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Abstract. We construct a dg-enhancement of KLRW algebras that categorifies the tensor
product of a universal sl Verma module and several integrable irreducible modules. When
the integrable modules are two-dimensional, we construct a categorical action of the blob
algebra on derived categories of these dg-algebras which intertwines the categorical action
of sl>. From the above we derive a categorification of the blob algebra.
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1. Introduction

Dualities are fundamental tools in mathematics in general and in higher repre-
sentation theory in particular. For example, Stroppel’s version of Khovanov ho-
mology [41, 42] and Khovanov’s HOMFLY-PT homology [19] can be seen as
instances of higher Schur—Weyl duality (see also [43] for further explanations). In
this paper we construct an instance of higher Schur—Weyl duality between Uy, (sl»)
and the blob algebra of Martin and Saleur [30] by using a categorification of the
tensor product of a Verma module and several two-dimensional irreducibles.

1.1. State of the art

1.1.1. Schur-Weyl duality, U, (s!2) and the Temperley-Lieb algebra. Schur—
Weyl duality connects finite-dimensional modules of the general linear and sym-
metric groups. In particular, it states that over an algebraically closed field the
actions of GL,, and &, on the r-folded tensor power of the natural module V' of
GL,, commute and are the centralizers of each other. In the quantum version, GL,,
and &, are replaced respectively by the quantum general linear algebra Uy (gl,,,)
and the Hecke algebra J(,(¢). We note that these consequences of (quantum)
Schur—Weyl duality remain true if one replaces the general linear with the special
linear group. For example, in the case of m = 2, the centralizer of the action
of Uy (sl) on V& is the Temperley—Lieb algebra TL,, a well-known quotient of
the Hecke algebra. One of the applications of this connection is the construction
of the Jones—Witten—Reshetikhin—Turaev Uy (sl)-tangle invariant as a state-sum
model (a linear combination of elements of TL, ) called Kauffiman bracket, which
was the version categorified by Khovanov [18] in the particular case of links.

1.1.2. The blob algebra. It was shown in [14] that, for a projective Uy (sl3)
Verma module M with highest weight A (in the sense that A is the eigenvalue), the
endomorphism algebra of M ® V®" is the blob algebra B, = B, (g, A) of Martin
and Saleur [30]. This algebra B,, which was unfortunately called Temperley—Lieb
algebra of type B in [14], is in fact a quotient of the Temperley—Lieb algebra of
type B [10, 11]. Note that the parameters A and ¢ in [14] are not algebraically
independent but can be easily made independent by working with a universal
Verma module as in [26].

The blob algebra B, can be given a diagrammatic presentation in terms of
Q(g, A)-linear combinations of flat tangle diagrams [14] on r + 1 strands, with
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taken up to planar isotopy fixing the endpoints, and subject to the usual Temperley—
Lieb relation of type A:

O =-+a™M.

generators

fori =1,...,r—1,and

and the blob relations:

=—-(Ag+17'¢7H].

' )=Qg+27'¢gh —q

Note that this generators-relations definition of the blob algebra makes also sense
over Z[g*!, A*1].

Remark 1.1. In [30], the blob algebra is given a different presentation, where
the generator of type B is pictured as a dot on the left-most strand, and is an
idempotent. We use the presentation given in [14], which is isomorphic to the one
in [30] over Z(q, 1) (but not over Z[g*!, A*']). This presentation is closer to the
representation theory of Uy (s[») and is the one that arises from our categorification
construction.

More generally, we consider the category B with objects given by M ® V&"
for various r € N, and hom-spaces given by U, (sl;)-intertwiners. This category,
that we call the blob category, has a very similar diagrammatic description as the
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blob algebra, where objects are collections of r 4 1 points on the horizontal line.
The hom-spaces are presented by flat tangles connecting these points, with the
left-most point of the source always connected to the left-most point of the target,
allowing 4-valent intersections between the first two strands. These diagrams are
subject to the same relations as the blob algebra. We stress that, in contrast to
the Temperley—Lieb category of type A, the blob category is not monoidal with
respect to juxtaposition of diagrams since the blue strand in the pictures above
needs to be on the left-hand side of any diagram.

1.1.3. Webster categorification. In a seminal paper [49], Webster has con-
structed categorifications of tensor products of integrable modules for symmetriz-
able Kac—Moody algebras, generalizing Lauda’s [27], Khovanov and Lauda [21,
22], and Chuang and Rouquier [6], and Rouquier’s [40] categorification of quan-
tum groups, and their integrable modules. Webster further used his categorifi-
cations to give a link homology theory categorifying the Witten—Reshetikhin—
Turaev invariant of tangles. The construction in [49] involves algebras, called
KLRW algebras (or tensor product algebras), that are finite-dimensional algebras
presented diagrammatically, generalizing cyclotomic KLR algebras. Categories
of finitely generated modules over KLRW algebras come equipped with an action
of Khovanov-Lauda—Rouquier’s 2-Kac—Moody category, and their Grothendieck
groups are isomorphic to tensor products of integrable modules. Link invariants
and categorifications of intertwiners are constructed using functors given by the
derived tensor product with certain bimodules over KLRW algebras.

1.1.4. Verma categorification: dg-enhancements. In [36, 37, 34], the second
and third authors have given a categorification of (universal, parabolic) Verma
modules for (quantized) symmetrizable Kac—Moody algebras. In its more general
form [34], the categorification is given as a derived category of dg-modules over
a certain dg-algebra, similar to a KLR algebra but containing an extra generator
in homological degree 1. This dg-algebra can also be endowed with a collection
of different differentials, each of them turning it into a dg-algebra whose homol-
ogy is isomorphic to a cyclotomic KLLR algebra. This can be interpreted as a
categorification of the projection of a universal Verma module onto an integrable
module. Categorification of Verma modules was used by the second and third
authors in [35] to give a quantum group higher representation theory construction
of Khovanov—Rozansky’s HOMFLY-PT link homology.

1.2. The work in this paper. For A a formal parameter, let M (A1) be the universal
U, (sl2)-Verma module with highest weight A, and V(&) := V(N1) ®---® V(N;),
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where V(N;) is the irreducible of highest weight ¢/, N; € N. In this paper
we combine Webster’s categorification with the Verma categorification to give a
categorification of M (1) ® V(). Then we construct a categorification of the blob
algebra by categorifying the intertwiners of M (1) ® V() where all the N; are 1.

1.2.1. Dg-enhanced KLLRW algebras and categorification of tensor products
(88 3 and 4). Fix a commutative unital ring k. The KLRW algebra is the
k-algebra spanned by planar isotopy classes of braid-like diagrams whose strands
are of two types: there are black strands labeled by simple roots of a symmetrizable
Kac—Moody algebra g and carrying dots, and there are red strands labeled by
dominant integral weights. KLRW algebras are cyclotomic algebras in the sense
that they generalize cyclotomic KLR algebras to a string of dominant integral
weights, where the “violating condition” [49, Definition 4.3] plays the role of the
cyclotomic condition. KLRW algebras were also defined without the violating
condition, in which case we call them non-cyclotomic or affine KLRW algebras.
In the case of sl,, for b € INand N € IN", we denote by T, b]—V (resp. 7~,b1_v ) the (resp.
affine) KLRW algebra spanned by b black strands (all labeled by the simple root
of sl,) and r red strands, labeled in order Ny, ..., N, from left to right.
Following a procedure analogous to [37, 34], we construct in §3 an algebra
T; ,z_v, with A a formal parameter, that contains the affine KLRW algebra sz_v asa

subalgebra. In a nutshell, T; "V is defined by putting a vertical blue strand labeled

by A on the left of the diagrams of TI—V, and adding a new generator that we call
a nail (this corresponds with the “tight floating dots” of [37, 34]). We draw this

new generator as

A Nl Nr

Note that a nail can only be placed on the left-most strand, which is always blue.
The nails are subject to the following local relations:

When N = @ is the empty sequence, we recover the dg-enhanced nilHecke
algebra from [37]. The subalgebra spanned by all diagrams without a nail is
isomorphic to the affine KLRW algebra 7, b]—V.
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As we will see, the algebra T, If A can be equipped with three Z-gradings: two
internal gradings, one as in Webster’s original definition and an additional grading
(see Definition 3.2), as well as a homological grading. The first two of these
gradings categorify the parameters ¢ and A respectively, and we call them g- and
A-gradings. As usual, the homological grading allows us to categorify relations
involving minus signs. We write ¢g¥ (resp. A¥) for a grading shift up by & in the ¢-
(resp. A-)grading, and [k] for a grading shift up by k in the homological grading,
for k € Z.

We let the nail be in homological degree 1, while diagrams without a nail
are in homological degree 0. As in the categorification of Verma modules, if
we endow the algebra T; Y Wwith a trivial differential, then it becomes a dg-
algebra categorifying M(1) ® V(N) (see below). We can also equip Tbk’l—v with a
differential dy, for N > 0, which acts trivially on diagrams without a nail, while

JK)- 18

A A
and extending using the graded Leibniz rule. The dg-algebra (Tbk’l—v, dy) is formal
with homology isomorphic to the KLRW algebra Tb(N’l—v) (see Theorem 3.13).
The usual framework using the algebra map 7, If SN T; +1—¥ that adds a black
strand at the right of a diagram gives rise to induction and restriction dg-functors
E; and Fj between the derived dg-categories Ddg(TbA’l—v, 0) and Ddg(TbAj’L]{, 0). The
following describes the categorical U, (sl,)-action:

Theorem 4.1. There is a quasi-isomorphism

Cone(Fp—1Ep—1 —> EpFp) i @Idb,
[B+IN|-2b]4

of dg-functors.

As usual in the context of categorification, the notation €Pyg 4| y|—2s), On the right-
hand side is an infinite coproduct categorifying multiplication by the rational
fraction (Ag!¥1=26 — }=14=INI+2b) /(4 — 4~1) interpreted as a Laurent series.

Turning on the differential dy gives endofunctors EN, F{)V on the derived
category Dyg(Dp=0 T; Yo ~). In this case, the right-hand side in Theorem 4.1
becomes quasi-isomorphic to a finite sum and we recover the usual action on
categories of modules over KLRW algebras (see Proposition 4.3).
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In [33], the second author introduced the notion of an asymptotic Grothendieck
group, which is a notion of a Grothendieck group for (multi)graded categories
of objects admitting infinite iterated extensions (like infinite composition se-
ries or infinite resolutions) whose gradings satisfy some mild conditions. De-
note by K2 (—) the asymptotic Grothendieck group (tensored over Z((q, 1))
with Q((g. 7). The categorical U,(sl,)-actions on the derived categories
Dag (Bp=o T;’N,O) and Dyg( PBp=o T;’N,dN) descend to the asymptotic
Grothendieck group and we have the main result of §4, which reads as follow-
ing:

Theorem 4.7. There are isomorphisms of Uy (sl,)-modules

QK& (THY 0) = ML) ® V(N),
and
oK& (MY dy) = V(IN) @ V(N),

forall N € IN.

In §7.1 we prove that in the caseof » = 1, N = 1,...,1and N = 1, the
dg-algebra (le ‘b1 41) is isomorphic to a dg-enhanced zigzag algebra, general-
izing [45, §4].

1.2.2. The blob 2-category (§§ S and 6). We study the caseof N = 1,...,1
in more detail. We define several functors on Ddg(T’”—v ,0) commuting with
the categorical action of U,(sl;). As in [49], these are defined as a first step
via (dg-)bimodules over the above mentioned dg-enhancements of KLRW-like
algebras. To simplify matters, let 7*" be the dg-enhanced KLRW algebra with
r strands labeled 1 and a blue strand labeled A. The categorical Temperley—Lieb
action is realized by a pair of biadjoint functors, constructed in the same way as
in [49]. They are given by derived tensoring with the (T*", T*"*2)-bimodules
B; and B; generated respectively by the diagram

and its mirror along a horizontal axis. We stress again that the blue strand is on
the left. Moreover, these diagrams are subjected to some local relations (see §5.1).
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Taking the derived tensor product with these bimodules defines the coevaluation
and evaluation dg-functors as

B; := Bi ®F —: Dag(T*",0) —> Dag(TH72,0),
B; := B; ®F — Dag(TH"12,0) —> Do (T, 0).

In §6.1 we extend [49] and prove that these functors satisfy the relations of the
Temperley—Lieb algebra:

Corollaries 6.3 and 6.5. There are natural isomorphisms

Bix10B; =1Id, B;oB; =q¢ld[l]®q¢ '1d[-1].

We define the double braiding functor in the same vein, using the (T Ar A )-
bimodule X generated by the diagram

< ||

A 1 1 1

modulo the defining relations of 7*", and the extra local relations

The double braiding functor is then defined as the derived tensor product
E = X ®F — Dyo(TH",0) —> Dygo(TH",0).

The functors B;, B; and Z intertwine the categorical Uy (slp)-action on
Dag(TH7, 0):

Proposition 6.1. We have natural isomorphisms Ec E =~ EoEand Fo E 2 EoF,
and also Eo B; = B; oE, Fo B; = B; o F, and similarly for B;.

The first main result of §6 is that the blob algebra acts on Ddg(T’” , 0). This fol-
lows from the Temperley—Lieb action in §6.1 and Corollary 6.11, Proposition 6.14,
and Corollary 6.17, summarized below.
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Corollary 6.11, Proposition 6.14, and Corollary 6.17. The functor
E: Dag(TH",0) —> Dag(TH",0)

is an autoequivalence, with inverse given by

27" := RHOM7 (X, —): Dgo(TH",0) —> Dgo(T*",0).
There are quasi-isomorphisms

Cone(Ag*E[1] — ¢>1d[1])[1] —> Cone(E o & —> A~'E),

and

Ag(d)[1] & A~ ¢~ (Id)[~1] —> By 0 E 0 By,
of dg-functors

One of the main difficulties in establishing the results above is that, in order
to compute derived tensor products, we have to take left (resp. right) cofibrant
replacements of several dg-bimodules. As observed in [29, §2.3], while the left
(resp. right) module structure remains unchanged when passing to the left (resp.
right) cofibrant replacement, the right (resp. left) module structure is preserved
only in the A sense. As a consequence, constructing natural transformations
between compositions of derived tensor product functors often requires to use
Aso-bimodules maps. We have tried to avoid as much as possible to end up in this
situation, replacing the potentially unwieldy A..-bimodules by quasi-isomorphic
dg-bimodules.

Let B, be a certain subcategory (see §6.3) of the derived dg-category of
(T*7,0)-(T*",0)-bimodules generated by the dg-bimodules corresponding with
the dg-functors identity, E+! and B; o B;. Given two dg-bimodules in ‘B,,
we can compose them in the derived sense by replacing both of them with a
bimodule cofibrant replacement (i.e. a cofibrant replacement as dg-bimodule, and
not only left or right dg-module), and taking the usual tensor product. This gives
a dg-bimodule, isomorphic to the derived tensor product of the two initial dg-
bimodules. In particular, it equips QKOA (*B,) with a ring structure. We show
that 95, is a categorification of the blob algebra B, with ground ring extended to

Q(g. A):
Corollary 6.19. There is an isomorphism of Q((q, A))-algebras

QKOA(%r) =~ Br(q. 7).



714 A. Lacabanne, G. Naisse, and P. Vaz

This result generalizes to the blob category. However, a technical issue we
find here is that dg-categories up to quasi-equivalence do not form a 2-nbdash
category, but rather an (0o, 2)-category [9]. Concretely in our case, we consider a
sub- (oo, 2)-category of this (oo, 2)-category, where the objects are the derived
dg-categories Ddg(T*” ,0) for various r € NN, and the 1-hom are generated
by the dg-functors identity, 2*!, B; and B;. Moreover, these 1-hom are stable
(00, 1)-categories, and thus their homotopy categories are triangulated (see [28]).
In particular, we write QKOA (®B) for the category with the same objects as B and
with hom-spaces given by the asymptotic Grothendieck groups of the homotopy
category of the 1-hom of 8. By [9] and [46], we can compute these hom-
spaces by considering usual derived categories of dg-bimodules, and we obtain
the following, again after extending the ground rings to Q((g, A)):

Corollary 6.21. There is an equivalence of categories
oK (B) = B.

1.2.3. The general case: symmetrizable g. The definition of dg-enhanced
KLRW algebras in §3 generalizes immediately to any symmetrizable g. We
indicate this generalization in §7.2. We expect that the results of §3 and §4 extend
to this case without difficulty.

1.2.4. Quiver Schur algebras. Quiver Schur algebras were introduced geomet-
rically by Stroppel and Webster in [44] to give a graded version of the cyclo-
tomic g-Schur algebras of Dipper, James and Mathas [7]. Independently, Hu and
Mathas [13] constructed a graded Morita equivalent variant of the quiver Schur
algebras in [44] as graded quasi-hereditary covers of cyclotomic KLR algebras
for linear quivers. While the construction in [44] is geometric, the construction
in [13] is combinatorial/algebraic.

More recently, Khovanov, Qi and Sussan [23] gave a variant of the quiver Schur
algebras in [13] for the case of cyclotomic nilHecke algebras, and showed that
Grothendieck groups of their algebras can be identified with tensor products of
integrable modules of U, (sl,). Following similar ideas, in §7.3 we construct a
dg-algebra, which we conjecture to be the quiver Schur variant of the dg-enhanced
KLRW algebra of §3 (Conjectures 7.15 and 7.17).

1.2.5. Appendix. We have moved the most computational proofs to § A, leaving
only a sketch of some of the proofs in the main text. The reader can also find
in §B some explanations and results about homological algebra, A..-structures
and asymptotic Grothendieck groups.



Tensor product categorifications and the blob 2-category 715

1.3. Possible future directions and applications

1.3.1. Khovanov homology for tangles of type B. The topological interpreta-
tion of the blob algebra in [14, §3.4] gives rise to a Jones polynomial for tangles
of type B (i.e. tangles in the annulus). We expect that by introducing braiding
functors as in [49], we obtain a link homology of type B, yielding invariants of
links in the annulus akin to ones introduced by Asaeda, Przytycki, and Sikora [3]
(see also [4, 12, 38]).

Given a link in the annulus, the invariant obtained from our construction
would be a dg-endofunctor of the derived dg-category of dg-modules over the
dg-enhanced KLRW algebra (T*?,0). This means that the empty link is sent
to the dg-endomorphism space of the identity functor, which coincides with the
Hochschild cohomology of 7*?, and is infinite-dimensional (the center of 7*?
is already infinite-dimensional). By restricting to the subcategory of dg-modules
over (T, é ’Q, 0), it becomes 1-dimensional since To)k Y ~ k. With this restriction,
we conjecture that our “would-be” invariant coincides with the usual annular
Khovanov homology.

The following is a work in progress with A. Wilbert. As it is the case of using
Webster’s machinery [49], computing the tangle invariant of type B using our
framework could be unwieldy. A more computation-friendly alternative could be
to use dg-bimodules over annular arc algebras constructed using the annular TQFT
of [3], as done in [1, §5.3] (see also [8, §5]). Furthermore, evidences show there
is a (at least weak) categorical action of the blob algebra on the derived category
of dg-modules over these annular arc algebras.

In a different direction, one could try to extend our results to construct a
Khovanov invariant for links in handlebodies, in the spirit of the handlebody
HOMFLY-PT-link homology of Rose and Tubbenhauer in [39].

1.3.2. Constructions using homotopy categories. KLRW algebras are given
diagrammatically, which is the often an appropriate framework for constructions
with an additive flavor. Nevertheless, the various functors realizing the various
intertwiners and the braiding need to pass to derived categories of modules. This
makes it harder to describe explicitly the 2-categories realizing these symmetries
since a bimodule for two of those algebras induces an A.,-bimodule on the level
of derived categories. This was pointed out by Mackaay and Webster in [29], who
gave explicit constructions of categorified intertwiners in order to prove the equiv-
alence between the several existing gl,-link homologies. One of the things [29]
tells us is how to construct homotopy versions of Webster’s categorifications.
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A construction using homotopy categories for the results in this paper seems
desirable from our point of view. We hope it can be done either by mimicking [29],
which can turn out to be a technically challenging problem, or alternatively, by
a construction of dg-enhancements for redotted Webster algebras, as considered
in [25] and [20] to give a homotopical version of some of the above, but whose
low-tech presentation might hide difficulties.

1.3.3. Generalized blob algebras and variants. The results of [14] were ex-
tended in [26], where the first and third authors have computed the endomorphism
algebra of the U, (gl,,)-module M?(A) ® V& for M?(A) a parabolic universal
Verma modules and V' the natural module of Uy (gl,,), which is always a quotient
of an Ariki—Koike algebra. As particular cases (depending on p and the relation
between n and m) we obtain Hecke algebras of type B with two parameters, the
generalized blob algebra of Martin and Woodcock [31] or the Ariki—Koike alge-
bra itself. With this result in mind it is tantalizing to ask for an extension to gl,,
of the work in this paper. Modulo technical difficulties the methods in this paper
could work for gl,, in the case of a parabolic Verma module for a 2-block par-
abolic subalgebra, which is the case where the generators of the endomorphism
algebra satisfy a quadratic relation. Constructing a categorification of the Ariki—
Koike algebra or the generalized blob algebra as the blob 2-category in §6 looks
quite challenging at the moment, in particular for a functor-realization of the cy-
clotomic relation and the relation t = 0 (for the generalized blob algebra in the
presentation given in [26, Theorem 2.24]).

Acknowledgements. The authors thank Catharina Stroppel for interesting dis-
cussions, and for pointing us [30], helping to clarify the confusion with the ter-
minology of “blob algebra” and “Temperley—Lieb algebra of type B.” The authors
would also like to thank the referee for his/her numerous, detailed and helpful
comments.

2. Quantum sl; and the blob algebra

2.1. Quantum sl,. Recall that quantum sl, can be defined as the Q(¢)-algebra
Uy, (sl»), with generic ¢, generated by K, K —1_E and F with relations

KE = ¢?EK, KK '=1=KK,

K—K™!

KF=¢q?FK, EF —FE=——"+.
q-4
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Quantum sl, becomes a bialgebra when endowed with comultiplication

ANE)=EQ1+K'®FE AF)=F®K+1®F,
AKEY) = k¥ @ K*,
and with counit (K*!) := 1, ¢(E) := &(F) := 0.
There is a Q(g)-linear anti-involution 7 of U, (sl,) defined on the generators
by
T(E):=q 'K7'F, ©(F):=q 'EK, 7(K):=K. (1)
It is easily checked that
AoT=(TQ®T)oA. 2)

2.1.1. Integrable modules. For each N € N, there is a finite-dimensional
irreducible Uy (sl;)-module V(N), called integrable module, with basis elements
{vn,0,VN1,...,UN,N} and action

K-y =q" oy,

F-uni:=vnNi+1,

E-vy,; = [i]q[N —i+ l]qUN,i—L

where [n], is the n-th quantum integer

" —q™"
[n]q = q_q_l :qn—l +qn—l—2+”'+q1—n_

In particular, let V := V(1) be the fundamental U, (sl,)-module.

The module V(N) can be equipped with the Shapovalov form
(= N VIN) X V(N) — Q(q).

which is a non-degenerate bilinear form such that (vy,0, vn¥,0)x¥ = 1 and which
is 7-Hermitian: for any v,v" € V(N) and u € U,(sly), we have (u - v, v )y =
(v, T(u) - v")n. A computation shows that

iv-i 14!V !

(vnv,i. N, )N = 6i,jq V=,

where [0],! := 1 and [n],! := [n]y[n —1]4 ... [2]4[1]4-
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2.1.2. Verma modules. Let 8 be a formal parameter and write A := ¢# as a
formal variable. Let b be the standard upper Borel subalgebra of sl, and U, (b)
be its quantum version. It is the U, (sl,)-subalgebra generated by K, K~ ! and E.
Let K, be a 1-dimensional Q(A, g)-vector space, with fixed basis element v;. We
endow K with an U, (b)-action by declaring that

Kilv,l = Ailvg, Ev), =0,

extending linearly through the obvious inclusion Q(g¢) < Q(g, A). The universal
Verma module M (1) is the induced module

M) := Uyg(sh) ®u, ) K-

It is irreducible and infinite-dimensional with Q(g, A)-basis elements

V2.0 == VA VA1,  Unisen - )

and action

K-vy;=Ag v,

F vy i=vpit1,

E- Vp,i = [l]q[,B —i+ l]qv/\,i—ly
where f _—

Agt—A7q"
B+klgi=——F—
q—4q

The Verma module M (1) can also be equipped with a Shapovalov form (-, ),
which is again a non-degenerate bilinear form such that (v;,v;); = 1 and which
is 7-Hermitian: for any v,v’ € M(A) and u € U,(sl,), we have (u - v,v’); =
(v, T(u) - v’);. One easily calculates that

Wais v, )a = 8i A g™ (i1 [BlglB — g -+ 1B — i + g

2.1.3. Tensor products. Given W and W’ two U,(sl;)-modules, their tensor
product W @ W' is again a U, (sl,)-module with the action induced by A. Explic-
itly, we have

K:tl_(w@w/) = K:I:lw®K:|:1w/’
F-weuw)=Fw®Kw+w® Fuw,
E-ww):=Ewew + K 'we Ew,

forallw € W and w’ € W’'.
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For N = (Ny,...,N;) € IN” we write
V(N) :=V(N1) Q- ® V(N;)

and

MOV(N)=MA)QV(N)®--&® V(N,).
In the particular case Ny = --- = N, = 1, we write V" for the r-th folded tensor
product V@V ®---Q V.

2.1.4. Weight spaces. The module M ® V(N) decomposes into weight spaces
M@V(N)ju :={veMV(N):Kv= AgFv).
Note that we have M @ V(N) = Pyoo M @ V(N), ,ini-2¢, Where [N| := 3, N;.

2.1.5. Basis. Let P} be the set of weak compositions of b into r + 1 parts, that
is

Pr = {(bo,bl,...,b,) = IN’“:Xr:bi - b}.

i=0

Consider also
Py = {(bo.br.....b) € Ppiby < Nifor 1 =i =7} C P},

In addition to the induced basis by the tensor product, the space M ® V(N)
admits a basis that will be particularly useful for categorification. For

p=(bo,....b;) € Py,
we write
vp = FP (o FPH(F™ (03) ® vy, 0) -+ @ U, 0)-
Then, M ® V(NN) has a basis given by

(vo:p e PyY b >0}

In particular, we have that M ® V(N), gN1-2b has a basis given by {vp}pE P -
b
One can describe inductively the change of basis from {vp}peg)r_z_v to the
induced basis as follows: ’

min(b,,Ny) b
U(bg,....by) = Zq(l_k)(b’_k)[kr}v(bo ..... by_14br—k) @ UN, ks
k=0
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for any (bo, . ..,b;) € P, and

n
_ _ _ n
V(bgrnby—1) ® UNpn = Y _(=1)"Fgr=R=2) |:k:|v(b0 ..... by—1+n—kk)»
k=0

-1 . n R [n]4!
for any (bo,...,b,—1) € Py~ and 0 < n < N,, with [k]q e Gmir=ant
We can also use these formulas to inductively rewrite a vector v, with p € P}
. . N
in terms of various v, for k € TPZ ~ . Indeed, we have

Ny
min(by ,Ny) . Hy[ébk’ —Jlq
— ” _— .]= 5.]
U(bg,....br) = ZCI(I Nr)Cr k)Nr—U(bo ..... br_1+br—k,k)»
k=0 .
H[k —Jlq
J=1,j#k

for any (bo, ...,b;) € Py.

2.1.6. Shapovalov forms for tensor products. Following [49, §4.7], we con-
sider a family of bilinear forms (-, ),y on tensor products of the form

M@R)® V(N)
satisfying the following properties:
(1) each form (-,-); n is non-degenerate;
(2) forany v,v' € M(A) ® V(N) and u € Uy,(sl,),
(w-v. )y = . T V)N
(3) forany f € Q(g,A) andv,v' € M(A) ® V(N),
(fv, V)N = . f')an = f0, V) nN;
4) ifv,v" e M(A) ® V(N), then
(0, V)N =WV ® VN0,V @ UN)AN
where N’ = (N1,..., N, N).

Similarly to [49, Proposition 4.33] we have:

Proposition 2.1. There exists a unique system of such bilinear forms which are
given by

(v7 U/)A,]_V = (v’ v/)?’]_\f’
for every v,v' € M(A) ® V(N) where (-, -)EN is the product of the universal
Shapovalov form on M (M) and of the Shapovalov forms on the various V(Nj;).
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2.2. The blob algebra. Recall that the blob algebra B, is the Q(A, ¢)-algebra

with generators uy, ..., u,—; and £, and subject to the relations of type A:
uiu; = uju;, for|i —j| > 1, 3)
WU 41U = Uj, forl <i<r-2, @)
UjU U = U, for2 <i<r-—1, 5
W=—(g+q"), forl<i<r—1, 6)

and to the blob relations:

tu; =u;§, for2<i<r, @)

wiguy = —(Aq + A~'q" Dy, ®)

g7 & =g +27'qg7HE—q. )

Note that £ is invertible, with inverse givenby 7! = A +¢ 217! —¢ 2, and that
the relations (3)—(6) imply that the generators uy, ..., u,_; generate a subalgebra

isomorphic to the Temperley—Lieb algebra of type A.

The blob algebra has several well-known diagrammatic presentations. The
most classical one already appeared in [30], but (a slight modification of ) the one
in [14] is more convenient for our purposes. This presentation is given by setting

J |m
N

s

u; =

K

where diagrams are taken up to planar isotopy and read from bottom to top, and

with local relations
()=-a+a™. ©)

=—(Ag+A7'g7H]|. ®)

’

¢! =g+ 2¢gHK —4q| |. )
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corresponding to (6), (8), and (9) (explaining why we kept the same numbering).
Note that the relations (3)—(5) and (7) are encoded by the planar isotopies.

Remark 2.2. In the graphical description of B, given in [14] the generator &
is presented as a double braiding (see [14, Figure 1]). We don’t follow that
interpretation in our diagrammatics in order to simplify pictures, but we keep the
terminology (see §5.3 ahead).

Remark 2.3. With respect to [14] our conventions switch (1, ¢) and (A™!,¢71),
which can be interpreted as exchanging the double braiding by the double inverse
braiding.

There is an action of B, on M ® V' that intertwines with the quantum
sly-action. This action can be described locally, identifying the first vertical strand
in B, with the identity on M(A), and the ith vertical strand with the identity on
the i-th copy of V in M ® V. Then the action is given using the following maps

V1,0 ® V1,0 —> 0,

V1,0 ® V1,1 —> 1,

VeV — Qg A),
a V1,1 ® V1,0 > —q1,

V1,1 @ v1,1 —> 0,

Q@A) — VRV, 1l — —quio®@vi,1 + V1,1 ® v10,

|<:M®V—>M®V,

Uik @ VU10 > A_lqzkvx,k ® V1,0
—q(qg — g Hk]g[B —k + 1]qva k-1 Q@ v1,1,
Uik ® v — (AT + g% — A_lqz(kﬂ))vk,k ® V1,1

— A 1g2E D (g — g v k+1 ® V1,0,

where the formula for £ is obtained by acting twice with an R-matrix. In our
conventions, we have § = f o ©,1 o f o ® where ® is given by the action of

+00 —1\n
_pyrgn@=0284 =4 )" pn o pn
’;( )"q o ®

®,; by the action of

+ —

X n _n(n_l)/z(q_q " n n
> (-Dq M—q J png pn,
n=0 [I’l]q!
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and, for any, k € IN,

Jak ®vip) = l_l/zqux,k ® V1,0
and
Jak ®vr,1) = ll/zq_kvx,k ® vi,1.

The following will be useful later:

Lemma 2.4. The action of B, translates in terms of v,-vectors of M @ V' as

ENE
i

—1
UCeabi—1ubi by g 1:bipase) P =4 [DilgV( by +bi4b; 1 =1b; 4 5,0) (10)

—_—
1
vp — q[z]qv(...,bi_l,l,O,b,-,...) - qv(...,b,-_l+1,0,0,b,~,...) - C]v(...,b,-_l,o,l,b,-,...)y

(1)
K ||

Vbooby.) > A71q% = Aq[bolg)v©.bo+b1...) + A@*Tholavai bt -1,y (12)

Proof. A computational proof is given in §A. |

As a matter of fact, this completely determines Endy, (s1,) (M ® V7):

Theorem 2.5 ([14, Theorem 4.9]). There is an isomorphism
B, =~ Enqu(s[Z)(M ® Vr). (13)

The blob category B is the Q(A, ¢)-linear category given by
e objects are non-negative integers r € IN;

e Homg(r, 1) is given by Q(A, ¢)-linear combinations of string diagrams con-
necting r + 1 points on the bottom to r’ + 1 points on the top, with the first
strand always connecting the left-most point to the left-most point, where the
strings cannot intersect each other except for diagrams like £. Diagrams are
considered up to planar isotopy and subject to the relations (6), (8), and (9).
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Let TL be the Temperley—Lieb category of type A, defined diagrammatically. It
is a Q(q)-linear monoidal category equivalent to Fund(sl,), the full monoidal
subcategory of Uy (sl») -mod generated by V. Note that B can be endowed with a
structure of module category over TL, by gluing diagrams on the right.

Also consider the full subcategory MV C U, (slz) -mod given by the modules
ML) ® V& for all r € IN. It is a module category over Fund(sl,) by acting on
the right with tensor product of Uy (sl,)-modules.

Theorem 2.6 ([14, Theorem 4.9]). There are equivalences of categories such that

B ®acts TJL

| !
MV Do Fund(sly)

commutes.

Remark 2.7. Note that [14] considers projective Verma modules with integral
highest weight. The case of universal Verma modules was studied in [26], albeit
not in the categorical setup.

3. Dg-enhanced KLRW algebras

In [37] and [34] it was explained how to construct a “dg-enhancement” of cyclo-
tomic nilHecke algebras to pass from a categorification of the integrable module
V(N) to a categorification of the Verma module M(A). This suggests that one
might try to go from a categorification of V(N) ® V() to a categorification of
M(L) ® V(N) by constructing a dg-enhancement of KLRW algebras [49, §4],
which we do next.

3.1. Preliminaries and conventions. Before defining the various algebras, we
fix some conventions, and we recall some common facts about dg-structures
(a reference for this is [15]). First, let k be a commutative unital ring for the
remaining of the paper.

3.1.1. Dg-algebras. A Z"-graded dg-(k-)algebra (A, d4) is a unital Z x Z"-
graded (k-)algebra A = D, g)ezxzn Ag, where we refer to the Z-grading as
homological (or h-degree) and the Z”"-grading as g-degree, with a differential
d: A — A such that
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o dy(Ah) c At forall g € Z" . h € Z;

o da(xy) = da(x)y + (D)% O xd4(y);

e di=0.
The homology of (A, dy) is H(A, da) := ker(d)/im(d), which is a Z x 7" -graded
algebra that decomposes as Dy cz, g ez H:,’(A, ds) := H"(Ag, dy). A morphism
of dg-algebras f: (A, dq) — (A’, ds) is a morphism of algebras that preserves the
Z x Z"-grading and commutes with the differentials. Such a morphism induces
a morphism f*: H(A,dy4) — H(A’,ds). We say that f is a quasi-isomorphism
whenever f* is an isomorphism. Also, we say that (A4, d4) is formal if there is a
quasi-isomorphism (A4, d4) — (H(A, d4),0).

Remark 3.1. Note that, in contrast to [15], the differential decreases the homo-
logical degree instead of increasing it.

Similarly, a Z"-graded left dg-module is a Z x Z"-graded module M with a
differential das such that

o dy(Ml)yc M}~ forall g € 2" h € Z;
o dy(x-m)=da(x)-y+ (=1)*&®x . dp(y);
° a’f,, =0.

Homology, maps between dg-modules and quasi-isomorphisms are defined as
above, and there are similar notions of Z"-graded right dg-modules and dg-bi-
modules.

In our convention, a Z™-graded category is a category with a collection of m
autoequivalences, strictly commuting with each others. The category (A4, d4q) -mod
of (left) Z"-graded dg-modules over a dg-algebra (A, dy) is a Z x Z"-graded
abelian category, with kernels and cokernels defined as usual. The action of Z
is given by the homological shift functor

[1]: (A, d4q) -mod — (A, d4q) -mod

acting by

e increasing the degree of all elements in amodule M up by 1, i.e. deg, (m[1]) =
deg;, (m) + 1;

e switching the sign of the differential dps[1) := —du;

e introducing a sign in the left-action - (m[1]) := (—=1)%& ) (r . m)[1].
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The action of g € Z" is given by increasing the Z"-degree of elements up by g,
in the sense that

(8M)gotg = (M)g,,
or in other terms, an element x € M with degree g, becomes of degree go + g
in g M. There are similar definitions for categories of right dg-modules and dg-
bimodules, with the subtlety that the homological shift functor does not twist the
right-action:

(m[1]) - r = (m-r)[1].
As usual, a short exact sequence of dg-(bi)modules induces a long exact sequence
in homology.

Let f:(M,dy) — (N,dy) be a morphism of dg-(bi)modules. Then, one
constructs the mapping cone of f as

Cone(f) := (M[1] ® N, dc),dc = (_ij d(jv). (14)

The mapping cone is a dg-(bi)module, and it fits in a short exact sequence:

0—s N 2% Cone(f) 22U M1 —s o,

where 1 and 7y are the inclusion and projection N Nm [1leN ML [1].

3.1.2. Hom and tensor functors. Given a left dg-module (M, dps) and a right
dg-module (N, dy), one constructs the tensor product

(N.dN) ®a,ay) (M, dy) = (M ®4 N),duen).

(15)
duen(m @ n) := dy(m) ®n + (=% m @ dy (n).

If (N,dn) (resp. (M, dyr)) has the structure of a dg-bimodule, then the tensor
product inherits a left (resp. right) dg-module structure.

Given a pair of left dg-modules (M, dys) and (N, dy), one constructs the
dg-hom space

HOM 4,4, (M. dpr)., (N. dn)) := (HOM4 (M. N), duomm,n))-
diovnn)(f) = dy o f = (=1)* D) fody,
where HOMY is the Z x Z"-graded hom space of maps between Z x Z"-graded

A-modules. Again, if (M, dpr) (resp. (N, dy)) has the structure of a dg-bimodule,
then it inherits a left (resp. right) dg-module structure.

(16)
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In particular, given a dg-bimodule (B, dp) over a pair of dg-algebras (S, ds)-
(R, dRr), we obtain tensor and hom functors

B ®(R.dz) (—): (R, dg) -mod —> (S, ds) -mod,
HOM(s 44)(B, —): (S, ds) -mod —> (R, dg) -mod,

which form a adjoint pair (B ®(r,q4z) —) = HOM(s,44)(B, —). Explicitly, the
natural bijection

Cpfi[,N: HOl’n(S,dS)(B ®(R,dR) M, N) — HOIII(R,dR)(M, HOM(S’dS)(B, N)),
(17)
is given by

(f:B®Rdp) M — N) — (m+— (b — f(b®m))).

3.1.3. Diagrammatic algebras. We always read diagram from bottom to top.
We say that a diagram is braid-like when it is given by strands connecting a
collection of points on the bottom to a collection of points on the top, without
being able the turnback. Suppose these diagrams can have singularities (like dots,
4-valent crossings, or other similar decorations).

A braid-like planar isotopy is an isotopy fixing the endpoints and that does not
create any critical point, in particular it means we can exchange distant singulari-

Suppose that the diagrams carry a homological degree (associated to singulari-
ties), and consider linear combination of such diagrams. Then, a graded braid-like
planar isotopy is an isotopy fixing the endpoints, that does not create any critical
point and such that we get a sign whenever we exchange two distant singularities

f and g:

(ng

where | f| (resp. |g]) is the homological degree of f (resp. g).
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3.2. Dg-enhanced KLRW algebras. Let N = (Ny,..., N;). Recall the KLRW
algebra [49, §4] (also called tensor product algebra) on b strands T, bN is the
diagrammatic k-algebra generated by braid-like diagrams on b black strands and
r red strands. Red strands are labeled from left to right by Ny, ..., N, and cannot
intersect each other, while black strands can intersect red strands transversely, they
can intersect transversely among themselves and can carry dots. Diagrams are
taken up to braid-like planar isotopy, and satisfy local relations (18)—(23) which
are given below, together with the violating condition that a black strand in the
leftmost region is 0:
N

We write 7':;_\’ for the same construction but without the violating condition.

The following are the defining (local) relations of Tbl—v :

e The nilHecke relations:

S X
K] |

e The black/red relations:

§>§ b <§+

K R e
Kl

(18)

>

. 2D

N;
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Multiplication is given by vertical concatenation of diagrams if the labels and
colors of the strands agree, and is zero otherwise. As explained in [49, §4],
the algebra Tbl—v is finite-dimensional and Z-graded (we refer to this grading as

q-grading), with
deg, (>< = -2, deg, (+) =2, (24)
deg, >/< = deg, >\< = Nj;. (25)
N; Ni

In the case of N = (N) the algebra T, b(N ) contains a single red strand labeled
N, and is isomorphic to the cyclotomic nilHecke algebra NH,IJV .

Definition 3.2. The dg-enhanced KLRW algebra Tlf s the diagrammatic k-al-
gebra carrying an homological degree generated by braid-like diagrams on b black
strands, r red strands and a blue strand on the left. Red strands are labeled from
left to right by Ny, ..., N, and the blue strand is labeled A. Black strands can carry
dots and intersect transversely with black and red strands. Moreover, the left-most
black strand can be nailed on the blue strand, giving a 4-valent vertex as follows:

iK.

We put the crossings and the dot in homological degree 0, while the nail is in
homological degree 1. These diagrams are taken modulo graded braid-like planar
isotopy, and subject to the local relations (18)—(23) of T; N, together with the local

relations:
K-d N b o=
A A
A A A

Remark 3.3. Note that there can be no black or red strand at the left of the blue
strand.
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Remark 3.4. Note that since nails are stuck on the left, we can not exchange
them using a graded braid-like planar isotopy. Thus, because nails are the only
generators carrying a non-zero homological degree, we could consider diagrams
up to usual braid-like planar isotopy. However, the homological degree of the
nail will play an important role in the categorification of the structure constant
[B + k], appearing in M(1) ® V(N), and graded braid-like planar isotopy will
play an important role in §5.

Clearly, there is an injection of algebra Tb]—v — T; N given by adding a vertical
blue strand at the left of a diagram in 7:;_\' .

We endow T; ¥ with an extra 72-grading, the first one being inherited from
T b]_v and denoted ¢, the second is written A. We declare that

deg, » K = (0,2),

A

and the elements without a nail are all in degree A zero and have the same g-degree
as in (24) and (25), so that the inclusion Tbl—v — T; o preserves the g-grading.
One easily checks that it is well defined.

In the case of N = @, the algebra Tb’1 @ contains only a blue strand labeled
A and no red strands, and is isomorphic to the dg-enhanced nilHecke algebra
introduced in [37, Definition 2.3]. To match with the notation from [37], we write
AbZZZTZ"g.

We will often endow 7, If Y Wwith a trivial differential, turning it into a Z>-graded
dg-algebra (Tbk’l—v, 0).

3.3. Basis theorem. For any p = (bg, b1, ...,b,) € P}, define the idempotent

Ny b

A bo f N2 Nr b,

1,

of T;’l—v. Note that Tb“—v = By per; IKTbA’l—le as Z x 72-graded k-module.

3.3.1. Polynomial action. We now define an action of the dg-algebra Tbk’l—v on

Polj, := @ Pol, ¢,

peP]
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the free module over the ring
POlb = Z[xl, . ,Xb] ® /\'(a)l, ey a)b)

generated by ¢, for each p € P;.

We recall the action of the symmetric group S, on Pol, used in [37, §2.2]. We
view Sj as a Coxeter group with generators o; = (i i + 1). The generator o; acts
on Pol, as follows,

0i (Xj) = Xo;(j)-

0i(wj) := wj + 8; j(Xi — Xi+1)Wi+1.

For k,p € P7, an element of 1,CTb)L ’1—V1 p acts by zero on any Poly ¢, for
p" # p and sends Poly ¢, to Pol, .. It remains to describe the action of the
local generators of 7, ; Y on a polynomial f € Polp. First, similarly as in [49,
Lemma 4.12], we put

+ ‘f::xif;

>< ‘f:zw’
Xi — Xi+1
. >\< -f::f;

N

>/<f:xlNﬁ

N

where we identify x; € Poly e, with x; € Pol e, and where we only have
drawn the i-th or the i-th and (i + 1)-th black strands, counting from left to right.

Furthermore, we put
K cee ® f = wlf
A

Lemma 3.5. The rules above define an action of T; Y on Pol},.

Proof. We easily check that the relations (18)—(23) and (26) are satisfied. O
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Fix p = (bo,...,b;) € P,. Let NH, be the nilHecke algebra on n-strands (it
is described as a diagrammatic algebra with only black strands having dots and
relations (18) and (19)). There is a map

No: Ap, ® NHp, ® -+ ® NH,, —> T,

diagrammatically given by
[ 4p, |®|NHp |® - ®|NHp, | — | Ap, || [NHp,
1 -1 1 T 1 T T -1 T 1

A A N No N,

27
where we recall that A, is isomorphic to the dg-enhanced nilHecke algebra
of [37], identifying the nilHecke generators with each other and the nail with the
“leftmost floating dot.” The tensor product A, ® NHj, ® ---NHj, acts on Polj
through 7,. This action is only non-zero on Pol, €, and it is readily checked that
this action coincides with the tensor product of the polynomial actions of A4, on
Z[x1,....xpy) @ N* (w1, ..., wp,) C Pol, from [37, §2.2], and of the usual action
of the nilHecke algebra NHj, on Z[xp,+...45, 415 - -+ Xpg+-+b;] C Polp (see for
example [21, §2.3]).

Lemma 3.6. The map 1, is injective.

Proof. It follows immediately from the faithfulness of the polynomial actions
of Ap, (see [37, Corollary 3.9]) and of NHj, (see [21, Corollary 2.6]). O

3.3.2. Left-adjusted expressions. We recall the notion of a left-adjusted expres-
sion as in [37, §2.2.1]: a reduced expression o;, - - -0, of an element w € S, 1} is
said to be left-adjusted if i; + - - - + i is minimal. One can obtain a left-adjusted
expression of any element of S, by taking recursively its representative in the
left coset decomposition

n
Spn = |_| Sn—10p—1++-0%.
t=1

As one easily confirms, if we think of permutations in terms of string diagrams,
then a left-reduced expression is obtained by pulling every strand as far as possible
to the left.
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3.3.3. Abasisof T bx,y. We now turn to the diagrammatic description of a basis
of T;’]—V similar to [34, §3.2.3]. For an element p € P} and 1 < k < b, we define

the tightened nail 0y € 1 prM—V 1, as the following element:

e

A bo N N; N,j_|_1 N, by

where the nailed strand is the k-th black strand counting from left to right. This
element has degree degy, , ; (6k) = (1, —4(k — 1) + 2(N1 + -+~ + N;), 2).

Lemma 3.7. Tightened nails anticommute with each other, up to terms with a
smaller number of crossings:

0r0p = —0,0; + R, 9,? =0+ R/,

where R (resp. R’) is a sum of diagrams with strictly fewer crossings than 06,
(resp. 02), forall 1 <k, £ <b.

Proof. Similar to [34, Lemma 3.12], and omitted. O

Remark 3.8. If k, £ < by, then we have 660, = —6,0;. Moreover, if k & {bo + 1,
bo +by+1,....bo +---+ by + 1}, then we have 67 = 0.

Now fix k, p € P} and consider the subset of permutations , S, C S, 45, viewed
as diagrams with a blue strand, » black strands and r red strands, such that

e the blue strand is always on the left of the diagram;

o the strands are ordered at the bottom by 1, and at the top by 1;

o for any reduced expression of w € S,, there are no red/red crossings.

Example 3.9. If « = p = (0, 1, 1), then the set S, has two elements, namely

| 4

Note that the second element is not left-adjusted.

and ‘

Foreach w € (S,,l = (l1.....1p) € {0,130 and ¢ = (a1,...,ap) € N? we
define an element by, ; , € l,CT,ﬁ’Nl o as follows:
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(1) we choose a left-reduced expression of w in terms of diagrams as above;

(2) foreach 1 < i < b, if [; = 1, then we nail the i-th black strand at the
top, counting from the left, on the blue strand by pulling it from its leftmost
position;

(3) finally, for each 1 <i < b, we add a; dots on the i-th black strand at the top.

Let « By :={by 14w € Sp.1 €40, 1}°,a € N}

Example 3.10. We continue the example of xk = p = (0,1, 1). If we choose
I =(1,0) and ¢ = (0, 1) for w the permutation with a black/black crossing, after
left-adjusting it, then we obtain

i

Theorem 3.11. The set . B, is a basis of 1, T; S| o as a Z.x 7.2-graded k-module.

Proof. By Lemma 3.7, with arguments similar to [34, Proposition 3.13], one
shows that this set generates 1,7, ,ﬁ N p as a k-module. The proof consists in an
induction on the number of crossings, allowing to apply braid-moves in order to
reduce diagrams. In order to show that this set is linearly independent over k, we
apply Lemma 3.6. |

In the following, we draw T; N 1, with p = (bo, ..., b,) as a box diagram

AN
Tb
— —

-—
2 bo Ny N._br—1nN, br

Moreover, when we draw something like

A bo N1 N; Ni+1 Ny br

. . . AN .
with p > 0 and 0 < ¢ < b;, it means we consider the subset of T~ 1, given

T; 7 W1th any diagram of T, b T in the diagram above,

replacing the box labeled

and consider it as a diagram of T P lp.
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Corollary 3.12. As a Z x Z2-graded k-module, T; o 1, decomposes as a direct

sum
T
2 bo Ny N,ﬁ,b’_lN,ﬂ by
A bO N, N’_br lN, r
AN p
Tb 1
@@ || || | AT
i=0 0<t<b;
p>0 Y Nit1 Ny br
»N p
. |\
*® O =R W ALY
l=00§t<bl “ e e ...\
20 T Ny N, T Niwr Ny br
where N' = (N, ..., Ny_1), and the isomorphism is given by inclusion.
Proof. The claim follows immediately from Theorem 3.11. O

3.4. Dg-enhancement. For each N € IN, we want to define a non-trivial dif-
ferential dy on T; A First, we collapse the Z?-grading into a single Z-grading,
which we also call g-degree, through the map Z? — Z, (a,b) — a + bN (i.e.
specializing A = ¢V). Then, we put
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and dy (t) := 0 for all element ¢ of T b1_v cT If ’I—V, and extending by the graded
Leibniz rule with respect to the homological grading. A straightforward compu-

tation shows that dy respects all the defining relations of T; ,z_v, and therefore is
well defined.

Theorem 3.13. The Z-graded dg-algebra (Tb)L ’l—v, dy) is formal with
AN N,N
H(T Y dy) = 1,
were (N,N) := (N, Ny,...,N,) e N"+1,

Proof. The proof follows by similar arguments as in [34, Theorem 4.4], by using
Corollary 3.12. We leave the details to the reader. O

4. A categorification of M(1) ® V()

In this section we explain how derived categories of (7, ; ,z_v’ 0)-dg-modules cate-
gorify the U, (sl)-module M (1) ® V(X). Since the construction is very similar
to the one in [37] and [34], we will assume some familiarity with [37] and [34],
and we will refer to these papers for several details.

We introduce the notations

k—1
P = ).
[klq p=0

@ (_) — @)&ql+2p+k(—)[l] D A—lq1+2p—k(_)’

[B+k]q r=0

where we recall that ¢* A% () is a shift up by (a, b) in the Z?-grading, and (—)[1]
is a shift up by 1 in the homological grading. We write ® for ®y, and ®; for

® T oy We also write Ddg(TbA’l—v, 0) for the dg-enhanced derived category of
b ’

7-graded dg-modules over (T; ’N, 0) (see §B.2 for a precise definition).
4.1. Categorical action. Let 1, ; € T, If +]—¥ be the idempotent given by

ozl L 1L

pej)r H
" TR N> N B

1
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There is a (non-unital) map of algebras 7, If SN T; +]—¥ given by adding a vertical

black strand to the right of a diagram from T; o

| I RN I | RSN | I TR I | I I | | I TR [ | IS | I IR I | I IR |

D | — | D 1| @9
nwr-—-1Tuw---unr-—-rmwr-1 nmr-—-1rmw---unr-—-rmuwr-1
A N1 Nr— Ny A N1 Ny— N,

sending the unit 1 € 7% to the idempotent 15 ;. This map gives rise to derived
induction and restriction dg—functors

Inds ™ D (T, ,0) — Dag(T7:Y ., 0),
Ind? ! (-) := (175 0) 15,1 ®F (),

Rest 1 Dy (17X 0) —> Dy (17, 0),

+1°
Resy ™! (<) := RHOMy4 (T3, 0) 1,1, -),

which are adjoint (see §B. 3) By Corollary 3.12, we know that (7, b 1 ,O) is a

cofibrant dg-module over (Tb =, 0), so that we can replace derived tensor products
(resp. derived homs) by usual tensor products

Ind? 1 (—) = (T, 0) 1.1 @5 (),

Rest ! (<) = 151 (T51) . 0) @p1 ().

Then, we define

Fp := Indi“,

Ep := A_1q1+2b_|l—vl ResZ“,
and Id,, is the identity dg-functor on Dg,(7, If ’N, 0).

Theorem 4.1. There is a quasi-isomorphism

Cone(Fp—1Ep—1 —> EpFp) i @Idb,
[B+IN|-2b]q

of dg-functors.
Proof. Consider the map

_ AN AN AN
Vg (T " por1 ®po1 1p—11T, ") — LpaTy 5 1,
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given by
X Qp_1 )y —> XTp),

where 73 is a crossing between the b-th and (b + 1)-th black strands. Diagram-
matically, one can picture it as

where the bent black strands informally depict the induction/restriction functors.

Then, as in [34, Theorem 5.1], we obtain an exact sequence of (Tbk’l—v, T; ’]—v)—bi—
modules
—2 AN AN, ¥ AN
0—g¢q 2(Tb T 1p—10 ®p—1 1p—11T, ") —> 1p1 T, 5 1
¢ AN - AN
AN @qu(Tb _) D A2q2p+2ly| 4b(Tb _) N 0’
p=0
where ¢ is the projection onto the following summands
AN P AN p
Ty [
—_— S —_— S
a bo Ny Nbr—d aobo Ny N

of Corollary 3.12 (i.e. wheni = r and t = b, — 1). Note that, a priori, this
only defines a map of left modules. Fortunately, by applying similar arguments
as in [34, Lemma 5.4], it is possible to show that it defines a map of bimodules.
Exactness follows from a dimensional argument using Corollary 3.12. |

4.1.1. Recovering V(N) ® V(IV). Introducing the differential dy from §3.4 in
the picture, the map (28) lifts to a map of dg-algebras (Tb’1 ,z_v’ dy) — (Tbt]—;’, dn).

Then we define dg-functors

A,
FY () o= (T dw) s ®5 (),

_IN|— AN
EN (<) = ¢TIV 1, (1,27 dN) ®psr (-).

These definitions corresponds with derived induction and (shifted) derived restric-
tion dg-functors along (28), by Corollary 3.12 again.
Recall the notion of a strongly projective dg-module from [32] (or see §B.1.2).
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Proposition 4.2. As (T;"Y . dy)-module, (T}%

dn) is strongly projective.
Proof. As in [34, Proposition 5.15], and omitted. |

By Proposition B.2, Theorem 4.1 can be seen as a quasi-isomorphism of
mapping cones

Cone(FN EN — ENFY)

>~ _ hN N
—> Cone (@q”zPH\’HM 2b 14, =& @qlﬂp N=INI+2b 14, )
pz0 p=0

where &y is given by multiplication by the element

A Nl Nr
Proposition 4.3. There is a quasi-isomorphism

h ~
Cone (@ql+2p+N+|1_V|—2b 1d, AN @q1+2p—N—|y|+2b Idb) = @Idb,

p=0 p=0 [N+|N|-2b]4
where @_y, M = Dy, MI1].
Proof. As in [34, Proposition 5.9], and omitted. |

4.1.2. Induction along red strands. Take N=(Ny,...,N;)and N'=(N, Ny 41).
Consider the (non-unital) map of algebras T ; SN T; Y that consists in adding
a vertical red strand labeled N, at the right a diagram:

| IS | IS | I ISR I | IR | | IS | IS | I ST I | IR |
D |— | D ‘

TT— 10— 0T TThT 1 TT— 10— 0T TThT 1

A N1 Ny— Ny A N1 Ny— Ny NI‘+|

Let 3: Dyo (T, ; ,z_v’ 0) — Ddg(T; ,z_v” 0) be the corresponding induction dg-functor,
and let J: @cig(T’”—v ",0) > Ddg(Tb)L ,1_v’ 0) be the restriction dg-functor.

Proposition 4.4. There is an isomorphism 3 o J =~ Id.

Proof. The statement follows from Corollary 3.12. |
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4.2. Categorification theorem. In this section we suppose that k is a field. Re-
call the notion of an asymptotic Grothendieck group K from [33, §8] (or §B.4).

Since (T; ’N, 0) is a positive c.b.1.f. dimensional Z>-graded dg-algebra (see Defi-
nition B.5), we have by Theorem B.6 that KOA(TI:1 ’I—V, 0) is a free Z((g, A))-module

generated by the classes of projective Tbk’l—v—modules with a trivial differential. Let
oKy (=) = K3 (5) ®zq.0) Q4. 1)
For each p € P, there is a projective Tbk’l—v—module given by
P, :=1)"1,.

Recall the inclusion n,: Ap, ® NHp, ® --- @ NH;, — T; Y defined in 27). It
is well known (see for example [21, §2.2.3]) that NH,, admits a unique primitive
idempotent up to equivalence given by

. n—1_n—2
en =Ty, X] X5 ~---xp—1 € NH,,

where ¥, € S, is the longest element, Ty, wy--w; = Tw, Tw, * * - Twy » With 7; being
a crossing between the i-th and (i + 1)-th strands, and x; is a dot on the i-th
strand. There is a similar result for NH,, C A, (see [37, §2.5.1]). Moreover, for

P AN . . .
degree reasons, any primitive idempotent of 7, " is the image of a collection of
idempotents under the inclusion 7, for some p, and thus is of the form

ep:=1nplep, ®---RVep,).
It is also well known (see for example [21, §2.2.3]) that there is a decomposition
NH, = ¢""~Y2 5 NH, ey,
[n]q!
as left NH,,-modules. For the same reasons, we obtain
P, = gXi=obibi=1)/2 P T;’Nep.
[T —o[bilq!

4.2.1. Categorifed Shapovalov form. Let 7% := D=0 T If Y Asin [21,
§2.5], lety: TAY — (TAY )0p be the map that takes the mirror image of diagrams
along the horizontal axis. Given a left (74, 0)-module M, we obtain a right
(T, 0)-module MY with action given by m¥ - r := (—1)9¢2 () degn(m y, (1) gy
form € M and r € T*Y . Then we define the dg-bifunctor

(—, =): Dag(THY0) x Dgg(THY,0) —> Dyq(kk, 0),

N . v oL ’
W W)= WY @y o W,



Tensor product categorifications and the blob 2-category 741

Proposition 4.5. The dg-bifunctor defined above satisfies:
o (T3 aw). (1Y dy)) = (k. 0);
o (Ind)™ M, M') = (M,Resi ™" M) for all M, M’ € Dgo(T*¥ ,0);
o (B M.M)= MG M) =& MM forall f € Z(g.V):
o (M,M') = (3(M),3(M")).

Proof. Straightforward, except for the last point which follows from Proposi-
tion 4.4, together with the adjunction J I J. O

Comparing Proposition 4.5 to §2.1.6, we deduce that (—, —) has the same
properties on the asymptotic Grothendieck group of (T*",0) as the Shapovalov
formon M ® V.

4.2.2. The categorification theorem. LetE := P, ,Ep andF := P, Fp. By
Theorem 4.1 and Proposition B.7, we know that o K, OA (T 0)isan Uy (slz)-mod-
ule, with action given by the pair [F], [E].

Lemma 4.6. We have
. AN .
dimgg,2) (QKOA(Tb =,0)) < dimggg,ay(M(A) ® V(]_V))Lqr—Zb).

Moreover, QKOA (T*Y ,0) is spanned by the classes {[P,]}

r.N -
pe?b

Proof. It is well known (see for example [36, Lemma 7.2]) that whenever k > n,
then the unit element in NHy can be rewritten as a combination of elements having
n consecutive dots somewhere on the left-most strand. Thus, for any p’ € P}, we
obtain that 1,/ can be rewritten as a combination of elements factorizing through
elements in {1p}p€?g,v . O

We consider M(A) ® V(IN) over the ground ring Q((¢, A)) instead of Q(g, A).
Theorem 4.7. There are isomorphisms of Uy (sl,)-modules
oKg (T4 0) = M) ® V(I),

and
oK&(THY dy) = V(N) ® V(N),

forall N € IN.
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Proof. We have a Q((g, A))-linear map
M) ® VIN) — oK&(T*Y.,0), v, — [P,].

By Lemma 4.6, this map is surjective. It commutes with the action of K*!
and E because of Corollary 3.12. By Proposition 4.5, the map intertwines
the Shapovalov form with the bilinear form induced by the bifunctor (—, —) on
QKOA(TA’N ,0). Thus, it is a Q(g, A))-linear isomorphism. Since the map inter-
twines the Shapovalov form with the bifunctor (—, —), and commutes with the
action of E and K*!, we deduce by non-degeneracy of the Shapovalov form that
it also commutes with the action of F. Thus, it is a map of U, (sl»)-modules.
The case QKOA(T’U—V , dy ) follows from Theorem 3.13 together with [49, The-
orem 4.38]. O

5. Cups, caps and double braiding functors

Throughout this section, we fix N = (1, 1,...,1) € IN" and write TAr .= TAN
and @1 = Q(g,_, 7). Also, when we will talk about (bi)modules, we will
generally mean Z2-graded dg-(bi)module, assuming it is clear from the context.

5.1. Cup and cap functors. Following [49, §7] (see also [48, §4.3]), we define
the cup bimodule B; for 1 < i < r + 1 as the (T*"+2,0)-(T*", 0)-bimodule

generated by the diagrams
AL ] e

bo by

A 1 L p, bi_, 1 1L p,
for all (bo,...,bi—2,bi—1,b;_,.bi,....b;) € IN"+2, Here, generated means that

elements of B; are given by taking the diagram above and gluing any diagram of
T*7%2 on the top, and any diagram of 7% on the bottom. The diagrams in B; are
considered up to graded braid-like planar isotopy, with the cup being in homolog-
ical degree 0, and subject to the same local relations as the dg-enhanced KLRW
algebra (20)—(23) and (26), together with the following extra local relations:

- e
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We set the Z2-degree of the generator in (29) as
deg, ; (W) .= (0,0).

Similarly, we define the cap bimodule B; by taking the mirror along the hori-
zontal axis of B;. However, we declare that the cap is in homological degree —1,
and with Z2-degree given by

deg, , (m) = (—1,0).

Note that since the red cap has a —1 homological degree, it anticommutes with
the nails when applying a graded planar isotopy.

From this, one defines the coevaluation and evaluation dg-functors as
Bi := Bi ®F —: Dyo(T*",0) —> Dyg(T+"12,0),
B, := B; ®% — Dag(TH"12,0) — Do (T, 0).
5.1.1. Biadjointness. Note that
B; =~ ¢ RHOM7(B;, —)[1],
by Proposition 5.1 below. Thus, ¢~'B;[—1] is right adjoint to B;. Similarly, we
obtain that ¢B;[1] is left-adjoint to B;.
The unit and counit of B; - ¢~!B;[—1] gives a pair of maps of bimodules
ni: g(TH))[1] — B; ®F Bi. &1 B ®" Bi — q(T*")[1],
and similarly ¢B;[1] - B; gives
firg " (T*)[=1] — B; ®" B;, &:B; ®F Bi — ¢~ (T*")[-1].
5.1.2. Tightened basis. Take x = (b, ..., br42) € fP,’JJr2 and p € P}. Let i’ be

given by (bo, b1, ..., bi—a, bi—1 + bi — 1 + bis1,bi, biy1,bisa,...by) € P;. For
each 1 < { < b;, consider the map

g T 1L T ,) — 1B,
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given by gluing on the top the following element:

bo bi_1 bi —¢ 0—1 bi41 by

A 1 1 1 1
Recall the basis B, of Theorem 3.11. We claim that

bi
|| geGei Bo), (32)
(=1

is a basis for 1, B;1,. We postpone the proof of this for later.

5.2. Cofibrant replacement of B;. As explained in [48, §4.3], B; admits an

easily describable cofibrant replacement as a left module. But before describing
it, let us introduce some extra notations. Let 7} |  be the left (T*",0)-module

generated by the elements
1

A Thy 1T h ] U U A B by
for all (b, b1, ..., b,). We define similarly Tl.,| T and Ti’ TR

Let pB; be the left (T*7 2, 0)-module given by the dg-module

X | 9@y pltl
X AR \>/< l

/
pBi = qz(Ti, 1 w2l & T

ol Q‘I(Ti,nn i X

where the differential is given by the arrows, which are the maps given by adding
the term in the label at the bottom of || | II, Il I lor| Il [l Similarly, we define a right

cofibrant replacement B;q —» B; by taking the symmetric along the horizontal
line and shifting everything by ¢~!(—)[—1].

Proposition 5.1. There is a surjective quasi-isomorphism of left Z?-graded
(T*7+2,0)-modules
pBi > Bi.
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Proof. Consider the surjective map 7; | y = Bi that closes the elements | | |l at

the bottom by a cup:
— W,

This map is indeed surjective since any black strand going to the left of the cap
factors through a black strand going to the right, using (31). Then the claim follows
by observing that

X T YR

L IIIII\ w
O_)qui,IIIII\ @ /Ti,lllll—»Bi_)O
_” >//< aTi 1 ” >\\<

is an exact sequence.

Indeed, by Theorem 3.11, we know that adding a black/red crossing is an
injective operation, and thus the sequence is exact on qui’ i |- For the same
reason we also have that

qaTi % |

ker ® /Ti,lllll =T, 1N T
aTiyy | X

By Theorem 3.11, we know that if an element can be written as a diagram with a
black strand crossing a red strand on the left, and as a different diagram with the
same black strand crossing a red strand on the right, then it can be rewritten as a
diagram with the same strand going straight, but carrying a dot. These elements
correspond exactly with the image of the preceding map in the complex, which is
thus exact at the second position. Finally, we observe that

Bi=T, vy 4/ (T s+ Ty )

by constructing an inverse of the map that adds a cup on the bottom, by pulling
the cup to the bottom. It is not hard, but a bit lengthy, to check that it respects the
defining relations of B; in the quotient 7, 1 1 /(T; so 1+ T s¢)- O



746 A. Lacabanne, G. Naisse, and P. Vaz
Corollary 5.2. The elements in (32) form a Z. x 7.>-graded k-basis for 1, B;1,,.

Proof. Asin Theorem 3.11, one can show that the elements in (32) span the space
1, B;1,, mainly using (31) and (23). Linear independence follows from a dimen-
sional argument, using Proposition 5.1 and Theorem 3.11. The computation of the
dimensions can be done at the non-categorified level, and thus is a consequence
of (10) of Lemma 2.4. O

Therefore, the map > g;: EBIZ":I gt T2 (15 TR > 1,B; of right modules
is an isomorphism, where p’ and g, are as in §5.1.2. In particular, B; is a cofibrant
right dg-module.

With Theorem 4.7 in mind, this means that B; acts on o K& (T*%,0) as the
capof Bon M ® V" (see (10)), and Proposition 5.1 means that B; acts as the cup
(see (11)).

5.3. Double braiding functor. Inspired by the definition of the braiding functor
in [49, §6] (see also [48, §4.1]), we introduce a double braiding functor that will
play the role of a categorification of the actionof éon M ® V7.

Definition 5.3. The double braiding bimodule X (see Remark 2.2 for an explana-
tion about the terminology) is the (74", 0)-(T*", 0)-bimodule generated by the

diagrams
1

A 1 b,
for all (b, ...,b,) € N"t1. We consider diagrams in X up to graded braid-like
planar isotopy with the generators being in homological degree 0, and subject to
the relations(20)-(23) and (26), and the extra local relations

We set the Z2-degree of the generator as

}< = (0,-1).

A 1

U A U
by 1 b 1

dequL
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We define the double braiding functor as
E i= X ®F — Dyg(TH",0) —> Do (T, 0).

5.3.1. Tightened basis. Let us now describe a basis of the bimodule X, similar
to the basis of T;” given in Theorem 3.11. We fix « and p two elements of P, and
recall the set S, defined in §3.3.3. Foreach w € Sy, [ = (l1.....1p) € {0, 1}b
anda = (ay,...,ap) € N’ we define an element x,, 1 , € 1, X1, as follows:

(1) choose a left-reduced expression of w in terms of diagrams as above,

(2) foreach 1 <i < b, if [; = 1, nail the i-th black strand (counting on the top
from the left) on the blue strand by pulling it from its leftmost position,

(3) foreach 1 <i < b, add a; dots on the i-th black strand at the top,

(4) finally, attach the first red strand to the blue strand by pulling it from its
leftmost position.

Definition 5.4. Define the unbraiding map
wAX — TH,

as the map given by removing the double braiding
1

A 1 A
Note that the unbraiding map is a map of (Tlf T 0)-(T, If’r, 0)-bimodules.

Theorem 5.5. The set {xy, 1 4:w € Sy, 1 € {0, 1)2,a € Wb} is a Z x Z2-graded
k-basis of 1, X1,.

Proof. Showing that this set generates 1, X1, is similar to [34, Proposition 3.13]
and we leave the details to the reader.

To show that the elements (xy,j,4)w,1,4 are linearly independent we consider
a linear combination ), ; , @y 1.4Xw,1. = 0 and apply the unbraiding map u.
We now pull the first red strand to its original position before the last step of the
construction of xy, ;4. This has the effect of adding dots on some black strands
because of (21).

We now rewrite u()_ Oy laXw,la) = 0 in terms of the tightened basis

w,l.a

of T;’r. We carefully look at the terms with the highest number of crossings:



748 A. Lacabanne, G. Naisse, and P. Vaz

by pulling the dots at the top, we obtain different elements of the tightened basis
of T, 1;1 " plus terms with a lower number of crossings. From the freeness of the

tightened basis of T; ", we deduce that the coefficient of the terms with the highest
number of crossings must be zero and we can proceed by a descending induction
on the number of crossings. |

Corollary 5.6. The unbraiding map u: AX — T*" is injective.

Proof. The matrix of u in terms of tightened bases can be made in column echelon
form with pivots being 1. O

5.4. Cofibrant replacement of X. We now want to construct a left cofibrant
replacement for X. Take p = (ba,...,b;) € ‘.Pl’,_z and consider the idempotent
lke.p = lk,t,by,....b,- We also write

ie,p:: | - | H | | H - H
v v —
Tl T, 1 1

b,
so that for example

Lokte,p =

H | h | ® ie’p.

A1 k
Fork > 0,£ > 0 and p € P}~2, we define
k—1
1. 1t
Vi, =Y
1=0
1, _ A
Yk,et,p 1= AGF TN 1 ere—r,p) (1],
k—1
0 ._ y/0 0,t
Y2, =Y, 8PY,
1=0
0 _ A,
Y, =4 lqk(Tb "o k+,p)-

Yko,,(t,p = Aqk—ZZ (T[;Lrlo,k-}-(,p)[l]-

Note that Yl = 0and Y = A_I(T;’rlo,e,p)-
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‘We write

Xk = @Xlk,g,p,

£20,pP} 2

vl = @ Yoo

ZzO,pE?Z_Z

v = @Yk",e,p,

£20,pP} 2

and similarly for Ykl”, Y’ 2 and Y,? o+,
Define the cofibrant (Tlf’r, 0)-module pXj given by the mapping cone

1 % vo
pXy := Cone(Y,} — Y)).
where 1 := Y2} 1, for

t.ylt /0 0,t

| H ®ik+£—1,p'_> —W‘X’iuk—l—z,p’
PR i ot

A 1

>/< X iz+k—1,p

A1
Note that each 7} is injective, and therefore so is 15. Then, consider the left module

map

k—1

Ye: PXk —> Xg,
given by yx 1=y, + > 7o ¥; Where
y,Q:Y/g — Xk,

A1 k A k 1

(024 i(’p —>

and

t.y0.t
VY — Xk,

—_—
Al k

®14,p —>

forall0 <t <k —1.
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Lemma 5.7. The map yi:pXy — Xy is surjective.

Proof. The statement can be proved by observing that Xj is generated as a left
(Tb)k ", 0)-module by the elements

A 1

k

for all 0 <t < k — 1. The details can be found in §A.2. O

Lemma 5.8. The sequence
0— Y 5 v2 % x —o0,
is a short exact sequence of left Z2-graded (T*", 0)-modules.

Proof. Since we already have a complex with an injection and a surjection, it is
enough to show that

gdim X = gdim Y,? —gdimY;!,

where gdim is the graded dimension in the form of a Laurent series belonging
to IN[s*!, A%!, g*1]. This can be shown by induction on k, and the details are
in §A.2. O

From that, we induce a right (7%, 0)-Aso-action on pX := Drso PXk (see
§B.1.3), turning it into a Z2-graded (T*",0)-(T*",0)-Aoo-bimodule, and we
obtain:

Proposition 5.9. The map y := } ;. vk:PX — X is a quasi-isomorphism of
72-graded (T*",0)-(T*",0)-Aoo-bimodules.

Proof. It is an immediate consequence of Lemma 5.8. |

Again, having Theorem 4.7 in mind, it means E acts on o K (T*%,0) as the
element £ of Bon M ® V7" (see (12)).
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6. A categorification of the blob algebra

As in [49, §7], the cup and cap functors respect a categorical instance of the
Temperley—Lieb algebra relations (3)—(6). We additionally show that the double
braiding functor respects a categorical version of the blob relations (8) and (9).
Note that Webster also proves that the cup and cap functors intertwine the cate-
gorical Uy (sl)-action, which categorifies the fact that the Temperley—Lieb algebra
describes morphisms of Uy (sl,)- modules. We start by proving the same for these
functors in the dg-setting as well as for the double braiding functors:

Proposition 6.1. We have natural isomorphisms Eoc E =~ EoEandFo E =~ E oF,
and also E o B; = B; o E, Fo B; = B; o F, and similarly for B;.

Proof. Since E and F are given by derived tensor product with a dg-bimodule that
is cofibrant both as left and as right module, all compositions are given by usual
tensor product of dg-bimodules. Then, the first isomorphism is equivalent to

1b,1(T1fjrr1) ®p+1 Xp+1 = Xp ®p 1b,1(T;J:1)7

which in turn follows from Theorem 5.5 and Corollary 3.12. The case with F is
identical, and so is the proof for B; using Corollary 5.2. O

Then, we use all this to show that compositions of the functors B;, B; and &
realize a categorification of B.

6.1. Temperley-Lieb relations. This section is an extension of Webster’s re-
sults [49, §7] for the dg-enhanced KLRW algebra THr.

Proposition 6.2. There is an isomorphism
R L ~ TAF
Bit1 ®7 Bi =T,
of Z2-graded (T*" ,0)-(T*", 0)-Aoo-bimodules.

Proof. We prove Bi_; ®If B; =~ T, the other case follows similarly. Using
Proposition 6.1 and the fact that B; oJ =~ JoB; fori < r — 1 (where we recall J is
the induction along a red strand defined in §4.1.2), we can work locally, supposing
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thati = r — 1 and b; = 0. Then, we have that B;_; p Bi looks like

()
<L ' Ve

o

which is isomorphic to

AT
/ \
because of (30). Note that it is an isomorphism of dg-bimodules, since all the

higher composition maps of the A.-structure must be zero by degree reasons,
concluding the proof. |

Corollary 6.3. There is a natural isomorphism Bj+; o B; = Id.

Proposition 6.4. There is a distinguished triangle

N = & _ 0
q(T*M[1] = B; &% B; —> ¢~ {(T*")[~1] —

of 72-graded (T’”, 0)-(TA”, 0)-Aoso-bimodules.
Proof. We have
Bi ®If~ Bi = B,-q QT Bi,
which looks like
0
/ T~
II Il _ Nl
q(8; ) ® g (B! 1]
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Thus, since Bll-I P T*7, we have that
H(B; ®F Bi) = q(T*")[1] @ ¢~ (T*")[-1].

In order to compute 7;, recall (or see §B.3.1) that the unit of the adjunction
(B; ®I71 —) = (RHOM7r(B;, —)) is given by

nj: T*" — RHOM7(B;, B; ®% T*") =~ HOMr (pB;. B;),

t— [x — X 1],

where X is the image of x under the map pB; — B;. Moreover, HOMr (pB;, B;)
is given by

0
— \
q_2 HOMT(Ti’ NRE B;)[-2] ® HOM(Ti, i Bi)

\0/

1

and then, 7] is the map 74" = HOM(T} | . Bi) = B

top. Thus, ; identifies ¢(T*")[1] with ¢(B! ' [1] ¢ H(B; ®% B;) in homology.

Similarly, the counit of the adjunction (B; ®" —) - (RHOM7(B;, —)) is

that adds a cup on the

& B; % RHOMr (B;, T*") = B;q @ HOMr (B;, T*") — T*",
tQ f > f(1).

Then, we obtain that B;q ® 7 HOM7 (B;, T*") is isomorphic to

/ 0 \
i i
qz(Bi )[2] S Bi
and thus, & is the isomorphism
gl =,

Therefore, # identifies ¢~! (7*")[—1] with g~*(B! ' h[~1] ¢ H(B; &L B;) in

homology. O
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Because the connecting morphism in Proposition 6.4 is zero, the triangle splits
and we have
B ®F Bi = q(T*)11 @ ¢~ (T*")[-1].

Corollary 6.5. There is a natural isomorphism
B;oB; = ¢qlId[1] ® ¢ ' 1d[-1].

6.2. Blob relations. Proving the blob relations requires some preparation.

6.2.1. Quadratic relation. We define recursively the following element by set-
ting zp := 0,

=) =], (34)

=2 Ji=(Fen J)+ (2 ) 69

——— —— S——

t t t

for all + > 0. Note that z, is given by a single crossing

-X

since the second term is zero in this case. One easily sees that deg, (z;) = 2 —21.
Define a map of left modules

o A* (X[l — X ®r Y},

as @) == Y¥20 o, where each

(p]i’t: )kq2(Xk)[1] — X ®7 Ykl’t ( =~ @Mlk_ztﬂ(Xll,k+e—1,p)[1])a
L,p

is given by multiplication on the bottom by
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Also define a map of left modules

o @ (T kg oIl — X @7 Y,
L,

!/ —
as g i= ¢ + ZI,Lé <p,2’t, where each

A _
op AT e )] — X @7 Yy ( =P 1¢1k(X10,k+e,p)),
L,p L.p

k-1
| H ®lep =D ¢
t=0
1

Ak
A
and where
o' DT e ) — X @7 VP (= PAd > (Xlosre 1)),
L,

Recall that the unbraiding map (Definition 5.4)

u:)LX;)T;",
<-I<
1

A 1 A
X ®T Ykl X ®r YI? Al

o] ] ]

AP (X s @Dy, ¢ (T e )] —— 0

is given by

Lemma 6.6. The diagram

1®1x u®yi

commutes.
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Proof. The proof is a straightforward computation using (20) and (22) together
with (33). We leave the details to the reader. O

Thus, there is an induced map

¢i: Cone(Aq>(Xi)[1] — @D ¢* (T} e, IIDI]
L,

— Cone(X ®k% X —2% 171 Xp),
as left modules.

Theorem 6.7. The map

¢ = 3 (=1)¥gr: Cone(hg>X[1] > ¢>T"[I[1]
k=0

1
— Cone(X ®% X —=% A7),
is a quasi-isomorphism.

Proof. The statement can be proven by showing that Cone(g) has a trivial homol-
ogy, and thus is acyclic. This is done in details in §A.3.1. O

The next step is to prove that ¢ defines a map of A.-bimodules. Luckily, by
the following proposition, we do not need to use any A.-structure here.

Proposition 6.8. The map
19y
X QT pX —> X ®7 X,
is a quasi-isomorphism of Ao-bimodules.

Proof. Tensoring to the left is a right-exact functor, thus Lemma 5.8 gives us an
exact sequence

1® 1®y
X &7V — X ®@r Y —5 X —> 0.
It is not hard to see that 1 ® 1, is injective, and thus we have a short exact sequence
1® 19y
0— X®7r Y —> X @r ¥? —5 X; —> 0,

so that 1 ® yi is a quasi-isomorphism. |
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Taking a mapping cone preserves quasi-isomorphisms. Thus, we have a quasi-
isomorphism

Cone(X ®% X 2% A71X) > Cone(X ®7 X —5 A71X).  (36)
Let
1Qu

@: Cone(Ag>X [1] — ¢>T"[1])[1] —> Cone(X &7 X —> A7 X)

be the map given by composing ¢ with the quasi-isomorphism in (36). We also
write ° := (1 ® y) o ¢°. Therefore, by Lemma B.3, proving that ¢ is a map
of Aeo-bimodules ends up being the same as proving that ¢° is a map of dg-
bimodules.

Theorem 6.9. The map ¢ is a map of Z2-graded (T*",0)-(T*", 0)-Aso-bimod-
ules.

Proof. The statement follows by proving that ¢° is a map of dg-bimodules, which
is done in details in §A.3.2. O

Corollary 6.10. There is an exact sequence
0 — Ag2(X0)[1] ~> 2T} 2 X @7 X 224 A71x — 0,
of dg-bimodules.
Corollary 6.11. There is a quasi-isomorphism
Cone(Ag2E[1] — ¢2Id[1])[1] —> Cone(E o & —> A"1E),
of dg-functors.
6.2.2. Inverse of Z. Recall the notations from §5.4.

Lemma 6.12. As a right (T*", 0)-module, 11 k+¢—1,0X is generated by the ele-

ments

Al p2 Al

Proof. The statement can be proven using an induction on k, as done in details
in §A.3. O
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Lemma 6.13. The map

(— o 1x): HOM7 (Y, X) —» HOM7(Y}!, X),
is surjective.

Proof. We have

k—1
HOM7 (Y2, X) = €D (24 (loxse,0X) & D277 * 2 (o g, V[-11).
L,p t=0

k—1
HOM7 (Y. X) = P (@A—lq—<k—2f+1>(11,k+z_1,pX)[—1]).

Lp =0

Then, the map

(—otk): Aq F (Lo gre,X) ® A7 g% 2D (g e p X)[-1]
— A_lq_(k_mﬂ) (I ke—1,0X)[—1]

is given by gluing

P e o

on the top of diagrams, forall 0 <t <k — 1.
Then we observe that the map

>/< &® ie+k—1,p

Al

(—o): )“I_k(lo,kH,pX) — )L_lq_(k_mﬂ)(l1,k+e—1,pX)[—1]
sends

0 ifs <t,

‘ (X)ig,p ifs =1¢,
Uy Al gl
®1g,p,|—> )
S —
P
PR B
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forall 0 < s < k — 1. Thus, (— o 1;):HOM7 (Y2, X) — HOM7 (Y}, X)
has a triangular form when applied to the elements above, and is surjective by
Lemma 6.13. O

Proposition 6.14. The functor
B: Dag(TH",0) —> Dy (TH,0)
is an autoequivalence, with inverse given by
27" := RHOM7 (X, —): Dgo(TH",0) —> Dgo(T*",0).
Proof. By Lemma 6.13 and Proposition 5.9, we have
RHOM7(X1,, X1,/) = HOMr(X1,, X1,).
Then, we compute
gdim HOMr (X1,, X1,) = gdimHOM7r (P, Py),

using the fact that E decategorifies to the action of &. More precisely, as in [49,
§4.7], the bifunctor RHOMr (—, —) decategorifies to a sesquilinear version of the
Shapovalov form when restricted to a particular subcategory of Ddg(TA”, 0), and
this sesquilinear form respects (§w, éw’) = (w, w’). Finally, we observe that the
map

Idy ®(-)
HOMr(P,, Py) — HOM7(X1,, X1,).
is injective, since the map P, — X1, given by gluing

A 1

on the top of diagrams is injective. This can be seen by composing the above
map P, — X1, with the injection u: X1, — P,, and observing it yields
an injective map. Therefore, RHOM7(X1,, X1,) = 1,7*"1,, and E is an
autoequivalence. O

6.2.3. Categorification of relation (8)
Lemma 6.15. There is a quasi-isomorphism

X ®% B =~ X ®7 pB1 — X ®7 By,
of Aco-bimodules.
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Proof. Letus write X | := X ®7 T} | Then we have
X ” CI(X| Il ||)[1]
L K
X ®rpBi = ¢*(X | Pl ® X

- X gxy o X

The statement follows by observing that the first map is injective, and its image
coincides with the kernel of the second one. O

Our goal will be to show the following:

Proposition 6.16. There is a quasi-isomorphism
Aq(THN[1 @ A7 g~ (THN)-1] = By ®F X &F B,
of Aco-bimodules.

For this, we will need to understand the left A-action on B;q:

XLTIIIII\>\}\< l

Biq:= 4TIl D g N (T I h=1]

o |||||/
o e I X

We start by constructing a composition map 7 ® B;q — B;q, by defining it on
each generator of 7. We extend it by first rewriting elements in 7" as basis elements
and then applying recursively the definition in terms of generating elements (so
that it is well defined). Dots and crossings act on each of the summand by simply
adding the three missing vertical strands between the A-strand and the remaining
of the diagram, and gluing on top. For example in q_1 (T 1 1y[—1], we have

D

D
A 1 1 1 1 1

The action of the nail is a bit trickier. On ¢(7 ! ! 1)[1] and on ¢~ (7 I I [—1] it

acts by gluing
K R
A A
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on the top of the diagrams. On 7' I it acts by

K~ [HEE K TTHSSS

er!lligriil

andon 7 I I by

tKH %/%4,%;:;1

One can easily verify that this respects the differential in B;q. The higher multi-
plication maps T ® Biq ® T — Biqand T ® T ® B;q compute the defect of
the map 7 ® B;q — B q for being a left T-action. Concretely, it means that we
can compute these higher multiplication maps by looking how both side of each

defining relation of 7" act on Bq.
A A

is respected on ¢~1(7' I I )[—1] up to adding the elements appearing in the right
of the following equation:

R - R TR LK

so that the higher multiplication map 7 ® T ® ¢~ (T’ ' l)[-1] — B, q gives

K® +®1H W/K«}HE\\« eriligrill

A A

For example, the relation
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Note that it means the higher maps only involve elements coming from (26). Also,
one can easily verify that the other two relations in (26) are already respected for
the multiplication map 7 ® ¢~ (T ' ' )[-1] — Biq, so that our computation
above completely determine T @ T ® ¢~ (T’ | I'h[—1] — B1q. There is a similar
higher multiplication map T ® ¢~ '(T' " | )[-1]® T — B1q, which is non-trivial

in the case

A A
for similar reasons. We will not need to compute the other higher composition
maps.

Proof of Proposition 6.16. Tensoring B1q with X ® r B; gives a complex where
the elements are locally of the form

0

/ \
- X\ 7

R

which, after eliminating the acyclic subcomplex, yields

q

All higher multiplications maps vanish: exceptfor 7T @ T ® (B1q®r1 X ® B1) —
(B1q®T7X®B1) and TQR(B1qRT X R®B1)RT — (B1q®7T X ® B1), all of these are
zero for degree reasons, and the remaining two are zero by the calculations above.
Therefore, what remains is isomorphic to Ag(T*")[1] & A=~ (T*")[-1], as
dg-bimodules. We conclude by applying Lemma 6.15. |
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Corollary 6.17. There is a quasi-isomorphism
Agd)[1] ® A~ ¢~ (1d)[~1] —> By o E 0 By,
of dg-functors.

6.3. The blob 2-category. In this section, we suppose k is a field. Let B(r, r’)
be the subcategory of dg-functors Dy, (T’ AT 0) — Ddg(T’” ",0) c.b.Lf. generated
by all compositions of &, B; and B;, and identity functor whenever r = r’, where
c.b.l.f. generated means it is given by certain (potentially infinite) iterated exten-
sions of these objects (see Definition B.9 for a precise definition). As explained
in §B.4.4, there is an induced morphism

(66) ’
QK& (B(r, 1)) —> Homgg.ay (K& (TH7,0), o K& (TH,0)),

sending the equivalence class of an exact dg-functor to its induced map on the
asymptotic Grothendieck groups of its source and target (this is similar to the
fact that an exact functor between triangulated categories induces a map on their
triangulated Grothendieck groups).

Recall the blob category B, but consider it as defined over Q((¢, 1)) instead of
Q(g, 4).

Theorem 6.18. There is an isomorphism
Homg (r, 1) = o K& (B(r, 1)).

Proof. Comparing the action of B on M ® V' from §2.2 with the cofibrant
replacement pX from §5.4, and pB; and p]§,~ from §5.2, we deduce there is a
commutative diagram

Homs (r, ') = Homggi)(M ® V', M ® V")

S l le
oK§ (B(r,1")) 66> Homeqg.) (K& (TH,0), oK (TH,0))
where the arrow f is the obvious surjective one, sending £ to [E], and cup/caps to

[B;]/[B;]. Because the diagram commutes and using Theorem 2.5, we deduce that
f is injective, and thus it is an isomorphism. |
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In particular, if we write 98, := B(r, r), then we have:

Corollary 6.19. There is an isomorphism of Q((q, 1))-algebras
oK (B,) = B,.

By Faonte [9], we know that A,-categories form an (oo, 2)-category, where
the hom-spaces are given by Lurie’s dg-nerves [28] of the dg-categories of
Aso-functors (or equivalently quasi-functors, see §B.2.1). Thus, we can define
the following:

Definition 6.20. Let ‘B be the (oo, 2)-category defined by
e objects are non-negative integers r € IN (corresponding to Ddg(TA”, 0));
e Homgy(r, ') is Lurie’s dg-nerve of the dg-category B(r, r’).

We refer to B as the blob 2-category.

We define o K2 (B) to be the category with objects being non-negative integers
r € IN and homs are given by asymptotic Grothendieck groups of the homotopy
categories of Homgg (7, 7’). These homs are equivalent to o K& (B(r, r')).

Corollary 6.21. There is an equivalence of categories

oK&(B) = B.

7. Variants and generalizations

7.1. Zigzag algebras. In [45, §4] it was proven that for g = sl, the KLRW
algebra Tl1 """ ! with r red strands and only one black strand is isomorphic to a
preprojective algebra A'. of type A. It is a Koszul algebra, whose quadratic dual
was used by Khovanov and Seidel in [24] to construct a categorical braid group
action.

Let k be a field of any characteristic and let Q, be the following quiver

0|1 12
6 0/\1/\2/\ /\r
10 2]1

and kQ, its path algebra. We endow kQ, with a Z x Z2?-grading by declaring that
deg(i]i £1) :=(0,1,0), deg(d):=(1,0,2).
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We consider the first grading as homological, and the second and third gradings
are called the ¢-grading and the A-grading respectively. We denote the straight
path that starts on i; and ends at i, by (i1]i2|...|in—1|in) and the constant path
on i by (i). The set {(0),---, (r)} forms a complete set of primitive orthogonal
idempotents in kQ,.

Definition 7.1. Let A be algebra given by the quotient of the path algebra kQ,
by the relations

@li —11i) = (@i +1]i), fori >0,
6(0[1]0) = (0[1]0)6.
6% = 0.
We usually consider A as a dg-algebra (A', 0) with zero differential. We can
also consider a version of A} with a non-trivial differential d given by
(0]110) if X =0,
0 otherwise,

d(X) := {

of which one easily checks that it is well defined.

Proposition 7.2. The 7 x 7? algebra A'. is isomorphic to the 7.x 7? algebra Tl)L o’
in r red strands and 1 black strand by the map sending

H h H | H - H’
L

A I

(i) —

where the black strand comes right after the ith red, and

(i — 1]i) —> X H |,
l

A

(i + 1]i) — H X ,
A i
A
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Furthermore, the isomorphism upgrades to isomorphisms of dg-algebras
(AL 0) = (T}",0) and (AL.d) = (T} . dy).

Proof. First, one can show by a straightforward computation that the map defined
above respects all defining relations of A%. Moreover, by turning any dot in TlA o’
to a double crossings using (21), it is not hard to construct an inverse of the map
defined above. We leave the details to the reader. O

Corollary 7.3. The homology of (AL, d) is concentrated in homological degree 0
and is isomorphic to the preprojective algebra A!r.

Moreover, by Proposition 7.2, the results in §6 can be pulled to the derived
category of Z2-graded (A!,,O)—modules, endowing Ddg(A!,,O) ~ Ddg(le’r ,0)
with a categorical action of B,.

7.2. Dg-enhanced KLRW algebras: the general case. Fix a symmetrizable
Kac—Moody algebra g with set of simple roots / and dominant integral weights

W= (U1, a)-

7.2.1. Dg-enhanced KLRW algebras: g symmetrizable. We recall that the
KLRW algebra [49, §4] T; (g) on b strands is the diagrammatic k-algebra gen-
erated by braid-like diagrams on b black strands and r red strands. Red strands
are labeled from left to right by w4, ..., i, and cannot intersect each other, while
black strands are labeled by simple roots and can intersect red strands transversally,
they can intersect transversally among themselves and can carry dots. Diagrams
are taken up to braid-like planar isotopy and satisfy the following local relations:
e the KLR local relations (2.5a)—(2.5g) in [49, Definition 2.4];

e the local black/red relations (38)—(41) for all v € u and for all o, oy € 1,
given below;

e a black strand in the leftmost region is 0.

Vv o V a; o Vv a; V

S b =)

Vv o V a; o Vv a; V
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K W e

Voo o Voo ok oj o v aj o v
a+b=v;—1

aj Voo aj v oo aj Voo

Multiplication is given by concatenation of diagrams that are read from bottom
to top, and it is zero if the labels do not match. The algebra Tf (g) is finite-
dimensional and can be endowed with a Z-grading (we refer to [49, Definition 4.4]
for the definition of the grading).

In the case of u = v the algebra T}’ (g) contains a single red strand labeled v
and is isomorphic to the cyclotomic KLR algebra R () for g in b strands.

Definition 7.4. Fix a g-weight A = (41,..., A7) with each A; being a formal pa-

rameter. The dg-enhanced KLRW algebra TbM‘L (g) is defined as in Definition 3.2,
with a blue strand labeled by A and with the r red strands labeled by u1, ..., @,
and the black strands labeled by simple roots. The black strands can carry dots
and be nailed on the blue strand:

/XOlj

with everything in homological degree 0, except that a nail is in homological
degree 1. The diagrams are taken up to graded braid-like planar isotopy, and are
required to satisfy the same local relations as Tblf (g), together with the following
extra local relations:

Aoaj o Aoy ay

forall aj, oy € 1.

A,
Note that we have an inclusion T; (g) C le1 /!(g) by adding a vertical blue
strand at the left of a diagram. The algebra T, & (g) can be endowed with the
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g-grading inherited from Tblf (g). It can be additionally endowed with a Ag-grading
A,
for each oy € I such that T, I:'L (@ CT, "L(g) sits in Ax-degree zero for all k, and

deg, ;, K := (0,28, ).

)&Olj

We usually consider T; & () as a Z'*!|_graded dg-algebra (T; "'L(g), 0) with
trivial differential. In the case of u = & the algebra 7, ; *?(g) contains a blue strand
labeled A and is isomorphic to the b-KLR algebra Ry () introduced in [34, §3.1].

The results of §3 can be generalized to T, & (g). In particular, one can prove
it is free over k and that it admits a basis similar to the one in Theorem 3.11.
Moreover, by using induction and restriction functors that add a black strand, we
obtain a categorical action of g on Ddg(T; o (9),0) (in the sense of [34]), which
categorifies the U, (g)-action on the tensor product of a universal Verma module
and several integrable modules.

A,
Fix an integrable dominant weight « of g and define a differential dy on T, g (9)
(after specialization of the A;-grading to ¢*/) by setting

dK(K ): +K_/

Aozj /XOlj

A,
and di(t) = 0forall ¢ € Tblf (9) C T, I'L(g), and extending by the graded Leibniz
rule with respect to the homological grading. A straightforward computation
shows that d, is well defined.

A,
Proposition 7.5. The dg-algebra (T, H(g), dy) is formal with

A, (k,10)
H(T, " (9), de) = T, (g).

Proof. The proof follows by similar arguments as in [34, Theorem 4.4]. O

7.2.2. Dg-enhanced KLRW algebras for parabolic subalgebras. Letp C g
be a parabolic subalgebra with partition / = Iy L I, of the set of simple roots,
and (A,n) = (A;)ier, with A; a formal parameter if i € I, and A; = ¢" with
ni € Nifi € Ir.
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A,
Introduce a differential d; ,, on T H(g) (after specialization of the A;-grading
to ¢"/ for each «; € I,) by setting

(1) -

/XO[J'

0 ifoj €1,

n;
+ ifOtj Glf,
A oj

A,
and dj ,(t) = O forall t € Tf(g) C T, I'L(g), and extending by the graded
Leibniz rule with respect to the homological grading. As before, a straightforward
computation shows that it is well defined.

A,
Proposition 7.6. The dg-algebra (T, H(g), dy ) is formal.
Proof. The proof follows by similar arguments as in [34, Theorem 4.4]. O

Definition 7.7. We define the dg-enhanced p-KLRW algebra as

A, A,
T, " (g.p) := H(T, * (9), dy ).

Note that by Proposition 7.6 we have a quasi-isomorphism
LN« A,,[,L
(T, ~(9.9),0) = (T}, ~(9). da,n)-

A,
Similarly as above, Dyg (T, ¢ (9), d ») categorifies the tensor product of a par-
abolic Verma module and several integrable modules, and comes with a categor-
ical action of g.

7.3. Dg-enhanced quiver Schur algebras. In order to define a quiver Schur
algebra of type A;, we follow the approach of [23], which best suits our goals. We
actually use a slightly different definition because theirs corresponds to a thick
version of KLRW algebra (see [23, §9.2]), and we want to relate it to the version
we use.

7.3.1. Cyclic modules and quiver Schur algebras. Recall that NH}’)V o~ Tb(N )
is the N-cyclotomic nilHecke algebra on b strands. Fix r > 0 and N = (N,
Ni,...,N;) € N" such that ), N; = N. For p = (bo.b1,...,b,) such that
>; bi = b, we define the element

-

N .__ N;+++N; Nt N N
Xp = H(xb,+---+b,-+1+1 xbr+---+bl~+1+bl~) € NHj
i=1
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where we recall that x;, is a dot on the bth black strand. Then, we consider the
cyclic right NH,JJv -module defined as

N._ N N
Yp .—xp NHb .

The quiver Schur algebra (of type A) is defined as the Z-graded algebra:

0F 1= ENDyyy ( @2y ),
pe?z

where END means the (Z-)graded endomorphism ring. The Z-graded algebra Q ,1)\7
is isomorphic to TbN [49, Proposition 5.33]. The reduced quiver Schur algebra (of
type Ap) is defined as

redQ = ENDNHQJ ( @_q—degq(xl’)v)/ZYPN>’
pe?Z’N
where PV = {(bo.by.....b):b; < Nifor0<i<r} C ®,. Itis Morita
equivalent to Q IJ)V (this can be shown by observing that if b; > N; for some i, then

.. . . . —de (xﬁ)/2 N N
Y pN is isomorphic to a direct sum of elements in {g~ “%*»"*y pr S ‘.PZ D,

and thus to Tbﬁ .

7.3.2. Dg-enhanced cyclic modules. Our goal is to construct a dg-enhancement
of Y pN over (Tb’w, dn), the dg-enhanced KLRW algebra without red strands. We

will simply write 7, 1;1 for T, If’@. Recall from Theorem 3.13 that (T}, dy) is quasi-
isomorphic to T, b(N) ~ NH) .

Let T, bq “* for € € Z be the algebra defined similarly as 7, 1;1 (see Definition 3.2)
except that the blue strand is labeled by ¢‘A, and the nail is in Z2-degree:

deg, ; K = (2¢,2).

q‘a
Whenever £ > ¢’ and b < b/, there is an inclusion of algebras
it T “2)

given by first turning any ¢‘A-nail into a ¢ A-nail by adding dots:

K R

C[[')L q(”k
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so that the blue strand labeled ¢‘) becomes labeled ¢* A, and then adding b’ — b
vertical black strands at the right:

|| I R | || I R
[ ]— [ b || | |
nm T -1 nm 1 -1

d“r b d“L b b —b

A straightforward computation shows that the map in (42) is well defined, and
Theorem 3.11 shows that the map is injective.

L . . qta P . qta
By restriction, the inclusion T PR defines a left action of 7, p . on

7“2
any T,, “-module.

Definition 7.8. We define the right Tb"—modules

~ AT —Nr—m—N]A( q_NIA, A
GY =17 ® Ny_y—nNiy® niy T ® i T,

p - b q r—1 1 q 1 b b T, b

g T, e

and
N._ _NFN
Gp =X, Gp .

Note that we can endow G l])\_’ with either a differential of the form dy (asin §3.4)
or a trivial one, making it a right dg-module over (T, dx) or (T, 0) respectively.

Example 7.9. Take for example r = 2. Then, we picture G 5 in terms of diagrams

as
by by
| ¢ ¢
—IN2TIV]
T A
|| +N1 1M1 1
—N
Ty vpy
[ | | |
T}
" I e I I .o I I e I
qu\’zf/\/[/l

Note that whenever N + £ > 0 we can equip T,f ‘A with a differential d N given

by
N+ ¢
w| K= 11

qta qtA

and it is compatible with the inclusion in (42).
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We conjecture the following:
Conjecture 7.10. There is a quasi-isomorphism
GN ay) = (N, 0).

Lemma 7.11. There is a decomposition as graded vector spaces

L ¢ ¢"¢" L ¢ ¢"¢"

q—ﬂk —VIA
T4 T
~ | . | @
NHpe 1
qfl'l )’ qfll )’
Proof. The claim follows from Theorem 3.11. O

Proposition 7.12. Suppose p and p’ are such that b; = b for all0 < i < m
excepti = j andi = j + 1 where they respect b; = bj’. —landbjy, = bj’-Jrl + 1.
Then there is an inclusion of right dg-modules

N N
Gp ¢—>Gp,.

Proof. We can work locally, and thus we want to prove that

—k —k
L7 _¢7¢" RTIX
i T
6= TT T] < TT 1 =G
7 n
mr---1r 111 mr---1T 1T 1T -1
(/_”)L q—llk

We apply Lemma 7.11 on T, ,f:k inside G,. The left summand is clearly in G;.
For the right summand, it is less clear since the nails in Tb’1 all acts by adding a
nail and n dots on the blue strand labeled g7"A. Thus, we want to show that

GGl.

q-
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By (19), we have

D —

g "A k q- k

The term of the left is clearly in G; since there are n dots next to the nail, so that
it can be obtained from a nail in Tb’l. The terms on the right are also in G, since

we can slide the nail and crossings on the left to the top, into T,f A O

. n n g "A A . . .
Consider (x7 ---x) T}, ®T/? T;'. We obtain an inclusion

q"A
(] - xp) Ty

—
— (x] "'xlrclxlrcl+1)qu+1 ;

of q-degree 2n by adding a vertical strand on the right on which we put n dots
(again, the fact it is an inclusion follows immediately from Theorem 3.11). In
turns, it gives rise to a map of right (dg-)modules

A

n n\d A n n,n q"A }
(X} X T ®T/? Ty — (x] ..-xkxk+1)Tk+1 ®le+1 Ty .

In terms of diagrams, we can picture the inclusion above as

& & A
¢ 97 |... [ ¢7.. 697 ... [ $7.. 697 ...
T e T
Ll — L] < LI 11
Ty Ty Ty
[N I B B AR mr---1r 1T 1IN B B B AR
) ) g "\

This generalizes into the following proposition:

Proposition 7.13. Under the same hypothesis as in Proposition 7.12, we obtain
a map of right dg-modules

N N
Gp/ — Gp ,
of q-degree 2N; 1. Diagrammatically, this map is given by gluing on top the
Nj+

dots x ! .
bjtt b 1
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7.3.3. Dg-quiver Schur algebra
Definition 7.14. We define the dg-quiver Schur algebras as

N d _ N N
(1 OF . dy) = END(%}A’dN)( P eeaDRGY ay)),
PEPY

and

N d _ N _
(0080 = ENDE, (@ e 2(GE o)),

pEPY
where END is the Z2-graded (Z-graded in the first case) dg-endomorphism ring
(see §3.1.2). We also define a reduced version as

_ ; s _
(G Q5 -0) = END(iﬁ,o) ( @_‘1 st )/Z(Gév’o))‘

peﬂ);‘N
Conjecture 7.15. There is a quasi-isomorphism
(6 Q3 - dn) — (2}, 0).

Our goal is to construct a graded map of algebras

2 _
Tb N —)del])V.
For p = (bo, b1, ...,by) € P}, we send
1,,|—>IdeENDTbA(G§’) C 4OV

Dots on the ith black strand (resp. black/black crossings on the ith and (i + 1)th
black strands) on 1, is sent to multiplication on the left (i.e. gluing on top) by a
dot on the i th black strand (resp. crossing) on G/I,V . These are indeed maps of right
T, If—modules since the dots and crossing commutes with x}'x;, | for all n > 0.

Similarly, a nail on the blue strand labeled A in T, ;’N is sent to multiplication on
the left by a nail on the blue strand labeled g~V ="~M 1 in G f,v .

For black/red crossing 7;, if the red strand goes from bottom left to top right,
then we have 1,/7; 1, where p and p’ are as in Proposition 7.12. Then, we associate
to it the map GZ)V — Gll)\_,’ of Proposition 7.12. If the red strand goes from bottom
right to top left, then we have 1,7;1,/, and we associate to it the map G 5 — G[Iy
of Proposition 7.13.
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Proposition 7.16. The map defined above gives rise to maps of Z.-graded dg-
algebras

(TN, dng) —> (4 OF . dw),

and of 7.2-graded dg-algebras
(TN .0) — (405 0).

Proof. We show the assignment given above is a map of algebras, the commuta-
tion with the differentials being obvious since the image by dy,, of a nail on a blue
strand labeled A consists of Ny dots on the first black strand; and the image by dy
of a nail on a blue strand labeled g~ ~~N1} consists of N — N, —---—N; = Ny
dots.

Thus, we need to prove the map respects all the defining relations in Defini-
tion 3.2. Relations in (18) and (19) are immediate by construction. The relations
in (20) follow from commutations of dots. Since the map in Proposition 7.13 is
multiplication by n;4; dots and the map in Proposition 7.12 is an inclusion, we
have the relations in (21). For the left side of (22) both black/red crossings are
given by an inclusion, and thus commutes with the multiplication on the left by
the black/black crossing. For the right side, the black/red crossings give a multipli-
cation by xiN St xiNj ', which commutes with the black/black crossing. For (23),
one the black/red crossing is an inclusion and the other one is multiplication by
xiN /*1! on both side of the equality, so that the relation follows from (19). Finally,
the relation in (26) is immediate by construction. O

Conjecture 7.17. The maps in Proposition 7.16 are isomorphisms.

We also conjecture that the reduced dg-quiver Schur algebra (EZdQ;)V ,0) is

dg-Morita equivalent to the non-reduced one (qz Q 1])\7 ,0).
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Appendices

A. Detailed proofs and computations

We give the detailed computations used to prove various results of the paper.

A.1l. Proofs of §2

-1 A

Lemma 2.4. The action of B, translates in terms of v,-vectors of M @ V' as
L

1

-1
UCeobi—1,bibi g 1:bipase) P =4 [DilgV( by +bi+b; 1 =1b; 4 2,00) (10)

—_—
1

Up —> Q[z]qv(...,b,-_l,1,0,b,-,...) —qU(....b;_+1,0,0,b;,...) — qV(....bj—1,0,1,b;,...)> (11)

V(bo.br.y > (A71¢%0 = Aq[bolg)V(0.60+b1....) + AG*[PolgV(1 bo451-1..)- (12)
Proof. We start with the cap. We have

V(oosbi—1,bisbi 41, 425--2)
= [bi]qv(...,bi_l+bi—1,1,bl’+1,bi+2,...) - [bl - 1]qv(...,b,‘_1+bi,0,bi+1,bi+2,...)7
and we easily check that
-1
v(...,bl‘_l+bi—1,1,bi+1,bi+2,...) > —q “V(...b;_i+b; +biy1—1,bj45,...)>
U(.bi—1+b0;,0,b; 4 1.bi42,..) T 0.

‘We now turn to the cup. It suffices to do the computation for i = r + 1 because
of the recursive definition of v,. By definition,

V(bo,....bn) P> —4V(bo,....bn) @ V1,0 @ Fvi,0 + Vepy,...6,) @ Fvi,0 @ v10.

V(bo,....bn) ® V1,0 ® Fvi10

2
= U(bg,...,bn,0,1) — 4 V(bg,....bn+1,0,0) — 4V(bg,....bn) ® FV1,0 ® V1,0,
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and
V(bo,....bn) @ FV1,0 ® V1,0 = V(py,....5n,1,0) — 4 V(bo,....hn+1,0,0)

one finds the expected formula.
Finally, we finish with £. Using the fact that £ is a morphism of U (sl,)-mod-
ules, it suffices to consider the case of the vector v, 5,). One may check that

V(bo.br) = [DolqV(1,69+5,—1) — [bo — 1gV(0,59+51)
and therefore
EWpo.b1) = [bolg FOFP 1 E(v1,0)) = [bo = g FPOFP1 € (v0,0)).
Using the definition of & we have
E(v0,0) = A v(0,0),

and
E(va,0) = Aq*va.0) — ¢(A — A" Hve,1).-

Hence we deduce that

E(V(po,b1))
= Aq*[bolqv(1,b0+51—-1) — (@A — A7) [bolq + 27 [bo — 1) V(0,59+b1)-

We conclude by checking that A~¢[bg], — A~ 1[bo — 1], = A~ 1g%. O
A.2. Proofs of §5

Lemma 5.7. The map yi:pXy — Xy is surjective.

Proof. First, we recall the following well-known relation
BRI

which follows easily from (18) and (19). We also observe

A 1 A 1 A 1
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43) !!é § _ !!é 5
1 A 1 A 1
1 A 1 A 1
Thus, using (44) we obtain
A 1 A 1 A 1

Consequently, using Theorem 5.5, we deduce that X}, is generated as left (Tb)k .0)-
module by the elements

Then, we compute

and

A

forall 0 <t <k — 1. In particular, yy is surjective. |

Lemma A.1. Supposer = 1 and { = 0. As a Z x Z*-graded k-module, X1y g
admits a decomposition
Xlgo = 27 1g?* (T}
® PP 2E D (X 1i_1,0) @ A2g2PH2EFD (X1 0)[1]).

o<t<k
p=0
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Proof. It follows from Theorem 5.5 that we have a decomposition

e D

Xk—1 | P | Xk—1 | P
=
0<t<k
p 1 LT 1

p=0 A M

concluding the proof. |
Lemma 5.8. The sequence

0—Y! 5 r2 % x —o0,
is a short exact sequence of left (T*",0)-modules.

Proof. Since we already have a complex with an injection and a surjection, it is
enough to show that

gdim X = gdim Yk0 — gdim Ykl,
where gdim is the graded dimension in the form of a Laurent series in N[2+!, A %1,
g*']. We will show this by induction on k. When k = 0, this is immediate.
Suppose it is true for k, and we will show it for k + 1.

bet A7 gt + hAg! A7 g™t + hAg!
[,3+Z]Z:: e =gq g :
Note that
k
[k + g[8+ 1+ k) =D [B+1—2r]l, (45)
r=0
[k + 1]g = qlklg + g7, (46)

[B—k+ 1] =q7'[B—k"—hrg™, 47)
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and
[k + 11g[B8 —k + 112 = [K]g[B — K12 + g7 ¥[8 — k]2 — hAg™*[k + 1]5. (48)

We first restrict to the case £ = 0 and r = 1. By Lemma A.1 using (45),
followed by the induction hypothesis, we have
gdim X1y 11,0
= 27120 gdim 7Y + Ag ™[k + 1]4[B — k1% gdim X 15
= A7'g?% D gdim TS + Mg~ [k + 1],(8 — k]’
x (A71g* + haglkly) gdim T 1ok — hAg?[kly gdim T>' 1 ).

By definition, we have
gdim Y2, o = A7'g* Y + haglk + 1]g) gdim T3 To 1.
gdimY,!, | o = hAg?lk + 1], gdim T5Y 1 k.

By Corollary 3.12,

Hlgdim TS + Aq 72 [k + 1g[B + 1 — k] gdim T} 10,

. A
gdim Tkjlll lok+1 =4
gdim Tk)L’1 Lix= ¢* gdim T,i’LOl + Aq_zk[ﬁ]z gdim le’l Lok

+1
+ Aq k], [B — K1 gdim T 1 4y

gdim T]?’l 1o % and gdim T,?’l 14 %x—1. For gdim Tk)L’O

We now gather by gdim T,f’0 T

+1°
we verify that
A—qu(k-l-l) — ()&_lqk+l + )&C][k + 1]q)qk+l —qu[k + 1]qqk-
Gathering by gdim T; ,?’1 1ok, we obtain on one hand

Aq [k + 1B — k1A' ¢* + hAglk,)

49
= q ¥k + 11g[B — KIE + ha2q" ¥ [klglk + 1]4[8 — KIL. @

and on the other hand
AT T+ haglke + 1) Ag > [k + 1148 + 1 — k12 — hAg®[k + 1gAq ¥ [B1)

=q"Flk + 10g[B — k + 115 + hA2q" 2 [k + 1glk + 14118 —k + 11
— h22q* K [k + 114(81%
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= ¢ 1B — KIglk + 1]g — hAg" ™[k + 1],
+hA2G 2Kk + 1) (K1g[B — K1y + ¢~ 7F1B — KIj — hAg™ [k + 1],)
— hA%q> 7 ke + 1[5,
using (47) and (48). We remark that the first and third terms coincide with (49).

We gather the remaining terms, putting 21g =2 [k + 1], in evidence, so that we
obtain

—q+ Ag7F[B— kb — hA2q" F[k + 114 — Aq*[B1)
1 _ kg _
= e =)+ 27T R + hag™)
_ hAqu—k(q—k—l _qk-l-l) _ AqZ(A—l + h)\,)) =0.

Finally, for gdim T,? ! 14 x—1, we verify that
27K [k + 1q1B — k1 (—hAg?klg) = —hAg® Tk + 1gAq~Fk]g[B — K1y,

concluding the proof in the case { = 0 and r = 1.

The case £ > 0 comes from an induction on £ and using the case £ = 0. Using
a similar decomposition as in Lemma A.1, we obtain
qukM gdim T,i’LOZ + Aq_zz_Zk_z[k]q[,B —k + I]Z gdim Xy ¢
+ AR, [B — 2k — €] gdim Xy -1,

gdim Xz ¢ = A~

where Xy ¢ := Xj 1x ¢. Similarly, one can compute

| _ k+l qi A0
gdim Tyiolok+e =4 gdim Tty

L -}
+ Ag 22k 0408 -k — Z]Z gdim Tk_;_lz_llo,k+£—1’
gdim T,?4’_1£11,k+13—1
1y A - im 7
= ¢**t1 gdim Tkjroz + Ag>26E+0 [,3]2 gdim Tkj’tlé—l Lo+e-1
FAgHR 2 ke 4 1), [B—k— L — 1]2’ gdim T]?_;_le_lll,k—f—(—z-

By the same reasons as above, the part in gdim T,?jroe annihilates each others. By
induction hypothesis we know that

gdim Xy ¢—1 = (A'¢* + hAq[k],) gdim T;?;lg_l Lo k+e-1
— hkq2[k]q gdlm T]j—;—lﬂ—l 11,k+Z—2'
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Using the fact that
[k + £lg[B — k — 014 = [k][B — K1} + [€,[B — 2k — €12,
[k +€—1]g[B —k — £ — 1)1 = [k — 1]4[B — k + 1)1 + [€],[B — 2k — €12,

together with the induction hypothesis, we cancel the part given by gdim(Xj ¢—;)
in X ¢ with the part given by

Mgl - 2k — € gdim T/, loremn
in ¥, minus the part given by
Ag k2t [€]41B — 2k — 6]2 gdim T,fjrle_l I kte—2.

iny!,.

llfffe remaining terms yields the same computations as for the case { = 0
(replacing k + 1 by k), but shifting everything by ¢~2¢. Thus, it concludes the
case £ > 0.

The general case follows from a similar argument, using the fact that X de-
composes similarly to 7, lf " whenever r > 1, that is as in Corollary 3.12, replacing
all T by X. We leave the details to the reader. |

A.3. Proofs of §6
Lemma 6.12. As a right (T’l”, 0)-module, 11 jy¢—1,,X is generated by the ele-

ments
% ®lg,, and % ® lesr—1,p- (37)

Al

k—1 Al

Proof. We prove this claim using an induction on k. The case k = 1 is obvious.
We suppose it is true for k — 1, and thus it is enough to show that we can generate

the element:

Al

k—2
Using (19), we have
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The second term on the right-hand side is generated by the second element in (37).
For the first term of the right-hand side, we slide the dot to the left using repeat-

edly (19):

Because of the symmetric of (44), the first term on the right-hand side is generated
by the second element in (37). We now prove that every element of the sum on
the right-hand side is generated by elements in (37).

~

By applying the induction hypothesis, it suffices to show that for every 1 <
J <k —2, the elements

are in the right module generated be the elements in (37), which is clear for the
first diagram. Concerning the second one, we have by (19)

A1 j Al J A1 Jj

For the first term of the right-hand side, we again slide the dot to the left using (19)
and obtain

Another application of the symmetry of (44) deals with the first term, and every
term of the sum is handled trough a descending induction on j, noting that the
sum is zero if j = k — 2.
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For the second term, we apply once again (18) and obtain
Al j Al J

which has the desired form. O

A.3.1. Acyclicity of Cone(¢)

Theorem 6.7. The map

m
¢ =Y (=D g Cone(Ag2X[1] = ¢*T}" [1D[1]
k=0
— Cone(X ®% X 1% 51y,
is a quasi-isomorphism.

The goal of this section is to prove Theorem 6.7, which we will achieve by
showing that Cone(¢y) is acyclic. We have that Cone(¢y) is given by the complex

(pli X ®r Ykl 1®1k
] / \ o UBVK .
Ag=(Xp)[1] X QT Yk — = AT X
S —

A,
@e,p qz(Tb " lk,é,p)[l]

The map (p,i — u is injective since u is injective by Corollary 5.6, and the map
u ® yx is surjective. We want to first show that ¢ + 1 ® 1 is surjective on the
kernel of u ® yg. This requires some preparation.

Lemma A.2. Fork > 2, the local relation

k—2
— Z(_l)s = (=F! (50)
s=0
1"k T2 1Ty

k—2

holds in T*.
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Proof. We prove the statement by induction on k — 2. If k —2 = 0, then the claim
follows from (23). Suppose by induction that (50) holds for £ — 3. We compute

I k=2 I k=2 I k=2

and
1 —_— —
k—2 k=3
@ (:@ W S
1 N—— 1 N——
k-2 k=2

Applying the induction hypothesis on (52), and inserting the result together
with (53) in (51) gives (50). O

Lemma A.3. We have

Proof. We prove the statement by induction on ¢. The claim is clearly true for
t = 0. Suppose it is true for . We compute

forallt > 0.

( Zt43 ) (3:4)( Zt42 )+ ( Zt42 )
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54
(s4) N
(18), (19)
concluding the proof. |
Lemma A.4. We have
( Zt+2 =0,
I 1 I

forallt > 0.
Proof. It is a direct consequence of Lemma A.3 together with (18). |

Lemma A.5. We have

k—2
\< 1, |- D (D@5 @ Te,
s=0
-1 1

Ak

P T Al
ce(X®rY)® X @r v* .

o

(55)

Proof. The case k = 1 is clear, thus we assume k& > 1. First, let us write » and *;
for the inputs of go,? andof 1 ®1 ’,j_l in (55), respectively. Then, on one hand, we

note that go,?”/(*) = 0 by Lemma A.4 whenever ¢’ # k — 1, because of (18). For
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t' =k — 1, we obtain

J—
o (x) = ® 1,

On the other hand, we compute

(1 ® 157" (%5)

\ A1 T AT

o %%ﬁ ||®le’p’ ®ie,p
Al S
o g%ﬁ ||®1Lp, ®iz,p

787

(56)

(57)

(58)

using (21) and (33). Then, we conclude by observing that (55) follows by applying

Lemma A.2 on (56), (57), and (58) together.

O
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Lemma A.6. As a left (T*", 0)-module, ker(u @ yi) is generated by the elements

— % 02 iz+k—1—z,p, 02y i£+k—1,p
(59)

D/ A1

eX®rY)®Xery)

forall0 <t <k —1.

Proof. Let K C X ®r Y, ,? be the submodule generated by the elements in (59).
A straightforward computation shows that K C ker(u ® yx). Thus, we have a
complex

0— K X @7 Y0 “2% 271x, — 0, (60)

where the left arrow is an injection and the right arrow is a surjection. Further-
more, by Theorem 5.5, we have that

K=A'v!, XxerYd=2"'v

Therefore, by Lemma 5.8 we obtain that the sequence in (60) is exact. In particular,
we have K = ker(u ® yx). O

Proposition A.7. We have ker(u ® yx) = im(gp + 1 ® 1)

Proof. We will show by backward induction on ¢ that the elements (59) are all
in im(go,? 4+ 1®1;). Thecaset = k — 1 is Lemma A.5. The induction step is
essentially similar to the proof of Lemma A.5. In particular, we want to show
that (59) is in U, ., im(¢? + 1 ® 1£ ). For this, we write
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Then, we compute using Lemma A.4 and Lemma A.3

0 ift' <1,

®147p ift/ = s

o () =

ift/ > 1t,

forO0 <t <k—1,and

<P12(*) =\ — ® iﬁ,p

it
k—1
+im(pd + 1 ® 1) € (X @7 Y)) & (X @1 Y).

Then, by the same arguments as in Lemma A.5, that is using (50), we obtain (59).
|
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Lemma A.8. The map (p,g is injective.

Proof. Since adding black/red crossings is injective, it is enough because of
Lemma A.3 to show that the left Tk)k **_module map

k—1

1,0 2(k—1—t) 1 A,0
Tk — @q Tk ,
=0

t=
(61)
|- (1)
T

o<t<k

is injective. Since T, ,j % is isomorphic to the dg-enhanced nilHecke algebra of [37],
we know by the results in [37, Proposition 2.5] that there is a decomposition

: (62)

10 =@ Pew. Prw =P

t’'>0 p>0

where the box labeled NHy,_; is the nilHecke algebra, and the circle labeled & is the
algebra generated by labeled floating dots in the rightmost region (see [37, §2.4]).
These floating dots correspond to combinations of nails, dots and crossings, giving
elemfnts that are in the (graded with respect to the homological degree) center
of T,

Furthermore, the map

is injective (this can be deduced by sliding all dots to the bottom using (19), and
then using a basis theorem as for example in [21, Theorem 2.5] to see the map
takes the form of a column echelon matrix with 1 as pivots).
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Then, applying (61) on Py, yields

0 ift <t

@ ifr =1¢,

NH; ¢ |

k k%&é@) e
Y\ N
v

Therefore, after decomposing T ,? 0. (61) yields a column echelon form matrix
with injective maps as pivots, and thus is injective. O

Proposition A.9. We have ker((1 ® 1) + go,? = im(go,i —u).

Proof. First, recall that 1 is injective (as explained in §5.4). Thus, both (1 ® 1)
and gD,? are injective, and we get

ker((1 ® 1x) + ¢f) =~ im(1 ® 1) N im(gp).
We observe that im(1 ® 1) N im(<p£) N(X Qr Yko’t) is generated by

A 1
Al
and by
0.
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Moreover, we have

' %7¥#Q\®M”:: K7#%<@J“'
A 1 A 1
The case with a nail is similar, concluding the proof. O

Proof of Theorem 6.7. Since cp,i — u is injective, and u ® yy is surjective, and by
Proposition A.7 and Proposition A.9, we conclude that Cone(gy) is acyclic for
all k. Consequently, ¢ is a quasi-isomorphism. O

A.3.2. The bimodule map ¢

Theorem 6.9. The map ¢ is a map of Z2-graded (T*",0)-(T*", 0)-Aso-bimod-
ules.

The goal of this section is to prove Theorem 6.9. To this end, we first prove
that the map ¢°: qz(TbA”)[l] — X ®7 X is a map of bimodules.

Proposition A.10. We have

|'“ “®hm =D 00 ] ®le,,
/'\I N—— 1 PR

k

5(0) = =0,

A 1

A 1

where
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(1) = = - ’
PR
P U N

e

¢t +2):= | <§(é+2) | = | ¢k}'+1) [ + | ¢G“+1) |
A 1 A 1 A 1
+ | ¢.(z”+1)$£\j
A 1
forallt > 0.

Proof. Recall that

@0 =(1®y) O(pO.

Then, we obtain

(1®y)og°

We prove the statement by induction on k. The claim is clearly true for k = 0 and
k = 1. Suppose it is true for k + 1, and we will show it is true for k + 2.
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By definition of ¢(k + 2) and using (19), we have

[ e+ | =[e®k+D J| +[oksD ]| ©4
| X <
A 1 A 1 A 1

Applying the induction hypothesis on (64), we get

T
L

o+ |

.,
Il
=

A

S———

k 1 A k 1

— (similar terms with the nail above).

Applying (34) on each pair of terms in the sum (including non-displayed terms)
gives the part for 0 < ¢ < k — 2 in (63) for k + 2. The last two terms (including
non-displayed terms) give t = k and ¢t = k + 1, since z5 is a single crossing,
concluding the proof. O
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Having Proposition A.10, proving Theorem 6.9 boils down to proving that the
left and right action by the same element of T If” on

D (=DFgk) © 1,
k+L+|pl=b
coincide.

Lemma A.11. We have

: ( |

| e¢+D |=—-]_ o0 || =[oec+D |

| X !

forallt > 0.

Proof. We show the first equality, and the second one follows by symmetry along
the horizontal axis of the definition of @(z + 1).

We prove the statement by induction on ¢. The case ¢t = 0 follows from (44).
Suppose the claim is true for 1 > 0. We compute using (64)

!

| o¢+2 |=[ o¢+D || +] ot+D |
A 1 A 1 A 1
=-l o+ || —[_e0) | X —|_¢0) |
A 1 A 1 A 1
where the last two terms annihilate each other, concluding the proof. O

Lemma A.12. We have

T g e ) N s W
P4

| <%

A 1 A 1 A 1 A
forallt > 0.

—e

—_
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Proof. By (64), we have

| (1 (1

[0+ | =[e0r1 || + [3kr1 |

i 29 ey

A 1 A 1 A 1

We conclude by applying Lemma A.11.

Lemma A.13. We have

(9 K L

[ o¢+2) | =1 o0+ || = o+2)

1 TR

A 1 A 1 A 1

forallt > 0.
Proof. This is immediate by applying (18) on the definition of ¢(¢ + 2).

Lemma A.14. We have

forallt > 0.

Proof. By (64) we have

(S B e S T e e

o013 | =[ 0+ || +[ s0+2 |

] TITY T T

A 1 A 1 A 1
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Then, we compute

. ?ﬁj
e

and

T

[ o(+2)

; TTQ

A

and

<p(t.+1)%£$§ + |
|

Furthermore, we compute mainly using (18) and (19),

=3

+{ gt +1) |

A

XX

—

DN

| cp(t+ 1)

[ o¢+1)

1

IS

—

+ | ¢kz”+ D

X

—

A

3¢

ot +1)

5

el
| 3

A

1

ot +1)

0-

-5

A

1

] ¢t2'+1);3|:$ﬁ-

—_

797
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In conclusion, we get

(S | 75

| @t +3) |=| o +1) | +| ot +1

S

~—

X X
SRS

~—

+1 ¢t+1) | +1 ot+1

X

which is symmetric with respect to taking the mirror image along the horizontal

axis. Therefore, we get the same a crossing at the bottom of ¢(¢# + 3), finishing
the proof. |

Lemma A.15. We have

| o¢+D |=- o0 |
A 1 A 1
forallt > 0.
Proof. We prove the statement by induction on ¢. The case t+ = 0 follows

from (33). We suppose the claim is true for > 0. We compute using the mirror

THERIN-NINE:

ORI el v I T

1 A 1
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Then, we have

0+ 1)

|
-
S

A 1

It

€

)|

A

20

by induction hypothesis. Finally, we obtain

)|

A

ot +1

finishing the proof.

3<%

1

gu+D || T

<

1

!
§\1

ot +1

<

1

Proposition A.16. The map ¢° is a map of dg-bimodules.

799

Proof. As already mentioned above, it is enough to show that the left and right
action by the same element of T If” on

> (=DFgk) © 1,

k+L+|pl=b

coincide. We obtain commutation with dots and crossings by induction on %,
using Lemmas A.11-A.15. The commutation with a nail also comes from a

straightforward induction on k, where the base case is immediate by (26).

O



800 A. Lacabanne, G. Naisse, and P. Vaz

B. Homological toolbox

The goal of this section is to recall and briefly explain the tools from homological
algebra which we use in this paper. The main references for this section are [15],
[46], and [33] (see also [47], [16] and [34, Appendix A]).

B.1. Derived category. Let (A4,d4) be a Z"-graded dg-algebra (with the same
conventions as in §3.1).

The derived category D(A, ds) of (A, dy) is the localization of the category
(A, dyq) -mod of Z"-graded (left) (A, d4)-dg-modules along quasi-isomorphisms.
It is a triangulated category with translation functor induced by the homological
shift functor [1], and distinguished triangles are equivalent to

TM[1]

(M. dy) > (N.dy) % Cone(f) 2% (M. dy)[1).

for every maps of dg-modules f: (M, dp) — (N, dy).

B.1.1. (Co)fibrant replacements. A cofibrant dg-module (P, dp) is a dg-mod-
ule such that P is projective as graded A-module. Equivalently, it is a dg-module
(P, dp) such that for every surjective quasi-isomorphism (L, dr.) = (M, dpy),
every morphism (P, dp) — (M, dyr) factors through (L, dr). For any dg-module
(N, dy), we have

Hompa,4,)((P.dp). (N, dy)) = Hy(HOM4,4,)((P.dp). (N.dn))).

Moreover, tensoring with a cofibrant dg-module preserves quasi-isomorphisms.
Given a left (resp. right) dg-module (M, dps), there exists a cofibrant replace-
ment (pM, dppr) (resp. (M q, dprq)) together with a surjective quasi-isomorphism

TpipM oM (resp. y: Mq s M).

Moreover, the assignment M +— pM (resp. M — M q) is natural. Thus, we can
compute Homp4,4,)((M, dp), (N, dy)) by taking

Hg (HOM (4,4,,)(PM. dpar). (N, dy))) = Homop (4,4,) (M. du). (N. d)).
A dg-module (I, dy) is fibrant if for every injective quasi-isomorphism
(L,dL) <> (M, du),
every morphism (L, dr) — (M, dpr) extends to (M, dps). Then,

Homup (4,q,) (M, dar). (I.dp)) = Hy(HOMa,q,)((M. dar). (1. d)))).
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Again, for every dg-module (M, djr) there exists a fibrant replacement (iM, djpr)
with an injective quasi-isomorphism ips: (M, dpy) < (iM, dipr).

B.1.2. Strongly projective modules. Let R be a unital commutative ring. The
following was introduced in [32], but we use the definition given in [5].

Definition B.1 ([5, Definition 8.17]). A dg-module (P, dp) over a dg- R-algebra
(A,dy) is strongly projective if it is a direct summand of some dg-module
(A,d4)®Rr(Q,dg) where (Q,dg)isa (R, 0)-dg-module such that both H(Q, dp)
and im(dg) are projective R-modules.

Proposition B.2 ([5, Lemma 8.23]). Let (P,dp) be a strongly projective left
dg-module. For any right dg-module (M, dyr), we have an isomorphism

H((M,dpy) ®a,ay) (P.dp)) = H(M,dy) ®u(4,a,) H(P,dp).

B.1.3. A-action. Let (B,dp) be a dg-bimodule over a pair of dg-algebras
(S,ds)-(R,dRr). As explained in [29, §2.3], there is (in general) no right
(R, dR)-action on pB; compatible with the left (S, ds)-action. However, there
is an induced Axo-action (defined uniquely up to homotopy), so that the quasi-

isomorphism np: pB = B canbe upgraded to a map of As.-bimodules.

Lemma B.3. Let (A, dy) be a dg-algebra, and let U and V be dg-(bi)modules
over (A, dy), with a fixed cofibrant replacement ny: pV — V. Suppose

1®pv):U®uanPV — U®uayV

is a quasi-isomorphism. If f: Z — U ®4,q,)PV is a map of complexes of graded
k-spaces, and fo(1® py)is amap of dg-(bi)modules, then there is an induced
map fZ — U @YV of Aeo-(bi)modules whose degree zero part is f.

Proof. We take f := (1 ® py)~L o (f o (1 ® py)), as a composition of maps
of Aso-(bi)modules, since any map of (bi)module can be considered as a map of
Aso-(bi)modules with no higher composition. |

Note that the equivalent statement also holds for a cofibrant replacement
Uq—U

such that ~
(ry @ D:Uq®uay V — U ®uayV

is a quasi-isomorphism.
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B.2. Dg-derived categories. One of the issues with triangulated categories is
that the category of functors between triangulated categories is in general not
triangulated. To fix this, we work with a dg-enhancement of the derived category.
In particular, this allows us to talk about distinguished triangles of dg-functors.

Recall that a dg-category is a category where the hom-spaces are dg-modules
over (k, 0), and compositions are compatible with this structure (see [15, §1.2] for
aprecise definition). Given such a dg-category C with hom-spaces Home (X, Y) =
(Brez Hom"(X,Y), dx,y), we can consider its underlying category Z°(C),
which is given by the same objects as € and hom-spaces

Homoe) (X, Y) := ker(dy,y: Hom®(X,Y) — Hom™ (X, Y)).
Similarly, the homotopy category H°(C) is given by
Hompoey (X, Y) := H°(Home(X, Y)).
A dg-enhancement of a category Cq is a dg-category € such that H°(C) = C,.

The dg-derived category Dyg(A, dy) of a Z""-graded dg-algebra (A, da) is the
77" -graded dg-category with objects being cofibrant dg-modules over (A4, d4), and
hom-spaces being subspaces of the graded dg-spaces HOM 4 4 ) from (16), given
by maps that preserve the Z"-grading:

Homop,, (4,44 (M, N) := HOM(4,a,,)(M, N)o,
for (M, dpr) and (N, dy) cofibrant dg-modules. By construction,
HO(Ddg(A, dg)) = D(A,dy).

Moreover, Dyg(A, dy) is a dg-triangulated category, meaning its homotopy cat-
egory is canonically triangulated (see [46] for a precise definition, or [34, Ap-
pendix A] for a summary oriented toward categorification), and this triangulated
structure matches with the usual one on D(A4, dy).

B.2.1. Dg-functors. A dg-functor between dg-categories is a functor commut-
ing with the differentials. Given a dg-functor F: € — €/, it induces a functor on
the homotopy categories [F]: H°(C) — H°(C’). We say that a dg-functor is a
quasi-equivalence if it gives quasi-isomorphisms on the hom-spaces, and induces
an equivalence on the homotopy categories. We want to consider dg-category up
to quasi-equivalence. Let Hge be the homotopy category of dg-categories up to
quasi-equivalence , and we write RHompyge for the dg-space of quasi-functors be-
tween dg-categories (see [46], [47], or [34, Appendix A]). These quasi-functors
induce honest functors on the homotopy categories. Whenever €’ is dg-triangu-
lated, then RFHompge(C, €) is dg-triangulated.
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Remark B.4. The space of quasi-functors is equivalent to the space of strictly
unital 4s-functors.

It is in general hard to understand the space of quasi-functors. However, by
the results of Toen [46], if k is a field and (A, d4) and (A’, d4’) are dg-algebras,
then it is possible to compute the space of ‘coproduct preserving’ quasi-functors
Rﬂ-fomg)(fe(ﬂdg (A,dy), Dyg(A’, dy)), in the same way as the category of coprod-
uct preserving functors between categories of modules is equivalent to the cate-
gory of bimodules. Indeed, we have a quasi-equivalence

RFHomyyg. (Dag(A. da), Dag(A' da)) = Dag((A'da). (A.dn)),  (65)

where Do ((A’, da), (A, dy)) is the dg-derived category of dg-bimodules. Com-
position of functors is equivalent to derived tensor product, and understanding the

triangulated structure of ﬂ%ﬂ-(omiﬁfe (Dag(A, da), Dyg(A’, dgr)) becomes as easy as

to understand D((A, d4), (A’, da’)). In particular, a short exact sequence of dg-bi-
modules gives a distinguished triangle of dg-functors.

B.3. Derived hom and tensor dg-functors. Let (R,dg) and (S, ds) be dg-
algebras. Let M and N be (R, dg)-module and (S, ds)-module respectively. Let
B be a dg-bimodule over (S, ds)-(R, dr). Then, the derived tensor product is

L .
B ®(R,dR) M = B ® pM,
and the derived hom space is
RHOM(S’dS)(B, N) = HOM(S’dS)(B, iN).
Note that we have quasi-isomorphisms as dg-spaces

B ®rapy M = Bq®r.dp) PM = Bq®r.az) M.
RHOM(S,dS)(B, N) = HOM(S’dS)(pB, iN) = HOM(S,dS)(pB, N).

This defines in turns triangulated dg-functors
B ®(g.ap) (5): Dag(R.dr) — Dyg(S. ds),
and
RHOMs,445)(B. —): Dyg(S.ds) —> Dag(R, dR).

They induce a pair of adjoint functors B ®I(“R, dR) (=) = RHOMs,44)(B,—)
between the derived categories Dyg (R, dr) and Dyg(S, ds).



804 A. Lacabanne, G. Naisse, and P. Vaz

B.3.1. Computing units and counits. The natural bijection
O3y Homo(s,d5) (B® (g g yM- N) —> Homop (g a) (M. RHOM(s,45)(B. N)).

is obtained by making the following diagram commutative:

&;,B
Homy (s,45)(B ®Fg 4y M. N) —= Homp g,ap) (M. RHOM(s 4)(B. N))

! i

Hom(s,ds)(B ®(R,dR) pM, lN) <I>B—) HOIIl(R’dR)(pM, HOM(S’dS)(B, lN))

PM.iN
where @ is defined in (17).

For the sake of keeping notations short, we will write HOM instead of
HOM(s 4y, and ® instead of ®(r,4). and similarly for the derived versions.
We are interested in computing the unit

nm: M — RHOM(B, B @~ M),

which is given by npyr = @ﬁ BELM (Idg gL s). Composing with the isomorphisms

RHOM(B, B " M) =~ HOM(B,i(B ® pM)) and pM =~ M, we can compute
M as

My = CIDI?M’i(B@LM)(lB@LM):pM —> HOM(B, i(B ® pM)),

which gives
My (m) = (b > 1popm (b ® m)).

Using the quasi-isomorphisms

HOM(pB.i(B ®" M))

HOM(pB, B ®" M) HOM(B, i(B ®" M))
we can compute 773, through
Ny PM — HOM(pB, BQ pM), ny(m):= (b —> mp(b) ® m).

This is particularly useful, since it means we do not have to compute any fibrant
replacement to understand 7,y.
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Similarly, for the counit
em: B @ RHOM(B, M) — M,
we have gy = (CngOM(B’M)’M)_I(IdRHOM(B,M)). We rewrite it as
ey = Pptioms.in.in (THOM(B.iM)): B ® pHOM(B,iM) — iM,
with &), (b ® f) = (maom(s,ism)(f))(b). We consider the quasi-isomorphisms

Bq ® pHOM(B,iM)

p®1 wows.w)

B ® pHOM(B,iM) Bq® HOM(B,iM)
Therefore, we can compute 37 as
ey BQQ@ HOM(B,iM) — iM, &y (b ® f):= f(mp(D)),

where 75: Bq = B.
If in addition B is already cofibrant as left dg-module, then we can suppose
pB = B and np = Idp, and we obtain a commutative diagram
Bq ® HOM(B,iM) — iM
1®(—Ozr3)ll2 H

Bq® HOM(pB,iM) — iM

1®Gn 0—)II2 ZITlM

Bq ® HOM(pB, M) — M
EMm

where

ey BQQHOM(B, M) — M, ¢y (b® f):= f(x'(b)).

This is useful, since it means we can compute €37 using €7, which does not require

any fibrant replacement.

B.4. Asymptotic Grothendieck group. The usual definition of the Grothendieck
group of a triangulated category does not take into consideration relations com-
ing from infinite iterated extensions. When C is a triangulated subcategory
of a triangulated category T admitting countable products and coproducts, and
these preserves distinguished triangles, then there exists a notion of asymptotic
Grothendieck group KOA (©) of €, given by modding out relations obtained from
Milnor (co)limits (see §B.4.3 below) in the usual Grothendieck group Ky(C)
(see [33, §8] for a precise definition).
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B.4.1. Ring of Laurent series. We follow the construction of the ring of formal
Laurent series given in [2] (see also [33, §5]). The ring of formal Laurent series
k({(x1, ..., xn)) is given by first choosing a total additive order < on Z". One says
that a cone C = {ajv; + -+ + anvni; € Rxo} C R” is compatible with <
whenever 0 < v; foralli € {1,...,n}. Then, we set

k(xr. .. o.xn) == xk<[xr. . xal,

e ez
where k<[x1, ..., x,] consists of formal Laurent series in k[x1, ..., x,] such that
the terms are contained in a cone compatible with <. It forms a ring when we
equip k((x1, ..., x,)) with the usual addition and multiplication of series.

B.4.2. C.b.Lf. structures. We fix an arbitrary additive total order < on Z”". We
say that a Z"-graded k-vector space M = P, czn My is c.b.Lf. (cone bounded,
locally finite) dimensional if

e dim M, < oo forall g € Z";

e there exists a cone Cpy C R” compatible with < and e € 7" such that
Mg = 0 whenever g —e ¢ Cpy.

Let (A, d4) be a Z"-graded dg-algebra. Suppose that (A, d) is concentrated in
non-negative homological degrees, that is Ag = 0 whenever i < 0. The c.b.Lf.
derived category D™ (A,dy) of (A,dy) is the triangulated full subcategory of
D(A,dy) given by dg-modules having homology being c.b.l.f. dimensional for
the Z"-grading. There exists also a dg-enhanced version @fizlf(A, dy). We write

K& (A d) := K& (DA, dy)).

Definition B.5. We say that (A, d) is a positive c.b.l.f. dg-algebra if
(1) Aisc.b.l.f. dimensional for the Z"-grading;
(2) A is non-negative for the homological grading;
3) Ag is semi-simple;
(4) Al =o0for h > 0;

(5) (A, dy) decomposes a direct sum of shifted copies of modules P; := Ae; for
some idempotent e¢; € A, such that P; is non-negative for the Z”-grading.
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In a Z"-graded triangulated category C, we define the notion of c.b.l.f. direct
sum as follows:
o take a finite collection of objects {K, ..., K} in C;

e consider a direct sum of the form

ki g
P x*(Kig @@ Knmyg), with Kig = @D Kilhi,jel,
gz j=1

where k; € N and h; j ¢ € Z such that

o there exists a cone C compatible with <, and e € Z” such that for all j we
have k; ¢ = 0 whenever g —e ¢ C;

o there exists 7 € Z suchthath; ; o > hforalli, j, g.

If € admits arbitrary c.b.1.f. direct sums, then K& (C) has a natural structure of
Z(x1,...,Xxp)-module with

Za xe-l—g[X [@xg-l—eX@ag]’

geC geC
where X ®%s = EBlagl X[oglandag = 0ifag > 0and g = 1l ifay < 0.

Theorem B.6 ([33, Theorem 9.15]). Let (A, d) be a positive c.b.Lf. dg-algebra,
and let {Pj};ej be a complete set of indecomposable cofibrant (A, d)-modules
that are pairwise non-isomorphic (even up to degree shift). Let {S;}jcy be the set
of corresponding simple modules. There is an isomorphism

K& (A d) = @Z((xl, - X)),

jeJ
and KOA (A.d) is also freely generated by the classes of {[S;]};eJ.

Proposition B.7 ([33, Proposition 9.18]). Let (A,d) and (A’,d’) be two c.b.Lf.
positive dg-algebras. Let B be a c.b.Lf. dimensional (A’,d’")-(A, d)-bimodule.
The derived tensor product functor

F: D4, d) — DML', d"), F(X):=B &k, X.

induces a map
[FI: K& (A, d) — K& (A, d)),

sending [X] to [F(X)].
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B.4.3. C.b.Lf. iterated extensions. Using the terminology of [17], recall that

the Milnor colimit MColim,>¢( f;) of a collection of arrows {X, L Xr41}reN
in a triangulated category 7 is the mapping cone fitting inside the following
distinguished triangle

1] % =5 1] X — MColim,=o( ;) —
relN relN

where the left arrow is given by the infinite matrix

I=fo=l0o - 1 o

Definition B.8. Let {Ky,..., K;,} be a finite collection of objects in C, and let
{E:}ren be afamily of direct sums of {K., . .., K, } suchthat @, .y Er isac.b.Lf.
direct sum of {Kj, ..., K,,}. Let {M,},en be a collection of objects in € with
M, = 0, such that they fit in distinguished triangles

Mr i)]\4,«4_1 —)Er —>

Then, we say that an object M € C such that M =5 MColim,>¢(f;) in T is a
c.b.Lf. iterated extension of {K1, ..., Km}.

Note that under the conditions above, we have

[M] = [E/].

r>0

in the asymptotic Grothendieck group Ko (C).

Definition B.9. Let T be a Z"-graded (dg-)triangulated (dg-)category, and let
{Xj};es be a collection of objects in J. The subcategory of T c.b.Lf. generated
by {X;};jey is the triangulated full subcategory € C T given by all objects Y € T
such that there exists a finite subset { X¢ }xcx such that Y is isomorphic to ac.b.Lf.
iterated extension of { Xy }rex in 7J.

Thus, under the conditions above, Ky (C) is generated as a Z((x1, . . . , X5 ))-mod-
ule by the classes of {[X;]},es.
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B.4.4. Dg-functors. Let (R,dR) and (S, ds) be (Z"-graded) dg-algebras. The
situation of (65) in §B.2.1 restricts to the c.b.L.f. version Dfitg’lf of §B.4.2, so that

R%omiﬁfe(®§tg’lf(R, dr). DRI (S. ds)) = DR((S. ds). (R, dR)).

Then, we obtain an induced map

K (RHomph (DPI(R, dg), DRI(S, ds)))r )
x) (K (R, dR), K¢ (S, ds)),

—> Homg,,,

.....

by using Proposition B.7.
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