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Splicing integer framed knot complements
and bordered Heegaard Floer homology

Jonathan Hanselman

Abstract. We consider the following question: when is the manifold obtained by gluing
together two knot complements an L-space? Hedden and Levine proved that splicing
O-framed complements of nontrivial knots never produces an L-space. We extend this
result to allow for arbitrary integer framings. We find that splicing two integer framed
nontrivial knot complements only produces an L-space if both knots are L-space knots
and the framings lie in an appropriate range. The proof involves a careful analysis of the
bordered Heegaard Floer invariants of each knot complement.
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1. Introduction

For a rational homology 3-sphere Y, the rank of HF (Y) is bounded below by the
order of H,(Y, Z); if the rank of HF (Y) is equal the order of H;(Y, Z), Y is called
an L-space. Examples of L-spaces include manifolds with finite fundamental
group [7] and branched double covers of alternating links [8].

There is significant interest in determining exactly which 3-manifolds are
L-spaces. Of particular interest is the connection between L-spaces and the fun-
damental group: it is conjectured that an irreducible rational homology 3-sphere
Y is an L-space if and only if 71 (Y) is not left-orderable [2]. It was also proved
by Ozsvéth and Szabd that an L-space Y does not admit a coorientable taut foli-
ation [5], and the converse is conjectured to hold. Recently Boyer and Clay used
gluing conditions to characterize the graph manifolds which admit taut foliations
and which have left-orderable fundamental group [1]. This result, in light of the
conjectures mentioned above, provides strong motivation for developing cut and
paste techniques for classifying L-spaces.

In [3], Hedden and Levine use such a cut and paste argument to determine
whether a homology sphere obtained by splicing together two O-framed knot
complements is an L-space. Given a knot K in a 3-manifold Y, let Xx denote
the manifold with boundary Y\ K along with the curves ug and Ag in 0Xg given
by the meridian and Seifert longitude of K, respectively. Xg is the O-framed knot
complement of K. Given two knots Ky C Y; and K, C Y3, let Y (K, K») denote
the 3-manifold obtained by gluing Xk, to Xk, via a map ¢: 0Xg, — 0Xg,taking
WK, to Ak, and Ak, to ug,. We refer to gluing knot complements in this way as
splicing. The main result of [3] can be stated as follows:

Theorem 1.1. For any homology sphere L-spaces Y1 and Y, and any nontrivial
knots K1 C Yy and K, C Y», the manifold Y (K1, K») obtained by splicing Xk,
and Xk, is not an L-space.

The proof is based on understanding the bordered Heegaard Floer invariants
of the two pieces Xk, and Xg,. The existence of certain special generators in
the bordered invariants implies the existence of generators in HF (Y(K1, K3)). In
this way, it can be shown that the rank of HF (Y(K1, K»)) is at least two. The
result follows using the fact that splicing 0-framed knot complements produces
an integral homology sphere, so if Y (K, K3) is an L-space then rk(IfHT“ Y)=1.

In this paper, we extend Theorem 1.1 by considering splicing knot complements
with non-zero framings. That is, we allow the Seifert longitude Ag in Xk to be
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replaced by any integer framed longitude. For a knot K C Y, let X I[é' I denote
Y\ K, along with the curves ug and A[K"] = Ax + nug in 0Xg. Given two knots
K; C Y7 and K, C Y5, define Y(K E"‘], K£"2]) to be the 3-manifold obtained by
gluing Xl[gll] to XI[?;] via a gluing map taking pug, to )L[anz] and )L[Knll] to ik, The
main result is the following:

Theorem 1.2. For nontrivial knots K1 and K, in L-space integral homology
spheres, the manifold Y (K E"l], Kg”]) described above is an L-space if and only
if all of the following hold:

e K, and K, are L-space knots;
o n; >2t(K;) ift(K;) > 0andn; <2t(K;) if t(K;) <0;
o if t(Ky) and ©(K3) have the same sign, then n1 # 2t(Ky) or ny # 21(K>).

The definition and basic properties of L-space knots are recalled in Section 2.4.
Here t(K) denotes the Ozsvath—Szabd concordance invariant; for an L-space
knot, t(K) is either g(K) or —g(K), where g(K) is the genus of K.

The if direction of Theorem 1.2 can be seen by explicit tensor product compu-
tations, since the bordered Heegaard Floer invariants of an L-space knot comple-
ment have a well understood form; we do this in Section 3.5. The rest of Section 3
is devoted to the proof of the only if direction, which is broadly similar to the
proof of Theorem 1.1. We first prove that the relevant bordered Heegaard Floer in-
variants contain generators satisfying certain properties. These generators, which
we call durable generators, are defined in Section 3.1; the definition is motivated
by the generators used in [3]. Using the existence of durable generators, we can
find at least two generators in CF(Y (K E’”], K£"2])) that survive in homology.

Unlike the O-framed case, finding two generators in HF(Y (K {"1], Kg'Z])) is
not enough to prove that Y (K E"‘], K£"2]) is not an L-space, since splicing integer
framed knot complements does not, in general, produce an integral homology
sphere. The key to solving this problem is the Z, grading on (bordered) Heegaard
Floer homology. By understanding the Z, gradings of the durable generators we
pick out in each bordered Heegaard Floer invariant, we can show that the two
resulting generators in HF(Y (K E'”], Kg'z])) have different Z, gradings. This, it
turns out, is sufficient to show that HF (Y(K E"‘], K£"2])) is not an L-space.

Acknowledgements. I am grateful to Robert Lipshitz for valuable comments on
earlier drafts of this paper. I would also like to thank Adam Levine for helpful
conversations and Jen Hom for answering numerous questions about knot Floer
homology.
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2. Background

2.1. Bordered Heegaard Floer homology. Bordered Heegaard Floer homology
is an invariant of 3-manifolds with parametrized boundary introduced in [4].
We assume the reader is familiar with the basics of bordered Heegaard Floer
homology in the torus boundary case, but we review the most important definitions
here.

Bordered Heegaard Floer homology associates a differential algebra to each
parametrized surface. The algebra A = A(T?) associated to the torus is generated
as a vector space over ' = Z, by eight elements: two idempotents, ¢y and 1,
and six Reeb elements pi, p2, p3, P12, P23, and p123. The idempotents satisfy
titj = &1, and the identity element is 1 = ¢y + ¢;. Let Z denote the ring
of idempotents. The Reeb elements interact with idempotents on either side as
follows:

lop1 = p1t1 = pP1, L1p2 = pPalo = P2, lop3 = p3l1 = pP3,

lop12 = P12to = P12, L1023 = P23L1 = P23, LloP123 = P123l1 = P123-

The only nonzero products of Reeb elements are p1p2 = p12, p2p3 = p23, and
P1p23 = p12p3 = p123. The differential on A is zero. For a more detailed
treatment of the torus algebra see [4, Section 11.1].

To a 3-manifold Y with torus boundary and a parametrization ¢: T2 — 9Y,
we associate a right type A module @(Y , ¢) if ¢ is orientation-preserving or a
left type D-module @(Y, ¢) if ¢ is orientation-reversing (the map ¢ is often
suppressed from the notation). These modules are invariants of the pair (Y, ¢)
up to homotopy equivalence. Recall that a type A module over A is a right
As-module M over A (we can think of A as an A.-algebra with trivial higher
products). Such a module has multiplication maps

M1 M ARz @c A— M
—— e’

k times

satisfying certain A, relations (see [4, Definition 2.5]). A type D module over
A is a Z,-vector space N with a left action of Z such that N = (¢N & ;N and a
map

85;:N — A®r N

such that
(4 ®idy) o (id4 ®61) 081 = 0,

where v denotes multiplication on 4.
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For a type D module over .4, we will use the notation of coefficient maps
described in [4, Section 11.1]. Let V' be the underlying Z,-vector space of the type
D-module. Let R denote the set of increasing sequences of consecutive integers
in {1,2,3} and let R’ = R U {@}. Note that the set of Reeb elements in A is
{pr|l € R}. For simplicity, we define pg = 1. We define coefficient maps

D]i V —V
for each I € R’ such that for eachv € V,

§1(v) = > p1 ® D1 (v).

IeR

A type D module can be represented by a directed graph: vertices correspond to
generators and for generators x and y there is an arrow from the vertex x to the
vertex y labelled with Dy if the coefficient of y in Dy (x) is nonzero.

We say that a type A module M is bounded if there is some K such that for
alx e M,k > Kandany Iy,...,Ix € R, mg1(x,p1,,....p1,) = 0. We say
that a type D module N is bounded if there is some K such that for all x € M,
k > Kandany Iy,...,Ix € R, (Dy, o---0 Dy)(y) = 0. If either M or N
is bounded, we can define the box tensor product M W N to be the vector space
M ®z N equipped with the differential

Wx®y) = Z mr1(X, o1y ..., p1,) ® (D, 0-+-0 Dy )(y).

Bordered Heegaard Floer invariants satisfy the following pairing theorem [4,
Theorem 1.3]: if CFA(Y1,¢1) and CFD(Y>, ¢,) are bordered Heegaard Floer
invariants and at least one of them is bounded, then

CFA(Yy, ¢1) ® CFD(Y,. ¢») = CF(Y; Ugyopit Y2). (1)

Finally, recall that given a type D invariant for a bordered manifold, the
corresponding type A invariant can be computed using an algorithm described
in [3, Section 2.3]. There is a one-to-one correspondence between generators of
CFD and generators of CFA, and Ao Operations in CFA are derived from chains
of sequential coefficient maps in CFD. As a convention, we will denote type A
generators with a bar to distinguish them from their type D counterparts.

2.2. 7 gradings with torus boundary. First, we review the Z, grading in the
closed case. For a closed 3-manifold Y, the relative Z, grading on HF(Y') can
be defined in terms of a genus g Heegaard diagram for Y with oriented o and g
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curves. A generator x of HF (Y) corresponds to a g-tuple of intersection points
(x1,...,xg), where x; € a; N Bg,(;) and oy is a permutation of {1,..., g}. The
permutation ox has a sign, and the orientation on the « and f curves gives rise to
a sign s(x;) for each intersection point x;. The grading of x, gr(x), is defined to
be the element of Z, such that

g

(—1)#® = sign(ox) ([ [ s(x))-

i=1

This defines a relative Z, grading on HF (Y), since it depends on the ordering of
the @ and 8 curves and on their orientations. We note that the grading can be made
absolute, but the relative grading is sufficient for the purposes of this paper so we
will not discuss the absolute grading.

Note that the Euler characteristic of HF with respect to this relative grading can
be interpreted as the determinant (up to sign) of the g x g matrix whose entries M;;
are given by the signed intersection number of «; and ;. This same determinant
also gives a computation of the order of H;(Y). This relationship implies the
equation

— — |H(Y)| ifYisaQHS,
|tk(HF1(Y)) —tk(HFo(Y))| = _ ()
0 otherwise.

which leads to the inequality
tk(HF(Y)) = |H\(V)]

mentioned in the introduction [6]. The following proposition is an easy conse-
quence of equation (2).

Proposition 2.1. A 3-manifoldY is an L-space if and only if all elements of HF (Y)
have the same Z, grading.

The relative Z, grading was extended to bordered Heegaard Floer homology
in [10]. We will only discuss the case of manifolds with torus boundary. Let
(Y,¢:T? — 03Y) be a bordered manifold with a genus g bordered Heegaard
diagram H. The bordered diagram H contains two « arcs, which we label of
and o. The (g — 1) closed « curves are labeled o, ..., ag_,, and the B curves
are labeled B, ..., Bg. Orient the & and B curves arbitrarily and orient the o arcs
as follows: if (Y, ) is type D, label the endpoints of the & arcs o7, a5, o},

starting at the basepoint and following the orientation of —97# and orient the arc o'
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from o to ;75 if (Y, ¢) is type A, label the endpoints of the o arcs o], o, o), ot
starting at the basepoint and following the orientation of 9 and orient the arc '
from o to o;" (see Figure 1).

Figure 1. The orientation of the « arcs on a bordered Heegaard diagram with type D
boundary (left) or type A boundary (right).

A generator of @(Y) or @(Y ) corresponds to a g-tuple of intersection
points X = (xy,...,Xxg), where x; lies on af or of and x; lies on of ; for
2 <i < g. Foreach i, let s(x;) be the sign of the intersection of the relevant
a arc/curve and B curve at x;. Let ox be the permutation such that x; lies on B,;)
for each i. The Z, grading on @(Y) can now be defined by

g

(=DE® = sign(oy) ([T sx).

i=1

The Z, grading on @(Y) is defined by

g
(~1E® = 5 (0(x)) sign(or) ([T s(x).
i=1
where s(o(x)) is +1 if x occupies «f and —1 if x occupies af.
It is not difficult to see that the closed Z, grading is recovered when two
bordered manifolds are glued together Ifx e CFA(YI) andy € CFD(Yz) then
the generator X ® y of CFA(YI) X CFD(YZ) ~ CF(Y1 U Y>) has Z, grading

gr(x ®y) = gr(x) + gr(y).
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Remark 2.2. Just as in the closed case, the relative Z, grading on bordered
Heegaard Floer can be made into an absolute grading (see [9]). However, this
grading does not recover the absolute grading when two bordered manifolds are
glued together. Consider, for example, CFD and CFA for the 0-framed solid torus
and the (—2)-framed solid torus. For any way of making the relative grading
absolute on these four modules there is a pair whose tensor product has negative
Euler characteristic with respect to the induced absolute grading, but HF always
has nonnegative Euler characteristic.

The grading on bordered Heegaard Floer homology specifies a grading on the
algebra associated with the boundary. For the torus algebra .4, the grading is as
follows:

gr(p1) =0, gr(p2) =1, gr(p2) =1,
gr(p3) =0, gr(pi23) =1, gr(pas) = 1.

The grading respects module multiplication in the sense that if p; is an element
of A and x is a generator in CFD(Y), then

gr(p -x) = gr(pr) + gr(x) (mod 2). 3)

The grading also satisfies
gr(0x) = gr(x) +1 (mod 2) 4
for any generator x of CFD. If x is a generator in @(Y) and py,, ..., pr, are

elements of A, then

gr (mes1(X. pry. ... pr)) = gr(x) + gr(or,) + -+ + gr(pr,) +k + 1 (mod 2).
®)
Note that if the directed graph corresponding to @(Y) is connected, the
relative Z, grading can be computed without reference to a Heegaard diagram.
We simply choose the grading of one generator arbitrarily and determine the other
gradings using equations (3) and (4). The grading on @(Y ) can be obtained
from the grading on fF\D(Y ) by flipping the grading of each generator with
idempotent ¢¢.

2.3. Knot Floer Homology. Let K be a knot in an L-space homology 3-sphere

Y.LetC™ = CFK™ (K, Y) denote the knot Floer complex of K with ground field

I = Z,. Recall that C ~ is a chain complex over [F[U] with a filtration
-CFiCFiy1C--CC.

If g(K) is the genus of K, then we have that Fg(g)—1 € Fex) = C, F_gx)-1 C
UC~, and f_g(K) gUC™.
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For any nonzero x € C—, the Alexander grading of x is A(x) = min{i|x € F;}.
Multiplication by U decreases the Alexander grading by one. Let C* denote
CFK*®(K,Y) = C~ Qg F[U, U~']; the filtration on C~ extends to a filtration
on C*®. We can picture C~ and C™ as living on the integer lattice in R2. If x
is a generator of C~ over F[U], then the element U¥x € C corresponds to a
point at (—k, A(x) — k). We may assume that C~ is reduced, meaning for any
xeC7,0x =U-y+z, where A(z) < A(x). In terms of the lattice, this means
that the differential only moves down and/or to the left. From C~ and C* we
construct two additional complexes: the vertical complex C¥ = C~/UC~ with
induced differential 3%, and the horizontal complex C* = Fo(C*®)/F_1(C®)
with induced differential 9".

We will need to work with special bases for C~. Recall that the associated
graded object of C~ is the free IF[U]-module

er(CT) =@ Fi/ Fi-r.
i€Z

with induced multiplication by U. For any x € C~, let [x] denote the image of
X in Fay/Fax)—1 C gr(C7). A basis {x1,...,x,} for C~ over F[U] is called a
filtered basis if {[x1], ..., [x,]} is a basis for gr(C ™) over F[U]. Any two filtered
bases {xi,...,x,} and {x],...,x;,} are related by a filtered change of basis: if
X;i = Zjaijxj/- and xlf = Ejbijxj with aij,bij € FF[U], then A(aijx]/.) < A(x;)
and A(b;jx;) < A(x;) for all i, j. There are two particularly important types of
filtered basis:

Definition 2.3. A vertically simplified basis is a filtered basis {&, . .., &} for C~
over F[U] such thatfor j = 1,...,n,
A(§2j-1) — A(525) =h; >0 and 0§31 = §; (mod UC™),

while fori = 0,1,...,n, d&; = 0 (mod UC ™). We say that there is a vertical
arrow of length hj from &,;_; to &;.

Definition 2.4. A horizontally simplified basis is a filtered basis {7, . . ., 72, } for
C~ over F[U] such thatfor j = 1,...,n,

A(n2) — A(naj—) = £; >0 and  Inaj—1 = U na; (mod Fugy,,_)—1),

while fori = 0,1,...,n, A(dn2;) < A(n2;). We say that there is a horizontal

arrow of length £; from ns;_1 to 12;.

C~ always has a vertically simplified basis and a horizontally simplified basis
[4, Proposition 11.52]. Moreover, we can assume that the change of basis between
these two bases is well behaved, according to the following proposition.
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Proposition 2.5 ([3, Proposition 2.5]). There exists a vertically simplified basis
{0, ..., &n} and a horizontally simplified basis {ny, . .., N2, } for C~ such that, if

2n 2n
& = Zap,q ng and 1np = Z bp.qbq-
q=0 q=0

where apq4,by,, € F[U], then apy, = 0 whenever A(§,) # A(apqng) and
bpqg = 0 whenever A(n,) # A(bp4&s). In other words, each &, is an F[U]-
linear combination of the elements ny that are the same filtration level as &, and
vice versa.

Lipshitz, Ozsvéth, and Thurston describe a method for computing CFD of
the complement of K from C~ (they treat the case of knots in S3, but the proof
carries over if Y is an arbitrary L-space homology sphere). The statement involves
the Ozsvath—Szab6 concordance invariant T, which can be defined in terms of a
horizontally or vertically simplified basis by

T(K) = A(§o) = —A(n0).

We parametrize 0X 1[? I such that oy represents the meridian u and o, represents the
framed longitude A, Then according to [4, Theorem 11.27 and Theorem A.11],
CFD(X 1[?]) is determined as follows:

Theorem 2.6. Suppose that {50, e, égk} is a vertically simplified basis for C~,
{10, ..., N2k} is a horizontally simplified basis for C~, and

2k 2k
&p = Z dpgllg and 7p = Z bp.qtq.
q=0 q=0

where dpg.byy € F[U|. Let apy = dpglu=o and bpy = bpglu=o. Then
@(X I[? ]) satisfies the following conditions.

o The summandtoa—:ﬁ(XI[?]) has a basis {&, . . ., & y and a basis {no, . . . , N2k}
such that

2k 2k
§p = Zap,quq and 1p = Z bp.q8q-

q=0 q=0

o The summand LI@(XI[?]) has dimension Z;-Czl(hj +4;) + |n —2t(K)|,
with basis
k k

U] oo Y0 U] A Ui s

j=1 j=1
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e For j =1,...,k, there are coefficient maps
Dy ; D33 D>3 j Di2s
§2j—1 — Ky a Kp, §2j-

We call this sequence of generators a vertical chain corresponding to the
vertical arrow of length h; from &,;_1 to &;.

e For j =1,...,k, there are coefficient maps

D3 | j D23 D23
Mjor > M 25 PE ] P )

We call this sequence of generators a horizontal chain corresponding to the
horizontal arrow of length £; from §;;_1 to &;.

e Depending ont = n — 2t(K), there are additional coefficient maps

D, D>3 D»3 D3 .

Eo —> 1 <— - — WU <70 ift >0,
D> .

EO —_— 7]0 lf[ = 0,
D23 D»3 D»3 D> .

€o M1 Bt —>no Ift <O0.

We call the generators in this sequence the unstable chain.

We will modify this description of @(X 1[? ]) slightly to ensure that we always
work with bounded type D modules. Specifically, if K is not an L-space knot and
t < 0 we replace the unstable chain with

D D D
50—1>U1<—wvz—2>770 ifr =0,

Dy Dy D3 D»3 D»3 D, .
o —Vi<—Vvy— Uy —> - — u, —> 1o ift <O.

This modification does not change the quasi-isomorphism type of @(X 1[? ]). We
also note that this modification does not impact any of the arguments in Section 3,
since we will only consider generators away from the unstable chain unless K is
an L-space knot.

To see that @(X 1[? ]) is bounded after modifying the unstable chain, recall
that a type D module is bounded if the corresponding directed graph has no di-
rected loops. Any loop in the graph corresponding to @(X 1[? ]) is a collec-
tion of horizontal, vertical, and unstable chains. No directed loop may traverse
a vertical chain, since a vertical chain has arrows oriented in both directions.
A directed loop could contain horizontal chains, but it must traverse all horizontal
chains in the same direction. Since horizontal chains raise the Alexander grading,
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there can not be a directed loop consisting of only horizontal chains. Thus any
directed loop must involve the unstable chain. For a non-L-space knot, the above
modification ensures that the unstable chain has arrows oriented in both directions,
and so @(X I[? ]) has no directed loops. For an L-space knot, @(X 1[? ]) has a
special form (which will be described in Section 2.4). The corresponding graph
has only one loop, which contains the vertical chains and thus is not a directed
loop.

2.4. L-space knots. We say that a knot K in an L-space homology sphere Y is
an L-space knot if some nontrivial surgery on K produces an L-space.! If K is an
L-space knot then the knot Floer homology of K has a particularly simple form.
It follows from [7, Theorem 1.2] that there is a basis {Xy, ..., Xox} for C~ such
that

A(Xo) < -+ < A(Xar)

and A(X;) = —A(Xpx—;). Furthermore, if K admits a positive L-space surgery,
then this basis satisfies

dx; =0 if i is even,

0% = X + UACH+D=AGD 5 | if i is odd.
If instead K admits a negative L-space surgery, then the basis satisfies
0x; =0 if i is odd,

oxX; = Xj—1 + UA(’N‘Z'H)_A(’N”)SQH if 0 < i < 2k is even,

950 = UA(’N”)_A(’N‘O))?L

0Xok = Xok—1.

A basis of this form gives rise to the staircase shape pictured in Figure 2. It is
clear that in either case the basis {X, .. ., Xo¢ } is both horizontally and vertically
simplified. Note that 7(K) = A(Xpx) = g(K) if K admits a positive L-space
surgery and t(K) = A(Xo) = —g(K) if K admits a negative L-space surgery.

!'This is one of two definitions found in the literature. The other common convention says
that K is an L-space knot if it admits a positive L-space surgery. We find it convenient to use
the more inclusive definition of L-space knot; however, we use the sign of 7(K) to keep track of
whether K admits positive or negative L-space surgeries.
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X2k—1 X2k
o<—©O [ J

X2k l y
Xok—2
—e

Xok—1 l
@—

X2k—2

_e—e

(a) (b)

Figure 2. A fundamental domain of C°° for an L-space knot K with (a) 7(K) > 0, or
(h) t(K) < 0. The nodes represent the generators X, .. ., X, multiplied by appropriate
powers of U, which are omitted from the diagram for simplicity. The node labelled X; is
in fact U A=Az, "an element of C .

Using the basis described above, it is straightforward to compute CFD for a
framed complement X }g Vofan L-space knot. LO@(X 1[? ]) has basis {xq, ..., X2k }.
For each horizontal arrow from X; to X; 1 of length £; = A(Xi+1) — A(X;) there
is a horizontal chain

D,

D3 D»3 D>3
— Xi+1,

Xi — yi —
and for each vertical arrow from X; 1 to X; of length £; = A(X;+1) — A(X;) there
is a vertical chain

Dy ; Do3 D>3 ; Di2s
Xi+1 —> V1 Y, Xi.

Finally, there is an unstable chain from x,j to x¢ if 7(K) > 0 and from x¢ to x5
if 7(K) < 0. Let £5; = |n — 2t(K)| be the length of the unstable chain. We label
the generators of t; CFD(X 1[? ]) in the unstable chain sequentially as yfk s yﬂ‘k.

3. Proof of the main theorem

3.1. Durable generators. Following the strategy of [3], we will search for spe-
cial generators in CFD and CFA that give rise to generators in the homology of
the box tensor product.
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Definition 3.1. Let Y be a manifold with torus boundary. We call a generator
x € 1oCFD(Y) durable if it satisfies the following conditions.

¢ x has no incoming coefficient maps; that is, 7x o Dy = 0 for any 7, where 7
denotes projection onto the subspace generated by x.

e If Dy, o---0 Dy, (x) is nonzero, then
- Iy =3o0rl; =123,
if Iy =123 and r > 1, then I, = 23,
—if Iy =3andr > 1,then I, =23 or I, = 2,
— if I, =2 and r > 2, then I3 = 123.

We call a generator x € Llﬁ(Y) durable if it satisfies the following conditions.
o If iy o Dy, o---0 Dy, isnonzero, thenr = 1 and /; = 1 or I; = 123.

o If Dy, o---0 Dy (X) is nonzero, then [; = 23.

Remark 3.2. These are precisely the properties demonstrated for generators in
the subspaces Bx and Vi in Propositions 3.5 and 3.6 of [3].

When CFA is computed from CFD using the algorithm in [3, Section 2.3],
there is a direct correspondence between the generators. We define generators of
CFA to be durable if they correspond to durable generators of CFD. 1t is easy to
see that this is equivalent to the following conditions (c.f. Propositions 3.7 and 3.8
in [3]):

Proposition 3.3. A durable generator x € LO@(Y ) satisfies the following
properties.

e There are no A, operations which evaluate to X, except the identity opera-
tion my(x,1) = x.

o Ifm,y1(X,a1,...,a,) is nonzero for Reeb chords ay, .. ., ar, then

— ay = pP1, P3, O P123,
— ifa; = p123, thenr > 2 and ar = py,
— ifa; = p3, thenr > 3, ay = py, and az = p1 or p1a.
A durable generator x € tlﬁ(Y) satisfies the following properties.

o Ifmyy1(y,as,...,ar) = X for some generatory € @(Y) and Reeb chords
ai,...,ar, then either r = 1 and a; = p3 orr = 3 and (a1,as,a3) =
(03, p2, p1)-

o Ifm,y1(X,a1,...,a,) is nonzero for Reeb chords aq, . .., ay, then a; = p;.
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Given these conditions, it is straightforward to check the following (c.f. [3,
Proof of Theorem 1]):

Proposition 3.4. If x is a durable generator of 5F71(Y1) and y is a durable
generator of @(Yz) such that x and y have the same idempotent, then X @ y
is a generator of @(Yl) X fF\D(Yz) with no incoming or outgoing differentials.
Thus, X ® y survives as a generator offll\7(Y1 U Y>).

We will also make use of a weaker condition on generators.

Definition 3.5. Let Y be a manifold with torus boundary. We call a generator
x € 1gCFD(Y) weakly durable if

0= D(x) = Di2(x) = Dy 0 Dy33(x) = Dy 0 Dy 0o D3(x) = D13 0 D3 0 D3(x).

We call a generator x € zlfF\D(Y ) weakly durable if D,(x) = 0 and 7k o D3 and
7x © D1 o D5 o D3 are trivial.

The trivial chains of coefficient maps in this definition are chosen precisely to
match the nontrivial Ay, operations for a durable generator. Thus the statement in
Proposition 3.4 remains true if the generator y in @(Yz) is only weakly durable.

We will find that many framed knot complements have a pair of durable genera-
tors connected by the coefficient map D1,3, and that all framed knot complements
have such a pair of weakly durable generators. This leads to a simple proof that
certain splicings are not L-spaces using the following proposition.

Proposition 3.6. Ler Y1 and Y, be bordered 3-manifold with torus boundary.
Suppose that CFD(Y1) has two durable generators X, and y;, where y; =
D123(X1), and that @(Yz) has two weakly durable generators X, and y,, where
Y2 = D123(X3). Then Y1 U Y5 is not an L-space.

Proof. Let xX; and y; denote the generators in @(Yl) corresponding to X;
and y;, respectively. X; ® X, and y; ® y, are generators of CF(Y; U Y,) =
CFA(Y1)XCFD(Y>) that survive in homology. These generators have Z, gradings

gr(x; ® x2) = gr(xy) + gr(xz),

gr(y1 ® y2) = gr(y1) + gr(y2).
Since D123(X2) = ya, it follows from equations (3) and (4) that gr(x,) = gr(y»).
Similarly, gr(x;) = gr(y;). When we compute @(Y 1) from @(Yl), we
change the grading for x; but not for y;. As a result, gr(x;) # gr(y;). This
implies that gr(x; ® x,) # gr(y; ® y2), and by Proposition 2.1, Y; U Y5 is not an
L-space. O
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3.2. Durable generators for non-L-space knots. It was shown in [3] that
for any nontrivial O-framed knot complement, CFD has at least two durable
generators. The proof relies on the form of the unstable chain and thus does not
work for arbitrary framings. However, for non-L-space knots we can use similar
methods to find durable generators that do not lie on the unstable chain. Since
the framing only influences the unstable chain, these durable generators exist for
arbitrary framing.

Let K be a nontrivial knot in an L-space integral homology sphere Y. Recall
that C~ will denote the knot Floer complex C FK~(K). Choose simplified filtered
bases {§0, cee, §2m} and {7, ..., N2m} for C~ as in Proposition 2.5. For any
a € C7, there is a corresponding element a in LO@(X 1[? ]). Recall that elements
of zoa-”\D(X }? ]) inherit an Alexander grading from the corresponding elements in
Cc~.

For a given —g(K) < k < g(K), let By denote the subspace of Lo@(XI[?])
generated by elements with Alexander grading k. Note that each By has a basis
which is a subset of {&, ..., £2,,} and a basis which is a subset of {no, ..., 72}
Let B, denote the subspace By Nspan{>. &4, ..., Eam}Nspani{ni.ns, ..., N2m—1}.

Lemma 3.7. Ifa € By_for some k and Dy o D3 o D3(a) # 0, then I = 123.

Before approaching the general proof of Lemma 3.7, it may be instructive to
consider the proof under the simplifying assumption that the bases {€ov ... Eam)
and {#o, . .., Jam} of C ™ are the same up to permutation of the elements. The idea
of the proof is the same but there is less notational complexity. Loosely speaking,
we must show that if there is a length 1 horizontal arrow starting at @ in C~, it is
not followed by a downward vertical arrow.

Remark 3.8. It is not known whether C FK ™ (K) always admits a simultaneously
horizontally and vertically simplified basis as in this simplifying assumption.

Simplified proof of Lemma 3.7. Under the simplifying assumption, B, is gener-
ated by elements of the form 75,1 = &, with 1 < i, j < m. Since coefficient
maps are linear, it suffices to prove the statement when a is a basis element. As-
sume without loss of generality that a = n; = &. We also assume that the length
£, of the horizontal arrow from n; to 7, is 1, since otherwise D, o D3(a) = O.
It follows that D o D3(n1) = 7.

We need to show that Dy(n,) = 0 unless [ is 123. Note that n, = &; for
some j. It is enough to show that j € {2,4,...,2m}, since 1, has no outgoing
horizontal chains, and vertical chains ending at §; only contribute to D1,3(£;).
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Consider the element & of C ™. By the definition of vertically simplified basis,
we have that
0 =& + UB =i + UB
for some § € C~. Since 7j; = §2 is in the kernel of the vertical differential,
071 € UC™. By the definition of horizontally simplified basis,

91 = Uil + Uy = U§; + Uy

for some y € C~ with A(y) < A(n1) = k.
Now consider

0= 9(&) = (i) + d(UP) = UE; + Uy + Udp.

Since multiplying by U is injective, we have that 0 = §j + y + dB. We consider
this equation modulo U, and note that y is congruent (modulo U) to a linear
combination of {E, |A(E,) < k} and 08 is congruent to a linear combination of
{52 54, . ézm} Since the Alexander grading of EJ = 1), is k + 1, it follows that
]6{2,4,...,2m}. O

Full proof of Lemma 3.7. Leta = Y - ainzi—1 = Y iy bikai, where a;, b; €
IF. There is a corresponding elementof C~,a = Zl’.":l a;nNai—1; we also have that
a is congruent modulo U to Y -, bi§2i. Fori = 1,...,m, define a; to be g; if
the length ¢; of the horizontal arrow from 7j,;_; to 7j; is one and 0 otherwise. We
have that

m
D5 o D3(a) = Zafﬂzi =:c

We need to show that Di(c) = Di2(c) = D3(c) = 0. In terms of the vertical
basis, we have ¢ = Z?Zo cj&;, where ¢; € F. It suffices to show that ¢; = 0
unless j € {2,4,...,2m}, since ¢ has no outgoing horizontal chains and the
vertical chains ending in & with j € {2,4,...,2m} only contribute outgoing
D153 coeflicient maps.

Consider the element b = Zl’.":l b; §2,~_1 of C~. By the definition of vertically
simplified basis, b is congruent modulo U to sz=1 b; §2,-, which is congruent to
a. That is,

b =a+ U
for some B € C~. Since a is congruent modulo U to a linear combination of
(6,84, ..., E2m), 00 € UC™. By the definition of horizontally simplified basis,
we have that

m m
dd = UZa;ﬁzi +U? Z(ai —a,/-)Uzi_zﬁzi + Uy
i=1 i=1
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for some y € C~ with A(y) < A(d) = k. Now consider 92b:

0= *(b) = 8(@)+IUP) = U ) ajiini +U> ) _(ai=ap)U" 27 +Uy +U 0.

i=1 i=1

Dividing by U and restricting to U = 0, we find that

m

> djiiai +y + 98 = 0 (mod U).

i=1
Since Y7L ajmi = Y ;o cikj. it follows that Y7L, alf»; is congruent to
212-";0 ¢;€; modulo U. Note that ¢; = 0 unless A(£;) = k + 1, since a} is only
nonzero if A(7j2;) = k + 1. Since A(y) < k, y is congruent modulo U to a linear
combination of {5,- |A(§,-) < k}. Thus there can be no cancellation between the
first two terms above. Finally, df is congruent modulo U to a linear combination
of {52, §4, cee, §2m}, so we must have thatc; = Ounless j € {2,4,...,2m}. O

Lemma 3.9. For any —g(K) < k < g(K) and any nonzero a € B, there
does not exist an element b € fF\D(XI[?]) such that D1 o D2(b) = Dia3(a) or
Dy o D12(b) = Di23(a).

As with the previous Lemma, we first give the simpler proof under the assump-
tion that the bases {£; } and {#; } can be identified. We make the further simplifying
assumption that a is a basis element.

Simplified proof. Under the simplifying assumption, B is generated by basis
elements of the form &; = n,;—;. We assume without loss of generality that
a = n; = &. Suppose there exist b, c € @(XI[?]) such that D1(c) = Di23(a)
and ¢ = D,(b) or ¢ = D15(b). We will produce a contradiction, implying that
such a b does not exist.

The coefficient map Dj,3 on a = &, arises from the vertical chain from £&; to
&,. The form of the vertical chain implies that ¢ only exists if the length /; of the
vertical arrow from §1 to §2 is one. In this case, c is & plus a linear combination
of {§0.&2,....6m}. & = n; for some j. In fact, j must be even because the
coefficient maps D, and D;, only appear at the end of horizontal and unstable
chains and thus D, (b) and D;,(b) are linear combinations of {19, 12, ..., D2m}.

Consider the element & = n;j of C™. Since j is even, 7; is in the kernel of the
horizontal differential. It follows that 97; = §2+U,B where A(B) < A(7)j) = k+1.
Similarly, 3, = 071 = UYij, + Uy, where A(y) < k. Writing § as a linear
combination (with coefficients in IF[U]) of horizontal basis elements, let ¢ be the 7,



Splicing integer framed knot complements 733

component of 8, and let 8/ = 8 — ¢. By the definition of a horizontally simplified
basis, 98’ can be written as the sum of a linear combination of {74, 7ls, . . ., flam}
plus an element with grading at most k. Note that A({) < A(n;) = k. It follows
that 8 = §+¢, where § is a linear combination of {74, 76, . . ., 2, } and A(€) < k.
Now consider

0 = 82 = 8(E,) + A(UB) = Uliiy + Uy + Ud(B) = Ulii, + Uy + US + Ue.
Projecting 9% to Fy/Fr—1 gives
0 = [9%7,] = [U%52 + Uy + U + Ue] = [U*7j, + US).

Since § is a linear combination of basis elements independent from 7, and {7} is
a filtered basis, the right hand side cannot be zero. This is a contradiction, and so
the element 4 must not exist. O

Full proof of Lemma 3.9. Leta = Zl’.":l a»;&»; with ay; € Z,, and suppose that
c € fF\D(XI[?]) such that D(c¢) = Dj23(a). Further suppose that D,(b) = ¢ or
D1,(b) = c for some b. We will reach a contradiction, implying that such a b
does not exist.

Note that for vertical basis elements, D;(§;) = 0 if j is even. If j is
odd, Di(§;) # 0, and D1(§;) = Di123(§;4+1) if and only if the length of the
vertical chain from &; to ;4 is one. Thus in terms of the vertical basis we have
c = Z?Zo cj&j, where ¢; € Zp, c2i—1 = az; fori = 1,2,...,m, and as; = 0
unless the length /; of the vertical chain from &;_; to &; is one. The coefficient
maps D, and D;, only appear at the end of horizontal and unstable chains, so
the fact that ¢ = D, (b) or ¢ = Dy»(b) implies that ¢ = Y ;L ba;no; for some
bgi € 7.

Consider the element ¢ = Z:-"zo bif»; of C~ and note that ¢ is equivalent
modulo U to Z?Zo ¢;€;. The definition of vertically simplified basis implies that

m m
06 =Y cai1bri =) azibs  (mod V).

i=1 i=1
Since a = Z?Ll az;i&,; is an element of B,/C, it can also be written in terms of the
horizontal basis asa = Z:.":l dai—112i—1, where dp;—; = O unless A(ni—1) = k.
It follows that the last sum above is congruent modulo U to Zf’;l dri—172i—1. The
definition of horizontally simplified basis implies that A(d¢) < A(¢) = k + 1.
Putting all this information together, we have that

m
06 =Y dai—riiai1 + UB,

i=1
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where A(8) < k+1. Sincea € B ,/c is nonzero, at least one of the coeflicients d»; _1
is nonzero; by reordering the basis elements, we may assume that d; is nonzero.
In particular this implies that A(n;) = k.

Writing B in terms of the horizontal basis, let 8 = ij-’:"o €jn;, where e; €
FF[U]. By the definition of horizontal basis, we have that

m m
3(26121'—1772:'—1) =y + ZdZi—eri N2i
i=1 i=1

and

2m m
3(251'77:') =y2+ Y & U,
i=0 i=1
where A(y1) < k and A(y2) < k. Note that the i = 1 term in the last sum
has grading A(U%7j,) = A(n,) = k. We will consider the projection of 93¢ to
Fi/Fr—1 C gr(C~). We have

m m
0= [8%¢] = [Vl + Y doi Ui + U(Vz +a U+ ) e U ﬁzi)],
i=1 =2

m m
= [ZdZi—eri N2i + Zézi—1Uei+lﬁ2i]-
i=2

i=1

The projection of the first sum contains a nontrivial multiple of [7,], since we
assumed that d; is nonzero. However, the projection of the second sum can be
written as a linear combination of {[74], [7¢], - - ., []2m]}. This contradicts the fact
that {n; 1-2;”0 is a filtered basis, so the element » must not exist. O

Lemma 3.10. If x is a nonzero generator in By for some k, then x is a durable
generator. Moreover, D123(x) = y is nonzero and is a durable generator.

Proof. First we check that x is durable. It is clear that there are no incoming
coefficient maps, since B,/C does not contain 7,; for i = 0,...,m. Outgoing
coefficient maps from B; can come either from horizontal chains starting with
D3, or from vertical chains starting with Dj,3. It follows that D and D, are
zero on By

Let Dy, o---0 Dy, be a composition of coefficient maps which is nonzero on x.
We have now that either 7; = 3 or I; = 123. Consider first the case that /; = 3.
The form of the horizontal chains implies that if r > 1, I, is either 23 or 2. We
need to show that if [, = 2 and r > 2, then I3 = 123. This last statement is
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proved in Lemma 3.7. In the case that /; = 123, then the shape of vertical chains
implies that if r > 1, I, must be 23. This completes the proof that x is durable.
Now consider y = Dip3(x). If x = Y /L aiépi #0,theny = > ;v a,-ic'}{j #
0. The restrictions on the outgoing chains from x imply that if D;(y) is nonzero,
then 7 is 23. The form of vertical chains implies that if 7,0 D;(z) = y then either
I = 1or I = 123. Moreover, if I = 123 then z = x. Since x has no incoming
coeflicient maps, 7, 0 D530 Dy is trivial for any /. We also need that 7,0 D10 Dy
is trivial for any I; this follows from Lemma 3.9 and the fact that y € D123({x}).
This proves that y is durable. O

Any generator of B} leads to the desired pair of durable generators. It only
remains to show that such a generator must exist for some k.

Proposition 3.11. Suppose K is not an L-space knot; then B, is nontrivial for
some k.

Proof. Note that K is an L-space knot if and only if each nontrivial By is one
dimensional and, for —g(K) < k < g(K),

if By contains 1n,;_1, then it contains one of {&o, &1,&3, ..., &m-1},

if By contains 7,;, then it contains one of {&, &5, &4, ..., &m}, 6
if By contains &;_1, then it contains one of {ng, 71,73, . .., N2m—1}, ©
if By contains &,;, then it contains one of {no, 72, 14, ..., Nam}-

Since K is not an L-space knot, there is some integer k such that By does not
satisfy (6); let k¢ be the smallest such k. We will show that B;{O is nontrivial.

First note that the the vertical basis for B_g (g is a subset of {9, &2, ..., &m}
and the horizontal basis is a subset of {n¢, 71,73, ..., N2m—1}, since A(&2;_1) >
A(&2;) and A(n2;) > A(nai—q) for 1 <i < m. B/_g(K) is trivial only if B_g (k)
is generated by either & or 7o, in which case B_g (k) satisfies (6). Thus if
ko = —g(K) we are done, and if kg > —g(K) we can assume that either &,
or 7o generate the lowest Alexander grading.

Suppose that kg > —g(K). We will assume first that B_; (g is generated by
no. It follows that & is in the highest occupied Alexander grading, g(K). In fact,
by symmetry B, (k) is one dimensional and must be generated by £, and so Bg k)
satisfies (6) and kg < g(K). Suppose By, contains §;, for some odd ig. Then &;, 1
has Alexander grading k| < k. Since By, satisfies (6), it is one dimensional and
&io+1 = mi, for iy even. If i; # 0, then n;,—; has Alexander grading k> < kj.
It follows that By, is one dimensional and n;, - = &;, where i is odd. We find
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that &,+1 = n;, with i3 even. Continuing in this way, we construct a chain of
generators &, 1i,,&,.... of decreasing Alexander grading that only ends with
no. Since C~/UC™ is finite dimensional, the chain must end. Similarly, if By,
contains 7;, for some even iy > 0, then we can construct a chain of generators
Nio» iy = Nig—1-Miy, = &y +1. ... with decreasing Alexander grading. This chain
must end with 7.

Any two such chains starting from By, must be disjoint outside By,. Since
each ends in 79, there can be at most one such chain. Thus By, contains either:
(a) at most one of {&1, &3, ..., &m—1} and none of {12, N4, ..., Nam}, or (b) at most
one of {12, N4, ..., N2m} and none of {£1, &3, ..., Em—1}. Also note that ng and &
are not in By, since —g(K) < ko < g(K).

If By, contains none of {£1, &3, ..., &2,—1} and none of {12, n4, ..., n2m}, then
B,’(O = By, is nontrivial. If By, contains 7,; for some 1 < i < m, then
B,/CO = By, /span{ny;}. It follows that B,/CO is nontrivial, since if By, = span{n;}
then (6) is satisfied. Finally, if By, contains &;_; for some 1 < i < m, then
B;{O = By,/span{&,;_1} is nontrivial, since if By, = span{&»;_1} then (6) is
satisfied.

The case that B_gz (k) is generated by ng instead of & is completely identical,
except that the chains of generators of decreasing Alexander grading described
above terminate in 7¢ instead of &. O

3.3. Durable generators for L-space knots. The pairs of durable generators
described in the preceding section do not exist for L-space knots; indeed, for an
L-space knot the spaces B are trivial for any k. However, we can find similar
pairs of generators for certain framings.

Proposition 3.12. Let K be an L-space knot with framing n, such that n < 2t(K)
ift(K) > 0andn > 2t(K) + 1 if 1(K) < 0. Then CFD(XI[?]) has a pair of
durable generators X andy = Dq,3(x).

Proof. Using the basis for @(X 1[? ]) described in Section 2.4, we simply take x
to be xo. y = D123(x) is yé’o if 7(K) > 0 or y2¥ if 7(K) < 0. The relevant portion
of @(X 1[? ]) is pictured in Figure 3; it is easy to check that the generator x and y
satisfy Definition 3.1. O

Framed complements of L-space knots which are not addressed by Proposi-
tion 3.12 do not have a pair of durable generators separated by the coefficient map
D1,3. However, all L-space knot complements have a pair of weakly durable gen-
erators in a”\D(X 1[? ]). Using the basis described in Section 2.4, let x = x and
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y = ygo if t(K) > 0. If 7(K) < 0, take x = xy andy = yell. In either case,
Di>3(x) =y, and x and y are weakly durable. The coefficient maps into and out
of x and y can be seen in Figure 3 if we replace the unstable chain according to
the framing, as described in Section 2.4.

X2k X2k

o - ° Do
2k
l \ Yok
o
Y’\\
D1 x X2
o o .
JDI DIJ NI T
ko o
YIZ r‘\ y?o oyl1
'\ TD2s3 Da3T
\\\ o TDZ:; D23T . Di23
o Yo © Ve,
ka
Log \TD123 D]zgw\ 0
D3 Yeo Y1
° @ — O{ " {0+ — ®
X0 X1 D> D>3  Dj3 D3 X0
(a) (b)

Figure 3. The portion of C/F\D(X I[g]) for an L-space knot complement containing the pair
of durable generators or the pair of weakly durable generators. (a) represents a knot with
7(K) > 0 and n < 27(K); (b) represents a knot with 7(K) < 0 and n > 2t(K). The dotted
arrow represents a chain of D3 arrows whose length depends on .

3.4. Proving the only if statement. First note that it is sufficient to prove
Theorem 1.2 when 7(K;) > 0, since the result for 7(K;) < 0 follows by taking the
mirror image of both framed knot complements. Using pairs of durable generators
we can now prove that splicing integer framed knot complements never produces
an L-space if at least one of the knots (we may assume it is K1) is a non-L-space
knot or has framing n; such that n;y < 27(K;) with t(K;) > 0. Indeed, we
have shown that in this case @(X I[?l‘]) has a pair of durable generators x; and
y1 = D123(X1), and that @\D(X 1[?22]) has a pair of weakly durable generators x;
and y» = Dji23(X3). That the spliced manifold is not an L-space follows from
Proposition 3.6.
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To prove the only if direction of Theorem 1.2, the only case left to consider
is that K; and K, are L-space knots, n; = 21(K;), np = 21(K3), and 7(K;)
and t(K>) are both positive. In this case we will make use of an explicit basis for
CFD of each framed complement. Let {xo. . . ., x5} and X (.. ... yéi } be the

bases for Loﬁ\D(X I[gll]) and LlaV\D(X I[?ll]), respectively, described in Section 2.4.
Let {uo, ..., uzm} and | J77{vi, ..., v;li} be analogous bases for LO@(XI[?ZZ])
and LlaV\D(X I[?ZZ]). We use a bar to denote the corresponding type A generators.

Consider the generators Xo ® ug and 39 ® v? in CFA(X I[?l‘]) X CFD(X I[g';]).
Equations (3) and (4) imply that

gr(Xo) # gr(xo) = gr(y}) = gr(y})

and
gr(uo) # gr(vy).

It follows that o ® ug and 3? ® v have opposite Z» gradings. We will show
that both generators survive in homology, implying that Y (K {"1], Kg'Z]) is not an
L-space.

Any A, operation that evaluates to xo must have p, as its last input. Since
there is no incoming coefficient map D, at ug, Xo ® uo has no incoming differ-
entials. Any nontrivial operation my 1 (Xo, pr,, - - -, p1,) must have I; = 3. Since
D3(up) = 0, X9 ® up has no outgoing differentials.

There are no nontrivial A, operations starting at y?, and if

=0
mk+1(Z, PIys-- "pIr) = ylo

for some z in @(Xl[gll]) and some intervals I;,..., I,, then I, is 1 or 3 and if
I, =1thenr > 1and I,_; is 2 or 12. Since

0 0 D3, 0 0 DioD,, and 0 0 DioDiy
are trivial on @(X 1[?22])’ there can be no differentials into or out of y{ ® vY.

3.5. L-spaces produced by splicing. It remains to prove the if direction of
Theorem 1.2. That is, we need to prove that for L-space knots with appropriate
framings the manifold Y (K E’”], K£”2]) is an L-space. This is more difficult in the
sense that we must consider all of HF; to show something is not an L-space it is
sufficient to find one generator with the wrong Z, grading, but now we must show
that every generator has the same grading. Fortunately the simple form of CFD
for L-space knot complements makes this possible.
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Let K; and K, be L-space knots and suppose that
e n; >2t(K;)>0o0rn; <2t(K;) <0fori € {1,2};
e if 7(K;) and t(K>) have the same sign, then n; # 2t(K}) or ny # 21(K>).

Let {xq,...,xo;} and Ul oL, yéi} be the bases for LO@(XI[?II]) and
Llﬁ(X["‘]), respectively, described in Section 2.4. Let {u,...,u2,} and
U, KR DLE v;li} be analogous bases for LO@(XI[?ZZ]) and Llﬁ(XI[?;]).
We use bars to denote the corresponding type A basis elements.

The Z, grading on @(X 1[?22]) can be computed by declaring that gr(v?) = 0
and using equations (3) and (4). We find that all the generators in LlaV\D(X I[?ZZ])
have grading 0. Generators of Lo@()( 1[222]) at the end of a horizontal or vertical
chain (lower left corners) have grading 0, while those at the beginning of a
horizontal or vertical chain (upper right corners) have grading 1. The computation
of the Z, grading of @(X I[gll]) is exactly the same, and to obtain the grading on
@(X I[?ll]) we simply switch the grading for generators with idempotent ¢,.

We must prove that Y (K", k"21) is an L-space. Recall that

CF(y(K{", KJ'))) = CFA(X}}V)) ) CFD(x )

=~ (P CFA(XY ) ® 1, CFD(X )
Le{0,1}

All generators of @(X 1[?11])‘1 and Llfﬁ(X 1[?22]) have grading 0, and thus all
generators in the £ = 1 summand above have grading 0. We will show that all
generators in the £ = 0 summand with grading 1 cancel in homology.

For simplicity, we assume that 7(K;) > 0 (if (K1) < 0, the result follows
by taking the mirror image of both knot complements). We consider the cases of
7(K3) < 0 and t(K3) > 0 separately.

Casel: 1(K2) <0. For0 <i <2k, gr(x;)is1ifi isevenand 0 if i is odd. For
0 <j < 2m,gr(u;)is1if j is even and O if j is odd. So the generators in the
tensor product that need to cancel in homology are X; ® u; where i and j have
opposite parity.

First suppose that j is odd and i is even. We can see in Flgure 4(I) that u; has
an incoming D, coefficient map. More precisely, Dz(vh ) = u;. Similarly x;
has an incoming D» coefficient map unless i = 0 and n; = 27(K;). If i is even
and nonzero, then Dz(yé_l ) = x;. According to the algorithm for computing

CFA from CFD, this means that mz(ye ,pz) = X;. It follows that there is a
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differential from )72_11 ® v[ll to X; ® uj. Moreover, we can check there are
i— J—

no other differentials to X; ® u; or from )72'1___11 ® v,{j__ll, so this pair cancels in
homology. To see that there are no other differentials to X; ® u;, note that any
chain of coefficient maps into u; ends with a D, but any A, operation evaluating
to x; other than the one used above has pi, as its_ﬁnal input. Similarly, to see that

there are no other differentials from )72_11 ® vi__ll note that the only outgoing
i— Jj—

coefficient map at v,{j__ll is D5, while any Ay operation on )7221___11 other than the
one used above must have p,3 as its first input. If i = 0 and n; > 27(K;) then
Dz(yg‘k) = x;. It similarly follows that there is a differential from yg‘k ® v}’;j___ll
to X; ® u; and that the pair cancels in homology.

Ifi = 0and n; = 27(K;) then x; does not have an incoming D, coefficient
map. However, in that case we have the incoming coefficient maps

D12(x21) = xo and Dy o Dz(yﬁfk‘_ll) = Xo.
6F71(X I[gl]) has the corresponding A, operations
m3(Xak, P3, P2) = Xo and m3()7¢%fk__11 . 23, P2) = Xo.

It follows that there is a differential to Xo ® u; from X, ® uj_; if hj—1 = 1 or from

ya‘k_ 11 ® v,’lfll_l if hj_; > 1. In each case it is straightforward to check, as above,
_ .

that there are no other differentials with the same initial or terminal generators, so

the pair cancels in homology.

Now suppose that j is even and i is odd. We can see from Figure 4(II) that x;
has two outgoing coeflicient maps

Di(x;) = yi~! and Di3(x;) = yi,

so X; has the outgoing A, operations

ma (%, p3) = yit and ma(X;, p1) = Ji.

If j = 0 then D3(u;) = v?; it follows that there is a differential from X; ® u;
to 7,71 ® v?. Note that there are no other differentials ending in 77! ® v? since
there are no other coefficient maps into v?. If j > 0 then D;(u;) = vi~! and there
is a differential from ¥; ® u; to 7% ® vi~!. There are no other differentials ending
in 1 ® vi~! since there are no other Ay operations evaluating to y.
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Figure 4(I). The relevant portion of C{F\D(X}?;]) near u; when gr(u;) = 0if (a) j # 0,
() j =0and ny > 21(K>3), or (¢) j = 0and np = 21(K>).
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We have shown that each x; ® u; with grading 1 can be canceled with an-
other generator in homology, as summarized in Table 1. Moreover, for each dif-
ferential the terminal generator is not the end of any other differentials; this im-
plies that each differential can be canceled without introducing new differentials.
Using the table, it is straightforward to check that all these generators can be
canceled at once, that is, that none of the canceling generators are used twice.
Therefore all surviving generators in HF Y(K {"1], K£"2])) have Z, grading 0 and
y(k", k"2l is an L-space.

Table 1. Generators of @(X }?11]) X C%(X 1[?22]) which cancel in homology with x; ® u;
(there is a differential to the canceling generator from x; @ u ;). We assume that 7(K1) > 0
and 7(K>) < 0.

i,] canceling generator
i > 0even, j odd ﬁéil ® v,’ljll
yEk vl ifnn > 21(Ky)
i=0,jodd Xok ®Mﬁ1 if ny =21(K1)andhj,1=l
y%f}:f@vh ifn; =2v(Ky)and hj_y > 1
i odd, j > 0even )71 ® Ui_l
iodd, j =0 Fl e

Case 2: t(K32) > 0. For0 <i <2k, gr(x;)is1ifi is evenand O if i is odd. For
0 <j <2m,gr(uj)is 01if j is even and 1 if j is odd. So the generators in the
tensor product that need to cancel in homology are X; ® u; where i and j have
the same parity.

First suppose that i and j are both odd. We can see from Figure 4(II) that
Dy(x;) = yi~', and thus m,(%;. p3) = yi~'. We also see that D3(u;) = v{.
It follows that there is a differential in the box tensor product from x, ® u; to

! ® v{. Note that there are no other differentials ending at ™! ® v{ since v{
has no other incoming coefficient maps.

Now suppose that i and j are both even. Table 2 lists several incoming chains
of coeflicient maps at u;, depending on j and n, (see also Figure 4(I)). There
are similar chains of coefficient maps ending in x;, and Table 3 contains the
corresponding A, operations which evaluate to X;.
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Table 2. Some chains of coefficient maps ending in u; for j even and t(K>) > 0.

j #0
Do) =u;
DroD3(uj—1)=u; ifhj_1=1

D> o D23(U}jl.j___ll_1) =u; ifhj_1>1

j = 0and np > 2T(K2)

DQ(U%Z:”) =u;
D> o Dy23(uzm) =u; ifhyy =1
DyoDiazo Da(vp )y =u; ifhoy =1

Dz o D23(v%’277n_1) =Uu; ithm > 1

j =0and ny = 2t(K»)

Di2(uzm) = u;
Dizo Da(v; 1) = u;
D120 D30 D3(uzm—1) =u; ifham—1 =1

2m—1 .
DizoDsoDo3(v ")) =u; ifhop—1 > 1

Table 3. Some Ao operations evaluating to X; for i even and t(K;) > 0.

i 40
ma (75t p2) = %
ma(Xi—1,p12) =% if ;1 =1

m3(fé;11_1,p2,p12) =x; if¢j—1>1

i = Oandnl > ZT(KI)

=2k _ -

mZ(yZZk’ p2) = Xi
ma(X2k, p3,02,p12) = X%; iflogx =1
m4()74%fkj,p23,f>z, p12) =% ifloy =1
m3(J7él;_ 1 P2, p12) =X iflog > 1

i = 0andn1 = ZI(KI)

m3(Xok, p3,02) = X;

m3 (gl pas.p2) = X
m3(Xok—1.p123,02) = % ifbog—1 =1

m4(f’%§kj_ 1 P2,P123,p2) = X% iflog—1 > 1
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We can find an A, operation in Table 3 that pairs with a sequence of coefficient
maps in Table 2 for any combination of i, j, ny, and np unless i = j = 0,
ny = 2t(K;) and n, = 2t(K>), but this case is excluded by assumption since
(K1) and 7(K>) are both positive. For example, if i > 0 and j > 0 the operation
mg(yéi__ll , p2) = X; pairs with the nontrivial coefficient map Dz(v'}’;;_ll) = u; to
produce a differential in the box tensor product form )72'1___11 ® véj__ll tox; @ uj. If
i =0,n; =2t(K;),j > 0,and h;_; = 1 then there are operations which pair in
the tensor product to produce a differential from X, ® u;_1 to X; ® u;.

We have shown that there is a differential into X; ® u;; in fact, there is exactly
one such differential. It is straightforward to check that in each case at most
one operation from Table 3 pairs with a sequence of coefficient maps in 2. Next
observe that any A, operation evaluating to xX; which is not in Table 3 must have
inputs ending (..., p12, p12) Of (..., P123, P2, p12). These operations do not pair
with any sequence of coefficient maps in CFD(X I[?ZZ]), since CFD(X 1[5'22]) has at
most one p1, arrow and does not have both a p;, and sequence pj23, p». Finally,
any sequence of coefficient maps that does not appear in Table 2 must end with
(Dy, D23, Dy) or (Dy, D3, D123, D») for some I and thus does not pear with any
operation in Table 3.

When i and j have the same parity, X; ® u; has either an outgoing or incoming
differential. In each case we have shown that the terminal generator of the differ-
ential has no other incoming differentials, which implies the differential can be
canceled without introducing new differentials. The canceling generator for each
case is listed in Table 4; we can check that no canceling generators are used twice,
so all of these generators may be cancelled when taking homology. Since all sur-
viving generators of ITII\T(Y(K?“], Kg’ﬂ)) have Z, grading 0, Y(K{"l], K£"2]) is
an L-space.

4. Future directions

Having addressed splicing of integer framed knot complements, it is natural to ask
if Theorem 1.2 can be extended to include rational framings. Equivalently, we ask
the following:

Question 4.1. When is a manifold produced by gluing together two knot comple-
ments using any gluing map an L-space?

The challenge in extending the proof of Theorem 1.2 to answer Question 4.1
is the complexity of CFD of the knot complements. For integer framings, we can
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Table 4. Generators of C/'EA(X }?11]) X C%(X 1[?22]) which cancel in homology with X; @ u;
(there is a differential from the canceling generator to X; @ u ;). We assume that 7(K1) > 0
and 7(K>) > 0.

i,J canceling generator
i odd, j odd y_{_l ® v{
oo e
v @vm if no > 27(K>)
i>0even, j =0 Xi—1 @ Uom ifn, =2t(Kz)and ¢, =1
Fil o @upmlifny = 21(Ka) and £y > 1
FE v ifm > 2e(Ky)
i =0, >0even Xok @uj_q ifn) =2t(Ky)and hj—1 =1
P vt it =20(K) and by > 1
Jok @i ifny > 21(K;) and ny > 2t(K>)
ygfkj ®vﬁ’27:n_l ifny =2¢(Ky) and hayy > 1
Xok—1® Uom ifny =2t(K1), hom = l,and bop—1 = 1
i=0,j=0 y‘gfkj}_l ®vﬁ;7n—_ll ifny =2t(K1), hom =1, and £og—q > 1
JPk _y@upml o ifny = 21(K>2) and ox > 1

Xog @ uam—1  ifny = 21(K2), bog = 1,and happ—1 =1
)7@% L ® v if no =2t(K»2), ok = 1,and hop—q > 1

easily produce a bordered invariant from CFK ™~ and the impact of changing the
framing is minimal, but the case of rational framing is less well understood. The
techniques used in this paper may be valuable in answering Question 4.1, but we
would first need a sufficiently simple description of CFD of a rationally framed
knot complement.

In the meantime, we can guess an answer to Question 1 by viewing the problem
in a broader context. The following conjecture is motivated by recent work of
Boyer and Clay concerning graph manifolds [1]. An important ingredient is the
twisted 7-bundle over the Klein bottle, denoted N,. For a manifold M with torus
boundary, an N,-filling of M along a curve y in dM will mean a manifold obtained
by gluing N, to M so that the rational longitude of N, is identified with y. The
results in [1] conjecturally imply that gluing together two graph manifolds along
their common torus boundary produces an L-space if and only if there is some
rational curve y on the boundary torus such that N,-filling either manifold along
y produces an L-space.
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We can speculate that this principle extends beyond graph manifolds, and
perhaps that it applies to gluing knot complements. This idea motivates the
following conjecture:

Conjecture 4.2. For i € {1,2}, let K; be a nontrivial knot in an L-space
homology sphere Y; with meridian p; and Seifert longitude A;. If ©(K{) > 0
lett =2t(K1)—1andif t(K1) < Olett = 2t(Ky) + 1. Let Y be the manifold
obtained by gluing the exterior of K1 to the exterior of K, such that

w1 is identified with pu, + gz
and

A1 + tuy is identified with rp, + sAs

Then 'Y is an L-space if and only if all of the following hold.
e K; and K, are L-space knots;
e ift(Ky) > 0 then g > Ly if (K1) < 0 then g <5
o if 1(K2) > Othen 2.5 € (2t(Kz) — 1,00); if 1(K2) < O then 2.5 €
(—00,27(K3) + 1).

We conclude by noting that Theorem 1.2 is consistent with this conjecture.
When we splice X I[é'lz] with X 1[?22]’ we have the following identifications:

W1 < napr + Az,

Al +nipr <— U
Adding (¢ — ny) copies of the first line to the second tells us that
At ipy <— ((F —npna + Dua + (1 —n1)Aa.
In the notation of Conjecture 4.2, we have

r 1
£=I’l2 and - =n,+

q s t—ny

The conditions on p, ¢, r, and s in Conjecture 4.2 imply the conditions on n; and
no in Theorem 1.2.
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