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Heegaard Floer correction terms, with a twist
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Abstract. We use Heegaard Floer homology with twisted coefficients to define numerical
invariants for arbitrary closed 3-manifolds equipped torsion spin€ structures, generalising
the correction terms (or d -invariants) defined by Ozsvath and Szabé for rational homology
3-spheres and, more generally, for 3-manifolds with standard HF®®. Our twisted correction
terms share many properties with their untwisted analogues. In particular, they provide
restrictions on the topology of 4-manifolds bounding a given 3-manifold.
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1. Introduction

One of the most celebrated results in low dimensional topology is Donaldson’s
diagonalisability theorem for intersection forms of smooth 4-manifolds. It asserts
that any negative definite intersection form of a closed smooth 4-manifold is diag-
onalisable over Z. Both assumptions on the 4-manifold, being smooth and closed,
are crucial. On the one hand, an equally fascinating result of Freedman shows
that every unimodular symmetric bilinear form appears as the intersection form
of some closed topological 4-manifold. On the other hand, an easy construction
shows that any symmetric bilinear form is the intersection form of some smooth
4-manifold with boundary. Note, however, that one cannot control the topology
of the boundary. In this paper we are interested in the possible intersection forms
of smooth 4-manifolds bounding a fixed 3-manifold.

1.1. The main results. A purely algebraic result of Elkies [4] shows that Don-
aldson’s theorem can be rephrased as a family of inequalities ¢7(s) + b2(X) < 0
where s runs through all spin® structures on a closed smooth 4-manifold X.
It turns out that these inequalities admit generalisations to 4-manifolds with
boundary. The first significant progress in this direction was made by Frgyshov [7]
using Seiberg—Witten theory and later by Ozsvath and Szab6 [16] in the context
of Heegaard Floer homology. In this paper we will define a generalisation of the
correction terms defined by Ozsvath and Szab6, using Heegaard Floer homology
with twisted coefficients: to any spin® 3-manifold (Y, t) with ¢ (t) torsion we as-
sociate a rational number d (Y, t), called the twisted correction term of (Y, t). One
of the main goals of the paper is to prove the following general result.

Theorem 1.1. Let (Z,s) be a smooth spin® 4-manifold with connected spin©
boundary (Y, t). If, furthermore, by (Z) = 0 and ¢\ (t) is torsion, then

ci(s) + by (Z) < 4d(Y, 1) + 2b1(Y). (1.1)

Here b2i (Z) are the dimensions of maximal positive and negative definite sub-
spaces for the intersection form of Z. As indicated above, similar inequalities were
obtained by Frgyshov [7], [8] for rational homology 3-spheres and by Ozsvith and
Szabd [16] for 3-manifolds with “standard HF*®” (see Section 3.3 below). Our ap-
proach is similar to the one taken by Ozsvéith and Szabd, but it turns out that
the use of twisted coefficients allows us to work with arbitrary 3-manifolds. The
proof of Theorem 1.1 occupies Sections 2—4, including a brief review of Heegaard
Floer homology with twisted coefficients and a discussion of the twisted correc-
tion terms and their properties. Starting with Section 5 we return to intersection
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forms of smooth 4-manifolds with boundary. As a sample result, we mention the
following, although we actually prove a stronger statement in Corollary 5.4.

Theorem 1.2. For any closed, oriented 3-manifold Y there are only finitely many
isometry classes of even, semidefinite symmetric bilinear forms that can appear
as intersection forms of smooth 4-manifolds bounded by Y .

Note that Theorem 1.2 cannot hold for fopological 4-manifolds. Indeed, us-
ing Freedman’s result one can add arbitrary unimodular summands to the inter-
section form of any given 4-manifold by connect summing with suitable closed
topological 4-manifolds. So the finiteness in Theorem 1.2 is an inherently smooth
phenomenon.

In Section 6 we turn to some concrete examples and give some further ap-
plications. In particular, for a surface X4 of arbitrary genus g we compute the
twisted correction terms of Xz x S! — which has non-standard HF* for ¢ > 1
and therefore lies outside the scope of previously available techniques — and use
Theorem 1.1 to deduce the following.

Theorem 1.3. Let Z be a smooth 4-manifold with boundary T> or £, x S1. If the
intersection form Qz is negative semidefinite and even, then its non-degenerate
part is either trivial or isometric to Eg, and both of these occur.

Again, we actually prove a slightly stronger statement (see Corollary 6.10).

1.2. Notation and terminology. By default, all manifolds are assumed to be
smooth, compact, connected, and oriented. The letter ¥ will always indicate
a closed 3-manifold. Similarly, we reserve Z for 4-manifolds with connected
boundary, and W for cobordisms between non-empty 3-manifolds; andif Y = 9Z,
we refer to Z as a filling of Y. Spin€ structures on 3-manifolds will be denoted by t
and those on 4-manifolds by s. If (Y, t) is the spin® boundary of (Z, s), then we
call the latter a spin€ filling. Lastly, for 3- or 4-manifold with torsion-free second
cohomology we write ty or s for the unique spin€ structure with trivial first Chern
class (provided that they exist, in the case of 4-manifolds).

Acknowledgements. We would like to thank Paolo Lisca, Bruno Martelli, and
Andras Stipsicz for their encouragement; Filippo Callegaro, Andrea Maffei, and
Danny Ruberman for helpful conversations. A special thanks goes to Adam Levine
for pointing out a mistake in an earlier proof of Proposition 3.8.
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2. Review of Heegaard Floer homology

We recall some relevant definitions and facts about Heegaard Floer homology
with twisted coeflicients. The basic references for this material are [18, Section 8]
and [10]. We will pay special attention to the role of ground rings.

2.1. Twisted coefficients. Fix a ground ring F; usually I = Z, Q or I, for
some prime p. Let Y be a closed, oriented 3-manifold equipped with a spin®
structure t € Spin°(Y). The input for Heegaard Floer theory is a Heegaard
diagram (X, &, #) with some extra decorations (see [19] and [18] for details; for
instance, we will suppress the basepoint from the notation). The output is a short
exact sequence of chain complexes

0 —> CF (Y, t)p —> CF®(Y, t)p — CEt (Y, )p — 0 (2.1)

over the ring F[U] ®r F[H» (Y )] whose homology groups, denoted by HF*(Y, t)r,
are an invariant of (Y, t) known as Heegaard Floer homology with fully twisted
coefficients over . Following [10] we write Ry = F[H,(Y)] so that F[U] ®r
F[H2(Y)] becomes Ry[U]; we also use the common shorthand notation

JT-=U-F[U], T°=F[U,U7Y, and TT =F[U U'/U-F[U]

for the F[U]-modules that have become known as fowers. We think of them as
relatively Z-graded such that multiplication by U has degree —2 and a subscript
T, indicates that U k lies in grading d — 2k.

For any Ry-module M one can further define Heegaard Floer homology
groups with coefficients in M

HE° (Y, t; M)r = H.(CE°(Y. )r ®r, M). (2.2)

The most common choice for M is the ground ring F itself, endowed with the
trivial Ry-action. This yields the untwisted Heegaard Floer homology groups
HF°(Y, t)p. In all other cases it has become customary to speak of twisted co-
efficients. Note that for M = Ry one recovers the fully twisted homology
groups HF°(Y, t)r. We will usually suppress the ground ring in the subscript from
the notation whenever this does not cause confusion, but at times this more precise
notation will be convenient.

It follows from general principles of homological algebra that (2.1) induces a
long exact sequence of Ry [U]-modules

o HE (Y, & M)p =5 HE®(Y, & M)p > HET (Y, & M)p —> - (2.3)
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while (2.2) gives rise to a universal coefficient spectral sequence
EZ, = Tor{” (HES(Y.)g. M) => HE°(Y.t: M) 24)

which highlights the universal role of HE®(Y, t)p.

We will mostly work with the fully twisted theory. As explained in [10,
Section 3], the groups HF°(Y, t)r carry a relative Z-grading. Moreover, if ¢;(t)
is torsion, then the relative Z-grading can be lifted to an absolute Q-grading [20,
Section 7]. We also recall the following result due to Ozsvéth and Szabé which is
of fundamental importance for our work.

Theorem 2.1 ([18, Theorem 10.12]). If c1(t) is torsion, then there is a unique
equivalence class of orientation systems such that

HF>®(Y,p = F[U, U] = T%
as Ry[U]-modules with a trivial Ry -action on T°°.

2.2. Cobordism maps. Now let (W,s) be a spin® cobordism from (Y,t) to
(Y’,t). Tt is well known that for any Ry-module M there are induced cobordism
maps

Fiyoa: HE' (V.6 M) — HE*(Y/.: M(W))

which have the peculiarity that the target generally depends on the cobordism
through the coeflicient module. Indeed, the Ry -module M (W) can be described
as follows. We consider the (Ry, Ry’)-bimodule

By =F[H(Y)w + H2(Y')w] C F[Ha(W)]

where H,(Y)w denotes the image of the map H,(Y) — H,(W) induced by
inclusion (and similarly for Y”) and define

MW)=M X Ry By . (2.5)

For example, in the fully twisted case M = Ry we have Ry (W) = By and we
denote the cobordism map by

Fy o HE°(Y, ) - HE(Y', t; Bw).

These cobordism maps will play an important role in the proof of Theorem 1.1.
The dependence of the target on the cobordism is one of the extra complications
compared to the untwisted situation.
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Remark 2.2. There are slightly different definitions of M (W) in the literature.
Ours is essentially the same as in [20, Section 2.7] except that we work in the
Poincaré dual picture (using H, instead of H!). Another difference appears in [10,
Section 2.2] where the the Ry--module M ® Ry Bw is used. Here M stands
for M with the conjugate Ry-module structure (for which & € H,(Y) acts as —h).
However, note that the conjugation only affects the Ry-module structure and that
we have M ®g, Bw = M ®g, Bw as Ry-modules.

2.3. A connected sum formula for fully twisted coefficients. The following is a
generalisation of the connected sum formula in Heegaard Floer homology (see [18,
Theorem 6.2]) to fully twisted coefficients. For technical reasons we work over a
fixed ground field IF.

Proposition 2.3. Let (Y1, 1) and (Y2, t2) be spin€ 3-manifolds, and let CE™ (Y;, t;)
be the usual chain complex computing HE™ (Y;, t;). Then there is an isomorphism

HE™ (Y1#Y2, ti#ty) = H.(CE™ (Y1, t1) ®rp[u) CE (Y2, 12))[2] (2.6)
where [2] indicates a grading shift by 2.

In the proof we will use the shorthand notation $,, for the 3-manifold #*S! x §2
which will also appear later on.

Proof. We argue as in the proof of [18, Theorem 6.2] to which we refer for further
details and notation. As in the untwisted case, it is more convenient to study the
complex CF=? instead of CF~. This explains the degree shift in (2.6): CF=? is just
CF™ with a grading shift. The main difference between the twisted and untwisted
cases lies in the definition of the twisted coefficients map

[:CF=°(Y1, t1) ®p[) CEF=°(Y2, t) —> CE=°(Y#Y,, ti#t,),

the analogue of the untwisted map I'. The map [y corresponding to Iy in the
proof of [18, Theorem 6.2] is defined in the same way, as the ‘closest point map’.
Once we have constructed I, the rest of the argument follows verbatim, and we
refer the reader to the original proof; we therefore focus only on constructing I'.

Choose a Heegaard diagram (%;, «;, 8;) for Y;, where X; has genus g;. As in
the untwisted case, consider the triple Heegaard diagram

(Z.a. B.y) = (Z1#Z2, 01 Ua). f1 Uz, B U Bo),

where the primes denote small Hamiltonian perturbations. It is immediate to
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check that (X, &, B) represents Y, = Y 1#Sg,, while (X, B, y) represents Y, =
Yo#Sg,, and (X, a, y) represents Y #Y,. Let R; := Ry, fori = 1,2. Using
the canonical splitting H»(Y;) = H(Y;) ® H2(Sg,_;) we can consider R; as an
R?l- -module. Following [18, Section 8.2.2], we see that (X, «, B, y) induces a map
fas,g,r:gio(ﬁ’tl; Ry) ®r(u) CF="(Y2, t2; Ry) — CE=°(Y1#Y,, ti#t,).
To conclude the proof, we need to find a map ®;: CE=°(Y;, ;) — CE=°(Y;,: R;).
In fact, it is an easy check that CF=%(Y;, t;; R;) = CF=°(Y;, ;) ®p1CF="(S¢,_, ),
and the latter factor has a canonical top degree generator ®;, as seen in the proof
of [18, Theorem 6.2]. This gives the desired embeddings. O

2.4. Twisted surgery triangles. Let K be a knot in a 3-manifold Y. We write
Y, = Y,(K) for the A-framed surgery on K and W), = W, (K) for the corre-
sponding surgery cobordism from Y to Y. We write Ex = Y \ vK for the knot
exterior and consider the framing and the meridian of K as simple closed curves
A, C dEk well defined up to isotopy. Since the map H,(d0Ex) — H;(Ek) has
rank 1, there is another essential simple closed curve Ag C dEk, well defined up
to isotopy, characterised by the property of having finite order in H,(Eg). By a
slight abuse of terminology we refer to A¢ as the O-framing although it might not
actually be a framing in general, as it may intersect the meridian more than once
or not at all. Note that by definition of Ao we can find an oriented surface S C Ex
which bounds a number of parallel copies of Ao with the same orientation. An
elementary exercise in homology acrobatics, which we leave to the reader, gives
the following.

Lemma 2.4. Let y C 0Ek be an arbitrary essential simple closed curve and Y,
the closed 3-manifold obtained by Dehn filling Ex along y.

(i) Ify # Ao, then Hy(Ex) = H»(Y,), induced by the inclusion.
(i) Ify = Ao, then Hy(Ek) = H2(Y,,)/[§] where S C Y, is obtained by capping
off S C Ex with spanning disks of y in Y.

In particular, for a fixed choice of S, the ring Mg = F[H,(Ek)] has canonical
module structures over Ry = F[H»>(Y)] and Ry, = F[H»(Y;)] where A is an
arbitrary framing of K.

With these remarks in place, the well-known exact triangle for surgeries on
rationally null-homologous knots admits the following generalization to arbitrary
knots in arbitrary 3-manifolds.
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Proposition 2.5. As before, let (K, L) be a framed knot in a 3-manifold Y and let
Mg = F[H,(Ek)]. Then there is an exact triangle of the form

HF" (Y: Mg) r HF™" (Y;: Mx)

T

HF " (Y344 Mk)

where the maps F, G, and H are induced by surgery cobordisms and the relevant
module structures of Mk are as in Lemma 2.4.

Proof. The proof of the twisted exact triangle [18, Theorem 9.21] works here with
only minor modification; more precisely, one only needs observe that the proof of
[18, Proposition 9.22] applies also with coefficients in Mx. O

We point out that if Ao ¢ {A, u, A + u}, then Proposition 2.5 actually provides
a surgery triangle for fully twisted coefficients. Indeed, let y € {A, u,A + u}
and write R, for Ry, = IF[H2(Y,)] where Y, = Y. Notice that when y is
not the O-framing, then Mg =~ R, by Lemma 2.4 so that HF°(Y,, t; Mg) is
just HF° (Y, t).

However, if either A, u, or A 4+ u agrees with A¢, then some extra care has to be
taken when using Proposition 2.5 to study fully twisted coefficients. For example,
if A is the O-framing, in which case K is necessarily rationally null-homologous,
then only Y and Yy, appear with fully twisted coefficients in (2.5). But we
can give a fairly explicit computation of the group HF* (Y, t; Mx) which will
be useful in conjunction with Proposition 2.5. In fact, we have a free resolution
of Mg as an R;-module

(1=[8])
0—>RA—>R/1—>MK—>O

showing that Tor®* (Mg, T7%°) = T°° @ T°°[1] whenever the Rj-action on T

is trivial (as it is in our case), and the universal coefficient spectral sequence
collapses at the second page. We have thus proved the following.

Proposition 2.6. When A is the O-framing, HE*®(Y;, t: Mg) = T @ T*[1].

Of course, analogous considerations hold when A + u is the O-framing and
when K is homologically essential in Y (which is equivalent to u = A¢).
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3. Twisted correction terms

Let (Y, t) be a closed 3-manifold, equipped with a spin structure t such that c; (t)

is torsion. We will refer to (Y, t) as a forsion spin® 3-manifold. In this section, we

work over a ground field IF. Recall that, when Y is a rational homology sphere,

the untwisted group HF ' (Y, t) admits a U-equivariant splitting of the form
HF"(Y,t) =TT @ HF (Y. 1).

(&

The correction term d(Y, t) is the degree of the element in HF (Y, t) correspond-
ing to U™! € TT. More generally, when b;(Y) > 0 there is an action of the
exterior algebra A = A*(H,(Y)/Tor) on HF° (Y, t); Ozsvéth and Szabé used this
action to define a similar invariant for a restricted class of 3-manifolds, namely
the ones with standard HF*. Recall that (Y, t) is said to have standard HF*®
if HF*°(Y, t) is isomorphic to A ®z Z[U,U~!] as a A-module. Under this as-
sumption, the kernel of the A-action on HF® maps to a copy of T+ in HF ' (Y, t)
whose least degree is called the bottom-most correction term dp(Y, t). It is clear
that djp (Y, t) generalizes d(Y,t) for rational homology spheres. We propose an-
other generalisation that is available for all 3-manifolds.

Definition 3.1 (Twisted correction terms). Let (Y, t) be a torsion spin® 3-manifold
and let IF be a field of characteristic p. We define the (homological) twisted
correction term dp (Y, 1) € ) as the minimal grading among all non-zero elements
in the image of 7r,: HE°(Y, t)r — HFE] (Y, t)p. Similarly, there is a cohomological
version d(Y,t) € Q defined using the map *: HE (Y. )p — HFE(Y,t)p on
Heegaard Floer cohomology; since multiplication by U increases the degree by 2
in cohomology, d; (Y, 1) is the maximal grading among all non-zero elements in
the image of ¢*.

Remark 3.2. Using the universal coefficient theorem, it is easy to show that if F’
is a field extension of I, then the two corresponding correction terms coincide,
hence the correction term only depends on the characteristic. In particular, this
justifies the notational choice and shows that is suffices to consider ' = Q or I,,.

Remark 3.3. It is not known whether the twisted correction terms do in fact
depend on p. To the best of our knowledge, there are no examples for which
do(Y,t) and d, (Y, t) are different for some p > 0 and our example computations
in Section 6 give the same results for all values of p. Note that similar situations
arise in the work of Frgyshov [8, p. 569] and Manolescu [12, Remark 3.12].



10 S. Behrens and M. Golla

Proposition 3.4. The correction term do(Y,t) agrees with the minimal grading
among all non-Z-torsion elements in the image of wx: HF2°(Y, t)z — HFE} (Y, t)z.
Furthermore, we have do(Y, t) > dp (Y, 1) for every prime p.

Proof. The universal coefficient theorem shows that
HFE°(Y, t)q = HF°(Y, t)z ®z Q,

and the first statement readily follows. The second statement follows from the
universal coefficient theorem applied to the change of coefficients from Z to I,
together with the observation that HF*(Y, t)z has no Z-torsion. O

In what follows, we will be sloppy and simply write d instead of d,, to signify
that the results and computations will hold regardless of the characteristic.

If Y is a rational homology 3-sphere, then Proposition 3.4 shows that d(Y, t)
agrees with the usual correction term d(Y, t) as defined in [16, Definition 4.1]. As
in that case, there is an alternative description. The long exact sequence (2.3)
together with Theorem 2.1 gives rise to a (non-canonical) decomposition of
Ry [U]-modules

HE"(Y,t) = 7% @ HE (Y. 1),

where ﬂrtd(Y, t) is defined as the cokernel of 7. In such a decomposition d(Y, t)
appears as the minimal grading of non-zero elements in T.

Example 3.5. By a direct computation of HF" one can check that
d(S' x 82 tg) = —1
and

d(T> to) = 3.

The computation for S x S? is easy; for T3 see [16, Proposition 8.5]. Moreover,
since S x §2 and T3 have orientation-reversing diffeomorphisms that preserve t,
(up to conjugation), d* agrees with —d, as we will see in Proposition 3.6 below.

It turns out that many properties of the usual correction terms have analogues
for d(Y, t). In the rest of this section we describe the effects on d(Y, t) of conju-
gation of spin® structures, orientation reversal, and connected sums. In Section 4
we will study the behavior under negative semidefinite cobordisms.



Heegaard Floer correction terms, with a twist 11

3.1. Conjugation and orientation reversal. Recall that in Heegaard Floer the-
ory one identifies spin¢ structures with homology classes of nowhere vanish-
ing vector fields. In particular, we have an on-the-nose equality Spin°(Y) =
Spin®(—Y) where —Y denotes Y with the opposite orientation.! Moreover, if a
spin structure t is represented by a vector field v, then —v represents the conju-
gate spin® structure which we denote by t.

Proposition 3.6. The twisted correction terms of (Y, t) satisfy
d(Y, ) =d(Y,t) = —~d*(-Y,t) = —~d" (=Y, 1).

In particular, if Y has an orientation-reversing self-diffeomorphism that pre-
serves t up to conjugation, then d*(Y,t) = —d(Y, t).

Proof. This follows exactly as in the proof of [16, Proposition 4.2] with some
additional input for twisted coefficients from [10, Section 6]. O

It is interesting to note that the proof of [16, Proposition 4.2] also shows that
for b1(Y) = 0 we have d(Y,t) = d*(Y,t) — both agreeing with d(Y,t) which
therefore satisfies d(—Y,t) = —d(Y,t). However, according to Example 3.5 this
argument has to fail for 51 (Y) > 0. In general, we do not see any obvious relation
between d (Y, t) and d*(Y, t).

3.2. Connected sums. Next we study the behavior of the twisted correction
terms under the connected sum operation.

Proposition 3.7. For torsion spin® 3-manifolds (Y1, t1) and (Y2, ;) we have

d(Y1#Y2, t1#ty) = d(Y1.t1) + d(Y2, t2)
and

d*(V1#Ys, ti#) = d* (Y1, 4) + d* (Y2, t2)

Proof. The idea is to show that, in the connected sum theorem for HF ™, the tensor
product of the two towers is mapped surjectively onto the tower in the connected
sum, and this immediately proves the statement.

' Note however that ¢1 (Y, t) = —c1 (=Y, t) = ¢1(=Y, t). So some caution is needed when
working with the more common shortened notation ¢ (t).
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To see this, observe that from (2.6), the Kiinneth theorem yields a short exact
sequence that splits:

_ _ J _
0 — (HE (Y1, t1) ®py) HE (Y2, £2))[2] — HE (Y #Y>, ti#t5)
— Tor" WY HE (Y1, 1), HE (Y2, t)) —> 0.

Also, there is a splitting of F[U]-modules HE ™ (Y;, t;) = F[U]x; ®HFE,.4(Yi, t;).
where each element in HE_4(Y;, t;) is U-torsion; this splitting is far from being
unique, but, if we insist upon x; being homogeneous, the degree of x; is well-
defined, and indeed deg x; = d(Y;, t;) — 2.

The element x := j(x;®x,) is homogeneous of degree d (Y7, t1)+d (Y2, t2)—2.
Since the short exact sequence above splits, and since in the tensor product the
only non-U -torsion summand is F[U]x, we deduce that there is a decomposition
of F[U]-modules

E_(YI#YL tl#fz) = IF[U]X oT,

where T is the U-torsion summand. Since the decomposition above determines
the degree of x, we obtain the desired equality. |

3.3. Manifolds with standard HF*™. We now compare the twisted correction
terms with the bottom-most correction terms that have been studied by Ozsvéth
and Szab¢ [16] and later by Levine and Ruberman [11].

Proposition 3.8. If a torsion spin® 3-manifold (Y, t) has standard HF, then

d(Y,t) = dp(Y,1).

(It is understood that d and dp, are defined using the same coefficient field, and
that the statement holds for all characteristics.)

Proof. Let H, A and R denote the group H,(Y), the exterior algebra A*H and
the ring Z[H] respectively; endow Z with the trivial R-module structure, i.e.
Z =R/(h—1|h e H). Take Ar := R®z R, endowed with the trivial differential
and the obvious grading, as an R-module resolution of Z, and consider R as the
trivial R-module resolution of itself. The quotient map R — Z induces a map
between the two resolutions, that is an isomorphism of their degree-0 summands.
This map, in turn, induces a map of (universal coefficient) spectral sequences from
HE° (Y, t) to HF° (Y, t).
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If (Y,t) has standard HF*, the universal coefficient spectral sequence from
HF*(Y,t) ® g Ag to HF*°(Y, t) collapses at the second page, and moreover the
action of A on HF*(Y, t) is induced by the action of A on the first page of the
spectral sequence. In particular, the bottom-most tower of HF*° (Y, t) corresponds
to the degree-0 component of A, and it follows that HF* (Y, t) maps onto this
tower under the map of spectral sequences described above.

Summing up, we have the following commutative diagram

HF®(Y, t) — HF® (Y, t)

| l

HF*'(Y,t) —— HF" (Y, ¢t)

where the top horizontal map is an isomorphism of HF*°(Y, t) onto the kernel of
the A-action on HF*°(Y, t). It follows that dj, (Y, t) > d(Y, t). O

While in general we do not expect equality of dp and d to hold, there are
families of examples where the two quantities agree; for instance, all rational
homology spheres, and 0-surgeries along knots in the 3-sphere, as the following
example shows.

Example 3.9. Let us consider a knot K in S3; it follows from [16, Section 4.2]
that dp(S3(K)) = d_1/2(S3(K)) = d(S3,(K)) — 1/2. Let us now look at the
twisted surgery exact triangle of [18, Theorem 9.14] associated to the framings
0o, —1and 0 of K:

S HFF (S Y D HEF(S2, (K[ 7Y - HFF(S3(K) 25 -

It is immediate to see that the map F is multiplication by (1—¢), that the restriction
of G on the tower is modeled on the projection Z[t,t ™' — Z[t,t7']/(1—t) = Z,
and that the map H vanishes on the tower; moreover, the map H has degree —1/2
in the spin structure with trivial Chern class. In particular,

d(S5(K)) = d(S2,(K)) — 1/2 = dp(S5(K)).

Combined with the proposition above, this shows that d(S3(K)) = dp(S3(K)).

4. Negative semidefinite cobordisms

In this section we prove the core technical result, Theorem 4.1 below, which will
imply Theorem 1.1. We will work over the integers, but everything goes through
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for Q and I, with obvious modifications. The proof is based on the strategy used
in Ozsvath and Szabd’s proof of Donaldson’s theorem [16, Section 9]. Throughout
this section (W, s) will be a spin® cobordism between torsion spin® 3-manifolds
(Y,t) and (Y’,t). To obtain cleaner statements we renormalize the twisted cor-
rection terms to

5(Y, ) =4d(Y,t) +2b1(Y). 4.1)

Theorem 4.1. Let (W,s) be a negative semidefinite spin® cobordism between
torsion spin® 3-manifolds (Y,t) and (Y',t') such that the inclusion Y < W
induces an injection Hi(Y; Q) — H1(W; Q). Then

2(5) + by (W) < 8(Y'.t) — 8(Y. 1)

(4.2)
=4d(Y' ) —4d(Y. 1) + 2b1(Y') = 2b1(Y).

Before going into the proof of the theorem we pause to derive some conse-
quences of Theorem 4.1. To begin with, we show that it implies Theorem 1.1.

Proof of Theorem 1.1. Given a negative semidefinite filling (Z,s) of (Y,t) we
consider the spin® cobordism from (S3, to) to (Y, t) givenby W = Z\ B* equipped
with the restriction s. Since S is simply connected, Theorem 4.1 applies and the
desired inequality is immediate from the fact that §(S3, ty) = 0. |

Another consequence of Theorem 4.1 is that the twisted correction terms, like
ordinary and generalised correction terms, are rational cobordism invariants.

Corollary 4.2. If (W,s) is a rational homology cobordism between (Y, t) and
Y',t), thend(Y,t) =d(Y',¥)and 5(Y,t) = §(Y', 1).

Proof. Both W and —W are negative semidefinite, and both inclusions
Y,Y’ < W induce isomorphisms on rational homology by assumption. Hence
applying Theorem 4.1 to W and —W we get d(Y,t) < d(Y',¥) and d(Y',t) <
d(¥, ). O

4.1. The proof of Theorem 4.1. As mentioned above our proof of Theorem 4.1 is
modeled on Ozsvith and Szabd’s proof of Donaldson’s theorem in [16, Section 9].
The strategy is to equip the cobordism with a suitable handle decomposition and to
investigate the behavior of the twisted correction terms under 1-, 2-, and 3-handle
attachments. As usual, the 1- and 3-handles can be treated on an essentially
formal level while the 2-handles require more sophisticated arguments — in this
case establishing properties of cobordism maps on HF* with suitably twisted
coefficients. We begin with the 1- and 3-handles.
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Proposition 4.3. If W consists of a single 1-or 3-handle attachment, then

for 1-handles,
d(Y'.¥) —d(Y. ) = —5(hi(Y) = b1(Y)) =

1

2

% for 3-handles,
or, equivalently, §(Y',t) = §(Y, t).

Proof. In the case of a 1-handle attachment we have Y’ = Y#(S! x S?) and the
claim follows from Proposition 3.7, the computation of d(S! x S2,ty) = —% in
Example 3.5, and the fact that there is a unique spin® structure on W extending t

whose restriction to Y is torsion. Similarly, for 3-handles Y =~ Y'#(S'x $?). O

For the discussion of 2-handles we switch to a more fitting notation. We
consider a framed knot (K, 1) in a 3-manifold Y and write Y, = Y,(K) and
W, = W, (K) for the 3-manifold obtained by A-framed surgery on K and the
corresponding 2-handle cobordism. We have to discuss the cobordism maps
induced by W, and it turns out that we have to distinguish two cases depend-
ing on whether K has infinite order in H;(Y) or it represents a torsion class.
We begin with the former case, which requires some more subtle modifications of
the standard arguments for untwisted coefficients.

We first introduce some terminology. For any subgroup V C H»(Y) we define

Vi={xeH(Y)|x-v=0forallveV}c Hi(Y).

Note that V- contains the torsion subgroup of H;(Y) and that the intersection
pairing induces a canonical identification of H;(Y)/ VL with V* = Hom(V, Z).

Definition 4.4. Let (Y, t) be a torsion spin® 3-manifold and let V' be a direct
summand of H,(Y). Consider the coefficient module My = Z[H,(Y)/V] with
the obvious Ry-action. We say that (Y, t) has V-standard HE™ if there is an
Ry [U]-linear isomorphism

HE® (Y, t; My) = A*V ®7 Z[U, U]

such that the action of V+ C H,(Y) is annihilating while V* = H,(Y)/V acts
by contraction on A*V.

Example 4.5. (i) For V = H,(Y) the above definition agrees with the usual notion
of “standard HF*®” discussed in Section 3.3.

(ii) By Theorem 2.1 all 3-manifolds have standard HF*® for V' = 0 and
according to Proposition 2.6 the same holds for any V' of rank 1.
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(iii) This example will be particularly relevant and has, in fact, already ap-
peared in the proof of Proposition 2.3. Let (Y, t) be a spin® 3-manifold; the proof
of [18, Proposition 6.4] shows that for any Ry-module M we have

HE° (Y #S,, titg; M) =~ HE°(Y, t; M) ® A" H»(Sy,) 4.3)

where M is considered as and module over Ryss, = Ry ®z Rs, with trivial
Rg,, action. Moreover, the action of H; (Y #5,) on the right-hand side is induced by
the usual action of H;(Y) on the first factor, and by the contraction with elements
of H($,) via the intersection product on the second factor. In particular, it is a
matter of checking the definition to see that (Y #S,,, t#ty) has standard HF* with
respect to the subgroup of H, (Y #5,,) corresponding to H»(S;).

Proposition 4.6. Let (Y,t) be a torsion spin® 3-manifold and let (K, 1) be a
framed knot in Y such that K has infinite order in H1(Y). Let V be a direct
summand of H,(Y) such that (Y,t) has V-standard HF*® and some v € V
satisfies [K]-v # 0. Then there is a subgroup Vi of H»(Y}) such that My, = My.
Moreover, Y, has Vi-standard HE™ for any torsion spin® structure t which is
cobordant to t via (W), s); and the cobordism map induces an isomorphism

HE™ (Y. t: My)/ ker[K] — HE®(Y,, ¢ My)
where ker[K ] is the kernel of the action of [K].

Proof. One readily checks that the inclusion of Y in W), induces an isomorphism
H,(W,) = H,(Y). According to (2.5) we get maps

F JHE®(Y, ; My) — HE®(Y,, t'; My)

for any s € Spin°(W}) and t' = s|y,. By a variation of Lemma 2.4 we see that
H,(Y;) = H>(Ek) and H»(Y) = H,(Ek) @ Z where the second summand
is generated by a primitive element of H,(Y) that has non-trivial intersection
with [K]. By assumption we can find such an element in V. Under the above iden-
tifications we can consider Vg = {v € V |[K]-v = 0} as a subgroup of H,(Ek)
and therefore of H»(Y;). Moreover, we have H,(Y)/V = H,(Y;)/Vk and thus
My = My, .

Now suppose that t' is torsion. We can put the maps induced by W, into
a surgery triangle as before and argue as in the proof of [16, Proposition 9.3]
that Fvcf/j  vanishes on ker[K] and is injective on the quotient for all field coef-
ficients. The only missing piece is a bound on the rank of HF* (Y}, t; My) in
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each degree. To that end, we observe that the E,-term of the relevant universal
coefficient spectral sequence is given by

Tor®Y (HF®(Y;, ), My) = Tor200\(7, 7] H,(Y)/V]) ®2 Z[U, U™
=~ Tor’Y\(z,7) @, Z[U, U™
~ A*V ®2z Z[U,U™Y

where the second isomorphism follows from Shapiro’s lemma (see [1, p. 73],
for example). The resulting rank bound can be used as a replacement of [16,
Lemma 9.2] in the proof of [16, Proposition 9.3]. O

Remark 4.7. Note that in the above proof it was crucial for the action of K to have
non-trivial image. Since any non-torsion element of H;(Y) annihilates HF°(Y, t)
(see [10, Remark 5.2]), the proof does not work for V' = 0, that is, we cannot start
with fully twisted coefficients for Y.

We now turn to the case when K has finite order in H;(Y).

Proposition 4.8. Let (Y, t) and (K, L) be as above and suppose that K has finite
order in Hy(K). If b; (W) = 0, then W, induces an isomorphism

HF™ (Y, t) —> HE® (¥, t)
where t is the restriction of an extension of t to the surgery cobordism.

Remark 4.9. For those familiar with rational linking numbers we note that the
b5 -condition is equivalent to lkg (K, 1) < 0, so that the assumptions in the above
propositions can be rephrased purely in 3-dimensional terms.

Proof of Proposition 4.8. The main idea is to study exact triangles relating suit-
able twisted Heegaard Floer homology groups of the manifolds Y, Y, and Y,
where the latter is obtained by A + u-framed surgery on K. There are three cases
to consider according to the change of b; under the surgeries:

(1) 61(Y) = b1(Yp) = b1i(Ya4p),
(2) b1(Y) = b1(Yr) < b1(Yatp),
(3) b1(Y) = b1(Yayy) < b1(Y2).
Case (1) is an immediate adaptation of the proof of [16, Proposition 9.4]. In fact,

all relevant cobordisms induce maps between the fully twisted Floer homology
groups, and the proof proceeds exactly as in the untwisted case.
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Case (2) also follows from an adaptation of the same proof, but with more
substantial modifications. In this case, in fact, there is a surgery exact triangle that
reads as follows (see [10, Theorem 9.1]):

HE* (Y)[, 17" d HE+ (Y)[r,17!]

el

E+ (Y/H—u)

Here, F is t-equivariant and is, in fact, the map F ® 1, where F is the map
induced by the surgery cobordism between the twisted Floer homology groups.
Moreover, t acts as the class of the capped-off surface T € H»>(Y,4,). Since T
acts as the identity on HEF* (Y, 1,,), for all sufficiently large degrees the map F is
multiplication by (1 — ¢), and in particular it induces a surjection on the towers in
HE™ (Y, t) for each torsion spin® structure t on ¥ . Now the argument runs as in the
untwisted case to show the desired inequality; compare with [18, Theorem 9.1].
In case (3), we use the surgery triangle of Proposition 2.5:

HE*(Y) r HF " (Y;: Mx)

Tl

HF " (Ya4,)

As in the proof of Proposition 4.6 we show that the infinity version of G has the
same kernel as the action of the dual knot of K, say K’ C Y, . Moreover, the usual
argument shows that the infinity version of F, which is just F> _, is injective;
and by exactness it injects into ker[K’] which, according to Proposition 2.6,
is graded isomorphic to HF* (Y}, t'). Again observing that the argument goes
through with arbitrary field coeflicients, we see that Fg> = maps isomorphically
onto ker[K']. O

Proof of Theorem 4.1. The key is the standard observation that whenever we have
a cobordism (W, s) between torsion spin® 3-manifolds (Y, t) and (Y’, t) inducing
an isomorphism Fy? : HF*(Y,t) — HF>*(Y’,t), then d(Y,t) + deg FVJ[ZS <
d(Y',t), as an easy diagram chase shows. Unfortunately, we cannot apply this
argument directly because in general the target of the cobordism maps will not
have fully twisted coefficients.

To circumvent this problem, we observe that the left-hand side of the inequal-
ity (4.2) is additive while the right-hand side behaves telescopically when two neg-
ative semidefinite cobordisms are composed. Conversely, one can also show that
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the left-hand side splits appropriately when W is cut along a separating 3-manifold
in its interior. It would therefore be enough to prove Theorem 4.1 for cobordisms
consisting of single handle attachments. In fact, this strategy works quite well
since Proposition 4.3 covers 1- and 3-handles, while Proposition 4.8 allows us to
run the standard argument mentioned above. What remains are 2-handle attach-
ments along knots in essential homology classes. It turns out that these actually
cannot be treated separately but have to be paired with 1-handles. It is at this point
that the assumption on the map H;(Y; Q) — H;(W; Q) becomes relevant and we
are forced to work with the coefficient systems that appear in Proposition 4.6.

As a last preparatory remark, we can restrict our attention to the case when
H,(Y;Q) — H1(W;Q)isnotonly injective but actually an isomorphism. Indeed,
if it is not surjective, say of corank k, then we perform surgery on an embedded
circle C C W\ W which represents a non-zero class in H; (W ; Q) not contained
in the image of H;(Y; Q). The resulting cobordism W' has the same boundary
as W and is easily seen to satisfy b;E(W/) = bzi(W) and the map H1(Y;Q) —
Hy(W’; Q) has corank k — 1. Moreover, the restriction of s to W \ vC extends
to W’ and any such extension s’ satisfies ¢?(s') = ¢#(s). In particular, the left-
hand side of (4.2) is the same for (W, s) and (W’, s"). By successive surgeries we
can therefore cut down Hq(W; Q) to the image of H1(Y; Q).

We now begin the actual proof. We choose a handle decomposition of W and
put it in standard ordering as defined by Ozsvath and Szabd (see [16, p. 243]). This
means that the handles are attached in order of increasing index and, moreover, the
2-handle attachments are ordered such that b; of the intermediate 3-manifolds first
decreases, then stays constant, and finally increases. For the existence of such a
handle decomposition, see [16, p. 244]. We cut W into two pieces Wi, Uy Wa3 such
that W, contains all 1-handles and the decreasing 2-handles while W,3 contains
the remaining 2- and 3-handles. Observe that the b;-decreasing 2-handles are
exactly those that are attached along essential knots. So by the above remarks
Theorem 4.1 holds for W,5 and we can restrict our attention to Wj,. Since we are
assuming that H;(Y; Q) — H;(W; Q) is an isomorphism, there must be exactly
as many b;-decreasing 2-handles as there are 1-handles, say we have n each.
Our goal is to show that (Wj,, s) induces an isomorphism between HF* (Y, t)
and HF*°(N, ty) where ty = s|y is easily seen to be torsion. We further
decompose W, into pieces V7 and V; along Y #5,, where V; contains all i -handles.
Note that the attaching circles Ki,..., K, C Y#5, of the 2-handles span the
subspace Hi(5,; Q) C Hi(Y#S,;Q). In particular, W, is a rational homology
cobordism which, in turn, implies that the twisted cobordism map has the correct
functoriality. To show that it is an isomorphism we invoke the composition law



20 S. Behrens and M. Golla

for twisted coefficients [10, Section 2.3]. On the one hand, we observe that in the
identification of Example 4.5 (iii) we have

Fp° (HE®(Y, 1)) = HF®(Y, ) ® A" Hy(Sn).

which follows from the definition of the maps induces by I-handles,
see [20, Section 4.3]. On the other hand, Proposition 4.6 applies to the 2-han-
dles with V' = H»(S$,) and shows that F> = maps the image of F° & isomorphi-
cally onto HF* (N, ty). We can therefore conclude that we have an isomorphism

F%:HF*(Y,t) > HF*(N, ty), which finishes the proof. O

5. Intersection forms of smooth fillings

We already mentioned that Theorem 1.1 imposes restrictions on the possible in-
tersection forms of smooth 4-manifolds with fixed boundary. We will now make
the nature of these restrictions more precise. We begin with some general re-
marks about non-degenerate symmetric bilinear forms over the integers. Let L be
a free Abelian group of rank n, equipped with an integer-valued symmetric bilin-
ear form S and let d = |det S|. Recall that S is called non-degenerate it d # 0
and unimodular if d = 1. We will refer to the expressions of the form S(x, x),
x € L, as squares of S. We say that S is semidefinite (or simply definite in the
non-degenerate case) if all non-zero squares have the same sign, and indefinite
otherwise. Furthermore, S is called even if all squares are even, and odd oth-
erwise. If S is non-degenerate then L canonically embeds into the dual group
L* = Homy/(L,Z) as a subgroup of index d. Consequently, we can identify L
with its image in L* and extend S to a rational-valued form on L* as follows. For
any A € L* we have dA € L and we set

S*(A,p) = dizS(d)L,d,u) = TA(dp) € 3Z C Q.
for any pair A, u € L*.

Remark 5.1. A less intrinsic but more geometric picture emerges when we embed
L as a lattice in R” in such a way that S corresponds to the standard inner
product with the same signature as S (which is possible by Sylvester’s law of
inertia). After fixing such an embedding L C R” one can conveniently think
of L* as the dual lattice {y € R" |x -y € Z for all x € L} leading to a chain of
inclusions L C L* C R” and both S and S* are given by the relevant inner
product on R”.



Heegaard Floer correction terms, with a twist 21

The main purpose for introducing L* is that it serves as a host for the charac-
teristic covectors of S which form the set

x5 (S)={k € L |k(x) = S(x,x) mod2forall x € L}.
From these we extract a numerical invariant
m(S) = min {|S*(k,1)| |k € x*(S)} € Q

which, in the case of a definite lattice in R”, measures the length of the shortest
characteristic covector of S. As we will see, this is a rather powerful invariant
of S. For mainly cosmetic reasons we will consider the equivalent invariant

d(S) =n—m(S) € Q. (5.1)

that we call the defect of S.2 To the best of our knowledge these invariants first
appeared implicitly in the work of Elkies [4] and [5], which was inspired by
Donaldson’s theorem. We will say more about their algebraic significance after
explaining the relation to Theorem 1.1.

Now let Z be a smooth filling of a fixed 3-manifold Y and let ker(Q z) be the
kernel of the intersection form on H,(Z). The quotient Lz = H,(Z)/ker(Qz)
is easily seen to be free Abelian of rank b;’ (Z) + b5 (Z) and Q7 descends to
a non-degenerate form on Lz, henceforth denoted by Sz, which we will refer
to as the non-degenerate intersection form of Z. Together with the observation
that ker(Q z) contains the image of H,(Y') as a subgroup of full rank, the universal
coeflicient theorem gives identifications

Ly = { e H*(Z)|(£.x) = 0forall x € ker(Qz)} /torsion
= {£ € H*(Z)|&|y € H(Y) is torsion} /torsion.

Moreover, an inspection of the homology sequence of the pair shows that L% /L 7z
injects into the torsion subgroup of H;(Y) so that |det(Sz)| is bounded by the
order of the torsion subgroup of H;(Y). In order to state a more algebraic
reformulation of Theorem 1.1 we introduce the notation

8(Y) = max {8(Y,t) |t € Spin®(Y) torsion}

which gives an invariant that does not depend on any spin€ structure but only on Y.

2 While defects of lattices tend to show up quite frequently in relation questions surrounding
Donaldson’s theorem, there does not seem to be a standard terminology. We follow [6, p. 8].
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Theorem 5.2. Let Z be a smooth filling of Y. If b; (Z) = 0, then any character-
istic covector k € x*(Sz) satisfies

by (Z) + k> < §(Y).
In particular, the defect of Sz satisfies d(Sz) < 6(Y).

Proof. This is an immediate consequence of Theorem 1.1 once we understand the
relationship between spin¢ structures on Z and characteristic covectors of Sz.
Since this is common folklore, we shall be brief. Using the identification of L7
in (5.2), each spin® structure s € Spin°(Z) with ¢ (s]y) torsion gives rise to an
element k; € L7,. Moreover, we have ks(x) = (c1(s), x) for any X € H(Z)
representing x € Lz and, since c;(s) reduces to w,(Z) which evaluates as the
mod 2 self-intersections, it follows that ks € x*(Sz). One readily checks that
x*(Sz) has a free and transitive action of 2% which can be realised by the action
of H?(Z) on Spin®(Z). Hence, all characteristic covectors have the form «, for
some s. What is left to check is that k2 = c¢f(s) which, in essence, follows
from Poincaré duality after unraveling the definition. Theorem 1.1 then yields the
inequality b5 (Z) + k2 < §(Y,t) where t = s|y. Taking maxima on both sides
leads to the desired inequalities. O

Having identified the defect of the non-degenerate intersection form as the
algebraic invariant of semi-definite fillings obstructed by the §-invariant, and thus
by the twisted correction terms, we now take a closer look from an algebraic
perspective. We restrict our attention to a negative definite form S of rank n.
An important feature is that the defect d(.S) a priori lies in the bounded range

0 < d(S) < n. (5.2)

The right inequality holds by definition with equality precisely when S is even
(both conditions are equivalent to 0 € x*(S)). The left inequality was first proved
by Elkies [4] for unimodular forms and was extended by Owens and Strle [15] to the
general case. More interestingly, their results also show that the equality d(S) = 0
characterises the trivial lattice S =~ I, = n(—1). This already shows that
the defect is a powerful invariant. Theorem 5.2 together with (5.2) yields the
following.

Corollary 5.3. If Y has a smooth, negative semidefinite filling, then 5(Y) > 0.

Recall that any negative definite form can be decomposed as S = Sy I, where
So is minimal in the sense that it has no element of square —1. The number r
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and the isometry class of Sy are uniquely determined by S. Since the defect is
clearly additive under orthogonal sums and d(I,) = 0, we see that d(S) = d(Sp).
An immediate consequence of this is that an upper bound on the defect does not
imply an upper bound for the rank. However, if S happens to be even (and thus
minimal), then we have d(S) = rk(S) as noted above. Using this we get the
following refinement of Theorem 1.2.

Corollary 5.4. Let Z be a smooth filling of Y. Suppose that Sz is negative definite
and splits as Sz = So @ I, with So minimal and even. Then tk(So) < §(Y). In
particular, this leaves a finite list of possible isometry classes for Sy.

Proof. Since Sy is even, its rank agrees with d(So) = d(Sz) and the bound
follows from Theorem 5.2. Moreover, possibly up to a sign the determinant of S,
agrees with that of Sz, which is bounded in absolute value by the order of the
torsion subgroup of H;(Y). Since there are only finitely many isomorphism
classes of definite forms with given rank and determinant (see [13, p.18], for
example), the result follows. |

It is an interesting question to what extent the assumption that Sy is even is
necessary in Corollary 5.4. In essence, this was already asked by Elkies [5, p. 650].

Question 5.5 (Elkies). Let So be a minimal (unimodular) lattice. Does an upper
bound on d(Sy) imply an upper bound on the rank of So?

As far as we know, this question is still open. Some evidence for an affirmative
answer is available in the unimodular case. It should be noted that the defect of
a unimodular lattice, as we have defined it, is divisible by 8 as a consequence of
van der Blij’s lemma [13, p. 24], so the first possible defects are 0, 8, 16, and 24.
Elkies showed that there are exactly 14 non-trivial minimal unimodular lattices
with d(Lg) < 8, see [4, 5]; in addition, rank bounds are known for d(L¢) < 24,
see [9] and [14]. Curiously, the lattices with low defect are at the opposite end of
the spectrum as even lattices, which realize the highest possible defect for a given
rank, for which the rank bound is obvious. Lastly, we remark that the question
appears to be completely uncharted territory in the non-unimodular case.

6. Computations and applications

After the abstract algebraic considerations in Section 5 we now turn to more
concrete problems. We begin by giving a computation of the twisted correction
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terms of X, x S for a surface ¥, of arbitrary genus g. For g > 1 these are
arguably the simplest examples of 3-manifolds with non-standard HF* and as
such they are not accessible to the previously available (untwisted) correction
terms.

6.1. A surface times a circle. Recall from Example 3.5 that d(S!x 2, tg) = —
and d(T3,ty) = % It turns out that this pattern continues as follows.

1
2

Theorem 6.1. Let X, be a closed, oriented surface of genus g. Then the unique
torsion spin® structure ty on the product X, x S satisfies

D= NI=

g even,

g odd.

d(Zg xSt tg) =

_'.

In other words, we have
§(2g x SN =8(Zg x ST tg) =8[£]
where [-] is the ceiling function.

We split the proof into two parts. We first exhibit an explicit filling that realises
the lower bound §(Z; x S!). The second part is an inductive argument based on
a computation of d(Z, x S, tg) which will occupy most of the present section.

Proposition 6.2. X x S! has a smooth filling Z, with even, negative semidefinite
intersection form of rank b5 (Z) = 8 |_§-| In particular, we have §(Zg x S1) >

8151

In Lemma 6.9 below we will also determine the intersection form of the
4-manifold Zg constructed below.

Proof. We first construct a 4-manifold Z; as the complement of a (symplectic)
genus-g surface of self-intersection 0 in a blow-up of CP2. We start with a
configuration of g + 1 complex curves of which g are smooth generic conics
in a pencil, and the remaining one is a generic line. This configuration has 2g
double points and four points of multiplicity g. One can resolve the double points
in the symplectic category, hence obtaining a symplectic curve with four points of
multiplicity 2¢. We now blow up CP? at these points, and at 4g + 1 generic points
of the curve. Taking the proper transform gives a smooth symplectic curve C of
self-intersection 0 in X = CP2?#(4g + 5)CP? in the homology class

[Cl=Qg+1Dh—gler+---+es) —(es + -+ eags).
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The canonical divisor Ky of X is Poincaré dual to e; + -+ + e4g45 — 35, hence
the adjunction formula reads

0= (Kx,C)+C?>+ x(C)=4g—(4g+1)— 2g+ 1) +2—2g(C),

showing that C has genus g(C) = g. In particular, the complement Z; of an
open, regular neighbourhood of C in X is a filling of £z x S' and we claim that
for odd g it has all the required properties. In fact, it is negative semidefinite, since
C? =0and b;“ (X) = 1; moreover, since b; (X) = 4g + 5, we have that

by (Z)) = b3 (X)— 1 =dg + 4.

Finally, [C] is easily seen to be characteristic in H,(X) if g is odd, hence the
intersection form on the complement is even: in fact, if x € [C]*, then x? =
x-[C]=0.

For odd g we can therefore take Z, = Z; . For even g use the following trick.
Let V, be a cobordism from X, to X¢4; obtained by attaching a 3-dimensional
1-handle and let W, = V, x S'. Then the intersection form on H,(Wy) is trivial
and H;(Z, x S!) injects into H;(Wy). In particular, a Mayer—Vietoris argument
shows that if Z is a filling of 4 x S! with b} (Z) = 0, then Z U W, is any filling
of Zgt1 x St with b (Z U W) = 0and b, (Z U W) = b5 (Z). Moreover, if Z
has an even intersection form, then so does Z U Wy. So for g even and positive
we let Zg = Zg_l UWg_l. O

The second ingredient for our proof of Theorem 6.1 is the following special
case.

Proposition 6.3. The correction term of X, x S! with its unique torsion spin®
structure to is d(Z, x St tg) = _%'

The computation is lengthy and technical and we postpone it until Section 6.1.1.
We first explain how it fits into the proof of Theorem 6.1.

Proof of Theorem 6.1. For brevity we write Y, = X, x S! and omit the unique
torsion spin® structure from the notation. We proceed by induction on g. As
mentioned in Example 3.5, the computations of d(Y,) for g = 0 or 1 are covered
in the literature, and the case g = 2 is obtained in Proposition 6.3 above.
Suppose now that g > 2. There is a cobordism from Y, to Yy _»#Y, obtained
by attaching a single 2-handle along a null-homologous knot with framing 0. This
is shown in Figure 1: in the top picture, the dashed curve represents the attaching
curve of the 2-handle, and the other curves give a surgery presentation for Y, ; the
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bottom picture is obtained from the one on top by a handleslide, and it shows that
the positive boundary of the cobordism is Yy _»#Y>.

Figure 1. The handleslide.

In particular, the assumptions of Theorem 4.1 are satisfied by this cobordism,
and applying additivity we get

2d(Yg) + b1(Yg) < 2d(Yg—o#Y2) + b1 (Yg—2#Y3)
= 2d(Yg—2) + 2d(Y2) + b1(Yg—2#Y>2),

showing that d(Yg) < d(Yg—2). On the other hand, Proposition 6.2 ensures that ¥
bounds an even, negative semidefinite 4-manifold Z with b5 (Z) = 4g + 4if g is
odd and b; (Z) = 4g if g is even. The fact that Z is even implies that we can find
a spin® strucutre 5 € Spin°(Z) with ¢ (s) torsion; hence, applying Theorem 1.1
to (Z,s), we obtain

0+ by (Z) < 4d(Yg) + 2b1(Yy),

from which we get d(Yg) > % for g odd, and d(Yg) > —% for g even. O

6.1.1. Computationofd(X,xS1,ty). Thissubsection is devoted to the proof of
Proposition 6.3. In what follows, we will denote by K the right-handed trefoil 75 3,
by K? the connected sum of two copies of K, i.e. K? = T, 3#T, 3. Also, we will
denote by M(a, b, c, d) the manifold obtained by doing surgery along the framed
link L in Figure 2. Notice that the 0-framed component of L is distinguished,
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since it is the only component of Seifert genus 2 in the complement of the other
components.

Cc

g%%%

/

Figure 2. A surgery diagram for M(a,b,c,d).

We note here the following identifications:

M(oo,1,1,1) = S3(K), M(0,00,1,1) = Sg(K)#(S* x S,
M(,1,1,1) = S(K?), M(0,0,0,00) = T3#(S* x S1),
M(0,0,00,1) = T3, M(0,0,0,0) = X, x S

When a 3-manifold admits a unique torsion spin® structure (and this is the case
for all manifolds in this section, except for one, in the proof of Lemma 6.6), we
suppress the spin¢ structure from the notation.

Remark 6.4. Note that the connected sum formula for Heegaard Floer homology
with twisted coefficients implies that taking a connected sum with a (twisted
coeflicients) L-space (Y, 1) (i.e. ﬂ;d(Y ,t) = 0) corresponds to a degree-shift
by d(Y,t); in particular, since S? x S! is a twisted coefficients L-space with
correction term —%, the groups HE™ (M (0, o0, 1, 1)) and HF ' (M (0, 0, 0, o)) are
easily computed from the corresponding groups ﬂ+(Sg(K)) and HF'(7T3),
respectively. These two latter groups have in fact been computed in [16, Lemma 8.6
and Proposition 8.5].

In what follows, we denote by F(s), the ring F[s, s~!] of Laurent polynomials
in the variable s over the field IF, supported in degree d; we denote by IF(s, 7); the
ring F[s,s~!,¢,¢7!], supported in degree d. More generally, given a module M
over a ring R it will be convenient to write M(s) for the module M ®pg R[s,s™!].
Also, given an element r € R, we denote by r, the projection M — M/(r—1)M.
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Lemma 6.5. Identify F[H(S3(K))] with F(s). The plus-hat long exact sequence
for the twisted Heegaard Floer homology of S3(K) reads:

HF"(S3(K)) HE(S3(K)) HF " (S3(K))

g Doy, b

TH @ F(s) 3 —>F(s) ) @F(s)_3 =T @F(s) 5

2 2

(]
[N}

Proof. Recall that K is an L-space knot, and that in fact S7(K) is an L-space
with d(S3(K)) = —2. It follows that HF " (S}(K)) = HF(S3(K)) = 77, and
HF(S}(K)) = HE(S3(K)) = F_».

Consider the surgery exact triangle associated to 0-surgery along K; since the
hat-plus long exact sequence is natural with respect to cobordisms, this triangle
fits into a long exact sequence of triangles as follows:

HE"(S3)(s) HE(S%)(s) HEF($3)(s) —— -

- —— HF* (S3(K) HF(S3(K)) HF* (53 (K)) — -

- —— HE* (S}(K)) (s) — HE(S}(K))(s) — HE" (S7(K))(s) — -

Observe that the horizontal maps from plus to hat have degree +1, the next
ones have degree 0 and the following ones have degree —2; that the vertical maps
from S7(K) to S3 are a sum of maps of non-negative degree, while all the other
ones involving the torsion spin¢ structure on S3(K) have degree —%. Finally,
since HF®(S3(K)) = T, we also obtain that HE" (S3(K)) contains a single
tower. It follows that the vertical map HE ' (S3(K))(s) — HF'(S3) is (up to a
sign) multiplication by U(1 —t). An easy diagram chase completes the proof. O
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Lemma 6.6. Identify F[H(S3(K?))] with B = F(s). The plus-hat long exact
sequence for the twisted Heegaard Floer homology of Sg(K?) in the torsion spin®
structure reads:

HF"(S3(K?)) HE(S3(K?)) HF " (S3(K?))
B 01—s0 - B
(3%4) (5829)
+ 0 0 0 2 0001/ -+
T, ®F_s®F_s F ik ,0F_s T, ®eF :8F_5
-3 2 2 2 -5 2 -2 2 2

Proof. This is analogous to the proof of Lemma 6.5, hence here we only outline
the differences. K? is not an L-space knot, but the Heegaard Floer homology of
S 132 K?) was computed in [17, Lemma 4.1], at least in the spin® structure which is
relevant for the computation of HF " (S5 (K?)), and which is relevant to us (called
0(0) in loc. cit.). Namely:

®T

HF T (S7,(K?). Q(0)) =F_3 & T~

B

Instead of using the surgery exact triangle for +1-surgery, we use the triangle
for twisted +12-surgery, where the degrees of the vertical maps are —% (from
0-surgery to 12-surgery), —4! (from 12-surgery to $*) and —3 (from S? to the
0-surgery). A diagram chase as above proves the lemma. |

Lemma 6.7. Ertd(M (0,1, 1, 1)) is supported in degrees at most —2, and

d(M(,1,1,1)) = —1.

Proof. We need to set up some notation. Let
Y =M(©O,1,1,1);

H,(Y) is generated by classes s and ¢, where s is represented by a capped-off
Seifert surface for the marked component of L, and ¢ is represented by a capped-
off Seifert surface for the first component of L (i.e. the one with framing O in this
surgery). This identifies F[H (Y )] with IF(s, ¢).

Since Y fits into an surgery triangle with S3(K) = M(oo,1,1,1) and
S3(K?) = M(1,1,1,1), we have the following long exact sequence of exact
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triangles, as in the proof of Lemma 6.5:

s HEH(S3(K))(1) —“ HE(S3(K)) (1) — > HE* (S3(K)) (1) — -

HE*(Y) HE(Y) HF (Y) — -
o= HF (S(K)) (1) = HE(S3(K2) (1) 2= HE* (S3(K?)) (1) —= -

F+ F F+

Notice that the “new” variable ¢ is the one associated with the second Seifert
surface, since the first Seifert surface generates the homology of S3(K) and
SS(K?).

Notice that, since E;d(Sg(K )) is supported in degree —% and the map
from HF (S3(K)) to HF"(Y) has degree —1, the image of HF " (S3(K))(7) in
Ertd(Y) is supported in degrees at most —2. In order to prove the statement, it is
therefore enough to prove that the image of ﬂrtd(Y) in HF ' (S3(K?))(2) is sup-
ported in degrees at most —3 since the map HE ™ (Y) — HF"(S3(K?))(1), too,
has degree —%. This is in turn equivalent to showing that the vertical map starting
from F(s.1)_3 C HF ' (S3(K?)) is nonzero. Let xq := 1 € F(s, H_3-

For degree reasons, the image F ¥ (xg) of xo in HF ' (S3(K)) lies in the reduced
part, which is a copy of (s, ). Hence, it is torsion if and only if it vanishes; our
assumption becomes that F ¥ (xq) = 0.

Observe that the map F ™ restricts to multiplication by +1 on the tower T+ (),
as in the proof of Lemma 6.5. Since the bottom-most element of the tower is in
the image of B2, by commutativity of the diagram, it follows that the restriction

of F to the subspace F(s,?)_ 3 of @(53 (K?)) does not vanish.

For the same reason, since a?(xp) lies in the same subspace, we obtain that
a(F T (xg)) does not vanish either, hence F*(xq) # 0, as required.

Finally, notice that the image of F* cannot contain the bottom-most element of
the tower of HF* (S3(K)): the restriction of FT onto the tower of HF " (S3(K?))
certainly does not, and the reduced part is supported in lower degrees. O
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Proof of Proposition 6.3. The argument here will be similar to the one seen in
the proofs of the three lemmas above. We first claim that Ertd(M (0,0,1,1))
is supported in degrees at most —% and that d(M(0,0,1,1)) = —%: in fact,
M(0,0,1,1) fits into a surgery triple with M(0,1,1,1) and M(0,00,1,1) =
SS(K)#(S? x S1), which gives the following long exact sequence in Heegaard

Floer homology:

oo — HFT(M(0, 00, 1, 1))(t) — HF (M (0,0, 1, 1))
— HF " (M(0,1,1, 1))(t) —> - - - .

Here ¢ is the new generator corresponding to the new class, and needs not be
confused with the ¢ used above.

However, combining Lemma 6.5 and Remark 6.4 we obtain that the reduced
part of the leftmost group is supported in degrees at most —2 and the same holds for
the rightmost group, thanks to Lemma 6.7. The same argument as above shows
that ﬂrtd(M (0,0,1,1)) is supported in degrees at most —% and allows for the
computation of d.

An analogous computation, combined with [16, Proposition 8.5], shows that
E;d(M(O, 0,0, 1)) is supported in negative degrees and that d(M (0, 0,0, 1)) =
0; this time, however, the map from the tower of HE* (M (0, 0, 1, 1))(¢) is no longer
injective, so one needs to be more careful. Let us now look at the surgery triple

involving M(0, 0,0, 0), M(0,0,0, 1) and M(0, 0,0, c0): we have

... — HFT(M(0, 0,0, 00))(t) — HE" (M (0,0, 0,0))
—> HF T (M(0,0,0,1))(t) —> --- .

and, as above, using Remark 6.4 and the computation of E*’ (T3), we conclude
the proof of the proposition. |

6.1.2. Intersection forms of fillings of £, x S!. With Theorems 5.2 and 6.1
at our disposal, we have a concrete restriction for intersection forms of smooth
fillings of Xz x S! on which we now elaborate. Note that since H;(Zg x S')
is torsion-free, the non-degenerate intersection form Sz of any filling Z is auto-
matically unimodular. Furthermore, if Z is smooth and Sz is negative definite,
which we henceforth assume, then its defect is bounded by d(Sz) < 8[£]. As
before we write Sz as Sy @ I, with Sy minimal and ask and ask what the possibil-
ities for Sp are. Obviously, the trivial form is realised by £, x D?. In the proof of
Theorem 6.1 we constructed a filling Z, with a more interesting intersection form
which we now determine.
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Example 6.8. Recall that the vectors of the form e; +e; and %(el +---+e,)in R”
generate a lattice I';, C R” which is unimodular for n = 4k, even for n = 8k, and
odd for n = 8k + 4. Moreover, one can show that I'y; is irreducible (hence
minimal) and satisfies d(I'sx) = d(I'sx+4) = 8k. Recall that Z, was obtained as
the complement of a genus g surface in CP?#(4g + 5)CP? in the homology class
x=Q2g+1)h—gleg+---+es)—(es+---+e4g45). By Lemma 6.9 below Sz,
is isomorphic to I'4g+4. Moreover, for any 7 < g we can extend Zj, to a filling
of Z, by adding a cobordism as in the proof of Theorem 6.1. By blowing up these
fillings we can realise the forms ['4514 @ I, with i < g and r > 0 by smooth
fillings of =, x S1.

Lemma 6.9. Fix a positive integer g (not necessarily odd), and let (x) be the
sublattice of H,(CP?#(4g + 5)CP?) generated by the class

x=2g+Dh—gler1 +ex+e3+es)—(e5s+ -+ eagts).

The lattice Q = (x)*/(x) is of type T4g+4.

Proof. For brevity we let n = 4g + 4. As seen in Example 6.8, Q is the non-
degenerate intersection form of the 4-manifold Z, whose boundary has torsion-
free homology. Hence, Q is unimodular. Moreover, Q is a root lattice, since the
associated vector space is generated by the set R of roots of Q (i.e. elements of
square —2)

R={e1—ex, es—e3,e3—e4,65—¢€6,..., 6, —nt1, h—e1 —ex —es}.
e1—e
[ ]
ex—e3 h—e1—ex—es5 es—eg en—1—éen en—en+1
[ ] [ ] [ ] e e — O
[ ]
e3—ey

The roots in R intersect according to the Dynkin diagram D, shown above;
therefore, R generates a sublattice Q” C Q of index 2 isomorphic to the lattice D,,.
We think of D, as sitting in R” (with orthonormal basis { f1, ..., f,}), generated

by the roots { f1 + f2, f1 — f2. .-\ Jum1 — fu)-
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In particular, the two “short legs” of the Dynkin diagram are f1+ f> and f1— f>.
Recall that there are only two unimodular overlattices of D, up to isomorphism:
7" and T, both sitting in R”; see [3, Section 1.4]. The overlattice is Z" if and
only if it contains f;, i.e. only if it contains half of the sum of the two “short
legs” of the Dynkin diagram, and it is I, otherwise. Since the action of the Weyl
group on the set of fundamental sets of roots is transitive, we may assume that the
isomorphism between Q' and D,, identifies the two chosen bases. The two short
legs of R are e; — e; and e3 — ey, and their sum y is represented by vectors y + X
none of which divisible by 2 in Q: if k is odd (4, y + kx) is odd, and if k is even
(e1,y + kh) is odd. Hence Q is isomorphic to I',. O

For fillings of 73 and £, x S! we have d(Sz) = d(Sp) < 8. As mentioned
at the end of Section 5, this leaves 14 possibilities for Sy, assuming that it is non-
trivial (see Elkies’ list in [4, p. 326]). Among these we find I's 2~ Eg and I';, from
Example 6.8 above. It is well-known that Eg is the only non-trivial even lattice of
rank at most 8. As an immediate consequence we get a slightly stronger version
of Theorem 1.3.

Corollary 6.10. Let Z be a smooth filling of T3 or £, x S! with Sz negative
definite of the form Sy @ I, with Sy even. Then Sy is either trivial or isomorphic
to Eg, and both cases occur.

All other lattices in Elkies’ list are odd of rank at least 12. We have seen in
Example 6.8 that I'y5 is realised by a smooth filling of X, x S!. However, we
do not know whether it also appears for 73; Theorem 5.2 does not provide any
obstruction in this case. We therefore ask:

Question 6.11. Can Ty, be realised by smooth fillings of T>?

Of course, there is the more general question of which odd lattices in Elkies’
list, if any, appear for 7'3. This should be compared to Frgyshov’s work on fillings
of the Poincaré sphere [7, Proposition 2].

Our findings about 72 and X, x S! leave the possibility that Theorem 5.2 is
the only obstruction for realising even lattices. In order to test this we consider
Y3 x St and X4 x S for which d(Sz) < 16. The only non-trivial even lattices of
rank at most 16 are Eg, Es @ Eg, and I'1¢ (see [2, Table 16.7]). In Example 6.8 we
have realised all but Eg & Ejg.

Question 6.12. Can Es@® Eg be realised by a smooth filling of ©3xS! or 24x 51?2
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In the same spirit one may wonder which of the 24 even lattices of rank 24
(see [2, Chapter 18] for a list) are realised by fillings of £5x S or X. For example:

Question 6.13. Can the Leech lattice be realised by a smooth filling of 5 x S'?

Another way to look at this question is which is the simplest 3-manifold
that can appear on the boundary of a smooth 4-manifold whose non-degenerate
intersection form is a given lattice, for example the Leech lattice. In this special
case X5 x S! might be considered a satisfactory answer.

If we increase the genus further, thereby further weakening our bound on
d(Sz), we soon enter uncharted algebraic territory. As mention above, up to
defect 24 there is a manageable list of even unimodular lattices and the number of
minimal lattices is known to be finite but possibly large [9, Chapter 5]. Beyond
this range the number of lattices allowed by Theorem 5.2 explodes, rendering any
attempt of an enumeration extremely difficult if not impossible. As a consequence,
without further obstructions there is little hope for a classification of all lattices
that can appear as non-degenerate intersection forms of fillings of 3-manifolds Y
for which §(Y) is large.

6.2. Embeddings into closed 4-manifolds. In this section, P will be a fixed
integral homology sphere such that d := d(P,ty) # 0 for the unique spin®
structure to on P. In what follows, the spin® structure will be omitted from
the notation whenever possible; also, nP will denote the connected sum of |n|
copies of P or —P (i.e. P with the reversed orientation) depending on the
sign of n. For example, the Poincaré sphere satisfies these requirements, since
d(83,(T2,3)) = —2.

Proposition 6.14. Fix a 3-manifold Y and a closed, smooth 4-manifold X with
definite intersection form. There exists an integer N, depending only on Y, such
that Y, = Y#nP does not embed in X as a separating hypersurface for |n| > N.

Proof. Notice that the statement is independent of the orientation of P, thus we
can pick the orientation of P for which d > 0. In particular, as P is an integral
homology sphere, d is an even integer, hence d > 2. Similarly, we can assume
that X is negative definite.

For each n there is an isomorphism Spin®(Y') — Spin®(Y,) defined by t — t#t,
that carries torsion spin® structures to torsion spin® structures, where t, is the
unique spin® structure on nP.
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Now assume that there is a separating embedding Y, < X. Let Z and Z' be
the closures of the connected components of X \ Y, labelled so that 0Z = —dZ’ =
Y,. Notice that both Z and Z’ are negative semidefinite so that Corollary 5.3 yields
8(Y,) > 0and also §(—Y,) > 0. Since correction terms are additive, so is §, hence

0<8(Yy) =8(Y)+4nd and 0<8(—Y,) =8(~Y)—dnd.

Since d > 2, it follows that —3(Y)/4d <n < §(—Y)/4d. We can now choose

_ §(Y) 8(=Y)
N = LmaX{T,T}J O

Note that if §(Y') and §(—Y') are both negative, then N can be chosen to be —1,
hence Y,, never embeds in a closed definite 4-manifold.

Example 6.15. Let Y = X, x S! and P the Poincaré homology sphere; since
8(Y) = 8[£7 and d(P) = —2, we get that Y#n P does not embed in a negative
definite 4-manifold as a separating hypersurface if n > [£]. In particular, when
Y is either the 3-torus 73 or ¥, x S, this shows that Y #n P cannot be embedded
in a negative definite 4-manifold X whenever n > 2.

References

[1] K. S. Brown, Cohomology of groups. Graduate Texts in Mathematics, 87. Springer-
Verlag, Berlin etc., 1982. MR 0672956 Zbl 0584.20036

[2] J. H. Conway and N.J. A. Sloane, Sphere packings, lattices and groups. Third
edition. With additional contributions by E. Bannai, R. E. Borcherds, J. Leech,
S. P. Norton, A. M. Odlyzko, R. A. Parker, L. Queen, and B. B. Venkov. Grundlehren
der Mathematischen Wissenschaften, 290. Springer-Verlag, New York, 1999.
MR 1662447 Zbl 0915.52003

[3] W. Ebeling, Lattices and codes. A course partially based on lectures by F. Hirzebruch.
Third edition. Advanced Lectures in Mathematics. Springer Spektrum, Wiesbaden,
2013. MR 2977354 Zbl 1257.11066

[4] N. D. Elkies, A characterization of the Z”" lattice. Math. Res. Lett. 2 (1995), no. 3,
321-326. MR 1338791 Zbl 0854.11021

[5] N. D. Elkies, Lattices and codes with long shadows. Math. Res. Lett. 2 (1995), no. 5,
643-651. MR 1359968 Zbl 0854.11021

[6] S. Friedl, I. Hambleton, P. Melvin, and P. Teichner, Non-smoothable four-manifolds
with infinite cyclic fundamental group. Int. Math. Res. Not. IMRN 2007, no. 11,
Art. ID rnm031, 20 pp. MR 2344268 Zbl 1153.57019


http://www.ams.org/mathscinet-getitem?mr=0672956
http://zbmath.org/?q=an:0584.20036
http://www.ams.org/mathscinet-getitem?mr=1662447
http://zbmath.org/?q=an:0915.52003
http://www.ams.org/mathscinet-getitem?mr=2977354
http://zbmath.org/?q=an:1257.11066
http://www.ams.org/mathscinet-getitem?mr=1338791
http://zbmath.org/?q=an:0854.11021
http://www.ams.org/mathscinet-getitem?mr=1359968
http://zbmath.org/?q=an:0854.11021
http://www.ams.org/mathscinet-getitem?mr=2344268
http://zbmath.org/?q=an:1153.57019

36

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

S. Behrens and M. Golla

K. A. Frgyshov, The Seiberg—Witten equations and four-manifolds with boundary.
Math. Res. Lett. 3 (1996), no. 3, 373-390. MR 1397685 Zbl 0872.57024

K. A. Frgyshov, Monopole Floer homology for rational homology 3-spheres. Duke
Math. J. 155 (2010), no. 3, 519-576. MR 2738582 Zbl 1237.57033

M. Gaulter, Characteristic vectors of unimodular lattices which represent two.
J. Théor. Nombres Bordeaux 19 (2007), no. 2, 405-414. MR 2394894 Zbl 1216.11069

S. Jabuka and Th. E. Mark, Product formulae for Ozsvath—Szabd 4-manifold invari-
ants. Geom. Topol. 12 (2008), no. 3, 1557-1651. MR 2421135 Zbl 1156.57026

A. S.Levine and D. Ruberman, Generalized Heegaard Floer correction terms. In
S. Akbulut, D. Auroux, and T. Onder (eds.), Proceedings of the Gokova Geometry-
Topology Conference 2013, Proceedings of the 20" Conference held in Gokova,
May 27-June 1, 2013. Gokova Geometry/Topology Conference (GGT), Gokova, and
International Press, Somerville, MA, 2014, 76-96. MR 3287799 Zbl 1333.57024

C. Manolescu, Pin(2)-equivariant Seiberg—Witten Floer homology and the trian-
gulation conjecture. J. Amer. Math. Soc. 29 (2016), no. 1, 147-176. MR 3402697
Zbl 1343.57015

J. W. Milnor and D. Husemoller, Symmetric bilinear forms. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, 73. Springer-Verlag, Berlin etc., 1973. MR 0506372
Zbl 0292.10016

G. Nebe and B. Venkov, Unimodular lattices with long shadow. J. Number Theory 99
(2003), no. 2, 307-317. MR 1968455 Zbl 1081.11049

B. Owens and S. Strle, A characterization of the Z" @©7Z($§) lattice and definite nonuni-
modular intersection forms. Amer. J. Math. 134 (2012), no. 4, 891-913. MR 2956253
7Zbl 1288.57019

P. S. Ozsviath and Z. Szabd, Absolutely graded Floer homologies and intersection
forms for four-manifolds with boundary. Adv. Math. 173 (2003), no. 2, 179-261.
MR 1957829 Zbl 1025.57016

P. S. Ozsvith and Z. Szab6, On the Floer homology of plumbed three-manifolds.
Geom. Topol. 7 (2003), 185-224. MR 1988284 Zbl 1130.57302

P. S. Ozsvith and Z. Szab6, Holomorphic disks and three-manifold invariants: prop-
erties and applications. Ann. of Math. (2) 159 (2004), no. 3, 1159-1245. MR 2113020
Zbl1 1081.57013

P. S. Ozsvith and Z. Szabd, Holomorphic disks and topological invariants for closed
three-manifolds. Ann. of Math. (2) 159 (2004), no. 3, 1027-1158. MR 2113019
Zbl 1073.57009

P. S. Ozsvith and Z. Szabd, Holomorphic triangles and invariants for smooth four-
manifolds. Adv. Math. 202 (2006), no. 2, 326-400. MR 2222356 Zbl 1099.53058


http://www.ams.org/mathscinet-getitem?mr=1397685
http://zbmath.org/?q=an:0872.57024
http://www.ams.org/mathscinet-getitem?mr=2738582
http://zbmath.org/?q=an:1237.57033
http://www.ams.org/mathscinet-getitem?mr=2394894
http://zbmath.org/?q=an:1216.11069
http://www.ams.org/mathscinet-getitem?mr=2421135
http://zbmath.org/?q=an:1156.57026
http://www.ams.org/mathscinet-getitem?mr=3287799
http://zbmath.org/?q=an:1333.57024
http://www.ams.org/mathscinet-getitem?mr=3402697
http://zbmath.org/?q=an:1343.57015
http://www.ams.org/mathscinet-getitem?mr=0506372
http://zbmath.org/?q=an:0292.10016
http://www.ams.org/mathscinet-getitem?mr=1968455
http://zbmath.org/?q=an:1081.11049
http://www.ams.org/mathscinet-getitem?mr=2956253
http://zbmath.org/?q=an:1288.57019
http://www.ams.org/mathscinet-getitem?mr=1957829
http://zbmath.org/?q=an:1025.57016
http://www.ams.org/mathscinet-getitem?mr=1988284
http://zbmath.org/?q=an:1130.57302
http://www.ams.org/mathscinet-getitem?mr=2113020
http://zbmath.org/?q=an:1081.57013
http://www.ams.org/mathscinet-getitem?mr=2113019
http://zbmath.org/?q=an:1073.57009
http://www.ams.org/mathscinet-getitem?mr=2222356
http://zbmath.org/?q=an:1099.53058

Heegaard Floer correction terms, with a twist

Received August 28, 2015

Stefan Behrens, Faculty of Mathematics, Bielefeld University, Universititsstrafle 25,
33615 Bielefeld, Germany

e-mail: sbehrens @math.uni-bielefeld.de

Marco Golla, Laboratoire de Mathématiques Jean Leray, Université de Nantes,
2, rue de la Houssiniere, BP 92208, 44322 Nantes Cedex 3, France

e-mail: marco.golla@univ-nantes.fr

37


mailto:sbehrens@math.uni-bielefeld.de
mailto:marco.golla@univ-nantes.fr

	Introduction
	Review of Heegaard Floer homology
	Twisted correction terms
	Negative semidefinite cobordisms
	Intersection forms of smooth fillings
	Computations and applications
	References

