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Galois action on knots I:
Action of the absolute Galois group

Hidekazu Furusho

Abstract. Our aim of this and subsequent papers is to enlighten (a part of, presumably)
arithmetic structures of knots. This paper introduces a notion of profinite knots which
extends topological knots and shows its various basic properties. Particularly an action
of the absolute Galois group of the rational number field on profinite knots is rigorously
established, which is attained by our extending the action of Drinfel’d’s Grothendieck—
Teichmiiller group on profinite braid groups into on profinite knots.
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0. Introduction

It is known that there are analogies between algebraic number theory and 3-di-
mensional topology. It is said that Mazur and Manin among others spotted them
in 1960’s and, after a long silence, in 1990’s, Kapranov and Reznikov ([20], [35]
and their lecture in MPI) who took up their ideas and explored them jointly and
Morishita [31] whose works started independently in a more sophisticated aspect,
settled the new area of mathematics, arithmetic topology. Lots of analogies be-
tween algebraic number theory and 3-dimensional topology are suggested in arith-
metic topology, however, as far as we know, no direct relationship seems to be
known. Our attempt of this and subsequent [10] papers is to give a direct one
particularly between Galois groups and knots.

A profinite tangle diagram, a profinite analogue of an oriented tangle diagram,
is introduced in Definition 2.3 as a consistent finite sequence of fundamental
profinite tangle diagrams; symbols of three types A, B and C (Definition 2.2).
A profinite knot diagram, a profinite analogue of an oriented knot diagram, is
defined by a profinite tangle diagram without endpoints and with a single con-
nected component in Definition 2.4. A profinite version of Turaev moves is given
in our Definition 2.8 (T1)-(T6), which determines an equivalence, called isotopy,
for profinite tangle diagrams. The set T of profinite tangles means the quotient of
the set of profinite tangle diagrams by the equivalence and the set X of profinite
knots is the subspace of T consisting of isotopy classes of profinite knot diagrams
(Definition 2.9). Our first theorem is:

Theorem A (Theorem 2.11 and 2.16). (1) The space K carries a structure of

a topological commutative monoid whose product is given by the connected
sum (2.1).
(2) Let X denote the set of isotopy classes of (topological) oriented knots. Then
there is a natural map
h: K — K.
The map is with dense image and is a monoid homomorphism with respect to the
connected sum.

The map # is naturally conjectured to be injective (Conjecture 2.12). It is
because, if it is not injective, the Kontsevich invariant fail to be a perfect knot
invariant (cf. Remark 2.13 and 2.34).

The topological group Frac X of profinite knots is introduced as the group
of fraction of the topological monoid X in Definition 2.35. A continuous action
of the profinite Grothendieck—Teichmiiller group GT [8] on Frac X is rigorously
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established in Definition 2.39 - Theorem 2.41. By using the inclusion from the
absolute Galois group Gq of the rational number field Q into GT, our second
theorem is obtained.

Theorem B (Theorem 2.45). Fix an embedding from the algebraic closure Q of
the rational number field Q) into the complex number field C. Then the group
Frac K of profinite knots admits a non-trivial topological Gg-module structure.
Namely, there is a non-trivial continuous Galois representation on profinite knots

po: Gg — AutFrac X.

It is explained that particularly the complex conjugation sends each knot to its
mirror image (Example 2.46). The validity of a knot analogue of the so-called
Belyi’s theorem, i.e. the injectivity of pg, is posed in Problem 2.49. Several
projects and problems on the Galois action are posted in the end of this paper.

Our construction of the Galois action could be said as a lift of the action of
Kassel-Turaev [22] given in a proalgebraic setting into a profinite setting. Our
Galois action on knots might also be related to the ‘Galois relations’ suggested in
Gannon-Walton [11]. Our discussion on profinite knots in this paper may be linked
to Mazur’s discussion on profinite equivalence of knots in [28]

The contents of the paper is as follows. §1 is devoted to a review of Drinfel’d’s
work on GT and Gq-actions on profinite braids. Main results are presented in §2:
The ABC-construction of profinite knots and their basic properties are introduced
in §2.1. We also introduce and discuss the notion of pro-/ knots in §2.2. It serves
for our arguments in §2.3 where an action of the absolute Galois group on profinite
knots is established. In Appendix A, a two-bridge profinite knot, a profinite
knot with a specific type, is introduced and its Galois behavior is investigated.
A profinite analogue of a framed knot is introduced and the above two theorems
are extended into those for profinite framed knots in Appendix B.

1. Profinite braids

This section is a review mainly on Drinfel’d’s work [8] of his profinite Grothen-
dieck—Teichmiiller group GT and its action on profinite braids. Definitions of
the profinite braid group B, and the absolute Galois group Gq are recalled in
Example 1.4. The definition of GT is presented in Definition 1.6. In Theorem 1.9,
it is explained that GT contains Gq. The action of GT on B, is explained in
Theorem 1.12. Specific properties of the action which will be required to next
section are shown in Proposition 1.16 and Proposition 1.18.
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Definition 1.1. The Artin braid group B, with n-strings (n = 2) is the group
generated by 0; (1 <i < n — 1) with two relations

0i0i+10; = 0;+10i0i+1,
0;0; = 0;0; if|i —]| > 1.

The unit of B, is denoted by e,,. Forn = 1, put B; = {e;}: the trivial group. The
pure braid group P, with n-strings is the kernel of the natural projection from B,
to the symmetric group &, of degree n.

When n = 2, there is an identification B, ~ 7 and the subgroup P, corre-
sponds to 27 under the identification. When n = 3, P53 contains a free group F»
generated by o7 and o7.

Notation 1.2. The generator o; in B, is depicted as in Figure 1.1. And for  and
b’ € B,, we draw the product b-b’ € B, as in Figure 1.2 (the order of product b - b’
is chosen to combine the bottom endpoints of » with the top endpoints of »”).

Figure 1.2. 5 - b’.

For 1 <i < j < n, special elements

L. = —1,-1 “oe -1 2 - “oe - .
Xij = 0j 0Oj41°°°0;-10;0j-1""0i+10i

generate P,. Forl <a<a+a <b <b+ B <n,wedefine

Xa...a+a,b..b+B 5=(xa,bxa,b+1 "'xa,b+ﬂ) : (xa+1,bxa+1,b+1 "'Xa+1,b+ﬂ) T

(Xata,pXatab+1" " Xatab+p) € Pu.
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They are drawn in Figures 1.3 and 1.4.
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Next we briefly review the definition and a few examples of profinite groups.

Definition 1.3. A topological group G is called a profinite group if it is a projective
limit 1(&1 G; of a projective system of finite groups {G; };cs. For a discrete group I,

its profinite completion T is the profinite group defined by the projective limit
I'=1limI'/N
<~
where N runs over all normal subgroups of I with finite indices.

For profinite groups, consult [36] for example. We note there is a natural
homomorphism I' — T'. In the paper, we employ the same symbol when we
express the image of elements of I' by the map if there is no confusion.

Example 1.4. (1) The set Z of profinite integers is the profinite completion of Z.
There is an identification Z =~ [], Z,. Here p runs over all primes and Z,, stands
for the ring of p-adic integers.

(2) The absolute Galois group Gq of the rational number field Q is the profinite
group
Gq = Gal(Q/Q) := lim Gal(F/Q).
Here the limit runs over all finite Galois extension F of Q and Gal(F/Q) means
its Galois group.



300 H. Furusho

(3) The profinite braid group B, means the profinite completion of B,.
It contains the profinite pure braid group P, (the profinite completion of P,),
which is equal to the kernel of the natural projection B, — &,. It is known that
both B, and P, are residually finite, i.e., their natural maps are both injective;

B, —> B, and P, <> P,. (1.1)

When n = 2, we have B, ~ Z. For profinite braid groups, we employ the same
figures as in Notation 1.2 to express such elements. Further we also depictof € B,
(c € Z) as Figure 1.5.

Figure 1.5. of € B, (c e 2).

To state the definition of GT , we need fix several notations.

Notation 1.5. Let F; be the free group of rank 2 with two variables x and y and
F, be its profinite completion. For any f € F, and any group homomorphism
©F—>G sending x — « and y — §, the symbol f(«, §) stands for the image
7(f). Particularly for the (actually injective) group homomorphism F, — P,
sending X = X4 a+ab.b+p A0d Y > Xp pipe.cty (1 Sa <at+a <b <
b+B <c<c+y <n),theimageof f € ﬁg is denoted by f4. ata,b..b+B.c...c4y-

The profinite Grothendieck—Teichmiiller group GT which is a main character
of our paper is defined by Drinfel’d [8] to be a profinite subgroup of the topological
automorphism group of B>.

Definition 1.6 ([8]). The profinite Grothendieck—Teichmiiller group! GT is the
profinite subgroup of Aut F, defined by

o(x) = x*,0(y) = f~1y*f for some (A, f) € Z* xﬁz}

GT :=!0 € Aut F.
{O u satisfying the three relations below.

f(x,y)f(y,x):l in ﬁZy (12)

It is named after Grothendieck’s project of un jeu de Teichmiiller-Lego posted in Esquisse

d’un programme [13]. A construction of such group was suggested there though Drinfel’d came
to the group independently in his subsequent works [7, 8] on deformation of specific type of
quantum groups.
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~ A—1

S0 " R =1 in B with 2 = (xp) ™" andm = ——,
(1.3)
finsafizsa = fraafiosafias in Py (1.4)

Remark 1.7. (1) In some literatures, (1.2), (1.3), and (1.4) are called 2-cycle,
3-cycle, and 5-cycle relation respectively. The author often calls (1.2) and (1.3) by
two hexagon equations and (1.4) by one pentagon equation because they reflect
the three axioms, two hexagon and one pentagon axioms, of braided monoidal
(tensor) categories [19]. We remind that (1.4) represents

Sf(x12, X23X24) f(X13X23, X34)
= f(x23,X34) f(X12X13, X24X34) f(X12, X23) in Ps.

In several literatures such as [16] and [37], equation (1.4) is replaced by a different
(more symmetric) formulation.

(2) For the proalgebraic Grothendieck-Teichmiiller group GT(k) in [8]
(k: an algebraically closed field of characteristic 0), it is shown that its one pen-
tagon equation implies its two hexagon equations in [9]. But as for our profinite
group GT, it is not known if the pentagon equation (1.4) implies two hexagon
equations (1.2) and (1.3).

(3) We remark that each o € GT determines a pair (A, f) uniquely because
the pentagon equation (1.4) implies that f* belongs to the topological commutator
subgroup of F. By abuse of notation, we occas1onally express the pair (4, f) to
represent o and denote as 0 = (A, f) € GT. The above set- -theoretically defined
GT forms indeed a profinite group whose product is induced from that of Aut F
and is given by?

(A2, f2) 0 (A1, f1) = (Rah1 fo- A(R2, £5709%2 ). (1.5)
The next lemma will be used later.

Lemma 1.8. Let p;: Py — ﬁz(: 2) (i = 1,2,3) denote the map of omission of
i-th strand in Ps. Let (A, f) € GT. Then p;(f1.2.3) =0( = 1,2,3).

Proof. It is easy because f belongs to the commutator of F> as mentioned
above. |

2 For our purpose, we change the order of the product in [8].
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One of the important property of the profinite Grothendieck—Teichmiiller
group GT is that it contains the absolute Galois group Gq.

Theorem 1.9 ([8] and [17]). Fix an embedding from Q into C. Then there is an
embedding
Gq — GT. (1.6)

We briefly review its proof below.
Proof. As is explained in [17], an action of the absolute Galois group on ﬁz, i.e.
Gq — Aut F, (1.7)

is derived from the action on the profinite (scheme-theoretical, cf. [12]) fun-
damental group frl(qu_Q\{O, 1, oo},a) of the algebraic curve Pﬂ%\{o, 1,00} with
Deligne’s [6] tangential base point 01 (this is achieved in the method explained in

Remark 1.14 below). The so-called Belyi’s theorem [3] claims that the map (1.7)
is injective:

Gq — Aut ﬁz. (1.3)
Equations (1.2)—(1.4) are checked for 0 € Gq in [8] and [18], which means that
Gq is contained in GT C Aut F>. O

Example 1.10. Fix an embedding from Q into C. Then the complex conjugation
sending z € C to zZ € C determines an element ¢o € Gq. It is mapped to the pair
(—1,1) € GT by (1.6).

Asking its surjectivity on the injection (1.6) is open for many years:
Problem 1.11. Is Gq equal to GT?

The following Drinfel’d’s [8] GT-action on §,, (a detailed description is also
given in [18]) plays a fundamental role of our results, GT-action on knots.

Theorem 1.12 ([8, 18]). Let n = 2. There is a continuous GT-action on En
Pn: GT —> Aut En
given by
{01 —> of,
o=, f)

0j —> flT..li—l,i,i—l—l O—,'A fl...i—l,i,i+1 (2 <i<n- 1)

We denote p, (0)(b) simply by o (b) when there is no confusion.



Galois action on knots I 303

Remark 1.13. (1) According to the method to calculate the action in [8] (explicitly
presented in the appendix of [18]), particularly we have

(o1---07) —> f[l_]}[i],[n—i—l] (o1 0i) XY (1.9)

(0i++-01) = X7 i1 (00 01) - bl n—i—1-

Here m = L;l and for f11,[i1,[n—i—1]> see (1.13).

(2) We note that p,, is injective when n > 4.

By Theorem 1.9 and Theorem 1.12, we obtain the absolute Galois representation
pn: Gg —> Aut B,,. (1.10)

The below is an algebraic-geometrical interpretation of the Galois action in
terms of Grothendieck’s theory [12] on profinite (scheme-theoretical) fundamental
groups.

Remark 1.14. We have a well-known identification between the braid group B,
with the topological fundamental group 71 (X, (C), *). Here X, (C) = Confg (C)
means the quotient of the configuration space

Conf"(C) = {(z1...22) € C" | z; # z;(i # J)}

by the symmetric group &,, action and * is a basepoint.

Let 7, (X, x Q, *) denote the profinite (scheme-theoretical) fundamental group
of X, x Q in the sense of Grothendieck [12]. Here the scheme X, means the
Q-structure of X, (C) and * is a basepoint defined over @ in the sense of loc.
cit. Fix an embedding from Q into C, then, by the so-called Riemann’s existence
theorem (lo.cit. VIL.Théoréme 5.1), the group 71 (X}, X Q. ) is identified with the
profinite completion of w1 (X, (C), *). Hence we have an identification

B, ~ #1(Xn x Q, %). (1.11)

Next assume that * is defined over Q. Then by [12] IX.Théoréme 6.1, we have
the homotopy exact sequence of the profinite fundamental group

1 — a1(Xy X Q, x) —> 1(Xy, x) —> 7w1(SpecQ, *x) —> 1.

The last 771 (Spec Q, *) is nothing but the absolute Galois group Gq. A point here
is that each basepoint * determines a section s of the exact sequence. By (1.11),
the section s, yields a continuous Galois representation on B,

Pn,x: Gg — Aut l?n
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by inner conjugation, i.e., pp,«(0)(b) = sx(0) - b - sx(0)"! (0 € Ggand b € B,).
A specific (tangential in the sense of Deligne [6]) basepoint #, is constructed
in [18], where they showed that the resulting p, , is equal to our p, in (1.10).

Special properties of the GT-action in Theorem 1.12 are presented in the fol-
lowing Proposition 1.16 and Proposition 1.18 (though they are implicitly suggested
in [8]). They will be employed several times in our paper.

Notation 1.15. Putn > 0 and m, m, = 0. On the continuous homomorphism
eml ® X emz: Bn — Bm1+n+m2

which is defined by 0; — 0,,, +; (obtained by placing the trivial braids e,,, and ¢,,,
on the left and right respectively), we denote the image of b € B, by e,,, ®b®em,.

Proposition 1.16. Putn > 0andm;,m, = 0. Letoc = (A, ) € GT and b € B,.
Then

U(eml ® b ® em2) - f[i;ll],[n],[mz] . (eml ® U(b) ® em2) . fi:ml]’[n],[mz]. (112)
Here

Jim11.n.mo]
= fl...ml,ml-i-l...m] +n—1,m1+n

: fl...m1,m1+1...m1+n—2,m1+n—1 "'fl...ml,m1+1,m1+2 € Bm1+n+m2-
(1.13)

Proof. It is enough to check (1.12) for b = 0; (1 <i < n —1). By Theorem 1.12,

SimLinlimal * (€my ® 0(01) ® €ms) * fimy1,inl,imo]

= J([;lﬁ],[n],[mz] : fn711+1...m1+i—1,m1+i,m1+i+1 (1.14)

A
“Omy +i 'fm1+1...m1+i—1,m1+i,m1+i+1 'f[ml],[n],[mz]-
e WhenM > i+2,both fi, +1..m, +i—1,m, +i,m+i+1 and 0, +; commute with
fl...ml,ml+1...m1+M—1,m1+M because Xmi+1..m+i—1m+i> Xmy+imi+i+1,

and oy, 4, commute With X1y my+1...m +M—1 a0 Xy +1.m +M~1,m1+M -
Therefore

—1 -1 A
(L14) = fi 1 fi+11,0ma1 * rmy+1eomy +imLamy +iamy i1 Oy +i

* Jmy+1my i tmy iy i1 fim ] li+10,0mo] -
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e When M =i,i + 1, our calculation goes as follows.

_ —1 —1
(1.14) = f[ml],[i—l],[mz] : fl...ml,m1+1...m1+i—1,m1+i
—1 —1
: fl...m1,m1+1...m1+i,m1+i+l : fml+1...m1+i—1,m1+i,m1+i+l

A
Oy i Jmy+1omy+i—1my+i,my+i+1

: fl...ml,m1+1...m1+i,m1+i+1 : fl...ml,m1+1...m1+i—1,m1+i
*SomiLli-11,0mo1-

(by the pentagon equation (1.4))

1 ~1
- f[ml],[i—l],[l—i-mz] : fl...m1+i—l,m1+i,m1+i+1
~1
: fl...m1,m1+1...m1+i—1,m1+i mi+i+1
A
Oy 4i * Slmymy +1my +i—1my +i omy it

CSlmy+imtmy+im i1 S LE—11,1+ma+2]
(since 0y, i commutes With f1._ sy my+1..0m +i—1,m;+i m +i+1)

_ -1 —1
- f[ml],[i—l],[l-‘rmz] : fl...m1+i—1,m1+i,m1+i+1
A
Oy +i fl...m1+i—1,m1+i,m1+i+1 . ]([ml],[i—l],[l+m2+2]-

e When M < i — 1, both fi. m,+i—1,m,+i,m +i+1 and 0, +; commute with
S1..my,my+1...m1 +M—1,m,+M - Therefore

- A
(1.14) = fl...1m1+i—1,m1+i,m1+i+l Oy +i fl...m1+i—1,m1+i,m1+i+l
= O—(O—mrl-i)
=0(em, ®0i ® em,).
Hence we get equality (1.12). |

Notation 1.17. Let/,n > 1 and 1 < k < [. We consider the continuous group
homomorphism

P, —> Piin_q (1.15)
sending, for1 <i < j </,
Xitk—1,j+k—1 (k <1i),
Xiitk—1,j+k—1 (kK =1i),
Xij P Xij4k—1 (i <k<J),
Xij..j+k—1 (k=J).
Xi,j (J <k).
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We obtain the map by replacing the k-th string (from the left) by the trivial braid
e, with n strings, hence it naturally extends to two maps (not homomorphisms)

€Vke,. Bl — Biyy,—1 and evioen: By — Bjyn

which replaces the k-th string (from the bottom and the above left respectively)
by the trivial braid e, with n strings. Both of their restrictions into P; are equal
to the above map (1.15). Since the map (1.15) also continuously extends into
the homomorphism P, — Pj, our two maps naturally extend to the maps (not
homomorphisms)

eVi,e,: El — §l+n_1 and evber: §, — §l+n_1.
Here we employ the same symbols because there would be no confusion.
Proposition 1.18. Put | = 1. Leto = (A, f) € GT and b € B;. Set k' = b(k).

Here b(k) stands for the image of k by the permutation corresponding to b by the
projection By — &;. Then, for each k with 1 < k <[, we have

0(eVie, (0)) = fiot g parii—i1 * €Vhoen (0 (D)) fi—11,n), 11~k (1.16

o @V (b)) = fighy g V@B - f-rm k-

Proof. 1t suffices to prove the first equality, for the validity of the second equality
is immediate once we have the first equality. Firstly we prove (1.16) for b = o;
(I<i<l-1).

e When k < i, we have
€Vk.e, (0i) = Oitn—1
and k' = k. Therefore
RHS = f[,:il],[,,],[l_k] *CVk.en (flt.li—l,i,i-f—lai/lfl...i—l,i,i+1) * Je=11 00 1-k)
= f[l:il],[n],[l—k] : (flj}i+n—2,i+n—1,i+no—ik+n—lfl---i+n—2,i+"—1si+”)
*Sik=11, 1 11—k1-
Byk—1+n <i+n—2, fix—1],[nL.1—k commutes With f1_i4n—2,i+n—1,i+n
and 0;4+,—1. Thus
RHS = flT..1i+n—2,i+n—1,i+n0i/l+n—1f1-~-i+n—2ai+"—1’i+n
= 0(0i4n-1)
= 0(evie, (07)

= LHS.
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e When k =i, we have
€Vi,e, (0i) = €Vie, (0i) = 0;0i41-**Oign_1
and kX’ =k + 1 =i + 1. Therefore

RHS = fii i i—ic11 - @Visen (o 1,ii0107 fioi=tii+1) * fim1) =i
= Sl Fimt it tien * ©Vien (07)
*fli—viitn—1itn * Jli-1],[n],1~i]
= fip—ion - S im i - Vi, (01 - X )
*Sli—1 10, —i—1]
= Sialm—ion vt tign O Oin—1) - X" i
* Sli—1 10, —i—1]
= fimbi—ioy S m i i en
(i1 ® (012 0n) * X'y py1 ®€1—i—1)
=1L, —i-1)-
By (1.9),
RHS = i3 o1 Jiim i+ 1in
“(€i-1 ® fu)[nL.0] - 0(01 - 0n) ® €1—i—1)
=111 —i-1]
= filinbti—io1] " Jioimt i+ 1oitn - €-1 ® figpanfo] - ®€1—i—1)
“(ei—1 ® 0 (01 0n) ® €j—i—1) * fli—1],[n+1L,11—i—1]-
By Lemma 1.19 below,
RHS = f[i__ll],[nﬂ],[l_i_l] (i1 ®0(01---0n) ®ej_i_1)
=1L, —i-1)-
By Proposition 1.16,
RHS =o0(ej—1 ® (01:-:0,) @ €j—i—1)
=0(0i ***Oi+n-1)
= 0(eVi.e, (01))

=LHS.
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e Whenk =i + 1, we have

€Vk,e, (0i) = €Vit1,e,(0i) = Oign—1-""0i410;
and k" = k — 1 = i. Therefore
RHS = fi\y payi—i] Vit ten 100107 fioi—tiis1)
Sl —i-1]
= il St it titn © SVitLen (07)
“Sli—vLii+leitn * JELnLI—i—1]
= f[i_—ll],[n-i-l],[l—i—l] “€Vitte, (X541 0 0)
“Sli—vLii+leitn * JELnLI—i—1]
= f[i_—ll],[n-l—l],[l—i—l] X7 idn—t,i4n " (Oidn—1"0i1107)
“Si—tiitidn Sl l—i—1]
= f[i_—ll],[n-l—l],[l—i—l] (i1 ® X ypyr1 - (On-01) ®ei—1)
“Si—tiititn Sl —i—1]-
By (1.9),
RHS = fi ) 11 —im1) * (€i-1 ® 000 +201) * fiifo o) ® €1-i-1)
“Sli—vLii+leitn * JELnLI—i—1]
= ]’[i__ll],[nﬁ],[l_i_l] “(eji—1 ®0(0p--01) ®ej—i—1)
(i1 ® S0 - ®€i-i-1)
“Sri—tiitin Sl —i—1]-
By Lemma 1.19 below,
RHS = f[i_—ll],[n-l—l],[l—i—l] (i1 ®0(0p-+-01)®e_i_1)
=1L, i—i-1)-
By Proposition 1.16,
RHS = o(ej—1 ® (op -+ 01) ® €1—i—1)
= 0(0itn—1""07)

= 0(eVit1,e,(07))

=LHS.
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e Whenk > i + 1, we have

€Vk,e, (01) = 0;
and k' = k. Therefore
RHS = fir !y =1 - ©Vkoen (o 100107 fiitiie1) * fik—11, 0l l1-k)
_ _ A
= frin ik - Fioimtii4107 floi-tii+1) - fik—11i1,0—k1-
Byi+1<k-—1, f[k—l],[n],[l—k] commutes with fi.;—1;;+1 and o;. Thus
RHS = f1T..1i—1,i,i+1C7iAf1...i—1,i,i+1
= 0(0;)

0 (eVk e, (01))
= LHS.

Whence equation (1.16) for » = o; is obtained.

The validity for b = o; implies the validity for » € B; because each element
of Bj is a finite product of o;’s. Whence particularly we have the validity for P;.
Then by continuity we have for P;. Since we have the validity for B; and Py,
we have the validity for B;. |

The auxiliary lemma below is required to prove the above proposition.

Lemma 1.19. Foro = (A, f) € GT and i,n,l > 0 with | > i, the following
equation holds in Bj4,—1:
(€i—1 ® fu1n)0] ® €1—i—1) * fli—1],[n+11,[1—i—1]
= fli-vii+1.i+n * JiLnll—i—1]-

Proof. The above equation can be read as

(fiittidn—t,i4n- fiit1,i42) * floiliitn—tidn " floi-1ii+1
= fli-tiit1itn - (floiittoitn—titn " floiit1,i+2)-

It can be proved by successive applications of (1.4). |

2. Profinite knots

This section is to present our main results. Our ABC-construction of profinite
knots is introduced and the basic properties of profinite knots are shown in §2.1.
An action of the absolute Galois group on profinite knots is rigorously established
in §2.3, where the notion of pro-/ knots introduced in §2.2 serves to show its

property.
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2.1. ABC-construction. Profinite tangle diagrams, profinite analogues of tan-
gle diagrams, are introduced as consistent finite sequences of symbols of three
types 4, B and C in Definition 2.3. Profinite link diagrams mean profinite tangle
diagrams without endpoints and profinite knot diagrams mean profinite link dia-
grams with a single connected component (Definition 2.4). The notion of isotopy
for them are given by a profinite analogue of Turaev moves in Definition 2.8. Two
fundamental properties for the set X of profinite knots (isotopy classes of profi-
nite knot diagrams) are presented; Theorem 2.11 explains that there is a natural
map from the set K of isotopy classes of (topological) knots to our set X and our
Theorem 2.16 says that our X carries a structure of a topological commutative
monoid.

Here is a brief review of tangles and knots.

Notation 2.1. Letk,/ > 0. Lete = (e1...€;) and €’ = (€] ...¢€)) be sequences
(including the empty sequence @) of symbols 1 and |. An (oriented)3 tangle
of type (¢, €’) means a smooth embedded compact oriented one-dimensional
real manifolds in [0,1] x C (hence it is a finite disjoint union of embedded
one-dimensional intervals and circles), whose boundaries are {(1,1)...(1,k),
(0,1)...(0,1)} such that ¢; (resp. ej/.) is 1 or | if the tangle is oriented upwards or
downwards at (1,7) (resp. at (0, j)) respectively. A link is a tangle of type (9, 9),
i.e. k =/ = 0, and a knot means a link with a single connected component.

A tangle is like ‘a braid’ whose each connected component is allowed to be a
circle and have endpoints on the same plane. Figure 2.1 might help the readers to
have a good understanding of the definition.

Figure 2.1. A tangle of type (1411, 1).

3 We occasionally omit to mention it. Throughout the paper all tangles are assumed to be
oriented.
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The following notion of profinite fundamental tangle diagrams plays a role of
composite elements of the notion of profinite tangles.

Definition 2.2. The set of fundamental profinite tangle diagrams means the
disjoint union of the following three sets A, B and* C of symbols:

A={af,; |k.1=0,1.2,.... e = ()T e (1. D x{r. o) x (1. 1)),

B :={bS | bS = (by.e = (e)'_)) € By x {1 }"n=1,2,3.4,...},

Ci={cf, | k.1=0,1,2...€ = ()i e (1. 1} x{o b < {1 1
Here all arrows are merely regarded as symbols.

We occasionally depict these fundamental profinite tangle diagrams with ig-
norance of arrows (which represent orientation of each strings) as the pictures in
Figure 2.2, which we call their topological pictures.

— —_— _— — —
k / n k I
€ € €
Ak by Cr.

Figure 2.2. Topological picture of fundamental profinite tangle diagrams.

For a fundamental profinite tangle diagram y, its source s(y) and its target t (y)
are sequences of 1 and | defined below:

(1) Wheny = aj ;, s(y) is the sequence of 1 and | replacing ~ (resp. v») by 1]
(resp.y 1) in € and ¢ (y) is the sequence omitting ~, and v in € (cf. Figure2.3).

~

Figure 2.3. a5 | with s(a5 ) = T} {11 and (a5 ;) = 1] 1.

(2) When y = b5, s(y) = € and ¢(y) is the permutation of € induced by the
image of b}, of the projection B, to the symmetric group &,, (cf. Figure 2.4).

4 A, B, and C stand for “annihilations,” “braids,” and “creations,” respectively.
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U
\
3

Figure 2.4. An example of b5 with s(b5) = € = |11 and 1(b5) = T 1.

(3) When y = ¢, s(y) is the set omitting (» and 4 in € and #(y) is the set
replacing (4 (resp. 4,) by |1 (resp.1|) in €.

Definition 2.3. A profinite (oriented) tangle diagram means a finite consistent’
sequence T = {y;}?_, of fundamental profinite tangles (which we denote by
Y, Y2 - y1). Its source and its target are defined by

s(T) :=s(y1) and  1(T) := t(yn).

A profinite (oriented) link diagram means a profinite tangle diagram 7 with
s(T)y=t(T) =0.

For a fundamental profinite tangle diagram y, its skeleton S(y) is the graph
consisting of finitely many vertices and finitely many edges connecting them as
follows:

(1) Wheny = ag ; orcg ;, S(y) is nothing but the graph of the topological picture
of y in Figure 2.2 whose set of vertices is the collection of its endpoints and
whose set of edges is given by the arrows connecting them (cf. Figure 2.5).

Figure 2.5. Skeleton of Figure 2.3.

(2) When y = b;, S(y) is the graph describing the permutation p(b5) (cf.
Figure 2.6), where p means the projection B, > &,. Namely its set of
vertices is the collection of its endpoints and its set of edges is the set of
diagonal lines combining the corresponding vertices.

5Here ‘consistent’ means successively composable, that is, s(y;4+1) = #(y;) holds for all
i=1,2...n—1.
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Figure 2.6. Skeleton of Figure 2.4.

For a profinite tangle diagram 7" = y,, --- ¥ - 1, its skeleton

S(T) = S(yn) -~ S(r2) - S(y1)

means the graph obtained by the composition of $(y;) (1 < i < n) (cf. Figures 2.7
and 2.8).

~
~
= |
/
%

Figure 2.7. Is this a profinite knot?

A =0 (mod 2) A=1 (mod 2)

Figure 2.8. Skeleton of Figure 2.7.
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Definition 2.4. A connected component of a profinite tangle diagram 7' means
a connected component of the skeleton 5(7) as a graph. A profinite (oriented)
knot diagram means a profinite (oriented) link diagram with a single connected
component.

It is easy to see that the number of connected components of any profinite
tangle diagram is always finite. A profinite knot diagram is a profinite version of
a (topological) oriented knot diagram.

Problem 2.5. Can we regard a profinite knot as a wild knot?¢

It might be nice if we could give any topological meaning for all (or a part of)
profinite knot diagrams.

Example 2.6. The profinite link diagram

AXe"

A A~
ag,\o . a2,0 . (O’iTT‘L) K (@ (A e Z)

"C2,0 " Co,0

depicted in Figure 2.7 (here 02¢ M is the generator o, of By ) is with 2 connected
components if A = 0 (mod 2) and is with a single connected component (hence
is a profinite knot) if A = 1 (mod 2) (cf. Figure 2.8).

Notation 2.7. (1) The symbol ef = (en, €) stands for the fundamental profinite
tangle diagram in B with s(e;) = € which corresponds to the trivial braid e,
in B,. For a fundamental profinite tangle diagram y, we mean ey} ® y ® e by
the fundamental profinite tangle diagram obtained by putting e,! and e, on the
left and on the right of y respectively. So, e} ® af ; ® en; = a; 007, for
instance. For a profinite tangle 7" = {y;}7_; (yi: a fundamental profinite tangle

diagram), e} ® T ® e, means the profinite tangle diagram {e;! ® y; ® e;2}"_,.

(2) Letep € {1, ]}" for some n. For a fundamental profinite tangle diagram
b; € B and k wAith 1 < k < [, the symbol evg ¢, (b;) (resp. evk-€o (b7) ) means
the element in B which represents the profinite braid replacing the k-th string
(from its bottom (resp. above) left) of b7 by the trivial braid e’ with n strings
whose source is € (cf. Notation 1.17). For instance, the profinite tangle diagram
in Figure 2.4 is described as evy 4 (X) or ev2¥1 (X)

6 A wild knot means a topological embedding of the oriented circle into S3 (or R?).
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Definition 2.8. For profinite tangle diagrams, the moves (T1)—(T6) are defined as
follow.

(T1) Trivial braids invariance: for a profinite tangle diagram 7" with? |s(T)| =m
(resp. [t(T)| = n),
DT =T =T1.e5D,

For e,, see Notation 2.7. Figure 2.9 depicts the move.

—
[ n n
L] L] L]
| 7 |=| 7 |=] 7]
1 Y e O | e
i A el
m

Figure 2.9. (T1): Trivial braids invariance.

(T2) Braids composition: for bS', b$? € B with t (bg!) = s(b?),
bE b = b,

Here b5* means the element in B with s(b5*) = s(bS') and ¢ (b5*) = 1(bS?) which
represents the product b, - b; of two braids in B,. Figure 2.10 depicts the move.

Figure 2.10. (T2): Braids composition.

(T3) Independent tangles relation: for profinite tangle diagrams 7 and 75 with
|S(Tl)| =my, |t(T1)| =ni, |S(T2)| =my and |t(T2)| = Ny,

@ ® Ty) - (Ty ® efT2) = (17 ® el T2)) - (e5) @ To).

We occasionally denote both hands side by 77 ® 7>. For the symbol ®, see
Notation 2.7. Figure 2.11 depicts the move.

7For a set S, |S| stands for its cardinality.
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Figure 2.11. (T3): Independent tangles relation.

(T4) Braid-tangle relations: for by € B, kwithl <k <landa profinite
tangle diagram T with |s(T)| = m and [t (T)| = n,

Vi y(b) (el ®T ®e? ) = (efh_, T ® ;) - evk T (pf).

For ev, see Notation 2.7. For s(bj) = € = (Gi)f=1 we put 51 = (e,)l_1
and s, = (Ei)£=k+1- Put k" = b5 (k). Here b; (k) stands for the image of k
by the permutation which corresponds to b; by the projection B; — &;. For
t(b§) = (e))!_, we putty := (¢))* ' and 1 := (elf)g:k,ﬂ. Figure 2.12 depicts
the move.

k' —1 n l—k
...........
[—1+n i

[l [T T | ERTTeres L1

vk, z(r)(bé) = evk' s (pe)

ST T T T I
H ......... H 17‘1(+m
—1 m

Figure 2.12. (T4): Braid-tangle relation.

(TS) Creation—annihilation relation: for c; ; € C and a,i/H -1 € A with
€ ) — €
1(ce ) =sagiy ;)
s(eg )
“k+11 1 Chd = Cpl

€ 34 : €\ _ 34
And for 1 €C and ap 174, €4 with t(ck,l) = S(ak—l,l+l)

e € s(ck )
Ap—1,1+1 " Skl = Ck41

Figure 2.13 depicts the move.
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NS _H ‘ [~ ] H ‘

B S

~——

—— —
k l k41 N ey

Figure 2.13. (TS): Creation—annihilation relations.

(T6) First Reidemeister move: for® ¢ € Z, cg; € C and OI§/+1 € B which

represents ox 4+, € §k+1+2 and Z(CZ 1) = S((UE/H)C)
, .
(Uli+1)c 'cli,l = Cli,l

—_— -_— 4
where € is chosen to be #(€) = 7((05,,)°).
~ , T ~
For ¢ € Z, a,i,l € A and 0154—1 € B which represents 0x4+; € Bgyi4o and
’
s(ag ;) = t((oF4)°)
¢

€ e e __
ap ;- (Op41)" = ag .

where € is chosen to be s(€) = s((o;;l)c). Figure 2.14 depicts the moves.

B )

Figure 2.14. (T6): First Reidemeister move.

We note that in the first (resp. second) equation c,i’l = c,il (resp. a,i,l = a,i,l)
if and only if c = 0 (mod 2).

These moves (T1)—(T6) are profinite analogues of the Turaev moves [39] for
oriented tangles (consult also [5], [21], [32], etc.). Our above formulation is
stimulated by the moves presented (R1)—(R11) in [1].

Definition 2.9. Two profinite (oriented) tangle diagrams 7} and 75 are isotopic,
denoted 77 = T, by abuse of notation, if they are related by a finite number
of the moves (T1)-(T6). A profinite tangle, profinite link and profinite knot
means an isotopy class of profinite tangle diagrams, link diagrams knot diagrams
respectively. The set of profinite tangles is denoted by T. The set £ of profinite
links (resp. the set X of profinite knots) is the subset of T which consists of isotopy
classes of profinite links (resp. of profinite knots).

8 It should be worthy to emphasize that ¢ is assumed to be not in Z but in 7.
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Note 2.10. Profinite topology on B, (n = 1,2,...) and the discrete topology on
A and on C yield a topology on the space of profinite tangles. Hence T carries a
structure of topological space.

Theorem 2.11. (1) Let T be the set of isotopy classes of (topological) oriented
tangles. There is a natural map

)/ —
which we call the profinite realization map.

(2) The above profinite realization map induces the map
h: K — K.
Here X stands for the set of isotopy classes of topological oriented knots.

Proof. (1) The result in [1] indicates that the set T is described by the set of
consistent finite sequences of fundamental tangles, elements of A4,

B = {bS | b = (by.e = (&)'_y) € By x {1, {}"n=1,2,3,4,...}

and C, modulo the (discrete) Turaev moves. Since the (discrete) Turaev moves
in this case mean the moves replacing profinite tangles and braids by (discrete)
tangles and braids in (T1)-(T6) and ¢ € i by ¢ € Z in (T6). Because we have
a natural map B, — ]§,, and the Turaev moves are special case of our 6 moves,
we have a natural map h: T — 7.

(2) It is easy because the set of profinite tangles isotopic to a given profinite
knot consists of only profinite knots. |

We notice that the number of connected components is an isotopic invariant
of profinite tangles. As a knot analogue of residually-finiteness (1.1) of the braid
group B,, we raise the conjecture below.

Conjecture 2.12. The map h: K — X is injective.

Remark 2.13. The Kontsevich invariant is an invariant of oriented knots which is
conjectured to be a perfect invariant, i.e. an invariant detecting all oriented knots
(cf. [33] etc). We note that if the invariant is perfect, then the map 4 is injective
by the arguments given in Remark 2.34 below.

Since last century, lots of knot invariants have been investigated; such as the
unknotting number, the Alexander polynomial, the Jones polynomial, quandles,
the Khovanov homology, etc. It might be interesting to pose the following.
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Problem 2.14. Extend various known knot invariants to those for profinite knots.

Profinite analogues of finite type knot invariants will be discussed in Re-
mark 2.33.
Below we remind one of the most elementary results for oriented knots.

Proposition 2.15. The space X of topological oriented knots carries a structure
of a commutative associative monoid by the connected sum (knot sum).

Here the connected sum (knot sum) is a natural way to fuse two oriented knots,
with an appropriate position of orientation, into one (an example is illustrated in

Figure 2.15).

Figure 2.15. Connected sum (knot sum).

It can be done any points. It is actually well-defined. It yields a commutative
monoid structure on X. For more, consult the standard text book of knot theory.
The notion of connected sum can be extended into profinite knots.

Theorem 2.16. For any two profinite knots K1 = oy, ---o1 and Ko = B, -+ B1
with (am, 1) = (v, ) and (By, B1) = (v, ), their connected sum means the
profinite tangle defined by

KilKs i= a0z Bn1 -+ P, 2.1)

as illustrated in Figure 2.16. Then

(1) the above connected sum induces a well-defined product
ft: X x XK — X;

(2) by the product i, the set X forms a topological (that is, the map § is con-
tinuous with respect to the topology given above) commutative associative
monoid, whose unit is given by the oriented circle O ‘= - 4;

(3) the profinite realization map h: X — X forms a monoid homomorphism
whose image is dense in X.



320 H. Furusho

5]
O, \_J

Figure 2.16. Connected sum for profinite knots.

Proof. (1) Since each isotopy class of profinite knot contains by (T6) a profinite
knot K of the above type; a profinite knot starting with (» and ending at \», we
can show that the connected sum extends to K once we have the well-definedness.

Firstly we prove that K; K> is isotopic to KK, if K| is isotopic to K1, i.e.,
K1 is obtained by a finite number of our moves (T1)—(T6) from K;. We may
assume that K is obtained from K by a single operation of one of the 6 moves.
In the case where this move effects only on ;s fori > 1, itis easy to see our claim.
If the moves effects on «1, it must be (T3) or (T6). Consider the latter case (T6).
It suffices to show that K K, is isotopic to K3 = am---az - 02 Bpy---B1
for c € 7. The proof is depicted in Figure 2.17. Here S; = ;-1 -- a2 and
S> = Bn---B2. We note that the first and the fourth equalities follow from (T3)
and (T5). We use (T4) in the second equality for 02¢ and the dashed box.
We derived the third equality from (T6).

Il

Il
s12h

Il
D

Figure 2.17. K3 = K #{K>.
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Next consider the former case (T3). Since K; is a profinite knot, m; and m-
are both 0. By the above argument in case (T6), we may assume that both 7}
and 7> in Figure 2.11 should start from 4 (i.e. «; = f1 = ). Define T as in
Figure 2.18. A successive application of commutativity of profinite braids with 7'
shown in (T4) and that of creations and annihilations with 7" shown in Lemma 2.18
lead the isotopy equivalence shown in Figure 2.19. Here T} and T, stand for
emissions of the lowest (» from 77 and 7. We note that emission of 7 in the
figure represents K; and K.

Figure 2.18. definition of 7T'.

Figure 2.19. K1 fK> = K{{iK>.

Secondly we must prove that K{#{K> is isotopic to KK} if K, is isotopic
to K. It can be proved in a completely same way to the above arguments. Thus
our proof is finally completed.

(2) Associativity, i.e. (K1§K2)1K3z = K1ff(K>21K3), is easy to see. A proof of
commutativity is illustrated in Figure 2.20. We note that we use (T3) and (T5) in
the first, the third and the fifth equalities and we apply (T4) and Lemma 2.18 for
the dashed boxes in the second and the fourth equalities.
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P SR
I
= | oAl o= ] R = L] =
| |ls
e
\ \ \ \

Figure 2.20. KlﬂKz = KzﬂKl.

To show that ff is continuous, we define by ﬁ'f‘ieghe set of finite consistent
sequences of profinite fundamental tangles and by K’ the set of finite consistent
sequences of profinite fundamental tangles y, - - - y» - y1 with a single connected
component and with (y,,y1) = (v, ). We note that the quotient set of Jsed
by the equivalence of finite sequences of the moves (T1)—(T6) is equal to the set
T of profinite tangles. We also note that K*Y is projected onto its subset X of
profinite knots. The set T4 carries a structure of a topological space by the
profinite topologles on B, (Note 2.10). It induces a subspace tE((])pology on X'
The map T%4 —» T is continuous, hence so the projection K > K is. By the
topology it is easy to see that the map

7]
@
e

n‘j/@seq % j/@seq j/{\/seq

caused by (2.1) is continuous. Because the following diagram is commutative

~~ SC /\SC -~ S¢
K K ™

! I

Kxk —4 %

and the projection K™ s Kis continuous, the lower map is also continuous.

(3) The first statement is obvious. Let X’**? be the subset of K™ which
consists of consistent finite sequences of ‘topological fundamental tangles’, that
is, sequences of elements in A, C and B with b, € B, C §n. There are a natural
inclusion /%9 — K™Y and a surjection K'**9 — K. Since the map B, — B, is
with dense image, so the inclusion K4 — K% is. Therefore the map X — K
is also with dense image. It is because the following diagram is commutative

-, S€
g s K

|

~

X ——— X

o seq o .
and the projection X’ = — X is continuous. O
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The following two lemmas are required to prove Theorem 2.16 (1).

Lemma 2.17. For a profinite tangle T with s(T) = t(T) =1, define its transpose
AL (occasionally also denoted by 'T ) by

L —ao¢ (e ®T®e¢) LMJ.

Then we have
"L_alo (e1®T®e‘L) Cdl{

Similar claim holds for a profinite tangle T with s(T) = t(T) =] by reversing all
arrows.

Figure 2.21 describes our lemma.

o-(o- 18]
I ]

Figure 2.21. Transpose of T'.

Proof. A proof is depicted in Figure 2.22. We note that we apply (T6) in the first
equality and (T2) and (T4) in the second equality. |

.

~ A~
\ﬁl l

Figure 2.22. Proof of Lemma 2.17.

H

@l»
@

N

+

By (T5) and the above lemma, we see that !’ T is isotopic to 7.

Lemma 2.18. For a profinite tangle T with s(T) = t(T) =1, the equalities
in Figure 2.23 hold. The same claim also holds for a profinite tangle T with
s(T) = t(T) = by reversing all arrows.

Figure 2.23. Creation and annihilation commute with 7.
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Proof. It can be checked by direct computation using Lemma 2.17. |

In knot theory, the so-called Alexander—Markov’s theorem is fundamental on
constructions of knot invariants. The theorem is to translate knots and links into
purely algebraic objects:

Theorem 2.19 (Alexander—Markov’s theorem). There is a one-to-one correspon-
dence

L<«— ||, Bn/ ~m

between the set L of isotopy classes of oriented links and the (disjoint) union
Ll,, Bn of braids groups modulo the equivalence ~y; given by the following Markov
moves

(M1) by by ~pm by - by (b1,by € By),

(M2) b € B, ~y bot' € By11 (b € By).

For more on the theorem, consult [5] and [32] for example. The question below
is to ask a validity of profinite analogue of Alexander—Markov’s theorem.

Problem 2.20. Is there a ‘profinite analogue’ of the Alexander—Markov’s theorem
which holds for the set £ of isotopy classes of profinite links ?

There are several proofs of Alexander—Markov’s theorem for topological links
([4, 38, 40, 41] etc). But they look heavily based on a certain finiteness property,
which we (at least the author) may not expect the validity for profinite links.

2.2. Pro-Il knots. Pro-/ tangle diagrams, pro-/ knot diagrams and isotopy among
them which are pro-/ analogues of our corresponding notions given in the previous
subsection, are introduced in Definition 2.25. A natural map from profinite
tangles (resp. profinite knots) to pro-/ tangles (resp. pro-/ knots) is constructed
in Proposition 2.26. Proalgebraic tangles and proalgebraic knots are recalled
in Definition 2.30. A natural map from pro-/ tangles (resp. pro-/ knots) to
proalgebraic tangles (resp. proalgebraic knots) is given in Proposition 2.31. It
is explained that the Kontsevich invariant factors through these natural maps in
Remark 2.34. Our discussion in this subsection will serve for a proof of non-
triviality of the Galois action constructed in §2.3.
Let [ be a prime. We may include / = 2.
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Notation 2.21. A topological group G is called a pro-I group if it is a projective
limit 1(31 G; of a projective system of finite /-groups {Gj; };<;. For a discrete group

T, its pro-I completion T is the pro-/ group defined by the projective limit
I =1limT/N
<~
where N runs over all normal subgroups of I with finite indices of power of /.

For more on pro-/ groups, consult [36] for example. We note there is a natural
homomorphism I' — T/,

Notation 2.22. Letn > 2. Let 13,, x By, be the semi-direct product of 16,, and B,
with respect to the Bj,-action on ﬁn given by p — bpb~! (p € ﬁn and b € B).
consider the inclusion P, < P, x B, sending p — (p, p~!). Then it is easy to
see the homomorphism sending (p, ) — pb yields an isomorphism:

(P, x B,)/ Py ~ B,,.
Definition 2.23. (1) The pro-I pure braid group ﬁ,f is the pro-/ completion of P,.
(2) The pro-(1) braid group E,(,l) is defined to be the induced quotient

BW := (P! x B,)/P,.

We encode a topological group structure on 1’3\,51) by the pro-/ topology on ﬁ,f
and the discrete topology on B,. We note that this B,Sl) appears also in [27].

Remark 2.24. (1) Our §,(,l) is different from the pro-/ completion §,l1 of By,.
(2) There is an exact sequence:
1—>ﬁ,f—>§,(ll)—>6n—>1.
(3) There are natural group homomorphisms:

B, — B, — B, (2.2)

n

The map (2.2) is induced from P, — ﬁn — ﬁ,f.
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Definition 2.25. (1) A pro-I tangle diagram means a consistent finite sequence of
fundamental pro-l tangle diagrams, which are elements in A, C (in Definition 2.2)
or

Bl = {bS | bE = (by.e = (e)'_y) € BO x {1, 1) n=1,2,3,4,...}.
A pro-l knot diagram means a pro-/ tangle diagram without endpoints (their
sources and targets are both empty) and with a single connected component.

(2) Two pro-/ tangle diagrams 77 and T, are said to be isotopic if they are
related by a finite number of the moves replacing profinite tangles and profinite
braids by pro-/ tangles and elements in B! in (T)—~(T6) and ¢ € Z by ¢ € 7
in (T6).°

(3) A pro-I tangle (resp. pro-I) means an isotopic class of pro-/ tangle (resp.
knot) diagram. We denote the set of pro-/ tangles by J% and the set of pro-/ knots
by X!,

Both T/ and X! carry a structure of topological space by the method in
Note 2.10.
Proposition 2.26. (1) The set X! Jorms a topological monoid with respect to the

connected sum.

(2) There are continuous maps:

J_ 9, (2.3)

X — K. (2.4)
(3) The map (2.4) is monoid homomorphisms. The image of its composition
with h in Theorem 2.11.(2)
h
hy i K — X — K. (2.5)

is with dense image in K'.

Proof. (1) It is obtained by the same arguments to the proof of Theorem 2.16.

(2) The map (2.3) is induced from the second map in (2.2), whose continuity
implies ours. It preserves each connected component, which yields the map (2.4).

(3) To see that they form homomorphisms are immediate. The density can be
proved by the same arguments to the proof of Theorem 2.16. O

2c+1

9 We note that, for o; € B\;\[,) and ¢ € Z;, the power o; makes sense in B\;\[,) because, by

2 < pl 2¢ ¢ p!
o; € Py, wehave 0;°¢ € Py,.



Galois action on knots I 327

Definition 2.27. Let R be a commutative ring.

(1) Let I be the two-sided ideal of the group algebra R[B;,] of B, generated by

—

oi —o; ' (1 <i <n—1). The topological R-algebra R[B,] of proalgebraic
braids means its completion with respect to the /-adic filtration, i.e.

R[B,] = lim R[B,]/I".
NG

(2) Put Iy := I N R[Py]. Then I is the augmentation ideal of R[P,] (cf. [22]).

The topological R-algebra R/[P\n] of proalgebraic pure braids means its
completion
R[P,] = lim R[P,)/ 15"
N

—

It is a subalgebra of R[B,].

It is direct to see that both algebras naturally equip structures of co-commuta-
tive Hopf algebras.

Remark 2.28. (i) There is a short exact sequence

0 —> R[Py] —> R[B,] —> R[S,] —> 0.

———

(ii) We remark that (the group-like part of) R[P,] is the unipotent (Malcev)

—

completion of P, and (the group-like part of) R[B,] is Hain’s [15] relative com-
pletion of B, with respect to the natural projection B, — G&,,.

(iii) The natural morphisms P, — R[P,] and B, — R[B,] yield injections
P, —> R[P,] and B, —> R[B,] (2.6)

(cf. [5], §12).

Since ﬁf, is a pro-/ group and [y is the augmentation ideal, we have a natural
continuous homomorphism P,f — Q[ Pr] (cf. [5] for example).

Proposition 2.29. There is a natural continuous group homomorphism

BY — Qu[B]. @2.7)
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Proof. It can be directly checked that the map induced from the above
Py — Qu[P](C Qu[BA])

and the natural map
By —> Qi[Bn] — Q;[Bx]

holds the property. O

Next we discuss the corresponding notions in tangles and knots settings.
The following notions go back to the idea of Vassiliev.

Definition 2.30 ([22]). Let R be a commutative ring. Let T, - be the full set of
isotopy classes of oriented tangles with type (e, €’).

(1) Let R[Tc] be the free R-module of finite formal sums of elements of
Teer- A singular oriented tangle!® determines an element of R[J¢ /] by the
desingularization of each double point by the following relation

% e
K ==X
Let T, (n = 0) be the R-submodule of R[T¢ ]| generated by all singular
oriented tangles with type (¢, €’) and with n double points. The descending
filtration {77, },,>0¢ is called the singular filtration. The topological R-module
R[Tc.e’] of proalgebraic tangles means its completion with respect to the
singular filtration:
R[‘Te,e’] = l(ﬂl R[Te,e’]/TN-
N

(2) Let R[X] be the R-submodule of R[JTy g] generated by elements of K. By
Proposition 2.15, it forms a commutative R-algebra. Put K, := T, N R[K]
(n = 0). Then X, forms an ideal of R[X] and the descending filtration
{Kn}n=o is called the singular knot filtration (cf. loc. cit.). The topological
commutative R-algebra R/[%] of proalgebraic knots means its completion
with respect to the singular knot filtration:

R[X] := lim R[X]/Xy.
N

Actually it equips a structure of co-commutative and commutative Hopf
algebra.

10Tt is an ‘oriented tangle’ which is allowed to have a finite number of transversal double
points (see [22] for precise).
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The maps below are tangle and knot analogues of the map (2.7).

Proposition 2.31. (1) There are continuous maps:

5 Q7). (2.8)
K — QK] (2.9)

(2) The map (2.9) is a continuous monoid homomorphism and its image lies
on the set Q;[X]* of invertible elements.

Proof. (1) Since an element b5 € B, x {1, ]}" (n = 1), a braid b, € B, with an
orientation € € {1, | }"* (namely its source), is naturally regarded as a special type
of an oriented tangle, each orientation ¢ yields a natural inclusion

Qi[Bn] — Q[T].

On the embedding, we have T,, N Q;[By] = I for m = 0. Therefore the above
map and the map (2.7) induce

B — Qu[7]/Tm.

Hence it determines the map of sets

B! — Qu[71/Tm. (2.10)
We also have the natural maps of sets

A— Q[T/Tm and C — Q;[T]/Tm. (2.11)

As is described in the proof of Theorem 2.11, the set T of (topological) oriented
tangles is described by the set of consistent finite sequences of elements of A,
B and C modulo the (discrete) Turaev moves. By Q;-linearly extending the
description, we obtain the same description of Q;[T]. Since our three maps (2.10)
and (2.11) are consistent with the moves, we obtain

ﬁl - Ql[{‘r]/(Im

(Again we note that, for 0; € By and ¢ € Z;, the power of makes sense in
Q;[BN]/I™ by the formula

of 1= exp {% log 0,-2},
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when [ # 2 or when / = 2 and ¢ € 2Z,, and

2

when /[ = 2 and ¢ ¢ 27,. Here exp and log are defined by the usual Taylor
expansions. The RHS is well-defined by 67 — 1 € 1.)

It yields the map (2.8) which is continuous. Since this map preserves each
connected component, the map (2.9) is also obtained.

1
of =0 'exp{c logoiz},

(2) It is immediate to see that it forms a continuous homomorphism.

Each oriented knot, an element of X, is congruent to the unit, the trivial knot
O e [X], modulo X;, because any knot can be untied by a finite times of
changing crossings (consult for unknotting number, say, in [5]). Therefore the
image of /;(X) (C X') is contained in the subspace O + X - W]. Hence
the image of %! should lie on the subspace. It is because the subspace is open
in Q/lﬁ], our map (2.9) is continuous as shown above and %;(X) is dense in X
by Proposition 2.26.(3). All elements of the subspace are invertible because it is
known that the quotient Q/lﬁ] /X is 1-dimensional and generated by ). Thus
the claim is obtained. O

The author is not aware if our above two maps are injective or not.

Proposition 2.32. (1) For each prime [, there are continuous maps:

T — Q7). (2.12)
X — QK] (2.13)

(2) The map (2.13) is a continuous monoid homomorphism and its image lies
on the set Q;[X]* of invertible elements.

(3) The image of the composition of (2.13) with h in Theorem 2.11.(2)

% 2 & — QK. (2.14)
lies on the rational invertible part @[%]X (C Q/ﬁ]). Furthermore the resulting
morphism

J———

i: X — Q[X] (2.15)
is independent of a prime 1.
Proof. (1) and (2) follow from Proposition 2.26 and 2.31. Our claim (3) follows

from that the map (2.14) is induced from the natural inclusion X < R[X] with
R =Q. O
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Relating to Problem 2.14, the following is obtained as an application of Propo-
sition 2.32.

Remark 2.33. (1) Finite type knot invariants (resp. and their projective limits)
valued on @ are knot invariants which factor through X — Q/[J?] — Q[X]/Ky for
some N (resp. KX — Z/[JT]). By using the map (2.14), we can extend all finite type
knot invariants and their projective limits, such as each coefficient of the Jones
polynomial substituting e” (cf. [5]), into profinite knot invariants valued on Q; for

each prime /. It is easy to see that the same holds for tangle invariants.

(2) The linking number is an invariant of two components links which values
on Z and which is known to be of finite type ([5], etc). Thus it can be extended to
an invariant of two components profinite links which values on @, actually on Z;,
for each prime /. The Milnor ji-invariant ([29] and [30]) is an invariant of links
which is known as a higher generalization of the linking number. It is defined on Z
but it has a certain indeterminacy. The author is not sure if it can be also extended
to an invariant of profinite links, but he expects that the works, [14], [2] and [26],
concerning its associated invariant of string links would help to detect that.

As a complementation of Remark 2.13, we have:

Remark 2.34. The Kontsevich invariant Z: X — CD is a knot invariant which
is a composition of i with the isomorphism Q/[%] ~ CD constructed in [21]. Here
CD stands for the Q-vector space (completed by degree) of chord diagrams mod-
ulo 4T- and Fl-relations (consult also [5] and[32]). The invariant is conjectured to
be perfect, i.e., the map Z is conjectured to be injective (cf. [33], Conjecture 3.2).
The conjecture is equivalent to saying that the above map i in (2.15) is injective.
Hence it naturally leads us to conjecture that h: X — X is injective (Conjec-
ture 2.12) because the non-injectivity of & imply the non-injectivity of 7, that is,
the non-perfectness of the Kontsevich invariant, by the above proposition. We may
also say that Conjecture 2.12 is an assertion on a knot analogue of the injectivity
of the maps (2.6).

2.3. Action of the absolute Galois group. The group Frac X of profinite knots
is introduced as the group of fraction of the topological monoid X in Defini-
tion 2.35 and its basic property is shown in Theorem 2.36. A continuous action
of the profinite Grothendieck—Teichmiiler group GT (cf. Definition 1.6) on Frac X
is established in Definition 2.39-Theorem 2.41. As a result of our construction, an
action of the absolute Galois group G, of the rational number field on Frac X is
obtained (Theorem 2.45). We post several projects and problems on this Galois
representation in the end.
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Definition 2.35. The group of profinite knots Frac X is defined to be the group of
fraction of the monoid X, i.e., the quotient space of X2 by the equivalent relations
(r,s) ~ (¢',s") if rits’fit ~ r'fsfit for some profinite knot ¢, i.e. rifs’fit = r’fistit
holds in X. Occasionally we denote the equivalent class [(r, s)] by .

For [(r1, s1)] and [(r2, 52)] € Frac X, define its product by

[(r1, sOIB[(r2, 52)] := [(r1872, s152)] € Frac X,

ie.
i, rn rifira

S1 S22 S1082

€ Frac JAC.

We encode Frac K with the quotient topology of x2.

Theorem 2.36. (1) The product ft is well-defined on Frac K. The set Frac X forms
a topological commutative group.

(2) It is a non-trivial group. Actually it is an infinite group.

Proof. (1) It is easy to see that § is well-defined and Frac X forms a commutative
group with unit

e=(0.0)

by Theorem 2.16.
Consider the commutative diagram

K2 x K2 —ﬂ>9’%2

Frac X x Frac K _*t, Frac XK.
Since the upper map is continuous by Theorem 2.16 and the surjection

X2 — Frac K

is continuous by definition, it follows that the map { is continuous.

Let 7: X2 — K2 be the switch map sending (r,s) — (s,r). It is easy to
see that it is continuous and it induces the inverse map on Frac K. Then by the
commutative diagram

K —F - K2

I I

Frack — FracX ,

the inverse map is also continuous.
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(2) By Proposition 2.26 and 2.31, there is a continuous monoid homomorphism

X — & — QK] (2.16)

—

for a prime /. By Proposition 2.31, the image lies on Q;[X]*. Whence it induces
a continuous group homomorphism

Frac X — Q[X]*. (2.17)

Thus it is enough to show that the image of the composition of the maps (2.16)
and h:X — X is infinite set. The claim is obvious because this map is
equal to i in (2.15) and the Kontsevich invariant takes infinite number of values
(cf. Remark 2.34) O

A reason why we introduce Frac X is that we need to treat the inverse of A s
in Figure 2.26 when we let GT act on profinite knots (cf. Definition 2.39).
We note that the natural morphism

h': K —s Frac X (2.18)

sending K +— [(K,O )] is a homomorphism as monoid. By abuse of notations,
we occasionally denote the image 4'(K) by the same symbol K. Related to
Conjecture 2.12,

Problem 2.37. Is the map %’ injective?
On a structure of Frac JAC, we pose
Problem 2.38. Is Frac X a profinite group?

By [36], to show that FracX is a profinite group, we must show that it is
compact, Hausdorff and totally-disconnected. The author is not aware of any
one of their validities. It is worthy to note that the set T of isotopy classes of
profinite tangles is not compact, hence not a profinite space. It is because the map
|7rol: T >N taking the number of connected components of each profinite tangles
is continuous and surjective to the non-compact space IN.

Definition 2.39. Let (7, s) be a pair of profinite knot diagrams with

r=¥Yim- V1,2"V1,1

and

§=Y2n- Y222,
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(7:,;: profinite fundamental tangle diagram). Foro = (4, f) € GT (hence A € Z*,
f € F,), define its action by

o ([) _o) _ {o(V1m) 0 (y1,2) - 0 (y1,1) HI(A )P
s o(s)  {o(yan) - 0(y2,2) - 0 (y2,0)}(As)te®
It is well-defined by Proposition 2.40 and Theorem 2.41. Here

€ FracX. (2.19)

{o(yim)---0(y1,2) - o(y1,1)} -~
o(r):= m e € Frac K
and
{o(ya,n)---0(y2,2) -0 (y2,1)} -~
o(s) := n e € Frac K
are defined as follows:
(1) Wheny, ; = a,i 1> We define
(vi
U(yi,j) = Vi,j fs );cljci—l )
Here
fso;é ch?f—l k+2 = Vie (fres) @ et
with

s(yi.j) = e162€3€4 € {1, |JrTHIH2

(€1 € {1 1)K, ea.e3 € {1, 1}, €4 € {1, |}). Tt is also described by

s(vi. ;) ~
froibinee = Nikk+1kta ® er,5(yij)) € B
with
Sikk+1,k+2 ®er = f(X1 kk+1:Xk+1,k+2) € Bryi42.

where X1 gr+1 and Xgyq k42 are regarded as elements of ]§k+l+2.
We mean [k k+1.k+2 ® e; by the trivial braid e; 1, € §1+2 when k& = 0.
Figure 2.24 depicts the action. Here the thickened black band stands for the
trivial braid e; with k-strings.

(3 1)

Figure 2.24. o (ay, ;).

»(-
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(2) When y; j = bt = (by.€) € B, we define

o (i.j) := (0(bn), €)
which is nothing but the image of b, € B, by the GT-action on B, explained
in §1.
(3) Wheny, ; = C}i,z’ we define

Lt y)
0(Vij) =1 kk+ik+a Vi
with
—1,t(yi.;) _ =1 D
1...k,ki1],k+2 = (fl...k,k+1,k+2 ® e, t(yi,j)) € B.

Figure 2.25 depicts the action.

Figure 2.25. o'(c§ ;)-

The symbol A ¢ represents the profinite tangle
agy-agy’ el ® -y e

(cf. Figure 2.26).

)
D

¢

(_{—
H

N

Figure 2.26. A r.

The symbol «(r) (resp. «(s)) means the number of annihilations; the cardinal-
ity of the set {j|y;,; € A} fori = 1 (resp. i = 2) and (A )" (resp. (Ay)#®)
means the a(r)-th (resp. the a(s)-th ) power of Ay with respect to . Particularly
we have

o(O)iAs = € Frac K (2.20)
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Proposition 2.40. Leto = (1, f) € GT.

(D) Ifr = yim--y1,2-v1,1 (1,50 a profinite fundamental tangle) is a profinite
knot, then {0 (y1,m) ---0(y1,2) - 6(y1,1)} is again a profinite knot.

(2) The profinite tangle A ¢ (Figure 2.26) is a profinite knot.
Proof. (1) When y = by, since the projection
p: l?n — G,

is GT -equivalent (the action on &, means the trivial action), the skeleton never
change, i.e. S(o(y)) = S(y).
When y = a,i,l (resp. c,i’l), the skeleton $(o(y)) is obtained by connecting
k + [ + 2 straight bars on the top (resp. bottom) of S(y) because f € F, C Ps.
Therefore {o (y1,m) -+ -0(y1,2) - 0(y1,1)} is again a profinite knot.

(2) By Figure 2.26, it is easy because f € F, C P;. O

Theorem 2.41. Equation (2.19) determines a well-defined GT-action on Frac X.
Namely,

D 0(;—:) :0(;—3) eFrac K ifri~ryand sy ~ss, i.e. if ri=ry and sy = s, in XK

2) o(2) = 0(2) € Frac K if (r1.51) ~ (r2.52), iie. if &L = 2 in Frac X;

3) 01(02(x)) = (01 0 02)(x) for any 01,03 € GT and x € Frac j%;furthermore
Frac X forms a topological GT-module, namely,

(4) the action is compatible with the group structure, i.e.

ale)=e, o(xfly)=0@fo(y), ox") =0
forany o € GT and x, y € Frac X;
(5) the action is continuous.
Proof. (1) Firstly we prove that o ((r1,s)) = 0 ((r2,5)) € X2 when ry is isotopic

tor,foro = (A, f) € GT. We may further assume that r; is obtained from r, by
a single operation of one of the moves (T1)—(T6).

e Ifitis (T1), it is clear.

e If it is (T2), it is immediate because o(b;) - 0(b1) = o(bb;1) holds for
bl, b2 (S B\n



Galois action on knots I 337

o If it is (T3), we may further assume that its 7; and 75 in (T3) are both
fundamental profinite tangles. Then by Proposition 1.16 and Proposition 2.42

U(et(Tl) ®T2) 0(T1 ® es(TZ))
f[nll (@t (T1),t(T2)) (et(Tl) ® O'(Tz)) A f(t(Tl) s(Tz)) (O'(T ) ® es(Tz))

1,[n21.[0] [n1],[m2],[
(by (T4))
= [ JUTTD (T © 0(Ty)) - (0(T1) ® € T?) - T
= [T (5 (Ty) @ ol T) . (o370 9 6(Ty)) - fOTDAT2)
= (0(Ty) ® efTD) - [T () g (7). pETDST

=o0(Ty ®el\12) o (es™) ® Ty).

Whence (T3) is preserved by the GT-action.

e Ifitis (T4), we may assume that 7 in (T4) is a fundamental profinite tangle.
Then by Proposition 1.18 and Proposition 2.42

0 (eViu(r)(bf)) -0(ey, @ T @ ¢)2,
= 1,(t1,t(T),t2) (s ,t(T)s )
f[k/_ll LIl —k] - CVk t(T)(U(bl )) f[ ! 1.[n1, [? k]
1,(s1,¢(T),s2) (s1,5(T),s2)
ey i ® 0T ® €20 fueliy ok
1 T
= f[k’ (s ;(] [3 ti)/] Vi 1 (T) (U(ble)) ' (elscl_l ® O—(T) ® elik

(s ,$(T),s2)
S gL -k

(by (T4))

—1,(t1,4(T ’,
= 3 @ @ o (D) @ e ) - v * Do (b))

(s1,8(T),s2)
U AL k]

_ 1,(t1,t(T),t2) (t1,8(T),t2)
= foe 0 inli—1 (e ®(T)® e y)- T =k

1,(t1,5(T),t2) k',s(T (s1,8(T),52)
S 1] fm k1 € *To(5) - Joe 0 m 1)

=0l  ®T ®e ;) ok DK

Whence (T4) is preserved by the action.
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e Ifitis (TS), we have

€ € _ € S(lec.l) —l,s(cf(_l) €
0(agyr1-1) 0(Chy) = Apqy g Lok+1k+2,k+3 " J1 k+1,k+2 " Ck,l

(by the pentagon equation (1.4))

¢ —l,s(c;!,)
=Ory1,0-1" 1 kk+1,k+2 k+3

s ) s ) €

kt1k42.k43 " 1ok k1 k42,43 " €kl
(by (T4) and Lemma 1.8)

’ s(eg ;)
= ky10-1° k+{(,lé+2,k+3 “Ch-

It looks that (T5) is not preserved by the GT-action. But actually it means

that o (r;) is obtained by an insertion of f,:icf',élz k43 between as. 41— and

c,i’l ino(r2). Thus o(r1) = o(r2)fAs. Because a(r1) = a(r2) + 1, we may

say that (T5) is compatible with the action by (2.19). The second equality

can be proved in the same way.

e Ifitis (T6), again by Proposition 1.16 and Proposition 2.42,

o(ag,;) (0, )°)

__ € s(a;l) —l,s(a;l) € \Ac s(a;l)
=g Jkkrrk+2 1k k+ k2 (Uk+1) 'fl...k,k+1,k+2

___€ e \Ac S(algc,l)
—ak,l'(UkH) Sk k 1,k 42

(by A =1 (mod2) and (T6))

_ € s(algc,l) _ é
=ap; Ji g1kt = @)

The case for ¢; ; can be checked in the same way.

Secondly we prove that o ((r,s1)) = o ((r,s3)) € X2 when s is isotopic to
s». But it can be proved in a similar way to the above. Hence our claim of (1) is
obtained.

(2) By definition,

riflsafft = rafis1fi

in K for some profinite knot ¢. By the definition of {,

o (k1ftk2)80 (O ) = o (ki)fo (k2) (2.21)
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equivalently
o(kiflkz) = o (ki)fo (k2)iAs. (2.22)

holds in Frac X for any profinite knot k; and k,. Therefore our claim is immediate
because

o(rifls2fit) = o(rofio(s2)o (OFA Ay
and
o(raffsifit) = o(r2)fo(s)fo (DFA A,
(3)Foroy; = (A1, fi)and o, = (A2, f2) € C/}"\F, putos; = 02001 € GT. Hence,
by (1.5), 03 = (A3, f3) with A3 = A,A; and

f=frroa(f)) = Lo A2 Y2 H) (= o fi). (2.23)

Firstly we note that
03(yi,j) = 02(01(¥i,7))-
When y; ; = ag ; or ¢f;, the equality is derived from (2.23). When y; ; = by,

it is easy because of the GT-action on §n.
Secondly by definition we have

02(Ag,) = {02(a0,0) - 02(a0,2) - 02(e1 ® f1) - 02(c1,1) - 02(6’0,0)}//\2
(by Proposition 1.16 and Proposition 2.42)
={a0,0-ao2- (f5 D123 (f5 D234 (e1 ® 02(f1))
(23 (123 (f5 D12z cin 'Co,o}/A%

= {a00- a0z (fs D123 (5 D234 (€1 ® 02(f1))
: (f2)1,23,4 *C1,1 'Co,o}//\g

(by the pentagon equation (1.4))
={ao0-a02 (f5 Diz3a- (fs D234 (f2)234 - (€1 ® 02( /1))
“(f2)1,234 " C11 'Co,o}//\g,
by a successive application of (T6) and Lemma 1.8
={a0,0 - 0,2 - (f2)2,3,4 - (e1 ® 02(f1)) - c1,1 'Co,o}//\ﬁ;

={a0,0a02-(e1® f2-02(/1)) - c11 'Co,o}//\g
= Af20f1 nOZ(O )ﬁZ
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We note that in the above computation we omit the symbol € of orientation.

Finally,

7(7(5)

({Ul 1m) ---01(y1.2) - 01 (‘Vl,l)}n(Afl)ﬁa(S))
2

{o1(y2,n) -+
o2({o1(y1,m) -

01(y2,2) - 01(y2,1) (A ()
o1(y1.2) - 01 (y1.) Doa (A g, O AR

o2({o1(y2.n) -+

01(12.2) - 02(y2,) D02 (A D AT

_ {o2(01(y1,m)) -+ 02(01 (Vla1))}ﬁA§Z(S)ﬁ(Af3)ﬁa(S)ﬁo—2(© )ﬂza(s)HAﬁg(S)
(02(01(y2.0)) -+ 02(01 (2 DA P B(A 1) RO 0 (O )2eO AT

_ {03(V1,m) - 03(1,2) - 03(y1,1) (A gy )P
{03(y2,n) -+ 03(y2,2) - 03 (y2,1) Hi(A gy Fe ()

,
-}
by (2.20) and (2.22).

@) Let x = ri/s; and y = rp/s, with profinite knots rq, 2, 51, s2. Then
by (2.22) it is easy to see

rifir
otty) =o(552)
o (r1fira)
o (s1ls2)
o(r)fio(r2)fAs
o(s)fo(s2)iA s
o(r1)fo(r2)
o(s1)fo(s2)
o(r1),0(r2)
o(s1) o(s2)

o))

= o(x)fo(y).

The inverse is also easy to check.
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(5) We recall that J/C\’mq (cf. the proof of Theorem 2.16. (2)) is the set of finite
consistent sequences of profinite fundamental tangles y, -- -y, - y; with a single
connected component and with (y,, y1) = (v, ). We define the map

q q

o~ ~ seq . Se -~ seq -~ S¢
A:GTxX xX — K " xX

by

A(o.r.5) = ({o(yrm) -0 (y12) - 0 (y1.0)M(A )RS,
{o(yan) 0(y22)- U(Vz,l)}H(Af)m(r))

foro = (A, f).r = yim-vi2-vipands = ya,---y22 - ya1 (yi;: profinite
fundamental tangle). We know that the GT-action on §,, and the map GT — §3:
o = (A, f) — f are continuous, so the map A is continuous. Since the diagram
below is commutative

~  ~seq ~seq ~seq -~ seq
GTx K '"x&k Ay 7

l l

(/}"\F xFrackX —— 5 FracK

. . ~ seq ~ seq ~ . . .
and the projection X’ ~ x X’ = —» FracX is continuous, the lower map is also

continuous. O

The following is required to prove Theorem 2.41.

Proposition 2.42. Let k,l,mi,my = 0and ¢; € {1,]}™ (i = 1,2). For any
o € GT,

€1€€ —1,e €s
U(aml1+2k,1+m2) = f[ml],fk+z],[m2] ey, ® O(alec,l) ® en,) - f[ml],[k-i-l-i-2],[m2]

with
_ €1een . €1€€2
€ =10y, Vi im,) and e =5, 5 ,)

and
€]€€ —1,e ., €s
U(lel +2k,l+m2) = f[ml],fk+l+z],[m2] (en, ®o(cp ) ®ep,)- JomLlk+11,0mo]
with

_ €1€€n _ €1€€2
€ =1y Giym,) and & =5y, 5im,)
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Here f[fnl]’[ € B means

M],[m>)]

(fim 1 iM1imals €) € Byt M4my ¥ {1, LymTM+m2

with (see also (1.13))

Jim11.IM1.im]
= fl...m1,m1+1...m1+M—1,m1+M
: fl...m1,m1+1...m1+M—2,m1+M—1 T fl...m1 mi+1mi+2 € §m1+M+m2-

Proof. We prove the first equality. To avoid the complexity, we again omit the

symbol of orientations. By Definition 2.39.(1),
S ki ima] * (€m1 ® 0(@k1) & emy) - fimyLlk+1+21.ma]

-1

= S Lk +0,0ma1 " G+l +mo (2.24)

Sy tmy theomy kA Lmy+k+2  fim k421, mo]-

e When M = k + 3, by (T4),

fm1+1...m1+k,m1+k+1,m1+k+2
commutes with
fl...m1,m1+1...m1+M—1,m1+M
and
Amy+k,l+m> * fl...ml,ml-i-l...m]+M—1,m1+M
= fl...m1,m1+1...m1+M—3,m1+M—2 *Amq+k,l+mo-
Therefore

—1
(2-24) = f[ml],[k],[ljumz] “Amy+k,I+my

Sy tmy heomy kA Lmy k2 fim k2L 4 mal-
e When M =k + 1,k + 2, our calculation goes as follows:

_ 1
224 = fim kLl +ma] - Gmy+ld+my * g +1m +hem +k+1,m) +k+2
“Srmmi L e Ly k42

“Slmymy1my leomy k10 S LKL +ma+2]
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(by the pentagon equation (1.4))
-1
= Jim LKLl 4+ma) * Gmy+kd+mo

: fl...ml,m1+1...m1+k,m1+k+1 my+k+2

“Slemyhomy k4 1my k2 fimy k)L +ma+2]
(by (T4) and Lemma 1.8)

_ —1
= f[ml],[k],[l—l—mz] “Amy+k,l+my * fl...m1+k,m1+k+1,m1+k+2

* S LIk +may+2]-
e When M < k, by (T4) again,

S1omy +hmy +k+1,m1 +k+2

commutes with
fl...m1,m1+1...m1+M—1,m1+M
and
Amy+k,l+m> * fl...m1,m1+1...m1+M—1,m1+M
= fl...ml,m1+1...m1+M—1,m1+M Amy+k,I4+mo-

Therefore,

—1
2.24) = fim L 4mo] * Gmy+hd+ms i LKL T +ma+2]
. fl...m1+k,m1+k+1,m1+k+2a

= Ay kI +mo * S1myi+kmy+k+Umy+k+2 = (@m0 4ms)-

Hence we get the equality.
The second equality can be proved in the same way. |

Thus by Theorem 2.41, the GT-action
GT — AutFracX (2.25)

is established.
We note that due to the creation—annihilation relations (T5) we have to pass to
the fractional group of X to construct GT-action on profinite knots.
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Remark 2.43. In [22], it is explained that the category ﬁ'(R) (R: a commutative
ring containing Q) of pro-R-algebraic framed tangles forms an R-linear ribbon
category. From which they deduced an action of the proalgebraic Grothendieck—
Teichmiiller group GT(R) [8] on the space R[AJC] of pro-R-algebraic knots by a
categorical arguments. In our forthcoming paper [10], it will be shown that our
action (2.25) is a lift of their action. An analogous deduction of our Theorem 2.41
by such categorical arguments might be expectable. However a completely same
argument does not seem to work. We may have a ‘ribbon’ category T of profinite
(framed) tangles but a difficulty here is that the inverse (A )~! does not look to
exist generally in T, unlike the case of ‘?(R). (That is why we introduced the group
Frac X of the fraction of the monoid K. A technical care to remedy this might be
required.)

Remark 2.44. The Kontsevich knot invariant [23] is obtained by integrating a
formal analogue of the Knizhnik—Zamolodchikov (KZ) equation. Bar-Natan [1],
Kassel and Turaev [22], Le and Murakami [24], and Pieunikhin [34] gave a com-
binatorial reconstruction of the invariant by using an associator [8]. An associator
means a pair (u, ¢) with u € R* and an R-coefficient non-commutative formal
power series ¢ with two variables satisfying specific relations which are analogues
of our pentagon and hexagon equations (1.3) and (1.4) ([8], see also [9]). One of
striking results!! in Le-Murakami [24] is the rationality of the Kontsevich invari-
ant which follows from that the resulting invariant is, in fact, independent of ¢
(but depends on p). Stimulated to their result, Kassel and Turaev [22] showed
that their GT(R)-action on m factors through the cyclotomic action (cf. Ap-
pendix of [22]). The algebra R/[J?] looks ‘too linear’. In contrast, in our profinite
setting, it is totally unclear if our above GT-action (2.25) would depend only on
AeZXof (A, f) € GT, namely, the action would factor through 7*. We remind
that their proof of the above independency is based on certain linear algebraic
arguments, actually a vanishing of a (Harrison) cohomology of a chain complex
associated with chords. But here in our situation, we are working not on their
proalgebraic setting but on the profinite setting where such vanishing result has
not been established. And we do not know whether such a factorization would
occur in our setting or not.

Finally we obtain a Galois representation on knots as an important conse-
quence of Theorem 2.41.

11Tt might be amazing to know that Drinfel’d indicated it in [7].
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Theorem 2.45. Fix an embedding from Q in to C. The group Frac X of profinite
knots admits a non-trivial topological Go-module structure. Namely there is a
non-trivial continuous Galois representation

po: Gg — AutFrac x. (2.26)

Proof. By Theorem 2.41, it is straightforward because in Theorem 1.9 we see
that the absolute Galois group Gq is mapped to GT. 1Itis proved that Frac K
is nontrivial in Theorem 2.36. The non-triviality of py is a consequence of the
example below because generally we have K # K in Frac X. For instance, the
left trefoil (the knot in the left below of Figure 2.15) and the right trefoil (its mirror
image) are mapped to different elements by the map (2.17) because they are known
to be separated by the Kontsevich invariant. (cf. Remark 2.34.) |

Example 2.46. Especially when o0 € Gq is equal to tt the complex con]ugatlon
morphism ¢y, it corresponds to (A, f) = (—1,1) € GT whose action on B,, is
given by o; ol._l (1 <i <n—1)(cf. Example 1.10). Whence the action of ¢
on Frac X is particularly described by

po(s0) (K) = K

for K € X because A = O . Here we denote the image of the map 4’ (2.18) on
an oriented knot K by the same symbol K and we mean the mirror image of the
knot K by K. The easiest example is that the right trefoil knot is mapped to the
left trefoil knot by the complex conjugation.

There is another type of involution. For each profinite oriented knot K,
we define rev(K) to be a profinite oriented knot which is obtained by reversing
the orientation of K. It is easy to see that it induces a well-defined involution

rev: Frac X — Frac K

which is an automorphism as a topological group.

Problem 2.47. Is rev defined over Q? Namely does
revoo = o orev 2.27)

hold for all 0 € Gg?

This problem would be proven affirmatively if we could show that Ay =
rev(Ay) in Frac X for all 0 = (A, f) € Gq. In the proalgebraic setting (cf.
Remark 2.44 and [10]), rev can be defined similarly for m We can sh show
the validity of an analogue of (2. 27) for the action of ¢ € GT(R) on R[X [ ] by
transmitting the GT(R)-action on R[JC] into a GRT(R)-action on CD.
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Extending other standard operations on knots, such as mutation and cabling,
into those on profinite knots and examining their Galois behaviors is also worthy
to pursue.

Project 2.48. In §1, the actions of GT and Gq on the profinite braid group B, are
discussed. In Remark 1.14 it is explained in the language of algebraic geometry
that the Gg-action on By, is caused by the homotopy exact sequence of the scheme-
theoretic fundamental group of the quotient variety Confg ~of the configuration
space Conf”. Whilst as for our Galois action on knots in Theorem 2.45, the
author is not sure whether there is such kind of its ‘purely’ algebraic-geometrical
interpretation (without a usage of GT-factorization) or not. In other word, it is
not clear if there exists any (co)homology theory H, (or any fundamental group
theory 7{) and any (pro-)variety X defined over Q) such that

Frac K = H,.(Xgp)

(or Frac X = (X g)) and the right hand side naturally carries a Gg-action which
yields our Gq-action on Frac K. It would be our future research.

Asking the validity of an analogue of Belyi’s theorem [3] in (1.8) is particularly
significant.

Problem 2.49. Is the action of the absolute Galois group (2.26) on profinite knots
faithful? If not, then what is the corresponding kernel field? And what is the
arithmetic meaning of this?

This is also related to the problem discussed in Remark 2.44 above. In [10],
it will be explained that the corresponding kernel field is bigger than the maximal
abelian extension Q (i) of Q.

Problem 2.50. What is the Gq-invariant subspace of Frac X2

In [10], we will settle a similar problem formulated in the proalgebraic setting.
Asking the same type of questions for each given knot is also worthy to discuss.

Problem 2.51. (1) What is the Galois stabilizer of each given knot? And what is
the corresponding Galois extension field of Q?
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(2) Suppose that two topological knots K; and K, and an open normal sub-
group N of Frac K with finite index are given. When do two cosets K; - N and
K> - N lie on a same Galois orbit? If so, then which o0 € G connect them?

Example 2.46 tells that a knot and its mirror image lie on a same Galois orbit
and that the stabilizer of an amphicheiral knot, say, the figure eight knot (the knot
in the left above of Figure 2.15), contains the subgroup {id, co} of order 2.

Project 2.52. We can also consider Galois action not only on profinite knots but
also on pro-solvable knots by replacing profinite pure braid groups P, by their
pro-solvable completions on the definition of profinite knots. The direction might
be also worthy to pursue. Thara’s profinite beta function B, [16] which arises from
a description of the action of the absolute Galois group on the double commutator
quotient of F might help to see the action on a certain quotient.

Asis explained in Remark 2.34, we have an isomorphism m ~ CD between
the linear space of pro-algebraic knots and that of chord diagrams.

Problem 2.53. What is a profinite analogue of the linear space of chord diagrams?
Do we have a profinite analogue of the above isomorphism for X and this?

Grothendieck’s dessins d’enfants [13] are combinatorial diagrams which de-
scribe the action of the absolute Galois group on F>. The author wonders if a
certain projective system of dessins attains the above profinite analogue of the
space of chord diagrams.

Project 2.54. There are various notions of equivalences for (framed) knots (and
links) such as the Kirby moves (the Fenn—Rourke moves), the knot cobordism, the
knot concordance, etc. Extending these notions into those for our profinite links
and examining their behaviors under our Galois action is worthy to pursue. Par-
ticularly the Kirby moves are known (consult the standard textbook such as [32])
to yield a one to one correspondence between the set of framed links modulo the
equivalence generated by the moves and the set of isomorphism classes of closed
connected oriented 3-manifolds (three dimensional manifolds) by Dehn surgery.
Giving a nice formulation of profinite analogues of Kirby moves and a description
of their Galois behaviors looks significant for a realization of the analogy between
number rings and 3-manifolds, which is one of the most fundamental ones posted
in arithmetic topology by Kapranov [20], Morishita [31] and Reznikov [35].
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Appendices

A. Two-bridge profinite knots

We introduce profinite analogues of two-bridge knots and observe that the sub-
group of GK generated by them is stable under our Galois action.

We recall that a two-bridge knot (or link) is a topological knot (or link) which
can be isotoped so that the natural height function given by the z-coordinate has
only two maxima and two minima as critical points.

Definition A.1. A profinite knot (resp. link) is called a two-bridge profinite knot
(resp. link) when it is isotopic to the presentation

€] € €3 €4 €5 ; n
cz()’()-cz(,,z-la4 “C1 " Cono with by € By,

which is depicted in Figure A.1 with its orientation ignored.

D)

&
N
L1

C

Figure A.1. Two-bridge profinite knot.

We note that each isotopy class of two-bridge (topological) knot naturally
determines an isotopy class of two-bridge profinite knot.

We recall that a two-bridge (topological) knot is also called as a rational
knot because each isotopy class of two-bridge knot (or link) is characterized by
a rational number via its continued fraction expansion (cf. [25]). As its profinite
analogue, it is interesting to see if the set of isotopy classes of two-bridge profinite
knots can be also parametrized by any numbers or not.

We denote the subgroup of GX generated by two-bridge profinite knots by
Br(2).

Proposition A.2. The subgroup Br(2) is stable under our Galois action.
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Proof. It can be verified by showing that Br(2) is stable by our GT-action. Let
o = (A, f) € GT and let K be a two-bridge profinite knot with the above
presentation. Then

Ky o(K)
0(3) " 0@)
. {O(a(e)}o) ' O(a(e)?z) : U(b?) : O(Ciﬁ) : U(C(e),so)}ﬁAf
N (Ap)F
_ a(G)IO 'a(ef2 (b)) - f23) - 05?1 'C(G),So‘

= A;
Since both numerator and denominator of the last term are two-bridge knots and
GT acts on GX as a group automorphism, our claim is obtained. |

Considering profinite analogues of other types of (topological) knots such as
hyperbolic knots, torus knots, etc. and considering their Galois behaviors might
be interesting problems.

B. Profinite framed knots

We will extend our definition of profinite analogue of knots into that of framed
knots and show that the absolute Galois group acts on the group generated by
them. The construction is given in a same way to our arguments in §2.

Definition B.1. The set 77T of profinite framed tangles (isotopy classes of profinite
framed tangle diagrams) is defined to be the set of profinite tangle diagrams
divided by the framed isotopy, the equivalence given by a finite number of the
moves (FT1)—(FT6). Here (FT1)—(FT5) are same to (T1)—(T5) given in §2 while
(FT6) is given below. The set FK (resp. S/TZ) of profinite framed knots (resp. links)
is the subset of FT which consists of framed isotopy classes of profinite knot (resp.
link) diagrams.

. . . . fas 61 62
(FT6) First framed Reidemeister move: for ¢ € Z, Crit2 Ckang € C,
/ /
€3 51 52 fay . fay
4Gy € A and Opt1> Oxas € B representing ox4+1 € Bgyi4+o and ox43 €

§k+1+4 such that the sequence of the left hand side is consistent,

€3 €& \—c € €1 \c €1 _ €
Gt (0k33) " by (004" Gy = (B.1)
Here € is chosen to be 7 (a> ) = t(ceg )
3 k+1,0+1) = HC ).



350 H. Furusho

’ 7
7 €1 € €3 € €3 ) ;
Forc € Z, Cry1i+1 € C, a4’ 4, € A and 031> Oxys € B representing
Ok+1 € Bik+i1+2 and o 4+3 € Brij44 such that the sequence of the left hand side
is consistent,

€2 €& \—c & € ¢ €l _ €
a0 ) a, (0333) Gl g = 4 (B.2)

/
i ) €3 _ €1
Here again €] is chosen to be S(Ck+1,l+1) = s(ak’l).

AN Y A
I &1 B

S~ = | A =

= (&

RS ) R R R 51 1 I 55 A 8 /R
N e Vs e k i P4 I

Figure B.1. (FT6): First framed Reidemeister move.

We note that, in the first (resp. second) equation, ¢;!; = c,?l (resp. a;?, = a,i‘l)
ifand onlyif c = 0 (mod 2). Itis easy to see that our previous (T6) implies (FT6).

Remark B.2. There is a natural projection FT — 7 and hence
FK — K. (B.3)
It is clear by definition.

Definition B.3. We introduce special tangles, rwists, ¢ and ¢¥ by

T Ty & N R 1. AT 2 2 T

p =dyp "0  Co s P =dyg0p Cpg -

The picture of ¢ is depicted in the first term of Figure B.2.
It is an easy exercise to derive the lemma below from (FT1)—(FT6).

Lemma B.4. (1) The following equalities hold (cf. Figure B.2):

r_ vt l«TT wt _aOIT (O_ I)TTL C10 _aOIT (O_ I)T\LT

¢ =4ag; "0y  Cyq

(2) We have the following equalities (cf. Figure B.3)
@ -v=0")-u. A@'e)=n (1.

We also have the same equalities obtained by reversing all arrows.
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NN

Figure B.3. Lemma B.4.(2).

LT | T~ Y Y
Tl O 1~1-1T L,
[l I A /“’ll | 6

—

-

The space FT (hence the subspace ?3\{) carries a structure of topological space
by profinite topology on B, (n = 1,2,...) and the discrete topology on A and
onC.

We have a framed version of our Theorem A in §0.

Theorem B.5. (1) The space FK carries a structure of a topological commutative
monoid whose product structure

i FK x FK — FK.
is given by the connected sum (2.1) for K1 = oy -+ -1 and K = B, --- B1.

(2) Let FXK denote the set of framed isotopy classes of (topological) oriented
framed knots.'? Then there is a natural map

At FK — FK.

The map is with dense image and is a monoid homomorphism with respect to the
connected sum.

The map %™ should be conjectured to be injective by the same reason to
Conjecture 2.12.

Proof. The proof can be done in an almost same way to that of Theorems 2.11
and 2.16. We outline it by strengthening a slight difference.

12 Framed knot means a knot equipped with a framing, that is, a nonzero normal vector field
on it.
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(1) Each framed isotopy class of profinite knot contains a profinite knot K =
Ym -+ y1 for some m with (ym, y1) = (v, ) by (FT6) with ¢ = 1 (mod 2).
Hence the connected sum could extend to K once we have the well-definedness.
To show the well-definedness, it is enough to show that K K> is framed isotopic
to KK, when K| is obtained from K; by operating (FT3) or (FT6) on «; by
a similar reason to the proof of Theorem 2.16. Consider the latter case (FT6).
It suffices to show that K ;K> is framed isotopic to K3 = ap, -+ 02 - a1 - 03_26 .
2,0 '012" -Bu—1--+Pyrforc e 7 (cf. Figure B.4). It can be shown in a similar way
to Figure 2.17.

S

@)

X
"/

2¢

S

I N

Figure B.4. K3.

Next consider the former case (FT3). Since K; is a profinite knot, m; and
my are both 0. By the above argument in case (FT6), we may assume that both
Ty and T3 in Figure 2.11 should start from (» (i.e. ¢y = B; = ). Define T
as in Figure 2.18. A successive application of commutativity of profinite braids
with T shown in (FT4) and that of creations and annihilations with 7" shown in
Lemma B.6 lead the framed isotopy equivalence shown in Figure 2.19. Hence we
get the the well-defined product .

The proofs of associativity, commutativity, continuity for #f'" can be done in a
quite same way to the proof of Theorem 2.16.

(2) The result in [1] indicates that the set FT of (framed) isotopy classes of
framed tangles is described by the set of consistent finite sequences of fundamen-
tal tangles, elements of A, B and C modulo the (discrete) framed Turaev moves,
which is equivalent to the moves replacing profinite tangles and braids by (dis-
crete) tangles and braids in (FT1)-(FT6) and ¢ € 7 by ¢ € Z in (FT6). Because
we have a natural map B, — En and the Turaev moves are special case of our 6
moves, we have a natural map FJ — F7, which yields our map AT, It is easy to
see that it is homomorphic and is with dense image. O
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A framed analogue of Lemma 2.17 and 2.18 hold.

Lemma B.6. Let T be a profinite tangle T with s(T) = t(T) =1.
(1) Its transpose L (see Lemma 2.17) is equal to

af’rg . (.el¢ QT ®eI¢) -c(}?ﬁ
(cf. Figure 2.21).

(2) The equalities in Figure 2.23 hold for T.

The same claim also holds for a profinite tangle T with s(T) = t(T) =] by
reversing all arrows.

Proof. (1) A proof is depicted in Figure B.5. We use (FT6) in the first equality.
The second and the fourth equalities follow from Lemma B.4.(1). The third
equality is obtained by the ‘commutativitiy’ of twists with annihilation, creation
and profinite braids assured by Lemma B.4.(2) and (FT4). The fifth equation
follows from (FT2) and (FT4).

(2) It is a direct consequence of (1). O
)
s]N g
~l A~ | Al K1 |1~
o=@ =00 -] -0
I nd e B
[ 1] X + A\
X7 XX
1 & 1& 1 &

Figure B.5. Proof of Lemma B.6.(1).

Definition B.7. The group of profinite framed knots Frac FXK is defined to be the
group of fraction of the monoid FX as in the same way to Definition 2.35.

We also have a framed version of our Theorem B in §0.

Theorem B.8. Fix an embedding from the algebraic closure Q of the rational
number field Q) into the complex number field C. Then the group Frac 7K of
profinite knots admits a non-trivial topological Gg-module structure. Namely,
there is a non-trivial continuous Galois representation on profinite knots

P G —> AutFrac FK.



354

Proof. This is achieved by establishing a consistent continuous action of the
profinite Grothendieck—Teichmiiller group GT on Frac FX and using the inclusion

H. Furusho

from G into GT.

We introduce this GT-action on Frac FK by using the action on each profinite
fundamental tangle given in Definition 2.39. The proof of its well-definedness, i.e.
to check that the action preserves (FT1)-(FT6), can be done in the same way to
that of Theorem 2.41 but for (FT6), which is proved below. Leto = (A, f) € GT.
Let ry and r, be two profinite knots. Assume that r; is obtained from r, by a
single operation of the move (FT6). Then by Proposition 1.16 and Proposition 2.42,

we have

e, _ €’
o(a;?l) : 0((0k%rl) ) -a(a;3+2 1) 0((0333)) - U(Clecl+1,l+1)

€3
ko S ko k3 kta

€
slagy) —Ls(@?) —cr @)
A kk+1,k+2 . kk+1,k+2 (o k+1) iy k+1,k+2

s@35) Cf —Ls@ag, )
1..

( )cl
k+2,k+3,k+4 k+3

€]
ft(ck+1 /+1) f -1 t(ck+l l+l) 51
l..k+2,k+3,k+4 l.k+1,k+2,k+3 " k+ll+l

—cA t(”k+2 7 er i)
kl (Uk+1) Sk k42 ak+2l (k+3) k23 k4

Cf 1’(Ck+11+1) €l
lok+1,k+2,k+3 " Ck+1,1+1

—cA | €3 cA
(@ k+1) RUTENN (Uk+3)
f’(ck-H +1) ft(ck-i-l +1) f —Lt(egyy qn) oSl
k+2,k+3,k+4 dok+1k+2 Sk k42, +3 T k1,41

(by a successive application of (1.4))

= akl (Uk+1

—cA €3 cA
) a, (Uk+3)
E
f’(Ck-H 1+1) f -1 ’(Ck+1 1+1) f’(Ck-H i+1) €1
kk+1,k+2 1..k+1,k+2,k+3 k+4° k+2,k+3, k+4 " k-l—l I+1

(By (FT4) and Lemma 1.8)

_ €2
= akl (Uk+1

) —cA
E
f’(“k+2 ) s (o )c)L ft(ck—H i+1) 6l
1..k,k+1,k+2 k+2,1 k+3 k+2,k+3,k+4 k+1,0+1"
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By Lemma B.10, twists (¢1)¢ and (¢¥)¢ (c € 7) ‘commute’ with profinite tangles.
Thus the previous formula equals

6/
€ —ch €3 ch €l s(a'))
akl (k+1) Aryog” (Uk+3) Crt1l+1” h. k+1k+2
€
. aeo fS(ak+2 1) CGO
k+2,0 " Jk+2,k+3,k+4 " Ckr1,0+1

with appropriate orientations € and €;. Hence it equals

S(ak 1) s(ai 21) €0
f Lkk+1,k+2 ak+2l fk+2k+3k+4 ('k+1,l+l

fs(”k+2 o) €0

—o(akl) “k+2l k+2.k+3,k+4 " Ck+1,0+1°

Therefore we have o(r1) = o(r2)fA . Because a(r1) = a(r2) + 1, we may say
that (B.2) is preserved by the GT-action. The proof for (B.1) can be done in the
same way. Thus the first framed Reidemeister move (FT6) is preserved by the
GT-action.

The rest part of our claim; continuity, non-triviality, etc, was shown in the
proof of Theorem 2.41.(2)—(5). O

Lemma B.9. The map sending ¢ € N to the c-th power (¢1)¢ € FT of o extends
additively and continuously into ¢ € 7. and it is given by

(@1 =ao - (07N -] (B.4)

with ap,1 = ag\lT or a(?f according to c = 1 or 0 (mod 2) (cf. Figure B.6).

The same statement also holds for ¢*.

M 1T

)

T
Figure B.6. (¢ 1)°.
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Proof. Equation (B.4) for ¢ € IN can be shown by induction. Assume the validity
for ¢ with ¢ = 1 (mod 2). Then

(@ = (et
= ag (07O el o
(by Lemma B.4.(2))
=all (e, ®¢T ®ep)- (a7 ¢
(by Lemma B.4.(1))
—ao ~t Nt I)NT

The case for ¢ with ¢ = 0 (mod 2) can be done in the same way. By the expression
of (B.4), it is immediate to see that (¢1)¢ consistently extends to the case for
ceZ. O

As an analogue of Lemma B.4 (2), we have
Lemma B.10. We have the following equalities
(@0 -v=0oEH) v a-(Hel=n 1k
fJorc e 7. We also have the same equalities obtained by reversing all arrows.

Proof. A proof is depicted in Figure B.7. We note that we use Lemma B.4.(1) and
(FT6) to deduce the second and the third equality respectively. |

~ | T |
SUREE
L

A~ A

/\

70
Y

G
S

Figure B.7. Proof of Lemma B.10.

We note that the Gg-module structure on the group Frac X of profinite knots
given in Theorem B in §0 is induced from that on the group Frac FX of profinite
framed knots by (B.3).
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