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Introduction

Khovanov and Lauda [16, 18, 17], and Rouquier [34] following a slightly different
approach, defined a graded additive 2-category U(g) with “nice properties” for
any Cartan datum describing a Kac—-Moody algebra g. The 2-morphisms are
defined by string diagrams with regions labeled by g-weights. They are generated
by a finite set of elementary diagrams which obey a finite set of relations. The
split Grothendieck group of the Karoubi envelope of U(g) is isomorphic to the
idempotented version of the corresponding quantum group U(g). In Crane and
Frenkel’s [3] terminology, we say that U(g) categorifies U(g).

Khovanov and Lauda only proved this categorification theorem for g = sl,.
A key ingredient of that proof was a 2-representation of U(sl,) on a 2-category
build out of the cohomology rings of partial flag varieties. The equivariant
cohomology rings of these varieties, which also give rise to a 2-representation,
are equivalent to the singular Soergel bimodules of type A, introduced and studied
by Williamson in his Ph.D. thesis in 2008 and published in [37]. The general
categorification theorem was proved by Webster [36].

In [28], Mackaay, Sto$i¢ and Vaz defined a quotient of U(sl, ), denoted S (n, r),
and proved that it categorifies the quantum Schur algebra S(n, r), for any r € Z.~.
If n > r, then §(n, r) contains a full sub-2-category which categorifies the Hecke
algebra J 4, _,. This sub-2-category is equivalent to the 2-category of (ordinary)
Soergel bimodules of type A,_1, as was proved in [28] using Elias and Khovanov’s
diagrammatic presentation of the Soergel 2-category [8].

In the same paper, Mackaay, Stosi¢ and Vaz also showed that Khovanov and
Lauda’s 2-representation of U(s(,) on the singular Soergel bimodules descends to
S(n, r). Its restriction to the aforementioned sub-2-category of S(n, r) is exactly
Elias and Khovanov’s 2-equivalence of their diagrammatic 2-category and the
2-category of (ordinary) Soergel bimodules.

Naturally the question arises whether the results in [28] extend to affine type A.
In this paper, we show that this is indeed the case for 3 < r < n:

e As Libedinsky explained in [22], one can define Soergel bimodules using
the geometric representation of the affine Weyl group W i, or Soergel’s
extension of that representation [35]. The geometric representation is not
reflection faithful in Soergel’s sense, whereas Soergel’s representation is.
Both representations give rise to categories of Soergel bimodules which
categorify the affine Hecke algebra # A, s shown in [13, 23, 22, 35].
For more information on this topic, see also [9].
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However, the extension of the geometric representation to the extended
affine Weyl group ‘W i,_, is“too degenerate” and cannot be used to categorify

the extended affine Hecke algebra J i Soergel’s representation extends
nicely to W A and we show that there is a corresponding category of

bimodules, denoted & Bim i which categorifies H A

Soergel’s representation of ”VVA__I has dimension r + 1 (see [35, Sec-
tion 2], [9, Example 3.2]) and the corresponding bimodules are defined over
Q[y, x1,...,x,] where deg(y) = deg(x;) = --- = deg(x,) = 2. We note
that Soergel’s representation fixes y, so the left and the right action of y on

any bimodule coincide.

e We also define a diagrammatic 2-category D& Bim Ay similar to the ones
in [8, 9], and show that it is 2-equivalent to & Bim A, (actually they are
equivalent as monoidal categories, i.e. 2-categories with one object). Here
we use the corresponding result for the non-extended category of affine
bimodules and its diagrammatic analogue due to Elias and Williamson [9].

e We define a y-deformation of the level-zero 2-category ‘U(;[n). In order to do
that, the homogeneous 2-morphisms are defined over Q[y] instead of Q, with
y a formal variable of degree two. We denote this 2-category by ‘L((s/s\[n)[y]
and prove that its Karoubi envelope is Krull-Schmidt.

We recover U(s:\[,,) when we quotient by the 2-ideal generated by y. This
2-ideal is virtually nilpotent, so the Grothendieck groups of the Karoubi
envelopes of U(sl,)[,) and U(sl,) are isomorphic.

e We define a quotient of U(sl, )[y]» Which we denote S(n, . 1)[y]- We prove that
s (n, r)[y) categorifies the affine quantum Schur algebra S(n r) Again, the 2-
ideal generated by y is virtually nilpotent, so the quotient of s (n,r)[y) by this
2-ideal also categorifies §(n, r). We denote this quotient by s (n, r), which
can also be obtained as a quotient of Khovanov and Lauda’s original U(gln).

e We define a 2-functor
DI i)é’JIBim} e §*(n, "yl

prove it to be faithful and conjecture it to be full.!

' We will explain the * notation in Section 2. It basically allows us to consider 2-morphisms
of arbitrary degree.
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e We define the 2-category of extended affine singular Soergel bimodules
ESBimy and give the affine analogue (and y-deformation) of Khovanov
and Lauda’s 2-representation, i.e. a 2-functor

F':8(n.r)f,; — €S Bim*;

r—1

Remark 0.1. We do not consider the case r = 2, because we heavily rely on the
results on affine Schur—Weyl duality due to Doty and Green [6], which they proved
for r > 3.

The case n = r is different, because §(n, n) is not a quotient of I'J(;[n) but
only of a strictly larger algebra. Therefore, one has to extend the Khovanov-Lauda
affine calculus in order to define § (n,n). This case is dealt with in a follow-up
paper [29].

The case n < r cannot be dealt with at present, because even the decategorified
story has not been worked out (see Problem 2.4.5 in [5]).

Remark 0.2. There is a technical detail, which will be fully explained in Section 3
but should be mentioned here already. Just as in [28], we actually define S (, iyl
as a quotlent of ‘U(g[ )[y]> Which is a 2-category obtained from ‘U(s[ )[y] by
switching to g[ -weights of level zero for the labels of the regions in the string
diagrams. We conjecture that ‘L((gA[,,)[y] categorifies the level-zero U(g/;\[,,), but do
not need that fact for the rest of this paper.

The results in this paper have several points of interest. The categories
€Bimy  and DEBim;  contain the new objects B+ and &, respectively,
and some corresponding morphisms. As our results show, these objects and mor-
phisms also show up naturally in s (n,7)[y) as 1 and 2-morphisms.

The y-deformation U(;[n)[y] and its Schur quotient § (n, r)[y] are new. As the
results in this paper show, they both show up naturally when considering Soergel
bimodules over Q[y, x1, ..., x,], which is the ring of polynomial functions on
Soergel’s reflection faithful representation of the affine Weyl group.

Furthermore, there are interesting (possible) links with other categorifications
of the (extended) affine Hecke algebra and the quantum affine Schur algebra.
Lusztig [25, 26] and Ginzburg and Vasserot [11] gave a categorification of §(n, r)
using perverse sheaves, extending Grojnowski and Lusztig’s approach to the
categorification of S(n, r). It would be interesting to find the precise relation with
the categorification presented here and in our follow-up paper [29].
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In this paper we also define an extended version of the affine singular Soergel
bimodules. Williamson introduced and studied the 2-category of singular Soergel
bimodules for any Coxeter group in his PhD thesis in 2008, the results of which
were published in [37], and proved that it categorifies a certain “new” algebra,
which he called the Schur algebroid. In finite type A the Schur algebroid is
isomorphic to the quantum Schur algebra. Williamson’s affine type A Schur
algebroid should also be closely related to the affine quantum Schur algebra.
Whatever the precise relation turns out to be, the 2-representation of § (1, r)[y] on
the extended affine singular Soergel bimodules establishes an interesting relation
between Khovanov and Lauda’s work and Williamson’s.

Another point of interest is related to the possibility of categorifying the
so called Kirillov-Reshetikhin modules of I'J(;[n). These level zero modules
can be defined for any affine quantum group and have been intensively studied
(see [2, 5, 7, 15] for more information and references).

In affine type A (and only in that type), they are special examples of evaluation
modules V) _,, where A is a dominant weight and a € C*. If A is an n-part partition
of r, then V} , descends to a representation of §(n, r). More precisely, Vy 4, is
defined by pulling back (the technical term is inflating) the action of S(n, r) on
the irrep V), via the so called evaluation map

eva:g(n,r) —> S(n, r).

If A = (m"),i.e. m times the i-th fundamental gl,,-weight, then it is known that
V), .gi-m+2 is isomorphic to a Kirillov-Reshetikhin module and has a canonical
basis. It seems likely that one can categorify the evaluation map

eV i—m+2: §(n,mi) —> S(n,mi)

and therefore V) ,i-m+2, but such a categorification is beyond the scope of this
paper.

1. The affine setting

1.1. Affine roots of level zero. We use the well-known realization of 5A[, as the
central extension of the loop algebra of sl,, defined as £(sl,) := sl, ®q Q. 71,
together with a derivation (see for example [33, 14, 10]), i.e. the underlying vector
space is isomorphic to

sl = £(sl,) ® Qc @ Qd.



118 M. Mackaay and A.-L. Thiel
In order to express its root system, consider the Cartan subalgebra
h=b®Qc®Qd = Qlhi,c.d|i=1,....r—1)
with h being the Cartan subalgebra of sl,. The roots with respect to 6 are
o= (x,0,m), «e€d(sl,)ie. aisarootofsl., meZ,

and
a=(0,0,m), meZ)\{0}

The roots of the first family are called the real roots and the ones of the second
family are called the imaginary roots.
The simple roots are

o = (2;,0,0), i=1,....r—1,

and

ar =(—6,0,1) =6 -0,
where &; = ¢ — &j41, fori = 1,...,r — 1 are the simple roots of sl,, 6 =
a1 + -+ ar—1 = &1 — & is the highest root and § is the dual element of d. The
elements ¢; fori = 1, ..., r are the canonical basis vectors in Z".

Weights are triples of the form
Kk = (i, k,m),

where k is an sl,-weight and k and m are integers. The integer k is called the level
of k. The inner product between two weights x = (i, k,m) and ¥’ = (k/, k', m’)
is given by

(k, k") = (ik,&') + km' +k'm,

where (i, ') is the usual inner product of sl,-weights. In particular, we have
(oj, ;) =2, foralli =1,...,r,

and
(or,1) = (5, j41) = —1, foralli=1,...,r—1.

In the following sections, we will also use @—weights
Kk = (i, k,m),
where ik denotes a non-affine gl,-weight.

Remark 1.1. In this paper, we will only consider sl, and ar—weights of level zero.
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1.2. The Weyl group action. For any real root « € CI)(E:\[,«) and ;[r-weight K,
the Weyl reflection oy, is defined by o4 (k) = « — {k,a¥)a. Soif @ = (@,0,n)
and k = (k,k,m),then ¥ = @V + (‘f’;)c and we can express oy (k) as follows:

2kn
(o, @)

2k n?
B (o, a))'
The affine Weyl group ‘W A, 18 the group generated by all these reflections. For
any simple root «;, we write 0; := 0y, .

Similarly, one can consider the action of ¢; on a level zero a[,—weight of the
form (¢;,0,m) with j =1,...,r. If i # r, one gets

Oa (i) = (;2 —(®,@v)a— < av)

a,k,m— (k,a

(6i+1,0,m) if j =1,
oi(gj,0,m) = §(5;,0,m) ifj=i+1,
(gj,0,m) otherwise.

The action of o, is given by

(e, 00m+1) ifj =1,
Cfr(Ej,O,m) = (81,0,}1’1—1) 1fj =,
(g;,0,m) otherwise.

For each simple sl,-root &;,i = 1,...,r — 1, there also exists a translation 5, ,
which acts on the level zero gl,.-weights as follows:

tq; (k,0,m) = (k,0,m — (k; — Kki+1)),

where k = (x1, ..., k) and the indices are taken to be modulo r, e.g. k41 = K
by definition.
One can prove that W g is the semidirect product of the finite Weyl group

‘W4,_,, generated by the reflections o; fori = 1,...,r — 1, and of the abelian
group (fg,....,ts_,) of translations along the root lattice of sl;.

1.3. The extended affine Weyl group. See [24], [6] or [5] for more details about
the extended affine Weyl group. For example in [6], there is a definition of this
group different from the following, it is described as a subgroup of permutations
of Z.

Let us now consider the translations f;; along the basic gl.-weights ¢;,
i =1,...,r. Their action on a level zero a[,—weight Kk is given by

te; (K, 0,m) = (k,0,m — «;).
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The extended affine Weyl group W 4,_, is defined as the semidirect product
of the finite Weyl group Wy4,_, and the abelian group (f,, ..., ) of translations
along the weight lattice of gl,.. It contains the affine Weyl group W ; _ asanormal
subgroup.

The group w A, is generated by 01,...,0,—1 and ¢, ..., , which satisfy
the following relations:

ol-tsjoi :tgl.(gj) fori = 1,...,r—1andj =1,...,r.

Hence the set of generators is not minimal, e.g. one can obtain any 7.; for
J =2,...,r by conjugating t;, by certain reflections.

There is another presentation of W A which is important for this paper. It
involves the following specific element

p=101...0p—1,
which acts on a level zero gA[r -weight k = (i, 0,m) by
o(k,0,m) = ((kr,K1,....kr—1),0,m — k).
1 -1

The action of its inverse p~! = 0,71, .. .07 1_, is given by
p_l(E,O,m) = ((k2,...,kr,k1),0,m + k7).

One then sees that W i, is generated by

Ols---,0r, P,
subject to the relations

cr,-2=1, fori =1,...,r, (1.1a)

0i0j = 0j0;, for distanti, j = 1,...,r, (1.1b)

0i0j+10; = 0;4+10i0;+1, fori =1,...,r, (1.1¢)

/oaip_1 = 0j+1, fori =1,...,r, (1.1d)

where the indices have to be understood modulo r, as before. We say that i
and j are distant if j # i £ 1 mod r. Using this set of generators, any
element w € ‘W 4., can be written in the following way:

w = pFw’ = pkoy, -0y, (1.2)

where k € 7 is unique and o;, ---0j, is a reduced expression of the element

/ -~
w GWAr—l‘

Note that the conventions here are opposite to the ones chosen by Doty and
Green [0].
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1.4. The extended affine braid group and Hecke algebra. One can form the
extended affine braid group B i associated to ‘W i It admits the same

presentation (1.1a)—(1.1d) as W i, except that one omits the involutivity rela-
tions (1.1a) of the generators o; fori =1,...,r.
One can also define the extended affine Hecke algebra J A which is the

quotient of the Q(q)-group algebra of B i, by the relations
T2 =(q° = DTy +4¢> foralli=1,....r,

with g being a formal parameter. For more details about this algebra, see [30, 31,
4,32, 5].
A Q(gq)-basis of H 4., is given by the set

{(Tw.weWs )

1
where
Ty =Ty Ty =Ty T, -+ To
with w, k, w" and 0;; as in (1.2). See [12] and [6].
The above shows that # i, is generated by
(Tp. Tyt Toyi = 1,...,7}

as an algebra. An alternative set of algebraic generators of J i,_, is given by

{T,, T,  bii =1,...r},

where the b; = C[,i = ¢~ '(1 + Ty,;) are the Kazhdan-Lusztig generators.
The relations satisfied by these generators are the following:
b} = (q +q ")bi, fori =1,...,r,
bibj = b;b;, for distanti, j = 1,...,r,

bibi11b; + bi11 = bi11bibjy1 +b;, fori =1,....r,
TpbiT, ' =biy1. fori =1,....r. (1.3)

Let C,, be the Kazhdan—Lusztig basis elements of the (non-extended) affine
Hecke algebra associated to the affine Weyl group ‘W A Then by (1.3) it follows
that

T,Cp T, =Co s

forany w € W3 . Therefore, H 4,_, has the following Kazhdan-Lusztig type
basis

{TFCh. ke Zandwe Wy 1}, (1.4)

with the usual positive integrality property.
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2. A categorification of the extended affine Hecke algebra

Notation 2.1. Let € be a Q-linear Z-graded additive category (resp. 2-category)
with translation (see Section 5.1 in [21] for the technical definitions). In all
examples in this paper, the vector space of morphisms (resp. 2-morphisms) of
any fixed degree is finite-dimensional.

If € is a category (resp. 2-category), its hom-spaces (resp. hom-categories) are
denoted € (x, y), for any objects x, y in €.

The Karoubi envelope of € is denoted by Kar €.

By €* we denote the category (resp. 2-category) with the same objects (resp.
same objects and 1-morphisms) as €, but whose hom-spaces (resp. 2-hom-spaces)
are defined by

€ (x.y) = Pt} y).
teZ
These graded vector spaces of morphisms are referred to as HOM-spaces (resp.
2-HOM-spaces) following Khovanov and Lauda’s notations, see [17, Remark 3.2].

A degree preserving functor ¥: € — D between two such categories € and
D lifts to a functor between the categories enriched in vector spaces €* — D*
and to a functor between the Karoubi envelopes Kar € — Kar £, which are both
also denoted ¥ .

2.1. An extension of Soergel’s categorification

2.1.1. Action on polynomial rings. Consider R = Q[y][x1,...,x,]. The ex-
tended affine Weyl group W 3  acts Q[y]-linearly and faithfully on R as follows:

Xi+1 fori=1,...,r—1,
p(xi) = .
x1—y fori=r,

3 Xi_1 fori =2,...,r,
P (xi) = .
xr+y fori=1,

(i) xj—y fori=j,

g, \Xi) =

! Xi otherwise,
Xjy1 fori = j,

0j(x;) =

X fori=j+1, forj=1,....r—1,

X; otherwise,
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xr+y fori=1,
or(xi) = qx1—y fori=r,

X; otherwise.

Note that in particular p” simply translates all x;’s by —y and that multiplication
by y commutes with the action of ‘W i_, OnR.

Remark 2.2. The action above naturally extends the action of the (non-extended)
affine Weyl group ‘W i, Weare working here with Soergel’s original reflection
faithful realization of the affine type A Coxeter system ‘W A, considered in [35]

and [13]. Indeed, when generalized to the extended affine Weyl group W i,_,» this
representation remains faithful which explains why we choose to use this precise
realization to achieve a categorification of the extended affine Hecke algebra
H ;. _, in the present paper.

Letusset X; = xj4+1—x; fori =1,...,r—1land X, = x; — x, — .

2.1.2. Extended Soergel bimodules. We introduce a grading on R, inducing a
grading on the R-bimodules considered in the sequel, by setting

deg(y) = deg(xx) =2

for all k = 1,...,r. Curly brackets will indicate a shift of the grading: if
M = @;c; M; is a Z-graded bimodule and p an integer, then the Z-graded
bimodule M{p} is defined by M{p}; = M;_, forall i € Z.

Foranyi = 1,...,r, we define the R-bimodule

Bi = R ®@pgoi R{—1}

where R% is the subalgebra of elements of R fixed by the reflection o; € W A

R% = Q[y][x1,...»Xi + Xit1, XiXit1,...,X,] fori=1,...,r—1,
R = Qyllx2. ... Xr—1. X 4+ X1, (X7 4+ ¥/2)(x1 — y/2)].

We also define the twisted R-bimodule B, (resp. B,-1), which coincides with R
as a left R-module but is twisted by p (resp. by p~1) as a right R-module, i.e.
any a € R acts on B, on the right by multiplication by p(a) (resp. p~1(a)).
Form now the category monoidally generated by the graded R-bimodules de-
fined above. Then allow direct sums and grading shifts of these objects and con-
sider only morphisms which are degree preserving morphisms of R-bimodules,
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and denote this category & Bim A, s Karoubi envelope Kar & Bim i, isa
Q)-linear graded additive monoidal category with translation, which we call the
category of extended Soergel bimodules of type Ay,

As mentioned in Remark 2.2, we are precisely using Soergel’s original real-
ization, so the bimodules B; considered here are the ones constructed by Har-
terich [13] and Soergel [35]. Therefore Soergel’s category Kar Bim A, of affine
type A is equivalent to the full subcategory of Kar & Bim i generated by the
B;, fori = 1,...,r. Let us recall a special case of Hérterich’s categorification
result [13]:

Theorem 2.3 (Harterich). We have
Wi = KgP(KarBimg )
where
K3 (Kar Bimj; ) := Ko(Kar Bimz ) @, 11 Q(q).

For eachw € ‘W Ay there exists a unique indecomposable bimodule By, in
Kar Bim A, such that, under the isomorphism above, the Kazhdan—Lusztig basis
element C), is mapped to [By,). Conversely, any indecomposable bimodule in this
category is isomorphic to By {t}, for a certain w € ‘W A, and a certain grading
shift t € Z.

In the rest of the paper, we keep the convention that subscripts are considered
to be modulo r, e.g. the bimodule B, is by definition equal to B;. We will
also use the notation B[;@k for any k € Z, where this bimodule is defined to be the
tensor product of |k| copies of B, if k > 0 and of B,-1 if k < 0. In both cases
B®* is isomorphic to B .

2.1.3. Categorification of J¢ Ay
Lemma 2.4. Foranyi = 1,...,r, there exists an R-bimodule isomorphism

B, ®r Bi = Bi+1 ®r B,. 2.1
Applying these isomorphisms r times gives an isomorphism

BY" ®r B; = B; ®r BY", (2.2)

Joranyi =1,...,r.
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Proof. e Isomorphism (2.1). First note that there exist natural isomorphisms
of R-bimodules:

Bp ®Rr B; = Bp & Roi R{—l} and Bjy1 ®r Bp ~ R Q Roi+1 Bp{—l}
Define the isomorphism of R-bimodules ¥: B, ® gsi R = R ® goit1 B, by
V(a®b)=a® pb).

This isomorphism is well-defined, because p defines an isomorphism between
R and RCi+1.

e Isomorphism (2.2). Note that BE” ~ B, and that p” leaves the ring R
invariant. O

Theorem 2.5. The category Kar & Bim i categorifies the extended affine Hecke
algebra, i.e.
Ky =KSPKar€Bimy ),

where
K(?(Q)(Kar Sﬂimﬁr—l) = Ko(Kar 8£imgr_l) Rziq.q—11 Q).

Under this isomorphism, the set of isomorphism classes of the indecomposables
{B;wa,k € Zandw € W/Tr—l} in Kar SBimgr_l corresponds exactly to the
Kazhdan—Lusztig basis (1.4) of J Ay with By, as in Theorem 2.3. In particular,
[Bi] corresponds to b; and [B ,+1] corresponds to Tpil.

Proof. Recall that

Wi = KgP(KarBimg ).

1

by Theorem 2.3. The indecomposables in Kar Bim;  , which are denoted By,
forw e W i correspond exactly to the Kazhdan—Lusztig basis elements

{Chyw e W /Tr_l} of # 4,_,- Moreover, By, appears as a direct summand of
the tensor product B;; ®g --- ® g B;, where o;, ...0;, is a reduced expression
of w.

We define the homomorphism of algebras

J(/’l\r—l

— K (Kar€8imz )

by
bi — [Bi{—1}] and T;"' +> [Bu].
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The homomorphism is well-defined, as follows from the following isomorphisms
in & Bim A

B; ®r Bi = B; @ Bi{2},
B; ®r B; = B; ®r B;, fordistanti, j,
B; ®r Bi+1 ®Rr Bi ® Bi+1{2} = Bi+1 ®r Bi ®r Bi+1 & Bi{2},
B, ®g Bi = Bis1 ®r By, 2.3)

fori,j=1,...,r.
Note that any tensor product of B,+,’s and B;’s can be rewritten in the follow-
ing way
Bl;@k ®R Bll ®R tee ®R Bi[’

by sliding all the B .+, s to the left using the isomophism (2.3).

Let us now look at the indecomposables of the category Kar & Bim i, First
observe that if the bimodule M is indecomposable in Kar & 8imy  then, for
any k € Z, the tensor product ng’k ®gr M is indecomposable as well. Indeed
assume that

B ®rM=P®Q,

then tensoring on the left by B[;@_k gives
M=BS"erPoBY " ®r0,

which contradicts the fact that M is supposed to be indecomposable.

So let M be an indecomposable of Kar EBim 3 . It is a direct summand of
some tensor product B[;@k ®R Bi, ®R---®r Bj;. Then the indecomposable bimod-
ule B?_k ®RrM is adirect summand of B;, ® g- - -®r B;,. The latter tensor product
belongs to the subcategory Kar Bim A, of Kar & Bim Ay Thus B[;@_k ®r M is
of the form B, forsome w € W A We can conclude that the indecomposables
of the category Kar & Bim i,_, are all of the form

B?k ®r By forkeZandw € W/T,._l .

Their Grothendieck classes correspond bijectively to the elements of

{TFCh. ke Zandwe Wy},

which is precisely the Kazhdan—Lusztig basis of 7 i, in (1.4). O
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Proposition 2.6. Foranyk,l,iy,...,im, j1,..., jn, we have
8£im}r_l(B§’k ®& Bi, ®r "+ ®r Bi,,. BY ®r Bj, ®g -+ ®r Bj,)
> 8 £im}r_l (Bi, ®r -+ ®Rr Bi,,. Bj, ®r -+ Qr Bj,),

where 0y 1 is the Kronecker delta.

Proof. In the category EBim 3  , the B; are self-adjoint and B, and Bp_1 form a
biadjoint pair. Therefore, there exist isomorphisms

§Bim% (BY* ®r Bi, ®r -+ ®R Bi,. B ®r Bj, ®r - ®r B;,)
= SBim}r_l(R, Bf?l_k ®Rr Bj, ®r -+ ®r Bj, ®r Bi,, ®r --- QR Bi)).

The latter HOM-space is equal to zero except when k& = [, in which case it is
isomorphic to the corresponding HOM-space in :Bim} L
Indeed any morphism

/€ SBim}r_l(R, B®* ®g Bj, ®r -+ ®r Bj, ®r Bi,, ®r -* ®r Bi)

is completely determined by the image p of 1. Since f is a morphism of R-bi-
modules, we have pa = ap for any a € R. In particular, fora = Y _, x; we

have
p(S)= (0o

i=1 i=1

Since Y ;_; x; is invariant under all the reflections o; for j = 1,...,r, we also

have
p(ixi) = p’_k(ixi)P = (;xz' - —k)y)p-

1= 1=

This implies that p, and therefore the morphism f, has to be zero unless k = /.
O

2.2. The diagrammatic version. The category of Soergel bimodules of finite
type A is described via planar diagrams by Elias and Khovanov in [8]. They as-
sociate planar diagrams to certain generating bimodule maps and give a complete
set of relations on them. Elias and Williamson [9] worked out the generalization
of the diagrammatic approach to Soergel bimodules for any Coxeter group which
does not contain a standard parabolic subgroup isomorphic to H3.
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Our aim is to define and study an extension of Elias and Williamson’s dia-
grammatic category for extended affine type A [9]. In affine type A Elias and
Williamson’s diagrammatic category is a straightforward generalization of Elias
and Khovanov’s original category, which was defined for finite type A. In addi-
tion to Elias and Williamson’s diagrams, we also have to introduce a new type
of strand. These new strands are oriented and their endpoints are labeled + or
— depending on orientations. The Karoubi envelope of the diagrammatic cate-
gory DE Bim A obtained in this way is equivalent to the category of extended
Soergel bimodules Kar & Bim A, of affine type A, as we will show.

2.2.1. Definition of D& Bim o First start with the category whose objects
are graded finite sequences of integers belonging to {1, ..., r} and the symbols +
and —. Graphically we represent these sequences by sequences of colored points
(read from left to right) of the x-axis of the real plane R?. The morphisms are
then equivalence classes of Q-linear combinations of graded planar diagrams
in R x [0, 1] (read from bottom to top) and composition is defined by vertically
glueing the diagrams and rescaling the vertical coordinate. These morphisms
are defined by generators and relations listed below. This category possesses a
monoidal structure given by stacking sequences and diagrams next to each other.

Let DEBim A, be the category containing all direct sums and grading
shifts of these objects and let its morphisms be the degree preserving diagrams.
The diagrammatic extended Soergel category is by definition its Karoubi enve-
lope KarDEBim g .

In the diagrams, the strands whose endpoints are 4+ or —-signs are oriented
and the other strands are non-oriented. The non-oriented strands can be colored
with integers belonging to {1, ..., r}. Two colors i and j are called adjacent (resp.
distant) ifi = j £ 1 mod r (resp.i % j £ 1 mod r). By convention, no label
means that the equation holds for any colori € {1,...,r}.

The morphisms of D& Bim;  are built out of the following generating di-
agrams. The non-oriented diagrams are the affine analogues of Elias and Kho-
vanov’s diagrams, the ones involving oriented strands are new.

e Generators involving only one color:

RN

Degree 1 1 -1 -1

enddot; startdot; merge; split;
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It is useful to define the cap and cup as follows:

AL VY

e Generators involving two colors:

— the 4-valent vertex with distant colors, of degree 0, denoted 4 vert;_;
J i

i J
— and the 6-valent vertices with adjacent colors i and j, of degree 0,

denoted 6 vert; ; and 6 vert; ;
J i J i J i

i j i J i J

e Generators involving only oriented strands, of degree 0:

+ - - + + -
+ - + - - +
+strand —strand +cap —cap —cup +cup

e Generators involving oriented strands and adjacent colored strands. The
mixed 4-valent vertex of degree 0:

i+1 + + i - i+1 i -
+ i i+1 + i - - i+1
4 verty ; 4 vertj 41, + 4 vert; _ 4 vert_ ;41

e Generators involving boxes, of degree 2, denoted box;

[

foralli =1,...,r, and denoted box,
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The generating diagrams are subject to the following relations. The relations
involving only non-oriented diagrams are the obvious affine analogues of Elias
and Khovanov’s relations, the ones with diagrams involving oriented strands are
new. The labels of the colored strands are omitted here, but the reader can figure
what they are from which generating morphisms are involved in the relations.

e Isotopy relations:

(2.4a)

1-W
(\ (2.4b)
(Y

1
VALY o

ANV

SRRV
X
XX
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e Relations involving one color:

X->—<

e Relations involving two distant colors:

X X XX

e Relations involving two adjacent colors:

IR°PS

131

(2.52)

(2.5b)

(2.5¢)

(2.6a)

(2.6b)

(2.6¢)

(2.7a)

(2.7b)
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% : % | (2.70)

]I‘ ‘I, - %( II‘) (27d)

e Relation involving three distant colors (i.e. three colors forming a parabolic
subgroup of type A; x A1 x A;):

>< _ >< o

e Relation involving two adjacent colors and one distant from the other two
(i.e. three colors forming a parabolic subgroup of type A, x A;):

x-S e

¢ Relation involving three adjacent colors forming a parabolic subgroup of type
As (i.e. , the case /’1\2 is excluded):

e Relations involving only oriented strands:

O — 1= C} 2.11a)

\/ = . (2.11b)
/\

i
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%
X

e Relations involving oriented strands and distant colored strands:

>7< = ) (2.12)

e Relations involving oriented strands and two adjacent colored strands:

= . @2.11¢)

A
ié - , (2.132)
A
ié - , (2.13b)
>< = \/ (2.13¢)
= , (2.13d)
X=X
>T< - ¥ (2.13¢)
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e Relations involving oriented strands and three adjacent colored strands:

K
KK

e Relations involving boxes:

@+ =)
A

@+ ;)@ 55

L
L

r

—|Z|, fori #r,
LI-E-E1

@+ =)

|Z|, fori #r,

, for j #i,i +1,

ki

@+ @55

(2.14a)

(2.14b)

(2.15a)

(2.15b)

(2.15¢)

(2.154d)

(2.15¢)

(2.15%)

(2.15g)
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= , (2.15h)

= , (2.151)
Yy V
A A

i+1 = |Z| fori #r, (2.15j)
A A

O-o|=1o (2.15K)

i—1] | = | [[]. fori#1, (2.151)
vV Vv

(+) = | [ (2.15m)
\ 20 /

Remark 2.7. Note that the relations (2.12)—(2.14b) also hold when the oriented
strand has the opposite orientation. This follows from relations (2.12)—(2.14b) and
relations of isotopy.

Note also that the generators and relations listed above are redundant. This
redundancy helps us to simplify some of the proofs later on. More specifically, let
us list some of these unnecessary generators and relations:

(i) relation (2.11c) follows from relation (2.11b) and isotopy invariance;
(ii) relation (2.151) follows from relation (2.15j) and isotopy invariance;

(iii) relation (2.15k) follows from relations (2.15j) for i = r — 1, (2.15a) for
i =r—1,(2.15g), (2.13c), and (2.13d);

(iv) relation (2.15m) follows from relations (2.15i), (2.15k), and isotopy invari-
ance;
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(v) if we sum relation (2.15a) foralli = 1,...,r — 1 and relation (2.15b), we
obtain that

.
- Z Ik :
k=1
(vi) if we sum relation (2.7d) for j =i — 1 and for j =i + 1, we obtain that

1+ 1:‘ (11
i—1 i i+1 i—1 i i+1

(vii) relation (2.15g) follows from relation (2.6b), the two relations exhibited just
above in (v) and (vi) and isotopy invariance;

(viii) relation (2.15h) follows from relations (2.13¢) and (2.13d) and the relation
exhibited in (v);

(ix) relation (2.15i) follows from relation (2.15h) and isotopy invariance;

(x) relations (2.11a)—(2.14b) imply the following: suppose that two diagrams
without boxes D and D’ are equal, then the diagrams obtained by shifting
all their colors by —1 ( mod r) are also equal. Indeed,

QII | | ]
||| |||

where the first and last equalities follow from relation (2.11a), the second
and one but last equalities follow from relations (2.12)-(2.14b), and the
third equality is our assumption.
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As a consequence, provided that relations (2.5a)—(2.10) are each satisfied
for one set of colors, they are each satisfied for all the colors. In particular,
since none of them involve all the colors {1, ..., r} at the same time, rela-
tions (2.5a)—(2.10) with strand(s) colored r follow by this argument from
the same relations without strands colored r.

2.2.2. Functor from £8£im}r_l to 8£im:f.~_1' Let us construct a degree
preserving functor
7 @8!(31'}11}"_1 — 8£im}r_l

which extends the one by Elias and Khovanov. On objects, it is defined as follows:
it maps each integeri € {1,...,r}to B;, and the symbols + and — to B, and B,
respectively. Sequences of these are mapped to tensor products. The empty
sequence is sent to R.

For the morphisms one only needs to specify ¥ on the generators. A sequence
of vertical strands is mapped to the identity of the corresponding bimodule and

box; (resp. box, ) is mapped to multiplication by x; (resp. y). We define

F (enddot;) = brj:a ® b —> ab,

F (startdot;) = rb;:a +—> %(Xi ®1+1®X;),

a®1®b+—0,
F (merge;) = pr;:
a®X;i b+ 2a®b,

F(split;) =inj;:;a®@br—a®1®b,

F@vert;;) =1, ;;a1®br—a®1Qb,

a®®1®1Qb—a®1Q1Q5>,
F(6vert;jy1) = fiit1:
a®@Xi+1®1+1®Xi41) ®b+— 0,

aR11b—ax1x1®b>b,
F(6vertit1,;) = fit1,:
a®@(X,i®1+10X;)®b+—0,
F(4cap) =4 _r1:a @b +—> ap(b),
F(—cap) =— 4+ r:a @ b —> ap~ ' (b),

F(—cup) =1r_4ia+—a®l,

F(+cup) =ry_tar—a®l,
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Fverty ;) =14 ;:a®b+—a®pb),
Fdvertip ) =flis1+:a®@bra®p ' (b),
Fdvert; ) =1f; :a®br>a® pb),
Fdvert_; 1) =fl_;11:a®b+—>a®p L(b),
F (box;) = mj:a —> ax;,
F(boxy) = my:a — ay,
see the end of Section 2.1.1 for the definition of the X;’s.

Proposition 2.8. The functor ¥ is well-defined, degree preserving and essentially
surjective.

Proof. The fact that the functor ¥ is well-defined and degree preserving amounts
to a straightforward verification that it preserves the relations (2.4a)—(2.15m) and
the degrees of the morphisms. For the relations involving only non-oriented
strands, this is completely analogous to Elias and Khovanov’s case. For the
relations involving oriented strands, the calculations are new but easy.
Furthermore, in view of the definitions of the objects of D& Bim

*

Ar—1

8£im} g the functor ¥ is clearly essentially surjective. |

Proposition 2.9. The functor ¥ is full.

and

Proof. Libedinsky has proved in [23] that all the morphisms of the category
£im}r_1 are generated by the following ones:

e br;, rb;, pr; and inj;, foralli =1,...,r,

o f;;j, foralli,j=1,...,r withi # j,

e multiplication by x;, foralli =1,...,r.

In view of Proposition 2.6, this implies that all the morphisms of the cate-
gory & Bim* _, are generated by the ones listed by Libedinsky and copied above,
together with multiplication by y plus fl4 ; and fl; 41 +, giving

B, ®r B 2 Bit1®r B, fori=1,...,r,
and y —r,_ 41,7 4 andry _, giving
B, ®r Bp—l ~ R~ Bp—l ®Rr Bp.

Thus the functor ¥ is full, since all the morphisms generating & Bim* | are in
the image of ¥ .
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Theorem 2.10. The categories D& Bim*.  and & Bim* 3. are equivalent and

r—1
so are their Karoubi envelopes Kar (DSJBl'mgr_l and Kar SBlmgr_l

Proof. Only the faithfulness of ¥ remains to be proved, which is an easy conse-
quence of the far more general and important Theorem 6.28 in [9].

For a given object X in DEBim* i , let ky € 7 denote the difference
between the number of pluses and minuses in X. Given two objects X, Y in
DEBim* i , the hom-space between X and Y is non-zero only if kxy = ky (see
Proposition 2.6). Any object X in JDS:Bzm N 1s isomorphic to the object EX’,
where E is the string of signs sign(ky /x| and X " does not contain any signs, and
is obtained from X by applying the commutation isomorphisms (£, i) = (i=£1, )
and the isomorphisms (+, F) =~ @.

Besides, the mixed relations (2.12)—(2.14b) imply that an oriented strand can
be pulled over any diagram involving only colored strands. In particular, any
diagram with only signs at the boundary is equal to a diagram with only ori-
ented strands times a closed colored diagram, i.e. times an element of R, cf [9].
Moreover, due to relations (2.11a)—(2.11c), all diagrams containing only oriented
strands with a fixed boundary are equal. Therefore, the endomorphism ring of any
string of signs is isomorphic to R.

Let D be a diagram representing a morphism from X to Y, such thatky = ky.
Since

DEBim’y (sign(kx)*x! sign(kx)*xy ~ R
and HOM-spaces in DEBim*.  have a structure of R-modules, it follows that

r—1
1)8581'171} 1(X’ Y) = 1)8£im} I(X/, Y,
Let us illustrate this by the example in Figure 1.

Since
1)8:81'171} 1(X/, Y/)zi)i)’im} 1(X/, Y,

the faithfulness of ¥ follows from the faithfulness of Elias and Williamson’s
analogous functor for non-extended affine type A, which they proved in their
aforementioned theorem. O

3. The affine Schur quotient

3.1. Notations. Let n, r be integers, with n > r and r > 3, and let ¢ be a formal
parameter.
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)

Figure 1. Example of a decomposition of a diagram D

A generic gl,-weight will be denoted A = (Aq,...,4,), and we set A=
Ai — Aj41. Define

An,r) = {A € ]N”;Xn:)” — r}
i=1

and

At(nr)y={Ae A r)ir= =A== 4, 2 0},

We will denote by (17) the weight 1 + --- + &,.

Let us formally denote by &, the opposite of the highest root of sl,, i.e.
O_ln = —9_ = —O_ll —---—O_ln_l =&n—€1.

In the definitions below of the affine quantum enveloping algebras and the
affine Schur algebras, we use the convention that the indices appearing in the
relations are considered modulo n. Perhaps it is a bit confusing that until now
indices were considered modulo r, but that was for the affine Hecke algebra.

3.2. The (extended) affine algebras. In the following definitions we do not need
to consider the derivation, which we used above.
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Definition 3.1. The extended quantum general linear algebra ﬁq (g/g\[n) is the
associative unital Q(¢)-algebra generated by R*!, Kl.jEl and Ey;,fori =1,...,n,
subject to the relations

KiK; = K;K;, K K'=K'K; =1,

KiK. — K7'K;
EiE_j—E_jE =& j— it i 4]
q—q!

KiExj = q* %) EL;K;,
E3iExieny— @+ q DELiExganExi + ExgenEL; =0,
E+iE+j—E1jE4; =0, fordistanti, j,
RR'=R'R=1,

RX,'R_1 = X;j4+1 for X; e {E:ti’Ki_l}'

Definition 3.2. The affine quantum general linear algebra U, (g/;\[,,) - ﬁq (g/;\[n) is
the unital Q(¢)-subalgebra generated by EF4; and K l.il, fori =1,...,n.

The affine quantum special linear algebra U, (s:\[,,) c Uy, (g/;\[,,) is the unital

Q(g)-subalgebra generated by E1; and K; Kl.j_ll, fori =1,...,n.

Remark 3.3. Note that U, (g/;\[,,) is the quantum group associated to the affine Lie
algebra gT[n without the well-known central extension. In other words, we will only
consider level-zero representations in this paper. The same holds for U, (g\[,,). The
algebra ﬁq (gT[n) is a Hopf algebra, so in that sense it can be considered to be a
quantum group.

We will in fact only need the bialgebra structure on qu (g/;\[,,), so we do not
explicit the antipode here.

Definition 3.4. ﬁq (3[,,) is a bialgebra with counit : qu (g/;\[n) — Q(g) defined by
e(Ex;) =0, (RT) =e(Ki ") =1

and coproduct A: qu (g/;\[n) — ﬁq (3[,,) ® qu (g/g\[n), defined by
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A =11,
A(E;) = E; @ KiK;}', +1® E;,
AE-)=K 'Kis1®E_i + E,; ® 1,
A(KEY) = KF' @ K,

A(R:El) — R:I:l ® Ril.

Note that A and ¢ can be restricted to Uy, (g/;\[,,) and U, (s:\[,,), which are bialgebras
too.

At level 0 we can work with the U,(sl,)-weight lattice, when considering
Uy (s?[,,)—weight representations. The corresponding root-lattice is degenerate,
because oy + a» + -+ + @, = 0, but that does not matter in this section.
Similarly, we can work with the U, (g[,,)-weight lattice, when considering qu (g/;\[,,)
and Uy (E[n)-weight representations.

Suppose that V is a U, (g/;\[,,)—weight representation with weights A = (44, ...,

An) € Z", ie.
Vo~ @ 1%}
A

and K; acts as multiplication by ¢g* on V;. Then V is also a U, (gln)—weight
representation with weights A= ()_Ll, e )_kn_l) e 771 such that )_kj =Aj—Aj11
forj=1,....,n—1.

Conversely, there is not a unique choice of Uq(a[n)-action on a given
Uy (s?[n)—weight representation with weights u = (w1, ..., un—1). We first have
to fix the action of K --- K,. In terms of weights, this corresponds to the obser-
vation that, for any given r € Z the equations

Ai = Aiv1 = Wi, (3.1a)
S = (3.1b)
i=1

determine A = (41, ..., A,) uniquely, if there exists a solution to (3.1a) and (3.1b)
at all. We therefore define the map ¢, ,: Z"~! — Z" U {x} by

Pn,r (/’L) =2

if (3.1a) and (3.1b) have a solution, and put ¢, (1) = * otherwise.
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As far as weight representations are concerned, we can restrict our attention
to the Beilinson—Lusztig—MacPherson idempotented version of these quantum

groups [1], denoted U(g[ ), U(g[ ) and U(s[ ) respectively. For each A € 7"
adjoin an idempotent 1, to Uq (g[,,) and add the relations
lklu = 8/1,//«1/1’
E+il) = lysa Exi,

Kil; = q%1,,

Definition 3.5. The idempotented extended affine quantum general linear algebra
is defined by

U@gl) = P 10,01,

A WEZN

Of course one defines U(g/g\[n) C IB(E[,,) as the idempotented subalgebra
generated by 1, and E4;1,,fori =1,...,nand A € Z".

Similarly for U, (s?[,,), adjoin an idempotent 1, for each A € Z"~! and add the
relations

lklu =8/1,//«1/1’
E+il) = lysa Exi,

KK1+11,1—q i1;.

Definition 3.6. The idempotented quantum special linear algebra is defined by

U= @ LU0,

A,uezn—1

Any weight-representation of qu (a[,,), Uy (g/;\[,,) or U, (3\[,,) is also a representa-
tion of U (a[,,), U (a[,,) or U (g\[,,), respectively. This is not true for non-weight rep-
resen}ations, of which there are many. There are also other differences of course,
e.g. ﬁ(an), U(g/g\[n) and I'J(;[,,) are not unital, because they have infinitely many
orthogonal idempotents. For that same reason, they are not bialgebras, although
their action on tensor products of weight representations is well-defined.
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3.3. The affine ¢-Schur algebra. Let us first recall Green’s [12, 6] tensor space
and the action of ﬁq (gT[n) on it. We will also recall some basic results about this
action and add some of our own. The proofs of most results can be found in [6]
and its references. Some other results cannot be found in the literature, but are
probably well-known among experts, e.g. the inner product on tensor space.

Let V be the Q(g)-vector space freely generated by {e; | t € Z}.

Definition 3.7. The following defines an action of qu (a[,,) onV:

Eie;41 = e ifi =t mod n,
Eie;41 =0 ifi #¢t mod n,
E_je; = ey ifi =t mod n,
E_je; =0 ifi #¢ mod n,
KEle, = qtle, ifi =t modn,
KEle, = ¢ ifi £¢ mod n,

Rile, = e;41 forallt € Z.

Note that V is clearly a weight representation of qu (3[,,), with e; having weight

g, fori =t mod n. Therefore V is also a representation of U(g/;\[,,).
From now on, let r € IN.( be arbitrary but fixed. As usual, one extends the
above action to V®" using the coproduct in U, (gl,). Again, this is a weight

representation and therefore a representation of U(gT[n), which we call Green’s
tensor space.

We also define a Q(¢)-bilinear form on V by (es, ;) = &5, which extends to
V®T factorwise, i.e.

(VI® QU w1 ®-++ @ wy) = (v1,w1) -+ (Vr, Wyr).
We clearly have the following non-degeneracy result.

Lemma 3.8. Forany 0 # v € V®, we have
(v,v) # 0.

There is a right action of J 4., 0on V'®" which commutes with the left action

of qu (gA[,,). Its precise definition, which can be found in [12, 6], is not relevant
here.
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Definition 3.9. The affine q-Schur algebra §(n, r) is by definition the centralizing
algebra

®r
Endj, . (Ve).

By affine Schur—Weyl duality (see [6] for example), the image of
Yn.r: Ug(gly) — End(V®")

is always isomorphic to §(n, r). If n > r, we can even restrict to U, (s?[,,) -
U, (gln), ie.

Yn,r (Ug(sln)) = S(n, 7).

For n = r, this is no longer true.

Definition 3.10. Let : ﬁq (gT[n) — ﬁq (gT[n) be the Q(g)-linear algebra anti-invo-
lution defined by

n(E:) = qK: K7 E—i, n(E—) = gK; 'K 1 E;,
n(K;) = K;, n(R) = R,

forl <i <n.

The proof of the following lemma is a straightforward check, which we leave
to the reader.

Lemma 3.11. We have
An=(nQnA.

Lemma 3.12. Forany X € ﬁq (g/g\[n) and any v, w € V®", we have
<XU, w) = (U, H(X)w)

Proof. By Lemma 3.11, it suffices to check the above for r = 1 and v = ¢; and
w = ¢j, forany i, j € Z. This is straightforward and left to the reader. d

Note that 7 can also be defined on U (g/;\[,,), suchthatn(l,) = 1, forany A € Z",
and that it descends to S(n, r).
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3.4. A presentation of §(n, r) for n > r. In this subsection, let n > r. Recall
that in this case

Vs U(gla) — Endg, (V¥ = 8(n.r)
—1

r

is surjective. This gives rise to the following presentation of §(n, r). The proof
can be found in [6].

Theorem 3.13. [6] §(n, r) is isomorphic to the associative unital Q(q)-algebra
generatedby 1), for A € A(n,r),and Ex;, fori = 1,...,n, subject to the relations

11, = 5,1,“1,1,

Zuzl,

AeA(n,r)
Eiily = lytg, Exi,

EiE_j—E_jE =8; Y [hi—Xinlla,
AeA(n,r)

E3EsGsn— (@ +q DExiExgenExi + ExgenEL =0,
EyiEy;—Ey;Eq; =0 fordistanti, j.

We use the convention that 1,X1, = 0 whenever (. or A is not contained
in A(n,r). Recall that [a] is the q-integer (¢* —q~%)/(q —q™1).

We will use signed sequencesi = (101, ..., Umim), Withm € N, u; € {+1}
and i; € {1,...,n}. The set of signed sequences we denote SSeq. For a signed
sequencei = (U1iy, ..., Amim) We define

A= 1@, + -+ Um,.

We write E; for the product £, ... Ey,,i,. Forany A € Z" andi € SSeq, we
have
Eglk = IA‘HAEE‘

The surjection ¥, : U(s?[,,) — §(n, r) can also be given explicitly in terms of
the generators in Theorem 3.13. For any A € Z"~!, we have

Ynr(Exily) = Exily, ), (3.2)

where @y, ,: Z""' — A(n,r) U {*} is the map defined in 3.2. By convention, we
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Recall the definition of 7 in 3.10. Since 7 is an algebra anti-homomorphism,
we get
n:1,8m,r)l, — 1,S(n,r)1y,

forany A, u € A(n,r).
Lemma 3.14. For any non-zero element X € §(n, r), we have
Xn(X)#0 and n(X)X #0.

Proof. By the definition of §(n, r), we know that there exist e;,,...,e;. € V such
that

X(en ®---®eyp) #0.
By Lemmas 3.12 and 3.8, we get
(e ® - ®e. n(X)X(er, @+ Qey,))
= (X(er, @ ®ey,). X(e, @+~ ®ey,)) #0.
Therefore, we see that
n(X)X # 0.

The other case follows automatically, because Xn(X) = n>(X)n(X) = n(Y)Y
for Y = n(X). |

We can also give an explicit formula for the well-known embedding (see [6])
of H ;3 _, into S(n,r). Let 1, = 1¢1ry. We define the following map
onriHy _ — 18m.r)l,
by
Onr(bi) =1, E_jEil, = 1, E;E_;1;,

fori =1,...,r—1,

Ony(by) =1,E—p...E_ E,...Epl,,

Onr(Ty) =1,E .. .E_r 1 E_y...E_1,
(=1, E_wE_1...E_ri1E_ns1...E_r1,),

and

On’r(Tp—l) = 1rEr . ~-E1Er+1 . ..Enlr
(= 1,Er...En1Er_y...E1Enl,).
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It is easy to check that o, , is well-defined. It turns out that o, , is actually an
isomorphism, which induces the affine g-Schur functor

§(n, r)-mod — 3‘\(@_1 -mod

between the categories of finite-dimensional modules of the extended affine Hecke
algebra and of the affine g-Schur algebra. This functor is an equivalence (see
Theorem 4.1.3 in [5], for example).

The following result will be needed in Section 6.

Proposition 3.15. Let n > r. Suppose that A is a Q(q)-algebra and
f: §(n, ry— A

is a surjective Q(q)-algebra homomorphism which is an embedding when re-
stricted to 1,S(n,r)l, =~ J A, Then f is a Q(q)-algebra isomorphism

A zg(n,r).

Proof. We first prove that f is an embedding when restricted to 1r§(n, r) and
§(n, r)1,. Suppose that this is not true in the first case, then there exists a non-
zero element 1, X € 1r§(n, r) in the kernel of f. By Lemma 3.14, we have
1, Xn(X)1, # 0. However, we have

S Xn(X)1,) = f(1,X) f(n(X)1,;) =0,

which leads to a contradiction, because by hypothesis f is an embedding when
restricted to lrg(n, r)1,. The second case can be proved similarly.

Now, let X € §(n, r) be an arbitrary non-zero element. By affine Schur—Weyl
duality, we have

§(n,r)§H0mj€2 (S(n.r)1,.8(n.r)1,),
-1

r

where the isomorphism is induced by left composition. Therefore, there exists an
element Y1, such that
XY1, #0.

By the above, we have

fX)f(Y1y) = f(XY1,) # 0,

SO
J(X) #0.

This shows that f is an embedding and therefore an isomorphism. O
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Let us end this section giving an embedding between affine g-Schur algebras
which we will use in Section 5.

Proposition 3.16. The Q(q)-linear algebra homomorphism
Ln:g(n,r) — §(n +1,r)
defined by
Ly — 140,
Eiily+— E1il@0),
Enly — EpEnt11a,0),
E_pl) — E_enE-nlro),

foranyl <i <n—1land X € A(n,r), is an embedding and gives an isomorphism
of algebras

Sn.ry= P 16,050+ 1.1)1g.0).
A, uweA(n,r)

3.5. The 2-categories ‘U(g[,,)[y] and 8 (n, r)iy]- In this section we define three
2-categories, U(sly) [y, U(gln)[y) and S(n, r)[y), using a graphical calculus anal-
ogous to Khovanov and Lauda’s in [17].

3.5.1. The 2-category ‘U(gA[,,)[y]. The 2-category ‘U(s:\[,,)[y] is defined just as
U(;[n) in [17], but the 2-HOM-spaces are tensored with Q[y], where y is a formal
variable of degree two, and the deﬁning KL-relation (3.17) is y-deformed, as
shown below. In order to deﬁne ‘U(g[ )[y]> change the weights in the definition of
‘ll(s[ )[y] into level-zero g[ -Welghts (i.e. gl,,-weights). The 2-category S(n iyl
is then defined as a quotient of ‘U(g [x)[y]- This is precisely the affine analogue of
what was done in [28].

Remark 3.17. We use the sign conventions from [28] in the relations on 2-mor-
phisms, which differ from Khovanov and Lauda’s sign conventions. For more
details on this change of convention, see below.

Remark 3.18. We do not prove that the 2-category ‘L((g/g\[ )[y] provides a cate-
gorlﬁcatlon of U, (g[ ) although we conjecture that it does. We will prove that
S(n r)[y] categorifies S(n r).
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In order to avoid giving several long definitions which are very similar, we
only define ‘L((gT[n)[y] in detail. The 2-category ‘U(;[n)[y] is defined exactly as
‘U(g/;\[,,)[y], but using level-zero ;[,,—weights. The 2-category s (n,r)[y) is defined
as a quotient of ‘U(g/;\[,,)[y]. We will show that § (1, r)[y] can also be obtained as a
quotient of ‘U(;[,,)[y].

To be more precise, we first define the Q[y]-linear graded 2-category with
translation ‘u(gT[,,)E‘y], whose 2-morphisms are Q[y]-linear combinations of ho-

mogeneous 2-morphisms of various degrees. The Q-linear 2-category ‘l,{(gT[n)[y]
is then obtained by restricting to the degree-zero 2-morphisms.

Definition 3.19. The additive Q[y]-linear graded 2-category with translation
‘U(g/;\[,,)ry] consists of objects A € Z" and 1 and 2-morphisms such that the hom-
category ‘L((a[n)f‘y]()t, A’) between two objects A, A’ is an additive Q[y]-linear
graded category with translation defined as follows.

e OBJECTS? OF ‘U(g/;\[,,)i"y](k,)k/). A 1-morphism in ‘U(g/;\[,,)f‘y] from A to A is a
formal finite direct sum of 1-morphisms

8!'11{[} = 11/8!'1,1{1} = 8#«11'1 "'E/Lmimlk{t}

for any ¢+ € 7 and signed sequence i € SSeq such that A’ = A + i and A,
AMez".

e MORPHISMS OF ‘L((gA[,,)E*y] (A, ). They are presented by generators and rela-
tions. Multiplication by y is indicated graphically by [y ]in the diagrams below.

The Q[y]-linearity of the 2-category ‘L((gA[,,)E‘ 7 implies that [y ] can freely slide
through any line in a diagram.

*

o GENERATORS. For I-morphisms &;1;{t} and &;1,{t'} in ‘L((gT[n)[y],
the hom-sets U(gl,)7, (Edrir}. E1,{t'}) of U(gly)f, (A, 1") are graded
Q[y]-vector spaces given by linear combinations of diagrams of homoge-
neous degrees, modulo certain relations, built from composites of the fol-
lowing morphisms.

2 We refer to objects of the category ‘U(ﬁ\[,l)f‘y] (A, 1) as 1-morphisms of ‘L((E[,,)E‘y]. Like-
wise, the morphisms of ‘U(é\[n)f‘y](l, A’) are called 2-morphisms in ‘U(ﬁ\[n)f‘y].
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i) Degree-zero identity 2-morphisms 1 for each I-morphism x in
‘U(g[n)ry]; in particular for any i € {l,...,n},t € Z and A € Z", the
identity 2-morphisms 1¢;q, {¢} and 1¢_,q, {¢} are represented graphically

by
le 1,40 le_ 1,4
; i
Atin| 2 A=iny A
i i
deg 0 deg 0

More generally, for a signed sequencei = (u1i1, i2iz,
identity 1¢,1, {sy 2-morphism is represented as

i1 1> im

i1 1> im

e Mmim), the

where the strand labeled iy is oriented up if 4z = + and oriented down
if ux = —. We will often place labels on the side of a strand and omit the
labels at the top and bottom. The signed sequence can be recovered from
the labels and the orientations on the strands. We might also forget the
object on the left of the diagram which can be recovered from the object
on the right and the signed sequence corresponding to the diagram.

ii) Forany A € Z" the 2-morphisms of Table 1, where the degrees are given

by the symmetric Z-valued bilinear form on C{1,...,n},
2 ifi =,
i-j=49-1 ifi=j+1 modn,

0 ifi#£j+1 modn.
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Table 1

Notation 2-morphism Degree

A+ A
O

o RELATIONS
* BIADJOINTNESS AND CYCLICITY
i) 1y4i,€ily and1,E_;1,4;, are biadjoint, up to grading shifts:
A4 A4in| A A
= = . (3.3)
i A i Adipn 1
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A A lA+ia A+ip
= = ; 3.4)
i A+ip : A i
ii) as well for dotted lines:
A A4ia
A A+ip
i A+ia i A i
(3.5)

iii) All 2-morphisms are cyclic with respect to the above biadjoint struc-
ture. This is ensured by the relations (3.3)—(3.5), and the relations

(3.6)
The cyclic condition on 2-morphisms expressed by (3.3)—(3.6) en-
sures that diagrams related by isotopy represent the same 2-mor-
phism in ‘U(g/;\[,,)[y].
It will be convenient to introduce degree zero 2-morphisms:

i J
)

(3.8)

J

where the second equality in (3.7) and (3.8) follow from (3.6).

J i
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* BUBBLE RELATIONS

i) All dotted bubbles of negative degree are zero. That is,

A

i _

Q =0 ifm<i—1, (3.9a)
™

Q —0 ifm<—j, 1, (3.9b)

for all m € Z,, where a dot carrying a label m denotes the m-

fold iterated vertical composite of ? L, or $ - depending on the
i, i,

orientation.

ii) A dotted bubble of degree zero equals £1:

A
(Y = DR ford; > 1, (3.10a)
Zl'—l
A )
O = (=D*+171 forA; < 1. (3.10b)
—/-1,'—1

iii) For the following relations we employ the convention that all sum-
mations are increasing, so that a summation of the form )"7_, is
zeroif m < 0:

. ,~ A
- Q , 3.11a)
f=0

- O , (3.11b)
g=0 _
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A A-1 f )Ll. Ai—1—f

) A -y O . (3.12a)

f=0g=0 —Ai—l+g

f_m
A —)L—l f “hi1=f
A A= ;? Q . (3.12b)

f=0 g—o Ai—1+g

fgm

i i i i

iiv) FAKE BUBBLES
Notice that for some values of A the dotted bubbles appearing
above have negative labels. A composite of + s or $ 2 with itself
a negative number of times does not make sense. These dotted bub-
bles with negative labels, called fake bubbles, are formal symbols
inductively defined by the equation

A

(G e G
A1 —Ai—1+1 By Jay S
(3.13)
(O O [+ +O 4 ) ~1
1 Ai—1+1 Ai—14r

and the additional condition

A A
1 1 —
Q — (_1)11'-5—1’ Q — (_1)}»1'-5-1—1 if Ai =0.

-1 -1

Although the labels are negative for fake bubbles, one can check that
the overall degree of each fake bubble is still positive, so that these
fake bubbles do not violate the positivity of dotted bubble axiom.
The above equation, called the infinite Grassmannian relation, re-
mains valid even in high degree when most of the bubbles involved
are not fake bubbles.

* NIL-HECKE RELATIONS

)
iﬁ — 0. 5 = A, (3.14)
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T TA: A _ A
i i i i i i

(3.15)

A A
ié B A” gﬁ B A’. (3'16)
i jiooil oy i jooi oy

* THE ANALOGUE OF THE R(V)-RELATIONS

i) Fori # j
A ifi-j =0,
i J

A
;g =N ifi-j=—-land{i,j} # {1,n},
i J

Ay =[]} | A iy =l

x Fori # j

i J
(3.17)
where
A ji=e(,]) A Al
i J i J
Fori.j = —1, we define

G /) 1 ifi=j4+1 modn,
e(i =
/ -1 ifi=j—-1 modn.

Note that this sign takes into account the standard orientation of the
Dynkin diagram:

ii) Unlessi =k andi-j =

i J Kk il J k



Categorifications of jt’gril and é(n, r)yfor3<r<n 157

Fori-j =—

1
i}ﬁt A — Jﬁ{j A o= e, )) A. (3.20)
i J i i J i i J i

Composition of 1-morphisms is defined by multiplication and horizontal and
vertical composition of 2-morphisms are defined by juxtaposition and glueing, as
in [17].

Definition 3.20. The 2-category ‘L{(g/g\[n)[y] is the full 2-subcategory of ‘L{(g/g\[n)f‘y]
with the same objects and 1-morphisms but in which the 2-morphisms are only
the ones of degree zero.

Remark 3.21. Note that the 2-hom-spaces in u(gA[,,)[y] are no longer Q[y]-linear,
because deg(y) = 2. They are finite-dimensional as Q-vector spaces, because
the original KL 2-HOM-spaces are finite-dimensional in each degree and their
grading is bounded below.

As already remarked, ‘L((;[,,)[y] is defined similarly. Only some signs in the
relations involving right cups and caps have to be changed, so that all relations
really depend on sl,-wei ghts and not on g/;\[,, -weights. We use the convention which
is the affine analogue of the signed-version in [17]. For more information on this
change of signs, see (3.36).

Definition 3.22. Let U(s/;\[n) and U(an) denote the Q-linear 2-categories obtained
by modding out U(sl,)[y) and U(gl,)(,] by the ideal generated by y.

Note that U(s:\[,,) is isomorphic to the original KL 2-category and U(g/;\[,,) isomor-
phic to its an—analogue.

Recall that Khovanov and Lauda [17] defined a basis of U(s:\[,,) over Q. The
following theorem will be proved below Proposition 5.10.

Theorem 3.23. ‘L((;[n)[y] is freely generated over Q[y] by the KL basis, i.e. by the
same diagrams as Khovanov and Lauda used for their basis, so the deformation
is flat. Furthermore, the deformation is non-trivial, i.e. there exists no Q[y]-linear
degree preserving 2-equivalence between ‘U(f:\[n)[y] and U(;[n) ®q Q[y]

3.5.2. Further relations in ‘u(ﬁl,,)[y]. The other ‘L{(a[n)[y]—relations expressed
below follow from the relations in Definition 3.19 and are going to be used in the
sequel.
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* BUBBLE SLIDES

If{i, j} # {1, n}, we have

.j:

(3.21)

, (3.22)

(3.23)

(3.24)

(3.25)

A+ A
m i m—
S (f-m—1) Q ifi =,
A /=0 N
. —(A+ja)i—1+f
_ J
) -
. —Xi—14+m O i
J
—(A+ja)i—14+m
J
A A+ +1Da A+ +1)a
- 0O @,
Chi—itm —GFGEDA)—24m — G DAY —14m
i+1 i+1 i+1
A A— i+ 1)
) f .
o (-] 0
= f+g=m _ e
—Ai—14+m —(A=(@{+Da)i—1+g
i+1 i+1
A A+ G+ 1a
-z Q
> f+g=m
Ai—1+m A+GE+1D)a)i—1+g
i+1 i+1
A A=+ 1)a A—(@G+ 1)
@ @ @
Ai—1+m (A=G+Da)i—2+m (A=G+DA)i—14m
i+1  i+1 i+1

If we switch labels i and i 4 1, then the right hand side of the above equations
gets a minus sign. Bubble slides with the vertical strand oriented downwards
can easily be obtained from the ones above by rotating the diagrams 180

degrees.
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If{i, j} = {1,n}, we get

A+ (Da A+ (Da
—An—1+m A+ ) n—24+m —A+MA)n—14+m
1 1
3.26
A+ (Da (3-26)

n
w0 |

—A+MAIn—2+m

A A+ (n)a A+ (n)a
1 1 1
oRgeNIRse
—/_l]—l-i-m —(A+@m)a)1—2+m —(A+@)a)1—14+m
" " 3.27
A+ () G2

1
v |

—(A+@m)a)1—2+m

A A—(n)a
14

(g )f ~p IQ . (3.29)

—(A-(m)a)1—1+g
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A A+ ()a )
n f _ n
O n A ) e
f+g=m P=ONP
An—14m A+MAIn—1+g
1
A A+ (n)a ,
1 f 1
O s ey e
> f+g=m P=ONP
A—14m A+@a)1—1+g
n n
A A—=(D)a A—=(D)a
@) @) @)
An—14+m A-MA)n—24m A—DA)n—1+m
1
(3.32)
A—=(Da
al O
A—=)A)n—2+m
1
A A—(n)a A—(n)a
1 1 1
o -lo g
A —14m G=(m)p)1—2+m A=m)a)1—1+m
" (3.33)
A—(n)a
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* MORE REIDEMEISTER 3 LIKE RELATIONS

Unlessi = k = j we have

i J lk il J k

and wheni = j = k we have

Gl

Q o +§: L
l b
ek \ Qg

where the first sumis overall fi, f>, f3, fa > Owith fi+ fo+ f3+ fa = A; and
the second sum is over all g1, g2, 3,84 > O with g1 + g2 + g3 + g4 = A; — 2.
Note that the first summation is zero if A; < 0 and the second is zero when

)_&i < 2.

(3.35)

Reidemeister 3 like relations for all other orientations are determined from
relations (3.19), (3.20), and the above relations using biadjunction and cyclicity.

3.5.3. The 2-category s (n,r)py). As explamed in Section 3.4, the g-Schur
algebra S(n r) can be seen as a quotient of U(g[,,) by the ideal generated by all
idempotents corresponding to the weights that do not belong to A(n, r).

It is then natural to define the 2-category S (1, )[y] s a quotient of ‘L((a[,,)[y]
as follows.

Definition 3.24. The 2-category S (n, r)[y] is the quotient of ‘L((gT[n)[y] by the
2-ideal generated by all 2-morphisms containing a region with a label not in
A(n,r).

We remark that we only put real bubbles, whose interior has a label outside
A(n,r), equal to zero. To see what happens to a fake bubble, one first has to
write it in terms of real bubbles with the opposite orientation using the infinite
Grassmannian relation (3.13).
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Asin [28], we define §(n ,T)[y] as a quotient of ‘u(gT[,,)[y], rather than ‘U(;[n)[y].
Therefore, just as in [28] (see the introduction of Sections 3 and 4.3 in that paper),
we have to show that there exists a full and essentially surjective 2-functor

W UGsha) ) — S r)py.
which categorifies the surjective homomorphism
Vnr: UGsly) — S(n.7)

defined in (3.2).

On objects W, , maps i to A := ¢, (1), which was defined in Section 3.2.
On 1 and 2-morphisms ¥, , is defined to be the identity except for the left cups
and caps, on which it is given by

Mo = DM and gy — (DY (3.36)

Note that here we are simply extending the 2-functor used in [28].
Just for completeness, we now state the following result without proof.

Proposition 3.25. The 2-functor
Wy UCsky) ) — S, 1)y
is well-defined, full and essentially surjective.
Just as for ‘U(sA[,,)[y] and ‘U(g/;\[,,)[y], we can put y = 0.

Definition 3.26. Let § (n, r) be the quotient of s (n,7)[y] by the 2-ideal generated
by y.

Of course there also exists a full and essentially surjective 2-functor
W, Usly) — S(n.r).

which is defined and denoted just as above.

4. A functor from D& Bim*. to S(n,r)*
Ap—q [¥]

In this section, we define a functor

. . % ° *
Zn,r.i)&fBzmgr_l — S(n,r)[y],
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which categorifies the embedding
On.r: 3‘\(&_1 — 1r§(n,r)lr.

Actually its target will be the one-object sub-2-category S (1. )i, (7). (A7)
of §(n, r)E‘y]. Since §(n, r)E‘y]((lr), (17)) has only one object, it can be seen as
a monoidal category.

This functor is the affine analogue of X,, ; in Section 6.5 in [28]. For diagrams
with only unoriented i-colored strands fori = 1,...,r — 1 the definitions in that
paper and in this one coincide, for diagrams with unoriented r-colored strands or
oriented strands the definition here is new.

In Section 6, we will prove that

Snr: DEBimY,  —> S(n.r)f((17). (1)

is faithful. We conjecture that X, , is also full and, therefore, that the two cat-
egories D& Bim i and § (n,7)[1((17), (17)) are equivalent. The latter equiva-
lence would the affine analogue of the one proved in Proposition 6.9 in [28] for
finite type A.

4.1. The definition of the functor. The functor ¥, , is Q-linear and monoidal,
so it is sufficient to specify the image of the generating objects and morphisms.
The functor X, , is defined on objects by

0 +—1, =1ur,

i— &6_;81,,
r—&_...6_,8,...8,1,,
+r—8_,...6,9861...86..1,,

— gr...818r+1...8n1r.

The functor X, , is defined on morphisms as follows, where we use rotation
through 180°, denoted w, and reflection in the x-axis plus orientation reversal,
denoted 7, to shorten the definition.

e The empty diagram is sent to the empty diagram in the region labeled (17).

o The vertical line colored i is sent to the identity 2-morphism on the morphism
8_1' & i er

i| — an).
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o The vertical line colored r is sent to the identity 2-morphism on the morphism
E_p...6.,.8...6,1,:

r‘,_) (1m).
n r r n

o The vertical line colored + is sent to the identity 2-morphism on the morphism
8_,, ce g—r—lg—l ce g_rlri

n r+1 1 r

The vertical line colored — is sent to the identity 2-morphism on the morphism
&r...81841...8,1,, which is obtained from the one above by applying w.

e The image of startdot; fori # r:

l.l'—> U an.

The image of enddot; is obtained by applying w or 7.

e The image of startdot,:

The image of enddot, is obtained by applying w or t.

e The image of merge; fori # r:

Ao/ A
T

The image of split; is obtained by applying w or t.
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\ .

The image of 4vert; ; with distant colors i and j different from r:

X H %(1r)‘
i J
i JoJ

The image of 4vert, ; with distant colors r and j:

><
r J
n

The image of 4vert; , is obtained by applying t (not w!).

The image of merge,:

Pt

The image of split, is obtained by applying w or t.

n n

The image of 6vert;;,; with colors i and i + 1 different from r:

i+1 i i+1
i i+1

i+1 i+l i
The image of 6vert; ;4 is obtained by applying w or 7.

The images of 6vert, ; and 6vert,_; , respectively:

(1",




166 M. Mackaay and A.-L. Thiel

n r r n r—1r—1 n r r n

1.

r—1
The images of 6vert, ,—; and 6vert; ,, respectively, are obtained by  or t.

e The images of +cap and —cap respectively:

(1),

(17).

r 1r+1 n n r+11 r

The images of +cup and —cup are obtained from those of —cap and +-cap,
respectively, by applying w or t.

e The image 4verty ; with colors i different from r — 1 and r and i 4 1 different

from r and 1:
i+1

n r+1 1 i—1 i i+1li+2 roi i

The images of 4vert; 41 4, 4vert; _ and 4vert_ ; , are obtained by applying 7,
Tw and w respectively.



Cm%mﬂkmmmofﬁgplMM§MJJbr3§r<n 167

e The image of 4vert; ,:

an).

n r+1 1 2 r—1r n r+l1r r r+1 n

The images of 4vert; , 4vert, _ and 4vert_ ; are obtained by applying 7, Tw
and w respectively.

e The image of 4vert} ,_;:

n r+1r r r+l1 n n r+1 1 r—2r—1r

==
RGN

The images of 4vert, 4, 4vert,_; — and 4vert_ , are obtained by applying 7, tw
and o respectively.

(1").

r—1

e The image of box; fori = 1,...,r:
r—1 -
ar) o an)
— —
O—-X0)
J=i —1

e The image of the box morphism box,:
an)
—> .
It is easy to check that ¥, , is degree preserving and monoidal.
Lemma 4.1. %, ; is well-defined.

Proof. We check that ¥, , preserves all relations in D& B im*Ar_]

First of all, note that all “finite type A” relations, i.e. the relations between
diagrams without r-colored or oriented strands, are preserved by precisely the
same arguments as in [28]. And this fact, provided that relations (2.11a)—(2.14b)
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are preserved, implies that relations (2.5a)—(2.10) with at least one r-colored
strand do not need to be checked separately, as mentioned in (x) of Remark 2.7.

Let us also remark that, except in the checks of the box relations, we will use
neither relation (3.17) nor the bubble slides relations (3.26)—(3.33) for {i, j} =
{1,n}.

Let us now go through the list of the remaining relations and explain why they
are preserved.

e The Isotopy relations (2.4a)—(2.4i) are straightforward.

e Relation (2.11a) follows directly from the fact that in 3 (n, r)Ek y]((lr ), (17)) all
dotted bubbles of degree zero are equal to +1. Indeed we can apply successively
relations (3.10) to the nested bubbles in the image of O and O

e For relations (2.11b) and (2.11c¢) use repeatedly relations (3.12). We only give
the details for relation (2.11b), the other relation being completely analogous.

The diagram %, , (] l) is as follows

1.

n r+1 1 r o r 1 r+1 n

Apply successively relation (3.12b) to each pair of up and down i -strands, with
the region on the right of the pair labelled by A. Fori =r + 1,...,n, we have
A=(0,1,...,1,0,...,0,1,0,...,0), where the entries which are equal to one
are the 2nd until the rth and the i + Ist (mod n). Fori = 1,...,r, we have
A=(,...,1,0,1,...,1,0,...,0) where the entries which are equal to zero
are the r + 2nd until the nth and the i th.

For these A, relation (3.12b) becomes

A= i3 (4.2)

i i m

for all i. In this way, we get exactly the nested cups and caps which together

form 2, (X).
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e Relation (2.12):

j+1 i+1 j+1 i+1
i Jooi J

The basic idea of the proof is the same for all cases, so we only show one case
in detail. For j < i and i, j # r, this relation follows from the fact that, using
repeatedly relations (3.16), (3.17) for distant i, j, (3.19) and (3.34), one can

reduce both ¥, , (>7<) and ¥, , (%) to the diagram

JHY+Li+1i41
Q.’ﬁ‘v
q,',,//},
n r+1 1 J=1j j+uy+2 -1 i i+1i+2 r ioiJoJ
The case for j > i and i, j # r can be proved similarly using exactly the

same relations.

For the remaining cases, in which one of the integers i or j is equal to r — 1
or r, use repeatedly relations (3.16), (3.17) fori - j = 0, (3.19) and (3.34).

e Relations (2.13a) and (2.13b).

First when the colors (i, i + 1) differ from (7, 1) and (r — 1, 7). We only give
the details for relation (2.13a), because the proof of the other relation is very
similar.
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The image under X, , of ié is equal to

(1").

n r+1 1 i—1 i i+1i+2 roi i

Thanks to relation (3.16), the left part of the central bubble can be slid to
the right until the whole bubble is contained in the region immediately to the
right of the vertical i -strand, which has label A = (1,...,1,0,1,...,1,0,...,0)
where the first O is in i 4+ 2nd position and the last 1 in r + 1st position. That
degree-zero bubble is equal to one, by relation (3.10).

After removing the bubble, we can slide the i -colored strand over the r —i — 1
rightmost strands and slide the i 4+ 1-colored strand over the n —r +i — 1
leftmost strands, using relation (3.17). Apply relation (4.2) to the two horizontal
i-strands in the region immediately left of the i + 1-strand, which has only one
non-zero term as before because A = (1,...,1,0,1,...,1,0,...,0), where the
first O is in i th position and the last 1 in r + 1st position. We get

A q'. ().

n r+1 1 i—1 i i+1i4+2 r

Then the strand with the rightmost endpoints can be slid all the way to the right,
first using relation (3.16) and then relation (3.12b), which here is simply equal
to an ordinary Reidemeister 2 relation (i.e. without extra bubble terms) because

A = (17). Finally, we end up with a diagram which is indeed equal to X, , (’ D

We can prove relations (2.13a) and (2.13b) with colors (r, 1) and (r — 1, r) in
almost the same way. We can slide bubbles and strands using relations (3.16)
and (3.17), evaluate bubbles using relation (3.10) and use relations (3.12a)
and (3.12b), which again are particularly simple for the relevant labels. The
difference here is that we have to iterate some of the steps that we used above,
e.g. because we get nested bubbles or various pairs of strands to which we can
apply relations (3.12a) and (3.12b).
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e Relations (2.13c) and (2.13d).

We only prove relation (2.13d) when (i, i + 1) differs from (r, 1) and (r — 1, r).
The other cases for this relation and all cases for the other relation are proved
in the same way.

The image under X, , of >< is equal to

n r+1 1 i—1 i i+1i+2 roi i

We can slide the i + 1-colored strand over the n — r + i — 1 leftmost strands
using relation (3.17), so that we end up with the following picture in the central
part of the diagram

i i+1

with A = (1,...,1,0,1,...,1,0,...,0) where the first O is in ith position and
the last 1 in r + 1st position. We now use relation (3.12b), which again reduces
to (4.2). Then we apply relation (3.16) to the two rightmost strands. After doing
all this, the central part of the diagram becomes equal to three identity strands
colored i, i + 1, i, the two first being oriented down and the last up.

Then, in the full diagram, the rightmost i-colored strand above can be slid
over the r —i — 1 rightmost parallel strands using relation (3.16), so that we end
up with

(1)

0

n r+1 1 roi i

4.3)

By applying relation (3.11) to the curl and the fact that the bubble appearing
then is equal to —1, the diagram in (4.3) becomes equal to the image under %, ,

of /\(
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e Relation (2.13e). Actually, we will prove

v -

Let us start with colors (i,i + 1) different from (r, 1) and (r — 1, r).

which is equivalent.

The image under X, , of Y is

n r+1 1 i—1 i i+1li+2 roi i

The image under %, , of RY is

an).

n r+1 1 i—1 i i+1i+2 roi i

We can apply to the first of these two diagrams the same arguments as in the
beginning of the proof of relation (2.13a), in order to simplify it to

(1").

n r+1 1 i—1 i i+1i+2 roi i
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In order to prove that this diagram is equal to the second one, it only remains to

check that . .
A A
= , 4.5)

where A = (17). Because relation (3.12a) reduces to an ordinary Reidemeister 2
relation when A = (17), the left hand side of (4.5) is equal to

%(1’) ) :[ (1"

So proving (4.5) is equivalent to proving that

i i

an A lan
N

i i

(4.6)

which follows directly from relation (3.35). Indeed in the case A = (17), the first
term of the Lh.s. of (3.35) is killed since it has a region with a label possessing
a negative entry. While the r.h.s. of (3.35) comes down to one term (the second
sum does not appear since A; — 2 = —2) whose bubble equals —1. Hence

I (Y ) and X, , (W ) are equal.

Proving relation (4.4) for colors (r — 1, r) is not much more complicated and
is left to the reader.

Relations (2.14a) and (2.14b) involving oriented strands and three adjacent
colored strands.

In order to prove these relations we bend the left end of the oriented strand
downward and the right end upward in the diagrams.

Let us start with the case when there are no r-colored strands. We prove
relation (2.14a) for the case in which the bottom strands are colored (i — 1, i,
i — 1). Relation (2.14b) for the case in which the bottom strands are colored
(i,i —1,i) can be proved similarly.
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By applying relations (3.16), (3.17), (3.19), and (3.34) to the diagrams

I (%) and X, , (% ), we can slide the entangled parts of the strands
coloredi — 1,7 and i 4 1 to the middle of the diagrams. In this way, we can turn

I (X) and X, , (%) into the following two diagrams: the diagram

I (X ) becomes

i+li+1 i @ i+li+1

n r+1 1 i—2 i—1 14 i+1 i+2 roi—1i—11i i i—1li—1

and X, , (%) becomes

i+li+1 @ @ i+li+1

an).

n r+1 1 i—2 i—1 i i+1 i+2 roi—1i—-1 i i i—1i—1

We have to prove that these two diagrams are equivalent.
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First consider the diagram above which is equivalent to X, , <§K ) Apply
relation (3.35) to the triangle in the center formed by three i-colored strands.
Since A = (1,...,1,0,1,2,0,1,...,1,0,...,0), where 2 is in the i + 1st
position and the last 1 in the r 4 1st position, that relation is equal to an ordinary
Reidemeister 3 relation (i.e. without extra bubble terms).

Then apply relation (3.19) to the two triangles formed by strands colored
(i —1,i,i + 1). Both triangles are slightly to the right of the center and one is
higher and the other is lower than the center. Sliding the i-colored strands to the
left using this relation creates four bigons, two between strands colored i and
i + 1 and the other two between strands colored i — 1 and i + 1. The first two
bigons can be solved using relation (3.16), the other two using relation (3.17).
Finally, we apply relation (3.19) to the top and bottom central triangles of the

diagram. This proves that %, , (%) is equivalent to

i+1li+1 i i i+li+1
/ / vee /

(17).

n r+1 1 i—2 i—1

T
T
N

roi—1i—11i i i—1li—1

Now apply relation (3.20) to the triangle in the central right part of the diagram.
This gives us two terms. The second term, with the identity strands (i.e. the
extra term compared to the usual Reidemeister 3 relation), is killed because
it contains a bigon between two i-colored strands with the same orientation,
which is zero by relation (3.14). In the remaining term we can slide the
vertical i-colored strand to the left using relation (3.35), which again simply
reduces to an ordinary Reidemeister 3 relation. This leaves us with a bigon
between two i-colored strands with opposite orientations. Use relation (3.12b)
in order to remove this bigon. Note that this relation is equal to an ordinary
Reidemeister 2 relation, since A = (1,...,1,0,2,1,0,1,...,1,0,...,0) with 2
in the ith position and the last 1 in the r 4 1st position.
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This tells us that X, , (%) is equivalent to

i+1li+1 i i i+li+1

.. ;
{7

." (17).
vy
n r+1 1 “i—2 i—1 { i+1 Q42 roi—1i—-1 i i i—1li—1 @7

Let us now prove that ¥, , (%) is equivalent to this same diagram. First
apply relation (3.35) to the triangle formed by the three i — 1-colored strands
just right of the center. Since A = (1,...,1,2,0,0,1,...,1,0,...,0) with 2 in
the ith position and the last 1 in the r + 1st position, this relation is equal to an
ordinary Reidemeister 3 relation.

Then apply relation (3.19) to the two central triangles formed by strands
colored (i — 1,i,i + 1). Sliding the i + 1-colored strands to the left using this
relation creates two bigons between strands colored i —1 and i + 1 respectively.
These bigons can be removed using relation (3.17).

In this way, we have proved that X, , (% ) is equivalent to

i+1li+1 i @ i+li+1

Q’l.ﬁ (I,’Q "
TS

n r+1 1 i—2 i—1 i i+1 i+2 roi—1i—11i i i—1li—1
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Next, apply relation (3.20) to the central left part of the diagram. Locally we
end up with a sum of two terms, the usual term in the Reidemeister 3 relation and
an extra term consisting in identity strands. This extra term is killed because
it contains an i — 1-colored curl which is zero by relation (3.14). Note that
A=(,...,1,2,0,0,1,...,1,0,...,0) where 2 is in the ith position and the
last 1 is in the r + 1st position, so )_k,-_l = —1. The first term contains a bigon
between two i —1-colored strands with opposite orientations. Remove this bigon
using relation (3.12a), which in this case is just a Reidemeister 2 relation.

Now apply relation (3.19) to the top central and bottom central parts of the
diagram which we have obtained so far. Apply relation (3.34) to the top right
and bottom right parts of the diagram. In this way we get two more bigons
between strands colored i — 1 and i with opposite orientations, which we remove

using relation (3.16). This finishes our proof that %, , (>?<) is equivalent to
the same diagram in (4.7).

Relation (2.14a) when one of the strands has color » and relation (2.14b) can
be dealt with in a similar way. Note that three cases have to be considered: when
the bottom strands are colored (r —2,r — 1,r —2), (r,1,r)or (r — 1,r,r —1).
We omit the details.

Box relations. Just as for relations (2.5a)—(2.10), some of the box relations with
i = rorj = r follow from the same box relations for i, j # r together with
some other box relations. Taking into account the observations in Remark 2.7
too, we see that it suffices to prove relations (2.15b) and (2.15j) here.

Let us start with relation (2.15j). It is sufficient to prove this relation for
i =r — 1, because we can write

[iv1] =[] -[ir2]+ [i+2]-[i3]+ -+ [—]-[[1+ [

and

m=m—|i+l|—|—|i+1|—|i+2|—|—"'+|r—2|—|r—1|+|r—1|
and use relations (2.13c), (2.13d) and (2.15a).

Let us prove relation (2.15j) fori = r — 1, i.e.

SIS I E (—OH*Q)'

n r+1 1 r n r+1 1 r
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Relations (2.13c) and (2.13d) together imply that

Ir I - I Ir—l ’
hence we have

n r—1
n r+1 1 r n r+1 1 r

Therefore, it suffices to prove

r /
n
-1
n r+1 1

g

~

-1
r+1 1 r

On the one hand, we observe that

r
/ — e Y “ee — eee Y
O o \Q ’
r

-1
n r+1 1 r n r+1 1 r n r+1 1 r

since the bubble can be slid through the first n — r — 1 left strands and then
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the bubble slide relation (3.22) can be applied to the bubble and the strand
colored r + 1. On the other hand, we have

which is obtained by using repeatedly relation (3.12a), which for the relevant
labels A reduces to

il N

So it only remains to prove that

n r+1 1 r n r+1 1 r

Notice that we can invert the orientation of the bubble, by the infinite Grass-
mannian relation. We can apply relation (3.12a) to the bubble and the strand
colored r. The first term that appears is killed, because the weight inside the
bigon has a negative entry. The bubble appearing in the second term is equal to
—1sinceA = (1,...,1,0,1,0,...,0) with the last one in r + 1st position. Thus

we get
r
/ Q: veo e Y (4.8)

n r+1 1 r n r+1 1 r
Finally, we have to show that we can move the dot from the r-strand to the
(r 4+ 1)-strand. Just slide the left dotted strand over all the strands colored
1,...,r — 1, using the first case of relation (3.17), and then apply the second
case of relation (3.17). Observe that the term with the bigon is killed, because
the weight inside the bigon has a negative entry. Note that this argument is not
valid if r = n — 1. Indeed in this case, » + 1 and 1 are adjacent colors, hence
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the left dotted strand cannot be simply slid over the strand colored 1. In order
to prove this remaining case together with relation (2.15b), let us remark that
the right hand side of equation (4.8) can also be expressed as follows:

n r+1 1 r

n r+1 1 r

" (1 an an
H(xO -0
Jj=1 -1 1

n r+1 1 r

4.9)

This expression is obtained using repeatedly kink resolutions and bubble slides.
Indeed the kink on the left hand side of relation (3.11) fori = r is equal to zero
here since the label inside the kink possesses a negative entry. Hence one can
express the dotted r strand as a non-dotted strand times a bubble colored r on the
left. This bubble can then be slid through the  — 1 strand using relation (3.25),
creating two terms: one is a dotted r — 1 strand while the other is a non-dotted
r — 1 strand times a bubble colored r on the left. This bubble can be slid all the
way to the left using (3.25) making appear an extra term which is the dotted r + 1
strand on the right hand side of (4.9). One applies this same trick successively
to the dotted strands for colors » — 1 to 1. The only exception is that, in the
end, to slide the bubble colored 1 through the strand colored n, we have to use
the deformed relation (3.33), which brings out the y term in (4.9). Finally the
dotted » strand that thus appears can also be expressed as a non-dotted strand
times a n-colored bubble on the left using relation (3.11).

Therefore, by (4.9), it suffices to prove

r—1 -
4 A7) D)

(O =) +1) +@=o (4.10)
J

j=1 -1 1
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In Section 5 we construct a 2-representation of s (n, r)E‘y]. Its definition and
the proof that is well-defined do not depend on the results we are proving here.
So, let us just assume the well-definedness of this 2-representation for now.
Its restriction to § (n, r)E‘y]((lr ), (1)) gives an algebra homomorphism

F S, (7). (1) — Qly. x1,.... x/]

which on the elements of degree two is determined by

a1 +—y,

Xit1—x; 1<i=<r-—1,

O
i 0 r+1<i<n-1,

Note that ¥’ maps the 1.h.s. of (4.10) to zero. We are going to show that
this implies (4.10) by showing that ' is an isomorphism. From the defini-
tion it is clear that ' is surjective. Injectivity follows if we can prove that
$(n.r)},,((17). (1)) is generated by

an r an n an
Hoo O T ) @11
l
-1 1

fori = 1,...,r—1,becausethat implies that §(n, r)E‘y] ((17), (17)) is isomorphic
to a quotient of Q[y, x1, ..., x| by the surjectivity of ', which means that the
two algebras have to be isomorphic.

In order to prove that s (n, r)Ek 0l ((17), (17)) is indeed generated by the 2-mor-
phisms in (4.11), first note that s (n, r)i*y]((lr ), (17)) is generated by all counter-
clockwise bubbles of arbitrary degree and . It therefore suffices to prove that
any counter-clockwise bubble is in the span of the 2-morphisms in (4.11).
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We first prove this fact for counter-clockwise i-bubbles with 1 <i <r — 1.
The result follows from the recursive formula

j an) j an r r r an
Q7 --07O,++O-1Q7). e
i+1 r—1
t+1 t -1

for + > 0. The equation in (4.12) can be obtained by unnesting the left hand
side of

an

=0, (4.13)

using bubble slides from the inside to the outside. Equation (4.13) holds,
because the region in the center has label A with A,4; = —1.

For i = r the argument is simpler, because

r an

’

—2+¢
for any ¢ > 2. This holds because the inner region has label A with A,4; = —1.
Similarly, for i = n we have
n an
Q=0
—2+¢

for any ¢+ > 2. By the infinite Grassmannian relation, this implies that

o =(Q")
t 1

for any ¢ > 2.

Forr + 1 <i < n — 1 there is nothing to prove. In that case, the counter-
clockwise i-bubbles of positive degree are all zero, because their interior is
labeled by A with A;+; = —1. This finishes the proof that

S(n.n{y((1N). (1) = Q. 1., xv],
which implies (4.10).
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Now let us consider relation (2.15b). The image under X, , of I is
r

an)

r an n an
n:—O +O . 4.14)

-1 1

This expression can be obtained using repeatedly bubble slide relation (3.23).
Observe that, at each step but the first one, only one term survives, the second
being systematically zero since it includes a real bubble whose inside is a label
with a negative entry.

If one replaces, in this expression, the bubble colored # using equation (4.10),
one recognizes precisely the image under ¥, , of [ 1| —[+]— .
We have checked that ¥, , preserves all the relations of D& Bim*. | so this

r—1

ends the proof. |

5. A 2-representation of s (n, r)[*y]
In this section we define a 2-category &S Bim A, and a 2-functor

F': S,y — ESBim .

The 2-category &S Bim 4,_, is anextension of the category of singular Soergel
bimodules in affine type A considered by Williamson in [37] (see also [27, 28]).
The 2-functor ¥’ is a generalization of Khovanov and Lauda’s 2-representation
I'G defined in [17, 19].

5.1. Extended singular bimodules. Let R = Q[y][x1,...,X,]. As in Sec-
tion 2.1.2, there is a grading on R definedby degy = degx; = 2,fori =1,...,r,
and a degree preserving action of W 4., On R. For any partition (11, ..., ng) of r,
let

Sny X oo XSy, SWy,_, C W/T

r—1
be the standard parabolic subgroup which is contained in the finite Weyl group.
Let R"1""k C R denote the subring of S, x --- x S, -invariant polynomials.
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Using these rings of partially symmetric polynomials, we can construct bi-
modules by induction and restriction. Induction is defined as follows: suppose
n; splits into n? plus n}, ie. n; = n) + n}, then we define the induction
functor by taking the tensor product on the left with R™I R ver RMUTE
The restriction functor is defined by taking the tensor product on the left with
RMMGHRIAVTE @ oy njen 4 y-nye R1E over R™Uk . In particular,

0
J

0,1
n;.n. 1
Il’ldnj 4 (Rnl nk) = Rn1 jk ®”l"'nk R™ nk,

and

n;j+n; . S e
Res J J-H(Rn] nk) — Rnl...n]-f—nH_] ni ®n1.

-
nj M) 41 R

Ny SRR e

where a subscript 7 - - - ny of a tensor product means that it is taken over R"1" "k,
0

Also note that Ind:,lj’n} (M) is zero (resp. Res,’ j;?f:‘(M ) is zero) if M is a
R™1k Jeft module such thatm; # nj (resp. suchthat (m;, m; 1) # (nj,nj41)).

Now some twisted bimodules are defined like the bimodules B, +; of
Section 2.1.2, their well-definedness is proved in Lemma 5.2: Rp<"!"™™*=1 (resp.
RZE{"""‘) is equal to R™<"1"Mk—1 (resp. R™2""k"1) ag a left R™™1""k—1-module
(resp. as a left R"2""k"1-module) whereas the action on the right is twisted. The
right action of any @ € R™""k on Rp¥"!""=! and RZZ{"""I is given by multi-
plication by p"* (a) and p~"!(a) respectively. Recall that the action of p*! was
defined in section 2.1.1. The twisted functors defined by taking the tensor product
on the left with these twisted bimodules over R"!""k are denoted by R, and

R,—n1 . In particular,
Ryni (R"V71) = R;’k’”"""‘—l ®nyony RMTE
and

nyngy _ ph2-nihg ni-n
Ry (RM) = RIZTM @, RMT

respectively.

Definition 5.1. Let &S Bim A, be the 2-category with
e objects: the rings R™1""k for all partitions (n1,...,ng) of r;

e |l-morphisms: given two partitions (n1,...,nx) and (mq,...,m;) of r, the
I-morphisms between R"!""k and R™!""™ are the direct sums of shifts of ten-
sor products of R -R"1"""k -bimodules obtained by applying induction, re-
striction and twisted functors to these rings of partially symmetric polynomials;

e 2-morphisms: the degree preserving bimodule maps.
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Lemma 5.2. The map p"* gives an isomorphism between R"1" "k and R™*"™"1""k—1
while p~"1 gives an isomorphism between R™1""k and R"™2" k"1,

Proof. We only prove the lemma for p”%. The proof for p™"! is similar and is left
to the reader.

It is clear that p"% is a bijection. What remains to be shown is that the image
of R"1""k is indeed R"k"1"7k—1,

For any generating reflection o; of S,, x Sy, X -+ x Sy,_,, relation (1.1d)
implies that p™"% 07 p"* = 0;_,, (with the indices read modulo r) and hence this
latter belongs to Sy, x --- x Sy, . In particular, for all p € R"1""k, we have

p k010" (p) = 01—, (P) = P
i.e. p"k(p) € Sup X Spy X o+ X Spp1.

This shows that p”* sends the ring R"!"”k isomorphically to R "t"7"k—1_ []

This implies that the twisted bimodules R,<"!"™"*~! and RZE}“"""‘ are well-
defined.

The proof of the following lemma is straightforward and is left to the reader.

Lemma 5.3. We have the following isomorphisms of bimodules relating twisting,
induction and restriction:

Rp_nk ank (Rnlnk) ~ anl Rp—nl (Rnlnk) ~ Rnl"'nk’
n?’njl 1R\ ~ n?”"} ny-ng .
Ind,; 7 Rymc (R ) = Ryne Indy 7 (R ) forj #k,
1 dng,n}( niRE) ~ I dng,n}( ny-ng
nd,} ank (R )~ an(]g an}( nd,; (R ),

Resy %1 Ry (RM) = R i Resy! X (RN for j # k — 1,

nj,nj41 njnj+1
Ri—1+n ni-n Rig—1+n ni-n
Res, F =100 Rpme—1 Rpynic (RPV776) = R jnge_y+nye Resy i1 0K (R,

There exist analogous isomorphisms for the negative twists.

Lemma 5.4. The category 8£im/fr_1 is a full subcategory ofSSfBim/fr_l.
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Proof. Fori = 1,...,r — 1, the full embedding of E§Bim;  into ESBim
Ar—1 Ar—1

sends B; to B; and Bpil to Bpil = R;lj;). For i = r, the bimodule B, is sent to
B, ®r Br—1 ®r Bp—l € 88£im2,_1 .

The fact that the isomorphism in & Bim A, between B, and B,®Qr B,—1 Qr B o1
is unique up to scalar ensures that the category & Bim; _ is a full subcategory of
ESBimyg . O

5.2. The 2-representation. We will mostly refer the reader to [17, 19, 28] for the
definition of

/. e * . ox
F S(n,r)[y] — 835811111@_1,
since ¥’ is a straigthforward generalization of the equivariant Khovanov-Lauda
2-representations discussed in those papers.

Remark 5.5. Khovanov and Lauda used the equivariant cohomology rings of the
varieties of partial flags in C” for the definition of their equivariant 2-representa-
tions. These cohomology rings are isomorphic to the finite type A4 singular Soergel
bimodules which were used in [28].

We do not know if the 2-representation in this paper, which we define using the
extended affine singular Soergel bimodules, can be defined in terms of equivariant
cohomology rings of the varieties of cyclic partial flags (or periodic lattices) in
Cle, e71]" defined in [26] and [11].

5.2.1. Definition of ¥’. Note that for y = 0 the restriction of ' oW, » to U(sly)
is simply equal to T, where

\Ijn,r: u(;[;)E(y] - g(}’l, r)iky]

was defined just before Proposition 3.25.

We will define the 2-functor #’ on all objects and 1-morphisms of s (n, r)E‘y],
give explicitly the images of the 2-morphisms for which the color n appears and
explain afterwards how they are related to Khovanov and Lauda’s 2-representation
F,G , see Proposition 5.8. Here we are using their notation k; = Ay + --- + A;,
for i = 1,...,n, with the convention that k9 = 0. The origin of the shifts
appearing in the images of the 1-morphisms is explained in Remark 5.7 and the
well-definedness of ¥ is proved in Proposition 5.10.
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Definition 5.6. The 2-functor

.’F/:g(n,r)f‘ — €S Bim*; B
is defined as follows.

e On objects A € A(n,r), the 2-functor ¥’ is given by

A= (A1, o, Ay) —> RMAn,

e on l-morphisms we define ' by

1, {1} —> RMPnypy,

Fori =1,...,n—1and ¢t € Z we define

1A,+1 1

&Lt} — Resi 'Ind; (R 4t + 14+ kizy + ki —kig1})

and
E_i1;{t} —> Res] ’+1+IInd LU RAT ARG 4 — kg )).

Fori = n and t € Z we define
Exli{t} — Resy" ' Ry Ind ) M N (RM it 40 — (r + )
— (ki + - kn2)})
and

Enli{t} — Res} ! R, Ind)" ™ (RM1 {1 Ky + - + ki }).

e On 2-morphisms, we define ¥ by giving the bimodule maps which correspond
to the generating 2-morphisms of s (n, r)E‘y]. The ones not involving color n have
the same image as under Khovanov and Lauda’s 2-representation [17, Section
6.3.3] [19] [28, Section 4.2].

When the color n occurs in a generating 2-morphism, the 2-functor ¥ is as
follows. Here e, and h, denote the elementary and the complete symmetric
polynomials respectively:

A
7 L )il Y 0 1wl
A o
®en,—f(Xr—ppt1+ Y, Xp +y)
A
=X ey ele
-0

® ekn—f(xr—kn-f—ly cee 7-xr)a
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n

Al
fw‘/( \_/ ):1._> DM S )M o+ @1®1
® e —fr(X1,...,x1,)
A
=DM X ) el
=0

®ell_f(x1 — )V, XN -),

n
37/( mk):x‘f‘@)l@l@x‘fz

> (—l)ll+lha1+a2+1—xl (X1,...,%3,)
o o
3 8 (o))
p=0g=0\ P q
ya1+a2_p_th+q+l—kl (xl - y’ LRI x),] - y)a

j;'/ A.

"
RV AV )1 ta2—p—q
pZ:Oqgo(P)(Q)( »)

hay +ar+1-4n Xr—pp+1 + Y, u X + )

—

):x;"1®1®1®x‘;‘2

]

= Ny tan+1-20 (Xr =415 - 5 Xr)-
I n—j|> 1,
P @ 1® 7 o X ® 1@ (1 — )™,
:x,‘:; R 1@ x{? > (xr + y)*2 ®1®x,‘2+1,
(%)

:x]! ®1®x,‘j§kaj+l®1®(xr+y)°“,

:xZ;l®1®x;"2|—>(x1—y)"‘2®1®x;:;,
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37/( >< K):xﬁ“@l@l@x‘l"z
n n

a; p—1
— (X +y)"‘2Z Z( )( NP+ )P @191
0(21
XY (NPT RI®I® ]
g=0

a;—1
=G40 2 X Q101 ® (v — )

Oéqu

—x Z Z (m) 274y R 1 ®1® (x1 — )%,

37/( >< l):x‘l’”®1®l®x‘,’2
n n

Hxsz Z( )( N2 PP 9 191® (x4 ),

a;—1

— (x1 — y)* Zx"“ "TFR1I®1® (x + )¢

ar—1

=t S -y ele ey

a1 g—1
—(x1 — y)"‘ZZZ( ) N —y)ITTER IR @S,
q=0g=0
’ 2 o

— (0?2 @ 1Rx{ T - ( + 02T @ 1ex) -1}

= ((xr + y)az ®1 ®le+1(x/11+l =)
—xr(xr + y)az ® 1 ®xk +1){_1}’

jﬂ(n/><\n—kl) F IO

(xr 2, ®1® (1 — ¥)¥xq
— (Xrop, X2, @ 1® (x1—y)*"){-1}
= (2, ®1®(x1— )M xR 1® (x1 — y)*){-1}



190 M. Mackaay and A.-L. Thiel

: xf{:H RIRxZ2H— ((x1 —y)?Q1® x;’:){—l},
a1 xf‘ikn — (x‘r"f/ln+1 ®1® (x, + y)*){—1},

X1 > (T ® 1@ (x — y)* {1,

o1

pap, ®@1ex = ((r + )2 e 1exyt, il

(A e

ar+1

— (x/11+1 ®1® (xr +y)* _le“?+1 ®1® (xr + y)oc1+1){1}

= (xf{fH(x,hH — y) ® 1 &® (xr + y)al
—Xi?_i_l R1® xr(xr + )/)“1){1}7

37/ (n—l ></nx) L ®1® X2

= (= )P2n @ 1@x1, = (1= )2 ®1® (xy—, + )31, H1}

=((x1 =2 R1IQx, —(x1—y)2 @11 x " Hi{l},

7’ A 11®1l—x01=1® (x; —y),

7' MWl (x—y)®1=1Q x,.
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Remark 5.7. Let us explain where the shifts in the image of the new 1-morphisms
come from. We will denote by A4,(A) the shift appearing in F'(€,1;) and by
By, (A) the one appearing in ¥'(€_,1;). To understand their origin, let us go back
to the decategorified level (see Section 3.4), where the embedding of §(n, r) into
S + 1,r) sends Enlj t0 EyEns1l(.0) and E—p1; t0 E_(uy1)E—nliio). We
want this embedding to have a categorical analogue. Although we will not work
out the details of the corresponding functor in this paper, a necessary condition
for the existence of such a functor is that the shifts satisfy the following recurrence
relations:

An(k) = kn—l -1+ An+1(k)a

By(A) = Bpp1(X) + 1 —kn,

where A’ = (A1,...,An—1, A, — 1,1). This determines the value of A,(1) and
B, (1) up to a constant which does not depend on n. To fix these constants,
we use the fact that we want the triangle of lemma 6.1 to be commutative and
the 2-functor ' to be degree preserving. Note that F (—) has a shift equal to
zero, so0 F' (& ...818r41...8,1,) = F' Z,,(—) should have a shift equal to
zero too. In this way we obtain a constraint on A,((1")) and we deduce that
the aforementioned overall constant is equal to —(r + k;). Similarly ¥ (+) has
a shift equal to zero, so F'(6—,...6-,-16-1...6_,1,) = F' 2, ,(+) has to
have a zero-shift too. This gives us a constraint on B,((1") + &,) and allows
us to deduce that the aforementioned overall constant is equal to zero. The
reader can verify that this choice of overall constants also fits with the —1-shift
of F'(E_p...6-,8...8,1;) = F' 2, . (r).

It is natural to wonder how the previous images of the 2-morphisms in the
definition of F’ relate to Khovanov and Lauda’s 2-representation F,G . Indeed,
take a generating 2-morphism with n-strands. By Lemma 5.3, the images of its
source and target 1-morphisms are isomorphic, up to a same shift, to conjugates of
the images of 1-morphisms which do not contain factors &4,. Here conjugation
means conjugation by certain invertible twisted bimodules. One can thus ask
if the image of the 2-morphism can be obtained by conjugating a 2-morphism
which does not contain strands of color n. Before answering this question in the
“conjugation trick” Proposition 5.8, let us do an example to make things more
concrete (we omit the shifts here). Consider the 2-morphism

-
n J
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with |n — j| > 1. The image of its source and target 1-morphisms are

An+1 Lai—1gp A+l qbAjpi=1 5,4
Res;” 1" Rjp—1 IndAl Reskj’1 Indljﬂ (R ")

and

Aj+1

LAjp1=1p A+l
Reskj,1 Ind Res/ln’1 R

Aj+1 P

These are isomorphic to

Aj+1

A Indy T R, (RIS (5

An+1 1,A1—1
Rp—(xn-i-l) RCSM’1 Indh Res A

and

A+l A1
R o+ ResAj,l Indlj+1

An LA1—=1 p  pAiye., n
) Res;" 1 Ind) ™' ™" Ryay (RM41),(5.2)

respectively, where in both cases the isomorphism is given by
a®R1®b—a®1®1®p0b)=1® " (@)@ p"(b)®1.  (5.3)
The inverse is given by
18a®b@1=p P @1®p (b)) =1 p ()@ p ). (5.4)
Note that the tensor factors

An+1 1,A1—1 Aj+1 LAj41=1 Aot
Res/ln’1 Ind/11 Res/lj,1 Indlj+1 (R*" n—1)

and

Aj+1

I’Aj-ﬁ-l_l An+1 1,A1—-1 Ay Al e An—1
Res/ljj1 Ind Res}” | Ind/11 (R*" n—=1)

Aj+1
in the middle of (5.1) and (5.2) are, up to a same shift, the images of the morphisms
€18 +110, 01,0y, and & 11811y, 4,2, under F'.

One can see that if one applies the isomorphism (5.3) to x;' ® 1 ® xZJZ +1
followed by the tensor product of the identity on the two twisted bimodules in (5.1)

and of the bimodule map on the central tensor factor given by the image of

) v
1 j+1
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where A’ = (A,,A1,...,A,—1), and finally followed by the inverse isomor-
phism (5.4), one gets

o] o
Xl ®1® X,

> 1® (xa,+1 — ) ®x,‘:f+kn+1 ® 1

o
. o1 - D o
a pgo(P)(_y)al P®X;, 11 ® X 1,41 1

o]

o1 _
— pgo(p)(_”al P ®x1‘:;+/1n+1 ® x5, 41 ®1

S
|—>fo ®1® (x1 — ),

which is precisely the image under ¥’ of our original 2-morphism with the
n-strand. So in this example one obtains indeed the same result using this conju-
gation trick turning » into 1.

Of course one could have used a similar conjugation trick turning » inton — 1,
i.e. writing everything as conjugates R ;-1 ® —® R -1, and using the bimodule
map corresponding to

A’//
n—1 j-1
where ” = (A2,...,A,, A1). In this case one obtains again the image under ¥’

of our original 2-morphism.

Proposition 5.8. The image under ¥'of any generating 2-morphism containing
n-strands can be obtained by either one of the conjugation tricks, i.e. turning n into
1 or n—1, except for the dotted n-identities. The images of these two 2-morphisms
(up and downward) can be obtained by the conjugation trick which turns n into
n — 1, but not by the one which turns n into 1.

Proof. Let us start with the proof for the dotted n-identities. It is an easy check to
see that applying the conjugation trick which turns » into n — 1 gives indeed the
expressions announced in our definition of #’. While if one writes #'(61,1;) as
R —Gut1) ® F'(E£111) ® R, and then apply the image under ¥ of the dotted
1-identity, one obtains

11— (x,+Y)®1 =1 x; (resp.x1®1=1®(xr+)/))y

which differs from the image under ¥ of the oriented upward (resp. downward)
dotted n-identity.
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As for the non-dotted generating 2-morphisms of color #n, the proof that both
conjugation tricks give the same bimodule maps is trivial in certain cases and need
some work in some others:

e whenever only one expression was given in our definition of #’, it is because
the expressions obtained from both conjugation tricks were obviously equal;

e whenever two expressions (obtained via the two different conjugation tricks)
were given, let us prove that they are indeed equal.

We start with the image under # of the right n-cup. Note that in the bimodule

Res’},‘/h_1 R, Indi;‘il Resizjl R, Indi’fl_l(R"l"'*”) wehave v 1R 1® p =
1® (xr +y) ® 1 ® p, for any polynomial p. Therefore, we have to show that

A
DEV @+ 3) @ 1@ en,—f(rpur1 + Voo Xr 4 )
f=0

An
= Z(—I)A”_f & xrf ®1®ep,—r(Xr—p,+1s---1Xr).
f=0
For a fixed power of x,, say k, this amounts to showing that

An—k .
(k40N
1®x£‘®1®§ (—1)’( ; )yle/ln—k—i(xr—/ln-i-l+y,---,xr+y)
i=0

=1®xF ®1®en,k(Xr—ipt1s-- %)

This follows from Lemma 5.9.

Lemma 5.9. Forany 0 <k < n, we have

n—k
(k+i\
en—r(ay,....an) = Z(—l)’( ; )y’en_k_i(al +y,...an+ ).

i=0
Proof. By induction with respect to n. For n = 0 there is nothing to prove.
Suppose n > 0. Write

en—k(ar,....an) = ey_g(ai,....an—1) + anep—1—r(ai,...,an—1).

Note that n —k = (n — 1) — (k — 1), so by induction the sum above is equal to

n—k

Sk =140\
S (T et e+
i=0

n—1-k
(k+iY
+an Y (—1)’( ; )y’en—l—k—i(al+y,...,an—1+y)-

i=0
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Write a, = —y + a, + y. Then we get

n—k
i(k—1+1i\ ;
> =1 ( ; )y en—k—i(ar+y,....an-1+y) (5.5
i=0
N R
- (—1)’( ; )yl“en—l—k—i(al+y,---,an—1+y) (5.6)
i=0

n—1-k
tatn 2 0 (T e a0 5)
i=0

After reindexing the sum in (5.6), the difference of the sums in (5.5) and (5.6)
becomes

en—i(ar+y,....an-1+Y)

K (k=140 (k=140
+ Z(—l) ; Sl P Yenk—i(ar+y,....an-1+y)
i=1
n—k
:Z(_l)( i )y en—k—i(a1+ys---san—1+y)-
i=0

Together with the sum in (5.7), we now get

ki
Z(_l)l( i )yl(en—k—i(al + Y,...,dp—1 + y)
i=0

+ (an + y)en—1—k—i(@1 + y.....an-1+))

n—k

3 (k40

= (_1)1( l )ylen—k—i(al+y7---aan—1+)/san+y)- A
i=0

The proof for the image of the left n-cup is similar, using x, 1 ® 1 ® 1 =
1 ® (x1 —y) ® 1 ® 1 and the lemma above with —y instead of y.

The result for the cups implies the result for the caps, because of the biadjoint-
ness relations (3.3) and (3.4). If two maps corresponding to a cap both satisfy the
biadjointness relations w.r.t. one fixed map associated to the corresponding cup,
then the two maps have to be equal.
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The result for the upward oriented n-crossing follows from the fact that both
bimodule maps satisfy (easy calculations):

) f1®1®1) =0;
(2) for any a1, 0 € IN,

rR1IR1IRDN (XN ®I®TI®xT?)— f(x* ®1®1® x72(x1 —)))
=x®1®1Qx1?%;

(3) for any o1, a2 € IN,

SO @1010x) - (101818 (x1 —y))f(x)! © 1018 x1?)
=x'®1®1Qx]?

These three properties determine the maps completely by recursion, so they have
to be equal.

A similar argument proves the result for downward oriented n-crossings and
the remaining cases of the crossings colored (1, 7) and (n,n — 1) are easy compu-
tations. O

Proposition 5.10. 7': s (n, r)i*y] — &S Bim} . is a well-defined degree preserv-
ing 2-functor.

Proof. All relations between 2-morphisms which do not have n-colored strands
are satisfied by the results in Section 6 in [17]. Since no relation in §(n, iyl
involves all colors at the same time, the proof that ¥’ preserves a given relation
can always be reduced to the fact that ¥’ preserves the same relation with colors
belonging to {1, ...,n—1} by using the conjugation trick which turns n into n — 1,
except in the case of relations (3.17) and (3.18) for {i, j} = {1, n}. The proof that
F' preserves these relations is straightforward and is left to the reader. |

Remark 5.11. Note that the twisted bimodules B, = Rf)lr) and B,-1 = R(l | are
isomorphic to the images under &’ of respectively

8_,1 . 8_;«_18_1 . 8_;«1;« and 8,« . 818;«4.1 ce gnlr

As a matter of fact, any twisted singular bimodule is isomorphic to the image
under F’ of a certain product of categorified divided powers (see [20] and [28]
for more details on divided powers and extended graphical calculus). Indeed, let
n > r and let A € A(n,r) be arbitrary. At least one entry of A is equal to zero,
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let us assume it is A;. Then
e Ap— frog (A; n A Ai—
Rinh1dn—t o (g%t | glngdn | gliony,)
and

Rt o iy el gty

We now give the proof of Theorem 3.23.

Proof. The fact that the KL basis of U(s:\[,,) over Q from [17] also generates
‘U(;[n)[y] freely over Q[y], follows from exactly the same arguments as Khovanov
and Lauda’s. To avoid repeating them word by word, we are going to be very
sketchy here and only briefly recall the main ideas and how they carry over to our
case.

The first step required a polynomial representation of the positive half of
U(sA[,,), i.e. the algebra formed by the diagrams whose strands are all oriented
upwards (in particular no cups or caps) modulo the relations between such dia-
grams. This was defined in Section 2.3 in [16]. This representation easily extends
to the deformed setting in the following way: tensor the polynomial ring Pof,
with Z[y] (or Q[y]). Then use the same representation, but in the last line add y
if the colors are n and 1, i.e.

S (re (sxd) + Xpe1 (i) + ¥) (e f)

if ix = n and ix4+1 = 1. One just has to check that the deformed relations in
‘U(;[n)[y] are preserved, which is straightforward. Note that Khovanov and Lauda
used a different sign convention for the relations in [16], which we have copied
here. In Theorem 2.5 in [16], Khovanov and Lauda proved that their polynomial
representation is faithful and that the positive half of U(s:\[,,) is freely generated by
the positive half of their basis. Their proof also holds in the deformed case.

In Section 3.2 in [17], Khovanov and Lauda defined a spanning set of diagrams
for the whole U(g) for arbitrary g, but only proved linear independence for g = slj,.
In that case, their second step was to construct, for any integer r > 0, a 2-represen-
tation I', of U(sl,,) on bimodules, which they did in Section 6 in [17]. The relation
with step 1 is explained in the proof of Lemma 6.16 in [17]: when the positive half
of U(sl,) is considered as a 2-category, its polynomial representation, now seen
as a 2-representation, can be embedded into the bimodule 2-representation I, of
the whole U(sl,) for large enough r > 0. By the faithfulness of the polynomial
representation, this implies that the obvious 2-functor from the positive half of
U(sl,) into the whole U(sl,) is fully faithful.
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In Proposition 5.10 we gave the analogous 2-representation ¥’ of ‘U(;[n)[y] for
any r < n (to be very precise, we gave the analogue of the equivariant version
of the KL 2-representation, denoted F,G and defined in Section 6.3 in [17]). Our
definition of F easily extends to arbitrary integers » > 0, the restriction r < n
in this paper is only needed for the link with the affine Schur algebra but not for
the 2-representation. Just as Khovanov and Lauda did in Section 6.4 in [17], we
can now conclude that the KL spanning set of diagrams of U(;[n) is a basis of
‘U(s:\[,,)[y] over Q[y]. Khovanov and Lauda’s arguments are literally the same, so
we won’t repeat them here.

And now the non-triviality of our deformation. Let us suppose, on the contrary,
that there exists a Q[y]-linear degree preserving 2-equivalence

fyt UGshn) ) — UGsln) ®q QLY.

Then f, induces a Q-linear degree preserving 2-equivalence f U(s:\[,,) — U(E\[,,).
So

(S ® 1) fy: Usly) ) — UGshy) ®q QLy]

is a Q[y]-linear degree preserving 2-equivalence which is the identity on objects
and 1-morphisms, i.e. sends A and &4; to themselves for all A € Z"~! and
i=1,...,n.

So without loss of generality we can assume that the 2-equivalence

F1 UG — UGh) ®q QY]

is the identity on objects and 1-morphisms. This implies that cups and caps are
sent to Q-multiples of themselves, because they are generators of minimal degree
of their respective 2-HOM-spaces. By rescaling cups and caps, which is also a
Q[y]-linear degree preserving 2-equivalence, we can therefore assume that f is the
identity on non-dotted bubbles. Since f preserves weights, it induces a 2-equiv-
alence between § (n,7)[y and s (n,r) ®q Q[y] satisfying the same assumptions.
But this contradicts the Q[y]-linearity of f, because in S, r) ®q Q[y] equa-
tion (4.10) only holds if we put = 0. Indeed note that (4.10) can be written,
using (4.14), in terms of non-dotted bubbles only. |

6. The Grothendieck group of s (n, 1)y

The following Lemma is the affine analogue of Lemma 6.6 in [28].
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Lemma 6.1. The following diagram commutes

‘1)8"(8”"2,_1 88£lmgr_l

S /

$(n. )5, (7). (17)
Proof. The proof is straightforward and follows from checking the definitions

carefully. |

Note that the 2-hom-spaces of ‘U(sA[,,)[y] are finite-dimensional Q-vector spaces,
because the original 2-HOM-spaces in U(;[n)* are finite-dimensional in each de-
gree, their grading is bounded below and deg(y) = 2 > 0. Therefore, the Karoubi
envelope (or idempotent completion) of ‘U(;[,,)[y], denoted Kar ‘U(;[,,)[y], is
Krull-Schmidt. The same holds for ‘U(g/;\[,,)[y] and S (n, r)[y], of course.

By the same arguments, we see that the 2-ideal generated by y is virtually
nilpotent (for virtually nilpotent ideals and basic facts about them, see Section 3.8.1
and 3.8.2 in [17]). This proves that

K3 (Karey)) =~ KX (Kare), (6.1)
where € is U(;[n), U(g/;\[n) or §(n, r).
Corollary 6.2. The algebra homomorphism
K(?(q)(En,,): j(gr_l — K(?(q) (Kar §(n, "y
is an embedding.

Proof. We already know that K(?(q) () is injective, by Theorem 2.10 and the fact
that & Bim i, isa full sub-2-category of &S Bim A The result now follows
from the commutativity of the diagram in Lemma 6.1. O

Theorem 2.10 and Lemma 6.1 also imply that ¥, , is faithful. While in the
finite type A case (Proposition 6.9 in [28]) we know that this functor is also full,
we do not know if it is the case here, but we conjecture that to be true.

Conjecture 6.3. The functor
Snr i DEBimy  —> S(n.r)p)((17). (17)

is an equivalence of 2-categories.
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Theorem 6.4. The algebra homomorphism
v:S(n,r) — K(()Q(Q)(Kar S(n. 1))
defined by
Y(E+ily) = [6+i14]

is an isomorphism.

Proof. Khovanov and Lauda proved surjectivity of the homomorphism
UGsly) — Ko™ (UGH))

in Theorem 1.1 in [17]. The same arguments which proved Lemma 7.7 in [28] can
thus be used to prove that

y: §(n, r) — K(()Q(Q)(Kar g(n, r))
is surjective. By (6.1) this implies that the analogous homomorphism
v:S(n,r) — K(()Q(Q)(Kar S(n, "iy])

is surjective.
The rest of the proof follows from Lemma 3.15 and Corollary 6.2 with A =
K39 (Kar 8 (n, r)gy)). O
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