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1. Introduction

If two knot invariants were to be cited, they would surely be the Alexander and
Jones polynomials. The latter gave rise to a whole family of quantum invariants
[17], built from maps of representations of the quantum group U, (g) attached to a
semisimple Lie algebra g, and has been the corner stone of quantum topology. Al-
though originating from a much more topological setting, the Alexander polyno-
mial, whose developments are also still investigated, is known to admit a quantum
group based description as well (see [20, 19] and references therein).

A unifying generalization of these two polynomials is provided by the two-
variable HOMFLY-PT polynomial [5, 13]. Unfortunately, the quantum group
description does not seem to extend very well to this context, mostly because
the expected appearance of infinite-dimensional representations (for example of
U, (sl )) makes it impossible to define some of the basic intertwiners.

An alternative, or, more precisely, dual description of the sl,,, quantum invari-
ants has been recently introduced by Cautis, Kamnitzer and Morrison [1] using
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skew Howe duality. In a Schur—Weyl flavored process, they described the inter-
twiners of the Uy (sl )-representations involved in the construction of the knot
invariants as images of elements of a Howe dual quantum group U, (gl;). As a
consequence, they were able to give the first complete description by generators
and relations of the monoidal subcategory of U, (sl,,) representations generated
by exterior powers of the vector representation. A similar description using super
skew Howe duality is also possible for the Lie superalgebra gly|;, which yields the
Alexander polynomial, see [8] and [18]. In both cases, the intertwiners actually live
in the so-called Schur algebra associated to the quantum group Uy (gl ). A major
difference between the two cases, however, is that the dual of the vector represen-
tation of sl,, is isomorphic to an exterior power of the vector representation itself,
while this is not true for g[m. In terms of link invariants, this means that, in the
case of gl|;, using skew Howe duality one can only define a braid invariant. In
order to obtain the actual link invariant (i.e. the Alexander polynomial), one needs
to make sense of closing the braid. This closure process can be realized inside the
Howe dual quantum group for the case of sl,,, but not in the case of gl; ;. A similar
story applies to the HOMFLY-PT polynomial: as a braid invariant, one can define
it inside the Howe dual quantum group of slys for M > 0 (ideally M = o0), but
one cannot perform the closure of the braid inside this quantum group.

In this paper, the first of a series of two [16], we introduce a doubling of
the Schur algebra specifically designed to overcome this problem and provide a
unified representation theoretical setting for the HOMFLY-PT polynomial and all
its specializations. In particular, our doubled Schur algebra extends the Howe dual
quantum group described above and makes it possible to perform internally the
braid closure process for the sl,, invariant as well as for the Alexander and the
HOMFLY-PT polynomial. Indeed, the link invariants are defined directly inside
the doubled Schur algebra.

We expect that our method could be helpful for further investigation of spectral
sequences between sl,, and triply graded link homology (see [7] and references
therein). The dual approach we adopt here could more generally shed light
on representation-theory-based categorifications of the HOMFLY-PT polynomial
and of the Alexander polynomial. The latter could be particularly interesting for
finding a connection with Heegaard—Floer link homology [12], a homology theory
coming from symplectic geometry which categorifies the Alexander polynomial.

This first short paper is devoted to defining the doubled Schur algebra and
the link invariants with values in such doubled Schur algebras. Let us quickly
recall the definition of the link invariants we are interested in. We stress that we
will always consider oriented framed links. First, the HOMFLY-PT polynomial is
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the link invariant uniquely defined by the property of being multiplicative on the
disjoint union of two links, by the skein formula

’X—X‘Z(q‘l—q)’)( (t)

and by the following value for the unknot:

q—q7""
where ¢? is a formal parameter. Note that this is a rescaled version of the usual
definition. The sl,, link invariant is obtained by replacing ¢# = ¢™. Reduced
versions of these polynomials can be obtained by dividing by the value of the
unknot.

Although this is not the original definition, the Alexander polynomial can be
defined in a similar way by the skein relation (1) and by assigning the value 1 to
the unknot. However, the Alexander polynomial is not multiplicative; its value on
a split link is zero.

Our doubled Schur algebra is a quotient of the idempotented version of the
quantized enveloping algebra of gl,,, and it depends on a variable 8, which can
be either an integer or a formal (generic) parameter. Our definition is similar to
the definition of the so-called generalized Schur algebras, which are quotients of
the idempotented version of U(gl,,) where only a finite set of weights survive, and
were introduced by Donkin [2] (for an arbitrary reductive Lie algebra) and studied
extensively also by other authors (see for example [4] in the quantized case).
Our doubled Schur algebra, however, is infinite dimensional, since an unbounded
infinite set of weights is allowed. Indeed, while the generalized Schur algebra
describes a finite set of irreducible finite dimensional representations, our doubled
Schur algebra is the analogue for a set of infinite dimensional representations (see
(16, §71).

We develop a process to assign to the closure b of a braid b an element Pg (B)
of this doubled Schur algebra. Depending on the value of 5, we recover either the
HOMFLY-PT polynomial or the Reshetikhin—Turaev invariant attached to the Lie
algebra sl,,:

Theorem 3.5. Let L be a framed oriented link. If B is generic, then Pg(L) is the
HOMFLY-PT polynomial of L. If B = m € Z, with m > 2 then Py, (L) is the s,
link invariant of L.
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The Alexander polynomial can also be obtained in the doubled Schur algebra.
For a link L presented as the closure of a braid b, we denote b the closure of all
but one of the strands of b, and Py (L) the associated element of the doubled Schur
algebra for § = 0.

Corollary 4.3. Let L be an oriented link. Then Py(L) is the Alexander polynomial
of L.

Finally, the same process in the cases § generic or = m > 2 yields the
reduced version of the corresponding polynomials.

Proposition 4.4. Let L be an oriented framed link.

(1) If B is generic, then ﬁﬁ (L) is the reduced HOMFLY-PT polynomial of L,
while

(2) if B is specialized to m € Z.~, then P, (L) is the reduced sl,, invariant of L.

We refer to the sequel [16] for the investigation of the representation-theoretical
version of this story and its consequences, as well as the full generalization of the
invariants to tangles, which best comes after exploring the formal properties of
the doubled Schur algebra. However, in the last section of the present paper we
briefly discuss how our main results extend to the case of colored invariants of
knots and links. In addition, we go beyond the case of braid closures and consider
any colored link diagrams. We thus obtain analogs of Theorem 3.5, Corollary 4.3
and Proposition 4.4 for general link diagrams in the colored case. The goal of this
last part is to give a short and practical explanation of the process.

The reason for us to restrict at first to the case of braid closures is because
it allows for short and easy proofs of well-definedness and invariance, while the
proofs of the last section rely on some more subtle arguments from [16]. Nonethe-
less, the process is very similar and allows to give constructions not only of the
sl,, link invariants, but also of the Alexander polynomial and of the HOMFLY-PT
polynomial, starting from any diagram, in the general context of quantum groups.
Once again, since the categorification of quantum groups has been widely stud-
ied, we believe that our construction can open new categorification perspectives
for the Alexander and the HOMFLY-PT polynomial.

Acknowledgments. We would like to thank Christian Blanchet, Mikhail
Khovanov, Aaron Lauda, David Rose, Peng Shan and Catharina Stroppel for help-
ful discussions, and the anonymous referee for carefully reading the paper and for
interesting comments.
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2. Doubled Schur algebra

In the following, we will denote by S either an integer or a formal parameter (in the
last case, we will say that B is generic). We will work over the ring k = C(g)[¢*#].
If B is integer, this is just the field of rational functions C(g). If 8 is generic, then
C(q)[q*?] is the ring of Laurent polynomial over C(g) in the variable ¢#.

We will allow the usual algebraic manipulations, for example we will write
gk+B for gkqP.

For x € Z + Z and k € IN we define

R

] -1’ 2.1)
q—q

(k]! = [k][k — 1]---[1], 02

x| [X][x = 1]+ [x —k + 1]

u T Kk =11 (2.3)

LetP = Pg’l be the set of sequences A = (A1,...,Arq;) withA; € Nfori <k
and A; e B—Nfori > k+1. Weletalsoo; = (0,...,0,1,—1,0,...,0) € Zk*!,
the entry 1 being at position i.

Definition 2.1. We define the doubled Schur algebra Uq (gl
category with:

ni ;) p to be the k-linear

e objects: (formal finite direct sums of) symbols 1, for A € P;
e morphisms: generated by identity endomorphisms in Hom(1,,1,), which
by a slight abuse of notation we also denote by 1,, and morphisms
1)1¢; Eil; € Hom(1y,1344,), 1,4, Fil; € Hom(1;,1; ;).
The morphisms are subject to the following relations:
(D) [Ei, Fj]L = 6i,5[Ai — Aip]as
(2) E;Ej1), = EjEilyand F;F;1, = F;F;1, it |i — j| > 1;
(3) E?Ej1, —(q+q )WEE;El, + E;Ef1, =0 if j =i £1,
FPFL—(q+q WEFFL + FF, =0 ifj =i+ 1.
We indifferently use 1,44, Eily = E;j1, = 1,44, E; (and similarly for F;),
since knowing the source of a morphism is enough to determine its target, and
vice versa. In the equations above we set 1, = 0 if A ¢ P (and we say in this

case that A is not admissible), and this convention will be used throughout the
paper. Moreover, we will denote Hom(1;,1,,) by 1,U,(gl,, ,)g1a. Notice that

Uq (gly, ,)p can also be interpreted as an algebra B, ,, 1, Uq(gly, ,)p1s.
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Remark 2.2. Let us denote by U,(gl;,;)y the quantized enveloping algebra of
glx4; over K. Let also Uq (glg47)y be its idempotented version, obtained roughly
speaking by adjoining pairwise orthogonal idempotents 1,, where A runs over all
sequences A = (A1,...,Axy;) With A; € Z U B + Z. The Cartan subalgebra
acts on 1, as usual by the weight A. Then Uq (gly,,)p is obtained as a quotient of
Uq (glk+7)p by killing some of the weights. In particular, we can apply standard
results about quantum enveloping algebras (like the PBW theorem or the triangular

decomposition) to our doubled Schur algebra.

In case I = 0, we will use for the category Uq (gl
Uz’ (gh)-

ax)p the usual notation

Remark 2.3. Notice that U%O(g [;) is just the quotient of the idempotented quan-
tum group Uq (gl) modulo all weights with an entry smaller than zero. As well
known, we have
U7(l) = P Sk N). 24)
N>0
where S(k, N) is the quantum Schur algebra of degree N associated to gl
(see [3]). We have a similar decomposition in the doubled case:

Uy (aly, )p = D Uq(aly, )F 2.5)
NelB+7

where Uq (ol l)g is the full subcategory with objects 1, such that ) ; A; = N.
Note that, in contrast to the usual case (2.4), in this decomposition each subcate-
gory has infinitely many objects (provided / # 0). For example, qu (aly, )2 has
objects (p, f — p) for all p € IN.

We define the divided powers

@q _ 1 4 @q. _ 1 4
E71, = [a]!Ei L,, F71;= [a]!Fi 1. (2.6)
As in [11, §7.1.1], the following higher quantum Serre relations follow from 3
in Definition 2.1. For m, n with m > n + 1 we have

EMEPL =3y BV EP EP,, 2.7)

r+s=m,
m—n<s<m

FMFEL =3y FOEP L, (2.8)

r+s=m,
m—n<s<m
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where
m—n—1

_ +1+41  —s(n—m+1+1) [ $
ys = Y (=) FiHgmstmm H 2.9)

t=0

Similarly, we can deduce from 1:

min{a,b}
EORPL =Y, |

t=0

t

min{a,b}
o 2

—a+b—Ai + AHI}EZ.(”_I)Fi(b_t)IA- (2.11)
=0

t

Remark 2.4. As usual, one can define a version over C[q.q7!, ¢#,¢7#,[B]]
generated by the divided powers by replacing 1 with (2.10) and (2.11) and 3 with
(2.7) and (2.8).

Example 2.5. Let us denote by 0 the element (0,...,0,86—0,...,8—0) € P,
where the first 8 — 0 entry is at position k + 1. We have:

[Ek. Fi]lo = [0 — B + O]1o. (2.12)

and since Ey Fi 19 = 0 (this follows by our convention on non-admissible weights)

we get
B -B
q" —q
FLEily = —
q—q
In the case B = m > 0, this formula reminds us of the value of the unknot for
the sl,, link invariant, and in the case 8 generic its value for the HOMFLY-PT

polynomial.

(2.13)

It is easy to check that we have a symmetry in our definition of Uq (8ly, )8
which will correspond diagrammatically to a rotation of 180 degrees:

Lemma 2.6. There is an algebra anti-isomorphism

ﬁq (Q[nk_l)ﬂ - Uq (g[ﬂl,k)ﬂ

given by
L b= 1Bk 1. B=Ak s B=A1)>
El’ [ Fk—i—l—is (214)

Fi+— Exqi—i.
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Remark 2.7. In [1], Cautis, Kamnitzer and Morrison introduce the category
U7%="(gl;) as the quotient of U7 (gl;) by the ideal generated by weights with
an entry strictly bigger than m (that is, if a morphism factors through 1, and A has
some entry strictly bigger than m, then we set this morphism equal to zero). This
construction is closely related to ours, and it is easy to check that we can recover
U?O’Sm (glx) as a quotient of our doubled Schur algebra for § = m.

For k < k" and [ < I’ there is an obvious map

LA ’
v=1; Uqlaly, ) — Uqlaly,, ,)p-

which can be constructed by composing iteratively the following elementary
maps:

[.Jq (g[ﬂk,l)ﬁ - ﬁq(g[ﬂk.H_[)ﬂ’ (215&)
1(},1 ----- Ak—‘,—l) — 1(0,11 ..... Ak—l—l)’ (215b)
E;i, Fi —> Ejt1, Fit1, (2.15¢)
and
Uq (g[ﬂk,l)ﬂ - Uq (g[ﬂk,l—l-l )ﬂ ’ (2168.)
1(}»1 ----- Akgr) T 1(11 ..... Ak+1:B)3 (2.16b)
E;, Fi —> Ej, F;. (2.16¢)

Lemma 2.8. The functor v is fully faithful.

We will give a self-contained proof of the fullness, while for the faithfulness
we refer to [16] (indeed, the faithfulness follows from [16, Proposition 7.11 and
Proposition 6.8]). However, we will not need faithfulness in the following.

Proof. 1t is sufficient to check the claim for the two functors (2.15) and (2.16).
Let us consider the first functor (the proof for the second one being analogous).
Let 1;.1,, be two objects of Uy(gly,,, ,)p With Ay = p1 = O and let ¢ €
IMI'Jq (9ly; ., ,)p1s- By the PBW theorem, ¢ can be written as a linear combination
of monomials 1,,xy1,, where x is a composition of E;’s and y is a composition
of F;’s. For weight reasons, it is immediate to see that if an F; or E; appears,
then this monomial is zero in lqu (9ly;41 ,)p1a (notice that if both an Ey and an
F, appear, then the £ must be on the left!). Hence the monomial 1,,xy1, is the
image of a monomial from Uq (gly;,)B- O
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As a consequence, we have the following result, which will be crucial for
defining link invariants:

Proposition 2.9. (1) The endomorphism space lqu (gl
one.

) plo is of dimension

(2) Let A € P be a sequence which differs only at one place from 0. Then the

endomorphism space 1, Uy (gl,, ,) gl is of dimension one.

Nkl

(3) Let k = 2, and let © € P be a sequence which differs from 0 only at
U1 = M2 = a € Zso. Then the endomorphism space 1,Uq4(gly, )ply is of
dimension (a + 1), generated by Efi)Fl(i)lu fori =0,...,a.

Proof. In all the three cases, it follows immediately from the fullness part of
Lemma 2.8 that the dimension is not higher than one, one and (¢ + 1), respec-
tively. For proving the other inequalities, one can either use the faithfulness part
of Lemma 2.8 (hence using the results from [16]), or check them directly by ex-
hibiting representations of the doubled Schur algebra. For case (1), the dimension
has to be at least one since Uq (gly, ,)p possesses a trivial (one-dimensional) rep-
resentation. In case (2), if the non-trivial entry of A is equal to a or f —a, then one
can construct a full functor from Uq (g, ,)p to the category of representations of
U, (gl,). For case (3), one needs a full functor to the category of representations of
Uy (gl,,). We omit the lengthy but straightforward details (one defines the functor
explicitly and checks that the defining relations are satisfied). |

3. The HOMFLY-PT polynomial and the sl,, polynomial

The HOMFLY-PT polynomial [5, 13] is a two-variable generalization of both
the sl,, polynomial and the Alexander polynomial. Although it appears as
some generic version of the sl,, polynomials, or maybe some limit version for
m — oo, there is no convenient description of it as an intertwiner of Uy (slo)—
representations. Our goal here is, by passing to the Howe dual side, to obtain
a unified definition of the HOMFLY-PT polynomial and its specializations in a
quantum group setting.

3.1. A glimpse of diagrammatic calculus: ladder webs. Inspired by the usual
sl,, case [1], it will be convenient to perform some computations diagrammatically.

We define a diagrammatic version of Uq (gly, ;) to be the k-linear category with
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objects

T TT ll (3.1)

A As Ak Ak+1 Ak
for A € P (and their formal finite direct sums), and morphisms generated by

A Aita Aigpi—a  Ax Akt A1

A AN A A

* oo oo fOr l < k,
~ ~
A Ai o Air Akt Ak Ak
Al Ak Ak41 Aita Aigi1—a Agq
( ) AN AN
a .
Lo, E;7 1) = /aK fori >k, 3.2)

~ v v v
A Ak Akl Ai Aiv1 Ak

A Axta Akyi—a Agyi

e A

A Ak Ak+1 Ak

Al Ai—a Aitita A Ak A1

Tt o ] e

Al Ai A1 Akt Ak Akt
Al Ak Ak+1 Ai—a Aijit+a Agy
( ) AN AN
a .
o FO1 = ) T - S IR BT S ER)
~ ~
A Ak Akl Ai Aiv1 Ak

A Axta Akyi1—a Agyi

AN AN
)\ e fOI' i = k.
a ~N- ~N-
Al Ak Akgr Ak

subject to the diagrammatic versions of the relations 1, 2, and 3 from Definition 2.1.
Here, diagrams are composed by stacking them on top of each other, and we always
read our diagrams from the bottom to the top.

We will often depict the 0-labeled edges as dotted edges. Note that edges
labeled with elements from 8 —IN are oriented downward. We also often depict the
B—0edges dotted. Although these graphs have an interesting topological behavior
[1, 14], we will here mostly use them just as a shorthand for actual computations
in the doubled Schur algebra.
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3.2. Alink invariant. Let By denote the braid group of k strands, generated by
o1,...,0k—1. We can define a map ¢i: By — U?O(g[k) using the following rules
(which originate from [11, §5.2.1], see also [1, §6.1]):

o= ’X — ¢ 1) — EF1.y), (34)
0-_1 = /'\7‘ —> —EF1(1,1) + ql(l,l). (35)

These have to be understood as local rules: if on the left hand side one has
the elementary braid o;, then one uses on the right hand side the generators
E; and F;. Also for braids we read our pictures from the bottom to the top.
Correspondingly, we compose the quantum group expression from right to left
(as function composition). We will sometimes use the crossing diagrams on the
left hand side of (3.4) and (3.5) to denote the corresponding morphism in the
doubled Schur algebra.

The element ¢y (b) € U?o(g [;,) can be “closed” in Uq (gly, . )p as follows:

Nk.k

o) =| ¢r(b) (3.6)

where the caps are realized using the following elementary pattern
[ 3.7)
1 1 B-1 B-1

which in formulas is F3 Fy F>1(1,1,8-1,8—1), and similarly for the cups.

In this way, we associate to each braid b an element ¢ (b) € lqu (gly, ) plo.
By Proposition 2.9(1) this endomorphism space is naturally isomorphic to the
base ring k. Given a link L which is the closure of a braid b € By, we set then
Pg(L) = ¢r(b). We can now state our first main result:

Theorem 3.1. The element Pg(L) is an invariant of the framed oriented link L.

The proof of the theorem will consist of three lemmas. First, we need to check
that ¢y respects the braid relations:

Lemma 3.2. The map ¢y is well defined.
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Proof. This is a direct consequence of the general results from [11, Chapters 37
and 39], cf. also [1, Section 6]. Actually, the result can also easily be proven by
direct computation. One has to check that (3.4) and (3.5) are inverse to each other,
and that the braid relation holds. For example, we have

5 — (=EF1a,1 + qla,n)(@ 1a,y — EF1a,1) (3.8)
A =1u,1)— (¢ + ¢ "EF1u,1) + EFEF1g )
=1a.1— (@ +q DEFLq + RIEF1q,)
=1q.1).

We leave it to the interested reader to check the braid relation. O

Second, we need to check that the collection of maps {¢ } yields an invariant
of framed oriented links, i.e. that this family defines a (framed) Markov trace. We
recall that the closures of two braids give isotopic links if and only if the two braids
are related by a finite number of Markov moves, see for example [10, §2.5]. In our
case, we need to consider a framed version of the second Markov move.

Lemma 3.3. The map ¢y is invariant under the first Markov move, that is
Pk (b2b1) = @ (b1bo) for any by, b, € By.

Proof. Diagrammatically, the first Markov move can be pictured as follows:

(3.9)

It is easy to see that checking this move boils down to showing the following
equality in the doubled Schur algebra (and the symmetric one for cups):
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We check this by showing the following chain of equalities:

AA A A v A A v

L — -~ 2 o~ - -~ 2 o~ -
I+ I+ I+
2 0w SIS SIS
(. [ [
Q X Q Q X
A A A A v
e e A A
LN — L — -~ 2 o~ -
I+ I+ I+
> - YIS > -
[ [ (.
QU X QX Q

Equality (1) is a consequence of the relation E3 FZ(") = F2(")E3, and (2) is a
consequence of (2.10). Equality (3) follows from the following local move:

A - — A —
I+ I+
QR QX
| |
Q «
This corresponds to proving
k—1) 1 (k— k) 1 (k—
FEVR Y Filgoporporen = O F g porpien. (3.10)
From (2.7) we get
FOFRSD =S )y O RV RS, (3.11)
r+s=k

Unless s < 1, the corresponding term acting on 1% g—1,8—k+1) is zero by weight
conventions, and we thus get (3.10) as desired.

Equality (4) locally reduces to
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This follows from
FU VR g1y = FVERREYFP1405-1) (3.12)
= R VRETVF 601
= F'VE T R 6051
= BF g 0-1)-
Finally, equality (5) reduces to

~ 2 T - =) T
T |
Q. Q.
That is, we want to prove
FD Fil g povety = F2FLE 10 5-0-1) (3.13)

We proceed by induction. The case v = 0 is immediate. For the general case, we
use again a version of the higher quantum Serre relation (2.7):

v+1
FVTOR =Y (1) g e O R R, (3.14)

r=1
. (v+1) _
Since F, 1¢v,8—v—1) = 0, the sum becomes
v
FTO R =3 (1) g0 E D B ED. (3.15)

r=1

We use the induction hypothesis
F2(v+1—r) Fll(t,v—r,ﬂ—v+r—1) = F2F1 Fz(v_r)l(t,v—r,ﬂ—v+r—1) (316)
to obtain

v
F2(U+I)F11(t,v,ﬂ—v—l) _ Z(_l)r—lq—(v—l)r FyF, F2(v—r) F2(r)1(t,u,ﬂ—v—1)

r=1

v
1 —(v— v
=Y (=) “’[V]FzFlFé“)la,v,ﬁ_v_l)
r=1

v
—(p— v
= (I—Z(—l)’q (wv=r u)FzFle(”’lg,v,ﬂ_v_l).
r=0

(3.17)
As in [9, §0.2] we have Y} _,(—1)"¢~®~Dr["] = 0. This implies (3.13), and
concludes the proof. |
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The (unframed) second Markov move relates ¢ (b) and ¢g 41 (boy); diagram-
matically

~ b (3.18)

Since we only want an invariant of framed links, it is enough to check the follow-
ing:

Lemma 3.4. We have ¢y (boy) = ¢ r(b) and @41 (bo ') = qP Gr (b).

Proof. The claim reduces to computing

I{ #A and T(\jj (3.19)
1 0 B8-0 1 0 B-0

Since the two computations are similar, we will only write out the first one. This
corresponds to

q ' F2E>1(1,0.8—0) — F2E1F1 Ex11,0 p—0)- (3.20)
Since
F2Ex1(1,0,8-0) = [BlL1,0,6-0) (3.21)
and
FEF1Exl0,8-0) = E1F2E2l0,1,8-0)F1l(1,0,8-0)
= [B —1]E1F1l(1,0,8-0) (3.22)
= [,3 - 1]1(1,0,;‘3—0),
we obtain

¢ ' F2Exl10p-0)— F2E1 FiEal10.8-0) = ¢ ' [B1l1.0.-0) — [B — 1l(1.0.8-0)
= q_ﬂl(l,o,ﬂ—o)- O

This concludes the proof of Theorem 3.1. We notice that our construction
contains the HOMFLY-PT polynomial and the s, link invariant:
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Theorem 3.5. Let L be a framed oriented link. If B is generic, then Pg(L) is the
HOMFLY-PT polynomial of L. If B = m € Z, with m > 2 then Py, (L) is the sl
link invariant of L.

Proof. It is enough to check that our link invariant verifies the same skein and
normalization relations as the HOMFLY-PT polynomial (respectively, the s{,, link
invariant). The skein relation can be checked as follows:

Py (X) L (X) =4 an — EFlan + EFlay =gl

= (@' = Dla (3.23)
="' —q)Pp OO -
The unknot value is provided by Example 2.5. |

4. The Alexander polynomial

We denote by U, (aly, ,)o the B = 0 specialization of U, (oly, 8-

The link invariant Py respects the skein relation (3.23), which is, up to renor-
malization, the skein relation of the Alexander polynomial. However, for the un-
knot we have Pg((0) = 0 (since now B = 0). Actually, one sees as in [19] that
Pg(L) = O for any link L. The usual trick [6, 19] for obtaining a non-trivial
link invariant is to cut open one of the strands. We explain now how this is possi-
ble, by lifting the argument for the ribbon category of U, (gl(1|1))-representations
(see for example [19]) to (Jq (g[,,k’ ,Jo. We will first do this in the generic case, and
specialize later to 8 = 0.

Let u € P be a weight which differs from 0 only at u; = 1 and u, = 1. By
Proposition 2.9(3) the space 1,,U, (gly, ,)p1y is 2-dimensional, generated by 1,
and E; F11;,. The usual decomposition of the tensor product of representations
C™ ® C™ can be lifted to Uq(g[,,k_l)ﬁz setting e; = ﬁElFllu andey, =1, — ey,
we obtain a decomposition of 1,, into primitive orthogonal idempotents. Notice
that e; and e, are central idempotents, since lqu (aly . 1) gl is generated by e
and e,.
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Proposition 4.1. Lerw € 1, U, (gl, )pl,. Then

k.l
A /R
(w] Y= (4.1)

Proof. This proof is similar to the proof of [19, Proposition 4.5]. The main point
is that, as we explained above, 1MUq (gly, ol is a two-dimensional semisimple
algebra, and e, e, are primitive orthogonal central idempotents. Hence we have
diagrammatically

A

V1=

and the two middle terms are zero.

Now, let R denote the braiding. Then there exist @, b € k with R = ae; + bes.
In particular, we have Re; = aey, Rey = bey and R™'e; = a~le;, R7ley =
b~le,. We can thus insert braidings in the above pictures and obtain

b5 05

which concludes the proof.

\

|

Let now A € P be a weight which differs from 0 only at A; = 1. Given a
braid b € By, we denote by ¢x(b) € 1,Uy(gl,, ,_,)pla = k the closure of all
but the first strand of ¢ (b) in Uq (oly, «_,) - Given alink L which is the closure

of a braid b € By, we set then ﬁﬂ (L) = ¢x(b) and we have then the following
counterpart of Theorem 3.1:

Theorem 4.2. The element ﬁﬂ (L) is an invariant of the framed oriented link L.
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Proof. As for Theorem 3.1, we need to prove that the maps {¢ } define a framed
Markov trace. The proof of the invariance under the second (framed) Markov
move is exactly the same as for Lemma 3.4. Let us discuss invariance under the
first Markov move. We want to show ¢ (b2b1) = ¢ (b1b,), or in pictures:

T T

b> by
[ T 1 ~ T 11 4.2)
b, b>
| |
By induction we can assume that b, = ol is just a crossing between two
strands. Unless i = 1, Lemma 3.3 (or rather the argument in its proof) applies
and gives us the claim. If b, = o! then by Proposition 4.1 we can write
Pk (baby) = @i (0 'bab1oEl) = G (broit!) and we are done. O

By Proposition 2.9(2), we have I;LI.Jq (gl
main result of this section:

ne)81n = k. We can then state the

Corollary 4.3. Let L be an oriented link. Then Py(L) is the Alexander polynomial
of L.

Proof. The scalar Py(L) is an invariant of oriented framed links by Theorem 4.2.
Actually, since B = 0, it follows immediately by Lemma 3.4 that this is even
an invariant of unframed links. By (3.23), this link invariant satisfies the skein
formula of the Alexander polynomial. Since its value on the unknot is 1, it has to
coincide with the Alexander polynomial. O

Note that the process we developed to recover the Alexander polynomial is
not stricto sensu the specialization of the process yielding the HOMFLY-PT
polynomial: there is the extra step of cutting open one strand. In fact, it is very
easy to identify the new invariants obtained by this process also for other values of
B, and in this setting the Alexander polynomial is a specialization of the reduced
HOMFLY-PT polynomial:

Proposition 4.4. Let L be an oriented framed link. Then
(1) if B is generic, ﬁﬁ (L) is the reduced HOMFLY-PT polynomial of L, while
(2) if B is specialized to m € Zi~o, Pp(L) is the reduced sl,, invariant of L.

Here reduced means normalized to 1 for the unknot (see [15] for our conven-
tions on link invariants).
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5. General links and colored case

We have seen how to construct link invariants with values in Uq (9lk+7)p in the
case where L is the closure of a braid. This simplified setup has the advantage of
making the exposition very straightforward, but our analysis can also be pushed
beyond the case of braid closures. Most of the results and studies allowing for
such an extension have been detailed in a second paper [16].

In this last section we want to explain, using the doubled Schur algebra,
how to assign an invariant to a link diagram with all strands colored by positive
integers k, corresponding to labeling the strands with the k-th exterior powers of
the fundamental representation. We restrict here to the case of knots and links
for simplicity of exposition, but it is possible to generalize this to the case of
tangles (see [16]). We will not recall all the technicalities and we will mostly refer
to [16] for the proofs. Here we only intend to focus on the explicit construction
yielding the link invariants. This approach, we believe, will be central in future
categorification processes.

5.1. The doubled Schur algebra associated to a sign sequence. The first step
consists of extending the definition of Uq (gly, ) so that it encompasses the cases
where the strands are not necessarily upward-directed on the left and downward-
directed on the right.

Let us fix a sequence § = (11, ..., 1) € {£1}" of signs. Let P, be the set of
sequences A = (A1,...,Ap) WithA; € Zsoifp; = land A; € B—Zsoifn; = —1.
We let also a; = (0,...,0,1,—1,0,...,0) € Z", the entry 1 being at position i.

Definition 5.1 (See also [16, Definition 7.1]). We define ﬂq (gl,) g to be the additive
k-linear category with objects:
e objects: formal direct sums of symbols 1, for A € Py;
e morphisms: generated by identity endomorphisms in Hom(1,,1,), which
by a slight abuse of notation we also denote by 1,, and morphisms
11o, Eily € Hom(1y, 13 44,), 13— Fily € Hom(1,,1; ;).

The morphisms are subject to relations 1, 2, and 3 from Definition 2.1.

For k,l > 0 let
ney=(1,...,1L,—1,...,—1). (5.1)
——— ——
k 1
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Then one recovers Definition 2.1 as a special case. Actually, we showed in [16,
Corollary 7.4] that if 5 is a permutation of g ;, then ﬁq (gl,)p is isomorphic to
Uy, (gly, ,)p- Thus, in principle one gets nothing more by considering the category
Uq (gly)p for a general sequence of signs 5. However, the definition of these
more general doubled Schur algebras allows for an easier process to obtain link
invariants as a special case of tangle invariants.

5.2. Turning the diagram into a ladder diagram. Generalizing what we did
in Section 3, we can assign to an oriented framed link L equipped with a labeling
£ of its strands by positive integers an element of Uq (gl,)p, for some appropriate
choice 8. This procedure is described in full detail in [16], but we recall it quickly.
First, we can represent Uq (gl,)p diagrammatically. In particular, we assign to the
entry Ax € Zxo of an object of Uy(gl,)s an upward A-labeled strand, and to the
entry Ay € B —Zs>o a downward Ax-labeled. To morphisms we assigned trivalent
graphs as in (3.1), (3.2), and (3.3), with the only difference that now strands can
be alternatively upward or downward oriented.

Now, the idea is to assign to a strand labeled by a of the link L also a strand
labeled by a in the doubled Schur algebra. To upward crossings we want to assign
the maps

Y (—q) ECT I FO1 gy ifa—b <0,

N D2 >0
T 1y = (5.2)
a b g (—q)  FOPHED ) ifa—b >0,
§>0
and

qa Z(_q)—sF(s)E(b—a+s)1(a’b) ifa—b <0,

N = 5>0
V/\ =T @) = (5.3)
a b 4" Y ()T EOF@N Gy ifa—b >0,
>0

which generalize Equations (3.4) and (3.5) for arbitrary coloring a, b of the strands
(see the end of Section 5 in [16]). Similarly, we want to assign the following maps
to downward crossings:

qg“ Z(—q)sE(S)F(b_a-H)l(a,b) ifa—b <0,

N 0
x L (5.4)
B—a f—b gy (—q)  FOECP 144 ifa—b >0,

5s=>0
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and
q*Y (—q) FOED1 ) ifa—b <0,
\/‘ g T'M = 520 (5 5)
ﬂli B—b q"Y () EC“TPTIFO1 ) ifa—b=0.

>0

The only little catch is that, starting from a particular diagram of the link L,
we need to make sure that we can translate it into an element of Uq (gl,)p for some
choice of 7. In other words, we need first to perform a sequence of isotopies after
which our link diagram can be written as a composition of upward- or downward-
pointing crossings. Moreover, we need to make our link diagram rigid, so that
at each level every strands occupies only one of the positions 1, ..., 4, and at
each position either all strands are upward-pointing or downward-pointing (but
not both!).

To do so, first we give to the diagram the shape of a ladder. This can be achieved
by decomposing the original diagram into a vertical composition of caps, cups and
crossings (together with vertical strands around), and restrict (at the cost of adding
caps and cups) to the case where all crossings are either upward or downward
oriented. The caps and cups are easily expressed in terms of elementary trivalent
graphs where some of the edges carry trivial labels.

Now, we want to label the strands using non-negative integers for upward
strands and labels in § — IN for the downward strands. It could happen, however,
that a vertical trivial strand connects a downward and an upward strand, which
we want to avoid (since the sign sequence defining Uq (gly)p is fixed). Up to
increasing the number of uprights, it is easy to perform isotopies so that all
segments on a vertical line have the same orientation — which then allows for a
consistent labeling. We illustrate this process in Example 5.3.

Once we have performed these operations to our link diagram, we can associate
to it a morphism in the doubled Schur algebra using (5.2), (5.3), (5.4), and (5.5)
for crossings and (3.2) and (3.3) for caps and cups, as explained above, and we get
an element Pg (L) e Enqu(g[n)ﬁ (0) = k for some sign sequence 7.

Theorem 5.2. Let (L, £) be a labeled oriented framed link. The element Pé (L) is

an invariant of (L, £). Furthermore, for 8 generic Pé (L) is the colored HOMFLY-
PT polynomial associated to L, while specializing f = m yields the colored s,
Reshetikhin—Turaev polynomial of L.

We refer to [15] for the definition (and our normalization) of the colored
HOMFLY-PT polynomial.
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Proof. This follows from the results in [16], and in particular from Proposition 6.15
and Corollary 7.12. |

Example 5.3. We explain with an example the process of defining Pg (L) for the
figure-8 knot L labeled by a € Z. First, we can choose n = (1,1,—1,—1,—1,1)
and perform isotopies so that

\/ becomes

Since the strand is colored by the label a, then we get the following element of
1oUq(gl,) g10:

7 A K 7
F@OF@ p@ @R FOTE T EOTE @ @ E@ @1,

Using the defining relations of Uq (9!y)p, one can then reduce the above element
to a scalar, and compute in this way the HOMFLY-PT polynomial of the figure-8
knot. Similarly we can specialize B to m and compute the sl,, link invariant.

Example 5.4. It might be inspiring, also with the aim of exploring a potential
categorification, to check the Reidemeister moves directly in the doubled Schur
algebra, avoiding the results from [16]. For example, checking the mixed second
Reidemeister move amounts to consider the picture

A

-~
L

=
L

(which corresponds to fixing n = (=1, +1, +1, —1)) and check in U, (gl, ) that

(5.6)

28 X
E\T, E3F3T;  Filg—0,0,1,6-1) = 1(8—0,0,1,8—1)- (5.7)
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5.3. Cutting open and the Alexander polynomial. Let L be an oriented framed
link and £ a labeling of its strands by positive integers. Let a be one of the colors
of the strands of L, and denote by L the (1, 1)—tangle obtained from L by cutting
open one of the strands labeled by a. Similarly as before, we can assign to L an
element of 1, U, (gl,) g1, for some sequence 5. Notice now that A has only one
nontrivial entry, which is equal to a. By Proposition 2.9, the space 1, U, (gl,) 1,
is naturally isomorphic to k, and we denote the scalar obtained in this way by
ﬁé *?(L). Following the same path as in Section 4, we have

Proposition 5.5. Let L be an oriented framed link labeled by . The element
ﬁ; (L) is an invariant of L, and it is equal to the reduced colored HOMFLY-PT
polynomial when B is generic, and to the reduced colored sl,, polynomial for
,3 =mec Z>0.

Proof. The proof is the same as for Theorem 4.2 after one proves the following
variant of Proposition 4.1:

(5.8)

2]
g
I
RN E as
g

This can be shown with the same argument of Proposition 4.1, or alternatively by
explicit computation (see [16, Proposition 8.3]). O
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