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Abstract. We investigate a (potentially infinite) series of subfactors, called 3" subfactors,
including A4, A7, and the Haagerup subfactor as the first three members corresponding to
n = 1,2,3. Generalizing our previous work for odd n, we further develop a Cuntz algebra
method to construct 3" subfactors and show that the classification of the 3" subfactors
and related fusion categories is reduced to explicit polynomial equations under a mild
assumption, which automatically holds for odd n. In particular, our method with n = 4
gives a uniform construction of 4 finite depth subfactors, up to dual, without intermediate
subfactors of index 3+ +/5. It also provides a key step for a new construction of the Asaeda—
Haagerup subfactor due to Grossman, Snyder, and the author.
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1. Introduction

The theory of subfactors, introduced by Vaughan Jones [31], is a rich source of a
new kind of symmetries, sometimes called quantum symmetries (see [14]). One
of the ways to describe such a symmetry encoded in a subfactor N C M of finite
index is to consider the category of bimodules generated by two basic bimodules
N My and 3 My via tensor product over M and N, where y My and ps My are
M regarded as N — M and M — N bimodules respectively. The M — M bimodules
and N — N bimodules arising in this way form rigid tensor categories, called the
even part of the subfactor, while the M — N bimodules and N — M bimodules
form bimodule categories over them, giving categorical Morita equivalence of
them. All information about the original subfactor can be stated in terms of these
categories. For example, the subfactor is of finite depth if and only if there are
only finitely many isomorphism classes of irreducible bimodules as above, that
is, the two tensor categories are fusion categories. The two principal graphs of
the subfactor are nothing but the induction-reduction graphs with respect to the
basic bimodules between the M — M bimodules and M — N bimodules for the
one principal graph, and the M — N bimodules and N — N bimodules for the
other. Moreover, this process of passing from the subfactor to these categories
can be reversed; namely, the original subfactor is recovered from the category
of N — N bimodules with an algebra object y My =~ y(M ®pm M)y, called a
Q-system [34]. This is the approach we adopt to construct and classify a specific
class of subfactors in this paper.

The categories arising from a subfactor always carry a special analytic struc-
ture. Namely, they are C*-categories, which were introduced by Ghez, Lima, and
Roberts [15] as categorical counterparts of C*-algebras. Therefore to classify a
specific class of finite depth subfactors in our approach, the first task is to classify
a specific class of C*-fusion categories. For this purpose, it is not necessarily con-
venient to realize C*-fusion categories as bimodules over von Neumann factors,
and we take an alternative (but of course, mathematically equivalent) approach
heavily influenced by algebraic quantum field theory. Since his epoch-making
joint work [8] with Sergio Doplicher and Rudolf Haag, John E. Roberts devoted
himself to studying categorical aspects of algebraic quantum field theory and re-
lated mathematical structure ([44], [45], [15], and [35], just to name a few). In their
work, C*-tensor categories naturally appear as categories consisting of endomor-
phisms of relevant operator algebras. In fact, it is known that every C*-fusion
category is uniquely embedded in the category of endomorphisms of the hyperfi-
nite type III; factor ([43] and [23]; see also [28, Section 2] for a precise statement).
Our Cuntz algebra method relies on this fact.
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Now we turn our attention to specific subfactors appearing in an ongoing
project of the classification of small index subfactors. The fusion categories
arising from the Jones subfactors of index less than 4 can be described by the
quantum SU(2) at roots of unity. Likewise, general subfactors with index less
than or equal to 4 are related to either the quantum SU(2) or ordinary groups in
a little more, but not too much, complicated way. Uffe Haagerup [21] was the
first to systematically explore subfactors with index beyond 4, and in the early
90s he came up with countably many candidate principal graph pairs of potential
subfactors with index between 4 and 3 + +/3. Moreover, he showed that the
first candidate indeed arises from a subfactor, now called the Haagerup subfactor
(see [2] for the proof). The Haagerup subfactor is the first subfactor that is not
directly related to either an ordinary group or a quantum group, and whether its
Drinfeld center is related to a quantum group (conformal field theory) or not is
an interesting open problem. At the time of writing, the classification of finite
depth subfactors is completed up to index 5 + i (see [32], [29], [1], and references
therein), and it turns out that three subfactors actually exist among Haagerup’s list,
namely the Haagerup subfactor, Asaeda—Haagerup subfactors constructed in [2],
and the extended Haagerup subfactor constructed in [3]. The original construction
of the Haagerup subfactor in [2] used computation of connections, a special type
of 6j-symbols. Later Peters [42] and the author [27] gave different constructions,
based on the Jones Planar algebra and the Cuntz algebra respectively. This work is
a natural continuation of [27], which used the fact that one of the principal graphs
of the Haagerup subfactor has a Zs-symmetry. It is natural to generalize Z3 to
arbitrary finite groups.

Let us recall our construction in [27] briefly. The principal graphs of the
Haagerup subfactor are as in Figure 1, where : means ps M, or in the endomor-
phism language, the inclusion map «: N < M. We denote the upper principal

M N AT
NN

Figure 1. The principal graphs of the Haagerup subfactor.

graph 33 because it has a central vertex « having three legs of length 3 out of
it. The endomorphisms of M corresponding to the three end points are automor-
phisms, and they form a group {idys, o, «?} of order three, and the M — M part
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has the following fusion rules.
[0®] = [idm],  [ellp] = [p][e],

[0%] = [idar] + [p] + [ep] + [®p].

This fusion category is often referred to as the Haagerup category. In [27],
we explicitly constructed a fusion category with these fusion rules consisting
of the endomorphisms of the Cuntz algebra O4, and with a Q-system giving
the Haagerup subfactor. Moreover, using the explicit formula, we were able to
determine the structure of its Drinfeld center.

In the above construction, we can generalize Zs to an arbitrary group. We
define 3" graph as a graph with a unique central vertex having exactly n legs of
length 3 out of it. We say that a subfactor N C M is 3" if the principal graph

Figure 2. 3% graph.

between the M — M bimodules and the M — N bimodules is the 3" graph. As in
the case of the Haagerup subfactor, a group G of order n naturally arises from a
3" subfactor in the automorphism group of M, say {a, }¢sec. When we would like
to specify this group, we can say that the subfactor is 3¢ instead of 3”. It is easy
to show that the only possible fusion rules, other than the group part, are

[ag]lp] = [pllotgr]
(0] = lidm] + ) [egp).

geG
where t is a group automorphism of G of order two. In the case where G is an
abelian odd group and t = —1, in [27] we obtained polynomial equations whose
solutions give 3¢ subfactors via Cuntz algebra endomorphisms, and solved the
equations for G = Z3 and G = Zs. Evans and Gannon [11] showed that there
exist solutions for the polynomial equations when G is an odd cyclic group of
small order. We show that these solutions actually classify 3" subfactor with odd n
(G being abelian and r = —1 automatically hold for odd G, see Theorem 2.2).
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One of the main purposes of this paper is to obtain the polynomial equations in
the even case too. It turns out that we can also classify 3” subfactors with even
n by the polynomial equations with an extra assumption of G being abelian and
7 = —1. So far there is no known 3" subfactor not satisfying this condition.

The classification list [1] of small index subfactors shows that there are rel-
atively few finite depth subfactors. However, 3 + +/5 is an exceptionally rich
index value, and there are exactly 4 finite depth subfactors, up to dual, without
non-trivial intermediate subfactors (see [36] and [37]). Our method gives uni-
form construction of them. Namely, the four subfactors are the unique 3%2*%2
subfactor and its equivariantization by Zs3, and the unique 3%4 subfactor and its
de-equivariantization by Z,.

Recently, Pinhas Grossman, Noah Snyder, and the author [18] gave a new con-
struction of the Asaeda—Haagerup subfactor based on the study [20] of the Brauer-
Picard groupoid of the corresponding fusion categories. The new construction
requires a similar fusion category to the one as above with the group G = Z4 but
having non-trivial multiplicity in the fusion rules. It turns out that we can construct
the desired fusion category from a 3%4*%2 subfactor via de-equivariantization
by Z,. Our new construction solves a lot of open problems about the Asaeda—
Haagerup subfactors. For example, we can compute the Drinfeld center of fusion
categories for the Asaeda—Haagerup subfactor (see [17]).

This paper is organized as follows. In Section 2, we set up an appropriate
class of fusion categories for our classification purpose, which we call general-
ized Haagerup categories. Since the definition of the class involves subtlety of
cohomological nature, we begin with a more general class of fusion categories,
and formulate cohomological invariants for them mimicking the E,-term of the
spectral sequence for the cohomology of semidirect product groups. We also pre-
pare the basics of an operator algebraic method to classify C*-fusion categories.

Using Cuntz algebras, we deduce polynomial equations for generalized
Haagerup categories in Section 3, and give a reconstruction theorem in Section 4
(supplemented by a free product method in the appendix, Section 10). In Section 5,
we obtain a complete classification result for generalized Haagerup categories.
There is a symmetry group I' acting on the gauge equivalence classes of the solu-
tions of the polynomial equations, and each I"-orbit corresponds to an equivalence
class of generalized Haagerup categories, while the outer automorphism group of
the category is given by the stabilizer subgroup.

In Section 6, we discuss a necessary and sufficient condition for the existence of
a Q-system giving rise to a 39 subfactor, and shows that it significantly simplifies
the polynomial equations. This condition (6.1) was not separated from the other
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conditions in [27], where only odd groups were treated. We also discuss a strategy
to solve the polynomial equations without assuming the existence of the Q-system.
In Section 7, we state our classification results for 3¢ subfactors putting the results
obtained in the preceding sections together. We also compute the dual principal
graphs.

In Section 8, we discuss several methods to obtain new fusion categories out
of a given generalized Haagerup category, including de-equivariantization and
equivariantization. In Section 9, we give solutions of the polynomial equations for
abelian groups of small order. There exists a unique solution (up to equivalence
in an appropriate sense) for Z, x Z, and it gives rise to a 3%2%%2 subfactor. There
exist two solutions for Z4, only one of which gives rise to a 3%4 subfactor.

This work started with a conversation with Terry Gannon in 2010 asking
whether the previous result on odd abelian groups can extend to more general
groups, and the author is grateful to him. The author would like to thank Scott
Morrison for his kind explanation of the use of formal codegrees, Victor Ostrik
for providing an elementary proof of Lemma 2.4, and Vaughan Jones for drawing
the author’s attention to the spectral sequence for the cohomology of a semidirect
product group.

2. Preliminaries

Our basic references are [10] for fusion categories, [14] for operator algebras and
subfactors, and [4] for the category of endomorphisms of von Neumann algebras.
There are unfortunate discrepancies of terminology and notation in [10] and [4].
To avoid possible confusion, we use the symbol * for the dual objects and the dual
morphisms, and idy for the identity morphism of an object X only in Section 2.1,
where general fusion categories are discussed. In the rest of the paper where
only C*-fusion categories are discussed, the symbol x is reserved for the adjoint
operators of the bounded operators acting on Hilbert spaces. Instead, we use ¢ for
the dual object of o, and we also use the term “conjugate” instead of “dual.” Also
the symbol idys is reserved for the identity morphism of a von Neumann algebra
M, playing the role of the unit object in End(M ), and instead 1, is used for the
identity morphism of an object o.

2.1. Generalized Haagerup categories. The main purpose of this subsection is
to set up an appropriate class of fusion categories for this work. We start with a
little more general class than we need for the classification of 3¢ subfactors, and
it is a subclass of the so-called quadratic categories.
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A fusion category over the complex numbers C is a rigid semisimple C-lin-
ear tensor category with finitely many simple objects and finite dimensional mor-
phism spaces such that the unit object 1 is simple. Throughout the paper, we as-
sume that fusion categories are strict. For a fusion category C, we denote by O(C)
the set of isomorphism classes of the simple objects in C. For an object X € C,
we denote by [X] its isomorphism class.

Let C be a fusion category over the complex numbers C. The isomorphism
classes of the invertible objects of € form a finite group, which we denote by G.
We choose a representative from each class g € G, and denote it by the same
symbol g. We always assume e = 1. We say that C is a quadratic category if
there exists a non-invertible simple object p such that every simple object of € is
isomorphic to an object in either G or G ® p ® G.

Definition 2.1. With the above notation, we say that C is a quadratic category
with (G, T, m), where t is a group automorphism of G of period two and m is a
natural number, if p is self-dual with

0(C) = G U{[g ®pl}gea,

and they obey the following fusion rules:

[gl[h] = [gh], g.h€G,

[glle] = [pllg"]. g€G

[ =+ D> mig®pl.

geG

The Haagerup category is a quadratic category with (Zs, —1, 1). In fact, for
odd groups there exists great restriction for the structure of the quadratic categories
with (G, t, m).

Theorem 2.2. Let C be a spherical quadratic category with (G,t,m). If G is
an odd group and m is an odd number, then G is abelian and g* = g~ for any
g €G.

To show the theorem, we first recall the notion of formal codegrees of a
fusion category € introduced by Ostrik [40]. The Grothendieck ring K(C) of C is
the free module generated by O(C) with a multiplication given by the monoidal
product in C. Let (m, V) be an irreducible representation of K(C), where V,
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is a finite dimensional vector space over C, and 7: K(C) — End(Vy) is a ring
homomorphism. Then the formal codegree f,; for x is defined by

fr = Tr(w(X)m(X™),

XeO(C)

where Tr(m (X)) is the trace of m(X). Since f; commutes with 7 (X) for every
X € 0(0), it is a scalar. Ostrik [40, Theorem 2.13] showed that if C is spherical,
there exists a simple object in the Drinfeld center Z(C) whose dimension is
dim C/ f, where dim C is the global dimension of C. In particular, the number
dim €/ f is necessarily a cyclotomic integer.

Lemma 2.3. Let the notation be as in Theorem 2.2 and assume that G is an odd
group and m is an odd number. Then for any non-trivial irreducible representation
7 of G, the two representations w and & o T are inequivalent.

Proof. Assume on the contrary that there is an irreducible non-trivial representa-
tion (7, V) of G such that 7 is equivalent to 7w ot. Then there exists an invertible
element W € End(V;) satisfying w(g%) = Wn(g)W ™! for any g € G. Since 7 is
of order two, W? is a scalar, and we may assume that W2 = 1 holds multiplying
W by a scalar if necessary. Note that since  is non-trivial, we have

> 7(g) =0.

geG

This enables us to introduce an irreducible representation =’ of K(C) on V; by
setting 7'(g) = n(g) forg € G and =’ ([p]) = W. To compute the formal codegree
of #’, we may assume that (7, V) is a unitary representation. We choose an
orthonormal basis {e; ?izml”, and express m(g) and W by matrices (7 (g);;) and
(W;;). Note that W is a self-adjoint unitary now. The Peter-Weyl theorem implies

(fe)ij = ), Tr(m(@)m (g iy + Y Tr(r(@W)(Wr(2) ™)y

geG geG

=Y 7 @ur@ji + Y T WiWirm(g);r
g,k gklr

_ 6] 251”51( ZSk 81, Wik Wir
dim 7 it J

_ 26l

~ dimx 7’

and f = 2|G|/dim .
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On the other hand, since we assume that C is spherical and G is odd, the only
possibilities of the dimensions of the simple objects in C are dimg = 1 for g € G,

/m?2 2
anddimg ® p = w,andso

dim € = |G| + |G|(dim p)? = |G|(2 + m|G|dim p).

This implies
dim € ) m|G|dim 7 dim p
=dimx + .
f 4 2
Since m |G| dim 7 is odd, this cannot be an algebraic integer, and we get contra-
diction. O

Recall that an automorphism of a finite group G is called fixed-point-free if
it has no fixed point in G \ {e}. It is known that G allows a fixed-point-free
automorphism of period two t if and only if G is abelian and g° = g~! for
any g € G (see [46, Exercises 10.5.1]). We say that t € Aut(G) is fixed-point-
free on the dual of G if for any non-trivial irreducible representation s, the two
representation & and 7w o t are inequivalent. When G is abelian and t is of
period two, the two definitions are equivalent because the latter is equivalent to
the condition that 7 acts on the dual group G by —1, which in tern is equivalent
to the condition that t acts on G by —1. The proof of Theorem 2.2 follows from
the following lemma, which states that the two definitions for a period two 7 are
always equivalent.

Lemma 2.4. Let G be a finite group, and let T be an automorphism of G of period
two. If T is fixed-point-free on the dual of G, the group G is abelian and g* = g~ !

for any g.

Proof. We first claim that the restriction of t to any characteristic subgroup N of
G is again fixed-point-free on the dual of N. Indeed, assume that there exists a
non-trivial irreducible representation o of N such that o and o o t are equivalent.
Then thanks to the Frobenius reciprocity, for any irreducible representation = of
G, the multiplicity of 7 in the induced representation Indg o is the same as that
of 7 o 7 in Ind$§ o. Since Ind$, o does not contain the trivial representation, this
implies that
dimIndg o =|G/N|dimo

is even, which contradict the assumption that G is odd. Thus the claim holds.
Let
{l,7m1, 7107, M2, M2 07T,..., Tk, Tk OT}
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be the irreducible representations of G. Then

k
Gl =1+2) dimz}
i=1
is odd, and G is solvable thanks to the Feit-Thompson theorem (see [46, p.148]
and references therein). Let

G=G0p>GVp ... GO = {e}

be the derived series of G. If G is abelian, the statement holds, and so we assume
that / > 2 and get contradiction. For this purpose, it suffices to assume [ = 2 by
replacing G with GY~2 because G¢~? is a characteristic subgroup of G. Thus
we assume that [G, G| # {e} is abelian. Since [G, G] is an abelian characteristic
subgroup, the restriction of t acts on [G, G] by —1. On the other hand, since any
representation of G/[G, G| is regarded as a representation of G, the automorphism
of G/[G, G] induced by 7 is also a fixed-point-free on the dual of G/[G, G], and
hence it acts by —1 for G/[G, G] is abelian. This implies that for any g € G, we
have g* € g7'[G, G] and gg*® € [G, G]. Since 7 acts on [G, G] by —1, we have
(gg")" = (gg")~! and we get (g?)* = (g?)~!. Since G is an odd group, this
implies that we have h* = h~! for any 4 € G, which contradicts the assumption
that G is non-abelian. Thus / < 2 and G is abelian. |

Victor Ostrik kindly informed the author of the following elementary proof of
the above lemma without using the Feit-Thompson theorem. We would like to
thank him for his courtesy.

Second proof of Lemma 2.4. 1t suffices to show that t is a fixed-point-free auto-
morphism. Let 2a be the number of the conjugacy classes in G that are not fixed
by 7, and let b be the number of non-trivial conjugacy classes that are fixed by <.
Our goal is to show that » = 0. Let

{I,m,mot,my, mp071,... , M, M OT}

be the irreducible representations of G. Then we have 2k = 2a + b.

Let G be the semidirect product group G x; Z,. Since 7 is fixed-point-free
on the dual of G, the group G has two I-dimensional representaEions, and all the
other irreducible representatlons are of the form IndG T IndG 7; o 7. Thus G
hasexactly2+k =2+a+3 b jrreducible representations. On the other hand, the
number of the conjugacy classes in G is larger than or equal to 2 + a + b, and G
has at least 2 + a + b irreducible representations. Therefore we get b = 0, and
is a fixed-point-free automorphism. O
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Next we introduce cohomological invariants of a quadratic category C with
(G, T, m) pursuing a similarity between € and the semidirect product group G X
7, which was first observed by Evans and Gannon [11] in the case of G = Z,, with
odd n, t = —1, and m = 1. Note that the E,-term of the Lyndon-Hochschild-
Serre spectral spectral sequence for the group cohomology H*(G x; Z,, C*) is
given by ES = HP(Z», H1(G, C*)), where the group Z, acts on H4(G, C*)
through t. We start with

EY? = H(Zy, H3(G, %)) = H3(G, )7,

where H3(G, C*)" is the set of cohomology classes in H3(G, C*) fixed by .

For g, h € G, we choose an isomorphism v, j: gh — g®h withvg , = v, g =
idg. Since both (vg ;, ®idg) o vgp k and (idg @Vp k) 0 V4 pk are isomorphisms from
ghk to g ® h ® k, there exists w(g, h, k) € C* satisfying

(idg ®Vak) 0 Vgt = (g, h k) (Vg ® idy) 0 V. @.1)

Thanks to the pentagon equation, we see that @ = {w(g,h,k)}g nrec form a
3-cocycle in Z3(G, C*), and we denote by ¢%3(€) its cohomology class [w] €
H3(G, C*), which is a well-known invariant of the fusion category €, or rather
the fusion subcategory generated by G.

For each g € G, we choose an isomorphism wg: g ® p — p ® g*. Then we
have two isomorphisms id, ® v,z ;- and

(wg ® idpr) o (idg ®wp) o (Vg p ®idy) © wg_,i,

from p ® gTh™ to p ® g* ® kT, and there exists £(g, h) € C* satisfying

(wg ® idyr) o (idg ®wp) 0 (vgn ®idp) o wyp = £(g.h)idy Qugr pr.  (2.2)
Lemma 2.5. With the above notation, we have

w(g.h.k) = (g™ h* k") (h, k)E(gh. k)™ §(g. hk)E(g.h) ™. (2.3)

In consequence %3 (C) € H3(G, C*)".
Proof. From eq. (2.1), we get
id, @((idgr ®Upr kr)ovgr prir) = w(g®, h*, k") id, ® ((vgr pr ®idgr)ovgrpr k).

Computing the both sides using eq. (2.2), we get the statement. |
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Now we assume ¢*3(€) = 0, and we introduce an invariant
¢"2(C) e HY(Z», H*(G, CY)).
Since ¢*3(€) = 0, we can choose v, so that the relation
(idg ®uak) 0 Vg nk = (Vg,n ®idg) 0 Vgp k. (2.4)

holds. Theneq. (2.3) shows that& = {£(g, h)}¢.nec form a2-cocycle in Z2(G, C*).
Choosing appropriate wg, we may further assume that £ is normalized, that is,
£(g.g7 ') = 1forany g € G, and in consequence £(g,h) = £(h™1, g~ 1)~!. Since
p is self-dual, we can produce an isomorphism wy: () '®p — pRg~! from w,
by rigidity (see [10, 2.10] for the definition), where we choose g* = g~! with the
evaluation and coevaluation maps given by v;ll < and v, .1 respectively. More
concretely, we set

wy = ((Ug-[—l’g-[_l o (idg ®ev, ® idgr)) ® id, ® id,—1)
o (id,.—1 ®id,
® (wg ®idy ®idg—1) o (idg ®coev, ® idg—1) 0 Vg o—1)),
Thus there exists n(g) € C* satistying
Wipry—1 = N(g)wy. (2.5)
Lemma 2.6. With the above notation, we have

E(g% h)E(g, h) = n(ghn(e) " n()™". (2.6)
In consequence, the 2-cocycle § € Z*(G, C*) gives aclass in H (Z,, H*(G, CX)).

Proof. Since £ is normalized, it suffices to show

E((hH)™1 (&) Hn(gh) = n(@)n(é(g. h).
Indeed, with the notation g+ = (g%)~!, we have
n(@)n(h)(we @ idpe) o (idg @wp)
= (wy 4 ®idpe) o (idg @w; )
= (wp4 ®idg-1) o (idj+ ®wg+))*
= E(h™, g7)((idp ®j—1 g—1) 0 Wigpy+ © (v}:—ll’g—l ®id,))*
= £(h", g7)(idp ®vgp) 0wl 0 (v, ®idy)
= £(h™, g )n(gh)(idp ®g.p) 0 wep © (v}, ® idy)
= £(hT. g Im(ghE(g. h) ™ (wg ® idye) o (idg @wp). 0
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We denote by ¢!*2(€) the cohomology class in H'(Z,, H?(G, C*)) given by &,
which does not depend on either the choice of v, j or that of wg.

Although we need only ¢®3(€) and ¢!'?(€) for our purpose, we can proceed
further under the additional assumption that € is pivotal. Assume ¢2(C) = 0.
Then we can choose vg 5 and w, satisfying

(wg ® idpr) o (idg ®wp) o (Vg ®idy) © w;,} = id, ®Vgr pr. 2.7

and in consequence eq. (2.6) implies n € Hom(G, C*). Replacing g with g™ in

wr, = n(g)wg, we get wy = n(g )wy+, and wg* = n(g*)n(g)wg. which

shows n € Hom(G, C*)*. We still have freedom to replace v, 5 with {(g, h)vg p
and wg with u(g)wg where { € Z%(G,C*) and u(g) € C* satisfy {(g,e) =
t(e.g) = ple) = T and u(g)u(hyu(gh)™ = ¢(g. H)~'¢(g*, h7). Since

wyy = (v, 51 0 (id, ®ev, ® idg—1)) ® id, ® idgr)
o (id, ®1id,
® (wg+ ®idy, ®idg) o (idy+ ®coev, ® idgr) 0 V(gr)-1 47)),

this amounts to replacing n(g) with
n(g)¢(g. g H (e gNu(eH) H@ ™
Since the cocycle relation of ¢ implies £ (g, g7 ') = ¢(g™', g), this is equal to
n(gn((g") ™ Hug™).
Note that we can identify
H*(Z», H' (G, C*)) = H*(Z,,Hom(G, C*))

with
Hom(G,C*)*/{xx® € Hom(G, C*); y € Hom(G, C*)}.

On the other hand, we have H%(Z,, H?*(G,C*)) = H?*(G,C*)*. Thus 7 deter-
mines an element in

coker(H%(Z, H*(G,C*)) — H?*(Z,, H'(G,C")),

which we denote by ¢1(C).
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Finally, we just mention that Longo [33] already pointed out that a right
analogue of an element in

H3(Z, H*(G,C)) = H*(Z,C*) = Z,

associated with the object p should be, in modern term, the Frobenius-Schur
indicators v, 1 (p) € {1, —1} (see [39] for the definition). We set ¢>°(C) = v3.1(p).

In Lemma 7.1, we show that a quadratic category C with (G, t,m = 1) coming
from a 3% subfactor has trivial ¢*3(C) and ¢"2(€). To simplify the statements
of our main results, we introduce the following class of quadratic categories.
Our main goal in this paper is to classify them under the C*-condition, which
is probably not too modest a goal in view of Theorem 2.2 and Lemma 7.1.

Definition 2.7. A generalized Haagerup category with a finite abelian group G is
a quadratic category € with (G, —1, 1) satisfying ¢%3(€) = 0 and ¢"?(C) = 0.

When we need a quadratic category C satisfying all the above conditions except
for m = 1 (as in the case of our new construction of the Asaeda—Haagerup
subfactor in [18]), we could say that a fusion category C is a generalized Haagerup
category with higher multiplicity m. We could use the adjective twisted to describe
@ with non-trivial ¢%3(C) or ¢!2(€) (see [38]), though we do not need them in this
paper. It is known that there exist quadratic categories with (Z3,—1, 1) having
non-trivial ¢®3(C) € H3(G, C*) (see [11] and [28, Example 12.14]).

2.2, The category End(M). In this subsection, we partly follow [28, Section 2]
for presentation. For a Hilbert space 3, we denote by B(H) the set of bounded
operators on 3, and by U(JH) the set of unitaries on . The identity operator of
JH is denoted by 14¢ or simply by 1. For a unital C*-algebra A, we denote by U(A)
the set of unitaries in A. The unit of A4 is denoted by 14 or simply by 1.

Let M be a properly infinite factor. Then the set of unital endomorphisms
End(M) forms a tensor category with the monoidal product p ® o of two objects
p,o0 € End(M) given by the composition p o o, and the morphism space from p
to o given by

Homgwgamry(p,0) ={T € M; Tp(x) = o(x)T, forall x € M}.

For simplicity, we denote (p, 0) = Homguq(ar)(p, o). In this tensor category, the
monoidal product 77 ® T, of two morphisms 7; € (p;,07),i = 1,2, are given by

T1p1(T2) = 01(T2)T1 € (p1 © p2,01 © 02).



The classification of 3" subfactors 487

This is graphically expressed as

6 b
Nt

i’ol 2] o1 o2

By definition, two objects p, o are equivalent if and only if there exists a unitary
U € U(M) satisfying p = AdU o o, where Ad U is the inner automorphism of
M given by AdU(x) = UxU~!. The self-morphism space (p, p) is nothing but
the relative commutant M N p(M)’, and when this space consists of only scalars,
we say that p is irreducible (or simple).

The morphism space (p, o) inherits the Banach space structure from M, and
the x-operation of M sends (p, o) to (o, p), which makes End(M) a C*-tensor
category (see [4, Section 1]). Moreover, if p is irreducible, the space (p,0) is a
Hilbert space with an inner product given by T,*T> = (T1, T2)1p for 71,75 €
(p,0). Throughout the paper, we assume that any functor between C*-fusion
categories preserves the x-structure.

For p € End(M), its dimension d(p) is defined by [M : p(M )](1,/ 2. where
[M : p(M)]o is the minimal index of p(M) in M. We denote by Endy (M) the set
of p € End(M) with finite d(p). The dimension function Endy(M) > p +— d(p)
is additive with respect to the direct sum operation and multiplicative with respect
to the monoidal product operation. The tensor category Endg(M) is rigid in the
following sense: for any p € Endo(M), there exist p € Endo(M), called the
conjugate endomorphism of p, and two isometries R, € (id, po p), Ep € (id, pop)
satisfying

— — 1

R;P(Rp) = R;ﬁ(Rp) = m
The evaluation morphism ev, is identified with /d (p)R, and the coevaluation
morphism coev,, is identified with /d(p) R*.

If we replace End(M) with the set of unital homomorphisms between two
type Il factors, the dimension function and conjugate morphisms still make sense,
and we use the same notation as above (see [25] and [4]).

Every C*-fusion category is realized as a category of bimodules of the hy-
perfinite II; factor (see [23]), which implies by a tensor product trick, that every
C*-fusion category is realized as a subcategory of Endg(M) for any hyperfinite
type III factor M. For uniqueness, we have the following statement, which is a
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consequence of Popa’s classification theorem for amenable subfactors [43]. Re-
call that a monoidal functor from a strict fusion category C to another strict fusion
category D is a pair (F, L) consisting of a functor F: € — D and natural isomor-
phisms

Lyo € Homp(F(p) ® F(0), F(p ® 0))
satisfying
Lp®<r,r © (Lp,a &® IF(r)) = Lp,a®r © (IF(p) (24 La,r)

for any p, 0, T € C (see [10, Definition 2.4.1]). We may and do assume F(1l¢) = 1p
and L1,,, = Ly1, = IF(p)- When € and D are C*-categories, we further assume
that L, s is a unitary.

Theorem 2.8 ([28, Theorem 2.2]). Let M and P be hyperfinite type 11; factors,
and let C and D be C*-fusion categories embedded in End(M) and End(P)
respectively. Let (F, L) be a monoidal functor from C to D that is an equivalence of
the two C*-fusion categories C and D. Then there exists a surjective isomorphism
®: M — P and unitaries U, € P for each object p € C satisfying

F(p) =AdU,o®opod !,
F(X)=Us,®(X)US, X € (p,0),
Lpo = Upoo® 0 po @ (UNU; = Upes Uy F(p)(Uy).
If p is self-conjugate, we have R, = €R, with € € {1, —1}. This sign € can be
identified with the Frobenius-Schur indicators v, ; (p) (see [39] for the definition).

We say that p is real (or symmetrically self-dual) if ¢ = 1, and p is pseudo-real it
€ =—1.

Lemma 2.9. Let p € End(M) be a self-conjugate irreducible endomorphism of
finite d(p). If dim(p, p?) = 1, then p is real.

Proof. For T € (p, p?), set j(T) = /d(p)T*p(R,). Then j: (p, p*) — (p, p?) is
an anti-unitary satisfying

JA(T) = d(p)p(R;)Tp(R,) = d(p)p(Ry)p*(Rp)T = £T.

Since dim(p, p?) = 1, the case j? = —1 never occurs, and p is real. O
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2.3. G-kernels and group actions. Cohomological aspects of finite group ac-
tions on factors are well developed in [6], [30], and [47], and we summarize nec-
essary facts for our purposes here.

In the category End(M), an invertible object is nothing but an automorphism
of M. Thus a finite group G consisting of isomorphism classes of invertible
objects is nothing but a finite subgroup of the outer automorphism group Out(M).
Let T = {z € C; |z| = 1}. Since we can always choose a unitary for an
isomorphism between two invertible objects, it is natural for us to consider group
cohomology with coefficient module T rather than C*. Note that since C* =
T x R* as trivial G-modules, we have H! (G, C*) =~ H!(G,T) fori > 1.

A G-kernel in M is an injective homomorphism from G into the outer auto-
morphism group Out(M). For a G-kernel, we choose a lifting «: G — Aut(M),
which is also called a G-kernel. Then there exists a unitary V, ; € U(M) for each
pair g, h € G satisfying ag oo, = Ad Vy poagp. By associativity (ag oop) ooy =
Qg O (ah o ak), we have Ad(Vg’thh,k) Olghk = Ad(ag(Vh,k)Vg,hk) O Ughk> and
there exists w € Z3(G, T) satisfying

g (Vhi)Venk = o(g, h,k)Ve 1 Ven k.

The cohomology class [w] € H3(G, T) is the exact obstruction for a G-kernel to
lift to an genuine G-action, and it is also identified with the cohomology class in
H3(G, C*) defined by eq. (2.1).

When [w] is trivia, we can choose V, j, so that the equality

g (Vi) Venk = VenVehk (2.8)

holds. The pair («, V' = {V, 5 }) satisfying this relation is called a 2-cocycle action
of G on M. It is known that every 2-cocycle action of a finite group G (with the
assumption that G 5 g — [ag] € Out(M) is injective) is equivalent to an action,
that is, there exists a unitary U, € U(M) for each g € G so that {Ad U, o 0g}gei
gives a G-action, and Ugag (Up) Ve nUg), = 1.

In the case of abstract fusion categories discussed in Section 2.1, when (2.4)
holds, the other isomorphisms satisfying the same relation are of the form
(g, h)vg.p with & € Z%(G, C*), and H?(G, C*) naturally appears in the picture.
The same mathematical fact takes a different (but of course equivalent) form in
our case because of the following reason. In the case of End(M), since a G-ac-
tion is a privileged lifting of a given G-kernel, we change the lifting « to be a
G-action. For such «, it is natural to consider only 1 as an isomorphism from
Qg to ag otp. Thus instead of considering different isomorphisms between fixed
objects, we consider different G-actions that are lifting of the same G-kernel.
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Let B be another G-action that is an inner perturbation of «. Then there exists
a unitary U, € U(M) for each g € G satisfying B, = Ad U, o a,. Since o and B
are G-actions, we have

Beh = Bg © Bn = Ad(Ugag (Up)) © g = Ad(Ugarg (Un)Uyy,) © B

and there exists { € Z*(G, T) satisfying Ugotg (Uy) = £(g,h)Ugp. When ¢ is a
coboundary, we can choose {U, } ¢ to satisfy the 1-cocycle relation Ug o (Up) =
Ugp. In this case, it is known that U = {Ug}zec is a coboundary, that is, there
exists a unitary X € U(M) satisfying U, = X 'ag(X), and in consequence f
and o are inner conjugate, that is B, = Ad X! o ¢, o Ad X. In summary, the
inner conjugacy classes of the liftings of the same G-kernel to actions are in one-
to-one correspondence with H?(G, T), and the correspondence makes sense once
a reference lifting « is chosen.

2.4. The Cuntz algebras. One of the main tools in this note is the Cuntz algebra
On, and we summarize the main feature of it here. Let n be an integer larger than
1. The Cuntz algebra O, is the universal C*-algebra with generators {S;}7_, and
relations

n
D oSisr=1.
i=1

The most peculiar property of the Cuntz algebra is that it is at the same time univer-
sal and simple (see [7]). Therefore if {7;}7_, are noncommutative polynomials of
the generators obeying the same relation as the defining relation, then there exists
a unique endomorphism o € End(0,,) satisfying o(S;) = T;.

Lemma 2.10 ([24, Lemma 2.6]). Let p be a unital endomorphism of the Cuntz
algebra O, with the canonical generators {S1,S2,...Sy}. Wefix 1 <i <nand
set Ty := SFp(S;)Si. If {T1, Ta, ..., Ty} satisfy the Cuntz algebra relation, then
Sep(x)S; = 0 for k # i and all x € Oy. In consequence, o(-) := S} p(-)S; is a
unital endomorphism and S; € (o, p).

3. Polynomial equations for generalized Haagerup categories

In this section, we deduce polynomial equations for a C*-generalized Haagerup
category C with a finite abelian group G. For G, we use additive notation. We set
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G, ={g € G; 2g = 0}. We denote n = #G and

n++vn?>+4
d=d(p=""0 0

Let M be the hyperfinite type III; factor. Then we may and do assume
C C End(M).

Definition 3.1. For a C*-generalized Haagerup category ¢ C End(M) with a
finite abelian group G, we say that a pair [p, o] of p € End(M) and an action
a: G — Aut(M) satisfying

0(€) = {[agligec Uilagllpligec

is a standard lifting of C if p and o satisfy the relation ¢y 0o p = poa_g, and
a restricted to G, acts on (p, p?) trivially. (We do not use the notation (p, ) for
the pair of p and « in order to avoid possible confusion with the intertwiner space

(p.ag).)

We say that two standard liftings [p, «] and [p’, &'] are conjugate (resp. inner
conjugate) if there exist 6 € Aut(M) (resp. an inner automorphism 0) satisfying
P =0opof! and oy = foagofl.

Lemma 3.2. For a C*-generalized Haagerup category C C End(M), there
always exists a standard lifting.

Proof. We can choose p € End(M) and ag € Aut(M) with

0(€) = {[agligec U ilagllpligec

satisfying the fusion rules
[arg lletn] = [otg 4l
[ag]lp] = [p]lo—¢],
[0?] = [id] + > [eg 0 p].

geG

Since ¢%3(C) and ¢2(C) are trivial, thanks to eq. (2.4) and eq. (2.7), there exist
unitaries Vg , € (ag o ap, 0gyp) and Wy € (g 0 p, p o o) satisfying

g (Vi) Ventk = VenVethks

Weag (W) Ve,n Wg_J:h = p(V_g,—1)-
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The first equation shows that the pair (o, {Vg »}g.neG) is a cocycle action of
G, and there exists a unitary U, € U(M) for each g € G satisfying V,, =
ag (U, "YUg Uy 4y and o' defined by o, = Ad Uy o g is a G-action. The second
equation implies that if we set W, = p(U—¢) W, Ug_l, then W, € (g 0p,poal,)
and W' = {Wg}gec is an &’ cocycle. Thus there exists a unitary X € U(M)
satisfying W, = X 1oz (X), and we get

adgoAdXop=AdXopoal,.

Setting p’ = Ad X op, we getag o p’ = p’oa’ . To simplify the notation, we may
and do assume that « is an action and p and « satisfy the relation g 0 p = poa_g
from the beginning by replacing p and o with p’ and o’ respectively.

Next we show that « restricted to G, globally fix (p, p?). Since dim(p, p?) = 1.
we can choose an isometry T € (p, p?) with (p, p?) = CT. Then for any g € G,
we have

ag (T)p(x) = g (Tp(ag (x))) = g (P (ctg () T) = p* (o2 (x))rg (T,

andif z € Gy, we getw;(T) € CT. Thus there exists a character y € G, satisfying
a-(T) = x(z)T. Note that y(z) € {1, —1}. Since every character of G, extends to
a character of G, we choose such an extension y’ € G.
Let Y € U(M) be a unitary satisfying ag(Y) = y'(g)Y forany g € G. Let
o' =AdYop,andletT' = Yp(Y)TY '. ThenY' € (o', p”*) andagop’ = p'oa—_,.
For z € G,, we have
a:(T') = az(Yp(Y)TY ™)

= @z (Y)p(a—z (Y ))az (T)az (Y1)

= x(=2)x ()T’

=T

Thus [o, p'] is a standard lifting. O

In what follows, we fix one standard lifting [p, «] for € and obtain polynomial
equations for it.

We first choose an isometry S € (id, p?). Then we have o, (S) € (id, p?)
because

g (S)x = ag(Sa—g(x)) = ag(p’a—g (x)S) = p*(x)ag (S).
Lemma 3.3. With the above notation, we have

ag(S) =S. 3.1)
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Proof. Since
dim(id, (eg p)?) = dim(id, p*) = 1,
dim(ag p, (agp)*) = dim(agp, p*) = 1,

Lemma 2.9 implies that the endomorphism «, p is real. Since a¢_4(S) is a scalar
multiple of S and

* * 1

STp(a—g(S)) = STagp(S) = 7

we geta_g(S) = S. O

Remark 3.4. The above lemma shows that ¢?!(€) and ¢3°(C) are trivial too.
Indeed, since [p, «] is a standard lifting, we can choose v, , and wy in section 2.1
to be 1. Then 7(g) in eq. (2.5) is given by da, (S*p(ag(S))) = 1, and ¢*1(C) is
trivial. Since p is real, ¢*9(C) is trivial too.

Now we examine the anti-unitaries on (agp, (g p)?) = (etgp, p?) coming from
the Frobenius reciprocity. For T € (agp, (2gp)?) = (agp, p?) we set

J1.6(T) = NdT*agp(S) = VdT*p(S), (3.2)
Jja.g(T) = Vdagp(T)*S. (3.3)
Then ji,¢ and js ¢ are anti-unitaries of (agp, p?) with j7, = j7, = 1. We

choose an isometry T, € (agp, p?) satisfying j1 ¢(Tg) = Tg, which is uniquely
determined up to sign. Then {S} U {T,}¢ec satisfy the Cuntz algebra relation.
We denote by O,4+; the C*-algebra generated by these isometries. We have
an(Ty) € (ag42np. p*) because

an(Tg)atg 42n0(x) = ap(Teagpa_p(x)) = ap(p’a_p(x)Ty) = p* () (Ty).
Moreover, since
an(Ty) = an(j1,¢(Ty))
= Vday(T; p(S))
= Vday(Tg)* pla—g (S))
= J1,g+200n(Tg),

we have
ap(Tg) = €p(g)Tg12n, (3.4)
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with €,(g) € {1, —1} satisfying the cocycle identity:

€n+k(8) = en(g)ex (g + 2h). (3.5)

Since T, is uniquely determined only up to sign, we have freedom to replace
T, with §, T, satistying 6 € {1,—1}. This amounts to replacing €;(g) with
€1,(8)8g8g42n, that is, multiplying by a coboundary term.

There exists a character y, of G, for each g € G satisfying o, (Ty) = xg(2)7Tg
forall z € G,, orequivalently, €;(g) = x¢(z). Note that we have y((z) = 1. Since
oz (ap(Ty)) = ap(az(Ty)), we have yg4on = ) forany g, h € G.

Remark 3.5. Since «;(Ty) = Tp for any z € G,, we may assume o (Ty) = Top
and €;,(0) = 1 for any & € G. In a similar way, we can see that the cohomology
class of the cocycle {€;,(g)}¢.» is determined by { ¢ }geG-

Since dim(agp, p?) = 1, there exists ny € T satisfying jo ¢(Tg) = ngTg.
Since
Jog+on(@n(Te)) = Vdagonp(an(Tg)*)S
= Vdag 1 pp(T)*S
= ahjZ,g(Tg),
we have
Ng+4+2n = TNg- (3.6)

The unitary j, ¢ j1,¢ is called the rotation map, and it does not depend on the
choice of S. In our case, it reduces to the scalar n,.

Now we determine the form of p on S and 7. We set P = SS* and
0=> geG g Tg - Inorder to determine p(7y), it suffices to determine agp(7%)

as we have O‘gP(Tg) = pa—g(Tg) = € (g)p(T—).

Lemma 3.6. We have

p(S) = —S +— Z Ty Ty. (3.7
geG
There exists Ag(h, k) € C satisfying

g p(Ty) = ngTySS* + %ST; + 3 A )Ty i3 ToanirTo (38)
h,keG
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Proof. Since P + Q =1, we get

o(S) = (SS* +5 TgT;)p(S)

geG
1
= Z Ty j1.5(Tg)
d ngG
S + — Z T, T,.
gEG

We compute each of Pagp(Ty), agp(Ty)P and Qogp(Ty)Q now:

Pagp(Tg) = SS*agp(Ty) =

Vd Vd

agp(Tg) P = agp(ji,e(Tg)) P
= Vdagp(T;p(S)P
= Vdagp(T})SSS*
= J2,g(Tg)SS™
=1ngTgSS™.

For h,k € G, we claim T;+h(xgp(Tg)Tg+k € (atg+h+k» p?)- Indeed,

T;+hagP(Tg)Tg+k0lg+h+kp(x)
= T 1w P(Te) Tgkc0lgticp(e—p (X))
= ;+h“gp(Tg)ﬁ’2(0‘—h(x))Tg+k
— 77, g p(Tyatg plr—(¥)) Ty 1k
— T e PO () ) Ty sk
= T 1P (@egn (X))t p(Te) Ty 4k
= Olg+h,0 g pn(X)T +h0‘gp(T g +k

=p (X)T;+hagp(7§)Té+k-

Therefore there exists a scalar Ag (h, k) € C satisfying

Qugp(Tg)Q = Y Ag(h, ) TgrnTgrnrk Tgiy
h,keG

This finishes the proof.

—=Sj2,g(Tg)* = —=ST;.

495
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Now we examine how the choices of S and T, effect on (e5(g), ng. Ag(h, k)).
Let ¢ € T, and let ¢!/2 be one of its square root. If we replace S with ¢S, then
Jj1.¢ is replace by c¢j1 ¢, and it fixes ¢!/2T,. The choices of ¢S and c!/?Ty instead
of S and Ty do not change (€5(g), ng. Ag(h, k)) at all. Therefore we don’t need
to think of a different choice of S from (idys, p?), and we fix S. If we replace
T, with 64T, satisfying 6, € {1, —1}, then (€,(g), ng. Ag(h, k)) is replaced with
(64(2): 7. A} (h, ) where

€,(8) = 848¢42n€n(g). (3.9)
Al (h k) = 8g8g+n8g-+k8gnrk Ag (h, o). (3.10)

Definition 3.7. We call the above transformation from (e€,(g), ng, Ag(h.k)) to
another triplet (€, (g), ng, Ay (h,k)) a gauge transformation by {8z }gec. We say
that two triplets are gauge equivalent if they are transformed to each other by a
gauge transformation.

For a gauge transformation by {8, }¢cG, we may always assume §p = 1.

Note that thanks to Lemma 3.6, any intertwiner between two endomorphisms
obtained by composing endomorphisms in {p, «tg} in arbitrary times is a poly-
nomial of {S, S, Tg, Ty}, and we can show as in [48] that the 6j-symbols of
the fusion category C is completely determined by the numerical data (e5(g). ng,
Ag(h,k)). Thus we obtain the following theorem.

Theorem 3.8. Let C, " C Endg(M) be a generalized Haagerup categories with
a finite abelian group G, and let [p, o] and [p’, &'] be standard lifting of C and €.
If [p, o] and [p', &'] have gauge equivalent numerical data, there exists a monoidal
functor (F, L) from C to € with trivial L, which is an equivalence of the two fusion
categories, satisfying F(p) = p', F(ag) = ot}

Remark 3.9. Our primary goal in this paper is to classify the 3¢ subfactors, and
for this goal we classify the generalized Haagerup categories C with a finite abelian
group G and a distinguished simple object p by the triplet (e;(g), ng, Ag(h, k)).
To obtain the triplet from € C End(M ), we made the following choices:

(1) identification of G with the group of the invertible objects of C,
(2) the standard lifting [p, o],

(3) the isometry S € (id, p?), and

(4) the isometry Ty € (atgp, p?) satisfying j1,¢(Tg) = Tg.
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In view of Theorem 2.8, to classify € with G and a distinguished simple object p
by the triplet (e5(g). ng, Ag(h, k)), it is necessary and sufficient to describe how
different choices in (1),(2),(3), and (4) transform the triplets. Different choices
in (1) can be describe by the action of Aut(G), and those in (3) and (4) altogether
can be described by the gauge transformations. Thus it is essential to describe
how different choices of standard liftings transform the triplets, which involves
H?(G,T). We will show in Section 5 that the equivalence classes of C with a
distinguished object p are in one-to-one correspondence with the H2(G, T) x
Aut(G)-orbits of the gauge equivalence classes of the triplets. To classify €
without specifying p, we still have freedom to replace p with o p, which makes
an action of G (in fact G/2G) on the gauge equivalence classes of the triplets.

We now deduce polynomial equations among (€5(g), ng, Ag(h, k)).

Lemma 3.10 (orthogonality). We have

3" Ag(h,0) = _Zz_g’ 3.11)
heG
T NgNg’
> Aglh— g ) A (=g ) = 8.0 — P15, (3.12)

heG
Proof. p(S)*agp(Ty) = agp(S*Tg) = 0 implies the first equation.
g p(Tg) g p(Ty) = €—g/(g)e—g (8)p(T*,, T—g) = 8g,¢ implies the second.
O
The equalities ag p = pa—g and oy (Ty) = €4(g)Tg424 imply the following:
Lemma 3.11. We have
Ag1on(p.q) = €n(@)en(g + plen(g + Pen(g + P + @) Ag(p.q),  (3.13)

Proof. Since

g +2nP(Tg+2n) = €n(g)ag+onpan(Ty)
= en(g)ag+np(Tg)
= ep(g)an(agp(Ty)),

we get the statement. O
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The equalities ji,g(Tg) = Ty and j» ¢ (Tg) = ng T, imply the following:
Lemma 3.12.
Ag(k.h) = Ag(h. k), (3.14)
my =1, (3.15)

Ag(h, k) = nge_i(g + e k(g + k)er(g +h+k)Ag(=k.h —k)

(3.16)
= ye—n(g +Me-n(g + ke (g +h +k)Ag(k —h,~h).

Proof. Since

agp(Tg) = agp(j1,e(Tg))
= Vdagp(Tp(S)
_ ﬁagp(T;)(SSS* +3 Thp(S)Th*)

heG

, 1
= j2e(T)SS* + ) ~agp(T)THS Ty
heG

1

+—= Y agp(THTHTi Tk Ty
ﬁh,keG

= Ty SS* + 5

Vd

1 " *
+ Wi Z g p(Tg) Tg+nTg+h+kTg+n+kTgip
h,keG

ST;

Mg 1 —
= g Ty SS* + 577 + Wi Z Ag(h ) Tg i Tgvnti Ty s

\/E h,keG

the first equation holds.
Since

agp(Tg) = Ngagp(j2,¢(Tg))

= gV datg plag p(Ty)*S)
= gV p*(Tg)*p(S)
_ v 1
=g «/Epz(Tg) <ES + ﬁ ]g Tg_kTg_k)
_ Te

STy +7g Y Tektgicp(Te)* Tyk
g g g g g g
ﬁ keG
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Mg _
= T%ST; +7g Y Tgroi (g p(Te) *ax(Ty—i))
keG

r .
= 2 STS 478 ) euls — k)T (etg p(T5) Ty4i)
keG

% * —2 *
= —=8T, + T,SS
Ja_ e The e
+7g 9 Ag(k. e (g — k) To—iormi (Tgn TSy pst)
h,keG
% * —2 *
= —=8T, + T,SS
Ja_ g The e
+7g Y Ag(k. Der (g — k)e_(g + he_r(g + h + k)

h.keG
Tk Tgt+n—2k

and e€x (g — k) = e_r(g + k), we get

Ag(—k,h—k) = Ag(k,h) nge_r(g + k)e_x (g + h)e_r (g + h + k),

which finishes the statement.
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O

Remark 3.13. Assume that 4 € G satisfies 32 = 0 (e.g. & = 0). Then we have

Ag(h,2h) = ngen(g)en(g + hen(g + 2h) Ag (h.2h).
This shows that Ag (h, 2h) # 0 implies ng = 1.
From $*p2(T,)S = T,, we get

Lemma 3.14. We have

Ag(h, k) = Agyntk(h, k)en(g + k)ex (g + h)eptx(&)Ng+nTg+k-

Proof. We compute
S*P2(Tg)S = S agpagp(Ty))S

* * @ * *
=NgS g p(TgSS™)S + —=S e p(ST,))S
g dgplly Ja> % g

+ 3 Ag(h k) S*0tg p(Tgn Tesnik T i) S-

h.keG

The first term is

* * 1 " 1
NgS agp(TgSS™)S = ng“gP(S) = ﬁTg-

(3.17)
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The second term is .
Mg

1
ﬁS*agp(ST;)S = —T,

d2" %
The third term is
Y Ag(h k) S g p(Te 1 Ty rnk Tyis)S
h,keG
=Y Ag(h k) p(S*ag4np(Term)tg p(Tg s h i)k (@g 1k Ty 1)S)
h,keG

1 _ *
=7 > Ag (h. k) Tgsh ngrren (T, )tg p(Tgpnri)o—ic(Tg+x)
h,keG

1
= =D Ag(h K)Tgh g ke (g + en(g + k)

h,keG
Ak (Tg g por g +h+kP(Tg+nk) Tg+2n+k)

1
=7 Y Ag(h k) Agpnk (e, DY Tg 7 ngrrex (g + Men(g + k)

hkeG
€ A_p—k (Tgr2n+2k)

1
= =D Ag (k) Ag i (b ) Ngvn Mg+
hikeG ex(g + Wen(g + k)e_n_r (g + 2h + 2k) T,

1
= Y Ag(h k) Ag i O ngvang +k
h.keG ex(g +h)en(g + k)enti(g)Ty.

Since d (1 — %) =n— T, we get

I— 1
> Ag(h k) Ag ik K)ig g ke (g + h)en(g + k)enti(g) = n — 7
h,keG

which implies

> Ag(hk)Agniikc(h k) Ngynngrier(g + h)en(g + k)enti(g)
g,hkeG

= (n — é)n
On the other hand, we have
> g b = (n = ).
g,h,keG

from Lemma 3.10. This proves the statement.
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We compute the both sides of the equation

g p(Ty 4y P(Te) Tgk = g p(Tgy ) Torktg+ip(Te),

and obtain the following statement.

Lemma 3.15. We have
Ag(h, k) = Agyn(h, K)ngng+iNg+nNg+h+k€n(g)en(g + k)
= Ag+i(h. kK)NggxnNg+kNg+n+k€k (8)ek (g + ).
and

Z Ag(x + y, DAg—ptx(—=x,1 + p)Ag—g+x+y(=y.1 + q)
leG

= NgNg+q+xNg+p+g+ylg+plg+x+ylg+g+x+y
Ag—p(@+y.p+x+y)Ag(p+x.g+x+y)
p(§—p+X)epix(g—p+q+y)
€@ —q+x+y)eg+y(g—q+x)

8x,08y,0
d NgNg+pllg+q-

Proof. The left-hand side of (3.18) is

Sn.ong0tg pP(SS*) Tgpic + Y Ag(h. Deg p(Topna Ty ) Tk
leG

8h,0n *
= ﬁg P(S)Ty k

501

(3.18)

(3.19)

(3.20)

+ Y Ag(h.Der(g + k)ag p(Tgpnsn)e—i (g r1p(Tyy ) g tkrar)

leG

8 * T r *
_ h,0g p(S)Tg+k + Ag(h’ —k)e_r(g + k)ﬂg—k(xgp(Tg—i-h—k)SS

Jd
+ ZAg(h, DAgii(k +1.r)e (g + k)
L,reG Qg P(Tgtn+1)0l—1 (Tgt14r Tg s pio14r)-

The first term is

Sn,one Snon
ST —g§ TotsTorsT*,,.
ava e Ta L BT gk

The second term is

Ag(h,—k)e_i (g + k) Ng—rk—n (g +n—icP(Tg+h—k)SS™)

= Ag(h,—k)e_i(g + k)ex—n(g +h — k)Ng—xng+n—kTe—n+kSS™.
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The last term is

> Ag(h. D Agii(rk + Der(g +k)er(g +k + 1)
LreG a1 (g th+10(Tg+n+1)0h (Tg+14r) Ty 114y
=Y Ag(h.DAgpi(r.k + Der(g + k)6 (g +k +r)en(g +1+7)

l,reG *
dp—1 (g h+1P(Tg+h+D) Tet2n+14+r) Tg gy

= % > Ag(h D Agpi(=h.k +1)
leG e(g +k)e(g—h+k)en(g—h+DgrniST,_pix
+ Y Ag(h D Agii(rk + DAganyi(h+1+s.h+7)
LrseG (g +k)e(g+k+nre(g+1+r)
An—1(Tg+an+214sTg+3n+214r+5) Tgriir
= % > Ag(h.DAgpi(=h.k +1)
leG e(g +k)e(g—h+k)en(g—h+DgrniST,p ik
+ Y Ag(h D Agyi(rk + DAgynyi(h+1+s.h+7)
hrscG a(g+hea(g+k+r)
en(g +1+r)epti(g+s)
ent1(@+h+1r+)TgtsTgrntrtsTyipir
On the other hand, the right-hand side of (3.18) is
agP(T;+h)Tg+kag+kp(Tg)
=0 (Olg+hP(T;+h)0lh (Tg+1))otg+icp(Tg)
= en(g + k)a—n(@g1no(Tg 1) Tet2n+k)tg+kP(Tg)
= Sntk,06n(g — MNgrnSa_p(S*agp(Tg))

ten(@+k) Y Agrnth+k.s + e n(TeiontsTy spipss)erip(Te).
seG

The first term is
1 - *
\/—g8h+k,0€h (& — MTNgvnilg Sa—h(Tg )

1 S
= \/—g8h+k,0€h (8 —M)e—n(&)Ng+nngSTy_yy,-

The second term is
en(@+5) Y Agin(h+ 5. h+K)ep(g +s)

$€G Totsti (0—pn—k (T34 ap k454 P(Tg)
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=en(@+k) Y Agn(h+s.h + k)
€6 en(g +enu(g +h—k+)

Tgtsox (T;+h—k+s0‘gp(Tg))
= Agynk. h +k)ep(g +k)en(g —h 4+ k)enyix (g Tg_pkSS*
ten(g+ k)Y Agen(h +s.h+k)Ag(h —k + 5.~k + 1)
ST (g + enti (@ +h—k +9)
Tots0k (Tosn—2kts+rTg—gir)
= Agin(k. h + k)en(g + k)en(g —h + k)ep i ()ng Tg—nikSS*
+en(g+Kk) D Agyn(h+s.h+k)Ag(h—k + 5.~k +7)
STEG (g + ens(g +h—k +5)
er(g+h+s+ryex(g+k+r)

*
TorsTothts+rTg ipir
Thus we obtain

Ag(h, —k)e_r (g + K)ex—n(g + 1 — K)Ng kg +h—k

(3.21)
= Agn(k.h + k)en(g + k)en(g —h + k)enix(g)ng.

ZAg(h, DAg+i(=h.k +Der(g +k)er(g —h +k)en(g —h + Dginti
leG

_ bnom
= Snik.06n(g — h)e_n (&) TghTlg — —ot

d s

(3.22)
and
D Ag(h.DAgyi(rk + DAginii(h+1+5.h+7)
leG (g +k)e(g +k+ren(g+14r)enyi(g+ S)eppi(g+h+r +5)
=Agpnh+5s.h+k)Ag(h—k + 5, —k +1r)ep(g + k)en(g + 5)

€ntk(§+h—k+s)er(g+h+s+r)er(g+k+r)

_ 8n,00r,0Mg
—
(3.23)

Lemma 3.12 implies

Agen(h. k) = Mg nee(g +2m)eie(g +h+ k) (g + 20+ k) Agn(—k.h—k),



504 Masaki Izumi

and (3.21) is equivalent to

Ag(h k) = Agin(—k,h —k)ex(g —k)e—g—n(g +h + k)en(g —h — k)ep—k (g)
€n(g — k) NgNg+kTg+h+k
= Agn(—k.h —k)ep—r(g + k)e_r(g + h + k)e_i (g + 2h)
€n(&)NgNg+kNg+h+k

= Agyn(h, k)ep—k (g + k)e—r(g + 2h + k)en(@INgNg+kNg+hlg+h+k
= Agin(h,k)en(g + k)en(8INgNg+kNg+hNg+h+k-
Therefore the first equation of (3.19) holds. The second equation follows from this

and Lemma 3.12.
Lemma 3.12 and (3.19) imply

Agri(=hk +1) = Agyi(h +k + 1. W)Tgxien(g —h + Dep(g + k +21)
en(g—h+k+2)
= Ag—n—k(h +k + 1. h)NgiiNg+h+iNg—kNg—n—k
€ntk+1(& —h —k)entr+1(g —k)ngy1
en(g —h+Dep(g +k +2D)ep(g —h + k +21)
= Agnik(h+k + 1 W)NgrnriNg—kNg—h—k
ex+1(§ —h —k)ex11(g —k)ep(g —h +1).

Thus the left-hand side of (3.22) is

D Ag(h. DAg_pi(h h+k + De(g — k)er(g —h — k) Tg—nkg—«

leG
] “h—k -
= (hk0 — 2L ) (g — e (g — h — k)T =i
SnoNe M)k
= Optk,06—n(g + h)e_n()NgNg+h — Tg'

This shows that (3.22) does not give any new condition.

By the change of variables
r=—x, h=x+y,

k:ps S:q_x’
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equation (3.23) becomes

D Ag(x + 3. DAg1(—x. 1+ P)Agirxiy( +q + 3. y)

1eG e(g+ ple(g+ p—X)exsy(g +1—x)
€l4x+y(§ +q—X)e14xy(+q—x+y)
= Ag4x+y(@ty,p+x+y)Ag(—p+qg+y,—p—x) (3.24)
€x+y(g& + Plex+y(§ + 9 — X)éptxty(@—p+ g+ )
€p(g+qg—x+ye_p(g+p—x)
_ 8x,08y,07]g
—
By (3.17) we get

Agr1(—x, 1+ p) = Ag—pix(—x, 1 + ple_x(g + ] + X)e14p(g — p)
6l+p—x(g —p+ x)’lg+l+x77g—p-

By (3.19) and Lemma 3.12, we get

Agtitxty( +q+y.y)
= Ng+itx+yAg+itx+y(=y.1 +q)
e—y(g+2l+q+x+2y)
€y(g+14+x+2y)e_y(g+2l+g+x+3y)
= Ug—q+x+yrlg—q+xm14g—q+x+y(_J’al +4q)
€14¢(§ —q +x + y)er4q(g —q + x)
@ +2l+qg+x)e g+l +x)e(g+2l+g+x+y).

Thus the left-hand side of (3.24) is

Ng+g+x+yNg+q+xNg+p
D Ag(x + 3. D Ag pix(—x.1 + P)Ag_grxty(=y.l +q)
leG (g + ple(g + p—x)exty(g +1—x)
€l+x+y(8 +q—X)e14x1y(8+q—x+ )
ex(g+ 1+ x)€4+p(8—Ppler4p—x(§—p+x)
€148 —q+x + y)e114(8 —q + X)
&@+2l+q+x)e(g+ 1 +x)e(g+2l+g+x+Yy)
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= Ng—q+x+yNg—q+xTNg—pep(& — P)ép—x(§ — p + X)
Y Ag(x 4 y. D Ag—pix(—x.1 + p)Ag—gixty(=y.] + )
leG xty(g+ 1 —Xx)e_x(g+ !+ x)ey(g+ 1 +x)
€1+q(§ —q +x + y)e14q(8 —q + x)
€1+x(§+q—X)e14x(+qg—x+y)
= Ng—q+x+yNg—q+xTg—p
ep(§ — Pep—x(8—p+X)eg—x(g—q+x+ y)eg—x(g—q +x)
> Ag (e + . D Agmpix (.1 + P)Ag—giasy(=7. 1 + )
leG
By (3.19) and Lemma 3.12, we have

Agtx+y(@+y,p+x+y) =Ag—p(q+y.p+ X+ Y)Ng—plg—pt+q+y
Ng+x+yNg+q+x+2y
€ptxt+y (& — P)éptx+y(8—P+q+ )

and
Ag(=p+q+y.—p—x)=Ag(p+x.q+x+ y)ng
ep+x(&—P+q+ Y)epix(g—p—x)
ep+x(§—2p+q—x+y).

Thus the right-hand side of (3.24) is

NgNg+pNg+p+a+ylg+x+ylg+q+x
Ag—p(qg+y.ptx+y)Ag(p+x.g+x+y)
€x+y(& + Plex+y(§+ 9 — X)eptx+y(E—p+q+y)
€-p(@+qg—x+y)ep(g+p—X)eptxty(g—p)
eprx+y(&—P+q+y)
ep+x(&—P+q+ Y)epix(g—p—x)
ep+x(§—2p+qg—x+y)

_ 8n,08r,0Mg

d
= NgNg+plg+p+q+ylg+x+ylg+g+x

Ag—p(@+y. p+x+Y)Ag(p+x.q+x+Y)
&g —Dpeprx(g—p+qg+Yy)
ex(@+p—x)ex(g+q—x+y)exty(g +9—x)

_ 8n,08r,0M¢
—a
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condition:

The classification of 3" subfactors

Therefore (3.23) is equivalent to

ZAg(x + ¥, DAg—pix(=x,1 + p)Ag—g+x+y (=Y.l +q)
leG
= NgNg+plg+p+a+yNg+x+ylg+q+xNg+plg+q+x+ylg+q+x

Ag—p(@+y,p+x+y)Ag(p+x,9+x+Y)
&g —Peptx(g—p+q+y)ex(g+p—x)
&x(g+q—x+y)exty(g +q—x)
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(g —Dp)ep—x(@— P+ X)egx(g—q+x+ y)eg—x(g —q +x)

8x,05y,0 Yy
R Ugrlg+prl§+q

= NgNg+q+xNg+p+qg+ylg+plg+x+ylg+qg+x+y
Ag—p(g+y.ptx+y)Ag(p+x.g+x+y)
ep(g—p+X)epix(g—p+q+y)
€8 —q+x+ y)eg+y(g —q +x)

8x,05y,0
T4 NgNg+plg+q-

and (3.20) holds.

Remark 3.16. (3.17) follows from (3.19).

4. Reconstruction

In this section, we discuss how to recover the C*-generalized Haagerup category

from a solution of the polynomial equations we got in the previous section.
n2+4

Assume that G is a finite abelian group of order n. We set d =

€ntk(g) = en(g)er(g +2h), €,(0) =1,

Ng+2h =Ng. My =1,

3 Ag(h0) = 1%

heG

T NgMg’
D Agh— g k) Ag(h =" k) = b g = =B,
heG

—1}, ng € T, Ag(h, k) € C satisfying the following

4.1
4.2)

4.3)

4.4)
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Agyon(p,q) = en(g)en(g + plen(g + @Qen(g + p + @) Ag(p. q), 4.5)

Ag(k,h) = Ag(h.k), 4.6)
Ag(h k) = Ag(—k.h —k)nge_r(g + h)e_x (g + k)e_x(g + h + k) @7
= Ag(k —h,—h)nge_p(g + h)e_n(g + k)e_p(g +h + k),
Ag(h, k) = Agyn(h, k)ngng+iNg+nNg+h+k€n(g)en(g + k) “48)
= Agik(h, K)NgNgthNg+kNg+h+k€k(&)er(g + h),
Z Ag(x +y, DAg—ptx(=x,1 + p)Ag—q+x+y(=y.l + q)
leG
=Ag(p+x.q+x+y)Ag—p@+y.p+x+y)
NgNg+q+xNg+p+g+ylg+plg+x+yllg+q+x+y (4.9)

&p@—p+x)pix(g—p+qg+y)
€(g§—q+x+y)eg+y(g—q +x)

8x,08y,0
- P NgNg+plg+q-

We denote by 0,41 the Cuntz algebra with the canonical generators {S} U
{T¢}gec. We can introduce a G-action « on O,4; and an endomorphism p of
On41 satisfying og p = pa—_g by

ap(S) =S8, ap(Ty) = ex(g)Tg12n,

1 1
S)==S+—=> TgTy.
SRR PN

77_ * k
T%STg + Y Ag(h k) TgpnTggniiTy i
h,keG

agp(Tg) = ngTgSS™ +
Theorem 4.1. S € (id, p?), T, € (agp, p?).

Proof. Direct computation shows S*p?(S)S = S, and the proof of Lemma 3.14
shows S*p?(Tg)S = Tg. Thus Lemma 2.10 implies S € (id, p?).
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Direct computation shows
P(S*p(SN T4k = g1k p(S) Tgyrg+ikp(S),
agp(Tgagp(S) Tk = agp(Tg)* Ty rrotg 11 p(S),
agp(S*agp(Te) Ty +k = agp(S™) Tgiragkp(Ty),

and the proof of Lemma 3.15 shows

agP(T;JrhO‘gp(Tg))Tngk = g p(S™) Tg+kg+kp(Tg).
Thus we have

PA(S)Th = p(SS™ + Y Ty T2 )oX(S)T,
geG

= p(S)p(S* p(SNTh + Y _ g p(Te Ty ag p(S) T
geG

= p($)p(S*) Thanp(S) + D _ g p(T T Thenp(S)
geG

= p(SS* + D T-e T2 ) Tuip(S) = Tuanp(S),
geG

Pz(Tg)Tg+k = O‘gﬁ’(SS* + Z Tg+hT;+h>Pz(Tg)Tg+k
heG

= agp(SS g p(Tg) Tk + Z g p(Tg+h T;.h“gP(Tg)) Ttk
heG

= Oy P(SS*)Tg+k0‘g+kP(Tg)

+ Y g p(Tgin T ) Teritg4icp(Te)
heG

= Toykag+ip(Ty),
and Lemma 2.10 implies Ty 1 € (2g4+x0, 7). O

As in [24] and [28, Appendix], we introduce a weighted gauge action y on
On+1 by y:(S) = €S, and y,(T) = €''T,. Then y commutes with o, and p.
There exists a unique KMS-state for y, and «gz and p extend to the weak closure
of 0,41 in the GNS representation of the KMS state, which is the hyperfinite type
II; ;4 factor. Taking the tensor product with the hyperfinite type III; factor, we
get @ and p acting on the the hyperfinite type III; factor.
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Let N={heGy| yg(h) =1, forall g € G}. If N = {0}, then we can re-
cover a C*-generalized Haagerup category having the same solution of the poly-
nomial equations with the original category € in this way. If N # {0}, the action
« is not faithful, and the resulting fusion category is de-equivariantization of the
original category C by N. In the appendix (Section 10), we will give a free product
trick to recover the original category in this case.

5. The classification of generalized Haagerup categories

In this section, we deduce a complete classification invariant for C*-generalized
Haagerup categories with a fixed finite abelian group G following our observation
in Remark 3.9. Throughout this section, we make the same assumption as in
Section 3.

We start from an easy case.

Lemma 5.1. If H?(G,T) is trivial, there exists a one-to-one correspondence
between the equivalence classes of C*-generalized Haagerup categories with a
finite abelian group G and a distinguished simple object p, and the Aut(G)-
orbits of the gauge equivalence classes of the solutions (e, (g),ng, Ag(h,k)) of
the polynomial equations (4.1)—(4.9).

Proof. Thanks to Theorem 2.8 and Remark 3.9, it suffices to show that two
different standard liftings of a generalized Haagerup category € C Endo (M) give
the same gauge equivalence class of the solutions. Assume that [p, «] and [p’, &']
are standard liftings of € with [p] = [p'] and [ag] = [ar]. Then there exist unitaries
Ug € W(M) and V' € U(M) satisfying o’ = AdV o p and ¢y = AdU; o p.
Since H?(G, T) is trivial, we may further assume that {U, }¢eg is an a-cocycle.
Since it is a coboundary, the two actions & and «’ are inner conjugate. Since inner
conjugate standard liftings give gauge equivalent triplets, by conjugating [o’, &']
by an inner automorphism, we may assume o’ = «.

Since wgop = poa—_g andagop’ = p'oa_g, we see that g (V) is proportional
to V, and there exists a character y € G satisfying og (V) = x(g)V. Since
Vp(V)ToV* € (0, p"?) and [p’, ] is a standard lifting, the character is trivial on
G,. From this condition, we can choose a character yo € G satisfying x3 = y
(use the fundamental theorem of finitely generated abelian groups).
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Let
= Vp(V)S € (idwy. p?).

Then the two anti-unitaries on (g p’, p?) take the forms
J1.eT' = NdT™p'(S").
Ja T = Vdagp'(T")*S'.

Let
T = 1y, V! )
e = X0(&) " Vp(V)Tg € (agp’, p%).

Then we have
J1 gT/ = T/
an(Ty) = €n(&) Ty op»
J2.eTg = ngTy.
Moreover,

agp'(Ty) = xo(8) ™ Vagp(Vp(V)TgV—HV !
= x0()Vo(V)p>(V)agp(Tg)p(V V!

Mg
= Xo(g)VP(V)PZ(V)(UngSS* + —E£58T;

Jd
+ 3 Ag(h ) Te i Tynsk Ty )p(V V™!
h,keG
h,keG
This shows the statement. O

Now we proceed to the general case. The above computation shows that if
[0/, @] is another standard lifting with [p'] = [p] and o’ inner conjugate to «,
then the change from [p, @] to [p, &'] leave the gauge equivalence class of the
triplet (€,(g). ng, Ag(h,k)) invariant. This means that in general, the effect of
replacing [p, ] with [p’, o'] satisfying [p] = [o'] and [a] = [a¢] depends only on
the cohomology class in H?(G, T) determined by the difference of o’ from o. We
give an explicit description of the action of the cohomology group H?(G, T) on
the gauge equivalence classes of the solutions of the polynomial equations.
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Recall that a cocycle ® € Z?(G,T) is normalized if it satisfies w(g,0) =
w(0,g) = w(g,—g) = 1 forall g € G. The cocycle relation implies that any
normalized cocycle satisfies w(g,h)™' = w(—h,—g). It is known that every
cohomology class in H2(G, T) is represented by a normalized cocycle.

Lemma 5.2. For a finite abelian group G, every cohomology class in H?(G, T)
is represented by a normalized cocycle w satisfying

w(g. Mwh, g) = w(g, ho(=g,—h) = 1. (S.D

Proof. Since the group automorphism G > g — —g € G acts on H%(G,T)
trivially, the two cocycles w(g, h) and w(—g, —h) are cohomologous, and there
exists u: G — T satisfying

(g, hw(h, g) = o(g, w(—g,—h) = w(g)uh)u(g + h).

Since the left hand side is normalized, we have 1 (0) = u(g)u(—g) = 1. Note
that u restricted to G5 is a character, and there exists a character y € G extending
ilG,. By replacing p(g) with n(g)x(g) if necessary, we may and do assume
w(z) = 1 for all z € G,. Thus we can choose a square root p(g)'/? for
each g € G satisfying ;1(0)'/2 = u(g)/?u(—g)"/? = 1. Replacing w(g, h)
with w(g, h)p(g)V2u(h)/2u(g + h)'/?, we get a normalized cocycle satisfying
eq. (5.1). O

In what follows, we assume that w is a normalized cocycle satisfying eq. (5.1).
We choose unitaries {Ug }geg in M satisfying Ugag (Up) = (g, h)Ugyp with
Up =1, and set B¢ = AdU, o ag. Then B is an outer action of G on M, and we
have

pof-g=Adp(U-¢)U;") o g op.
Since
pU-g)Ug ' Be (p(U-)U; ") = p(U-g)atg (0(U-p) Uy HU, !
= p(U—ga—g (U_p))tg (U, YU
= (=g, (g, HpU_g— U},
= p(U—g-n)Ug s

the family {o(U-¢)U, Deeq forms a B-cocycle. Thus there exists a unitary
V € W(M) satisfying p(U_g)U; ' = V'8, (V), and so Ugag (V) = Vp(U—g).
Leto = AdV o p. Then we have g oo =00 B_,.
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Lemma 5.3. The pair [o, 8] is a standard lifting.

Proof. It suffices to show that G, acts on (o, 0?) trivially. Note that we have
Vp(V)ToV ™! € (0,0?), and for z € G, we have

Pr(Vo(V)ToV ™) = Upan(Vp(V)ToV Uy
= Upan(V)pla—n (V) Tanan (V" HU; !
= Vo(U-n)p(UZ, Vo(Un) Tanp(UZ)V ™!
= Vp(V)p>(Un) Tanp(UZ)V ™!
= Vp(V) Tanp(et—n (Up)UZ)V ™!
= Vp(V) Tanp(U 3, U-an@—2n (U UZ) V™!
= o(=2h. )Vp(V) Tanp(U )V ™"
= o(=2h. ) Vp(V) Tapaan (V™) Uy,
Thus for z € G, we get B (Vp(V)ToV™Y) = Vp(V) TV~ O
Remark 5.4. Thanks to the cocycle relation and normalization, we have
w(—=h,—h)o(=2h,h) = o(=h, h)ow(—=h,0) =1,

and we have w(—2h, h) = w(h, h). Thanks to eq. (5.1) and normalization, we have
w(h, h) = w(—h,—h) € {1,—1}. The above computation implies

Br(Vo(V)ToV™h) = w(h, h)Vp(V) Tanoan (V™) Uy,

Since the left-hand side depends only on the class & + G, so does w(h, k). Thus
we can choose u: G — {1, —1} satisfying u(2h) = w(h, h).

Let S’ = Vp(V)S. Then S’ is an isometry in (id, 02), and we define two anti-
unitaries on (B0, 02) by

1T = VdT*a(S) = VAT *Vp(Vp(V)S)V*,

JreT = VdBea(T*)S' = VdUgag(V)agp(T*)ae (V"YU Vp(V)S.

Let
Ty = w(@)Vo(V)Tgag(V HU, "

Then Ty is an isometry in (Bgo0, o2) satisfying B (T}) = The-
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Lemma 5.5. With the above notation, we have j| ,T, = T,.

Proof. We have
Jt ¢ Te = W@VdUgag (V)TFp(V "V Vo(Vp(V)S)V !
= w(g)VdUgag (V)T p>(V)p(S)V™!
= (@) VdUgag (V)ple—g (V) Ty p(S)V ™
= 1(@)Vp(U_g)p(U—g Vp(Ug) Tg V™!
= u(Q)Vo(V)p*(Ug)Tg V™!
= pn(g)Vp(V)Tgpla—g(Ug)V !,

and
pla—g(Ug)V ™! = P(U— U_go—g(Ug))V ™!
= w(—g.)pU_HV™!
=a,(VHU?,
which shows jj , Ty = Ty. a
Now we define €, (g) and A} (h, k) by B(Ty) = €,(g)T, 1o and

B0 01) = 1 TyS'S" 4 ST + Y ATy Ty e T
h,keG

Theorem 5.6. The action of the cohomology group H?*(G,T) on the gauge
equivalence classes of the solutions (€5 (g), ng, Ag(h, k)) of the polynomial equa-
tions (4.1)—(4.9) is given as follows. Let o € Z*(G,T) be a normalized cocycle
satisfying eq. (5.1). We choose u:G — {1,—1} satisfying n(2g) = w(g, g) for
any g € G. Then (o] transforms [(€5(8). ng. Ag (h. )] 10 [(€} (8). ng. Al (h. k)]
with

€ (2) = en(@)m(@)u(g + 2o (h, 9w(g + h, )
= ep(g)n(g)n(g + 2h)u(2h)b, (g, hw(g, 2h).

Ag(h k) = Ag(h. k)pu(g + k)p(gpn(g + h + k(g + (g + k, hw(h, g).

where b, (g, h) = w(g, h)w(h, g) is the antisymmetric bicharacter associated with
the 2-cocycle w. In particular, we have €.,(g) = €;(g)bw (g, z) for z € Ga.
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Proof. We first compute B(Ty) as
Bu(Tg) = 11()Unotn(Vo(V) Tgag (V- HUH U,
= 11(2)en (@) Unan (V) pla—pn (V) Ty yontg 11 (V" e (U, HU,
= w(@)en(@Vo(U_p)p(UZ, Vo(Upn) Tg 12ntg 41 (VDo (h. )U, L,
= w(@en(@w(h, )Vp(V)Teiantg1an 0 p(Un)agn(V - HU L,
= w(@en(@wlh. ©)Vp(V)Tgsanagrn(pa—n(Up)V UL,
Here we have
ag (@ (Un)V UL = agin(p(U T Uy (Up))V " HUZL,
= w(=h, g 41 (pU)VHUL,
= agn(an (V" HU UL,
= (g + h, Nogan (VUL Ly,
This shows
Bu(Ty) = en(@u(@w(h, ©)o(g + h, )Vo(V) Tgrang12n(V")Ug o

and so

€, (8) = en(g) (@) (g + 2h)w(h, §)w(g + h, h)
= ep (@) (g + 2h)by (g, Mw (g, h)w(g + h. h)
= en(Q)L(Q)(g + 2)by(g. Mo (i, Nw(g. 2h).
For A} (h, k), we have

TeinBg 00 (T) ey = 1(g + W)u(g + K)Ugynotg1n (V) Ty,

Ad(p(V ™V " Ugag (V) 0 ag © p(Ty)
Tgrkag (VUL

= (g + (g + k) Uginog+n (V)T
Ad(p(V™'U—g)) © pla—¢ (Ty))
Tgsrg ik (V HUZ L

= (g +hu(g +k)Uginogin(V)
Ty wp(V  U—gag(THUZV)

To kg +k (VUL
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Here we have
VWU _gao(THUZV
= w(@)V  U_ga—g (Vp(V)Tgag (V_I)Ug_l)U—_glV
= M(g)V_lU—ga—g(V)P(ag(V))a—g(Tg)V_la—g(Ug_l)U__;V
= (@) (—g, )V U—ga—g(V)platg(V))a—g (Tg)
= M(g)P(Ug)P(Ug_lVP(U—g))a—g(Tg)
= u(@)p(Vp(U-g))a—g(Tg)
= (g)p(Ugag (V))a—g(Ty).

Thus we get

TnPg o0 (T Ty
= p(g +h)p(g +k)u(g)
Ug n0tg1n (V)T 107 (Vo(U—g))ag © p(Ty)
To kg (V Uiy
= p(g +hu(g+ kg
Ug+htg+n(V)agn 0 p(Vo(U-g)) T yotg © p(Tg)
Torkag+k(V ULy
= pu(g + (g + k)u(g)Ag(h, k)
Ugn0tg (V) p(@—gn(V))p* (g 11 (U-g))
Tgsnikogrc(V UL,
= (g + (g +k)u(g)Ag(h k)
Vo(U—g—)p(U 3, Vp(Ugin)p* (g 41 (U-g))
TothtkOg+k (V) g_ik
= p(g+hu(g +kugw(g +h.—g)Ag(h. k)
Vo(V)p*(Un) T +hkg 1 (VUL
= p(g+hu(g +ku(gwlg +h.—g)Ag(h. k)
Vo(V)Tgphii@g+hrk © p(Un)ag (VUL

Here we have

Agrntk © PUog (VU L = aginin (VT U_pan(V))ag 1k (V" HUL L,

= gk (Vg nie (U_p)Ug s
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= dgynik (Vg k(U Unan(U-_p)Ug
= w(h, —h)ag 4 nk (Vg4 Uy HUZ L
= w(g t+k, h)“g+h+k(V_l)Ug__|1h+k-

Therefore we get

Tg/'ihﬁg o (Té)Té/'-f-k
= (g + hu(g + Hu(@w(g + h,—g)w(g + k. h)Ag (h. k)
V:O(V)Tg-l-h-l—kag-l-h-l—k(V_I)Ug__;{}H_k
= pu(g+h+k)ulg+nu(g+k)ug)
w(g+h,—g)w(g + k,h)Ag(h, k)T;,+h+k.

The cocycle relation implies w(h, g)w(h + g, —g) = w(g,—g) = 1, and we get
the statement. O

In summary we obtain the following theorem.

Theorem 5.7. The equivalence classes of C*-generalized Haagerup categories
with a finite abelian group G and a distinguished object p are in one-to-one
correspondence with the H*(G,T) x Aut(G)-orbits of the gauge equivalence
classes of solutions (e;(g). ng, Ag(h, k)) of the polynomial equations (4.1)—(4.9),
where the action of H*(G, T) is given as in Theorem 5.6.

To classify generalized Haagerup categories with G without specifying a dis-
tinguished simple object p, we still have freedom to reparametrize the simple ob-
jects; namely replacing p with o, p gives rise to an action of G (in fact G/2G,
see below) on the gauge equivalence classes of the solutions of the polynomial
equations.

We fix p € G. Then (a,p, (2pp)?) = (app, p*) and G5 acts on (a,p, (pp)?)
by the character y,. We choose an extension y € G of xp and choose a unitary
V e W(M) satistying ag (V) = x(g)V. Leto = ap o AdV o p. Then the pair
[0, @] is a standard lifting. Let S” = Vp(V)S. Then S’ is an isometry in (id, 02),
and we define two anti-unitaries on («g0, 0?) by

ji T = VdT*a(S") =dT*Vp(Vp(V)S)V*,

2o T = Vdago(T*)S" = VdVapyep(T*)p(V)S.
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For each g, we choose a square root of y(g) and denote it by v(g). Let
Ty =v(p+Vp(V)Tpig V™.

Then T is an isometry of (e o, 0?) satisfying j gT ; = Tg. As before we define
€,(8), Ny and Ay (h, k) by ap(Ty) = eh(g)T/Jrzh, Js gT/ = 1y Ty, and

ag 00 (T)) = g T.S'S"™ + 35'_5 T+ S A )T T Tk
h,keG

We can choose v to satisfy v(p + 2h) = y(h)en(p)v(p) for any h € G, which
makes €, (0) = 1.

Lemma 5.8. Let the notation be as above. Then
en(8) = en(p +v(p+ g +2h)v(p + g x(h).

!/
ng = 77p+g7

Ag(h k) = Aprg(h.kv(p+g+h+k(p+g+hv(p+g+kvip +g)xh).

When p = 2q € 2G, the character y,, is trivial, and we can choose y = v = 1.
Then we have

€,(8) = €129 + &) = €p1q(8)€q(g) = €n(g)eq(g + 2h)eq(g),
njg = N2g+g = Ng>

Ay (h k) = Aprg(h k) = Ag(h,k)eq(g)eq (g + h)eq(g + k)eg(g + h + k).

This shows that 2G acts trivially on the gauge equivalence classes of the solu-
tions. This corresponds to the fact that the action of 2G comes from the inner
automorphisms oy ® - ® a—, of the category €.

In summary, we get the following classification result.

Theorem 5.9. Let G be a finite abelian group and let
I' = (H*(G,T) x G/2G) x Aut(G).

The equivalence classes of C*-generalized Haagerup categories with G are in
one-to-one correspondence with the I'-orbits of the gauge equivalence classes of
solutions (ep(g), ng, Ag (h, k)) of the polynomial equations (4.1)—(4.9).
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In view of the above argument and Theorem 3.8, we get the following result.

Theorem 5.10. Let G and ' be as above, and let C be a generalized Haagerup
category with G having a solution (€x(g),ng. Ag(h, k)) of the polynomial equa-
tions (4.1)-(4.9). We assume Ag(h,k) # O for any g,h.k € G. Then the outer
automorphism group Out(C) of C is the stabilizer subgroup Ty of T for the gauge
equivalence class of the solution (€;(g), ng, Ag(h,k)).

Proof. Let [p, a] be a standard lifting of ¢ C Endy(M), and let S € (id, p?) and
T € (ag, p?) be isometries for which we have the solution (5(g), g, Ag (h, k))
of the polynomial equations (4.1)—(4.9). Let (F, L) be a monoidal functor from €
to itself giving an element in Out(C). Thanks to Theorem 2.8, we may assume,
up to natural transformation, that there exists ® € Aut(M) such that L is trivial
and F is given by F(o) = ® o0 o ®! for objects o and by F(X) = ®(X) for
morphisms X . Thus the pair [F(p), F(«.)] is a standard lifting of € too, and there
exist p € G, 0 € Aut(G), w € Z*(g, T), V € W(M), and U, € U(M) such that

F(p) = AdV oagp) o p,
F(ag) = AdUp(g) © ag(g),
Ug“g(Uh) = w(g, h)Ug+h-

We define a homomorphism 7: Out(€) — Iy sending [(F, L)] to ([w], p +2G, ).
Thanks to Theorem 3.8, it is a surjection.

Assume [(F, L)] € ker =. Perturbing (F, L) by an inner automorphism of C if
necessary, we may assume p = 0, 6 = id, and @ = 1. This implies that {Ug }gecG
is an a-cocycle, which is always a coboundary, and so we may assume U, = 1 by
perturbing ® with an inner automorphism of M. Thus

F(p)=®opod !l =AdV op,
Flag) = ®oagod! =a,,
and

F(S) € (id, F(p)*) = CVp(V)S,

F(Tg) € (F(ag)F(p), F(p)*) = CVp(V)Tgag (V7).
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Note that [F(p), F(c.)] is a standard lifting of C, Since F(ag) o F(p) = F(p) o
F(a—g), we see that ag (V') is a multiple of V, Since F(a;)(F(To)) = F(Tp) for
any z € G,, we have o (V) = V. Moreover as in the proof of Lemma 3.2, we
may further assume that og (V) = V for any g € G by perturbing ® with an inner
automorphism of M if necessary.

By replacing V' with a multiple of V', we may assume F(S) = Vp(V)S.
We still have freedom to replace V' with —V maintaining this equality. Since
F(Ty) is proportional to Vp(V)TgV*, there exists ¢, € T satisfying F(Tg) =
c(g)Vp(V)T,V*. Applying ® to the both sides of the two equations in Lemma 3.6,
we get c(g) € {1,—1}, and

Ag(h.k) = c(g)c(g +h)c(g +k)c(g +h+k)Ag(h, k). (5.2)

Since Ag(h,k) # 0, the map c: G — {1, —1} is a group homomorphism. Since
F(ap)(F(Tg)) = €n(g)F(Tg42n), we get

c(g +2h) =c(g). (5.3)
By replacing V with —V if necessary, we may further assume
c(0) = 1. (5.4)

Now it is easy to construct a natural transformation to make (F, L) equivalent
to the identify functor as in the proof of [28, Theorem 13.3]. |

Remark 5.11. In general, we can show that there exists an exact sequence
0 — kerm — Out(C) — T'y — 0,

where ker 7 is isomorphic to the quotient group of the set of maps c: G — {1, —1}
satisfying (5.2)—(5.4) modulo the subgroup

{c € Hom(G, {1, —1}); c(g +2h) = c(g), ¢(0) = 1}.

To the best knowledge of the author, there is no known example not satisfying the
assumption Ag (h,k) # O forany g, h.k € G.

When G is an odd abelian group, the polynomial equations were already
obtained in [27] under the additional assumption that id &p has a Q-system, and
they were extensively studied in [11]. They take a very simple form, and so does the
H?(G, T)-action (and G/2G is trivial). Since G, is trivial, we can take €;,(g) = 1,
and the gauge freedom disappears. Since 2G = G, neither Ag(h, k) nor n,
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depends on g, and we denote them by A (4, k) and n respectively. The polynomial
equations are reduced to

=1, (5.5)
7
> A(h,0) = - (5.6)
heG
S 8
D A(h— g A — g k) = 8,00 — %, (5.7)
heG
A(k,h) = A(h, k), (5.8)
A(h.k) = A(=k,h —k)n = Ak — h, —h)7, (5.9)

Y A+ 3. DA(=x. 1+ p)A(=y.l +q)
leG 8. 080 (5.10)
=Al(p+x.qg+x+VAG+y.p+x+y)— x’dy’ .

Since G is an odd abelian group, every cohomology class in H2(G, T) can be
represented by a anti-symmetric bicharacter w. Under this assumption, the action
of H?(G, T) is now given by

A'(hk) = A, K)o(h, k). (5.11)

The smallest odd abelian group G with non-trivial H2(G,T) is Z3 x Zs.
However, Evans and Gannon [11] showed that there is no generalized Haagerup
category for Z3 x Zs3 with a Q-system for id &p. We do not know if there exists
a solution of (5.5)—(5.10) for Z3 x Z3 without a Q-system for id & p.

6. Q-systems

6.1. When id &p has a Q-system. When a C*-generalized Haagerup category
comes from a 3¢ subfactor, the object id ®p has a Q-system. It is shown in [27,
Section 7] that id ©p has a Q-system if and only if

1
A()(h, 0) = 8},,0 - m (61)

As we will see later, it is often the case that any solution of (4.1)—(4.8) and (6.1)

in fact satisfies .
Ag(h,0) =6y — ——,
g(1.0) = 8po — -
forany g,h € G (e.g G = Za4,Z> X Z5). In other words, once id @p has a Q-
system, so does any other id @, p in this case.

(6.2)
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As in [27, Lemma 7.3], we will simplify part of (4.9) under the assump-
tion (6.2).

Lemma 6.1. If (¢, n, A) is a solution of (4.1)—(4.8), the following holds:

D Ag pix(—x.1+ p)Agq(x.1+q)
1eG 5 (6.3)
_ x,0
= 8p—g+x,0Ng+q€x(§ —p —x) — e Ng+pllg+q-

Proof. By (4.7) and (4.5), we have

Ag—pix(=x,1 4+ p)
= Ag—ptx(l + p+ X, X)Ng_pix€x(g — plex(g + 1 + x)ex(g + 1)
= Ag—px( +p+ X, X)Ng—pixex(g — p — x).

Therefore by (4.6) and (4.4), we get the statement. O

Lemma 6.2. Let (¢, n, A) be a solution of (4.1)—(4.8), and let g € G. We assume
that (6.2) holds for any h € G. Then (4.9) with x + y = 0 is equivalent to

Ag(—x, p)Ag(x,q)ex(g — X)ex(g + p — x)
—Ag(p+x,9)Ag(q = x, p)ex(g +q —X)ex(g + P+ 4= %) (g2

Sy
= TR (g + p) -

8x,0
d—1

In particular, (4.9) with x = y = 0 is equivalent to

8p,0 + 84,0 + 8pq d
d—1 d—12

|Ag (P, q)I* = 8p,084,0 — (6.5)

Proof. Note that since A4(0,0) # 0, we have n, = 1. By (6.2) and (6.3), the
left-hand side of (4.9) with x + y = 0 is

1
Z (81,0 - H)Ag—p+x(_x,l + p)Ag—q(xvl +q)
leG
8p—x+q,077g+q€x (g —p— x)
d—1

= Ag—ptx(—x, p)Ag—q(x,q) —

8x,0Ng+pNg+q

LT
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The right-hand side is

Ag(p+x,q)Ag—p(q — X, P)Ng+q+xNg+p+q—xTg+plg+q
p(§— P+ X)eptx (g —p+q—x)eg(8 — qeg—x(g —q + x)
_ 8x,0Mg+pNg+q
d b

and so

Ag—p+x(_X, P)Ag—q(X,C])
—Ag(p+x,9)Ag—p(q — X, PINg+q+xNg+p+a+xTg+pllg+q
ep(g—p+ X)ep+x(§— P+ g —x)g(g — @eg—x(8§ —q + X)

_ Sp—x+q,0Mg+q€x(& — p —X) _ Ox,0Mg+pNg+q
d—1 d—1

By (4.7),

Ag—ptx(—=x,p) = Ag(—x, pP)Ng—plg+x€—x(g& + X)€p(g — P)ep—x(g — p + X)
= Ag(—x, pP)Ng+plig+x€x(g — X)ex(g + p — x)€p(g — p)
6P(g - P + .X),
Ag—q(x,q) = Ag(X, INg+xNg—qNg—q+x€q(& — Q)€q(g — q + X),

Ag—p(q—x,p) = Ag(q — X, P)Ng+q—xNg—pNg—p+q—x€p(& — P)
epg—p+q—x).

Therefore we get (6.4). By setting x = 0, we get (6.5). |
6.2. In the case without Q-systems. When eq. (6.2) is not satisfied, we still

have a counterpart of eq. (6.5).
Let

Xgh = €-p(8)Ag(—h,—h) = ngAg(h,0) = Ug_lAg(Ov h) € R.
Then (4.7) implies
NgXg,0 = Xg.0 (6.6)

and we see that n, # 1 could occur only if xg o = 0. Equations (4.5) and (4.8)
imply

Xg.h = Xg+21,h = Xg+h,h- (6.7)
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Equations (4.3), (4.4), and (4.9) with x = y = p = 0 imply

|
D Xel =7 6.8)
leG
1
ng,l—gxg’,l—g’ = 8.0’ — 7 (6.9)
leG
1
DX 1 Xe—hih = Xgp = (6.10)
leG

We first solve this system of equations. With a solution, the absolute value of
Ag(h, k) is determined by

1
D XedXg—hithXg—k itk = |Ag (b k)P — =, (6.11)
leG

where we used (4.9) with x = y = 0.
When G is odd, we may assume xg 5 = X¢ 4, Which we denote by x;,. Then
these equations become

NgXo = Xo, (6.12)
1
D == (6.13)
heG
1
D Xn¥hig =050 . (6.14)
heG
1
Z xﬁthrg = xé - (6.15)
heG
1
D xienik = A K = = (6.16)
leG

Remark 6.3. From the above relation, we can see that the existence of a Q-system
for id & p solely implies that eq. (6.5) holds for g = 0. Indeed, eq. (6.1) implies

1
|Ao(h, k)? = 7t > X0 Xohi+h Xk 4k
leG

1

1
= —+ (5 — )x_ X_
p lgG: Lo~ T hi+hX—k,l+k
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1 1
=7 + X_ppX—kk — -1 Zx—h,l+hx—k,l+k
leG
1 1 1
= — (8, — —
p + Xo,nXo0,k T-1 ( hk d)
8n.0 + k.0 + Snk d

d—1 (d —1)2

= 84,00k,0 —

7. The structure of the 3¢ subfactors

In this section, we prove our classification theorems for the 3¢ subfactors using
results obtained so far.

Lemma 7.1. Let G be a (not necessarily commutative) finite group. If a quadratic
category C with (G, t, 1) comes from a 36 subfactor, then ¢*>(C) and " () are
trivial.

Proof. Let N C M be a 39 subfactor realizing the quadratic category C as
M — M bimodules. We may assume that M is of type IIl. Let : N < M be
the inclusion map. Then, we have [«]] = [id] + [p], and p generates C. Thus we
have O(C) = {[p]} U {[xg][p]}gcc With the fusion rules

g lan] = [ognl,
[ag]lp] = [p]loge],

[o]? = [id] + ) le]lp].

geG

Since the principal graph is 39, we have a homomorphism x: N — M with
irreducible image satisfying

(oIl = [ + [c].
et = 3 feegllol:

geG

(see Figure 1). By symmetry, we have [og][k] = [«] for any g € G, and we can
choose a representative g satisfying ag o k = k. These representatives {og }seG
form a group and the class ¢%3(C) vanishes.
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There exist unitaries U, € U(M) and w € Z%(G, T) satisfying
poagrt =AdUg oag o p,
Ugap(Up) = o(g, h)Ugp.

To show that the class ¢!+2(C) vanishes, it suffices to show that the cohomology
class [w] € H?*(G,T) is trivial. Let H = (k, pk). We introduce a projective
representation of G on H. For X € K,

Ugatg (X)ie(x) = Upatg (Xic(x))
= Ugag(pr(x)X)
= Ugatg pr(x)og (X)
= pagrk(x)Ugag(X)
= pr(x)Ugag(X).

Thus we get a linear transformation of JH{ mapping X to Ugag(X), which is
denoted by V. For g, h € G, we have

VeVaX = Ugag (Upap (X))
= Ugag (Up)agn(X)
= w(g. MUgnagn(X)
= w(g. h)Ven X,

and {V;}g¢ec form a projective representation of G. On the other hand, since
[plld] = [] + [«], we have

dim H = dim(k, ppt) — dim(k, pt)

= dim (/c, (id@ @agp>t> -1

geG
= Z(dim(ic, 0gt) + dim(k, ogk)) — 1
geG
=|G|—1.

Thus we get

det Vg det Vi, = (g, )%=  det V.
and (|G| — 1)[w] = 0in H?(G,T), which implies [w] = 0 (see [5, Corollary
10.2]). O



The classification of 3" subfactors 527

Theorem 7.2. Let G be a finite abelian group. The 3° subfactors giving quadratic
categories with (G, —1, 1) are completely classified by the H*>(G, T) x Aut(G)-
orbits of the gauge equivalence classes of the solutions of equations (4.1)—(4.9)
and (6.1).

Proof. The statement follows from Theorem 5.7 and Lemma 7.1. O

Theorem 7.3. Let G be a finite group with odd order. Then a 3% subfactor exists
only if G is abelian. Moreover, the 3¢ subfactors are completely classified by the
H?(G, T) x Aut(G)-orbits of the solutions of (5.6)—(5.10) and (6.1).

Proof. The statement follows from Theorem 2.2, Theorem 5.7, and Lemma 7.1.
O

In the rest of this section, we give an algorithm to compute the other principal
graph and the fusion rules of the dual category for the 3¢ subfactors.

Let M, C, G, a, p,and (€5(g), ng. Ag(h. k)) be as in Section 3, and we assume
than eq. (6.1) holds. We describe the Q-system for id &p now (see [16]). Let
M€ be the fixed point subalgebra of M under the G-action . We choose two
isometries Vo, V1 € MY with VoV + V1 V;* = 1, and set

y(x) = Vox Vg™ + Vip(x) V7"

Let

1 1
W = Vo + Vip(Vo)V*
NS ¢d+110(0)1

d—1
Vip(V1)SVy + d—_Hle(Vl)Ton*-

TVar1

Then (y, Vo, W) is a Q-system, and the corresponding 3G subfactor N is given by
N={xeM; Wx=yx)W, Wx*=yx*W}.

Leti: N < M be the inclusion map. Then ¢ is identified with y regarded as a map
from M into N.

We denote by D the fusion category in Endo(/N) arising from the subfactor
N C M, which is the dual category of C with respect to the above Q-system.
Note that the set {[ogt]}¢ec LI {[«]} exhausts the equivalence classes of irreducible
M — N sectors associated with the subfactor N C M. To determine the irreducible
objects in D, it suffices to compute the irreducible decomposition of tag ¢ and tk.
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Since
dim(ze, 1t) = dim(et, 1) = 2,

there exists an irreducible p € D with [tt] = [id] + [p]. From the principal
graph 39, we get [1p] = [1] + [k]. We have d(p) = d, d(1) = +/d + 1, and
dk) = (d —1)/d + 1.

For z € G,, we have o;y = ypa; and o, (W) = W. Thus «, globally
preserves N, and we denote by 8, the restriction of @, to N. By definition, we
have ozt = 1f,, and we get

[tozt] = [1B:] = [B:] + [P][B:]-
Thus B;, pB; € D. For z1, z; € G, with z; # z,, we have
dim(loz, ¢, taz,t) = dim(iay, , az,t) = dim(az,, oz,) + dim(po;,, oz, p) = 0,

which implies [B;,] # [Bz,] and [6B2,] # [pB=,]. In particular B is an outer action
of G, on N. Since

[U[pBz] = [tBz] + [«B:].

kB is equivalent to either « or ogt. Comparing dimensions, we get [«f;] = [«],
and dim(x, (pB8;) = 1.
For g,h € G \ G,, we have

dim(tagt, tapt) = dim(ttog, aptt) = dim(ag, ap)+dim(pag, o0pp) = 8g p+84,—h-

Thus tag is irreducible and [tagt] = [topt] if and only if either g = hor g = —h.
We introduce an equivalence relation in G \ G, as g ~ h if and only if either
g = h or g = —h, and choose a transversal Jo C G of the equivalence relation.
For g € Jy, we set mg = Tagt € D. Then

[tmg] = [agd] + [pagt] = [agt] + [o—g pt] = [og] + [o—gt] + [k,

and dim(k, trg) = 1.

It remains to compute the irreducible decomposition of k. By Frobenius
reciprocity, we get dim(ik, pB;) = dim(ik, wg) = 1. Thus there exists mutually
inequivalent irreducible endomorphisms {o;};cs, C D and natural numbers »;
satisfying

K] =Y [pB] + Y [mel + D njloy]. (7.1)

z€Go geJo Jj€J1
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Since
dim(t0;, agt) = dim(oj, tagt) = 0,
we have [t0;] = n;[«], and
njd(k)
d(v)
Comparing the dimensions of the both sides of eq. (7.1), we get

» |G| —1Ga]
Jj€J

d(0y) =

=n;(d —1).

Summing up the above argument, we get
Proposition 7.4. With the above notation,
O(D) = {[B:l}ze6, Ullmeliges, ULlojl}jess
Our goal is to show the following result.

Theorem 7.5. n; = 1forany j € J;.

M — M idyg P Q1o o050 020 Q4P O30 o] a5 o o4 o3
M —N t K oL o5t oot oyt ast =183

N —N idy p 01 02 Tl Fi20) 0B3 B3

Figure 3. The principal graphs of the 3%6 subfactor.

To prove the above theorem, we consider a finite dimensional C*-algebra
A = (tpt,tpt). Since

[ipd] = [0 + [ik] = [id] + 2[p] + Y _[8B:]+ Y [me] + Y _ njlo;].

z€G,\{0} geJo Jj€J1

it is isomorphic to

C @ My(C) @ €PN ¢ ¢ o @ My, (0).

J€J1



530 Masaki Izumi

Let [A, A] be the linear span of {xy — yx € A; x,y € A}. To show thatn; =1
for any j € Ji, it suffices to show dim[A, A] < 6.

In what follows we use graphical expression of intertwines as follows:

pp
=/dS, = VdS*,
o P
o pp
=T, :TO*,
pp o
l U
= d(O)Vo, =d)Vy,
l U
n L
= VAW, = VAW,
L L
Y l v
=11, =V1*
l U Y

Since j1,0(To) = j2,0(To) = To, we have
p P PP V
M p/\,) 0
PP P o p P

Note that we have
1Y 1Y 1Y 1Y

L = 15T and [ = p(To) " To.
pp

PP
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On the other hand, Lemma 3.6 and eq. (6.1) imply

Tg'p(To) = p(To)*To

1
=SS"+ TTg — — > T, Ty
geG

1 d
= —— —SS ToTy
d—1+d + 1o

Thus it makes sense to express the above two diagrams simply by

PP
b

or by the letter H, and we get the relation

pp PP pp P
| LU
4 +

=

d—1

PP p P

We frequently use this relation without mentioning it.

We define
Lot
= \/\ = VA VW,
[ Jo t

Pt ( l)*
l bt
Then direct computation shows ~/d S* p(V*W) = W*V1, and we get the relation

p L Pt
A
l l

and its conjugate

In a similar way, we define

K AWy (Vo)* W,
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and its conjugate

N?;
]
I I
e
~—

Then we have

~i
i)
~i
i)

Lemma 7.6. With the above notation, we have

L L

| _d
(D » —m
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Proof. We show only (1)—(3) because the rest follows from similar arguments.
(1) The left-hand side is

d
)=

* * * * !
dOW VW = dOW* (1 = VoV)W = d0( ~ o) = 705

(2) The left-hand side is
d(l)To*P(Vl* W) V1* W =d() To*P(V1*) Vl*)’(W)W
= dWO T p(VIVEWW

[d—1_,
—d([) d—-HVIW

= Vd —1Vv}w.

(3) The statement follows from (1), (2), and 1 = SS* + deG Te T, with
consideration that (cgt,t) = {0} forany g € G \ {0}. O

For X € (p?, p?), we set

fx)y=| [x]| |eA

[
We define X; € A, 1 <i <5, by
TPt
X, =| 4,
TPt
Pt
X, =
S’
TPt
X =/ =k
TPt

7P
Xy = fdssy =F"_|.
I p oL
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[

Xs = f(ToT§) = .

Lo

Let B be the linear span of {1, X;, X», X3, X4, X5}. In view of the linear isomor-
phism,
(tpt, tpt) = (yp, py) = ((id @p)p, p(id Bp)).

we see that B and { f (T, Ty)}geG\ (o} linearly span A. Itis easy to show X = X1,
X5 = Xz, X3 = Xa,

. I 1
Xs =fH) = —ﬁ)@ + ﬁ)ﬁ + Xs,

and B is closed under the adjoint operation.
In what follows we compute the multiplication table of A modulo B using
Lemma 7.6 (3),(6). For X2, we have

1 Ppt
X12= P
7 07
TP l TP l
1 D d—1 P b
= — 14 + ]
d(t) d() 0
TP ) TP L
1 d—-2
=+ ———X,
dW  Jd(d-1)
where we used
P p
P po *(T)T—d_zT—d_z
. = 1o plio O_d—lo_d—l
P P p p

In particular X7 € B. In a similar way, we have X7 € B. From the definition of
X5, we get X1 X, = X5 € B,and so X, X1 = (X1X2)* = XZ € B. We can easily
show X; X; € Bfor1 <i, j < 4 by the same type of computation as above.

Lemma 7.7. Let the notation be as above, and let Q¢ = T¢Ty. Then
(1) X1/(Qg) € B+ /G5 f(HQy),
() f(Qg)X1 € B+ /455 f(p(To)* Qe p(To)),



The classification of 3" subfactors

() X2f(Qg) €B +

@) f(Q)X2€B +
) X3/(Qg) € B,
(6) f(Qe)X3 B,
(7) Xaf(Qg) € B,
(8) f(Qg)Xa e B,

41 (0 H),

d(t f(To*p(Qg)TO)

) f(Qg1)f(Qg,) € B+ f(p(To)* Qg p(Qg,) To)-

In particular B is a *-subalgebra.

535

Proof. In the proof we suppress the labeling of edges unless there is possibility of
confusion. The left external edges are always labeled by t, the right external edges
are always labeled by ¢, and internal edges are always labeled by p. (1)-(6) are
easy to verify. From (5) we get X3.A C B, and since X4 = X5, we get (7). (8)

follows from (6) in the same way.
For g1,42 € G,

—\

F(Qe) f(Qg) =\ ™

+d()f

CE
O

~—\

T
\

\\

=B+ f(p(To)* Qg p(Qg,)To).

and we obtain (9).

Putting g = g; = g» = 0 in the above, we see that B is a subalgebra.
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Lemma 7.8. The minimal central projection z(id) of A corresponding to the
irreducible component id contained in tpt belongs to B.

Proof. Since m € (id, tpt), and
v P l

/\;\ izm:d,
AN

./

we have
v P l
N\
id
v P L
Using
L n L L n
1 U-’— 0
FI0) m ’
L n L L n
we get

e
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H d(t)

d (L) d (l
d—
=B+ — f (H) =
d()
which shows the statement. O

Proof of Theorem 7.5. We first claim that it suffices to show [A, A] C B. Indeed,
we have already observed that if dim[A, A] < 5, we are done. On the other hand,
since z(id) is a central projection, we have z (id)[A, A] = 0. Thus if [A, A] C B,
we get

[A, Al = (1 —z({id))[A, A] C (1 —z(id))3B,

and dim[A, A] < dim(1 — z(id))B = 5.

Let By be the linear span of {1, SS*, ToT'}. In view of Lemma 7.7, it suffices
to show that both HQ, — o(7) Qgp(To) and T p(Qg)To — O H, as well as
P(T¢) Qi p(Q2) To— P(T) Qs P(Qg, ) To belong By for any g. g1. g2 € G\ {0}
Indeed, we have HQ; = QgH = — 710, and

Top(Qg)To = p(T3) Qgp(To) = Y |Ao(g. k)I* Ok,

keG
Thanks to Remark 6.3, the right-hand side is

1 1

- 1)2( =58 = —— 0.

and we get
1
HQ¢ — p(Tg) Qe p(To) = QgH — T p(Qg)To = d— 1)2 ———(§S* — 1) € By.

We finally show that p(7}") Qg, p(Qg,)To is symmetric in g and g». Indeed,
it is equal to

p(To)Tng;IP( 82 gz)To - IO(TO)Tgl T;Ol—gzp(T_ngjgz)To

—ZAo(gl,l)Tl g1 g1 0—goP(T—g, T2, ) To
leG

=) Ao(g1.DAg (g1 + £2.1)
leG ET—g2+la gzp( —gz)TO
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=Y Ao(g1.DA g, (g1 + g2. DA, (2. DT T}
leG

= ZAo(gh DAo(g2,1)A—g,(g1 + &2.1)
leG MiN—-gyN—gr+1€g> (_g2)6g2 (_g2 + Z)TITI*,

where we used eq. (4.8) at the end. Thus it suffices to show that

A—g, (g1 + 82, D)N—g, Mg, +1€5,(—82)€g, (=82 + 1),

is symmetric in g; and g, which follows from (4.8) and (4.5). O

Remark 7.9. Let z(o;) be the minimal projection in A corresponding to o;. We
can determine how the conjugation acts on {0 };es, by computing the rotation of
z(o0j) by 180 degrees, which can be easily done once we concretely write down
z(oj) . We can determine the fusion coeflicient dim(o},, 0;,0;,) by computing

dim (z(0;5) (Ipt, (tp0)*)z (07,)ipL(z(07,))).-

Since we can concretely write down a basis of (ipt, (ipt)?) by using the isomor-
phism

(tpt. (1p1)?) = (vp. pYPY),

we can compute the fusion coefficient in principle, though it is a challenging
problem to implement it in a concrete example.

8. Orbifold construction

8.1. De-equivariantization. Let M, C, G, «, p, (e5(g).ng, Ag(h,k)) be as in
Section 3. We assume z € G \ {0} satisfies 2z = 0 and €,(z) = 1. We also assume
that the map G > g — €;(g) € {1, —1} is a character, which is always the case if
Ao(g,h) # 0 for all g,h € G thanks to Lemma 3.11. Let P = M x,_ Z; be the
crossed product, which is the von Neumann algebra generated by M and a unitary
A satisfying A2 = 1 and AxA~! = a,(x) for all x € M. Since «; is outer, P is a
factor.

We can extend oz and p to P by dg(A) = €;(g)A and p(A) = A. Then @ is a
G-action on P, and &@; = Ad A thanks to the assumption on €,(g). Thus it makes
sense to write [@z] = [@g] for ¢ € G/{0,z} as we have [dg,] = [@g] for all
g € G. Itis easy to show the following theorem by using P = M + M A.
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Theorem 8.1. Let the notation be as above. Then
(1) [p] is irreducible,
(2) [@gp) = [@p) if and only if g — h € {0, 2},
3) [7°] = [id] ® Dygec/q0,2) 2164 A

4) ifid®p has a Q-system, so does id & p.

Proof. We show only (3). For x € M we have p?(x)Ty = Tgd,p(x). For A, we
have

FPMNTy = ATy = az(Tg)h = €:(8)Teh = Todg (A) = Toigp(A).

This shows

6] = lid] & (P)las p] = lid] & P 2(@z ). O

gEG geG/{OsZ}

Remark 8.2. One can compute the obstruction class of {[¢;]}¢eG/{0,7) in the
cohomology group H?3(G/{0, z}, T) easily from €, (g).

Remark 8.3. We can easily generalize the above argument to a subgroup H of
G, satistying €j,(k) = 1 forany i,k € H.

8.2. Equivariantization. Let (e5(g).ngs, Ag(h,k)) be a solution of (4.1)—(4.9)
invariant under a group automorphism 6 € Aut(G), that is, eg) (0(g)) = €n(g),
No(g) = Ng> and Agg)(0(h),0(k)) = Ag(h,k). Let B be an automorphism of the
Cuntz algebra 0,4 defined by B(S) = S and B(Ty) = Ty(g). Then it is easy to
show Bop =pofand B oag = ag) o B.

Let M be the weak closure of O,y in the GNS representation of a KMS-
state as in [24], and we use the same symbols «, p, and 8 for their extensions
to M. Then we may assume (replacing (M, p, o) with (M, p, &) in the appendix
(Section 10) if necessary) that o and 8 generate an outer action of the semi-direct
product group G xg Z,, on M, where m is the order of 0. Let P = M xg Z;,
be the crossed product, which is the von Neumann algebra generated by M and a
unitary A satisfying A" = 1 and AxA~! = B(x) for any x € M. We extend p to P
by p(A) = A. Then since S and Ty are invariant under 8, we have S € (id, 5?) and
To € (p, p%). We will compute the fusion rule of the fusion category generated

by p.
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Let
p
G=|]o

i=0
be the #-orbit decomposition of G with Oy = {0}, and let [; = m/#0;. For
0<i < p,weset

P =) "T,T;,
g€0;

which is a projection in the fixed point algebra M#. Since M# is a type III
factor, there exists an isometry V; € M# whose range projection is P;. We define
o; € End(M) by

oi(x) = Vl*(z Tg(xg(x)T;)Vi.

g€0;

[oi] = @[O‘g]-

8<€0;

By construction, we have

Note that 8 o 6; = 0; o f holds forany 0 <i < p.

Lemma 8.4. The endomorphism o; extends to 6; € End(P) by 6;(A) = V;*AV; =
VBV,

Proof. Since the range projection of V; is invariant under f, the operator V;*AV;
is unitary. As

we can show (Vi*)LV,-)k = Vl-*)LkV,' by induction, and so (V;*AV;)™ = 1. For

x € M, we have

VEAVioi(x) = VAP Y Teag () TV
geo0;

=V Z To(g)Blog (x))Tg*(g)AVi
g€o0;

= Vi* Y Tot) o) (B Ty Vi Vi AV
ge€o0;

= 0i (BX) V" AV,

which shows the statement. O
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For i = 0, we can choose Vy = Ty, and so 69 = id.

Theorem 8.5. Let the notation be as above.
€Y Let,é be the dual action of B. For0 < k,l <1;—1, we have (ﬁkéiﬁ, Blﬁjﬁ) =
8k.18:.;C1. In particular, B*6; p is irreducible.
2) (7] = lid] & B, [6: ).
3) Ifid ®p has a Q-system, so does id ®p.

Proof. (1) It suffices to show the statement for / = 0. Note that any element
X € P has a unique expansion X = Z:(} XqaA% with X, € M. Thus
X € (ﬁkﬁiﬁ, o;p) if and only if X, € (B%0;p,0;p) and é‘,’lea,B“(Vi*ﬁ(Vi)) =
V*B(Vi Xa), where &, = €27/™. Since

dim(B%0; p. 0;p) = dim(a7B%0;. p?)
= dim(g;0; 8, p*)
=) dim(ag_pB°.id)

geo0;,
hEOj

= 5,',]'#0,' y
we have X, = 0 for ¢ # 0 and X, has the following form:

Xo=V* Y cTeT}Vi. cg€C.
g€0;

Now the condition §an0Vi*/3(V,~) = V*B(ViXo) is equivalent to c,o = Enlcg.

k#0;

However, this implies ¢, = cy#o; &) = Cm cg. Since 0 < k < [; — 1, we have

g“;k#oi # 1 except for k = 0, and we get the statement.
(1) It suffices to show V; € (6;p, p). For x € M, we have

Vigip(x) = Py Y Teag(p()) Ty Vi = Teag (p(x) Ty Vi = p*(x)Vi = 5 (x) V.
g€0;

For A,
ViGip(d) = PidV; = APV = AV; = B> (M)Vi,
which shows V; € (6;p, p?).
(3) The statement follows from (p, p?) = (p, p?) = CTp. O
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Let M# be the fixed point subalgebra of M under 8, andlet ' = G %9 7/ mZ.
Then we have P = MP xT. Let(;: M <> P and 1: MP <> M be the inclusion
maps. Then we have

[8*6:]11] = €D [t]log).

g<€0;
and

[B%Gi1[tt2] = #0;[t1a)].

This shows that [t1¢5][t1t2] contains [ﬁk 03] with multiplicity #0;. Since

D D
D L#H0)? =m ) #0; = m#G = #T,

i=0 i=0

we get
p li—1

[wedline] = €D EP #0186,

i=0 k=0

and {,3"&,-} form the set of irreducibles in a fusion category equivalent to the
representation category I' of I'. This shows that we can describe the fusion rules
for the category generated by p in terms of T'.

Remark 8.6. We can easily generalize the above argument to a subgroup of
Aut(G) leaving the solution (e5(g). ng, Ag(h, k)) invariant.

8.3. Accompanying solutions. Let M, C, G, «, p, (e4(g),ng. Ag(h.k)) be
as in Section 3. For a subgroup H C G, we can extend p to the crossed
product M x, H by p(Ay) = A_p, where {A}rep is the implementing unitary
representation of H. It often happens that p generates a generalized Haagerup
category with a group whose order is the same as that of G (see [19]), which gives
a new solution of equations (4.1)-(4.9). We call it the accompanying solution
of (e5(g),ng. Ag(h, k)) with respect to the subgroup H. In this subsection, we
compute it in easy cases.

Assume first that G is an odd group and H = G. In this case the solution
reduces to (A(g, h),n). For y € G, we set

A~

=5 > (8 1) Taghag.

geG
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Then 7A"X is an isometry in (&, p, %), where & is the dual action of o, and @, (T ) =
Ty427 holds. We have S € (id, 32),

VdTp(S) = Z —g. ) A=2gT5,p(S)

geG

\/—Z —8 M) h=2g Tag

geG

N Z —8 ) T2gA—2¢
geG
= fX’
and

VdS*ay o p(TF)S = |GZ —g.X)

geG

&x(ﬁ(x_ng;g)S)

Z —8. X)y(A2g p(T5,)S)

|G geG

d . *
= @ D " (—g. X)by(oag © p(T3e) S Aag)
geG

—— D (=8, 008y (Taghag) = Ty.

\4 |G geG

Theorem 8.7. When G is an odd abelian group, the accompanying solution of
(A(g, h), n) with respect to G is (A(x1, x2), n) with

Y AQh.2Kk){h. x2) (k. ).
h,keG

I‘T(Xl,)(z)=m

Proof. The statement follows from

Ax1. x2)
TX1+X2 x1P p(To) Ty,

Z Y, x ) x1 + x2)A—u Ty Ao Ty, p(Tag Aog) Tok Aok
hk.l
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1 . .
=GF > (ks x2) (b ) x + 22021 Ty han T35 p(Tag)A—2g Tar Aok
g.hk.1eG
1
=57 2kl + 1)
sihilee Aon—21T 12 Top@—2g P(T—2¢) T-ag 42k A—2g +2k
1
=GP > (ke x2) (b )1 x + x2)AQg + 20 =28 + 2K)Sp41,—g+ik-
g.hk1eG
O
Now we consider the case G = H = Zj,. We assume that the cocycle

€p(g) is non-trivial, and we have ¢,,(g) = (—1)%. In this case p generates a
generalized Haagerup category with Zj,, = Z,,. For a natural number n, we
denote {, = ¢ . The dual action @ is given by @y (A;) = ¢&L 2;. For0 < a < m,
we set

m—1

3 1 ak
The = N Z Cm Dok A2k,
k=0
2a+1 m—1

A k
Taarr = 22— 3" 20 oy (T Agiey1.
vm oS

Then 7 € (@5, 5%). We have &5 (Toq) = Togtop and

T2a+3 if0<a<m-—1,

&1(f2a+1)={ 7 a1
-7 —m—1.

We can easily compute the accompanying solution in this case too.
For G = Z, x K with odd K, we can compute the accompanying solutions for
H = K, G in a similar way too.

9. Examples

Under assumption of eq. (6.2), we have eq. (6.4) that is extremely useful for
solving the whole equations (4.1)—(4.9) (see [27] and [11]). When we do not assume
eq. (6.2), our strategy to solve (4.1)—(4.9) is as follows. We first solve (6.8)—(6.10),
and we get (6.11). Next we try to solve (4.4) and (4.9) with p =g =x+y = 0.
The author has checked that this strategy works at least up to |G| < 6 with help of
Mathematica.



The classification of 3" subfactors 545

91. G = Zj. When G = Z,, it is easy to show that there is no solution
of (4.1)~(4.9) with trivial €, and the only remaining case is €;(g) = (—1)8".
In this case, there exists a unique solution o = n; = 1,

1 d—-2 -1 1 d—-2 -1
Ao_d—l( ~1 —1)’ Al_d—l( ~1 1)’
with d = 1 + /2. This solution comes from the even part of the A subfactor,
which is discussed in [24, Example 3.6].

9.2. G = Z3. Those solutions of (4.1)-(4.9) for G = Zs satisfying (6.1) are
already given in [27], and we look for those not satisfying (6.1), which should
exist as the corresponding fusion category was found in [19] (see also [12]). Since
G is an odd group, we can choose €;(g) satisfying €;,(g) = 1. In this case neither
Ag (h, k) nor ne depends on g, which we denote A(g, ) and 7 respectively.

We can set
Xo NX1 nx2
A= (ﬁxl X2 y )
nx2 y X
with xg,x1,x2 € R, y € C, n € T satisfying n® = 1. If n # 1, we have
xo = y = 0, which contradicts (4.4). Thus we have n = 1.

Equations (6.13)—(6.15) allow three different solutions up to group automor-
phism:

(x0, X1, X2)
(7—«/E 1-4/13 1—\/B)
6 6 6 ’
_ (2—Jﬁ 5— VI3 +,/6(1 + V13) S—m—\/6(1+\/ﬁ))
307 12 ’ 12 ,
, 1 , y _

9.1
Now (4.1)-(4.8) are equivalent to

X0 X1 X2
A= (Xl X2 ) )
X2y X1

A3+ =1 (9.2)
X1x2 +x1y +x2y =0. (9.3)
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By (9.3), we have either x; = x; or y € R. Assume x; = Xx» first. Then we have
xo=(d —-2)/(d —1),x1 = x, =—1/(d — 1), which satisfies 6.1, and

_1+ivad—1
- 2d-1)

We can check that (xo, x;, X2, y) satisfy the whole system of equations, and we
conclude that there exists a unique solution, up to group automorphism, satisfy-
ing (6.1).

Assume y € R now. Then y satisfies

2 2 2
yo=1—-x7—x5,

X1X2

s

and the only second solutions in (9.1) is allowed with y = (1 + +/13)/2. This
solution is the accompanying solution of the previous one.

Theorem 9.1. There exists exactly two solutions of (4.1)—(4.9) for G = Z3 up to
group automorphism. One of them satisfies (6.1), and the other does not.

9.3. G = Z4. When G = Z4, we have d = 2 + /5, and we may assume that
€1(3) = e3(1) = €,¢€2(g) = €8 withe € {1,—1},and ¢,(g) = 1 otherwise. All the
solutions of (6.8)—(6.10) satisfy x4, = x¢,5, and they are as follows up to group
automorphism:

(x0, X1, X2, X3)

(5 fl—fl—fl—f>

- (2 5 1—f+\/2( 1+f) 1 1—\/5—\/2( 1+f)

9.4)

where x; = xj,¢. Since xo # 0, we have ng = 1 forany g € G.
Let y = Ap(1,2). Then

Xo X1 X2 X3 X0 X1 X2 X3
X1 X3 y €y X1 X3 )y Yy
AO - - 5 Al - — 5
X2 Yy X2 )y X2 Yy €Xp €)
X3 €y Yy X1 X3 y €y €xg
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Xo X1 X2 X3 Xo X1 X2 X3
A, = X1 X3 €y Y Ax = X1 €x3 €y )Y
2 = - ) 3 = = ’
Xy €y Xp €y Xp €y €xp Yy
X3 Yy €y X X3 Yy Yy X

and (4.4) are equivalent to

x4 x5 420y =2x3 42y P =1, 9.5)
X1y + x37 4+ x1x3 + €|y =0, 9.6)
(I+6e)xa(y +y) =0, 9.7)

(y +€¥)(x1 + €x3) =0, (9.8)

2x; +e(y? +7%) = 0. 9.9)

Equation (9.6) implies that either x; = x3 or y € R.
Assume that x; = x3. Then xo = 1 — 745, and x; = x, = x3 = —1;, and
s0 (6.2) is satisfied. Solving (9.4)—(9.9), we gete = —1 and

1 1
SE - p—
RNV

We can show that this satisfies the whole equations.

Assume now that y is real. Then (9.4)—(9.9) allow only the second solution
of (9.4), and they imply e = —1 and y = _71 This is the accompanying solution
of the previous one.

Theorem 9.2. There exist exactly two solutions, up to gauge equivalence and
group automorphism, of (4.1)—(4.9) for G = Za, and they satisfy ng = 1 and
€1(2) = —1. They are mutually accompanying solutions, and only one of them
satisfies (6.1), which is given by

d-2 -1 -1 -1

1 —1 -1 z =z

Ag = —— ,
L I B e
-1 -z z -1
d—2 —1 —1 -1
1 —1 —1 =z z

A= —— ,
P IEE T e
-1 z —z 1
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d-2 -1 -1 -1

1 —1 -1 —z =z
Ay = — ,
S R T (.
-1 z —z -1
d—2 —1 -1 -1
1 1 1 -z
=g o1 :
-1 z z -1
with
d—1 d—1 1 1
z =— +1i = — +\/§:I:i +ﬁ.
2 2 2 2

This gives a subfactor of index 3 + /5 whose canonical endomorphism is id ®p
(see [36]).

Note that the above solution satisfies €5(2) = 1, to which Theorem 8.1 applies.
Using the notation in Section 8 with G = Z4 and z = 2, we get

[5°] = [id] @ 2[p] & 2[ag,
[@p] = [pa], [@%] = [id]
where we denote @ = @, for simplicity. Since &> = AdA and @(1) = e(1)A =

—A, the homomorphism Z, > 1 + [«] € Out(M) has an non-trivial obstruction
in H3(Z,, T). Since id @ has a Q-system, we get the following result.

Corollary 9.3. There exists a subfactor of index 3 + /5 with one of the principal

graph as in Figure 4 (see [37]).

Figure 4. 3%4/7,.

9.4. G = 7, x Z». We use the parametrization G = Zj, x Z, = {0,a, b, c} of
the elements of the group G, and fix the order 0, a, b, ¢, to express every function
f on G x G by the matrix

f(0.0) f(0.a) f(0.b) f(0.c)
fa.0) fla.a) fla.b) fla.c)
fb,0) fb.a) f(b.b) f(b,c)
fe.0) flc.a) flc.b) flc.c)

f=
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There exists a unique solution of (6.8)—(6.10), which is

V51 _ 1
2 d—1

1-4/5 1
Xga = Xgp = Xgo = —(F— =~
Since xg o # 0, we have ng = 1, and (4.5) with g = 0 shows that y(h, g) := €,(g)
is a bicharacter. Therefore we can put

Xg,0 =

d-2 -1 -1 -1

1 -1 -1 z z
L -1 z -1 z
-1 z z -1

1 -1 -1 z z
=T a0 s o 2 |
-1 z -1
d—2 -1 -1 -1
4 = I 1 x(a,b)z y(a,c)z
“Td-1| -1 x(a.b)z —yb.a) —z ’
-1 y(a,c)z -z —x(c,a)
d—2 -1 -1 —1
Ay = Ly -1 —x(@@b) xb,a):z —Z
d—1]| -1 y(b,a)z 1 x(b,c)z |’
-1 -z x(b,c)z —yx(c,b)
d-2 —1 -1 -1
4 — L -1 —x@.o) —z x(c,a)z
“CTd-1] -1 -z —yx(b,c) y(c.b)z |’
-1 yx(c,a)z x(c,b)z 1
where
1 1 1 1
11 -1 s =S
X= 1 —s -1 S
1 s —s —1
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and s € {1,—1}, z € {~Jd,—/d,id,—i~d}. By gauge transformations and
group automorphisms, those solutions with z € R (respectively z € iR) are
transformed to each other. Up to gauge transformations, group automorphisms,
and H?(G, T)-actions, there is only one equivalence class of the solutions.

Let C be the generalized Haagerup category generated by p. Then Out(C) is
isomorphic to the alternating group A4 = (Zp X Z2) X Z:3.

Proof. It is routine work to obtain the solutions. The gauge transformations can
switch only z and —z and leave s invariant. Note that the automorphism group of
Z» X 7 is the permutation group &3. The even permutations leave the solutions
invariant, and odd permutations switch s and —s and switch z and Z.

The non-trivial element of H?(Z, x Z,, T) = Z, is represented by a cocycle
w € Z*(Zy x 7, T) given as

1 1 1 1

I DR
R E R T

1 i —i 1

which satisfies w(g,h)w(h,g) = 1. Thus in Theorem 5.6, we may choose
w(g) = 1, and the action of H?(Z, x Z,,T) on the solutions is given by
€n(g) — €n(g9)by(g. h) and Ag(h, k) — Ag(h,k)w(g + k. h)w(h, g), where

1 1 1 1
1 1 =1 =1
b‘”_1—11—1
1 -1 =1 1

Thus the action of [w] affects the parameters as s +— —s and z — iz up to gauge
transformation.

Finally we compute the action of G/2G = G. We use the notation in
Lemma 5.8. Note that y(g) is identified with y(g, p). For the action of p on
s, we have

€, (8) = en(p+ ) x(h) = y(h.p+ g)x(h. p) = x(h.g) = €x(g).

which shows that the action of p on s is trivial. Recall that {(g) is a square root
of x(g, p). Thanks to Lemma 5.8, we have

Apla,b) = Ap(a.b)s(p + 0)i(p + a)s(p + b)(p) x(a, p).
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and

(p +)(p+a)(p +b)(p)x(a, p))?
=x(p+c,p)x(p+a,p)x(p+b,p)x(p,p)
= x0,p)=1.

This implies Ay (a,b) = £Ao(a,b) for any p € G, which shows that p acts on z
trivially up to gauge transformation.
The above computation shows that the group

T = (H%(G,T) x G/2G) x Aut(G) = Z» x (Zz x Z) x G3)

acts on the gauge equivalence classes of the solutions of (6.8)—(6.10) transitively,
and the point stabilizer is
(22 x Z2) ¥ Z3,

which is isomorphic to the alternating group 2(4. O

Pinhas Grossman is the first to obtain the outer automorphism group Out(C) =
4. He also determined that the order of the Bauer-Picard group of C is 360.

Let 6 € Aut(G) be given by 6(a) = b, 6(b) = ¢, 8(c) = a. Then the above
solutions are invariant under 6, to which Theorem 8.5 applies. We use the notation
in Section 8 for this 6. Then

T =G xg Z3 = (Zo x Zp) X Z3 = Ug.
For simplicity, we denote [5] = [51]. Then
[6°] = lid] & [A] & [8*] @ 2[5].
Thus we get the following fusion rule:
[6°] = lid] @ [3] & [5.4),
571171 = [5] @ [65) & [5°1[3] = [5] @ 3[57] & [3] & [BA & [B).

Since id @ p has a Q-system, we get the following result first shown by Morrison
and Penneys [36]:

Corollary 9.5. There exists a subfactor for the 4442 graph.

Recently the generalized Haagerup category for Z, x Z, attracts attention of
specialists (see [50]) and we finish this section with the following statement.
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Proposition 9.6. Let C be a C*-quadratic category with (Zn x 2, id, 1). If ¢%3(C)
vanishes (i.e. the associator for the group of invertible objects is trivial), so does
¢1'2(C), and in consequence C is a generalized Haagerup category.

Proof. We may assume C C Endy(M) for a type III factor, and

0(€) = {[agl}gec U ilag]lpl}gea,

where G = 7, x Z,. Since ¢%3(€) = 0, we may assume that « is a G-action, and
there exist U, € UW(M) and w € Z*(G, T) satisfying

poag =AdUgoagop, Ugog(Up) = w(g h)Ugip.

Let : M — M x, G be the inclusion map, and let & be the dual action of «,
which is an action of G on M X, G. We first compute the algebra structure of

A = (1pt, 1pt).
We set
g+h g h
)\ =1 and =1,
g h g+h
and choose
L T
N
t g g 1
satisfying
L L T T
= and h s =
h
L g+h « g+h g+h T g+h 1
Let
Lt 8 1
|
Xg=| |Ug| |€eA
g
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In view of the linear isomorphism

A = (L, ptt) = ((@ag)p,p(@ag)),

geG geG

we see that { X, } e forms a basis of A. Since

—_\

L\
XegXpn = \\\ = \ =||Ugog(Up) | | = (g, 1) Xg 4,

\ v

and A is isomorphic to the twisted group algebra C,,G.

We assume that the cohomology class [w] is not trivial in H?(G, T), and
deduce contradiction. The algebra A is noncommutative with dimA = 4, and
it is isomorphic to the 2 x 2 matrix algebra. Thus there exists an irreducible
o € Endo(M %, G) satisfying [1pt] = 2[o]. On the other hand, we have

(ot [epT] = [tp( &b Otg)pf]

geG

= Z [torg p*1]

geG
= 4[1p%1]

= 4([LZ] + Z[Lag,oi]>

geG

= 4( Y1) + 4leon))

x€G

4( D8, + 8lo1),

x€G

and
[o]lo] = Y [a,] + 8[o].
xeG
This means that o generates a near-group category with group G =~ 7, x 7 and

multiplicity 8. However, such a category does not exist (see [28, Theorem 10.24]).
O
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10. Appendix

Let (en(g),ng. Ag(h,k)) be a solution of the polynomial equations (4.1)—(4.9),
and let O, +1, @, and p € End(0O,+1) be as in Section 4. As in [24] and [28,
Appendix], we introduce a weighted gauge action y on 0,4 by y;(S) = 2§,
and y;(Tg) = €'’ Tg, and we denote by ¢ the unique KMS state of y. Since ¢ o p
is a KMS state for y too, we have ¢(p(x)) = ¢(x). We denote by M the weak
closure of 0,4 in the GNS representation for ¢. We still use the same symbols
a, p, ¢ for their extension to M. Let E,(x) = p(S*p(x)S) for x € M, then E,, is
a g-preserving normal conditional expectation from M onto p(M) (see [24]).

If{h € Gy | yo(h) =1, forall g € G} # {0}, the fusion category in Endo (M)
generated by « and p does not give the original data (e5,(g). ng, Ag (., k)) back
because « is not a faithful action of G. In this section, we give a remedy for this
problem by using a free product method. For the basics of free products of von
Neumann algebras with general faithful normal states, the reader is referred to [49]
and references therein.

We set My = M, ¥o = ¢, po = p. Let t be the trace on £°°(G) defined by

1
() =5 > fe).

geG

We set (M;, ;) = £*°(G), 1) fori = 1,2. Let

(M, y) = (Mo, Vo) * (M1, Y1) % (Mo, ¥2),

be the free product von Neumann algebra, which is a factor of type III 1 (see [49,
Theorem 3.4]). Although M is not hyperfinite, it is enough for our purpose of
constructing a generalized Haagerup category having (e;(g). ng, Ag(h,k)). Let
i:M; — M be the embedding map for i = 0,1,2. Whenever there is no
possibility of confusion, we suppress ;.

Let 0: G — Aut({°*°(G)) be the left translation. We define a G-action @: G —
Aut(M) by @g = a, * 0 * 6_g, which is an outer action of G on M. We define
unital homomorphisms p;: M; — M fori =1,2 by p1(t1(f)) = t2(f) and

p2(2(f)) = Su(f)S* + Y Tebig (2()T

geG

Then ¥ (p1(f)) = ¥1(f) holds, and the KMS condition of v implies ¥ (p2( f)) =
V2 (f). Recall that we have ¥ (po(x)) = Yo(x).
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Lemma 10.1. With the above notation, the three von Neumann algebras p; (M;),
i =0,1,2, are free independent with respect to V.

Proof. It suffices to show the free independence of the three sets:

po(Mo)., M, SMyS*™ + > Ty My T}
geG

Note that we have S, T, € kery. Let x € keryy. The KMS condition of
implies

Yo(S*p(x)S) = d>Yo(p(x)SS*) = d>Yo(p(x) Ep(SS™)) = Yo(p(x)) = 0,

Yo(Tg p(X)Tg) = do(p()TeTy) = dyo(p(x) Ep(Te Ty)) = Yo(p(x)) = 0.

Since E,(Ty) = 0, we also have ¥o(p(x)Tg) = Yo(Ty p(x)) = 0. Using these
conditions, we claim that any alternative word of pg(ker ¥) and p,(ker ;) is a
linear combination of words of the form y;y, ...y, such that y; € ker ;) with
j(@) # j@ + 1) and j(1), j(n) # 2. It is clear that the claim implies the lemma.

We denote by W the set of words z = zyz2...z, with z; € M;;) and
Jj@@ + 1) # j(i) satistying the following properties:

(1) when j(i) = 1,2, we have z; € ker y/;);

(2) when j(i) = 0 and i # 0, n, the element z; € M, belongs to either of the
following set: ker ¥o, T po(ker ¥0)S, S™ po(ker ¥0) T

(3) z; belongs to either of the following set: ker 1, po(ker ¥o), po(ker ) S;
(4) z, belongs to either of the following set: ker vy, po(ker ¥¢), S*po (ker ).
We define /(z) by the number of 1 < i < n with

zi € po(ker Y10)S U S™po(ker o) U | ) 75 po(ker o) S U ) 5™ po(ker o) .
geG geG
(10.1)

Note that any alternative word of pg(ker o) and p, (ker v, ) is a linear combination
of words in W.

We prove that any word z = 2125 ...z, € W is a linear combination of words
of the desired form by induction of /(z), which will finish the proof. When ! = 0,
the word z is of the desired form. Assume that the statement holds for [ = L,
and assume /(z) = L + 1. Then there exists i with (10.1). Assume i = 1 and
71 € polker ) S first. Then z, € ker ¥, and

Z21Za...Zn = 2122 ... Zn + Yo(21)22 . . . Zn,
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where 2; = z; — Y¥o(z1). Applying the induction hypothesis to 2;z, ...z, and
Zs...Zy, We see that z is a linear combination of words of the desired form. The
case with i = n can be handled in a similar way. Assume that 1 < i < n and
zZ; € T;po(ker Yo)S. Then z;_; € ker ¥, and z; 4 € ker 1, and

o
2122 ... Zn = Z1...Zi—1ZiZi+1---Zn + VY0(Zi)Z1 ... Zi—1Zi41 .. . Zn.

Applying the induction hypothesis to the two words z; .. .Zi—12iZi41...2Zn and
Z1...Zi—1Zi+1 ... Zn, We see that z is a linear combination of words of the desired
form. The case with z; € S*pg(ker ¥) T, can be handled in the same way. |

Thanks to the above lemma, we can defined an endomorphism g € End(M)
extending p; fori =0, 1, 2. Thanks to [49, Corollary 3.2], we have 5(M)' N M = C.

Theorem 10.2. With the above notation, we have dg o p = p o 6_g and

PP(x) = SxS* + Y Tedg o p(x)Ty, forallx € M.
geG

Proof. 1t is easy to show the first relation on M , and the second relation on My
and M;. For x € £*°(G),

P2(x) = 5(Su()S™ + Y Teta(O-g (DT

geG

= p(S)(2(0))p(S)* + Y p(Te)(St1 (6 (x))S*

geG

+ Z Thiz(O—g—n(x)T))p(Tg)*
heG

= p(S)(())p(S)* + Y p(Tg)St1 (8- (x))S*p(T7)
geG

+ Y o(T) Thia (O g n )Ty p(T).
g,heG

The first term is
1

k 1 * k
T3 S0()S* + Vi > ST,

geG

1 * 1 * *
+ i D Ty Teta(x)S* + D > T Tt ()T Ty
d dgeG g.,heG
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The second term is

> e p(Tg) St (O (0))S*agp(Ty) = > T St1(0(x))S* Ty
geG g€G

The third term is

> g p(Te) Ty 4kta (0-) T gt p(T7)
g.keG

—1
g Sk,
= 3 (S £ 3 Mg b W) Ty T s 26 ()
- Vd
g.keG heH

Ng Sk, T
(L8 + Y AT T4 Ten)
leG

Vd

n " 1 *
= =SS + —= ) N Ag(h,0)Tg i1 Teinia(x)S
d \/Eg,heG

1 TR * *
t s D g A (L0)Sw()T),, Tr,,
g,leG

+ > Ae(h k) Ag (LK) Tgin Tghsit2 Ok D Ty i Ty

g.hk,leG

n k 1 *
= =SS + —= Y g Ag(h — g.0) T Thia(x)S

d Vd 4

g,heG
1 1 /1 - * *
t s D 0 Ag(—g.0)Su(x)T)T;
g,leG

+ Z Ag(h—g. k)Ag(l — . k) Tp Thykt2(0—k (X))Tl*Jrle*
g.hk,leG

Thanks to (4.8) and (4.5), we have

1
> g Ag(g —h.0) = Y An(h—g.0) =~
geG geG

and

Y Aglh —g. k) AT —g. k)
geG
= > Ap(h— g o)A (T — g l)mmik

86 Tniinrren(—g)en(k — g)er(—g)er(k — g)
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=Y Anh—g kYA (T — g Kynim,Taminix
56 en(=h)enk — by (~Der(k — 1)

-1
n-11_ -
= (8h0 — =2 ) mmaTamrzen (~hen(k — her(~Der (k = 1)
1

Sk.0-
dk,O

= 0p, —

Therefore the third term is equal to

and

(1]

(2]

(3]

(4]

(5]

n 1 1
=S1(x)S* — —= Y TyThia(0)S* — —= " Su(x)T T}
d dvd (= dvd =
* * 1 * *
+ D TiTukta Ok CON T, T = = 3 Th T ()T T
h,keG h,leG

P (12(x) = S(0)S* + Y ThSu (0h(x)S™ Ty
heG

+ Z ThThart2 Ok )T i T
h,keG

= S1(x)S* + Y Thanp(a(x) T O
heG
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