ®y [0 Iy.2)

N | (6.13)
=5 HomDr(WL) ((Mx;x,b w), o~ ]]X,Z)'

Proposition 6.7. This isomorphism converts y— ®y 1 into the chain map

MX;X,Z<7T)

f=%(x2—x1)+%(21—22)

—1 X—
tT Myxz

M 15X,Z |-

Proof. The isomorphism (6.13) converts y— ®y 1 into a composition of the
homotopy equivalence map (6.10), the map y— ®y 1 and the isomorphism (6.12),
the latter replacing variables y; and y, with x; and x,. O

Proof of Lemma 6.4. We prove this lemma by induction over n. The case of
n = 1 follows obviously from the definition (3.15). Suppose that the presenta-
tion (6.6) hold for some value of » and consider the tensor product [[a_(”“)]]x,Z =
[o™"]xy ®y [0~ ]y,z. The tensor products of individual chain modules are con-
tracted in accordance with homotopy equivalences (6.7) and (6.12), while the dif-
ferentials p; are replaced in accordance with eq. (6.11) and the last differential y_
is replaced in accordance with Proposition 6.7. It is easy to see that ¢-grading pre-
cludes the appearance of ‘secondary’ differentials as a result of contractions. [

6.3. Hochschild homology of chain modules. The next step in computing the
homology of two-strand torus knots and links is to find the Hochschild homology
of chain bimodules of the complex (6.6). Recall that the Hochschild homology
HHgy of a W,‘f’ y module is defined by eq. (1.23) as the homology of a derived
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tensor product with the diagonal bimodule Ay;y considered as a module over Wy,
while the action of y is forgotten. The Hochschild homology can be computed
with the help of the resolution (2.12) by the formula (2.13). In the two-strand case
the resolution (2.12) takes the form

(%73%)

5((Qx,yy 77-'(1)) @ (Qx,y7 77-'(2)))

1—x1 y2—x2)
R

& (Qxy, T(1) + ()
Qxy,
where we used shortcut notations

moy =m(x,yi), =12 a=a

However in order to compute the Hochschild homology of both M.y y and M.x y
it is more convenient to apply a simple change of basis in the middle module which
results in an isomorphic resolution

X2—y2

~ P 3
32 (Quy. () + m2)) — = 8((Qxy @ Qxy. A(12)) (6.14)

(0o y2—x2)

Qx.y

where p = y1 4+ y» — x1 — X2, while

A(12) — (1) 0
M) — 1) Q)

is a connection given by 2 x 2 matrices.

Lemma 6.8. The Hochschild homology of the bimodule My:x y has the form

HHgy(Mxixy) 2= 8297 (Qx, m(x1) + 7 (x2) + 7)

) s (6.15)
® a(Qx ® q°Qx, A (x1, x2)) @ Qx,

where the connection matrices Al (x1, x3) are given by the formula

Al (x1, x2) =( *(x1) 0 )

' (x1,x) mw(xo)+w

and ' (x1, x3) is defined by eq. (1.3).
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L
Proof. Derived tensor product My.xy ®zy Ax;y computed with the help of the
free resolution (6.14) has a form

X2—Y2 )

5((M)(;x’y @ MX;X,Y7 A(lz)))

0 y2—x2)

52(Mx;x,y, (1) + 7[(2)) (6 16)

Mx;x’y.

If we forget about the action of W+ and degree shifts, it splits into a sum of two
isomorphic complexes

y2—x2
MX;&Y MX;XsY‘

Is is easy to see that both kernel ker(y, —X>) and co-kernel My .x y/ im(y, —X5) are
isomorphic to Ay, the former being generated by 3 (y2 — y1) + 3 (x2 —x1). When
the action of y is forgotten, A,y becomes isomorphic to Q[x] and the homology
of the complex (6.16) turns into the expression (6.15). O

Remark 6.9. Since all the modules Qx appearing in the Hochschild homol-
0gy (6.15) are the result of taking kernel or co-kernel of endomorphisms y; — X;,
i = 1,2, these endomorphisms act trivially on HHg y(Mxx y).

Lemma 6.10. The Hochschild homology of the bimodule M, y has the form
HHi,y(Mll;x,y) = g‘Z(QX’ w(x1)+m(x2)) @ 5(Qx @ Qx. Aﬁ (x1,x2)) @ Qx, (6.17)

A{l(xl,x2)=( 7 (1) 0 )

(x2) —mw(x1) m(x2)

where

Proof. The proof is obvious. The reason for the appearance of the non-diagonal
matrix Aj(xy, x2) is that we used the same resolution (6.14) that we have used for
eq. (6.15). O

6.4. Proof of Theorems 6.2 and 6.3. In view of Remark 6.9, the even differen-
tials p,; of the complex (6.6) act trivially, whereas the odd differentials p,;+1 act
as multiplication by x, — x;. Therefore the Hochschild homology HHg y([o™"])
splits into a sum of degree-shifted copies of short complexes

X2—X1

C.’x - t_l HHi’y(MX,X,y)

q2 HHg y(Myx:xy){(—7) |,

Coy =] t! HHz y (Mx;x,y) S HHz y(My:x,y)




Witt algebra and link homology 793

where we used the same notation y_ for the homomorphism between Hochschild
homologies of My.xy and My.xy. If n is even, then there is an extra summand
HHg y(My;x,y) coming from the first chain module. In other words,

HHgy(fo~2"~'D) = (Dt q¥ Cox2im)) @ Cuy, (6.18)
i=1

HHgy([o>"]) = t >"q*" "> HHgy(Mx:xy){(2n — D7) & HHg y([o 2" *']),
(6.19)

and the last summand of eq. (6.19) is defined by eq. (6.18).
If we forget about the 20" -module structure then, up to degree shifts, the
complex C.x splits into the sum of four degree-shifted complexes of the form

Qx] == Q[x]. (6.20)

Their homology is concentrated in the last term, hence as an object of the derived
category Wi, the complex C, x is quasi-isomorphic to its homology:

Cox = H(Cox) = #(Q(” . 21(x)) ® 3677(QI"” ® ¢ Q. Ax(x))
®q72(Q¢, —m(v),

0 0
Axlx) = (n/(x) n(x))

(12)
X

(6.21)

where

and we used a notation = Qx/(x2 — x1). Since this module is isomorphic to
Q)x with multiplication by x; and x; being identified with the multiplication by x,
we use this single variable x as an argument of connections.

If we forget again the 20" -module structure, then, up to degree shifts, the

complex C,  splits into two contractible complexes Q[x] 4 Q[x] and two com-
plexes (6.20), the differentials x, — x; appearing because y, — x; are the gener-
ators of the two modules Q[x] in (6.15) which are kernels of y, — x, and hence
are considered as submodules of M. y. This means again that the complex C,
is quasi-isomorphic to its homology:

Coy = H(Cu ) = 32(QU?, 21 (x)) @ 3(QY?, m(x)). (6.22)

After we substitute the expressions (6.21) and (6.22) into (6.18) and (6.19),
shift the a-degree by a? in view of closing two braid strands and rename the
variables x into A, we obtain the torus link homology (6.5). In order to get
the homology (6.3) we forget the action of x,, rename x; into A and apply the
framing shift functor 3" *" which converts the blackboard framing of the closure
of 072"~ into the canonical framing of the torus knot T, _5,—1. O
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