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A note on the ®-invariant of 3-manifolds

Alberto S. Cattaneo and Tatsuro Shimizu

Abstract. In this note, we revisit the ®-invariant as defined by R. Bott and the first
author in [4]. The ®-invariant is an invariant of rational homology 3-spheres with acyclic
orthogonal local systems, which is a generalization of the 2-loop term of the Chern—
Simons perturbation theory. The ®-invariant can be defined when a cohomology group
is vanishing. In this note, we give a slightly modified version of the ®-invariant that we
can define even if the cohomology group is not vanishing.
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1. Introduction

In 1998, R. Bott and the first author defined topological invariants of rational
homology spheres with acyclic orthogonal local systems in [3] and [4]. These
invariants were inspired by the Chern—Simons perturbation theory developed by
M. Kontsevich in [6], S. Axelrod and M. L. Singer in [2]. The Chern—Simons
perturbation theory gives invariants of 3-manifolds with flat connections of the
trivial G-bundle over the 3-manifold, where G is a semi-simple Lie group. The
composition of adjoint representation of G and the holonomy representation of
the flat connection gives an orthogonal local system.

In [4], Bott and the first author constructed a real valued invariant, called ®-in-
variant (In this note, we denote by Zg the corresponding term), which is a gener-
alization of a 2-loop term of Chern—Simons perturbation theory. The vanishing of
a cohomology group (denoted by H*(A;ni'E® n; L E) in [4], H*(A; E, K E,)
in this note) plays an important role in the construction of the ®-invariant Zg.
There are few gaps in the proof of this vanishing (Lemma 1.2 of [4]). In this note,
we show that a linear combination of Zg and another term Z o o is, however, a
topological invariant of closed 3-manifolds with orthogonal acyclic local systems,


https://creativecommons.org/licenses/by/4.0/

112 A. S. Cattaneo and T. Shimizu

when the local system is given by using a holonomy representation of a flat con-
nection. The term Zp o is also related to the 2-loop term of the Chern—Simons
perturbation theory. We note that the second author proved that when G = SU(2),
Z @ itself is an invariant of closed 3-manifolds with orthogonal local systems in [9].

The organization of this paper is as follows. In Section 2 we give a modified
version of the Bott—Cattaneo ®-invariant without proof. In Section 3 and Section 4
we prove a proposition and a theorem about consistency of the definition of
Section 2. Both the invariant defined in Section 2 of this note and the ®-invariant
depend on the choice of a framing of the 3-manifold. In Section 5 we introduce a
framing correction.

Orientation convention. In this note, all manifolds are oriented. Boundaries are
oriented by the outward normal first convention. Products of oriented manifolds
are oriented by the order of the factors. The interval [0, 1] C R is oriented from 0
to 1.
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2. The invariant

Let M be a closed oriented framed 3-manifold, namely a trivialization of the
tangent bundle of M is fixed. We take a metric on M compatible with the framing.
Let p: 71 — G be a representation of the fundamental group into a semi-simple
Lie group G. We denote by Ad: G — Aut(g) the adjoint representation of G,
where g is the Lie algebra of G. Since G is semi-simple, the Killing form of g
is non-degenerate. Since Ad(g) preserves the Killing form for any g € g, the
representation Adop is orthonormal with respect to the Killing form. A local
system is a covariant functor from the fundamental groupoid of M to the category
of finite dimensional vector spaces. Note that a representation of 1 (M) gives a
local system. We denote by E, the local system given by Ad op. We assume that
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E, is acyclic, namely
H*(M; E,) =0.

In this note, we say that such a representation p is acyclic.

2.1. A compactification of a configuration space. Let A = {(x,x):x e M} C
M? be the diagonal. We identify A with M by

A>(x,x) —xeM.

We orient A by using this identification. We denote by va the normal bundle of A
in M2. We identify vo with the tangent bundle TM via the isomorphism defined
by
TM <> va,  (x.) — ((x.x). (—v,v))

where x € M and v € T,yM. On the other hand, M is framed. Then TM is
identified with M x R3. Thus v, is identified with M x R3.

Let C,(M) = B{(M?, A) be the compact 6-dimensional manifold with the
boundary obtained by the real blowing up of M? along A. We denote by

q:Co(M) — M?
the blow-down map. As manifolds,
Ca(M) = (M?\ A) U Sva

and ¢(Sva) = A. Here Sv, is the unit sphere bundle of va with respect to the
metric on M. The manifold C>(M) is a compactification of the configuration
space M2\ A of two distinct points. Obviously, dC>(M) = Sva.

Svp is identified with A x S2. We denote by

paCy(M) = A xS? — §?
the projection. We use the same symbol ¢ for the restriction map
qlacs(): dC2(M) (= A x §%) — A
of the blow-down map gq.
2.2. The natural transformations ¢ and Tr. The Killing form gives an isomor-
phism g ® g =~ g* ® g*. Let1 € g ® g the element corresponding to the Killing

form in g* ® g*. By using an orthonormal basis ey, ..., edimg € g of g, 1 can be

described as
dimg

1= Zei ® e;.
i=1
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1 € g ® g is invariant under the diagonal action of 71 (M ). Thus we have a natural
transformation

cR—E,®E,, 11

Here R is the trivial local system, namely a local system corresponding to the
1-dimensional trivial representation of 71 (M).
We define a natural transformation

TE,QE, E, — R
as follows: for x, y,z € g,
Tr(x ® y ® z) = ([x, y]. 2)

where (, ) is the Killing form and [, ] is the Lie bracket.
Let 7y, mo: M? — M be the projections defined by

mi(x1,x2) = X1, wa(x1, x2) = X2.
n}E, ® ) E, is alocal system on M 2. We denote
E,RE,=n{E,®n;Ep.
We remark that £, X E,|o = E, ® E,. The pull-back
Fp=q"(E, R Ep)

is a local system on C>(M). Clearly, F,|ac,(m) = 9% (Ep, ® E,).

2.3. The involution T on C2(M). The involution Ty: M?> — M? defined by
To(x1,x2) = (x2,x1) induces an involution 7:Co(M) — Cr(M). Ty, T in-
duce homomorphisms 7, T* on the cohomology groups H*(M?, E, X E,),
H*(C2(M); F,), and H*(A; E, ® E,), and on the space of differential k-forms
QK(C2(M); F,). We denote by HY(M?; E, ® E,) and H*(M?* E, X E,) the
+1, —1 eigenspaces of the homomorphism 7} respectively. We use similar nota-
tions H} (C2(M); Fp), HY (A, E,Q Ep), Qﬁ(Cz(M); F,), ...in the same manner.
Let Tg2: S? — S? be the involution defined as

Ts2(x) = —x forany x € S2.

We remark that p o T|yc, ) = T2 0 p: dC2(M) — S2.
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2.4. The invariant. Take a 2-form wg> € Q2(S2; R) on S? satisfying

/CI)SZZI

S2
and
T;za)sz = —wg2.
The form p*wg-> is a closed 2-form on dC>(M). Thus
cx(prwg2) = prwg2l

is a closed 2-form on dC>(M) such that (T'|c,m))* p*wgs21 = —p*wg21. The
closed 2-form p*wg21represents a cohomology class in H2(dC2(M); Fylac,(ar)):

[p*ws21] € H2(C2(M): Fplacyar))-
Proposition 2.1. There exist closed 2-forms
w € Q*(C2(M); F,) and &€ Q*(A;E,® Ep)
satisfying the following conditions:

(1) olyc,imy = p*og2l+q*§,
2) T*w = —w, (To|A)*E = —&, namely

w € Q2(Ca(M); Fy) and & € Q2(A;E, ® E,).

Furthermore, the cohomology class [§] € H2(A; E, ® E,) is independent of the
choice of &.

This proposition is proved in Section 3.
Now, we have the following 2-forms:
q*niE € QX(Ca(M): ¢*(ES? K R)).
q*ny€ € QX (C2(M): ¢*(R K EP?)).
Then we obtain closed 6-forms
©0? € QUCHM) FRY) and  (¢"T8)(q m3)o € Q8(C2(M): F22).

Since F2? = ¢*(E®? ® E®?), the natural transformation Tr: E®?* — R induces
a natural transformation

%% F®? — (RR R =)R.
Therefore we get closed 6-forms

Tr™? 3, T2 ((¢* 7 16) (¢* 75 6)w) € Q°(C2(M): R).
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Definition 2.2. We set

Zo(w) = / T 03 Zoo(w.§) = / T ((¢* 7€) (g 3 E)w).
C>(M) Cr(M)
Z\(M, p) = Ze(®) —3Zo-0(®,£).

Theorem 2.3. Z(M, p) is an invariant of M, p (independent of the choices of @
and &). Furthermore, Z1(M, p) is invariant under homotopy of the framing.

This theorem is proved in Section 4.

Remark 2.4. When we can take & = 0, obviously Zpo(®w,£) = 0 and then
Z1(M, p) coincides with the ®-invariant /(@ ) (M) of the framed 3-manifold
M given in Theorem 2.5 in [4].

3. Proof of Proposition 2.1

In the following commutative diagram, the top horizontal line is a part of the
long exact sequence of the pair (C2(M), dC>(M)) and the bottom line is that of
(M2, A). Thanks to the excision theorem, the right vertical homomorphism ¢* is
an isomorphism:

*

502 M
H2(0Cy(M); q*(E, ® E,)) —25 H3(Co(M), 0Co(M): F,)

(tIIaCZ(M))*T @) q*,[g
8*

H2(AE, ® Ep) ——2— H3(M? A E,R E,)

Since H2(M?; E, R E,) = H2(M?; E, R E,) = 0, the homomorphism §3 , on
the bottom line is an isomorphism. Set

® = (832) " o(g") T 08¢, a4y HZ(BC2(M); " (Ep® Ep)) —> H2(A; EpQEp).
We take a closed 2-form £ € Q2 (A; E, ® E,) such that
d([p*ws21]) = —[£] € HA(A E, ® E)).

The above diagram implies that ®(¢*[£]) = [€]. Then ®(p*wg21 + g*&) = 0.
Thus 822( M)(p*a)Szl + g*€&) = 0. Therefore there exists a closed 2-form w €
Q2 (Ca(M); F,) such that

wlyc,my = prwg2l + q*&.
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Conversely, if there exists a closed 2-form w € Q2(Ca(M); F,) such that
wlacy(m) = p*wg2l + g*§, then @(w|yc,ar)) = 0 so that [§] = —@([p*wg21]).

4. Proof of Theorem 2.3

The proof is reduced to the following two propositions:
Proposition 4.1. Let w, o’ € Q2(C2(M); F,) be closed 2-forms such that

wlac,my = @'lac, ) = prog2l + ¢7E.
Then Zo(w) = Ze(0") and Zoo(w, §) = Zoo (@', §) hold.

Proposition 4.2. Let wg2 3, w52, € Q*(S%; R) be closed 2-forms satisfying

/CI)SZ’O = /CL)SZ,I = 1,

S2 S2
Tws20=—wg29 and Tgwgr; = —wg2 ;.
Let {p;: AxS? — 5?},c(0.1] be a homotopy such that po = p and p;oT |yc, () =
Tg20psfort =0, 1. Let wg, w1 € QE(C2(M); F,) and &, &1 € Q2(A E, ® Ep)
be closed 2-forms satisfying
wolac,(my = Pows2 0l + ¢ 0, w1lacy(m) = pTws2 1+ g% &1
Then
Ze(wo) —3Zo-o0(wo, &) = Ze(w1) —3Zo-o(w1,§1)

holds.

4.1. Proof of Proposition 4.1

Lemma 4.3. There exists a I-form n € QL. (M?; E, ¥ E,) such that

w—o' =dg*n).
Proof. In the following diagram, the top horizontal line is a part of the long exact
sequence of the pair (C,(M), dCo(M)) and the bottom line is that of (M2, A).

The left vertical homomorphism ¢* is an isomorphism because of the excision
theorem:

H?(C2(M),0C2(M): Fp) —— HZ?(C2(M): F)

q*T% O q*T

H2(M2, A:E,R E,) — H*(M? E, R E,)
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The closed 2-form w — ' gives a cohomology class in H2(Ca(M), dC2(M); F,)
and then ((¢*) "' (® — @'))|pr2 gives a cohomology class in H2(M?; E, ® E,).
Since H2(M?; E, ® E,) = 0, there exists a 1-form n € Q1 (M?; E, X E,) such
that

dn = ((q") " @ =)y

Thus we have d(¢*n) = w — ’. O

Thanks to Lemma 4.3 and Stokes’s theorem,

Zo(w) — Zo(w') = /Trm((a) — o) (0* + 0o’ + 0?))

Cr(M)
= / T2 (d(¢* ) (0 + wo' + ©'))
Cr(M)
— /Tr®2((q*n)|aC2(M)(w2 + ww' + w/2)|3C2(M))
9C2(M)
=3 / T2 (¢ Dlaco0n (P w521 + 4°6)7)
IC2(M)
= 6/Trm(q*(n|A)p*wszlq*$)
AxS2
iy / T2 (3] a£1).
A

To simplify the notation, we set 7 = 7|a.

Let I:E, ® E, — E, be a natural transformation induced from the Lie
bracket [,]: g ® g — g. We have L.(7) € QA E,), I«(§) € Q*(A; E,). Let
I: E, ® E, — R be anatural transformation induced from the inner product of g.
Then 7. (1« (7)1« (§)) is a 3-form in Q3(A; R).

Lemma 4.4. T2 (1) = L L (L. (7)1 (§)).

Proof. Since To|a = id, Q* (A E ® E)) = Q*(A; (E ® E)-). Then we only
need to check the claim on g®3 ® g®3. Letey, ..., edim ¢ € g be an orthonormal
basis of g. Then {¢; ® e; —e; ®e;:i < j}is a basis of (g ® g)~. It is enough to



A note on the ®@-invariant of 3-manifolds 119

show the claim for this basis:
™2 ((ei ®ej—ej®e) (e ®ep—e ®ex) ® (Zen ® en))
n

= 2(([e:, ex]. lej, er]) — ([ei, er]. [ej, ex]))

= 2({ei, [ex. [ej. er]l) + (ei, [er, [ex, €;]]))

= 2((—(ei. lej. [er. ex]]) — (ei. [er. [ex. e;]1) + (e, [er, [ex. €;]1)
= 2(ei. [ej. [ex. er]])

= 2([ei, ej]. [ex. er])

1
= 5(2[e,-,ej],2[ek,el])
1
= (lei@ej —¢j @en)l(ex ®er —er @ ex)). O
Corollary 4.5. [, T (7£1) = 0.

Proof. Thanks to the above lemma,

N =

/ﬁm@mz /um@M®y

A A

Since E, is acyclic, [I«(£§)] = 0 € H*(A; E,) = 0. Thus there exists a 1-form
¢ € QY(A; E,) such that d¢ = 1.(£). Therefore

/um@m¢»=/umwwo

A A

:/uuu@o—/dum@m.
A

A

The first term of the last line is vanishing because d/.(77) = l.(dn|a) and dn =0
on A. Thus we have

/ L (LD (€)) = — / A1 (1L (7)0) = 0. O
A

A

Thanks to the above lemma, we have

Zo(w) — Zg(w') = 0.
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Similarly,

Z600.6) — Zoo(@.§) = / T2 ((g* n ) (¢ 73 E) (@ — o))
Co(M)
- / T2 (g 7€) (" 3 €)dg™ )
Ca(M)

N /Trgz(q*((ffl|A)*§:(7[2|A)*Eﬁ))-

C2(M)
Since (71|a)*E(m2|a)*En is a 5S-form on the 3-dimensional manifold A, the last

term is vanishing. This completes the proof of Proposition 4.1.

4.2. Proof of Proposition 4.2. Since [wg2 4] = [wg2,] € H*(S%:R), there
exists a closed 2-form @5, € Q([0,1] x $%;R) such that @g2|xs2 = g2,
fort =0,1.

Since [§9] = [£1](Proposition 2.1), there exists a closed 1-form

Ee QU0 1]x A, nX(E, ® E,))

suchthat§|{0}xA = £ and§|{1}xA = &;. Here wa: [0, 1]xA — A is the projection.
Let wc,a): [0, 1] x C2(M) — C2(M) be the projection. Let

G = idp.11 Xq: [0, 1] x Co(M) — [0,1] x M?

and we also denote the restriction map

q

[0,11x0C>(M): [0, 1] x dC2 (M) —> [0, 1] x A
as . By a similar argument as in Proposition 2.1, we can take a closed 2-form
@ € ([0, 1] X Co(M), 7 &, (31 Fp)

such that

Blioajxac, () = Prwgal + GrE.

Here
P ={p:}e:([0,1] x ICo(M) =)[0,1] x A x §? — S?

is the homotopy between py and p;.
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Thanks to Proposition 4.1, both Zg(w) and Zpo(w, &) depend only on
w|axg2 and £. Thus we have

Zo(wo) = Zo(dloyxcy(M))
Zo(w1) = Zo(dl{1yxcy(m))
Zo-0(wo,%0) = Zo-0(dlioyxcy(a) €0),
Zoo(w1,61) = Zoo(@|ayxc, ), §1)-
We note that, with our orientation convention,
([0, 1] x Ca(M)) = {1} x Co(M) — {0} x Co(M) — [0, 1] x IC(M).

Therefore, by using Stokes’ theorem,

0= [ dT™ &3

[0,1]xCa (M)

M2~ 3 X213
= /Tr (CL)|{1}XC2(M))_/Tr (w|{0}XC2(M))

{1}xC2 (M) {0}xCr (M)
X2, ~3
—/Tr (@ljo,11x0¢, (1))
[0,1]x0C> (M)
= Zo(@|i1xco01)) — Zo(@(oyxcaary) — / T2 (p* @yl + §*£)°

[0,11x0C> (M)
= Zo(@1) — Zo(wo) — / 23 5% 551562
[0,1]x0C> (M)

We denote

7 =id xmi: [0, 1] x M* — [0,1] x M fori = 1,2.
We have

0= / d T2 (" B) G 72 Do)
[0,11xCr (M)
=Zoo(w1,&1) — Zo-o(wo, &)

- / T2 ((G* @ o) E@alio.11x8) Bl 011600 (41)-
[0,1]x0C> (M)
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Here,

ﬂ|[0,1]xA = EE|[0,1]><A3 [0,1]x A — M.

Thus

(Tl 11x4) *E (T2, 11x8) *E = €2

under the identification A = M. We have

Zoo(@1.£1) = Zo-o(wo. E) = / T2 (555515 82).
[0,1]1x3C> (M)

Then,
Ze(w1) — Ze(wo) = 3(Zo-o(w1,§1) — Zo-0(wo, §0)).

This completes the proof of Proposition 4.2.

5. A framing correction

In this section, we introduce a correction term for framings to give an invariant
of closed 3-manifolds equipped with acyclic representations. Let M be a closed
oriented 3-manifold (without framings). Recall that 0C, (M) is identified with the
unit sphere bundle STM (see Section 2.1). Take a framing f:TM — M x R3
of M. Then (M, f) is a framed 3-manifold. Let p: (0C2(M) =)STM — S? be
the projection defined by the framing f. Let §(f) € Z be the signature defect
(or Hirzebruch defect, see [1] or [5] for the details) of a framing f. For the
convenience of the reader, we give a short review of the construction of §( f) in
the next section. Let p: 71 (M) — G be an acyclic representation as in Section 2.1.

Theorem 5.1. Z,((M, f), p) — Tr¥2(A®3)( f) is a topological invariant of M, p.

5.1. The signature defect §(p). Let W be a compact 4-manifold such that
OW = M and its Euler characteristic is zero. Then there exists an R> sub-
bundle T°W of T W satisfying T"W |y = TM. Let ST"W — W be the unit
sphere bundle of T"W — W. Thus ST"W is a 6-dimensional manifold with
IST'W = STM. We denote by Fiy — STVW the tangent bundle along the
fiber of the S? bundle 7: ST*W — W.

Take a closed 2-form ay € Q2(STW;R) such that aw|stm = p*wg2
and [aw] = e(Fw)/2 € H?*(STW;R), where e(Fy) is the Euler class of
Fy — ST'W.
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Lemma 5.2. When oW = M = 0,

3
/a%, =7 Sign W.
ST'W

Here Sign W is the signature of W.

Proof. We give an outline of the proof. See Appendix of [8] or Proposition 2.45
of [7], for the details of the proof.

Since W is closed, [grvy @3y = [srow (%e(FW))3. We denote by p; (Fy) €
H*(ST'W;R) the first Pontrjagin class of the bundle Fy,. We remark that
R® Fyw = #a*T"W and R @ T"W = TW. Here R is the trivial R bundle
over an appropriate manifold. Therefore,

[ =3 [eEwr

ST'W ST'W

1
== / e(Fw) pr(F)

ST W

-2 / e(Fy)* pi (TV W)

ST'W

— [maw)

w
3
=151gnW. O

Thanks to the Novikov additivity for the signature, the following corollary
holds.

Corollary 5.3. The signature defect §( f), defined as

3
38(f) =/a§’V—ZSignW,
ST'W

is independent of the choices of W and ay .

5.2. Proof of Theorem 5.1. Let fy, fi1:TM — M x R3 be framings and let
Po. p1: 9C2(M) — S? be the projections given by framings fy, f1 respectively.
Since [pgws2] and [pfwg-] are in H2(A x S%R) = H*(S%R) = R, [piws2] =
[pfws2]. Thus there exists a closed 2-form

@y € Q2([0,1] x dC2(M); R)
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such that

Dalyxac iy = pows2  and - @&ylayxac, () = plowse.

We recall that (—§) € Q2 (A; E, ® E,) is a closed 2-form representing

([p*ws21]) = @ o cu([pws2])
when we take a projection p: dC>(M) — S? given by a framing f. The homo-
morphism & o ¢, is independent from the choice of a framing. Then we can use
the same & € Q2(A; E, ® E,) for any framing.
By a similar argument as in proof of Proposition 2.1, we can take a closed
2-form
@ € Q2([0. 1] x Co(M): ¢, (ap) Fo)
such that
@|[0.11x0C, () = @l + O7E.
Here, mc,(m): [0, 1] x C2(M) — C2(M) and Q:[0,1] x dC2(M) — A are the
projections. We denote by
wo = @l{o}xCr (M)
w1 = Ol1yxCo (M)-
Then,
Z((M, fo), p) = Ze(wo) —3Z o0 (0. §),
Z((M, f1),p) = Ze(w1) —3Zoo0(®1,§).

Thanks to Stokes’ theorem,
0= / d Tr®%(»3)

[0,1]xC> (M)

= Zo(1) — Zo(wo) — / T2, 1eaca o)
[0,1]x0C> (M)

— Zo(w1) — Zo(wo) — / T2 (319%) — / 3T (2192 0%5)
[0,11x0C> (M) [0,1]1x3C> (M)

= Zo(w1) — Ze(wo) — / @3 Tr¥2(1®3) — / 3T (02192 Q%¢)
[0,1]x0C> (M) [0,1]x0C> (M)

= Zo(w1) — Zo(wo) — T2 (1%3) / @ - / 3Tr2(@21%20*%).

[0,1]x0C2 (M) [0,1]x3dC2 (M)
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We denote 7;: [0, 1] x M2 — M, (¢, x1,x3) — x; fori = 1,2. We have,

/ d T2 (" 776) (G 73 6)0)
[0,1]xCa (M)

= Zo_o(a)l,g) - ZO—O(C‘)O’E)

- / Te®2 (G (1 o, 11x8) " E Falio.11xa) *E)351)
[0,11x0C> (M)

= Z6-0(01.6) — Zoo(wo. £) — / Te=2(0*E2a3,1)
[0,1]x0C> (M)

= Zoo(w1.§) — Zo-o(wo,§).
Thus we have
Z1((M, fo).p) — Z:((M, f1).p)
= Tr™2(1%3) / @3+ / 3T (@219 0*F).
[0,1]xdC2 (M) [0,1]x9Ca (M)

Lemma 5.4. Tr®?(;1920*¢) = 0.

Proof. Let
Tp:E,®E, — E,QE,

be the involution induced by
I®g—>9R®g, XQyr——>yQRux.

Clearly,
Tr¥2oT®? = ™% E®3 ® E®® — R.

Since Tg(1) = 1and T = (To|a)* on QYA E, ® E,),
T2 (@192 0%8) = T (T3 (@122 0%8)) = — T (@512 0*§).
Thus Tr®¥?(©,1%20*¢) = 0. O

Lemma 5.5. We have
8(f1) — 8(fo) = / 3.

[0,1]x3C2 (M)
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Proof. We take a compact 4-manifold W with W = M and its Euler character-
istic is zero. Take a collar neighborhood [0, 1] x IM of M = dW in W such that
{1} x M = dW. Set

Wo =W\ ([0, 1] x M).

We can take T°W as T"Wljo,ijxm = [0,1] x TM. Thus ST W |(o,1]xm is
identified with [0, 1] x dC,(M). Take a closed 2-form ay € Q2(ST °W:R)
satisfying o |jo,1]xs7m = @p and [aw] = 3e(Fw). Then we have

8(f1) —3(fo) = (/06134/ - %Sign W) - (/(aW|STUWO)3 — %Sign WO)

ST W ST Wy

Z/(OlW

[0,1]xSTM

3
[0,1]xSTM)

= /a)g. O
[0,1]x0C2 (M)

By the above two lemmas,

Z1((M, fo), p) — TI2(A®8(fo) = Z1((M, £1), p) — T2 (A®3)S( f1).

Namely, Z,((M, 1), p) — T'®2(1®3)§( 1) is independent of the choice of a fram-
ing f.
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