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Generalized Kashaev invariants
for knots in three manifolds
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Abstract. Kashaev’s invariants for a knot in a three sphere are generalized to invariants
of a knot in a three manifold. A relation between the newly constructed invariants and the

hyperbolic volume of the knot complement is observed for some knots in lens spaces.
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1. Introduction

The Jones polynomial of knots and links is discovered in [15], which is defined by
a simple skein relation, and relates to the quantum enveloping algebra U, (sl»)
through the quantum R-matrix. After the Jones polynomial, a large number
of quantum invariants are constructed from various R-matrices associated with
quantum enveloping algebras, Hopf algebras, and operator algebras. The Jones

1 This work was supported in part by JSPS KAKENHI Grant Nr. 22540236, 25287014.



36 J. Murakami

polynomial is also extended to invariants of three manifolds and links in three
manifolds by [34] and [33].

On the other hand, from a study of quantum dilogarithm, R. Kashaev intro-
duced an invariant of links in three manifolds in [16]. He also gave an R-matrix
formulation of his invariants for knots in S3, and found in [17] a relation between
his invariants and the hyperbolic volumes of knot complements. Let (K )y be the
Kashaev’s invariant of a knot K for a positive integer N, then the relation he found
is the following.

Conjecture 1 (Kashaev’s conjecture). For a hyperbolic knot K in S3,

. log [(K)n|
2 1 ———— = Vol(K
T N N ol(K),

where Vol(K) is the hyperbolic volume of the knot complement S* \ K.

Kashaev’s invariant turned out to be a specialization of the colored Jones
invariant in [26], and the above conjecture is refined in [27] as follows.

Conjecture 2 (complexification of Kashaev’s conjecture). For a hyperbolic knot
K in S3,

(K)§ ~ exp %(VOI(K) + V=1 CS(K)) (N — 00)

where CS(K) is the Chern—Simons invariant [6] and [24] of the knot complement
S3\ K.

The above conjectures are not proved rigorously yet, but a method to obtain
the hyperbolic volume and the Chern—Simons invariant from Kashaev’s invariants
are established in [8] and [35].

The aim of this paper is to construct certain quantum invariants for knots in
three manifolds which have a relation to the hyperbolic volume as the above con-
jectures. We already have many quantum invariants for knots in three manifolds.
Besides the invariants stated above, such invariants are constructed in [11] and [9]
from finite-dimensional representations of the quantum group U, (sl») at root of
unity, and in [18] from the infinite dimensional representations of U, (slz). How-
ever, it is not known about the actual relation between the above invariants and the
hyperbolic volume of the complement of the knots.

Here we construct a family of invariants of a knot K in a three manifold M
by combining the Hennings invariant [13] of three manifolds and the logarithmic
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invariant [29] of knots in $3. This family contains a generalized Kashaev invariant
GKy (K), which coincides with Kashaev’s invariant (K )y if M = S3. Moreover,
we introduce GK?VOG)(I? ), which is the SO(3) version of GKy (K), and propose
the following conjecture.

Conjecture 3 (volume conjecture for the generalized Kashaev invariant). Let K
be a knot in a three manifold M such that the complement M \ K has the hyperbolic
structure. Then

GK3X® (K) ~ exp %(Vol(f) +vV=1CS(K)) (N — )

where Vol(K) and CS(K) is the hyperbolic volume and the Chern—Simons invari-
ant of the complement M \ K.

We give some examples for this conjecture at the end of this paper.

Remark 1. The invariants GKy (K) and GK?VOG) (K) are generalizations of
Kashaev’s invariant for knots in S3. So they may have some relation to Kashaev’s
original invariant for knots in three manifolds defined in [16]. But any relation is
not observed yet.

As we stated before, we construct invariants of knots in a three manifolds by
combining the Hennings invariant and the logarithmic invariant. Both of these
invariants are related to the universal invariant introduced by Lawrence [23] and
Ohtsuki [30], whose value is in a certain quotient of the small quantum group
U, (sly), which is a finite dimensional Hopf algebra and is a quotient of the
quantized enveloping algebra U,(sl;) where ¢ = e™/N. The generators and
relations of ﬂq (slp) are given as follows:

Uqg (sL2) = <K, K" E. F|KEK'=¢?E, KFK'=¢47*F,
K—K!
EN =FV =0, kN = 1).

[E,F] =

The Hopf algebra structure of ﬁq (slp) is given by the coproduct
A: Uy (sly) — Uy (sla) ® Uy(sly),
the counit

& ﬂq(slz) — C,
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and the antipode
S:ﬁq(slz) — ﬂq(slz)
satisfying
AK)=K®K, ANE)=1E+EQK, AF)=K'®F+F®]I,
€e(K)=1, €(E)=¢€(F)=0,
S(Ky=K"', S(E)=-EK!, S(F)=-KF.
The dimension of I_Lq (sly) is 2N 3 and
{ECFPK¢|0<a,b<N-1,0<c<2N-1}

is a basis of it.
The universal invariant takes its value in the quotient U, (sl2)/1 where I is the
vector space generated by commutators of U, (sly), i.e.

I = [Uy(sh), Ug(sl)] = (xy — y x; x,y € Ug(sh)).

The Hennings invariant H(M) for an oriented closed three manifold M is
constructed by using the right integral p, which is a linear functional on ﬁq (slp)
satisfying

(n ®id)A(x) = p(x) 1,

where 1 is the unit of ﬂq (slz). Such functional exists uniquely up to a scalar
multiple since ?_iq (slp) is a finite dimensional Hopf algebra. The above relation
of u corresponds to the second Kirby move and it allows us to construct a three
manifold invariant by using the right integral, which is the Hennings invariant. Let
ty (M) be the Witten—Reshetikhin—Turaev (WRT) invariant [34] and [33] of M.
Then it is shown in [4] and [5] that the Hennings invariant can be expressed in
terms of the WRT invariant for almost all cases.

Nagatomo and the author constructed in [29] the logarithmic invariant of a
knot K in S3. Let Z be the center of ﬁq (slp). We study the center c¢(T') € Z which
corresponds to a tangle 7" obtained from K, and we define knot invariants as the
coefficients of ¢(7") with respect to certain basis of Z. A topological quantum field
theory (TQFT) based on the center Z is constructed by Kerler [21], and is refined
by Feigin, Gainutdinov, Semikhatov, and Tipunin [10] by using the logarithmic
conformal field theory. The logarithmic knot invariant corresponds to this TQFT.
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We also showed in [29] that the logarithmic invariant is expressed as a limit
of the colored Alexander invariant, which is defined by Akutsu, Deguchi, and
Ohtsuki [1] and is restudied by the author in [28]. It is an invariant of links with
colored components, where the colors are complex numbers except integers. The
logarithmic invariant is obtained as a limit of a sum of two colored Alexander
invariants by taking its colors to certain integers. A relation like Conjectures 1, 2
are observed in [7] between the colored Alexander invariant and the hyperbolic
volume of cone manifolds.

Let M be a three manifold given by the surgery along a framed link L in S3,
K be a knot in M , and K be the pre-image of K in S3. Then, to construct an
invariant of K, we apply the logarithmic invariant to K, and apply the Henning
invariant to L.

In Section 2, we recall the construction of the Hennings invariant and extend
it to invariants of knots in three manifolds. In Section 3, we review irreducible
and indecomposable representations of ﬁq (sly). By using these representations,
we describe centers and symmetric linear functions of ?_iq (slz). In Section 4,
we generalize the logarithmic invariants of knots in S3 to invariants of knots
in three manifolds. This family of invariants include the generalized Kashaev
invariant GK . In Section 5, we investigate the generalized Kashaev invariant by
using its relation to the colored Alexander invariant. In Section 6, we observe the
relation between the generalized Kashaev invariants of certain knots in lens spaces
and the hyperbolic volumes of their complements by numerical computation.

2. Colored Hennings invariants

In this section, we generalize the colored invariants constructed by Hennings [13]
for knots and links in S3 to invariants for those in a three manifold, which we call
the colored Hennings invariant. To do this, we first recall the construction of the
universal ﬁq (slp) invariant for a link in S3 introduced in [23] and [30]. Then we
apply Hennings’ idea in [13] to obtain invariants equipped with a color at each
component of the link, where the color is given by a pair of a symmetric linear
function and a center of Uy, (sl). There is a special symmetric linear function
¢ corresponding to the right integral u, which assures the compatibility of the
¢ colored component with the second Kirby move. By using ¢, we construct
invariants of links in arbitrary oriented three manifolds. If the knot is empty,
then this invariant coincides with the Hennings invariant of the three manifold
introduced in [13], [20], and [31] associated with ?_iq (slp).



40 J. Murakami

2.1. Notations. Throughout this paper, let N be a positive integer greater than 1
and ¢ = e™/N . We use the following notations.

W =d —q . (ke =d*+q [k]=%, k]! = [Tk — 1]---[1],

{k}! = {k}{k — 1}---{1} for apositive integer k, {0}! = [0]! = 1.

2.2. The right-integral. The right integral of a Hopf algebra is a non-trivial
linear functional u on the Hopf algebra which satisfies

(u®id)A(x) = pu(x) 1. (1)
Any finite dimensional Hopf algebra has a right integral which is unique up to

nonzero scalar multiplication. For detail, see [32]. For ﬁq (slp), the right integral
W is given by

W(E" F™ K™) = £ 8i N—1 8m,N—16n,N+1 2

where we choose the normalization factor as
§ = —\/z([N —1]n? 3)
N
for future convenience.
Proposition 1. The right integral satisfies
p(xy) = p(K'=Ny KN x). )
Proof. This comes (2) and the defining relations of ﬁq (slp). |
Corollary 1. Let ¢(x) = n(KN*1 x), then
Pp(xy) =¢(yx), ®)
(¢ ®id)((1® KV HAX)) = ¢(0)1. 6)
The above relations come immediately from (4) and (1). The symmetric linear

function ¢ is a fundamental tool for constructing invariants of knots in three
manifolds in this paper.
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2.3. The universal R-matrix. Let A be the Hopf algebra generated by e, f, k
and relations

k2 — k2
q—q7'"
eN=fN=0 k* =1 ele)=e(f)=0, ekk)=1,
Al)=1®e+e®k’> A(f)=k?Q@f+f®1l Ak =k®k,
S(e)=—ek™, S(f)=-k*>f Sk)=k"

kek™ =gqe, kfk_1 :q_lf, le, f]=

Then there is an inclusion map ¢: ﬂq (sl;) — A given by
(E)=e, ((F) = f, 1K) = k2. (7)

In what follows, we often identify E with e, F with f, and K with k2. Tt is known
that A is a ribbon quasitriangular Hopf algebra equipped with the universal R-
matrix

R = i Z " qm(m—l)/2+m(n—j)—nj/2 k" ® fm k. (8)

2.4. Universal ﬁq (slz) invariant. Let L be a diagram of a k-component framed
oriented link L. = L U L, U --- L, with blackboard framing given by a closed
braid diagram. Assign the universal R matrix or its inverse to each crossing and
K*W=1D or 1 to each maximal and minimal points as in Figure 1.

>/\ — ;a,-@b-, x — ;b}@a},

where R =Y, a; ® bj and R™! = a); @ b},
(N N N e oA

Figure 1. Universal invariant for crossings, maximal and minimal points.

Let x; be a point on L; other than the crossing points nor max/min points, and
we define Wy, ., (L) in A®" as

.....

_ v 4 v Vv __ v 4 4
Wyxr (L) = E U QU @ QU U =Uj U U, ©)
v
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for j =1,2,...,r,whereu},uj,,...,u;  are the elements we meet when we

walk through the component L; starting from x; to x; along its orientation as in
Figure 2. For detail, see [23] and [31]. It is known that the element Wy, .(L)
is contained in the subspace ¢ (U (sl2))®" of A®", and depends on the choices of

X1, ..., xp. Let ﬂq (sl) be the quotient

Uy (sh) = Uy (sho) /[Ty (sla). Uy (sho)],

.....

depend on the choices xy, ..., x, and is an invariant of L. We call ¥ (L) the

universal U, (sly) invariant.

KI—N

b; ® a;
am Q by,

/a- ai @ b;
y\) Hed |
\\ \{
-
X1
— Uy (L) = Z am ay a; b; KN ® by, by b; K=V aj by a; K=V

i,j.k,l,m

Figure 2. Universal invariant for a link L.

2.5. Hennings invariants colored by symmetric linear functions and centers.
We recall Hennings’ method in [13] to retrieve numerical invariants from v (L).

Definition 1. An element f in ﬁq(slz)* is called a symmetric linear func-
tion on U, (slz). In other words, f is a linear functional on U,(sly) satisfying
f(xy) = f(yx). For example, the function ¢ on U,(sl,) introduced in Corollary

1 can be considered as an element of ﬂq (slp)*.
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FOl‘ fla f29 e ey fr G ﬂq(slz)*’

(i® [r®® fr)(Vyy...x, (L)) = Z i) foub)--- fr(u))

depends only on (L) and is an invariant of L. Moreover, let zy, z5, ..., z, be
elements of the center Z of U, (sl»), then

(fl®f2®"'®fr)((zl®"'®Zr)\px1 ..... xr(L))

is also an invariant of L, which we denote by ¥( 7, 2)),....(fr.zr) (L)-

Hennings shows that (4.1),....(¢,1)(L) is invariant under the second Kirby move
O, in Figure 3. A good explanation for this invariance is illustrated by Figure 2 in
p.87 of [19]. A three manifold invariant is constructed from v 1),....(¢,1)(L) by
applying the normalization for the first Kirby move O;. Let U4 be the unknot with
+1 framing. Let s (L) (resp. s—(L)) be the number of positive (reps. negative)
eigenvalues of the linking matrix of L. Here, the linking matrix M = (m;;)1<i,j<r
of L is given by

m;; = the linking number of L; and L;(i # j),
m;; = the writhe (the number indicating the framing) of L;.
Theorem 1 (Hennings [13]). Let

V.1),...0,0(L)
V1) (Us)S+E) g 1y (U-)s— (L)

Then H(Mp) is an invariant of the three manifold My, obtained from the surgery
of S3 along the framed link L.

H(My) =

.00
oo JUX

Figure 3. O; and O2 moves.
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2.6. Colored Hennings invariants for links in three manifolds. Let M
be an oriented three manifold given by the surgery along a framed link
L=LULyU---UL,in S3and K be aframed link in M whose pre-image in S3
is K = K;UK,U---UK, which does not intersect with L, where L; (1 <i < p),
K; (1 < j < r) are the connected components of L and K respectively. For z;,

..., Zy in Z and symmetric linear functions fj, ..., f; in ﬂq (sl)*, we put

.....

i-th component of K is colored by (f;,z;) fori =1,2,...,r.

Proof. We investigate the isotopy move of K by its pre-image K in S3. The
isotropy of K which does not hit to the image of L corresponds and isotopy of
K in $3 which does not intersect with L. If a component K; of K pass the image
of a component L; of L in M, then the pre-image of this move in S is given by
the handle slide illustrated in Figure 4. Since ¢ is applied to all the components

.....

move. O

O, move for Kand L

Figure 4. Handle slide of a component K; of K along a component L ; of L.

3. Centers and symmetric linear functions of ﬁq (slz)

In this section, we recall irreducible and indecomposable representations of
Uy, (sl2) and describe its centers and the symmetric linear functions explicitly.

3.1. Representations of A. To explain representations of ﬂq (slp), we first de-
scribe representations of the Hopf algebra A introduced in §2.3. Let Us“’ﬂ be
the s-dimensional irreducible representations of A labeled by o, = + and
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1 <s < N. Lett = exp(wr +/—1/2N). The module UEE is spanned by ele-
ments u;5'* for 0 < n < s — 1, where the action of A is given by

kudf =g Jars 172 y%P Ju=1ifa =+ and Vo = vV-lifa = —,
a,B af _

euP =anlls —njupt, 1<n<s—1, euy’ =0,
fugh =yl 0<n<s-2, fu’ =0

Especially, U1+ "+ is the trivial module for which k acts by 1and e, f act by 0. The
weights (eigenvalues of k) occurring in Ut are

+570 0 L5730 L, s
and the weights occurring in U ;_is are

:I:tzN—S—l :l:ZZN_S_3 :l:ts+l.

Let Vs“’ﬁ (1 < s < N) be the N dimensional representation with highest-
weight B \/a t°~! spanned by elements v;, % for0 < n < N — 1, where the action
of A is given by

kvf,"ﬂ =B JotsTI7m vg’ﬂ, Jo=1ifa =+ and Vo = V-1 ifa = —,

ev?? —anlls—n]v®t, 1<n<N-1, evf =0,
fvff’ﬂ:v,‘ffp 0<n=<N-2, fv‘;(;flzo.

Note that VA? =U ﬁ Forl1 <s <N -1, Vs""’6 satisfies the exact sequence
0— UIQO_"S_ﬂ — V&P UsP 0,

and there are projective modules Ps“’ﬂ satisfying the following exact sequence.
0— V;ﬁ’s_ﬁ — Ps""ﬁ — VS""ﬁ — 0.

Actual description of the structure of A-modules Psﬂt’i is given in [14], which is
based on the construction in [33]. The module Ps+’ﬂ (B = %) has a basis

{x;r’ﬂ, )’;ﬁﬂ}OSjsN—s—l Ula, P, b P Yo<nss—1.
The action of k is given by
kx]‘_hﬂ — IBt2N—s—1—2j x]‘_hﬁ’ ky]—-h'B — ﬂt—s—1—2j y]'_hﬁ’ 0<j< N—s—1,

kaft =pr17ahf kbHP = B pk g <n <51,
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The actions of E and F are given as follows:

ExPP = —[jIIN —s—jlxh. 0<j<N-s—1(withx*}’ =0),

Eyth = {—[j][N—S—j]yf_"f, 1<k<N-s-1,
’ af_’/f, j =0,
Eap? =[nlls —nla 5. 0<n<s—1(witha' =0).
+.8 [n][s—n]b:_’?+a:_’€, l<n<s-—1,
Ebf? ="
AN=s—1° n =0,
Fx+’ﬁ ey

{x]tf, 0<j<N-s5-2
J

a(')hﬁ, j=N-—s5s—1,
FyfP =yhE 0<j<N-s—2withy}? =
vt =y, 0=j < s — 2 (with yy "0 = 0),

Faj"ﬂ :a,—;’_ﬂl, 0<n §s—1(withaj"ﬂ =0),

+5ﬂ
Fb,f’ﬂ={b”+l’ 0<n<s-2,

y;"ﬂ, n=s-—1.

The A-module P;fs is described as follows. P;fs has a basis
P VTP o en—s—1 Uday . bPlocn<sr.
j J
The action of A is given by
kxP = BTN kP = gyt P 0< <N s,
kayP =g a P Kb = pe?NtsTIm2np B g <p <51,

Exyf = —[JIIN =s = j1x7, 0=k =N =51 (withaZf =0)

Eyh = {— ;g][N—s—j]y,-‘_”f+x;_’€, l<j<N-s—1.
’ aS—,l’ j 207
Ea;? = [nlls —nla,f. 0<n<s—1(withaZ{ =0),
—B
nlls—nlb,>, 1<n<s-—1,
Eb;’ﬂ — [—][ﬂ ] -1 =n=
XNZs—1° n =0,

Fa? =xfl, 0=j =N —s—2(withxy2 = 0),

—B ; .8
B _ Vit1r 0= =N—-s-2, F =B — )Ontn 0<n<s-2,
’ by, j=N-s—1, "

FbyP =p7F, 0<n<s—1(withb;F =0).
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3.2. Representations of U,(slz). By composing the inclusion map ¢ from
Uy, (sly) to A given by (7) to the above representations of A, we get representa-
tions of ﬂq (slz). As representations of ﬂq (slp), X si’+ and X si’_ are the same one
for X = U, V and P. Therefore, we write U, V. and P for uEf uF® and
Psi’ﬂ respectively.

3.3. Symmetric linear functions. It is shown in [32] that there is a linear
isomorphism between the center Z of U, (sl>) and the space of symmetric linear

functions U, (sl)* given by z > (KN *1!ze), where  is the right integral of
ﬂq (sly). Hence, the dimension of ﬁq (slp)* is 3N — 1. A symmetric linear function
which is not a trace of any semisimple representation is also called pseudo-trace
in [25]. The actual description of ﬂq (slp)* is given by Arike in [2], which is
spanned by the following functions Ty, Ty, Tli, c Tﬁ_l, Gi,...,GN_1.

e Ty is the trace of the representation on Uy, .

e Ty is the trace of the representation on U ;,“ .

e T:* is the trace of the representation on U (1 <5 < N — 1).

e G is the sum of the following two traces. One is the trace of the s x s
submatrix of the representation matrix on P;" at the block of the row for
a;} and columns for b} (0 < n,m < s — 1), and the another one is the trace
of the (N —s) x (N — s) submatrix of the representation matrix onP _  at
rows of x;~ and columns of y,;” (0 <k,l <N —s—1).

The symmetric linear function ¢ introduced in Corollary 1 is explicitly written
in [2] as follows.

Proposition 2. The symmetric linear function ¢ is given by

N-1
¢ =aoTo+anTn + Y (a5 Ts+ Bs Gy). (11)
s=1
where
_ 1 (—1)5 s+
To=TY+T", ap=— , oy =——2 T
ST s MEUNANT Y N V2N
(—DN (=D s)?

anN = , - -
NEyay PT N
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Proof. The coefficients ag, @y, Bs (1 <s < N —1) are obtained from those in [2]
by multiplying the normalization factor ¢ in (3). The coefficient af (1 < s <
N —1)is given in [2] as

s—1 N—s—1

1 1
% =7 <;[l][s—l 2 l][N—s—l])

I=1
A computation shows that

1

I Lr— I=sro _ 71—
mpo =W (T e,

which implies

s—1 s—1
S s =07 =0T Y
I=1 =1

Similarly, we have
Z 7N =5 =17 =[] Z -
=1 I=s5s+1
Since YN {1} {1}~ = 0, we know that

Z{m "+ Z 7! = —{sh 517,

I=s+1
which implies oy = (=1)* "' {s}, N"'V2N . O

3.4. Centers of A. The center Z of ﬁq (slp) is investigated in [10] and the center
Z 4 of A is obtained similarly as follows.

Proposition 3. The center Z 4 of A is 5N — 1 dimensional. Its commutative alge-

bra structure is described as follows. There are four special central idempotents

eO and eN, other central idempotents e;, 1| <s < N — 1, and 4(N — 1) elements
i + (1 <s < N —1) in the radical such that

7
eted =085,0qa €%, s,t=0,1,...,N, o, ==xorempty,
eswfc’i=83,,w,i’i, 0<s<N, 1<t<N-1,

w2 B = g, 1<s,t<N-L
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The center e¥ acts on U ;,F + asan identity and acts as 0 on the other modules.
.eoi acts on Uy~ as identity and acts as O on the other modules. e acts on Ps+’+,
P, Pt and Py, as identity and acts as 0 on the other modules. The center
wi® acts on P0E by wihEbhE = o, wy alt =0, wh* x:’i =0,
w;“ =+ y,j + 0, and acts on the other modules as 0. Similarly, ws_’jE acts on
PyF by wy Tyt = x0T w0 = 0, wy T ay T =0, wy T b T =0,
and acts on the other modules as 0.

The center Z of ﬂq(slz) is spanned by e;, 0 < s < N, w;t, l1<s<N-1
whose images in A are

eo) =ef +ey. tley) =ex +ey.

t(es) = es, L(W;t) = wsi’Jr + wf’_.

Any central element z in Z is a linear combination of ey, w;t as follows.

N N-1
z= Zas(z) e + Z (b wi +b7(2)wy).
s=0 s=1

4. Generalized logarithmic invariants

Here we generalize the logarithmic invariant of a knot in S3 to a knot in a three
manifold. The logarithmic invariant is represented by the center corresponding
to a (1, 1)-tangle of the knot, and we extend it by combining with the Hennings
invariant. We show that there are some generalized logarithmic invariants which
cannot be expressed by the colored Hennings invariant.

4.1. Center corresponding to a knot in a three manifold. Let M be a three
manifold obtained by the surgery along a framed link L = L; U--- U L, and K
be a knot or a link in M. Let K = K; U--- U K, be the pre-image of K in §3 as
the setting of §2?. Let T be the tangle obtained by cutting the first component K;
of KjU---UK,UL{U---ULp. The universal invariant of knots in [23] and [30]
is generalized to tangles in [31], which we can apply to T'. Let x5, ..., x,4, be
pointson K», ..., K,, Ly, ..., L, and let

“Isz,...,xp+r (T) = Z u‘l) Q- ® M: ® u:‘)—l—l Q- u:-l—p
v
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T\ 1-N
Q b ®dl \7 N X
: 5 t\ KI—N
hi@H% »
ar ® by
T — —
a1®b;

\u am Q by \J

X2

Ve, (T)= > ajb;®ambiax K" by a;ba b, K'™N
i,j.k,l,m

Figure 5. Universal invariant for a tangle.

be the element of ﬂq (sl,)®"*? which is defined as (9). For the component K1,
itis opened to make a tangle and we read the terms on this component from bottom
to top. Let ( f2, z2), - .., (fr, z,) be pairs of a symmetric linear function which are
colors for the components K, ..., K, and s (L) (resp. s—(L)) be the number of
positive (reps. negative) eigenvalues of the linking matrix of L. Then

Z(f2,22) e frr2r) (T)

r p
= Ve U P v ® 3 ([T Aiccud) [T o) ui

v =2 j=1

(12)
is contained in the center Z of ﬂq (slp).

Theorem 3. The center z( 4, ,).... (f..zp)(T) is an invariant of the colored knot K
with a specified component K.

Definition 2. Fix a basis {c1, 3, ...} of the center Z of ﬁq (slz). Then the center
Z(fy,22)0n(fr,zr) (') is expressed as a linear combination of this basis, and the
coefficients are also invariants of K. We call these coefficients the logarithmic
invariants of K since they are related to the logarithmic TQFT constructed in [10].

.....

Yz frzn (K) = AEN T 20200 20z (T)).

Therefore, we have the following result.
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Corollary 2. The colored Hennings invariant with colors ( f1,z1), ..., (fr,zr) is
determined by the logarithmic invariants.

4.2. Simplification of the coloring. For the coloring of each component of a
link, we use a pair (f,z) where f is a symmetric linear function and z is a
center. However, we know that G (W§E u) = TSi (esu) = TSi (u), Ts (W;E, u) =0,
Gs(esu) = Gg(u), and so the coloring by (Gy, w;t), (Tsi, eg) are equal to the
coloring by (7%, 1), the coloring by (Gy, €5) is equal to the coloring by (Gy, 1),
and the coloring by (7:*, w¥) vanishes. This means that the invariant with any
coloring can be expressed as a linear combination of invariants with colorings
(T#,1) and (Gy, 1). Therefore, from now on, we use the coloring by symmetric
linear functions only. For example, Yz, . r. means ¥z, 1),...(fr,1)-

4.3. Coefficients of the basis. Let K be an r component framed link in a
three manifold M given by the surgery along a p component framed link L =
LiU---UL,, K= Ky U---U K, be the pre-image ofK and 7 be a (1 1)-tangle
obtained from K U L by cutting the component K as before. For such K, we have
constructed the center z¢, 7. (T) (with simpliﬁed colorings) in Theorem 3, which
is an invariant of K with specialized component K. This element is expressed as
a linear combination of the basis of Z as

,,,,,,,,,,,

s=1

(13)

From Theorem 3 and the definition of the logarithmic invariants, we have the
following.

Corollary 3. The coefficients

as, fo...£,(T) (0=<s5 <N),

by () (I1<s<N-—1)

are logarithmic invariants of K in M.
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..... f,(E) and the
(M) (A =s<N-1)

Now, let us compare the colored Hennings invariants ¢,
logarithmic invariants ag , 7 (T) (0 <s < N), b*
coming from zg, . (T). Since

To(KN 1 eg) = Ty(KN ' ey) =0,

85025000

.....

TEKN Tl ey) = +[s], Go(KNT'wh) = F(=1)°[s] forl<s<N -1,

we have

.....

............

Y6y forntfy (K) = F(=1) [s] s, fy.....1,(T).
These relations imply that the colored Hennings invariants are linear combinations
ofag f,,... ;)(T) andb (T) b o fr(T) fors =1,..., N—1. However,

the above relations dont determme the invariants ao z,, . 7 (T), an, 5. 7, (T),
b;t o fo (T) of K from the colored Hennings invariants.

5. Generalized Kashaev invariant

In this section, we show that certain logarithmic invariants for links in a three
manifold are generalizations of Kashaev’s invariants for knots in S3.

5.1. Colored Alexander invariants. The colored Alexander invariant intro-
duced in [1] can be constructed from the quantum R-matrix of the medium quan-
tum group Uy, (sl2) as in [28]. The medium quantum group is defined as follows.

U, (slo) = <K, K\ E F|KEK'=¢*E, KFK' =¢2F,
-1
[E.F]= "X N pV =0).
q9—4
To see the relation between the colored Alexander invariant and the logarithmic
invariants, we check the correspondence of the quantum R-matrices for ﬁq (slp)
and ﬁq (slz). Let R be the R-matrix for the colored Alexander invariant, then it is

given in [28] by

I\)I'—'

Z e, as)

where H is a formal element satisfying ¢ = K.
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Definition 3. A representation V' of ﬁq (slp) is called an integral weight represen-
tation if and only if there are integers Ay, ..., A, such that V = @p; V. where
Kv; = q’li for any v; € Vj,.

Lemma 1. Let U and V' be integral weight representations, then the representa-
tions of R in (14) and Rin(®) onU ® V are equal.

Proof. Letu € U and v € V be weight vectors such that Ku = ¢"u and
Kv=q* Theng?H®H y @ v =g u®uv,

m(m—l)/2q%H®HEm u® F™y

MZ

Ru®v) =

m=0

N—
Z { m(m—l)/2+(r+2m)(s—2m)/2 E"y® F™y
m

Hence the actions of the R-matrices are equal. |

The colored Alexander invariant is defined for non-integral representations,
but this lemma shows that R is also well-defined for integral weight representa-
tions. Let K be a knot in a three manifold M given by the surgery along a framed
link L in 3, K be the pre-image of K in 3, and T be a tangle obtained from
K U L by cutting a component K; of K. Let Zv uj ®---®u,, , be the universal
invariant of the tangle T in (U, (sl2)/[U, (sl2), Uy (slz)])®(’ +7) constructed from
R. In this case we use the element H and infinite sums which converge on any
finite dimensional representations.

Remark 2. Another construction of a universal invariant corresponding to the
colored Alexander invariant is given by Ohtsuki in [30] by using colored ribbon
Hopf algebras.
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For A € C, let p* be the highest weight representation of ﬂq (slz) with highest
weight A — 1 and y* be the character of p?, i.e. the trace of the representation
matrix of p*. Let X(1) be the representation space of p* spanned by the weight

vectors v{}, v%, e vlk\,_l, on which Uy (sl) acts by
A A—1—2n A A A A A
Kvn =4 nvn’ Evn =[n][A_n]vn—1’ Fvn = Un+1o

where vﬁ, = 0. Then the representation X(A) is irreducible if A € (C\ Z) U NZ.
For A¢,..., A, € C,

r p
> o @) ([T [To0s ) (15)
v i=2 j=1

is a scalar matrix and let A, ;. 4...4(T) be the corresponding scalar. The
symmetric linear function ¢ is defined for elements in ﬁq (sly) passing through
U, (sly), but is not defined for elements containing H yet. For a weight vector v
with weight A, the action of H on v is defined by H v = A v. In (15), ¢ is applied
to the last p components as a linear combination of the symmetric linear functions
Ts, G defined for the indecomposable representations of ﬁq (slz) through ﬁq (slp)
by (11). For these representations, the actions of H are defined as above and we
can extend ¢ to the last p components in (15) by using (11) even if they contain H .
Therefore, we can apply (15) for ﬁq (slp)-valued universal invariant of a link.

Remark 3. If the weights A, A5, ..., A, are all specialized to integers, then
Axy,nr ..., (T) coincides with the logarithmic invariant sy, Tyy seorsTsp sersh (T)
defined by (13), where s; = A; or 2N — A; (mod 2N).

If L is empty and K is a framed link in $3, we know the following for the
tangle T corresponding to K obtained by cutting the component K; of K.
Theorem 4 ([1] and [28]). For Ay, ..., A, in C\ Z, let

sin(Ay w/N)

..... 1, (T) = — Apyr, (T).
\/—IN ! sin A 1

A, (T) is an invariant of the link K in S3 which does not depend

Then ADOy, ..
on the component K.

.....

which is equal to the colored Jones invariant corresponding to the N dimensional
representation of Uy (sl,) at ¢ = exp(z+/—1/N).
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5.2. Generalized Kashaev invariant. We introduce generalized Kashaev in-
variants for links in three manifolds as a generalization of Ay, . n(7T) combining
with the Hennings invariant.

Theorem 5. Let K be a link in a three manifold M given by the surgery along a
framed link L and K be the pre-image of K in S3. Let T be the tangle obtained
from KUL, and s1 (L), s—(L) be the numbers of positive and negative eigenvalues
of the linking matrix of L. Then

..........

r—1 P

does not depend on the choice of the specified component K; of K to make the
tangle T, and is an invariant of K.

Proof. We show thatay

..........

component K;. We assume that the number of the components of K is greater
than one. Let 7® be a (2, 2)-tangle obtained from K asin Figure 6. We associate
the representation VA}L "+ to the components of K. Then T® corresponds to an
element p(T®) € Endy, s1,) (V" ® V"), where V" @ V5T is split into a
direct sum of indecomposable Uy, (sl») modules as follows.

(+.4) 1y (++)
VN VN

K1 K2 I I
I pr | | —  p(T®)eEnd(ViPH @ Vit
[
Figure 6. The tangle 7?.
(N-2)/2
@ Pj”+ if N is even,
Vyrevy =1 (N-3)/2 (16)
Vet e @ PPt if Nisodd.

s=0
Note that this is a multiplicity-free decomposition. Hence the action of p(7?®)
is decomposed into a direct sum of the actions on P and V; T which commute
with the action of ﬂq (slp). Let T 1(2) and T 2(2) be (1, 1)-tangles obtained by closing
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the right strings of 7@ and o T® ¢~! as in Figure 7. Now compare the scalar
corresponding to 7 1(2) and T2(2). The action of ¢ on Vi'" ® VAJ,r * commutes
with the action of U, (sl,). Therefore, the images of o and 7® in End(P,;"™")
and End(VJC,L "+) are both contained in the commutants with respect to ﬂq (sly).
From the construction of representations of ?_iq (slp), it is easy to see that the
above commutants are all abelian. This implies that the images of T1(2), T2(2) in
End(P;"") and End(VJ:,r "+) are the same ones, and then we get

2 2
ANTr o T st L1 ) = an Ty Ty bt (T3D). 0
K1 K2\
o
K, \ K,
r?: | T® P | 1@
\/
7/

Figure 7. The (1, 1)-tangles TI(Z) and T2(2).

By usingay
follows.

T ...p> We introduce the generalized Kashaev invariant as

.....

Definition 4. Let

and let
GKy (K) = ¥ (Us) 5+ D)y (U-) =) GKy (7).

We call GK y (K) the generalized Kashaev invariant of K .

To get more computable expression of GKy (K), we express the symmetric
linear function G by derivatives of the diagonal elements of p*.

5.3. An expression of G;. We first introduce a non-irreducible module of the
medium quantum group ﬁq (slp) which is isomorphic to direct sum of two non-
integral highest weight representations. Let ¢ be an integer with 1 < s < p and
Y(A, s) be the ﬁq (sl2) module which is spanned by weight vectors ¢; and d; for
0 < j < N — 1. The action of ﬁq (slp) is given by
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KC /112nn’ d_q/112s2nd OSHSN—L

0, n =0,

Ec,
[n][A —n] cp—1, 1<n<N-1I,

[n][A —2s —n]dp—1, p—s+1<n<N -1,

Ccht+1, 0<n <N -2,

0, n=N-—-1,

Cs—1, n=0
Ed, = {[n][A —2s —n]dy—1 + cngs—1, 1<n<N —s,
Fcn:{

Fd, =
0, n=N-—1

{H% 0<n<N-2,
Then, for generic A, Y(A, s) is isomorphic to the direct sum (A1) BX(A—2s), where
X(A) is identified with the subspace spanned by {cg, ..., cny—1} and X(A — 2s) is
identified with the subspace spanned by

{do — = dy—s—1 — AN dy

[s]IA —s]" HM—]

Let p*(u) be the representation matrix of u € ﬁq (slp) on X(A) with respect to
the basis {vé, .. vlk\, 1} as before and p?9) (1) be the representation matrix of
uon Y(A,s) w1th respect to the above basis {c¢**,d\**:0 < n < N —1}. Let
o™ (U)n.» be the diagonal element of p*(u) corresponding to the basis v,’,‘.

Now we express the symmetric linear function G of the small quantum group
ﬂq (sly) by using the derivatives of the diagonal elements of the highest weight

representations of the medium quantum group ﬁq (sl2).
Lemma 2. G;(u) is given by

NG d o NS o »
Rkt 2 = )

N—s—1

" Z (,02N+A_2S(u)n,n _IO)L—2S(M)H,”))‘)k

n=0

Gs (“) =
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Proof. There is a natural projection from U q(slp) to U 4(sl2) sending K2V to 1,
and let & be a pre-image of u in uq (slo). Then the action of p*%) (i) to Y(A, 5) is
expressed as follows:

N-1
pH @) en =Y pHWnm cm,

m=0

p*I () d, = Zp* 2 (Wnm dm + Zx“ D () .

On the other hand
p(k,s) (u)(dn _ Cn+s )

[s][A —s]
N—s—1 N-1
Z pl_zs(u)nm(dm _ Cm+s ) + Z p/l zs(u)nm -
’ [s][A
m=0 m=N-—s
for0O<n<N-s5-1,
N—s—1 N-1
_ Cm+s
p(k,s)(u) d, = Z IO)L 2S(“)n,m<dm— + >+ Z ,OA ZS(u)nm -
m=0 m=N-—s
for N —s <n < N — 1, because
Cs CN—1
dy— ———. .... dN—s—1— 7, ds, ..., dn-1
[s][A —s] [s][A —s]

are identified with the weight vectors v’L s

Therefore,

s ooy VA5, of X(A — 25) respectively.

pA(U)n—G—s,m _ pk—2s(u)n,m—s . 0<n<N-—s—1,
i, bl =
X () = 4

A—2s
_ Wames (u)n,m—s’ N—-s<n<N-1,

[s][A — 5]
where p’l_zs (U)n,m—s is considered to be 0 if m —s < 0. From (17), we get
NA{l} d _
tim 552,00 = 5 W = P W)
and
7 (A,,N— )
s 1)
N A1} _
27Tl [S] ﬁ(p (U)n+N—s a+N—s— ,O)L 2N+2s(”)n,n)|/l=2N—s

for0<n<N-s5s-—1.
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Since the symmetric linear function Gy (u) is given by

s—1 N—s—1
Gs) =Y x v AT+ Y x5 ),
n=0 n=0
we have
N{1} d/ X aniaas
Gs(u) = 2w ils] dk( r; (U)n+N-s,n+N—s

N—s—1

N-1
+ Z Pk(u)n,n - Z Pl_zs(u)n,n> Jes
n=0 n=0

N{1} d, = .
T 27ils] dk( g V2 W~ 0H (W)

N—s—1

+ Y OV W~ P Wa))| O

A=s
=0

5.4. Non-triviality of ¥ ¢ (Ux)
Lemma 3. |y4(U+)| = 1 and is not equal to 0.

Proof. Let Ty be the tangle corresponding to U+ and v+ be the universal invariant
of T+. Then, Proposition 7 in [28] shows that the scalar corresponding to ,o’L (ug)is

+ A=DAFIZ2R Ty ot 1 be the universal invariant for Us, then e = KN 41y,
We know that Ty (ii+) = 0 and x*(ii+) = 0, ¢ (ii+) is computed as follows:

Ppis) = (=1)°*7" [s]* Gs(tix)

Nmz

R D L (LR
— p’l_zs(ﬁi)”’"»‘lﬂ’

since y*(KN+'uy) = 0. We know that

RN ),y = g2 Gmam WD _qiﬂﬁzm g2,
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Hence, by using Lemma 2, we have

N—s—1

~ 1 N{l}( 1)S 2+2Ns L o s—2n—Ns
Pliy) = A Z ; =N

_ {1} s o i %
= Z( D[ WAk :

where gany = Z?No 147%/2 = 2(1 + i) /N by Corollary 1.2.3 of [3] and
|¢(ti+)| = 1. Since ¢ (2i—) is the complex conjugate of ¢ (i), its absolute value
is also equal to 1. |

5.5. Quantum SO(3) version. For the Witten—Reshetikhin—Turaev invariant of
three manifolds, its SO(3) version is introduced in [22]. Here, we introduce the
SO(3) version of the generalized Kashaev invariant. For the Hennings invariant,
SO(3) version is already introduced in [4].

From now on, we assume that N is a positive odd integer. Let

N—-3
2

PO () = V2 (aN Tn(u) + Z (@25+1 Tas+1(u) + Bas+1 G2s+1(u)))- (18)

s=0

Let M, be a ﬁq (slp) module with even integral weights. In other words, M has
a basis m; satisfying K m; = q’1 m; with A € 2Z. Let p4 be the homomorphism
from Uy, (slz) to End(M4).

Proposition 4. For x,y € ﬂq (slp),
$5°D(x y) = 9> (y ), (19
(¢50(3) ® p+)((1 ® KN+1)A(X)) _ ¢so(3)(x) p4(1). (20)

Proof. The first formula holds since ¢S°® is a linear combination of symmetric
linear functions as in (18).

To prove the second formula, we split elements of ﬁq (slp) into their even parts
and odd parts. Let ﬂq (slz)+ (reps. ﬁq (sl;)-) be the set of all elements in the
kernels of even representations (reap. odd representations). Here a representation
of ﬁq (slp) is said to be even (reps. odd) if it is a integral weigh representation
and the weights are all even (reps. odd). For x € ﬂq (slz), x = x4+ + x— where
x4 € Uy(sly)+ and x_ € Uy(sly)—.
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Then,
AGry) = Y xf, @35, + ) xf @x5_
o o
and
Ax-) = thlx,+ ® x5+ Zx‘l",_ ® X2+
o o
Since
#5303 (x_) =0, p+(x-) =0,
¢SO(3)(X) — ¢SO(3)(X+), p+(x) = IO+(X+),
we have
¢%°® (x) p4+ (1)
= ¢°°® (x;) p1(1)
= V2¢(x1) p+(1)

= V2@ @p) (1@ KV (Yo xt, @xg, + > xi_®x%_)) by ©)
= V2@ ®p) (1@ KN (Yot @25 ) (by p (x5 ) = 0)

= @9 @ p) (10 KV (Y at. @ x5,)).

and
@°°? ® p)((1 ® KN A(x))
=Yoo (10 k¥ ( Y Yt ®8,,))
£1,6p=%t «
= ™9 p) (1@ KV (T, o3, )
o
since pSOC) (x-) = p+(x3 _) = 0. Therefore, (20) holds. O

For later use, we compute $3°®)(ii1) and check their non-triviality for the
universal invariant %4 of trivial 1 framed knot U.

Lemma 4. |¢5°®) (ii1)| = 1 and is not equal to zero.
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Proof. We restrict the parameter s to odd integers in the computation in §5.4:

- —N 2s +1
$500) i) = Z Chd
N~N
25—
(2x+1)2+2N(2s+1)—1 Cme 1
Z q > q 2s—1—-2n—N(2s+1)
{1} Z <2s+1)2+1
[25 + 2
_ZaNg 2
2i /N~
where g4y = fﬁo‘l q(2s+” Since

2N-1
> ¢* =2gy=2VN (N=1 mod4) or 2i VN (N =3 mod 4)

s=0

by Corollary 1.2.3 of [3], we get
|gan| = |gan —2gn| =2 VN,
which implies that [¢5°®) (7i4)| = 1. Similarly, we get |¢59®) (ii_)| = 1.

By using (20) and Lemma 4, we construct SO(3) version of the generalized
Kashaev invariant GKy .

Theorem 6. Let M be a three manifold obtained by the surgery along a framed

link L in S3, K be a link in M, and K be the pre-image of K in S3. Let T be a
tangle obtained from KUL, and s+ (L), s—(L) are numbers of the positive and
negative eigenvalues of the linking matrix of L. Let

GKY(T) =ay . 1y gs00...
and
GK?VOG)(T) = Y4s003) (Uy)—s+@) V5003 (U_)—-®) Cfi\lK?\,zOG)(T)-
Then GK?VOG)(I% ) is an invariant of K.

We call GKSO(3)(T) the SO(3) version of the generalized Kashaev invariant.
N



Generalized Kashaev invariants for knots in three manifolds 63

5.6. Relation to other invariants. We express the generalized Kashaev invari-
ants GKy (K) and GKi,O(3 ) (K) by using the colored Alexander invariants and the
colored Jones invariants. GK v (K) and GK?VOG) (K) are given as follows:

GKy (K)
N p r
=3 (X Tl T + By G D) Twa) s en,
Vo 1,02,e0tp=0 i=1 j=2
GKX??(K)

N

p
=AY (Y Tl Tt + By Guuly))

v t1,02,..,p=0 i=1

r
t; :odd l_[ TN(M;) ullj en.
Jj=2

From now on, we consider the case that p = 1, i.e. the framed link L defining
the three manifold M is a knot. Then GK y (f ) and GK?VOG) (f ) are given by the
colored Alexander invariants and the colored Jones invariants as in the following

.....

which is normalized to be 1 for the trivial knot.

Theorem 7. Let K, M, L, K and T be as in Theorem 6. Then the generalized
Kashaev invariants GKy(K) and GK?VOG)(K) are expressed in terms of the

colored Alexander invariants, their derivatives and the colored Jones invariants
of K U L as follows:

~ ~ 1 ~
Gy (R) = = ()" ADOx....vo(R U L)

+iV"1 ADOww,.. NN (K U L)
N-1
+ Y (D" {1} ()N ADOy,,..Ns(K U L)

t=1

N—-1
AN— t d
DM (15 52 20|_+ 8:20)).

2
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where
&1(x) = (~ADOY__ non+u+x(KUL) +ADOY _ y, (K UL)),
G>(x) = f N ADOy,. nx(KUL)—i""' fVy_ nx(KUL),
~s0G), = (=)' & .
GKy OK) = T( ;{21 +1}+ ADOn ... N20+1(K U L)
— ADOy .. nN(KUL)
N=3 22)
+ i{zz n 1}(ii6 (—41 —2)‘
= 2mi du ! u=2t+1
+&0))).
where

.....

. o 1
GKy (K) = NN (aN,TN ..... T, To(T)
+ (_1)N_1 aN,Ty ..., Tn, TN (T)
N-1
+ Y (=D () s angy....y. 1 (T)
=1
+ [P an 1y, 7n .60 (T)),
,S0(3) , & 1
GKN (K) = m <— AN, Tn,....TN, TN (T)
N-=3
+ Z (2t + Lhpanty ...y T2 41 (T)
=0
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We know that

i1 gin A

ADO, ... v (KU L)

T
ANTN, TN, Tt( ) /\—)N SIH(AT[/N) (23)

= (~)""' N ADOww...N.(K U L).
By using Lemma 2, we have

;:;ﬂ;(d Salu= t+zd GS‘M:)eN’

AN, Ty ,...Tn .G (T) en =

G4 = —ANN,.. .NoN+u—2:(T) + ANN,.. .Nu(T),

N—t—1
&5 = H Tn @) Y (0N T ) D — P W) D) 1

n=0

From the definition of the R-matrix, ]_[Jr —> Tn (u}) p*(uy 1 )n,n uy has period 2N
with respect to the parameter 1 except the phase factor g/ *—N )>/2 where f is the
framing of L. If the framed link KULis given by a link diagram with blackboard
framing, then the framing f of L is given by the sum of signs of the self-crossings
of L. Let h¥(w) be a function of period 2N satisfying

)
T 7w @) 0 0uly Dnn il e = a7 @2 12 () ey,
j=2

Then we have

d - v 2N+pu—2t (v —2t .,V v
@(Jl:[z T (i) (™" T (uy I — P* (ur+1)n,n)u1))‘u=teN
d

_ 2 N 2
= @(W*N 220 (- 2t) ey — g/ CTNTEOT2 B (1 — 20)) | =y

,
=2fmi 1_[ Tn (u})) IOzN_t (u‘r)+1)n,n ujen,
j=2
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and

v j=2
_ NI vy 4 s
_2m[z]( 2 Nd,uGI( 2’)‘M=t
+2 70y [ Tv@d) T,—(uyﬂ)u{) ey
v oj=2
N {1}

d
_ TS \N— Sq(—

.....

.....

.....

and a NoTw s T TS (T') is equal to the colored Jones invariant V. n.(K U L),

we get (21) and (22). O

.....

6. Volume conjecture for the generalized Kashaev invariant

The invariants GKy, GK?VOG) are generalizations of Kashaev’s invariant, and we
expect that the volume conjecture proposed in [17] and [26] also holds for them.
Since GK y may vanish for some nontrivial cases, it is better to consider GK]SVO(3).
In the rest of the paper, we compute the invariant GKJSVOG) for some examples and

check Conjecture 3 numerically.

6.1. Hopflink. Let KU Lbea Hopf link in Figure 8 where f is the framing of
L, and K be the knot corresponding to K in the lens space obtained by the surgery
along L with framing f. We assume that the framing of Kis0.Let T be a tangle
obtained from K U L by cutting K, and g(n) = (u? —2Np — 1)/2. The ADO
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invariant of K U L is given by
ADOy (KU L) = iN"14/ W),

N
iADONM(I?UL) _ T (M—N)qu(“).
du ’ N

From the colored Jones invariant, we have

re0 yyp B _ e,

T) =
(1) =750 im0

for odd ¢ , and

ang (1) = ANy (T) —ay o+ (T) = g’ EO (N —1).

Therefore
| Nl
GKSO®) (g = 2041 f g21+1).

This implies |GK15VO(3)(I€)| < +/N and

27 log | GKYY @ (K)| _

0.
N—o0 N

Hopf link. Whitehead link.

Figure 8. Hopf link and Whitehead link.

67



68 J. Murakami

6.2. Whitehead link. We do the same thing for a Whitehead link K UL in
Figure 8. Let f be the framing of L, and K be the knot corresponding to K in the
lens space obtained by the surgery along L with framing f. We assume that the
framing of Kis0.Let T be a tangle of K U L obtained by cutting a point on K.
The colored Alexander invariant of K U L is given in [28]. Let

{a: kY = (9 — g~ (g — g~y .. (g@k T etk
then

ADOy (K U L)
. N-1 L . .
_ —iglEW )3 1y g Y (D i+ ji2j + 1)
{2j +1;2j +1 =N} °

i=[5]

and, by using I’Hopital’s rule to obtain the limit 4 — ¢ for an integer ¢, we have

"~ 2N sinmp

ADOy, (K U L)
i gt j2j + 1)
_ —i (_l)tqu(t) ]VZ_I ( 1)] %2_37] JsJ d/uL j2% Js 4] =t
T ON# 4 2/ 11,2/ + 1-N}

i=[¥]

Hence we have

an,t,(T)
. Ui Lty
27 il {2j+1;2j +1—-N}
. Ui Lty
_ —iN (_l)t qu(t) NX:I (_1)]q%2_371 dpL =t
27 et 2] +1-N:2j +1—N}

The colored Jones invariant Vy (KA U L) is given in [12] which is reformulated as
follows for g = ™/ N,
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o Ifr > [%],
Vni(K U L)
[5]-
( 1)[1 fg@) Z( 1)] ————{J .]} {t+J2J+1}
ize {2/ +1;j+1}
.3 d A
iN(-1lgle0 (I ey Uiyt ji2j + 1}M_t
—1) g 272 —t.
+ 27 2. (-q (2 +1-N:2j +1—N}
i=[¥]
o ifr <[¥],
VNJ(I/(\UL) (- 1)[ 1 fg(t)Z( 1)] - {.] J} {[+.] 2J+1}

= 2+ 17+ 1}
Now we check the following conjecture by substituting the above formulas to (22).
This conjecture is stronger than Conjecture 3.

Conjecture 4. The SO(3) version of the generalized Kashaev invariant satisfies
the following.

SOQ3) , .
()() 2

= Vol(K) +iCS(K)  mod L.

li 1
im 7 log 7

N—oo GK%O_(? (E)

For the knot K in lens spaces coming from the Whitehead link as above, the
results of numeric computation are exposed in Table 1. The framing f of L varies
from —5to 10 and N = 83, 123, 183, 245. For the cases f = 0, 1, 2, 3, 4, the knot
complements are not hyperbolic. The volumes and Chern—Simons invariants are
obtained from the software SnapPea and its cusped census table created by Jeff
Weeks. The values seems to converge to the complex volume Vol(K) + i CS(K)
mod 72/2i when f % 2 (mod 4).
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GKSO(3)(IZ) .
Table 1. Values of = log W mod 72i.
GKy 5 (K)
fA\N 83 123 183 245 Vol +i CS
5 3.52627 3.45119 3.40037 3.37410 3.29690
+ 3.77047i | + 3.77611i | + 3.77866i | + 3.77958i — 1.154071
_4 3.40671 3.33159 3.28077 3.25449 — 3.17729
—0.97724i | — 0.97243i | — 0.97025i | 0.96946i —0.968471i
3 3.21855 3.14342 3.09260 3.06632 2.98912
+ 4.19927i| 4 4.20327i | + 4.20508i | + 4.20574i + 4.20662i
9 —0.20084 0.64312 —1.15661 0.30569 2.66674
—3.95382i | —3.93690i | —3.63002i |— 3.968664 i —0.411231
1 2.25923 2.18415 2.13335 2.10708 2.02988
+ 4.930407 | + 4.93281i | + 4.93391i | + 4.93430i +0i
0 0.30651 0.20601 0.13809 0.10300 non-hyperbolic
—0.00294i | —0.00133; |— 0.000609i | — 0.00033 i
| 0.22776 0.15482 0.10340 0.07714 non-hyperbolic
+ 3.28809i | + 3.29048 | + 3.28898i | + 3.29014
) 0.23123 0.15525 0.10398 0.07752 non-hyperbolic
—4.933007 | —4.93385i | —4.93430i | —4.93449i
3 0.35286 0.255233 0.184937 0.00758 non-hyperbolic
—1.37902i |— 1.361564i |— 1.344945i | + 4.62530i
4 —0.06551 | —0.09561 0.31686 0.30301 non-hyperbolic
—4.581437 | —4.64719i | + 4.70468i | — 4.75063 i
5 2.25936 2.18421 2.13337 2.10709 2.02988
+ 0.00547i | + 0.00247i | + 0.00111: | + 0.00062 i + 4.934801i
6 —2.74804 | —7.77535 | —7.74245 3.02484 2.66674
—3.36083i | —2.77035i | —2.25861i | + 0.87472i + 4.52357i
7 3.21829 3.14331 3.09255 3.06629 2.98912
+ 0.73646i | + 0.73195i | + 0.72991i | + 0.72917i —4.206561i
3 3.40638 3.33144 3.28071 3.25446 3.17729
—3.95673i | —3.96200i | — 3.96439i | — 3.96525i —3.96634i
9 3.52592 3.45103 3.40030 3.37406 3.29690
+ 1.16509i | + 1.15904i | + 1.15630i | + 1.15531 —3.78074i
10 2.79822 2.72319 2.67241 2.64615 3.37760
+2.69441i| 4 2.68751i | +2.68438i | + 2.68325i + 3.634061

The last column indicate the hyperbolic volumes and the Chern—Simons invariants given

by the cusped census of SnapPea.
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